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Abstract: We consider a one-dimensional free boundary problem describing the migration of
diffusants into rubber. In our setting, the free boundary represents the position of the front delimitating
the diffusant region. The growth rate of this region is described by an ordinary differential equation
that includes the effect of breaking the growth of the diffusant region. In this specific context,
the breaking mechanism is should be perceived as a non-dissipative way of describing eventual
hyperelastic response to a too fast diffusion penetration. In recent works, we considered a similar
class of free boundary problems modeling diffusants penetration in rubbers, but without attempting
to deal with the possibility of breaking or accelerating the occurring free boundaries. For simplified
settings, we were able to show the global existence and uniqueness as well as the large time behavior of
the corresponding solutions to our formulations. Since here the breaking effect is contained in the free
boundary condition, our previous results are not anymore applicable. The main mathematical obstacle
in ensuring the existence of a solution is the non-monotonic structure of the free boundary.

In this paper, we establish the existence and uniqueness of a weak solution to the free boundary problem
with breaking effect and give explicitly the maximum value that the free boundary can reach.

Keywords: migration into rubber; free boundary problem; nonlinear initial-boundary value problem
for nonlinear parabolic equations; existence of solutions; Flux boundary condition

1. Introduction

Both natural rubber and synthetic elastomers are widely used in engineering applications, such
as connecting components for offshore wind farms that are nowadays intensively used to harvesting
energy. Due to the growing importance of good theoretical estimations of durability properties of
elastomeric parts, a well-trusted modelling of the material behaviour is an essential prerequisite so
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that numerical prediction is available for large times. Rubber-like materials exhibit a strongly non-
linear behaviour characterized by a joint large strain and a non-linear stress-strain response [3]. In the
presence of aggressive environments (like those where large bodies of water are present), the nonlinear
behavior of elastomers, which can be in fact studied in controlled laboratory conditions, alters non-
intuitively [2]. The main reason for this situation is that the porous structure of rubber-like materials
allows small particles to diffuse inside. Ingressing particles, often ionically charged, accumulate and
interact with the internal solid fabric. Such interactions lead to unwanted alterations of the originally
designed mechanical behavior; see e.g., [8] for more context on this physical problem. From the
modeling and mathematical upscaling point of view, the derivation of the correct model equations for
such a problem setting is open.

In our recent works [1,5], and [6], we considered a class of one-dimensional free boundary problems
to model the diffusants penetration in dense and foam rubbers. The use of kinetic-type free boundary
conditions is meant to avoid the explicit description of the mechanics of the involved materials and
how the constitutive laws (in particular, the stress tensor) are affected by the presence of diffusants.
One can use such free boundary formulations to derive theoretically-grounded practical estimations of
the position of the diffusants penetration front and compare them with laboratory experiments; e.g., [7]
where a parameter identification exercise has been performed in this context.

The main novelty introduced in the present paper is that the growth rate of the region filled with
diffusants is described by an ordinary differential equation that includes the effect of breaking its
growth. The breaking mechanism should be seen here as the hyperelastic response to a too fast
diffusion penetration. Such a mechanism introduces non-monotonicity in our problem formulation.
This makes us wonder whether this type of problems has a chance to be well-posed and, if true, in
which sense?

To address the question, we consider the following one-dimensional free boundary problem show
in Egs (1.1)—(1.5). Let ¢ € [0, T'] be the time variable for 7 > 0. The problem is to find a curve z = 5()
on [0, 7] and a function u defined on the set Q,(T) := {(t,2)0 < t < T, 0 < z < s(¢)} such that the
following system of equations is satisfied:

u;, — u,, = 0 for (¢,z2) € Q\(T), (1.1)
—u,(t,0) = B(b(t) — yu(t,0)) fort € (0,7), (1.2)
—u,(t, s(1)) = o(u(t, s(t)))s,(¢t) fort € (0,7), (1.3)
s;(t) = ag(o(u(t, s(t))) — as(t)) fort € (0, T), (1.4)
s(0) = s0, u(0, 2) = uy(z) for z € [0, so], (1.5)

where 3, v, ayp and @ are given positive constants, b is a given function on [0, '] and sy and u, are the
initial data. In Eq (1.3) and Eq (1.4), o is the function on R called the positive part, i.e. it is given by
Eq (1.6),

» r ifr>0, (1.6)
o(r) = .
0 ifr<0O.

The problem in Eqgs (1.1)—(1.5), which is denoted here by (P)(u, 59, b), was proposed by Nepal S et
al.,, in [7] as a mathematical model describing the migration of diffusants into rubber. The set [0, s(¢)]
represents the region occupied by a solvent occupying the one-dimensional pore [0, c0), where s = s(f)
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is the position of moving interface of the region and u = u(t, z) represents the content of the diffusant
at the place z € [0, s(#)] at time ¢ > 0.

From the mathematical point of view, (P)(uo, so,b) is a one-phase free boundary problem with
Robin-type boundary conditions at both boundaries. Such kind of problem structure has been
considered in [5, 6], and [1]. In our recent work [1], as a simplified setting for (P)(uo, so, b), we
consider the case @« = 0 and prove the existence and uniqueness of a globally-in-time solution.
Furthermore, what concerns the large time behavior of a solution, we show that the free boundary s
goes to infinity as time elapses.

In this paper, we consider the case @ > 0. As already anticipated, the difficulty in this case is
the lack of the monotonicity of the boundary condition imposed on the moving boundary. Indeed,
similarly to the proof of the existence result in [1], by introducing a variable i(z,y) = u(t, ys(t)) for
(t,y) € Q(T) :=(0,T) x (0, 1) we transform (P)(uy, so, b) into a problem on the fixed domain Q(T). Let
denote this problem by (PC)(iiy, 59, b), where iiy(y) = uo(soy) fory € [0, 1]. Moreover, to find a solution
(PC)(ity, so, b) we first consider the following auxiliary problem (AP)(ii, s, b): For a given function s(r)
on [0, T'], find @(¢, y) satisfying:

i ! ysi(1)
u(t,y) — 52_(t)uyy(t’ y) = 0 —ii,(t, y) for (¢,y) € Q(T),
1
_ Eﬁy(t, 0) = B(b(t) — yi(t,0)) for t € (0,T),
(lt) iy(t, 1) = ago(a(t, 1)) (o (i(t, 1)) — as(t)) for t € (0, T),

iW(0,y) = iip(y) fory € [0, 1].

Here, we set g,(r) = ago(r)(o(r) — as(t)) for r €¢ Rand ¢t € (0,7). In the case @ = 0, due to
the function o, go(r) = aog(c(r))* is monotonically increasing with respect to r. Due to this fact, we
can use the theory of evolution equations governed by subdifferentials of convex functions (cf. [4] and
references therein) and find a solution i of (AP)(i1, s, b) in the case @ = 0. However, looking now at
the case @ > 0, since g,(r) is not monotonic anymore with respect to r, we cannot apply the theory of
evolution equations directly. Hence, the existence of a solution to (AP)(i1, s, b) in the case a > 0 is not
at all clear. As far as we are aware, the type of free boundary problems is novel. We refer the reader
to [9] (and related references) for explanations of how and why free-boundary problems can be used
to model fast transitions in materials.

The purpose of this paper is to establish a methodology to deal with the existence of locally-in-
time solutions to (PC)(uy, s, ) in the case @ > 0. For this to happen, we consider weak solutions to
(PC)(itg, o, b). The definition of our concept of weak solutions is explained in Section 2. As next step,
we proceed in the following way: For a given function  on Q(7T') and € > 0, we consider in Section
3 a smooth approximation 7, of n and construct a solution # to the following auxiliary problem: For
given s on [0, T'], find i(z, y) such that it holds

1 s
200N =70

- Lﬁy(t, 0) = B(b(t) — viu(t,0)) fort € (0,T),
s(t)

i (t,y) — ——=n(t,y) for (1,y) € O(T),
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- %ﬁy(n 1) = ap(o(ii(t, 1)))* — ac(ns(1))s(t)) for t € (0, T),

u(0,y) = iip(y) for y € [0, 1].

The plan is to obtain uniform estimates of solutions with respect to €. After that, by the limiting
process € — 0 and benefitting of Banach’s fixed point theorem, we wish to construct a weak solution
it of (AP)(itg, s,b). In Section 4, we define a solution mapping 'y between s and the weak solution
it of (AP)(ity, s,b). We show that, for some 7’ < T, the mapping I'7- is a contraction mapping on
a suitable function space. Finally, using Banach’s fixed point theorem, we prove the existence and
uniqueness of a weak solution to the coupled problem (s, it) of (PC)(iiy, so, ) on [0, T’]. Additionally,
we show that the maximal length of the free boundary s is a priori determined by given parameters,
the time derivative of the function b, and initial data so. Moreover, we guarantee that the solution i is
non-negative and bounded on Q(T).

2. Notation, assumptions and results

In this paper, we use the following notations. We denote by | - |x the norm for a Banach space
X. The norm and the inner product of a Hilbert space H are denoted by | - |5 and (-, -)y, respectively.
Particularly, for Q C R, we use the notation of the usual Hilbert spaces L*(Q), H'(Q), and H*(Q).
Throughout this paper, we assume the following parameters and functions:

(A1) ay, @, y, B and T are positive constants.

(A2) so > 0 and ug € L*(0, so) such that 1y > 0 on [0, s¢].

(A3) b € W"2(0,T) with b > 0 on (0, 7). Also, we set

b*:max{maxbt Uo |05 }
Jnax (®), vluolz (0,50)

It is convenient to consider (P)(uy, sy, b) transformed into a non-cylindrical domain. Let 7 > 0. For
given s € W"2(0, T) with s(t) > 0 on [0, T], we introduce the following new function obtained by the
change of variables and fix the moving domain:

i(t,y) = u(t,ys(t)) for (¢,y) € Q(T) := (0, T) x (0, 1). 2.1)

By using the function i, (P)(uy, sy, b) becomes the following problem (PC)(iiy, 5o, b) posed on the non-
cylindrical domain Q(7):

) 1 (1)
(1,7) = <5 (1) = yj(i))uyu, y) for (t,y) € Q(T), 2.2)
- %ﬁy(t, 0) = B(b(t) — yiu(t,0)) fort € (0,7), (2.3)
— %ﬁy(t, 1) = o((t, 1))s(t) fort € (0, T), 2.4)
s:() = ap(o(i(t, 1)) — as(t)) for t € (0, T), (2.5
s(0) = s, (2.6)
(0, y) = uo(ys(0))(:= fig(y)) for y € [0, 1]. @.7)
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Here, we introduce the following function space: For T > 0, we put H = L*(0,1), X = H'(0, 1),
V(T) = L*(0,T; H) N L*(0,T; X) and |zly(r) = lzlz=©.1:m) + |25lr200.7.00) for z € V(T). Note that V(T) is
a Banach space with the norm | - |y(). Also, we denote by X* and (-, -)x the dual space of X and the
duality pairing between X and X*, respectively.

We define now our concept of solutions to (PC)(iig, so, ») on [0, T'] in the following way:

Definition 2.1. For 7" > 0, let s be a function on [0, 7'] and i be a function on Q(T), respectively. We
call that a pair (s, i) is a solution of (P)(iiy, so, b) on [0, T'] if the next conditions (S1)—(S4) hold:
(S1) s € Wh°(0,T), s >0on [0,T], it € W0, T; X*) N V(T).

(S2)
T 1 T 1
f (it (1), z(2))xdt + f 17 ——i1,(1)z,()dydt + f —0'(u(t 1)s,(6)z(z, 1)dt
0 o) 5°(1) s(t)
T
- f - B(bt0) ~ Y1, 0)ctr, 0)d = f 2 etodya for = € V(D).
s(9) o) S()

(S3) 5,(t) = ap(o(ii(t, 1)) — as(t)) forae. t € (0, 7).
(84) 5(0) = s¢ and @(0, y) = iip(y) for a.e. y € [0, 1].

The main result of this paper is the existence and uniqueness of a locally-in-time solution of
(PC)(i1y, sg, b). We state this result in the next theorem.

Theorem 2.2. Let T > 0. If (Al)—(A3) hold, then there exists T* < T such that (PC)(iiy, So, b) has a
unique solution (s, it) on [0, T*]. Moreover, the function it is non-negative and bounded on Q(T).

3. Auxiliary problems

In this section, we consider the following auxiliary problem (AP1)(i, s,b): For T > 0 and s €
W'2(0,T) with s > 0 on [0, T]

i,(t,y) = 2 l)uy}( Y) = E())ﬁy(t y) for (t,y) € O(T), (3.1
- %ﬁy(t, 0) = B(b(t) — yi(t,0)) fort € (0, T), (3.2)
- %ﬁy(t, 1) = apo((t, 1))(o(@(t, 1)) — as(t)) fort € (0, T), (3.3)
i(0,y) = @iy(y) fory € [0, 1], (3.4)

where o is the same function as in Eq (1.6).

Definition 3.1. For T > 0, let & be a function on Q(T), respectively. We call that a function i is a
solution of (AP1)(ii, s, b) on [0, T'] if the conditions (S’ 1)—(S’3) hold:

(S’ it e WH2(0,T; X)n V(T).

(5°2)

T
1
f (i, (1), 2(1))xdt + f 70 )u)(t)z)(t)dydt
0 o)
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T
+f —a'(u(t D)(o(ia(t, 1)) — as(t))z(t, 1)dt

0
T
- f - B(b(0) ~ Y1, 0):(t, 0)d = f D 1)y for z € VD).
s(1) oy S@)

(8°3) (0, y) = io(y) for y € [0, 1].

Now, we introduce the following problem (AP2)(iiy, s, 7, b): For s € W'*(0, T) with s > 0 on [0, T]
andn € V(T)

(1, y) = 2(t)uyy( ) = é))ny(t y) for (1, y) € Q(T), (3.5)
~ %ﬁy(l‘, 0) = B(b(1) — yii(t,0)) for t € (0, T), (3.6)
- (1 t)uy(t 1) = ap((o(@(t, D) = ao(n(t, D)s(®)) for t € (0,7), (3.7)
(0, y) = iig(y) for y € [0, 1], (3.8)

The definition of solutions of (AP2)(iiy, s, 717, b) is Definition 3.1 with (S’2) replaced by (S”2), which
now reads
(S72):

T
1
f (i (1), 2(1))xdr + f G )u)(f)zy(t)dydt
0 o)

T
+f —((0'(u(t 1)* — ac((t, 1))s(t))z(t, 1)dt

( )
d _ ysit)
- f —Bb(1) — yi(t, 0))z(t, 0)dt = f
s(1) oy S@)
First, we construct a solution i of (AP2)(ii, s, 1, b) on [0, T']. To do so, for each € > 0 we solve the
following problem (AP2).(ii,, s, 1, b):

ny(Hz(H)dydt for z € V(T).

- I ys()
i (t,y) — Sz_(t)uyy(t’ y) = D) ——=n(t,y) for (1,y) € O(T),
- %ay(t, 0) = B(b(t) — vii(t,0)) fort € (0, T),

RT )u> (1, 1) = ag((o (e, 1))* = ao((ps * )2, 1)s(1)) for 1 € (0, T),
(0, y) = iio:(y) for y € [0, 1].
Here p, is a mollifier with support [—&, €] in time and p, * 17 is the convolution of p, with n:

(pe xm)(t,1) = fw pe(t — s)n(s, )ds fort € [0, T], 3.9

where 77(t, 1) = n(¢t, 1) for t € (0, T) and vanishes otherwise. Also, i is an approximation function of
ito such that {iio.} C X, |ioclg < |iiglg + 1 and i, — iig in H as € — O.
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Now, we define a family {'},cj0.r) of time-dependent functionals ¢’ : H — R U {+oo} for 7 € [0, T]
as follows:

1 1 1 u(l)
s 2(t) f | y()’)|2dy + ? f ao((O‘(f))zd.f — apau(D)o((p, * n)(t, 1)

W' (u) = 0 f B(b(t) — y&)dé if u € D",

+o00 otherwise,

where D(y') = X for t € [0, T]. Here, we show the property of ¢/'.

Lemma 3.2. Let s € W'(0,T) with s > 0 on [0,T], n € V(T) and assume (Al)—(A3). Then the
following statements hold:

(1) There exists positive constants C, C| and C” such that the following inequalities hold:
() lu)I’ < Cy'(w) + 1) foru € D'y and y = 0,1,
.. 1 ’”
(i) %'uylqu <C W' +1) foru e DY,

(2) Fort € [0,T], the functional Y is proper, lower semi-continuous, and convex on H.
Proof. We fix e > O and lett € [0,T], u € D(Y') and put [ = gna>; |s(?)| and n.(t) = (o, * n)(t, 1) for
<t<

"D o(o(&)2dé = 0. Tf u(1) > 0, then it holds

€[0T fu(l) <0, L [

s() 3
(aoaar(n:(1)))?,

u(1)
D) f ao(o (€)Y’ dé — apau(1)o(1:(1)) = @1, (1) = agau(1)o((1))

3301y _
_3() (1) - 5 (1) 353/2

where ¢ is an arbitrary positive number. By using the fact that o-(r) < |r| for r € R and taking a suitable
0 = 0y we have

1 o X 5 .
E,fo ao(o(§)) dé — apau(1)n.(t) > —Kg/z(aoang) , (3.10)

where 1} = gna); In-(#)]. Moreover, for both cases u(0) < 0 and u(0) > 0, we observe that
<t<

1 “© _ B [7
5 | B0 e = _@[ W2(0) - blt)u <0>]
By » ﬁ BY 2. BL(B'Y
> ZIM 0) — u(0) > —= 4l u“(0) — (a) (3.11)
Accordingly, if u(1) < 0, then we have that,
) ﬁ7 - L ?
e >222()f Py + L20) - y(;) . (3.12)
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If u(1) > 0, then, by Eq (3.10) and Eq (3.11) we also have that:

1(b*\
' (u) > 7 2()f luy )Py — 5 3/z(aoan.,y +ﬁy 2(0)—%(2) : (3.13)

In Eq (3.12) and Eq (3.13), since the first term in the right-hand side is non negative we can find a
positive constant C) that (i) of Lemma 3.2 for y = 0 holds. In addition, by o u*(0) > 0 we also see that
(i1) of Lemma 3.2 holds Moreover, it holds that:

2 1
(D = < 2( f )Py + |u(0)|2)
0

1
; uy(y)dy + u(0)

1
_2( 290 fo |uy(y)|2dy+|u(())|2). (3.14)

Therefore, by Eq (3.14) and the result for |u(0)]> and Iuylil we see that there exists a positive constant
C7 such that (i) of Lemma 3.2 hold for y = 1.
Next, we prove statement (2). For ¢ € [0,7] and r € R, put

1 r
g1(s(®), (), 1) = 0 fo ao(o(§))*dé — agaro(n,(1)),

1 r
gZ(S(t)’b(t)’r):_Tr) fo Bb(t) — y&)dé.

Then, by gi(s(?), n:(t), r) = —aparc(n.(t)) for r < 0, g,(s(¢),n.(t), r) is a linear decreasing function for
r < 0. Also, by s(#) > 0 we see that,

2

aaZg](s(t) ne(t),r) = ﬁr > (0 forr >0,
2

%gg(s(t),b(t) r) = % >0 forreR.

This means that ¢’ is convex on H. By using (i) and (ii) of Lemma 3.2 together with Sobolev’s
embedding X <— C([0, 1]) in one dimensional case, it is easy to prove that the level set of ¢/ is closed
in H, fact which ensures to the lower semi-continuity of ¢'. Thus, we see that statement (2) holds. O

Lemma 3.3 guarantees the existence of a solution to (AP2), (i1, s, 1, b).

Lemma 3.3. Let T > 0 and &€ > 0. If (Al)~(A3) hold, then, for given s € W'(0,T) with s > 0 on
[0,T]) and n € V(T), the problem (AP2).(iiy., s,n,b) admits a unique solution it on [0, T] such that
iie W0, T; HYNL>(0, T; X). Moreover, the function t — ' (ii(t)) is absolutely continuous on [0, T].

Proof. Let &€ > 0 be arbitrarily fixed. By Lemma 3.2, for ¢ € [0, T'] ¥ is a proper lower semi-continuous
convex function on H. From the definition of the subdifferential of ¢/, for r € [0,T], z* € ' (u) is
characterized by u, 7* € H,

1
7" = ———u, on (0, 1),

s2(1)
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—uy(0) = Bb(®) = yu(0)), ——=uy(1) = ap((a(u(1))* = ao((ps * )z, 1))s(1)).

() ()

Namely, gy is single-valued. Also, we see that there exists a positive constant C such that for each 7,
1, € [0, T] with #; < 1,, and for any u € D(y"), there exists # € D(y") satisfying the inequality

" (@) — " ()
<C(Is(tr) = s(t2) + [b(t)) = b(t2)] + Ine(t1) — NI + " (w))), (3.15)
where 7.(t) = (0, * n)(¢). Indeed, we take & := u. Then, 2 € D("?), and by the definition of ¢/, it holds

Yo @) — ¢ ()

(1 1 ! >
N (2S2(fz) B 2s2<zl>)fo Iy

1 1 u(l)
’ (@ - @) L ao(o(§)’dé + aoau(l)(ns(tl) ~ na(tg))
1 1 " b dé - P bty - b 0 3.16
(@ B m) . B(12) = v¢) f_ﬂ( (t2) — b(1))u(0). (3.16)

We denote each term in the right-hand side by Iy, I, I5, I, and Is. Let put [ = gnapé |s(®)] and a =
<t<

0mir} |s(t)|. For other than I,, by the fact that |u(y)| < %(1 +u*(y)) for y = 0, 1 and Lemma 3.2 it easy to

<t<

see that,
| < Cils(ty) = s(e)l(W" ()] + 1), (3.17)
5
Z Ik < Ca(Ina(t1) — ns(t2)] + |s(22) — s(t)| + 1b(t2) — b(r)D(" (w)] + 1), (3.18)
=3

where C| and C, are positive constants. For I, by the definition of ¢ it holds that,

1 u(1)
m f(; ag(o (& ))zdf
u(0)

1 ! 1
=y (u) — 220 fo lu,(Pdy + agau(1)ne(tr) + U B(b(ty) — v&)déE.

Here, we note that

lagau(1n(t)] < ——=(1 + u*(1)),

1 u(0)
- | B 7§)d§'

1( . Y 5 1 (Bb* ,Bb*
sa(ﬁb (O] + Su (0))s 5( > ( 5 ) (0))

0778
2

where i} = (1;511%); In-(¢)]. Hence, by Lemma 3.2 we have that,

Ll < Csls(th) = s@)I(y" )] + 1), (3.19)
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where Cj is a positive constant. As a consequence, by Eqs (3.17)—(3.19) we infer that there exists a
positive constant C such that Eq (3.15) holds.
Now, (AP2).(iig., s, 1, b) can be written into the following Cauchy problem (CP),:

i, + W' (il(t)) = E())

ﬁ(o’ )’) = aOa(y) fory € [09 1]

ny(?) in H,

Since ='n, € L*(0,T; H), by the general theory of evolution equations governed by time dependent
subdifferentials (cf. [4]) we see that (CP), has a solution i on [0, 7] such that it € W"(Q(T)), y/'(ii(t)) €
L*(0,T) and t — '(@1(2)) is absolutely continuous on [0, T']. This implies that i is a unique solution of
(AP2).(iige, s,1m,b) on [0, T]. O

As next step, we provide an uniform estimate with respect to € on a solution i of (AP2). (i, s, 17, b).

Lemma 34. Let T > 0, s € W(0,T) with s > 0 on [0,T], n € V(T) and ii, be a solution of
(AP2).(iige, s,1m,b) on [0, T] for each € > 0. Then, it holds that

!
(1) + f ey (Ddy < M(L+ [l ) for t € [0, T] and & € (0, 11, (3.20)
0

where M = M(ay,a,B,b*,T) is a positive constant which is independent of € and depends on ay, a, B,

b*and T, a = min s(¢).
0<t<T

Proof. Let ii. be a solution of (AP2).(ii,, s, 1, b) on [0, T'] for each £ > 0. First, it holds that

1d ' Yys(t)
S0 - f 2T ey = fo yj(t) M (Dite(0)dy. (3.21)

The second term on the left-hand side is as follows:

1
1
- f 2( )usyy(t)us(t)dy

=6((0 (@t:(1, 1))* = o (n:(0)s())ite(t, 1)

—Eﬁ(b(t) Yits(t, 0))ite (1, 0) + —— 20 f ity (1) dly

> — apalns(0)]i.(t, 1)|—6,3(b(t) Yite(t, 0)its (1, 0) + —— 20 f ey (1) dly,

where 1.(t) = (p. * n)(t, 1). From the above, we obtain that

ld_ ., 1 [
5%'”80”]—1""%] |ty ()" dy

1
< f ys(()) (Di(H)dy + agaln:(1)||i.(t, 1)|
0

+ Eﬁ(b(t) Yite(1, 0))iig(, 0) for r € [0, T]. (3.22)
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We estimate the right-hand side of Eq (3.22). First, by Young’s inequality we have that,

1
ysi(1)

(Ddy <
fo S MOROdy

Here, by Sobolev’s embedding theorem in one dimension, we note that it holds that,

42(0 f iy OPdy + 15, f @R dy. (3.23)
2P < Culelli for = € X and y € [0, 1], (3.24)

where C, is a positive constant defined from Sobolev’s embedding theorem. By Eq (3.24) and s > a
on [0, T'], we obtain

! om0 < BV
b0~ Y0 (1,0) < (1. 0)
Bb*C, Bb*
< [ Ol Ol + 1.0 ) + 5
. (Bb*C,)? ,Bb c\. ,Bb*

and

ol (Dllin(t, 1)] < %(ceqagy(r)mmg(t)m Tl (0) + Ing(t)lz)

I e 2 (G0 N\ 0@ L\ o dod 2
< 4sz(t)|ugy(t>|H+(s o(%c.) + e, + S mof (3.26)
From Egs (3.21)—(3.26), we have that for ¢ € [0, T']
1d _ 1
ana(t)hzq‘i'mf |usy(T)|2dy
b*C,) bC 3 b’
s(|s,(r)|2+(ﬂ 2+ F )| w0l + 5
2
+(s2(z)(¥ce) +¥Ce)lﬁg(t)li i ()|ny(z)|,, °2a|ng(z)|2. (3.27)

Denote F(r) the coefficient of |ii;|% in the right-hand side. As s € W'2(0,T), we observe that F €
L'(0,T). Then, by Gronwall’s inequality, we have for ¢, € [0, T,

1
§|ug<r1>|%

> f Iugy(T)Ide< Go(T) f F(t)dt efo Fodi (3.28)

where G.(1) = %(moﬁ, 1+ 27 4 L [ ORdt + aga [ |7]g(t)|2dt) for 7 € [0,T]. We note that it
holds that

T T T
f n:(r, DIdt < f In(r, DI*dr < C. f (Iny@lalnla + In(0lF)dt
0 0 0

T 172
< Cmarant ([ mhidr) T r)
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< CT'(1+ Tl (3.29)

Therefore, by Eq (3.28) and Eq (3.29) we see that there exists a positive constant M = M(ay, a,,b*, T)
such that Lemma 3.4 holds. O

Lemma 3.5. Let T > 0, s € Wi>(0,T) with s > 0 on [0,T] and n € V(T). If (Al)—(A3) hold, then,
(AP2)(@1y, s,n, b) has a unique solution i on [0, T].

Proof. Let s € W'(0,T) with s > 0 on [0,T]. Then, we already have a solution ii, of
(AP2).(itgs, 5,1, b) on [0, T] for each € > 0. By letting £ — 0 we show the existence of a solution i of
(AP2)(@y, s,m,b) on [0, T]. First, by Lemma 3.4 we see that {ii,} is bounded in
L0, T; H) N L*0, T; X). Next, for z € X, it holds that,

1
f aat(r)zdy‘
0

1 1
—SZ—(,)( f i (05,dy) = (@@ D) = ao((p, =), D)s(0)()

1
+ ﬂﬁ(b(t) Yiio(1,0))2(0) + fo 2l S(())
1
<l (Ol + %ﬁg(r, DRI + agar(ps * )2, Dlz(D)

+ 2,011 +

my(1)z dy'

Iy (D|nlzly for a.e. t € [0, T]. (3.30)

By the estimate Eq (3.30) and Eq (3.24) we infer that {ii,,} is bounded in L?(0,T;X*). Therefore,
we take a subsequence {g;} C {&} such that for some iz € W'*(0,T;X*) N L>(0,T; H) N L*0,T;X),
ii,, — @ weakly in W'2(0, T; X*) N L*(0, T; X), weakly-* in L*(0,T; H) as i — co. Also, by Aubin’s
compactness theorem, we see that it,, — it in L*(0,T;H) as i — oo.

Now, we prove that the limit function # is a solution of (AP2)(iy, s,n, b) on [0, T'] satisfying i €
W20, T; X*) N V(T), (S’2) and (S3). Let z € V(T). Then, it holds that,

1
f f ust(t)z(t)dydt+f m(f usy(t)Zy(t)dy)df

+ f ﬂ((o-(us(t D)? = ac((ps * Mz, 1))s(0)z(t, Ddr

! T ysi)
- f L Bb(0) - yitg (1, 0))2(t, 0t = f f :
s(2) o Jo

From the weak convergence, it is easy to see that,

T 1 T
f f g, (Dz(Ddydt — f (i, (1), z(2)Yxdt,
0 0 0
T 1 1~ T 1 1~ '
fo Sz_(t)( fo usiy(t)zy(t)dy)dte fo sz_(t)( fo uy(t)zy(t)dy)dt as i — oo.
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The third term of the left-hand side of Eq (3.31) is as follows:

T
6((0-(%0 1))? — ao((p, * )¢, 1))s(t))z(t, 1)dt
T
- f (@, 1) = aortntt, DS i
T 1/2 T 1/2
<2 f e, 1) = e, D) f 2(ie(r, DF + 0P, D)
a 0 0
T
+ aoa fo (0w * )2, 1) — . DIlz(e, e
Here, by Eq (3.24) we note that it holds that,
T
f lito(t, 2) — (1, 2)[*dt
’ T 1/2 T 1/2
<Ce( f i, (F) — a(:)@) ( f i, (1) — ﬁ(r)lﬁ,) forz =0, 1, (3.32)
0 0

and

T T
f (1, DPIa(z, 1)Pde < C2 f 1. (0) x (0| 2O x D)l
0 0

, T L\ T \12
sce|ag|Lw<o,T;H>|z|Lm<o,T;H>( f |u£<r>|x) ( f |z<z)|x) .
0 0

Since (p, * n)(t,1) — n(t,1) in L*(0,T) as & — 0, by the boundedness of ii, in L*(0,T;X), ii €
L*(0, T; X) and the strong convergence in L*(0, T; H) we see that

T
f ()((U(us,(t 1))’ = ao((ps, * n)(t, 1))s()z(t, )dt
—>f —((O'(Lt(t 1)? —ao(n(t, 1))s(t))z(t, 1)dt as i — oo.

What concerns the forth term on the left-hand side of Eq (3.31), by Eq (3.32) it follows that,

T
f (t)ﬁ(b(t) Yite,(t,0))z(, 0)dt — f —,B(b(t) vii(t,0))z(z, 0)dt as i — oo.

Therefore, by the limiting process i — oo in Eq (3.31) we see that the limit function i is a solution
of (AP2)(iiy, s,n,b) on [0,T]. Also, the solution i is unique. Indeed, let it; and i1, be a solution of
(AP2)(itg, s,n,b) on [0, T] and put &t = ity — it,. Then, (S”2) implies that

1 1
(ﬁta Z)X + _2(f ﬁyZydy)
§$=3\Jo

+ a—;((o'(ﬁl(', D) — ac (-, 1))s) — (o (ia(-, 1))* — ac(@(-, 1))5))Z(1)
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+ %,By(ﬁl(-, 0) —ir(-,0))z(0) =0 forz € X a.e. on [0, T]. (3.33)

We take z = i1 in Eq (3.33). Then, by the monotonicity of o we have

2dt| 7163 )|H 2(1) f |uy(t)|2dy <Oforae.r€[0,T]. (3.34)
By Eq (3.34), we have the uniqueness of a solution i to (AP2)(ii, s, 71, b) on [0, T]. O

Lemma 3.6. Let T > 0 and s € WH(0,T) with s > 0 on [0, T]. Then, (AP1)(iiy, s, b) has a unique
solution it on [0, T].

Proof. From Lemma 3.5, we see that (AP2)(i1, s,n,b) has a solution & on [0,7] such that
i e WH(0,T; X*) n L*(0,T; H) N L*(0,T; X). Define a solution operator (1) = ii, where ii is a
unique solution of (AP2)(ii, s, 7, b) for givenn € V(T). Let put 67(1;) = ii; fori = 1,2 andn =1, — 1,
and it = it; — it. Then, by (S72) it holds that

Iu(t)lH f ity (D) dy
((CT(ul(t 1D)? = ac((1,1))s(1)) - ((U(ﬁz(t,l))z—aff(nz(t,l))S(t)))ﬁ(t,l)

s(1)
1
+ﬁ(—7)| . 0)f = fo y;ég)ny(t)ﬁ(t)dyfora.e.te[O,T]. (3.35)

For the third term /5 in the left-hand side of Eq (3.35), by the monotonicity of o we have that I3 >
—apa|n(t, 1)||a(t, 1)|. From Eq (3.24) it holds that,

In(t, Dllice, DI < CY (e, DI, OL a0 + li@)]g)

and
!
f In(x, Dlja(r, Didr
0
! !
SCi/z(lﬁli{fml;m f (e, Dllity(0)lpy d + it o7, f In(t,l)ldT)

1/4 1/2
sc;/2(| o T ”“ f |~y<r>|H + litlp=o.1:e0 T, f In(e, 1)| : (3.36)

Let T, € (0,T] and we integrate Eq (3.35) over [0, 7] for any ¢ € [0, 7T,]. Then, by Eq (3.36) we obtain,

A
oo + f (e
0
’ 12
Saoac;/ZTf/“(nT}“)( f |17(T,1)|2d7') lilver,,
0

|St|L°°(O,T1) 172 ! 2 12 -
+ TTI [y (DIpdt | v, (3.37)
0
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and 6 = min{1/2, 1/1?}, where | = max,<7 |s(¢)|. Finally, by Eq (3.37) we have

~ 1/21/4 1/4 Iselze.11) 12
Slitlyer,y <|ao@CPT* (1 +T"*) + T‘Tl/ nlver,)- (3.38)

From Eq (3.38) we see that there exists 77 < T such that 67, is a contraction on V(7). Hence,

Banach’s fixed point theorem guarantees that there exists it € V(T;) such that o7, (it) = ii. Thus, we see
that (AP1)(ii, s, b) has a solution i on [0, T';]. Here, T, is independent of the choice of the initial data.
Therefore, by repeating the local existence argument, we have a unique solution iz of (AP1)(iiy, s, b) on
the whole interval [0, T']. Thus, we see that Lemma 3.6 holds. O

Here, for given s € W»*(0, T) with s > 0 on [0, T] we show that a solution @ of (AP1)(ii, s, b) is
non-negative and bounded on Q(T).

Lemma 3.7. Let T > 0, s € W'°(0,T) with s > 0 on [0, T] and i be a solution of (AP1)(ily, s, b) on
[0, T]. Then, it holds that

0 <a(t) <u’(T) := max{al(T), %} on [0,1] fort € [0,T],

where [(T) = maxg<.<r |5(2)|.

Proof. By (S°2), we note that it holds that,
(i, 2)x + fo | éayzydy + “—S‘)a(a(-, D)o (@(-, 1)) — as)z(1)
- %,B(b(-) — yii(-,0))z(0) = fo 1 )%ﬁyzdy forz € X a.e. on [0, T]. (3.39)
First, we prove that ii(r) > 0 on [0, 1] for # € [0, T]. By taking z = —[—ii]* in Eq (3.39) we have,
%%u—a(r)rlﬁq + S%(t) fo | \[—a(n)]; P dy
B e, D) 1) - s, DT+ —Bb(1) — vt O)[=i(t, O

s(1) s(1)
1
__ f yst(t)ﬁy(t)[—ﬁ(t)rdy ae. on [0, T]. (3.40)
0

s(t)

Here, the third term in the left-hand side of Eq (3.40) is equal to 0 and the forth term in the left-hand
side of Eq (3.40) is non-negative. Also, we obtain that

(s:(1))
2

1
t ~ ~ ! I il
fo O o -al dy < sa—-a0)E, + =21

s(1) 252(1)
Then, we have

1
252(1)

(s:(1))
2

1£|[—L~t(t)]+|?4 + I[—i(0)]*|% for a.e. t € [0, T].

1
o~ +12
¥ fo [=a()1; Pdy <
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Therefore, by Gronwall’s inequality and the assumption that &, > 0 on [0, 1], we conclude that i(¢) > 0
on [0, 1] forr € [0, T].

Next, we show that a solution & of (AP1)(ii, s, b) has a upper bound u*(T'). Put U(t,y) = [i(t,y) —
u*(T)]* fory € [0,1] and ¢ € [0, T']. Then, it holds that

1 d 2 1 1 2 a() - ~
EEIU(I)IH + 20 fo |Uy(Ol"dy + ﬁa(u(-, D)(o(a(-, 1)) — as(@)U(t, 1)
1 3 Lysi(D)
— —B(b(t) - yi(-,0)U(t,0) = f i,(HU(t)dy for a.e. t € [0, T]. (3.41)
s(1) o S0

Here, by ii(f) > 0 on [0, 1] for ¢ € [0, T] we note that ago(ii(-, 1))(o(@i(t, 1)) — as(t)) = apii(t, 1)(@(t, 1) —
as(t)). Then, by u*(T) > aol(T) > as(t) for t € [0, T], it holds that

ap

s(1)
Also, by Eq (1.3) and b < b*, we observe that,

a(e, D, 1) —as@)U(t, 1) > %ﬁ(r, D@ (T) — as(t))U(t, 1) > 0.

1 1
- —B(b(1) — yii(t, 0))U(t,0) = —pB(yii(t,0) — b* + b* — b(1))U(t,0)

s(1) s(1)
By 2 B
> S0 |U(¢,0)|" + 50 b*=b)U(,0) > 0. (3.42)

By applying the above two results to Eq (3.41) we obtain that,

L OO D AR 1) e
ia\fo vl dy+%f0 Uy (Ol dy < > |U(t)|5; for a.e. t € [0, T].

This result and the assumption that ity < b*/y on [0, 1] implies that () < u*(T) on [0, 1] for ¢ € [0, T].
Thus, Lemma 3.7 is proven. O

At the end of this section, we relax the condition s € W'*(0, T'), namely, for given s € W'(0,T)
with s > 0 on [0, T'], we construct a solution to (AP1)(ii, s, b).

Lemma 3.8. Let T > 0 and s € W'2(0, T) with s > 0 on [0, T). If (Al)~(A3) hold, then, (AP1)(ii, s, b)
has a unique solution it on [0, T].

Proof. For given s € W'(0,T) with s > 0 on [0, T'], we choose a sequence {s,} € W'*(0,T) and I,
a > 0 satisfyinga < s, < lon [0,T] foreachn € N, s, — sin W'*(0,T) as n — co. By Lemma 3.6
we can take a sequence {ii, } of solutions to (AP1)(iiy, s,,b) on [0, T]. Let z € X. Then, it holds that

_ L
<unt, Z)X + _2(f unyzydy)
Sp\Jo

n

+ ?a(an(-, D)oy, 1)) — avs,)z(1)

Yot imzdy a.e. on [0, T]. (3.43)

1 1
— —B(b = Yiiy(-, 0))z(0) = f
Sy 0

n
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We take z = i1, in Eq (3.43). Then, similarly to the proof of Lemma 3.4 we derive

1d ) 1 ! s
—— i, (O + —— | i (D)d
2dz|”()|H+4sg(;)f0 |ty (T dy

(Bb*C,)? N Bb*C,
4 2a

Bb*
2a

< (Ism(t)l2 + )lﬁn(t)ﬁ-[ +

+ (sﬁ(t) (a0aC,)* + aoa/Ce)lﬁn(t)lfq for a.e. 7 € [0, 1.

From this, we infer that {it,} is bounded in L*(0, T; H)NL*(0, T; X). Also, by referring to the derivation
of Eq (3.30) we obtain from Eq (3.43) that

1
f am(nzdy‘
0

1 ap, . -
S;luny(t)|H|Zy|H + ;Olun(t, DPPz(D)] + agalit,(t, Dllz(1)] +

2, ooy + 22
a a

*

b
12(0)|

a

(|an<r, Dll(D] + @Ol (2l + |z|H>).

Here, we note that

! 1
VSu(t) _ Su(0) (. B .
,[; sn(t)‘”ny(f)zdy =50 (u,,(t, Dz(1) j; i, (1) (yzy + z)dy).

Here, by Lemma 3.7, we note that O < ii, < ™ on Q(T) for each n € N, where u* = max{«l, b;*}. Using
this result and the boundedness of {it,} in V(T), we see that {ii,,} is bounded in L*(0, T; X*). Therefore,
we take a subsequence {n;} C {n} such that for some i € W20, T; X*) N V(T), it,j — @ strongly in
L*(0,T; H), weakly in W'(0, T; X*) N L*(0, T; X), weakly-* in L~(0, T; H), and i, ;(-, x) — (-, x) in
L*(0,T)atx =0, 1 as j — oo.

Now, we consider the limiting process j — oo in the following way:

T T 1 1
_[()v<ﬁnt(l),Z(t)>th+L %(j; ﬁny(t)zy(t)dy)dt

T
+ f D (@1t D) e, 1) — s, (1)a(t, 1)dt
0

sn(1)
T
- f : B(b(t) — vit,(t,0))z(t, 0)dt
0 Sn(t)
T 1
- f f Ysull) o (tya(tydydt for 7 € V(T). (3.44)
0 0 Sn(t)

Note that by s,, — s in W"*(0,T) as j — oo, it holds that 5,, — s in C([0,T]) as j — co. From the
convergence of ii,; and s,;, Eq (3.32) and @ < s5,,, < [ on [0, T], it is clear that

T T
f Cln1(0), 2(0))xdt — f (i,(1), 2(0))xdt,
0 0
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T
f (1, 1)l (1) = 5, ()t D

T
—>f ﬁa(u(t D)o@, 1)) — as(t))z(z, 1)dt

and

|
f 5 ( t)ﬁ(b(t) Yit, (1, 0))z(t, 0)dt — f —ﬁ(b(t) yi(z, 0))z(¢, 0)dt
0 nj
as j — oo. For the second term in the left-hand side of Eq (3.44), it follows that,

1 o T L
= (t)( fo u,,jy(t)zy(t)dy)dt— fo sz_(t)( fo uy(t)zy(t)dy)dt'

1 1
2t S

T 1 1
s2_(t)(‘f0‘ (ﬁnjy(f) - ﬁy(t))z),(t)dy)dt‘

T

0

T
)
0

|ﬁnjy(t)|H|Zy(t)|Hdt

21

< ;|Sn,- = Sleqo.rplitn ylr20,r;m)|2yl200,7:m)

Hence, we observe that

T 1 ! T 1 1
\fo %(\f; Ijtnjy(t)Zy(t)dy)dl‘ - ‘f(; s2_(1)(f0 ﬁy(t)Zy(l)dy)dt as ] — o0,

Also, the right—hand side of Eq (3.44) is as follows:

Yuyt )u,,jy(t)z(t)dydt— f f Yt )ﬁy(t)z(t)dydt'

)
i s ysi(1)
< fo e 2 n,}(t>|H|z(t>|Hdr+' f (1) = 1,0 20 20)) d ‘

1 g
S;|Sn_,~t = Silzzo.0) byl 20,72l = 0.17:1)

+ ;|Sn,- - S|C([0,T])|St|L2(o,T)|ﬁnjy|L2(0,T;H)|Z|L°°(0,T;H)

+| fo T(an,.y(r) ~ a0, E()) 20) dr

From this, we have that

f f Sn,é()) um)(f)Z(t)dydt - f f ysi(t )~y(t)z(t)dydt as j — oo.

Finally, by letting j — co we see that i is a solution of (AP)(iiy, s, b) on [0, T']. Uniqueness is proved
by the same argument of the proof of Lemma 3.5. O

Networks and Heterogeneous Media Volume 18, Issue 1, 80-108.



98

4. Proof of Theorem 2.2

In this section, using the results obtained in Section 3, we establish the existence of a locally-in-time
solution (PC)(ity, s9, b). Throughout of this section, we assume (A1)—(A3). First, for T > 0,/ > 0 and
a > 0 such that a < sy < [ we set

M(T,a,l) :={s € W0, T]a < s <lon]0,T],s0) = so}.

Also, for given s € M(T,a,l), we define two solution mappings as follows:
¥ : M(T,a,l) — W"(0,T;X")N L0, T; H) N L*(0,T; X) by W¥(s) = i1, where ii is a unique solution
of (APD)(iip,s,b) on [0,T] and Ty : M(T,a,l) — W'20,T) by
I'7(s) = 50 + fot ap(c(Y(s)(t, 1)) — as(r))dt for t € [0, T]. Moreover, for any K > 0 we put

MK(T) = {S € M(T, a, l)' |Slwl,2(0’T) < K}

Now, we show that for some T > 0, I'7 is a contraction mapping on the closed set of Mg (T') for any
K> 0.

Lemma 4.1. Let K > 0. Then, there exists a positive constant T* < T such that the mapping Ur- is a
contraction on the closed set Mg(T*) in W20, T*).

Proof. ForT > 0,a > 0and /> 0suchthata < sy <, let s € M(T,a,l) and &t = P(s). First, from the
proof of Lemma 3.8 we note that it holds

[F()lwr207:x) + [FPOl=o,r:m) + [P($)|207x) < C for s € Mg(T), 4.1)

where C = C(T, i1y, K, [, b*, 3, 5¢) is a positive constant depending on T, @iy, K, [, b*, B and 5.
First we show that there exists 7y < T such that 'y, : Mg(Ty) — Mk (T)) is well-defined. Let K > 0
and s € Mg(T). By the definition of o and Y¥(s) = i is a solution of (AP1)(it, s, b), we observe that

Lr(s)(®) = 50 + f ag(oc(W(s)(7, 1)) — as(r))dr
0
> so — apalt fort € [0, T]. 4.2)

Also, by Eq (3.24) and Eq (4.1), it holds that
T7(s)(®) < so + aoT'*( fo t lii(z, 1)Pd7)"?
<50 + aoT"*(Clitl 0,11 j: lii(7)|x)""* < 5o+ aoTV*(TV*CY20),
fo t IT7(s)(T)*dr < 255T + 4ajT fo t(m(r, DI + (as(®)»dr

f
<OST + 4a3T(ce|a|Lw<0J;H) f (0] + (al)zT)
0

25T + 4ayT(T'*C,C* + (al)*T), (4.3)
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and
! !
f IT7(s)(7)Pdt < a f lo(P(s)(t, 1)) — as(t)dr < 2a3(T'*C,C* + (al)*T), (4.4)
0 0
where C is the same positive constant as in (4.1). Therefore, by Eqs (4.2)—(4.4) we see that there exists
Ty < T such that I'y (s) € Mg(T)).

Next, for s; and s, € Mx(Ty), let it; = W(s;) and i, = W(s,) and set &t = @i, — itn, s = s; — 5. Then,
it holds that

(i, 2)x + f (= MZy)Zydy

+ ao(s—lo'(ftl(‘, D)o (it (-, 1)) — asy) — Slsz(flz(', D)o (ia(-, 1)) - asz))Z(l)

- (Slﬁ(b(t) —yiy (-, 0)) — Slzﬁ(b(t) - yiio (-, 0)))1(0)

_ fo 1(&% yjjtuz})zdy for z € X a.e. on [0, T]. 4.5)

By taking z = 7 in Eq (4.5) we have
ity + f (i, ub)uydy

+ ao(s—lo(ftl(-, D)o (@ (-, 1) — asy)) - S%G(ﬁz(-, D)o iz, 1)) - a/sz))ﬁ(-, 1)
- (iﬁ(b(l‘) —yiti (-, 0)) — slzﬁ(b(f) — yiio(, 0))11(', 0)

f ()ﬂﬁly Yo =i idy a.e. on [0,T], (4.6)

For the second term of the left-hand side of Eq (4.6), we observe that

|
f(%ﬁly(t) 26 )MZy(t))uy(t)dy

o 1
2( )lu)( )lH \fov (% 2( )) MZ)(t)uy(t)dy

21
g )n( i - 3'5(3)'|a2y(t>|ﬂ|ay(z>|H
121\
z(l '7) O - 7(5) I5(Pliiay (1), @7

where 7 1s arbitrary positive number. Next, the third term in the left-hand side of Eq (4.6) is as follows:

4 ((T(ul(l D)o (@i (1, 1) — asi(1)) o-(ﬁz(t,1))(a(ﬁz(t,1))—as2(t)))

() () e, 1)
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1
=ao[—(0'(ft1(l, D)o@y (1, 1) — asi(0) — o (o (8, 1) (07 (2(2, 1)) = aSz(l)))

s1(1)
1 1 5 i )
+ (r(t) - ?(l‘)) o (itp(t, 1)) (o (ita(t, 1)) — Q'SZ(I))]M(Z‘, D

1
=ao[—(0'(ft1(t, D) — o (iax (2, 1)) (o (it (¢, 1)) — C¥S1(f))]ﬁ(t, 1)
s1(0)

o, 1)
s1(2)
1 1 } i )
+ (T(l‘) - ?(l‘)) (i (t, D)o@y, 1)) — as,(t))i(t, 1)

=L+ 5L+ 1.

(G(ﬁl(t, 1)) — asi(t) — (o (Gia(t, 1)) - asz<t>>)ﬁ(r, 1)

By the monotonicity of o(r) and Eq (3.24) we have that
a
I > ——(las (¢, D] + aD)|C.|a(®)|xla(®)|x
s1(2)
and

L = 2 (i, 1))(0@1@, 1) — asi(1) — (o(@(t, 1)) - aszm))ﬁ(t, 1)
51(%)

S _ality(t, 1)|
B s1(2)

o _ Celapain(t, 1))*
= 252(1)

als(lla(z, 1)]

1
|52(2) x| — §|S(t)|2-

Also, using the fact that o(r) < |r| for r € R and Eq (3.24), we have the following estimate:

|s(®)| _ _ _
|I3] < (Sl(t)sz(t))aotf(uz(t, D)(o(ita(2, 1)) + aD)la(z, D

C(aoiia(t,1))* N 1. )
< 2612—s%(t)|u(t)|X|u(t)lH + 5142([, DIs(ol
C.(apality(t,1))?
+
2a%s3(t)

1
|a(0)|xa(®)]a + EIS(t)IZ-

(4.8)

4.9)

(4.10)

Here, we put L\ (1) = ao(|it;(t, 1)] + al)C, and L)1) = C.(apiir(t,1))*/2 + Colapix(t, 1))?/2a> +

C. (apaliiz(t,1))?/2a>. Next, by using Eq (3.24) and (A3), we have

1 1 3 - . ~

_ﬂ(;(r) B s_z(t))b(t)u(t, 0) + ﬁY(r(t)ul(t, 0 - it 0)) #(2.0)
_ a1 1 i L
=-p ( 51(f) _s2(r)) b(ni(t, 0) + ,By—sl ) laa(z, 0)|

1 1 \_ B
+ By (r(t) - m) itp (2, 0)it(t, 0)
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_ ((ﬁb*)zCe , B 0))*C,

~ ~ _ 2
22252(1) 2252(1) )Iu(t)lxlu(t)IH |s()|” for z € [0, To].

For the right-hand side of Eq (4.6), we separate as follows:

f (yslt(t) iy (1) — ys2_f()~2y(;)) i(t)dy

s1(2) ()
(1) . ysi(t) .
_Lyi)mg@@+£smﬂﬂmm@

1 1 1 - -
[ (5 ~ s ooy

=1+ Is + Ig.

Then, the three terms are estimated in the following way:

1
ity (D)7 + Z)ISU(I)IzIft(t)I%,

o
hsmm)
s < i(|s OF + iy Ol

= 2 t y H H)
1
I < 55 (ISOPlny O + 2P )

From Eq (4.6) and all estimates we derive the following inequality:

1d _
S 2 + (=) 2()|uy<t>|%,
1
(t)LﬁP(r)m(r)um(z)m
(BYla(1, 0)°C.  (Bb7C. i
* 2()( Lo+ == o LOTCON

1 1 B
+ (57|Slz(l)|2 + Zﬁtzy(f)hzq + ﬁ|s2t(f)|2) |M(l)|%1
1 1 {21\ _ 1. 1
+ (ﬁmn(l‘)@ + ZI (;) |U2y(f)|12q + zuz(t, D+ 2) s + %|St(f)|2-
We put Cs(t) = ((Bylita(t, 0))>C,)/2a* + ((Bb*)*C.)/2a*. By Young’s inequality we have that

1
L OO0l
1
< BB OO + 0 )
Ly ®) 1

™~ 7 ~ 2
T IR et ) LGS

4.11)

(4.12)
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and

1
(L)) + Cs() 5 SOl
1

<(LY(0) + Cs(0)) 26 )(Iuy(t)lHlﬁ(t)|H +1a(0)2)
1 n._ (LY@ + Cs())? )
< 2( )2| y(t)|1-1 a2 ( 277 5 (Lgi)(t) + Cj(t))) |M([)|%_I

Hence, by applying these results to Eq (4.12) and taking a suitable n = 1., we obtain

1
2dt| ()lH 2( )|My(l)|;{
L(l) 2 1
S(< 2(0” + L0 ),
) 2
. 2((L . () + C5(1)) +(ng>(,)+c5(z)))|ﬁ(t)li-
a 2mo

1 1
(2 Olslz(t)l + alﬁZy(t)|1%1+ 2_az|52t(t)|2)|ﬁ(t)|§1

1 1 {21\ _ 1. 1
+ (ﬁmzy(t)ﬁ{ + o (E) litay (1) + S 1) + 2] ()2 + let(t)ﬁ (4.13)

Now, we put the summation of all coefficients of Iit(t)l2 by L(z)(t) for t+ € [0,Ty] and
(3)(t) = |u2)(t)|H/2a + (412|u2y(t)|H)/2770a +ﬁ2(t 1)/2 + 2. Then, we have

——| Ol + = 5—li, (D

2 dt 2( )
<LPOla@y + LY 0)lso)f + %m(m2 for t € [0, T,]. (4.14)

By Eq (3.24) and Eq (4.1) we note that &#2(-, 1), i}(-, 1) € L'(0, Ty) for i = 1,2. From this and the fact
that s; € Mx(T,) fori = 1,2, we see that L(Z) e L'(0, T,) and L(3) € L'(0, Ty). Also, it holds that

LYO)s)f < L(3)(t)T0|st|L2(0 , for t € [0, To].
Therefore, Gronwall’s inequality guarantees that
1 11
SR + 57 fo iy (Dde

1 1O dr
< (2|L§2>|L1<0,T0>To+5) |st|iz<o,t>} &b O for 1 € [0, 7). (4.15)

By using Eq (4.15) we show that there exists 7 < T such that I'7- is a contraction mapping on the
closed subset of Mk(T*). To do so, from the subtraction of the time derivatives of I'r,(s;) and I'z, (s2)
and relying on Eq (3.24) and Eq (4.15), we have for T < T, the following estimate:

|(T'7, (s1)) — (', (SZ))I|L2(O,T1)
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Sao(kr(al(-, 1)) = 0@ Dz + alsi (@) - sz<r)|Lz<o,m)
T 1/2
<d \/c—( <|ay<r>|H|a(z>|H+|a(r>|%,>dr) + aga T sz,
0
1 T\ %
<ao NC |l w0 7,10 ( f |ay<t)|Hdt) + NTlillo.1,:m)
0

+ Cl()(l’T]lSlWl,z(O’Tl). (416)
Using Eq (4.15) and Eq (4.16), we obtain

Tz, (s1) — rTl(SZ)lLZ(O,Tl)

1
<TyCo( T Ishwrzary + VTilshraomy + Tilshwzor (.17)
where Cg is a positive constant obtained by Eq (4.15). Therefore, by Eq (4.16) and Eq (4.17) we see
that there exists 7" < T such that I'7- is a contraction mapping on a closed subset of Mg(T™). O

From Lemma 4.1, by applying Banach’s fixed point theorem, there exists s € M(T*), where T is
the same as in Lemma 4.1 such that I'7-(s) = s. This implies that (PC)(it, s, b) has a unique solution
(s,it) on [0, T™].

At the end of this section, we show the boundedness of a solution i to (PC)(ii, 59, b) which
completes Theorem 2.2. By (S2) it holds that

| 1
(i, 2)x + f ;ﬁyzydy + Ea(ﬁ(-, 1))s,z(1)
0

1
- %ﬁ(b(') —vi(-,0))z(0) = f yTszﬁyzdy forz € X a.e. on [0, T]. (4.18)
0

First, we note that the solution & of (PC)(i, 5o, b) is non-negative.
Lemma 4.2. Let T > 0 and (s, it) be a solution of (PC)(iiy, so, b) on [0, T]. Then, i(t) > 0 on [0, 1] for
tel0,T].

Proof. Lemma 4.2 is proved by taking z = —[—i#]" in Eq (4.18) and using the argument of the proof of
Lemma 3.7. Here, by s,(¢) = ao(o(ii(t, 1)) — as(t)) we note that it holds that

Lys, 0 ('1(d
fo BB st (-t dy = 20 S(5-0i=aO1P) - -a1°F)

s(1) s(t) Jo 2\dy
_ Sl(t) _~ +2_it) o~ +12
= 2S(t)l[ a(t, DI 2S(I)I[ 1"y

_ aolo(a(t, 1)) —as(®) -~ w2 Go(o (s, 1)) — as®)
= 250) =&z, DI 250)

< %[—a(r)r@.

I[=a(O]* 7

From this, we derive

ld,_ _ . 1 ! s ac .
5 77|70 |%,+m fo (-]} Pdy < %u—u(r)] |3 fora.e. € [0, T].

This implies that &(f) > 0 on [0, 1] for ¢ € [0, T']. O
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Next, we show the boundedness of the solution (s, it) of (PC)(iiy, ¢, b).

Lemma 4.3. Let T > 0 and (s, it) be a solution of (PC)(iiy, So, b) on [0, T]. Then, it holds that

(i) s(t) < Mfortel0,T],
(@) 0<ia(t) <u' :=max{aM, %*} on [0,1] fort € [0,T],

where M is a positive constant which depends on B, v, a, b*, liio|a, So, |bil 2.1y and |bil i o.1)-

Proof. First, we prove (1). By taking z = s(it — %) in Eq (4.18) it holds that:

s(1) d b(1) b(1)

2dt‘()——H ( (z)(()——))
L f 0Py + o ate, 1) 0t 1>—@)
® Jo ’ y

1
- Bbto) ~ yitt, 0,0 - 22 = f s 00,01~ 2 )ay
Y Y

fora.e. t €[0,T].

The second term of the left-hand side of Eq (4.19) is follows:

s(0)(a (t)——)

‘(b ((0) b(®) ) ‘ 'b (o) — (1, 0) + (1, 0) - =)d

()‘

|b,(t)||s<t>|(|uy<r>|ﬂ "

u(zO)—ﬂ)
y

Also, by Lemma 4.2 we note that o(ii(t, 1))s,(¢) = #(t, 1)s,(t). Moreover, we observe that

1
f yst(ouy(t)(u(r)—%)
b
—st<r)f ((r)—ﬁ>) (()—ﬁ>)

:St(t)(( 1)_@ _St(t) )_@ dy

Hence, by Eq (4.20) and Eq (4.21) we have

b(t 1 !
sl - 22 )+ = [ o
)
b ’ b(t
s, D, ) - 22) - 20w, 1) - Q) i, 0 - 22
Y

i(t,0) — l&') fora.e. r€[0,T].
Y

1
<= OO0l +
Y

(4.19)

(4.20)

(4.21)

(4.22)
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Here, the third and forth terms of the left-hand side of Eq (4.22) is as follows:

i, 1)st(t)(u(t 1) - @)— s’(’)( 1) - @)
y
2
5,0t 1) — s, 1)@ - S’é”(”(r 1) — 2, 1)@ (@) )
y
Sr(l) 2(1.1) - St(t)(b(l)) (4.23)
y
Since s,(t) = ao(@i(t, 1) — as(?)), it holds that
2
Sz(f) 2. 1) = u(r,l)(ls,(t)l +a/s(t)st(t))
2 N}
2
:——uolnxo| agn(man cm@ﬁﬂﬁ
ao
_ . 2 &(l)lst(t)lz o’ d 3
- zaou(t, Dl + “5EREE 1 200, (4.24)

Note that the first and second terms in the last of Eq (4.24) are non-negative. Accordingly, by Eq (4.23)
and Eq (4.24) we have that

i, l)s,(t)(u(t 1) - @)— s’(t)( 1) - @)
y y
o d s1) (b(1)
2SO~ ( Y )
:%% (1) - —( (5WB(0) = 250b(bD)). (4.25)
Also, for the right-hand side of Eq (4.22) we have
b
—|b (r)||s<t>|(|uy(t>|ﬂ + (1, 0) - Q|)
I Lo B0l (O
<53 B Oh + 3 (t)( . ] (1,0) - 757150 ( ). (4.26)
By combining Eq (4.25) and Eq (4.26) with Eq (4.22) we have
R R R
a2 d 5 By b(t) ,
+€Zt ()—ﬁd—((f)b(l))'l' —lu(z,0) — 7|
_—s(t)b(t)lb 01+ 3 (r)('bt(r)l) 7| 5D ('b (t)l) for ae. f € [0, T]. 4.27)

Then, by integrating Eq (4.27) over [0, #] for ¢ € [0, T] we obtain that

2

1 1
7 f e )|uy(T)|HdT+gs3(l)— —— (s(b* (1)

sl -
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a? 1 !
+ gsg + ol S (D)\b,(v)Pdr

1

2
* !

+_
yzfo

Here, by Young’s inequality it follows that

iy — —=

Y
2dr fort € [0, T). (4.28)

2
“—sS(r) - i(s(t)bza»
2 3/2
s(t) (% s(t)+33/2(ﬁ( 7)) (4.29)

where 77 1s an arbitrary positive number. Therefore, by Eq (4.28) and Eq (4.29) we obtain

a? 713 3 2 1 2 32
(Z - ?)s 0= 3,73/2(272“’ ) )

1 b(0)|?
+—S017£0—Q
Y

a’ 3 1 ' 3 2
+—5 + — b d
LT e e ) s”(DIb(T)"dT

2

b* !
+_
yzj;

We put M(17) = (soliig — Z21%)/2 + (a?s3)/6 + (2(2 (b*)?)3/?))/31°%. Then, by taking a suitable 1 = 1,

Y

and J,(1) = [ SS@b(0)Pdr, Jr(t) = [ s)Ib(7)ldr and J3(1) = [} [s()P|bi(r)Pdr for ¢ € [0,T] we
derive that

(0)|*dt for t € [0, T]. (4.30)

2

“—s3(t) < M(no) + LJl(t) + b; Jo(t) + ——J5(t) for t € [0, T 4.31)

1
2By?
Then, we have that

(770)

Ji(@) < (1) + Ibi(0) 1 (1)

(6% )2
12/b* 1
+ g(;fz(t) * 35 3J3(t))|b,(t)| for 1 € [0, T).

Hence, by Gronwall’s inequality we obtain that

Jl(l) < |bt|L2(0 T)

[ 12M (770)
12 b* 1 6P
(20 + 5 sl e en for < (0.7, (432)

6 2
Here, we put N(T) = Z|b[2, . eo*"20n. Then, by Eq (4.31) and Eq (4.32) we obtain that

a? 1
—S3(t) < M(no) + 5 M(no)N(T)
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b* ( ) 1 N(T)
—(1 57 )20+ By s+ % )J5(¢) for ¢t € [0, T]. (4.33)
Now, we put [(T) = maxg<<r |s(?)|. Then, we have
b* N(T) b* N(T)
2 0.71)
773 2 b* N(T) 3/2
s§l3<T)+ 5 m(—( Sl o)
and
1 N(T) (T)
(1 5,0 < 5 L (Dbiao
2773/2 1 N(T)

3 1 ’
3 l(T) (2,3 3(1 + 2 > )lbt|L2(0T))

Hence, by adding these estimates to Eq (4.33) and taking a suitable n = 1y we see that there exists
a positive constant M which depends on B, v, «, b*, so, |b;l;20.r) and |b|1 ) such that s(z) < M for
te[0,T].

Next, we show (ii). Put U(t,y) = [a(t,y) —u*]* fory € [0, 1] and ¢ € [0, T], and then take z = U(t, y)
in Eq (4.18). Here, by ii(#) > 0 on [0, 1] for ¢t € [0,T] we note that s,(t) = ag(o(ii(t, 1)) — as(t)) =
ao(ii(t, 1) — as(¢)). Then, we observe that:

1
1) ! d
fo ysi(1) B, (DU dy = 5:(2) (_(yU2(t)) - U2(t))dy

s(1) 2s(1)
s ) S0 s:(1) L doa
= 2s(t)lU(t,l)l P ()IU( Dl < 250) ) Ul
Then, by using the argument of the proof of Lemma 3.7 we derive
d , 1 si(1)
SOk + = [ 1w -
< U@L, forac. € 0.1, (4.34)
Here, by u* > aM > as(¢) for t € [0, T'], it holds that
$(1) _ s 2 _ S0 50
50 at, DU, 1) 2s(t)|U(l’ DI = 250) JDP + 0" uU(t, 1)
ag(u* —as®) U@ D
> 0 ( > +u'U( 1) =0

By applying the result to Eq (4.34) we obtain that

2dtf U®Pdy + 5 2()f U, () dy < —IU(t)IH forae. t€[0,T].

This implies that @i(f) < u* on [0, 1] for ¢ € [0, T]. Thus, Lemma 4.3 is now proven. m|

Combining the statements of Lemma 4.2 and Lemma 4.3, we can conclude that Theorem 2.2 holds.
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