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Abstract: In this paper, we consider the global existence, regularizing decay rate and asymptotic
behavior of mild solutions to Cauchy problem of fractional drift diffusion system with power-law
nonlinearity. Using the properties of fractional heat semigroup and the classical estimates of fractional
heat kernel, we first prove the global-in-time existence and uniqueness of the mild solutions in the
frame of mixed time-space Besov space with multi-linear continuous mappings. Then, we show the
asymptotic behavior and regularizing-decay rate estimates of the solution to equations with power-
law nonlinearity by the method of multi-linear operator and the classical Hardy-Littlewood-Sobolev
inequality.
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1. Introduction

In this paper, we consider the global solution to the Cauchy problem of fractional drift diffusion
system with power-law nonlinearity,

∂tv + Λαv = −∇ · (vm∇φ), t > 0, x ∈ RN ,

∂tw + Λαw = ∇ · (wm∇φ), t > 0, x ∈ RN ,

∆φ = v − w, t > 0, x ∈ RN ,

v(x, 0) = v0(x), w(x, 0) = w0(x), x ∈ RN ,

(1.1)

where m ≥ 1 is an integer, v(x, t),w(x, t) are the densities of negatively and positively charged particles,
φ(x, t) is the electric potential determined by the Poisson equation ∆φ = v − w. The difficulties mainly

http://http://www.aimspress.com/journal/nhm
http://dx.doi.org/10.3934/nhm.2023005


110

come from higher-order nonlinear couplings.
By the fundamental solution of Laplacian:

ΦN(x) =


−1

2 |x|, N = 1,
− 1

2π ln|x|, N = 2,
1

N(N−2)ω(N)|x|N−2 , N ≥ 3,
(1.2)

where ω(N) denotes the volume of the unit ball in RN , the electric potential φ can be expressed by the
convolution:

φ = (−∆)−1(w − v) = ΦN ∗ (w − v) =

∫
RN

ΦN(x − y)(w − v)(y)dy. (1.3)

Λ =
√
−∆ is the Calderón-Zygmund operator, and the fractional Laplacian Λα = (−∆)

α
2 with 1 < α <

2N is a non-local fractional differential operator defined as Eq (1.4)

Λαv(x) = F −1|ξ|αF v(ξ), (1.4)

where F and F −1 are the Fourier transform and its inverse [1].
In probabilistic terms, replacing the Laplacian ∆ with its fractional power −Λα = −(−∆)

α
2 , it leads

to interesting and largely open questions of extensions of results for Brownian motion driven stochastic
equations to those driven by Lévy α−stable flights.

In the physical literature, such fractal anomalous diffusions have been recently enthusiastically
embraced by a slew of investigators in the context of hydrodynamics, acoustics, trapping effects in
surface diffusion, statistical mechanics, relaxation phenomena, and biology [2].

An important technical difficulty is that the densities of the semigroups generated by −Λα = −(−∆)
α
2

do not decay rapidly in x ∈ RN as is the case of the heat semigroup S (t) = et∆ (α = 2), the Gauss-
Weierstrass kernel Kt(x) = F −1(e−t|ξ|2) decays exponentially while the densities F −1(e−t|ξ|α)(0 < α < 2)
of non-Gaussian Lévy α−stable semigroups S α(t) = e−t(−∆)

α
2 have only an algebraic decay rate |x|−N−α.

For a more general nonlinear term in Eq (1.1), the motivation is the Keller-Segel model [3, 4], a
prototype of cross-diffusion models related to pattern formation, it describes the time and space
dynamics of the density of cells (or organisms) n(t, x) interacting with a chemoattractant S (t, x)
according to the following system:{

∂tn = ∇x · (Dn(n, s)∇xn − χ(n, s)n∇xs) + F(n, s),
∂ts = Ds(n, s)∆s + G(n, s),

(1.5)

where F and G are the source terms related to interactions [5]. The positive definite nonlinear terms
Dn(n, s) and Ds(n, s) are the diffusivity of the chemoattractant and of the cells, respectively. In many
applications the cross-diffusion function χ(n, s) has a complicated structure, and even it has a very
simple structure, for example, a polynomial χ(n, s) = nm, it fails to satisfy a global Lipschitz condition.

For m = 1, Eq (1.1) becomes a fractional drift-diffusion system Eq (1.6),
∂tv + Λαv = −∇ · (v∇φ), t > 0, x ∈ RN ,

∂tw + Λαw = ∇ · (w∇φ), t > 0, x ∈ RN ,

∆φ = v − w, t > 0, x ∈ RN ,

v(x, 0) = v0(x), w(x, 0) = w0(x), x ∈ RN ,

(1.6)
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Zhao-Liu [6] established global well-posedness and asymptotic stability of mild solutions for the
Cauchy problem Eq (1.5) with small initial data in critical Besov spaces, and proved the
regularizing-decay rate estimates which imply that mild solutions are analytic in space variables.
Ogawa-Yamamoto [7] considered the global existence and asymptotic behavior of solutions for the
Cauchy problem Eq (1.5), they showed that the time- global existence of the solutions with large
initial data in Lebesgue space Lp(RN) and Sobolev space Wα,p(RN) and obtained the asymptotic
expansion of the solution up to the second terms as t → +∞.

For α = 2, Eq (1.6) corresponds to the usual drift-diffusion system,
∂tv − ∆v = −∇ · (v∇φ), t > 0, x ∈ RN ,

∂tw − ∆w = ∇ · (w∇φ), t > 0, x ∈ RN ,

∆φ = v − w, t > 0, x ∈ RN ,

v(x, 0) = v0(x), w(x, 0) = w0(x), x ∈ RN ,

(1.7)

it has been studied widely [8–14]. Karch [15] considered the Cauchy problem of a scalar equation with
a bilinear operator B {

∂tu = ∆u + B(u, u), t > 0, x ∈ RN ,

u(x, 0) = u0(x), x ∈ RN .

For w = 0, Eq (1.6) corresponds to the generalized Keller-Segel model of chemotaxis:
∂tv + Λαv = −∇ · (v∇φ), t > 0, x ∈ RN ,

∆φ = v, t > 0, x ∈ RN ,

v(x, 0) = v0(x), x ∈ RN .

(1.8)

For 1 < α < 2, Escudero [16] proved that Eq (1.8) admits a one-dimensional global solution (the same
result also holds for α = 2), Biler-Karch [17] studied the Blowup solutions to generalized Keller-Segel
model, and Biler-Wu [18] considered two-dimensional chemotaxis models with fractional diffusion.
For α = 2, Biler-Boritchev-Karch et al., considered the concentration phenomena [19] and gave sharp
Sobolev estimates for concentration of solution [20] to the diffusive aggregation model:

∂tv − ε∆v = −∇ · (v∇K ∗ v)

with the Poisson kernel function K from the equation ∆φ = v.
Wu-Zheng [21] considered the parabolic-parabolic system corresponding to the parabolic-elliptic

system Eq (1.8), the Keller-Segel system with fractional diffusion generalizing the Keller-Segel model
of chemotaxis 

∂tu + Λαu = ±∇ · (u∇φ), t > 0, x ∈ RN ,

ε∂tφ + Λαφ = u, t > 0, x ∈ RN ,

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ RN ,

(1.9)

for initial data (u0, v0) in the critical Fourier-Herz space Ḃ2−2α
q (RN) × Ḃ2−α

q (RN) with 2 ≤ q ≤ ∞ for
ε > 0 and 1 < α ≤ 2.
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For the fractional evolution equations with higher order nonlinearity, Miao-Yuan-Zhang [22] studied
the Cauchy problem for the semilinear fractional power dissipative equation{

∂tu + Λαu = F(u), t > 0, x ∈ RN ,

u(x, 0) = u0(x), x ∈ RN ,
(1.10)

with the nonlinear term F(u) = f (u) or F(u) = Q(D) f (u), where Q(D) is a homogeneous pseudo
differential operator and f (u) = |u|bu or |u|b1u + |u|b2u with b > 0, b1 > 0 and b2 > 0. For example, the
equation in Eq (1.10) contains the semilinear fractional power dissipative equation ∂tu + Λαu = ±|u|bu,
the generalized convection-diffusion equation ∂tu + Λαu = a · ∇(|u|bu), and so on.

Following the idea of Karch [15], due to the fractional heat semigroup S α(t) = e−tΛα
and the well-

known Duhamel principle, we rewrite the system Eq (1.1) as a system of integral equations{
v(t) = S α(t)v0 + B(v, · · · , v,w),
w(t) = S α(t)w0 + B(w, · · · ,w, v),

(1.11)

where

B(v, · · · , v︸   ︷︷   ︸
m

,w) =

∫ t

0
S α(t − τ)∇ · (vm∇φ)(τ)dτ, φ = (−∆)−1(w − v). (1.12)

A solution of Eq (1.11) and Eq (1.12) is called a mild solution of Eq (1.1).
Inspired by the contributions summarized in the above items, we aim to extend the results to the

system Eq (1.1) with higher-order nonlinear terms ∇ · (vm∇φ) and ∇ · (wm∇φ). The goal of this article
is to prove the global well-posedness of mild solutions to the Cauchy problem Eq (1.1) with small
initial data in critical Besov spaces. When m = 1 in the higher order nonlinear term ∇ · (vm∇φ), we
recover the result proved in [6]. The outline of the rest of the article is as follows. In Section 2 we
give the definition of homogeneous Besov space by the fractional heat semigroup operator and present
some useful estimates. In Section 3 we establish the global existence and uniqueness of the mild
solution. In Section 4 we discuss the asymptotic stability of the mild solution. In Section 5 we give
the regularizing-decay rate estimates of the mild solution. In Section 6 we consider a fractional drift
diffusion system with a generalized electric potential equation and we also give the global existence
and asymptotic stability of the mild solution.

2. Preliminaries

Let S(RN) be the Schwartz space and S′(RN) be its dual. Now, we introduce a definition of the
homogeneous Besov space by the semigroup operator S α(t) = e−tΛα

.

Definition 2.1. [6] Let l > 0 and 1 ≤ p ≤ ∞. Define

Ḃ−l
p,∞(RN) =

{
f ∈ S′(RN) : S α f ∈ C((0,+∞), Lp), sup

t>0
t

l
α ||S α f ||Lp < ∞

}
(2.1)

with the norm

|| f ||Ḃ−l
p,∞(RN ) = sup

t>0
t

l
α ||S α(t) f ||Lp . (2.2)

(Ḃ−l
p,∞(RN), || · ||Ḃ−l

p,∞
) is a Banach space.
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If (v(x, t),w(x, t)) is a solution of the Cauchy problem Eq (1.1), for any λ > 0, denote

vλ(x, t) = λ
α
m v(λx, λαt), wλ(x, t) = λ

α
m w(λx, λαt), (2.3)

(vλ(x, t),wλ(x, t)) is also a solution of the Cauchy problem Eq (1.1) with the initial data

(vλ(x, 0),wλ(x, 0)) = (λ
α
m v0(λx), λ

α
m w0(λx)),

then (vλ(x, t),wλ(x, t)) is called a self-similar solution to Eq (1.1). We can verify that Ḃ
− α

m + n
p

p,∞ (Rn) is a
critical space, i.e., the self-similar solution is invariant under the norm || · ||

Ḃ
− αm + n

p
p,∞

, which defined in [6],

for initial data (v0(x),w0(x)) of the system Eq (1.1). In the case the index sc := n
p −

α
m provides the

minimal regularity for the initial data to ensure the well-posedness of the Cauchy problem Eq (1.1).
In order to find a critical space for the solutions of the Cauchy problem Eq (1.1), we define some
time-weighted space-time space.

Let X be a Banach space and I be a finite or infinite interval. We define the time-weighted space-
time Banach space,

Cσ(I; X) =
{
f ∈ C(I; X) : sup

t>0
t

1
σ || f (t)||X < ∞

}
(2.4)

with the norm || f ||Cσ(I;X) = supt>0 t
1
σ || f (t)||X. The corresponding homogeneous time-weighted space-

time Banach space,

Ċσ(I; X) =
{
f ∈ Cσ(I; X) : lim

t↓0
t

1
σ || f (t)||X = 0

}
. (2.5)

We denote C∗([0,∞); X) by the set of bounded maps from [0,∞) to X which are continuous for t > 0
and weakly continuously for t = 0.

For initial data (v0(x),w0(x)) in critical homogeneous Besov space Ḃ
− α

m + N
p

p,∞ (RN) with minimal
regularity, we want to find a mild solution of the Cauchy problem Eq (1.1) and discuss the global
existence of mild solution in the following critical space,

X = C∗([0,∞), Ḃ
− α

m + N
p

p,∞ (RN)) ∩C mαp
αp−mN

([0,∞), Lp(RN)) (2.6)

with the norm

||u||X = sup
t>0
||u(t)||

Ḃ
− αm + N

p
p,∞ (RN )

+ sup
t>0

t
1
m−

N
αp ||u(t)||Lp(RN ). (2.7)

For the Laplacian operator ∆ and the Calderón-Zygmund operator Λ =
√
−∆, we have the following

classical Hardy-Littlewood-Sobolev inequality.

Lemma 2.2. [23, 24] Let 1 < p < N, the nonlocal operator (−∆)−
1
2 is bounded from Lp(RN) to

L
N p

N−p (RN), i.e., ∀ f ∈ Lp(RN),

||(−∆)−
1
2 f ||

L
N p

N−p (RN )
≤ C(N, p)|| f ||Lp(RN ), (2.8)

||∇(−∆)−1 f ||
L

N p
N−p (RN )

≤ C(N, p)|| f ||Lp(RN ). (2.9)
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For the fractional power operator Λα = (−∆)
α
2 and the semigroup operator S α(t) = e−tΛα

, we first
consider the Cauchy problem for the homogeneous linear fractional heat equation{

∂tu + Λαu = 0, t > 0, x ∈ RN ,

u(x, 0) = u0(x), x ∈ RN .
(2.10)

By the Fourier transform the solution can be written as:

u(t, x) = F −1(e−t|ξ|αF u0(ξ)) = F −1(e−t|ξ|α) ∗ u0(x)
= Kt(x) ∗ u0(x) = S α(t)u0(x), (2.11)

where the fractional heat kernel Eq (2.12),

Kt(x) = (2π)−
N
2

∫
RN

eixξe−t|ξ|αdξ = t−
N
α K(xt−

1
α ), (2.12)

the function K(x) ∈ L∞(RN) ∩ C0(RN), where C0(RN) denotes the space of functions f ∈ C(RN)
satisfying that lim|x|→∞ f (x) = 0.

For the semigroup operator S α(t) we have Lp − Lq estimates

Lemma 2.3. [9] Let 1 ≤ p ≤ q ≤ ∞. Then, ∀ f ∈ Lp(RN),

||S α(t) f ||Lq ≤ C(N, α)t−
N
α ( 1

p−
1
q )
|| f ||Lp , (2.13)

||ΛγS α(t) f ||Lq ≤ C(N, α)t−
γ
α−

N
α ( 1

p−
1
q )
|| f ||Lp , (2.14)

for α > 0 and γ > 0.

Following the work of Kato [25, 26] and Lemarie-Rieusset [23] for the Navier-Stokes problem,
Miao-Yuan [27] gave a general existence and uniqueness result for an abstract operator equation via a
contraction argument.

Lemma 2.4. [27] Let X be a Banach space and B : X×X×· · ·×X → X be a (m+1)−linear continuous
operator satisfying

||B(u1, u2, · · · , um+1)||X ≤ K||u1||X ||u2||X · · · ||um+1||X, (2.15)

∀u1, u2, · · · , um+1 ∈ X for some constant K > 0. Let ε > 0 be such that (m + 1)(2ε)mK < 1. Then for
every y ∈ X with ||y||X ≤ ε the equation

u = y + B(u, u, · · · , u) (2.16)

has a unique solution u ∈ X satisfying that ||u||X ≤ 2ε. Moreover, the solution u depends continuously
on y in the sense that, if ||y||X ≤ ε and v = y1 + B(v, v, · · · , v), ||v||X ≤ 2ε, then

||u − v||X ≤
1

1 − (m + 1)(2ε)mK
||y − y1||X. (2.17)

We will use the Lemma to prove the global-in-time existence and uniqueness of the mild solutions
to the Cauchy problem Eq (1.1) in the mixed time-space Besov space.
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3. Global existence and uniqueness in Besov space

In this section we give the global existence and uniqueness of mild solution to the Cauchy problem
Eq (1.1).

Theorem 3.1. Let N ≥ 2 be a positive integer, 1 < α ≤ 2N and

max{1,
mN
α
} < p < min{N,

m(m + 1)N
α

}. (3.1)

If (v0,w0) ∈ Ḃ
− α

m + N
p

p,∞ (RN), there exists ε > 0 such that if ||(v0,w0)||
Ḃ
− αm + N

p
p,∞

≤ ε, the Cauchy problem Eq

(1.1) has a unique global mild solution (v,w) ∈ X such that ||(v,w)||X ≤ 2ε. Moreover, the solution
depends continuously on initial data in the following sense: let (ṽ, w̃) ∈ X be the solution of Eq (1.1)
with initial data (ṽ0, w̃0) such that ||(ṽ0, w̃0)||

Ḃ
− αm + N

p
p,∞ (RN )

≤ ε, then there is a constant C such that

||(v − ṽ,w − w̃)||X ≤ C||(v0 − ṽ0,w0 − w̃0)||
Ḃ
− αm + N

p
p,∞ (RN )

.

For the integral system Eqs (1.11) and (1.12) we first consider the term S α(t)v0 = e−tΛα
v0.

Lemma 3.2. Let v0(x) ∈ Ḃ
− α

m + N
p

p,∞ (RN) and Eq (3.1) hold true. Then S α(t)v0 ∈ X and

||S α(t)v0||X ≤ C(N, α)||v0||
Ḃ
− αm + N

p
p,∞ (RN )

. (3.2)

Proof. According to the definition of the norm || · ||
Ḃ
− αm + N

p
p,∞ (RN )

and Lp − Lq estimates for the semigroup

operator S α(t) = e−tΛα
, we have

||S α(t)v0||
Ḃ
− αm + N

p
p,∞ (RN )

= sup
s>0

s
1
m−

N
αp ||S α(s)S α(t)v0||Lp = sup

s>0
s

1
m−

N
αp ||S α(t)S α(s)v0||Lp

≤ C(N, α) sup
s>0

s
1
m−

N
αp ||S α(s)v0||Lp = C(N, α)||v0||

Ḃ
− αm + N

p
p,∞ (RN )

,

and

sup
t>0

t
1
m−

N
αp ||S α(t)v0||Lp = ||v0||

Ḃ
− αm + N

p
p,∞ (RN )

.

Therefore, we have

S α(t)v0 ∈ L∞((0,∞), Ḃ
− α

m + N
p

p,∞ (RN)), t
1
m−

N
αp S α(t)v0 ∈ L∞((0,∞), Lp(RN)).

Moreover, following the method of [23] (Proposition 4.4, P33) we obtain that

S α(t)v0 ∈ C∗([0,∞), Ḃ
− α

m + N
p

p,∞ (RN)).

On the other hand, from v0(x) ∈ Ḃ
− α

m + N
p

p,∞ (RN) and Definition 2.1, we have

S α(t)v0 ∈ C((0,∞), Lp(RN)), t
1
m−

N
αp S α(t)v0 ∈ C((0,∞), Lp(RN)).

Hence, we have S α(t)v0 ∈ X and Eq (3.2) holds true. �
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Lemma 3.3. Let (v,w) ∈ X and Eq (3.1) hold true. Then B(v, · · · , v,w) ∈ X and

||B(v, · · · , v,w)||X ≤ C(N, α, p)||v||mX||v − w||X. (3.3)

Proof. According to the definition of the norm || · ||
Ḃ
− αm + N

p
p,∞ (RN )

, we have

||B(v, · · · , v,w)(t)||
Ḃ
− αm + N

p
p,∞ (RN )

= sup
s>0

s
1
m−

N
αp ||S α(s)B(v, · · · , v,w)(t)||Lp ,

by the expression Eq (1.12) of B(v, · · · , v,w)(t), that is,

B(v, · · · , v︸   ︷︷   ︸
m

,w) = −

∫ t

0
S α(t − τ)∇ · (vm∇φ)(τ)dτ, φ = (−∆)−1(w − v), (3.4)

hence, by the Minkowski inequality, we get

||B(v, · · · , v,w)(t)||
Ḃ
− αm + N

p
p,∞ (RN )

= sup
s>0

s
1
m−

N
αp ||S α(s)

∫ t

0
S α(t − τ)∇ · (vm∇φ)(τ)dτ||Lp

≤

∫ t

0
sup
s>0

s
1
m−

N
αp ||S α(s)S α(t − τ)∇ · (vm∇φ)(τ)||Lpdτ. (3.5)

For 0 < s ≤ t − τ, using the Lp − Lq estimates Eq (2.13) and Eq (2.14) for the semigroup operator
S α(t) = e−tΛα

, we have

sup
0<s≤t−τ

s
1
m−

N
αp ||S α(s)S α(t − τ)∇ · (vm∇φ)(τ)||Lp

≤ C(N, α)(t − τ)
1
m−

N
αp ||S α(t − τ)∇ · (vm∇φ)(τ)||Lp

= C(N, α)(t − τ)
1
m−

N
αp ||∇ · S α(t − τ)(vm∇φ)(τ)||Lp

≤ C(N, α, p)(t − τ)
1
m−

N
αp (t − τ)−

mN
αp ||(vm∇φ)](τ)||

L
N p

(m+1)N−p

≤ C(N, α, p)(t − τ)
1
m−

(m+1)N
αp ||v||mLp ||∇φ(τ)||

L
N p

N−p
,

the last inequality comes from the Hölder inequality for the product v · v · · · v · (v − w) and m
p +

N−p
N p =

(m+1)N−p
N p . Using the classical Hardy-Littlewood-Sobolev inequality Eq (2.8) and Eq (2.9), we have Eq

(3.6):

sup
0<s≤t−τ

s
1
m−

N
αp ||S α(s)S α(t − τ)∇ · [vm∇(−∆)−1(v − w)](τ)||Lp

≤ C(N, α, p)(t − τ)
1
m−

(m+1)N
αp ||v(τ)||mLp ||(v − w)(τ)||Lp . (3.6)

For s > t − τ, using the Lp − Lq estimates Eq (2.13) and Eq (2.14) for the semigroup operator S α(t) =

e−tΛα
, we have

sup
s>t−τ

s
1
m−

N
αp ||S α(s)S α(t − τ)∇ · (vm∇φ)(τ)||Lp
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= sup
s>t−τ

s
1
m−

N
αp ||S α(t + s − τ)∇ · (vm∇φ)(τ)||Lp

≤ C(N, α) sup
s>t−τ

s
1
m−

N
αp (t + s − τ)−

mN
αp ||vm∇φ(τ)||

L
N p

(m+1)N−p

≤ C(N, α) sup
s>t−τ

s
1
m−

N
αp (t + s − τ)−

mN
αp ||v||mLp ||∇φ(τ)||

L
N p

N−p
.

From the condition Eq (3.1): max{1, mN
α
} < p < min{N, m(m+1)N

α
} and s > t − τ, the function f (s) =

s
1
m−

N
αp (t + s − τ)−

mN
αp has the maximum

max
s>t−τ

f (s) = f (
1
m −

N
αp

(m+1)N
αp − 1

m

(t − τ)) = C(t − τ)
1
m−

(m+1)N
αp ,

where C is a constant, by Eq (2.9) we have

sup
s>t−τ

s
1
m−

N
αp ||S α(s)S α(t − τ)∇ · [vm∇(−∆)−1(v − w)](τ)||Lp

≤ C(N, α, p)(t − τ)
1
m−

(m+1)N
αp ||v(τ)||mLp ||(v − w)(τ)||Lp . (3.7)

Together with Eq (3.6) and Eq (3.7) we have:

sup
s>0

s
1
m−

N
αp ||S α(s)S α(t − τ)∇ · [vm∇(−∆)−1(v − w)](τ)||Lp

≤ C(N, α, p)(t − τ)
1
m−

(m+1)N
αp ||v(τ)||mLp ||(v − w)(τ)||Lp . (3.8)

Putting Eq (3.8) into Eq (3.5), we have

||B(v, · · · , v,w)(t)||
Ḃ
− αm + N

p
p,∞ (RN )

≤ C(N, α, p)
∫ t

0
(t − τ)

1
m−

(m+1)N
αp ||v(τ)||mLp ||(v − w)(τ)||Lpdτ

≤ C(N, α, p) sup
τ>0

(τ
1
m−

N
αp ||v(τ)||Lp)m sup

τ>0
(τ

1
m−

N
αp ||(v − w)(τ)||Lp)

×

∫ t

0
(t − τ)

1
m−

(m+1)N
αp τ

(m+1)N
αp − 1

m−1dτ

≤ C(N, α, p)||v||mX||v − w||X

∫ t

0
(t − τ)

1
m−

(m+1)N
αp τ

(m+1)N
αp − 1

m−1dτ

≤ C(N, α, p)||v||mX||v − w||X,

in the last inequality we use the fact that the Beta function∫ t

0
(t − τ)

1
m−

(m+1)N
αp τ

(m+1)N
αp − 1

m−1dτ

= B(
m + 1

m
−

(m + 1)N
αp

,
(m + 1)N

αp
−

1
m

)
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converges to a constant, since the condition Eq (3.1) implies that

m + 1
m
−

(m + 1)N
αp

=
m + 1

mp
(p −

mN
α

) > 0,

(m + 1)N
αp

−
1
m

=
1

mp
(
m(m + 1)N

α
− p) > 0.

Therefore, we have

||B(v, · · · , v,w)(t)||
Ḃ
− αm + N

p
p,∞ (RN )

≤ C(N, α, p)||v||mX||v − w||X. (3.9)

Next, we consider the estimate of ||B(v, · · · , v,w)(t)||Lp . From Eq (1.12) we have

||B(v, · · · , v,w)(t)||Lp

= ||

∫ t

0
S α(t − τ)∇ · (vm∇φ)(τ)dτ||Lp

≤ C(N, α)
∫ t

0
(t − τ)−

mN
αp ||vm∇(−∆)−1(v − w)](τ)||

L
N p

(m+1)N−p
dτ

≤ C(N, α)
∫ t

0
(t − τ)−

mN
αp ||v||mLp ||∇(−∆)−1(v − w)](τ)||

L
N p

N−p
dτ

≤ C(N, α, p)||v||mX||v − w||X

∫ t

0
(t − τ)−

mN
αp τ−

1
m−1+

(m+1)N
αp dτ

≤ C(N, α, p)||v||mX||v − w||Xt−
1
m + N

αp ,

thus,

sup
t>0

t
1
m−

N
αp ||B(v, · · · , v,w)(t)||Lp ≤ C(N, α, p)||v||mX||v − w||X. (3.10)

In order to prove that B(v, · · · , v,w) ∈ X, it suffices to prove that B(v, · · · , v,w) is continuous for

t > 0 and weakly continuous for t = 0 in Ḃ
− α

m + N
p

p,∞ (RN), and it is continuous for t ≥ 0 in Lp(RN).
For any 0 < t1 < t2, due to Eq (3.4) we have

B(v, · · · , v,w)(t2) − B(v, · · · , v,w)(t1)

=

∫ t1

0
[S α(t2 − τ) − S α(t1 − τ)]∇ · [vm∇(−∆)−1(v − w)](τ)dτ

+

∫ t2

t1
S α(t2 − τ)∇ · [vm∇(−∆)−1(v − w)](τ)dτ

:= I(t1, t2) + II(t1, t2). (3.11)

Similar to the estimate of ||B(v, · · · , v,w)(t)||
Ḃ
− αm + N

p
p,∞ (RN )

, we have

||II(t1, t2)||
Ḃ
− αm + N

p
p,∞ (RN )

= sup
s>0

s
1
m−

N
αp ||S α(s)II(t1, t2)||Lp

≤

∫ t2

t1
sup
s>0

s
1
m−

N
αp ||S α(s)S α(t2 − τ)∇ · [vm∇(−∆)−1(v − w)](τ)||Lpdτ
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≤ C(N, α, p)||v||mX||v − w||X

∫ t2

t1
(t2 − τ)

1
m−

(m+1)N
αp τ

(m+1)N
αp − 1

m−1dτ

≤ C(N, α, p)||v||mX||v − w||Xt
−1− 1

m +
(m+1)N
αp

1

∫ t2

t1
(t2 − τ)

1
m−

(m+1)N
αp dτ

≤ C(N, α, p)||v||mX||v − w||Xt
−1− 1

m +
(m+1)N
αp

1 (t2 − t1)1+ 1
m−

(m+1)N
αp ,

the condition Eq (3.1) implies that 1 + 1
m −

(m+1)N
αp > 0, hence as t2 → t1,

||II(t1, t2)||
Ḃ
− αm + N

p
p,∞ (RN )

= sup
s>0

s
1
m−

N
αp ||S α(s)II(t1, t2)||Lp → 0. (3.12)

According to the property of semigroup,

S α(t2 − τ) − S α(t1 − τ) = [S α(t2 − t1) − I]S α(t1 − τ), (3.13)

for φ = (−∆)−1(w − v) we get

||I(t1, t2)||
Ḃ
− αm + N

p
p,∞ (RN )

= sup
s>0

s
1
m−

N
αp ||S α(s)I(t1, t2)||Lp

≤

∫ t1

0
sup
s>0

s
1
m−

N
αp ||S α(s)[S α(t2 − t1) − I]S α(t1 − τ)∇ · (vm∇φ)(τ)||Lpdτ

=

∫ t1

0
sup
s>0

s
1
m−

N
αp ||

∫ t2−t1

0
ΛαS α(µ)S α(s)S α(t1 − τ)∇ · (vm∇φ)(τ)dµ||Lpdτ

=

∫ t1

0
sup
s>0

s
1
m−

N
αp ||

∫ t2−t1

0
∇S α(µ)ΛαS α(s)S α(t1 − τ)(vm∇φ)(τ)dµ||Lpdτ

≤

∫ t1

0
sup
s>0

s
1
m−

N
αp

∫ t2−t1

0
||∇S α(µ)ΛαS α(s)S α(t1 − τ)(vm∇φ)(τ)||Lpdµdτ, (3.14)

by the Lp − Lq estimates Eq (2.13) and Eq (2.14) for the semigroup operator S α(t) = e−tΛα
, we have∫ t2−t1

0
||∇S α(µ)ΛαS α(s)S α(t1 − τ)(vm∇φ)(τ)||Lpdµ

≤ C(N, α)
∫ t2−t1

0
µ−

mN
αp dµ||ΛαS α(s)S α(t1 − τ)(vm∇φ)(τ)||

L
N p

(m+1)N−p

= C(N, α)(t2 − t1)1−mN
αp ||ΛαS α(s)S α(t1 − τ)(vm∇φ)(τ)||

L
N p

(m+1)N−p
. (3.15)

For 0 < s ≤ t1 − τ, we have

sup
0<s≤t1−τ

s
1
m−

N
αp ||ΛαS α(s)S α(t1 − τ)(vm∇φ)(τ)||

L
N p

(m+1)N−p

= sup
0<s≤t1−τ

s
1
m−

N
αp ||S α(s)ΛαS α(t1 − τ)(vm∇φ)(τ)||

L
N p

(m+1)N−p

≤ C(N, α) sup
0<s≤t1−τ

s
1
m−

N
αp (t1 − τ)−1||(vm∇φ)(τ)||

L
N p

(m+1)N−p

≤ C(N, α)(t1 − τ)
1
m−

N
αp−1
||v||mLp ||∇φ||

L
N p

N−p
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≤ C(N, α, p)(t1 − τ)
1
m−

N
αp−1
||v||mLp ||v − w||Lp . (3.16)

For s > t1 − τ, we have

sup
s>t1−τ

s
1
m−

N
αp ||ΛαS α(s)S α(t1 − τ)(vm∇φ)(τ)||

L
N p

(m+1)N−p

= sup
s>t1−τ

s
1
m−

N
αp ||ΛαS α(t1 − τ + s)(vm∇φ)(τ)||

L
N p

(m+1)N−p

≤ C(N, α) sup
s>t1−τ

s
1
m−

N
αp (t1 − τ + s)−1||vm∇φ||

L
N p

(m+1)N−p

≤ C(N, α, p)(t1 − τ)
1
m−

N
αp−1
||v||mLp ||v − w||Lp . (3.17)

Putting Eqs (3.15)–(3.17) into Eq (3.14), we have

||I(t1, t2)||
Ḃ
− αm + N

p
p,∞ (RN )

≤ C(t2 − t1)1−mN
αp

∫ t1

0
(t1 − τ)

1
m−

N
αp−1
||v(τ)||mLp ||(v − w)(τ)||Lpdτ

≤ C(t2 − t1)1−mN
αp sup

τ>0
(τ

1
m−

N
αp ||v(τ)||Lp)m sup

τ>0
(τ

1
m−

N
αp ||(v − w)(τ)||Lp)

×

∫ t1

0
(t1 − τ)

1
m−

N
αp−1τ

(m+1)N
αp − 1

m−1dτ

≤ C(t2 − t1)1−mN
αp ||v||mX||v − w||XBt

mN
αp −1

1 , (3.18)

where C = C(N, α, p) the Beta function B = B( 1
m −

N
αp ,

(m+1)N
αp − 1

m ) converges due to the condition Eq
(3.1), thus we have

||I(t1, t2)||
Ḃ
− αm + N

p
p,∞ (RN )

≤ C||v||mX||v − w||X(t2 − t1)1−mN
αp t

mN
αp −1

1 , (3.19)

that is,

||I(t1, t2)||
Ḃ
− αm + N

p
p,∞ (RN )

= sup
s>0

s
1
m−

N
αp ||S α(s)I(t1, t2)||Lp → 0 as t2 → t1. (3.20)

Putting Eq (3.12) and Eq (3.20) into Eq (3.11) we have

||B(v, · · · , v,w)(t1) − B(v, · · · , v,w)(t2)||
Ḃ
− αm + N

p
p,∞ (RN )

→ 0 as t2 → t1. (3.21)

This means that B(v, · · · , v,w) is continuous for t > 0 in Ḃ
− α

m + N
p

p,∞ (RN).

Similarly, we can prove that B(v, · · · , v,w) is weakly continuous for t = 0 in Ḃ
− α

m + N
p

p,∞ (RN) and it is
continuous for t ≥ 0 in Lp(RN). Therefore, we have

B(v, · · · , v,w) ∈ C∗([0,∞), Ḃ
− α

m + N
p

p,∞ (RN)) ∩C mαp
αp−mN

([0,∞), Lp(RN)), (3.22)

that is, B(v, · · · , v,w) ∈ X and Eq (3.3) holds true, i.e.,

||B(v, · · · , v,w)||X ≤ C(N, α, p)||v||mX||v − w||X. (3.23)
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This ends the proof of Lemma 3.3. �
The proof of Theorem 3.1. Now for the integral system Eq (1.11) and Eq (1.12) from the Cauchy
problem Eq (1.1), we have

(v(t),w(t)) = S α(t)(v0,w0) + (B(v, · · · , v,w), B(w, · · · ,w, v)), (3.24)

in Lemma 3.2 and Lemma 3.3 we deal with the terms S α(t)(v0,w0) and

B(v, · · · , v,w) =

∫ t

0
S α(t − τ)∇ · [vm∇(−∆)−1(v − w)](τ)dτ,

B(w, · · · ,w, v) =

∫ t

0
S α(t − τ)∇ · [wm∇(−∆)−1(w − v)](τ)dτ,

respectively. For the Banach space X and multi-linear operator B(v, · · · , v,w), which satisfies the

estimate Eq (3.23), following the Lemma 2.4, for every (v0,w0) ∈ Ḃ
− α

m + N
p

p,∞ (RN), there exists ε > 0
such that (m + 1)(2ε)mC(N, α, p) < 1, then Eq (3.24) has a unique solution (v,w) ∈ X such that
||(v,w)||X ≤ 2ε. Therefore, the Cauchy problem Eq (1.1) has a unique global-in-time mild solution in
the mixed time-space Besov space. This completes the proof of Theorem 3.1. �

4. Asymptotic stability analysis

Theorem 4.1. Let N be a positive integer, 1 < α ≤ 2N and Eq (3.1) hold true and (v,w) and (ṽ, w̃) be
two mild solutions of the Cauchy problem Eq (1.1) described in Theorem 3.1 corresponding to initial

conditions (v0,w0) and (ṽ0, w̃0), respectively. If (v0,w0), (ṽ0, w̃0) ∈ Ḃ
− α

m + N
p

p,∞ (RN) such that

lim
t→∞
||S α(t)(v0 − ṽ0,w0 − w̃0)||

Ḃ
− αm + N

p
p,∞ (RN )

= 0, (4.1)

then, we have the following asymptotic stability

lim
t→∞

(
||(v − ṽ,w − w̃)||

Ḃ
− αm + N

p
p,∞ (RN )

+ t
α
m−

N
p ||(v − ṽ,w − w̃)||Lp(RN )

)
= 0. (4.2)

Proof. Since (v0,w0), (ṽ0, w̃0) ∈ Ḃ
− α

m + N
p

p,∞ (RN), by Theorem 3.1, there exists a constant ε > 0 such that if
||(v0,w0), (ṽ0, w̃0)||

Ḃ
− αm + N

p
p,∞

≤ ε, then the mild solutions (v,w) and (ṽ, w̃) satisfy that ||(v,w), (ṽ, w̃)||X ≤ 2ε.

From Eq (1.11) and Eq (1.12) we have

v − ṽ = S α(t)(v0 − ṽ0) +
m−1∑
k=0

Bk(v − ṽ, v, ṽ, v − w)

+Bm(ṽ, (v − ṽ) − (w − w̃)),

w − w̃ = S α(t)(w0 − w̃0) +
m−1∑
k=0

Bk(w − w̃,w, w̃,w − v)

+Bm(w̃, (w − w̃) − (v − ṽ)),

where

Bk(v − ṽ, v, ṽ, v − w) = B(v − ṽ, v, · · · , v︸   ︷︷   ︸
k

, ṽ, · · · , ṽ︸   ︷︷   ︸
m−1−k

, v − w)
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=

∫ t

0
S α(t − τ)∇ · [(v − ṽ)vkṽm−1−k∇(−∆)−1(v − w)](τ)dτ, (4.3)

Bm(ṽ, (v − ṽ) − (w − w̃)) = B(ṽ, · · · , ṽ︸   ︷︷   ︸
m

, (v − ṽ) − (w − w̃))

=

∫ t

0
S α(t − τ)∇ · [ṽm∇(−∆)−1((v − ṽ) − (w − w̃))](τ)dτ. (4.4)

By the definition of Ḃ
− α

m + N
p

p,∞ (RN)−norm, we have

||v − ṽ||
Ḃ
− αm + N

p
p,∞ (RN )

≤ ||S α(t)(v0 − ṽ0)||
Ḃ
− αm + N

p
p,∞ (RN )

+

m−1∑
k=0

Ik + Im, (4.5)

where

(Ik, Im) = ||(Bk(v − ṽ, v, ṽ, v − w), B(ṽ, (v − ṽ) − (w − w̃)))||
Ḃ
− αm + N

p
p,∞ (RN )

.

For a constant θ ∈ (0, 1) determined in later we have

Ik = sup
s>0

s
1
m−

N
αp ||S α(s)

∫ t

0
S α(t − τ)∇ · [(v − ṽ)vkṽm−1−k∇(−∆)−1(v − w)](τ)dτ||Lp

≤

∫ t

0
sup
s>0

s
1
m−

N
αp ||S α(s)S α(t − τ)∇ · [(v − ṽ)vkṽm−1−k∇(−∆)−1(v − w)](τ)||Lpdτ

≤
( ∫ θt

0
+

∫ t

θt

)
sup
s>0

s
1
m−

N
αp ||S α(t + s − τ)∇ · [(v − ṽ)vkṽm−1−k∇(−∆)−1(v − w)]||Lpdτ

:= Ik1 + Ik2. (4.6)

In the procedure of estimate of Eq (3.5), instead of the product v ·v · · · v ·(v−w) with m+1 exponents
such that m

p +
N−p
N p =

(m+1)N−p
N p , use the Hölder inequality for the product (v− ṽ)vkṽm−1−k(v−w) with m+1

exponents such that 1
p + k

p + m−1−k
p +

N−p
N p =

(m+1)N−p
N p , we can prove that

Ik1 ≤ C
∫ θt

0
(t − τ)

1
m−

(m+1)N
αp ||v − ṽ||Lp ||v||kLp ||ṽ||m−1−k

Lp ||v − w||Lpdτ (4.7)

≤ Cεm
∫ θ

0
(1 − η)

1
m−

(m+1)N
αp η−1− 1

m +
(m+1)N
αp (tη)

1
m−

N
αp ||v(tη) − ṽ(tη)||Lpdη,

and

Ik2 ≤ C
∫ t

θt
(t − τ)

1
m−

(m+1)N
αp ||v − ṽ||Lp ||v||kLp ||ṽ||m−1−k

Lp ||v − w||Lpdτ

≤ Cεm
∫ t

θt
(t − τ)

1
m−

(m+1)N
αp τ−1− 1

m +
(m+1)N
αp (τ

1
m−

N
αp ||v − ṽ||Lp)dτ

≤ Cεm[ sup
θt≤τ≤t

τ
1
m−

N
αp ||v(τ) − ṽ(τ)||Lp]. (4.8)
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Together Eq (4.7) with Eq (4.8) we have

Ik ≤ Cεm
∫ θ

0
(1 − η)

1
m−

(m+1)N
αp η−1− 1

m +
(m+1)N
αp ((tη)

1
m−

N
αp ||v(tη) − ṽ(tη)||Lp)dη

+ Cεm[ sup
θt≤τ≤t

τ
1
m−

N
αp ||v(τ) − ṽ(τ)||Lp], k = 1, 2, · · · ,m − 1. (4.9)

Similarly we have

Im ≤ Cεm
∫ θ

0

(1 − η)
1
m−

(m+1)N
αp

η1+ 1
m−

(m+1)N
αp

((tη)
1
m−

N
αp ||((v − ṽ)(tη), (w − w̃)(tη))||Lp)dη

+ Cεm[ sup
θt≤τ≤t

τ
1
m−

N
αp ||((v − ṽ)(τ), (w − w̃)(τ))||Lp]. (4.10)

We next consider the term ||v − ṽ||Lp(RN ):

||v − ṽ||Lp(RN ) ≤ ||S α(t)(v0 − ṽ0)||Lp(RN ) +

m−1∑
k=0

Jk + Jm, (4.11)

where

(Jk, Jm) = ||(Bk(v − ṽ, v, ṽ, v − w), B(ṽ, (v − ṽ) − (w − w̃)))||Lp(RN ).

For the first term we have

t
1
m−

N
αp ||S α(t)(v0 − ṽ0)||Lp(RN )

≤ 2
1
m−

N
αp sup

t>0
(

t
2

)
1
m−

N
αp ||S α(

t
2

)(v0 − ṽ0)||Lp(RN )

≤ 2
1
m−

N
αp ||S α(t)(v0 − ṽ0)||

Ḃ
− αm + N

p
p,∞ (RN )

. (4.12)

For the term Jk and φ = (−∆)−1(w − v), we have

Jk = ||

∫ t

0
S α(t − τ)∇ · [(v − ṽ)vkṽm−1−k∇φ](τ)dτ||Lp

≤ C
( ∫ θt

0
+

∫ t

θt

)
(t − τ)−

mN
αp ||v − ṽ||Lp ||v||kLp ||ṽ||m−1−k

Lp ||∇φ||
L

N p
N−p

dτ

≤ C
( ∫ θt

0
+

∫ t

θt

)
(t − τ)−

mN
αp ||v − ṽ||Lp ||v||kLp ||ṽ||m−1−k

Lp ||v − w||Lpdτ

≤ Cεm
( ∫ θt

0
+

∫ t

θt

)
(t − τ)−

mN
αp τ−1− 1

m +
(m+1)N
αp (τ

1
m−

N
αp ||v − ṽ||Lp)dτ

≤ Cεmt−
1
m + N

αp

∫ θ

0
(1 − η)−

mN
αp η−1− 1

m +
(m+1)N
αp ((tη)

1
m−

N
αp ||v(tη) − ṽ(tη)||Lp)dη

+Cεmt−
1
m + N

αp [ sup
θt≤τ≤t

τ
1
m−

N
αp ||v(τ) − ṽ(τ)||Lp], k = 1, 2, · · · ,m − 1. (4.13)
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Similarly, for the term Jm we have

Jm ≤ Cεmt−
1
m + N

αp

∫ θ

0

(1 − η)−
mN
αp

η1+ 1
m −

(m+1)N
αp

((tη)
1
m −

N
αp ||((v − ṽ)(tη), (w − w̃)(tη))||Lp )dη

+ Cεmt−
1
m + N

αp [ sup
θt≤τ≤t

τ
1
m −

N
αp ||((v − ṽ)(τ), (w − w̃)(τ))||Lp ]. (4.14)

Together Eq (4.5) with Eq (4.11) we have

||v − ṽ||
Ḃ
− αm + N

p
p,∞ (RN )

+ t
1
m−

N
αp ||v − ṽ||Lp(RN )

≤ C||S α(t)(v0 − ṽ0)||
Ḃ
− αm + N

p
p,∞ (RN )

+Cεm
∫ θ

0

(1 − η)
1
m−

(m+1)N
αp

η1+ 1
m−

(m+1)N
αp

((tη)
1
m−

N
αp ||((v − ṽ)(tη), (w − w̃)(tη))||Lp)dη

+Cεm
∫ θ

0

(1 − η)−
mN
αp

η1+ 1
m−

(m+1)N
αp

((tη)
1
m−

N
αp ||((v − ṽ)(tη), (w − w̃)(tη))||Lp)dη

+Cεm[ sup
θt≤τ≤t

τ
1
m−

N
αp ||((v − ṽ)(τ), (w − w̃)(τ))||Lp]. (4.15)

For w − w̃ we can get the same estimate similar to Eq (4.15).
For the convenience we denote

Q(θ) =

∫ θ

0
(1 − η)

1
m−

(m+1)N
αp η−1− 1

m +
(m+1)N
αp dη

+

∫ θ

0
(1 − η)−

mN
αp η−1− 1

m +
(m+1)N
αp dη,

F(t) = ||S α(t)(v0 − ṽ0,w0 − w̃0)||
Ḃ
− αm + N

p
p,∞ (RN )

,

G(t) = ||v − ṽ||
Ḃ
− αm + N

p
p,∞ (RN )

+ t
1
m−

N
αp ||v − ṽ||Lp(RN ).

Due to the condition Eq (3.1), max{1, mN
α
} < p < min{N, m(m+1)N

α
}, we have

1 +
1
m
−

(m + 1)N
αp

=
m + 1

mp
(p −

mN
α

) > 0,

−
1
m

+
(m + 1)N

αp
=

1
mp

(
m(m + 1)N

α
− p) > 0,

1 −
mN
αp

=
1
p

(p −
mN
α

) > 0,

then, we obtain that Q(θ) converges and lim
θ→0

Q(θ) = 0.
Due to the condition Eq (4.1) we have lim

t→+∞
F(t) = 0 and F(t) ∈ L∞[0,+∞). Passing the limit in Eq

(4.15) we get

M = lim sup
t→+∞

G(t) ≤ C(N, α, p)εm(Q(θ) + 1)M, (4.16)

Choosing θ and ε small enough such that Q(θ) < 1 and 2C(N, α, p)εm < 1 respectively, then Eq (4.16)
implies that M = 0. That is, Eq (4.2) holds true. The proof is complete. �
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5. Regularizing-decay rate estimates

In this section we consider the regularizing decay rate estimates of the mild solutions to the system
Eq (1.1). Compared to the case m = 1, the main difficulty is caused by the power-law nonlinearity
term vm as m > 1 in the first two equations of Eq (1.1). To overcome this difficulty, we will apply
multiple Leibniz’s rule. For the regularizing-decay rate estimates of mild solutions to the Navier-
Stokes equations, we refer the reader to [6, 28–30].

In what follows, for x = (x1, · · · , xN) ∈ RN and β = (β1, · · · , βN) ∈ NN
0 , where N0 = N

⋃
{0} and

N = {1, 2, · · · }, we denote ∂βx = ∂
β1
x1 · · · ∂

βN
xN and |β| = β1 + · · · + βN .

We first describe the main result on regularizing-decay rate estimates of the mild solutions to the
system Eq (1.1).

Theorem 5.1. Let N ≥ 2 be a positive integer, 1 < α ≤ 2N. Assume that p satisfies Eq (3.1) and

(v0,w0) ∈ Ḃ
− α

m + N
p

p,∞ (RN), and (v,w) is the mild solution to the system Eq (1.1) with initial data (v0,w0).
Furthermore, assume that there exist two positive constants M1 and M2 such that

sup
0≤t<T

‖(v(t),w(t))‖
Ḃ
− αm + N

p
p,∞ (RN )

≤ M1, (5.1)

sup
0<t<T

t
1
m−

N
αp ‖(v(t),w(t))‖Lp(RN ) ≤ M2. (5.2)

Then, there exist two positive constants K1 and K2 depending only on M1, M2, N, α, m and p, such that

‖(∂βxv(t), ∂βxw(t))‖Lq(RN ) ≤ K1(K2|β|)2|β|t−
|β|
α −

1
m + N

αq (5.3)

for all p ≤ q ≤ ∞, t ∈ (0,T ) and β ∈ NN
0 .

Remark 1. In fact, Eq (5.3) is equivalent to the claim

‖(∂βxv(t), ∂βxw(t))‖Lq ≤ K1(K2|β|)2|β|−δt−
|β|
α −

1
m + N

αq (5.4)

for some δ ∈ (1, 2] and sufficiently large constants K1 and K2.

Let us first prepare the refined Lp − Lq estimate for semigroup operator S α(t).

Lemma 5.2. Let 1 ≤ p ≤ q ≤ ∞. Then for any f ∈ Ḃ
− α

m + N
p

p,∞ (RN), we have

‖∂βxS α(t) f ‖Lq(RN ) ≤ C |β|0 |β|
|β|
α t−

|β|
α −

1
m + N

αq ‖ f ‖
Ḃ
− αm + N

p
p,∞ (RN )

(5.5)

for all t > 0, β ∈ NN
0 , and C0 is a constant depending only on N and α.

Proof. As S α(t) is the convolution operator with fractional heat kernel Kt(x) = F −1(e−t|ξ|α), by scaling
we see that

Kt(x) = (2π)−
n
2

∫
RN

eix·ξe−t|ξ|αdξ = t−
N
α K(xt−

1
α ),

where K(x) = (2π)−
n
2

∫
RN eix·ξe−|ξ|

α
dξ. It is clear that [22] (Lemma 2.2)

∇K(x) ∈ Lp(RN), ∇Kt(x) ∈ Lp(RN), ∀ t ∈ (0,∞), ∀ p ∈ [1,∞],
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thus, the Young inequality implies that

‖∂xS α(t) f ‖Lq ≤ ‖∂xKt(x)‖L1‖ f ‖Lq ≤ C0(N, α)t−
1
α ‖ f ‖Lq . (5.6)

By the semigroup property of S α(t) and the commutativity between semigroup and differential
operators, we get

∂βxS α(t) f =

N∏
i=1

(
∂xiS α

( t
2|β|

))βi
S α

( t
2

)
f . (5.7)

Combining Eq (5.6) and Eq (5.7), and using Definition 2.1, we obtain

‖∂βxS α(t) f ‖Lq(RN ) ≤

N∏
i=1

∥∥∥∥∂xiS α

( t
2|β|

)∥∥∥∥βi

L(Lq,Lq)

∥∥∥∥S α

( t
2

)
f
∥∥∥∥

Lq

≤
(
C0(N, α)

( t
2|β|

)− 1
α
)|β|( t

4

)− N
α ( 1

p−
1
q )∥∥∥∥S α

( t
4

)
f
∥∥∥∥

Lp

≤ C0(N, α)|β||β|
|β|
α t−

|β|
α −

1
m + N

αq sup
t>0

( t
4

) 1
m−

N
αp
∥∥∥∥S α

( t
4

)
f
∥∥∥∥

Lp

≤ C0(N, α)|β||β|
|β|
α t−

|β|
α −

1
m + N

αq ‖ f ‖
Ḃ
− αm + N

p
p,∞ (RN )

,

where ‖T‖L(Lp,Lq) denotes the norm of linear operator T from Lp to Lq. This proves the Lemma 5.2. �
Next we recall some useful results.

Lemma 5.3. [31, Lemma 2.1] Let δ > 1
2 . Then there exists a positive constant C depending only on δ,

such that ∑
α<β

(
β

α

)
|α||α|−δ|β − α||β−α|−δ ≤ C(δ)|β||β|−δ, ∀ β ∈ NN

0 . (5.8)

Here the notation α < β means that αi < βi,∀i ∈ N,
(
β

α

)
=

N∏
i=1

βi!
αi!(βi−αi)!

, and the dependence of C(δ)

on δ is merely of the form
∑∞

j=1 j−δ−
1
2 .

Lemma 5.4. [28] Let ψ0 be a measurable and locally bounded function in (0,∞) and {ψ j}
∞
j=1 be a

sequence of measurable functions in (0,∞). Assume that α ∈ R and µ, ν > 0 satisfying µ + ν = 1. Let
Bη > 0 be a number depending on η ∈ (0, 1) and Bη be non-increasing with respect to η. Assume that
there is a positive constant σ such that

0 ≤ ψ0(t) ≤ Bηt−α + σ

∫ t

(1−η)t
(t − τ)−µτ−νψ0(τ)dτ, (5.9)

0 ≤ ψ j+1(t) ≤ Bηt−α + σ

∫ t

(1−η)t
(t − τ)−µτ−νψ j(τ)dτ (5.10)

for all j ≥ 0, t > 0 and η ∈ (0, 1). Let η0 be a unique positive number such that

I(η0) = min{
1

2σ
, I(1)} with I(η) =

∫ 1

1−η
(1 − τ)−µτ−α−νdτ.
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Then, for any 0 < η ≤ η0, we have

ψ j(t) ≤ 2Bηt−α, ∀ j ≥ 0, t > 0.

We now prove the Theorem 5.1. Following the idea in Giga-Sawada [28], we first prove the Remark
1, a variant of Theorem 5.1 under extra regularity assumption.

Proposition 1. Under the same assumptions in Theorem 5.1. Assume further that(
∂βxv(t), ∂βxw(t)

)
∈ C

(
(0,T ), Lq(RN)

)
(5.11)

for all p ≤ q ≤ ∞ and β ∈ NN
0 . Then for any δ ∈ (1, 2], there exist two positive constants K1 and K2

depending only on M1, M2, N, α, m and p, such that

‖(∂βxv(t), ∂βxw(t))‖Lq ≤ K1(K2|β|)2|β|−δt−
|β|
α −

1
m + N

αq (5.12)

for all p ≤ q ≤ ∞, t ∈ (0,T ) and β ∈ NN
0 .

Proof. We split the proof into the following two steps by an induction |β| = m.
Step 1. We will prove Eq (5.12) for m = 0. Equation (5.2) implies that Eq (5.12) is trivial if q = p, thus
it suffices to consider q ∈ (p,∞]. Let η ∈ (0, 1) be a constant to be determined later, we take Lq−norm
of the first equation in Eq (1.11) and split the time integral into two parts as follows:

‖v(t)‖Lq ≤ ‖S α(t)v0‖Lq

+
( ∫ t(1−η)

0
+

∫ t

t(1−η)

)
‖S α(t − τ)∇ · [vm∇(−4)−1(w − v)(τ)]‖Lqdτ

:= E1 + E2 + E3. (5.13)

We will estimate term by term.
For E1, by Lemma 5.2 and Eq (5.1), one can easily see that

E1 ≤ C1(N, α)t−
α
m + N

αq ‖v0‖
Ḃ
− 1

m + N
p

p,∞

≤ C1(N, α,M1)t−
1
m + N

αq . (5.14)

For E2 and E3, by Lemma 2.2, Lemma 2.3 and Eq (5.2), we have

E2 =

∫ t(1−η)

0
‖S α(t − τ)∇ · [vm∇(−4)−1(w − v)(τ)]‖Lqdτ

≤ C2(N, α, p)
∫ t(1−η)

0
(t − τ)−

(m+1)N
αp + N

αq ‖v(τ)‖mLp‖(v(τ),w(τ))‖Lpdτ

≤ C2(N, α, p)Mm+1
2

∫ t(1−η)

0
(t − τ)−

(m+1)N
αp + N

αqτ−1− 1
m +

(m+1)N
αp dτ

≤ C2(N, α, p,M2)η−1− 1
m t−

1
m + N

αq , (5.15)

E3 =

∫ t

t(1−η)
‖S α(t − τ)∇ · [vm∇(−4)−1(w − v)(τ)]‖Lqdτ
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≤ C3(N, α, p)
∫ t

t(1−η)
(t − τ)−

mN
αp ‖v(τ)‖Lq‖v(τ)‖m−1

Lp ‖(v(τ),w(τ))‖Lpdτ

≤ C3(N, α, p,M2)
∫ t

t(1−η)
(t − τ)−

mN
αp τ−1+ mN

αp ‖v(τ)‖Lqdτ. (5.16)

Combining Eqs (5.14)–(5.16), and setting B̄η = C1(N, α,M1) + C2(N, α, p,M2)η−1− 1
m , the inequality Eq

(5.13) yields that

‖v(t)‖Lq ≤ B̄ηt−
1
m + N

αq + C3

∫ t

t(1−η)
(t − τ)−

mN
αp τ−1+ mN

αp ‖v(τ)‖Lqdτ. (5.17)

The estimate for w(t) can be done analogously as Eq (5.17). Hence, we have

‖(v(t),w(t))‖Lq

≤ Bηt−
1
m + N

αq + C4

∫ t

t(1−η)
(t − τ)−

mN
αp τ−1+ mN

αp ‖(v(τ),w(τ))‖Lqdτ, (5.18)

where Bη = 2B̄η and C4 = 2C3(N, α, p,M2).
By applying Lemma 5.4, we get the desired estimate Eq (5.12) for |β| = k = 0 with K1 = 2Bη0 for

some η0 = η0(N, α, p,m,M1,M2) ∈ (0, 1).
Step 2. Next we prove Eq (5.12) for |β| = k ≥ 1. Due to the appearance of nonlocal function φ, we use
a different argument to prove Eq (5.12) for p ≤ q < N and N ≤ q ≤ ∞, thus we split the proof into the
following two cases.
Case 1: p ≤ q < N. In this case, we first differentiate the first equation of Eq (1.11) to obtain the
identity

∂βxv(t) = ∂βxS α(t)v0 −

∫ t

0
∂βxS α(t − τ)∇ · [vm∇(−∆)−1(w − v)(τ)]dτ. (5.19)

We take the Lq−norm of ∂βxv, for some η ∈ (0, 1) to be chosen later, we split the time integral into the
following two parts:

‖∂βxv(t)‖Lq ≤ ‖∂βxS α(t)v0‖Lq

+
( ∫ t(1−η)

0
+

∫ t

t(1−η)

)
‖∂βxS α(t − τ)∇ · [vm∇(−∆)−1(w − v)(τ)]‖Lqdτ

:= F1 + F2 + F3. (5.20)

We next estimate Fi(i = 1, 2, 3) term by term.
For F1, Lemma 5.2 implies that

F1 ≤ Ck
0k

k
α t−

k
α−

1
m + n

αq ‖v0‖
Ḃ
− αm + n

p
p,∞

≤ M1Ck
0k

k
α t−

k
α−

1
m + n

αq . (5.21)

For F2, using Lemma 5.2, Lemma 2.3 and Eq (5.2), we have

F2 =

∫ t(1−η)

0
‖∂βxS α(t − τ)∇ · [vm∇(−∆)−1(w − v)(τ)]‖Lqdτ
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≤ C5(N, α)
∫ t(1−η)

0

( t − τ
2

)− 1
α
‖∂βxS α

( t − τ
2

)
[vm∇(−∆)−1(w − v)(τ)]‖Lqdτ

≤ C5(N, α)
∫ t(1−η)

0

( t − τ
2

)− 1
α

N∏
i=1

‖∂xiS α

( t − τ
4k

)
‖

ki
L(Lq,Lq)

×‖S α

( t − τ
4

)
[vm∇(−∆)−1(w − v)(τ)]‖Lqdτ

≤ C5(N, α)
∫ t(1−η)

0

( t − τ
2

)− 1
α
[
C0(

t − τ
4k

)−
1
α

]k( t − τ
4

)− (m+1)N−p
αp + N

αq

×‖vm∇(−∆)−1(w − v)(τ)‖
L

N p
(m+1)N−p

dτ

≤ C5(N, α, p)Ck
0k

k
α

∫ t(1−η)

0

( t − τ
4

)− k
α−

N
α ( m+1

p −
1
q )
‖v(τ)‖mLp‖(v(τ),w(τ))‖Lpdτ

≤ C5(N, α, p)Mm+1
2 Ck

0k
k
α

∫ t(1−η)

0

( t − τ
4

)− k
α−

N
α ( m+1

p −
1
q )
τ−1− 1

m +
(m+1)N
αp dτ

≤ C5(N, α, p,M2)Ck
0k

k
αη−

k
α−1− 1

m t−
k
α−

1
m + N

αq , (5.22)

where k = k1 + k2 + · · · + kN and ki = |βi|(i = 1, 2, . . . ,N).
Using Leibniz’s rule, we split F3 into the following three parts:

F3 =

∫ t

t(1−η)
‖∂βxS α(t − τ)∇ · [vm∇(−∆)−1(w − v)(τ)]‖Lqdτ

≤ C6(N, α)
∫ t

t(1−η)

( t − τ
2

)− 1
α
‖S α

( t − τ
2

)
∂βx[v

m∇(−∆)−1(w − v)(τ)]‖Lqdτ

≤ C6(N, α)
∫ t

t(1−η)

( t − τ
2

)− 1
α
‖S α

( t − τ
2

)
[(∂βxv

m)∇(−∆)−1(w − v)(τ)]‖Lqdτ

+ C6(N, α)
∫ t

t(1−η)

( t − τ
2

)− 1
α
‖S α

( t − τ
2

)
·
∑

0<γ<β

(
β

γ

)
(∂γxvm)(∂β−γx ∇(−∆)−1(w − v)(τ))‖Lqdτ

+ C6(N, α)
∫ t

t(1−η)

( t − τ
2

)− 1
α
‖S α

( t − τ
2

)
[vm∂βx∇(−∆)−1(w − v)(τ)]‖Lqdτ

:= F31 + F32 + F33. (5.23)

Here, the notation γ < β means that γ ≤ β and |γ| < |β|.
Now, we establish the estimates for F3 j( j = 1, 2, 3). For F31, using Leibniz’s rule again, we can

split F31 into two parts as follows:

F31 = C7(N, α)
∫ t

t(1−η)

( t − τ
2

)− 1
α
‖S α

( t − τ
2

)
[(∂βxv

m)∇(−∆)−1(w − v)]‖Lqdτ

= C7(N, α)
∫ t

t(1−η)

( t − τ
2

)− 1
α
‖S α

( t − τ
2

)[∑
β

(
βm

βm−1

) (
βm−1

βm−2

)
. . .

(
β2

β1

)

Networks and Heterogeneous Media Volume 18, Issue 1, 109–139.



130

×(∂β1
x v)(∂β2−β1

x v) . . . (∂βm−βm−1
x v) + mvm−1(∂βxv)∇(−∆)−1(w − v)

]
‖Lqdτ

= C7(N, α)
∑
β

m∏
i=1

(
βi

βi−1

) ∫ t

t(1−η)

( t − τ
2

)− 1
α
‖S α

( t − τ
2

)
·

m∏
i=1

(∂βi−βi−1
x v)∇(−∆)−1(w − v)(τ)‖Lqdτ

+C7(N, α,m)
∫ t

t(1−η)

( t − τ
2

)− 1
α
‖S α

( t − τ
2

)
vm−1(∂βxv)∇(−∆)−1(w − v)‖Lqdτ

:= G1 + G2, (5.24)

where we denote
∑
β =

∑
0=β0≤β1≤···≤βm−1<βm=β.

For G2, using Lemma 2.2, Lemma 2.3 and Eq (5.2), we have

G2 ≤ C8(N, α,m, p)
∫ t

t(1−η)

( t − τ
2

)−mN
αp
‖v‖m−1

Lp ‖∂βxv‖Lq‖(v(τ),w(τ))‖Lpdτ

≤ C8(N, α,m, p)Mm
2

∫ t

t(1−η)
(t − τ)−

mN
αp τ−1+ mN

αp ‖∂βxv‖Lqdτ. (5.25)

For G1, using Lemma 2.2, Lemma 2.3, Lemma 5.3, Eq (5.2) and Eq (5.12), we have

G1 ≤ C9(N, α, p)
∑
β

m∏
i=1

(
βi

βi−1

) ∫ t

t(1−η)
(t − τ)−

(m−1)N
αq − N

αp

×

m∏
i=1

‖∂βi−βi−1
x v‖Lq‖(v(τ),w(τ))‖Lpdτ

≤ C9(N, α, p)M2

∑
β

m∏
i=1

(
βi

βi−1

) ∫ t

t(1−η)
(t − τ)−

(m−1)N
αq − N

αp

×

m∏
i=1

[
K1(K2|βi − βi−1|

2|βi−βi−1 |−δ)τ−
|βi−βi−1 |

α − 1
m + N

αq
]
τ−

1
m + N

αp dτ

≤ C9(N, α, p,M2)
∑
β

m∏
i=1

(
βi

βi−1

) m∏
i=1

[
K1(K2|βi − βi−1|

2|βi−βi−1 |−δ)
]

×

∫ t

t(1−η)
(t − τ)−

(m−1)N
αq − N

αpτ−
k
α−1+ mN

αq −
1
m + N

αp dτ

≤ C9(N, α, p,M2)(C(δ))2(m−1)k2k−δKm
1 K2k−mδ

2 I(η)t−
k
α−

1
m + N

αq , (5.26)

where

I(η) =

∫ 1

1−η
(1 − τ)−

(m−1)N
αq − N

αpτ−
k
α−1+ mN

αq −
1
m + N

αp dτ. (5.27)

For F32, using the same arguments as G1, we have

F32 ≤ C10(N, α)
∫ t

t(1−η)

( t − τ
2

)− 1
α
‖S α

( t − τ
2

)[ ∑
0<γ<β

(
β

γ

)
(∂γxvm)
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×(∂β−γx ∇(−∆)−1(w − v)(τ))
]
‖Lqdτ

≤ C10(N, α)
∑

0<γ<β

(
β

γ

) ∫ t

t(1−η)

( t − τ
2

)− 1
α
‖S α

( t − τ
2

)
(∂γxvm)

×(∂β−γx ∇(−∆)−1(w − v)(τ))‖Lqdτ

= C10(N, α)
∑

0<γ<β

(
β

γ

) ∫ t

t(1−η)

( t − τ
2

)− 1
α
‖S α

( t − τ
2

)[∑
γ

m∏
i=1

(
γi

γi−1

)

×

m∏
j=1

(∂γ j−γ j−1
x vm)

]
(∂β−γx ∇(−∆)−1(w − v)(τ))‖Lqdτ

≤ C10(N, α)
∑

0<γ<β

(
β

γ

)∑
γ

m∏
i=1

(
γi

γi−1

) ∫ t

t(1−η)

( t − τ
2

)− 1
α

×‖S α

( t − τ
2

) m∏
j=1

(∂γ j−γ j−1
x vm)(∂β−γx ∇(−∆)−1(w − v)(τ))‖Lqdτ,

according to the property of semigroup we get

F32 ≤ C10(N, α, p)
∑

0<γ<β

(
β

γ

)∑
γ

m∏
i=1

(
γi

γi−1

) ∫ t

t(1−η)
(t − τ)−

N(m−1)
αq − N

αp

×

m∏
j=1

‖∂
γ j−γ j−1
x v‖Lq‖∂β−γx (v(τ),w(τ))‖Lpdτ

≤ C10(N, α, p)
∑

0<γ<β

(
β

γ

)∑
γ

m∏
i=1

(
γi

γi−1

) ∫ t

t(1−η)
(t − τ)−

N(m−1)
αq − N

αp

×

m∏
j=1

[
K1(K2|γ j − γ j−1|)2|γ j−γ j−1 |−δτ−

|γ j−γ j−1 |
α − 1

m + N
αq
]

×
[
K1(K2|β − γ|)2|β−γ|−δτ−

|β−γ|
α −

1
m + N

αp
]
dτ

≤ C10(N, α, p)(C(δ))mKm+1
1 K2k−(m+1)δ

2 k2k−δI(η)t−
k
α−

1
m + N

αq , (5.28)

where
∑
γ is defined the same as that in estimating F31 and I(η) is defined in Eq (5.27).

For F33, analogously we have

F33 ≤ C11

∫ t

t(1−η)
(t − τ)−

N(m−1)
αq − N

αp ‖v‖mq ‖∂
β
x∇(−4)−1(w − v)(τ)‖

L
N p

N−p
dτ

≤ C11(N, α)
∫ t

t(1−η)
(t − τ)−

N(m−1)
αq − N

αp ‖v‖mq ‖∂
β−1
x (v(τ),w(τ))‖

L
N p

N−p
dτ

≤ C11(N, α)
∫ t

t(1−η)
(t − τ)−

N(m−1)
αq − N

αp [K1τ
− 1

m + N
αq ]m

×
[
K1(K2(k − 1))2(k−1)−δτ

k−1
α −

1
m +

N(N−p)
αN p

]
dτ

≤ C11(N, α)Km+1
1 K2(k−1)−δ

2 k2k−δI(η)t−
k
α−

1
m + N

αq , (5.29)
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where I(η) is defined in Eq (5.27).
Combining the above estimates Eqs (5.20)−(5.29) and setting B̄η by

B̄η = M1Ck
0k

k
α + C5Ck

0k
k
αη−

k
α−1− 1

m + C12k2k−δI(η),

and

C12 = C9Km
1 K2k−mδ

2 + C10Km+1
1 K2k−(m+1)δ

2 + C11Km+1
1 K2(k−1)−δ

2 , (5.30)

we obtain

‖∂βxv(t)‖Lq ≤ B̄ηt−
k
α−

1
m + N

αq + C8

∫ t

t(1−η)
(t − τ)−

mN
αp τ−1+ mN

αp ‖∂βxv(τ)‖Lqdτ. (5.31)

Similarly, we can deal with ∂βxw(t). Hence, we conclude that

‖(∂βxv(t), ∂βxw(t))‖Lq ≤ Bηt−
k
α−

1
m + N

αq

+C13

∫ t

t(1−η)
(t − τ)−

mN
αp τ−1+ mN

αp ‖(∂βxv(τ), ∂βxw(τ))‖Lqdτ, (5.32)

where Bη = 2B̄η and C13 = 2C8(N, α,m, p).
Let ηk = 1

2k . It is clear that I(ηk) is strictly monotone decreasing in k and I(ηk) → 0 as k → ∞.
Choosing k0 sufficiently large, such that I( 1

2k ) ≤ 1
2C13

for all k ≥ k0, applying Lemma 5.4, we get

‖(∂βxv(t), ∂βxw(t))‖Lq ≤ 2B 1
2k

t−
k
α−

1
m + N

αq (5.33)

for all t > 0 and |β| = k. Note that from Eq (5.33), we can choose K1 and K2 sufficiently large such that
Eq (5.12) holds for all β satisfying |β| ≤ k0. Hence, it suffices to prove that it is possible to choose K1

and K2 such that 2B 1
2k
≤ K1(K2k)2k−δ for all k > k0. Since

I(
1
2k

) =

∫ 1

1− 1
2k

(1 − τ)−
(m−1)N
αq − N

αpτ−
k
α−1+ mN

αq −
1
m + N

αp dτ

≤ (1 −
1
2k

)−
k
α−1− 1

m ≤ e
1

2α (1 −
1
2k

)−1− 1
m ≤ 16,

we can calculate 2B 1
2k

as follows:

2B 1
2k

= 4B̄ 1
2k
≤ 4[M1Ck

0k
k
α + C5Ck

0k
k
α (2k)

k
α+1+ 1

m + 16C12k2k−δ]

≤ 4[M1Ck
0 + 2

k
α+1+ 1

m C5Ck
0k1+ 1

m +δ + 16C12]k2k−δ.

Obviously, there exists a constant C14 > C0 such that Ck
0 + 2

k
α+1+ 1

m Ck
0k1+ 1

m +δ ≤ C2k−δ
14 . Hence,

2B 1
2k
≤ 4[(M1 + C5)C2k−δ

14 + 16C12]k2k−δ, (5.34)

where C12 is defined in Eq (5.30).
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Choosing K1 := 8(M1 + C5) and K2 := max{C14, 32(C9 + C10)K1, 32C11K
m
2

1 }, we obtain Eq (5.12).
This completes the proof of Proposition 1 for p ≤ q < N.
Case 2: N ≤ q ≤ ∞. Now we are in a position to establish the estimate of ‖∂βxv(t)‖Lq for N ≤ q ≤ ∞.
For p satisfying Eq (3.1), using the Gagliardo-Nirenberg inequality [32], we have

‖∂βxv(t)‖Lq ≤ C(N, p)‖∂βxv(t)‖θLp‖∂2
x∂

β
xv(t)‖1−θLp , θ = 1 −

N
2p

+
N
2q
. (5.35)

Now, from Eq (5.35) and the result of Case 1 we see that

‖∂βxv(t)‖Lq

≤ C(N, p)[K1(K2k)2k−δt−
k
α−

1
m + N

αp ]θ[K1(K2(k + 2))2(k+2)−δt−
k+2
α −

1
m + N

αp ]1−θ

≤ C(N, p)K1(K2(k + 2))2k+4−δt−
k
α−

1
m + N

αq . (5.36)

It is clear that there exists a constant C15 ≥ 2 such that k4 ≤ C2k−δ
15 , thus we have

(K2(k + 2))2k+4−δ = K4
2k4(1 +

2
k

)2k+4−δ(K2k)2k−δ ≤ 81e4K4
2(C15K2k)2k−δ.

Hence, we can choose K1 and K2 sufficiently large such that Eq (5.12) holds for all p ≤ q ≤ ∞. This
completes the proof of Proposition 1. �

Finally, let us show that under the assumptions of Theorem 5.1, the mild solution (v(t),w(t)) of Eq
(1.1) always satisfies the regularity condition Eq (5.12).

Proposition 2. Under the assumptions of Theorem 5.1, the mild solution (v(t), w(t)) satisfies that

t
|β|
α + 1

m−
N
αq ‖(∂βxv(t), ∂βxw(t))‖Lq ≤ K̃1(K̃2|β|)2|β|−δ (5.37)

for all p ≤ q ≤ ∞, t ∈ (0,T ) and β ∈ NN
0 , where K̃1 and K̃2 are constants depending only on

M1,M2,m,N, α, p and δ.

Proof. Since the mild solution (v(t),w(t)) is the limit function of the sequence (v j(t),w j(t)) of
appropriate Picard iterations as follows:

(v1(t),w1(t)) = (S α(t)v0, S α(t)w0), for j ≥ 2,

v j(t) = S α(t)v0 +

∫ t

0
S α(t − τ)∇ · [vm

j−1∇(−∆)−1(v j−1 − w j−1)](τ)dτ,

w j(t) = S α(t)w0 +

∫ t

0
S α(t − τ)∇ · [wm

j−1∇(−∆)−1(w j−1 − v j−1)](τ)dτ.

Step 1. We first show that

sup
j≥1

sup
0<t<T

t
1
m−

N
αp ‖(v j(t),w j(t))‖Lp ≤ M2. (5.38)

When j = 1, following from Eq (5.1) we have

‖(v1,w1)‖Lp = ‖(S α(t)v0, S α(t)w0)‖Lp
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≤ t−
1
m + N

αp sup
0<t<T

t
1
m−

N
αp ‖(S α(t)v0, S α(t)w0)‖Lp

≤ t−
1
m + N

αp ‖(v0,w0)‖
Ḃ
− αm + N

p
p,∞

≤ M1t−
1
m + N

αp . (5.39)

Hence Eq (5.38) holds for j = 1.
When j ≥ 2, using Lemma 2.2 and Lemma 2.3, we have

‖v j(t)‖Lp ≤ ‖S α(t)v0‖Lp +

∫ t

0
‖S α(t − τ)∇ · [vm

j−1∇(−∆)−1(v j−1 − w j−1)]‖Lp(τ)dτ

≤ M1t−
1
m + N

αp + C(N, α, p)
∫ t

0
(t − τ)−

mN
αp ‖v j−1(τ)‖mLp‖(v j−1(τ),w j−1(τ))‖Lpdτ

≤ M1t−
1
m + N

αp + C(N, α, p)
[

sup
0<s<T

s
1
m−

N
αp ‖(v j−1(s),w j−1(s))‖Lp

]m+1
t−

1
m + N

αp B,

where B =
∫ 1

0
(1− τ)−

mN
αp τ−1− 1

m +
(m+1)N
αp dτ = B(1− mN

αp ,−
1
m +

(m+1)N
αp ) is the standard Beta function which is

obviously finite.
For w j(t) we have the analogous estimate. Then, for j = 2, 3, · · · , we get

‖(v j(t),w j(t))‖Lp ≤ C(N, α, p,m,M1, B)t−
1
m + N

αp := M2t−
1
m + N

αp , (5.40)

where the constant C(N, α, p,m,M1, B) is always finite. Therefore Eq (5.38) holds true.
Step 2. To apply the Lemma 5.4, we need to show that ‖(∂βxv1(t), ∂βxw1(t))‖Lq is locally bounded in
(0,T ). Using Lemma 2.3 and Eq (5.1), we have

‖∂βxv1(t)‖Lq

= ‖∂βxS α

( t
2

)
S α

( t
2

)
v0‖Lq ≤ C(N, α)

( t
2

)− |β|α − N
α ( 1

p−
1
q )
‖S α

( t
2

)
v0‖Lp

≤ C(N, α)
( t
2

)− |β|α − N
α ( 1

p−
1
q )( t

2

)− 1
m + N

αp sup
t>0

( t
2

) 1
m−

N
αp
‖S α

( t
2

)
v0‖Lp

≤ C(N, α)M1

( t
2

)− |β|α − 1
m + N

αq
.

Similarly, we have a similar estimate on w j(t). Then ‖(∂βxv1(t), ∂βxw1(t))‖Lq is locally bounded in (0,T ).
Step 3. Similarly to the proof of Proposition 1, let ψ j(t) = ‖∂

β
xv j(t)‖Lq , for all j ≥ 1 and t ∈ (0,T ), we

have

ψ j+1(t) ≤ B̄ηt−
|β|
α −

1
m + N

αq + C8

∫ t

t(1−η)
(t − τ)−

mN
αp τ−1+ mN

αp ψ j(τ)dτ. (5.41)

Using Lemma 5.4 (the version of sequences), we can choose appropriate constants K̃1 and K̃2 such that

ψ j(t) ≤ K̃1(K̃2|β|)2|β|−δt−
|β|
α −

1
m + N

αq . (5.42)

For w j(t) we have the similar estimate. Hence we complete the proof of Proposition 2. �
The proof of Theorem 5.1. Now Theorem 5.1 follows immediately from Proposition 1 and
Proposition 2. We complete the proof of Theorem 5.1. �
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6. A generalized fractional drift diffusion system

In this section, we consider a fractional drift diffusion system with generalized electric potential
equation 

∂tv + Λαv = ∇ · (vm∇φ), t > 0, x ∈ RN ,

∂tw + Λαw = ∇ · (wm∇φ), t > 0, x ∈ RN ,

φ = K(v − w)(x) = c
∫
RN b(x, y)(v − w)(y)dy, t > 0, x ∈ RN ,

v(x, 0) = v0(x), w(x, 0) = w0(x), x ∈ RN ,

(6.1)

where c is a constant and b(x, y) is the kernel function of nonlocal linear integral operator K .
ForK = (−∆)−1 which comes from the Poisson equation ∆φ = v−w, Eq (6.1) becomes the fractional

drift diffusion system Eq (1.1). For instance,

K(u)(x) = c
∫
RN

(x − y)u(y)|x − y|−Ndy, (6.2)

where c is a constant. If c < 0, the equation ut = ∆u + ∇ · (u∇K(u)) models the Brownian diffusion of
charge carriers interacting via Coulomb forces. If c > 0, the operatorK reflects the mutual gravitational
attraction of particles. Furthermore, Biler-Woyczynski [33] considered the equation ut = Λαu + ∇ ·

(u∇K(u)).
We also give the global existence and asymptotic stability of the mild solution to the Cauchy

problem Eq (6.1).

Theorem 6.1. Let N be a positive integer, 1 < α ≤ 2N and Eq (3.1) hold true. Assume that (v0,w0) ∈

Ḃ
− α

m + N
p

p,∞ (RN). If the derivative of kernel function b(x, y) satisfies

|Db(x, y)| ≤ C|x − y|−N+1, (6.3)

then there exists ε > 0 such that if ||(v0,w0)||
Ḃ
− αm + N

p
p,∞

≤ ε, the Cauchy problem Eq (6.1) has a unique

global mild solution (v,w) ∈ X such that ||(v,w)||X ≤ 2ε. Moreover, the solution depends continuously
on initial data in the following sense: let (ṽ, w̃) ∈ X be the solution of Eq (6.1) with initial data (ṽ0, w̃0)
such that ||(ṽ0, w̃0)||

Ḃ
− αm + N

p
p,∞ (RN )

≤ ε, then there is a constant C such that

||(v − ṽ,w − w̃)||X ≤ C||(v0 − ṽ0,w0 − w̃0)||
Ḃ
− αm + N

p
p,∞ (RN )

. (6.4)

Proof. After a few modifications of the proof to Theorem 3.1, we can prove this theorem. Here we just
give the main difference in the proof.

By the fractional heat semigroup S α(t) = e−tΛα
, we rewrite the system Eq (6.1) as a system of

integral equations {
v(t) = S α(t)v0 + B(v, · · · , v,w),
w(t) = S α(t)w0 + B(w, · · · ,w, v),

(6.5)

where

B(v, · · · , v︸   ︷︷   ︸
m

,w) =

∫ t

0
S α(t − τ)∇ · [vm∇K(v − w)](τ)dτ. (6.6)
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Similar to Eqs (3.4)–(3.8), we have

||B(v, · · · , v,w)(t)||
Ḃ
− αm + N

p
p,∞ (RN )

= sup
s>0

s
1
m−

N
αp ||S α(s)

∫ t

0
S α(t − τ)∇ · [vm∇K(v − w)](τ)dτ||Lp

≤

∫ t

0
sup
s>0

s
1
m−

N
αp ||S α(s)S α(t − τ)∇ · [vm∇K(v − w)](τ)||Lpdτ

≤ C(N, α)
∫ t

0
(t − τ)

1
m−

(m+1)N
αp ||vm∇K(v − w)(τ)||

L
N p

(m+1)N−p
dτ

≤ C(N, α)
∫ t

0
(t − τ)

1
m−

(m+1)N
αp ||v(τ)||mLp ||∇K(v − w)(τ)||

L
N p

N−p
dτ, (6.7)

due to the condition Eq (6.3): |Db(x, y)| ≤ C|x − y|−N+1, use Hardy-Littlewood-Sobolev inequality for
the integral

∫
RN |x − y|−N+1|v − w|dy, we have

||∇K(v − w)||
L

N p
N−p
≤ C(N, p)||v − w||Lp . (6.8)

then

||B(v, · · · , v,w)(t)||
Ḃ
− αm + N

p
p,∞ (RN )

≤ C(N, α, p) sup
τ>0

(τ
1
m−

N
αp ||v(τ)||Lp)m sup

τ>0
(τ

1
m−

N
αp ||(v − w)(τ)||Lp)

·

∫ t

0
(t − τ)

1
m−

(m+1)N
αp τ

(m+1)N
αp − 1

m−1dτ

≤ C(N, α, p)||v||mX||v − w||X

∫ t

0
(t − τ)

1
m−

(m+1)N
αp τ

(m+1)N
αp − 1

m−1dτ

≤ C(N, α, p)||v||mX||v − w||X, (6.9)

therefore, we have

||B(v, · · · , v,w)(t)||
Ḃ
− αm + N

p
p,∞ (RN )

≤ C(N, α, p)||v||mX||v − w||X. (6.10)

Similarly, we have

sup
t>0

t
1
m−

N
αp ||B(v, · · · , v,w)(t)||Lp ≤ C(N, α, p)||v||mX||v − w||X. (6.11)

Following the main estimates Eq (6.10) and Eq (6.11) and the proof of Theorem 3.1, the Cauchy
problem Eq (6.1) has a unique global-in-time mild solution in the mixed time-space Besov space. This
completes the proof of Theorem 6.1. �

Using the same method we can prove that the mild solution of the Cauchy problem Eq (6.1) has the
following asymptotic stability.
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Theorem 6.2. Let N ≥ 2 be a positive integer, 1 < α ≤ 2N, Eq (3.1) and Eq (6.3) hold true. Assume
that (v,w) and (ṽ, w̃) are two mild solutions of the Cauchy problem Eq (6.1) described in Theorem 6.1

corresponding to initial conditions (v0,w0) and (ṽ0, w̃0), respectively. If (v0,w0), (ṽ0, w̃0) ∈ Ḃ
− α

m + N
p

p,∞ (RN)
such that

lim
t→∞
||S α(t)(v0 − ṽ0,w0 − w̃0)||

Ḃ
− αm + N

p
p,∞ (RN )

= 0, (6.12)

then, we have the following asymptotic stability

lim
t→∞

(
||(v − ṽ,w − w̃)||

Ḃ
− αm + N

p
p,∞ (RN )

+ t
α
m−

N
p ||(v − ṽ,w − w̃)||Lp(RN )

)
= 0. (6.13)

Theorem 6.3. Let N ≥ 2 be a positive integer, 1 < α ≤ 2N, Eq (3.1) and Eq (6.3) hold true. Assume

that (v0,w0) ∈ Ḃ
− α

m + N
p

p,∞ (RN), and (v,w) is the mild solution to the system Eq (6.1) with initial data
(v0,w0). Furthermore, assume that there exist two positive constants M1 and M2 such that

sup
0≤t<T

‖(v(t),w(t))‖
Ḃ
− αm + N

p
p,∞ (RN )

≤ M1, (6.14)

sup
0<t<T

t
1
m−

N
αp ‖(v(t),w(t))‖Lp(RN ) ≤ M2. (6.15)

Then, there exist two positive constants K1 and K2 depending only on M1, M2, N, α, m and p, such that

‖(∂βxv(t), ∂βxw(t))‖Lq(RN ) ≤ K1(K2|β|)2|β|t−
|β|
α −

1
m + N

αq (6.16)

for all p ≤ q ≤ ∞, t ∈ (0,T ) and β ∈ NN
0 .
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