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ABSTRACT. We establish the existence of solutions for a class of stochastic
reaction-diffusion systems with cross-diffusion terms modeling interspecific com-
petition between two populations. More precisely, we prove the existence of
weak martingale solutions employing appropriate Faedo-Galerkin approxima-
tions and the stochastic compactness method. The nonnegativity of solutions
is proved by a stochastic adaptation of the well-known Stampacchia approach.

1. Introduction. This work is devoted to the mathematical analysis of a stochas-
tic reaction-diffusion system with cross-diffusion modeling the interaction between
two populations. Cross-diffusion expresses that the population flux of a given sub-
population is affected by the presence of other subpopulations. The (deterministic)
dynamics of interacting species with cross-diffusion were investigated by many au-
thors, including Levin [25], Levin and Segel [24], Okubo and Levin [31], Mimura
and Murray [27], Mimura and Kawasaki [26], Mimura and Yamaguti [28], Galiano
et al. [17, 18], Bendahmane et al. [1, 6] (see also [2, 3, 5, 7]) to name a few. We
consider a spatially distributed population wherein u = u(t, z) and v = v(t, z) are
the respective densities of two subpopulations at time ¢ and location x € 2. The
variables u and v may represent predator and prey densities. In the context of
dispersal of an epidemic disease, the two variables u and v may represent predator
and prey densities for susceptible (those who can catch the disease) and infectious
individuals (those who are infected and can transmit the disease). Let p = u+ v be
the total population density. The population in each subclass is given by

U(t)z/ﬂu(t,x)dm, V(t):/Qv(t,a:) da,
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whereas the total population is
PO = [ (w+o)(t.)do = [ plt.a)da,
Q Q

where  is a bounded open domain of R? (d = 3), with C® boundary 99 and
outward unit normal v. In this work, we assume that the diffusion of individuals
follows a Fick law modified by various other processes such as searching for food,
escaping high infection risks, or avoiding large concentrations of individuals. This
means that the mobility in each subclass is influenced by the spatial gradient of the
other subclass (cf. e.g. [29, 30, 31]).

A prototype of stochastic reaction-diffusion systems with nonlocal diffusion and
cross-diffusion terms is

du — V - (Du (/ u(t, ) da:) Vu+ Aq1(u, v)Vu + Ajs(u, v)Vv) dt
Q

= F(u,v)dt + o, (u) dW,(¢),
(1)
dv—-V - (DU </ v(t,x) d:c) Vo + Agi(u, v)Vu + Az (u, U)Vv) dt
Q

= G(u,v)dt + o,(v) dW,(t),

which is posed in the time-space cylinder Qr := (0,T) x Q. This system is supple-
mented with nonnegative initial data,

u(0,z) = up(z) >0, v(0,z) =vo(z) >0, x €, (2)

and zero-flux boundary conditions on X7 := (0,T) x 0

<Du (/Q u(t, ) dx) Vu+ A1 (u,v)Vu + A (u, v)Vv) -v =0,
3
<Dv ( /Q o(t, ) dx) Vo + Ay (u,0)Vau + Ass (u, v)w) v =0, “

In the system (1), W, is a cylindrical Wiener process, with noise function o, for
w = wu,v. Formally, we can think of o, (w)dW,, as 2,21 Ow, k(W) AWy 4, (t), where
{Wuw.k}>, 18 a sequence of independent 1D Brownian motions and {owx},~, &
sequence of noise coefficients. The processes W,, and W, are independent, and the
terms o, (u) dW,, and o, (v) dW, model environmental noise.
In (1),
F(u,v) := —0(u,v) — pu G(u,v) := 0(u,v) — yv — pv (4)
are the reaction terms. In the dispersal of an epidemic disease, the constants p,y > 0
are the biological parameters of the system (think of 1/ as the duration of the

infectious stage and u as the mortality rate). The incidence function 6 takes a
proportionate mixing form: for some constant a > 0,

O(u,v) = « ue ,
U+ v

u,v > 0. (5)
For later use, note that
0 < 0(u,v) < amin (u,v), u,v > 0. (6)

The diffusion rates (given by D, (-) and D,/(-) > 0) are assumed to be “nonlocal”,
depending on the whole of each population rather than on the local density; in other
words, the diffusion of individuals is guided by the global state of the population
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in the medium. For example, if we want to model species tending to leave crowded
zones, a natural assumption is that D,,(+), D,(+) are increasing functions. Otherwise,
for species attracted by a growing population, one may assume that the nonlocal
diffusion coefficients D, (-), D, (-) are decreasing functions. We assume that D,,, D, :
R — R are continuous functions satisfying the following conditions: 3C,,, Cj; > 0
such that for w = wu, v,

Dw(I)ZCm, ‘Dw(Il)—Dw(Ig)‘ < Cuy |Il_I2|7 VI, 11,15 € R. (7)
In (1), A(u,v) = {Aj; (u,’u)}fj:1 is the cross-diffusion matrix. For simplicity of
presentation, we introduce the short-hand notation

Au, v) Vu\ [ Ai(u,v)Vu+ Aia(u,v)Vo
WO\ wo ) T Aoy (u, v)Vu + Az (u,v)Vo )

We assume that the matrix A has as C? entries and satisfies the following conditions:
Yu,v > 0, A12(0, U) =0, Agl(u, 0) =0,

W 1
Vo > 0, Yow = (W;)eRQd, (A, vyw,w) > &A@, o)l [wf, (8)

Vuy, ug,v1,v2 > 0, | A(ur,v1) — A(uz,v2)| < C(Jur — ug| + [v1 — v2]),

where (-, ) is the usual scalar product on R?, with corresponding norm |-|. Moreover,
|A(, )| = max |Ai;(-,-)| and C is a positive constant. Notice that (8) implies
.3=1,

A1 (u,v) >0,  Aga(u,v) >0, Vu,v>0.
A typical example of a cross-diffusion matrix is
a1+ ajov a13u
Alu, v) = ( 11U + a2 13 ) 7
ag1v a20U + a23v

where the coefficients a;; > 0 are known as self-diffusion rates. This matrix is
nonnegative if 8ajjas; > a%Q and 8assaio > a%l, cf. [4] for more details.

Remark 1. For the upcoming analysis we need to extend the definitions of A,
cf. (8), Fand G to all u,v € R. We do this by assuming the following (for i, j = 1, 2):

if u,v >0, then A;;(u,v) > 0, otherwise A;;(u,v) =0 (i # j) and A;;(u,v) >0,

—0(u,v) — pu, ifu,v>0,
F(u,v) = ¢ —pu, ifu>0andwv <0,
0, ifu<0andwv >0,

O(u,v) —yv — pv, ifu,v >0,
G(u,v) = ¢ 0, if u>0and v <0,
—YU — po, ifu<0andv>0.

Our analysis is restricted to positive cross-diffusion matrices A. Positive matri-
ces are motivated by their applications in population dynamics. In a forthcoming
work, we decipher stability and instability conditions for the spatially constant
stationary state. Moreover, we define and prove the existence of suitably defined
solutions satisfying these conditions. The “natural” solutions are determined when
the nonlinearities and cross diffusivities obey certain constraints. In the determinis-
tic case [3], these constraints are not fully satisfied for realistic parameters, yielding
instabilities. The interesting open question is, which type of solution experiences
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instabilities? Degenerate cross-diffusion systems and numerical methods will be the
subject of another forthcoming work.

Historically, cross-diffusion models are deterministic, meaning that the input
data determine the solution at each moment in time. In deterministic models, non-
predictable environmental factors are not considered, although it is well-known that
a combination of random perturbations and nonlinearities can strongly influence so-
lutions. Multiple factors may influence the population’s growth in the environment,
such as food, water, temperature, etc., each element easily being thought of as sto-
chastic. It is natural to employ noise to model these environmental fluctuations by
adding a stochastic forcing term to the deterministic system, resulting in (1).

Let us now put the mathematical contributions of this paper into perspective.
First, note that the standard theory for parabolic systems does not apply naturally
to the cross-diffusion model because of the strong coupling in the highest deriva-
tives. As a result, no traditional maximum principle applies. A stochastic forcing
term further complicates the maximum principle approach. The existence result for
(1) is based on martingale solutions and the introduction of suitable approximate
(Faedo-Galerkin) solutions. We derive a series of system-specific a priori estimates
in L2 \H' N LZLP L2 N LLC(W24)* for the Faedo-Galerkin approximations and
use a compactness method to conclude convergence. The system’s nonlinear struc-
ture requires strong convergence of the approximate solutions in suitable norms.
However, one cannot directly deduce strong convergence in the probability vari-
able. To handle this issue, we establish weak compactness of the probability laws of
the approximate solutions, which follows from tightness and Prokhorov’s theorem.
We then construct a.s. convergent versions of the approximations using Skorokhod’s
representation theorem, which makes it possible to show that the limit constitutes a
martingale solution of (1). We demonstrate that the constructed solutions are non-
negative by adapting the Stampacchia approach to the stochastic setting, following
Chekroun, Park, and Temam [10]. Finally, we mention that the pathwise uniqueness
of the solution for the deterministic and stochastic cross-diffusion systems remains
an open problem.

In [14], the authors prove the existence of solutions for a related stochastic cross-
diffusion system (with F, G, D,,, D,, = 0) using the entropy method, assuming that
the cross-diffusion matrix exhibits a quadratic entropy structure. A critical differ-
ence between our work and [14] is that the cross-diffusion term in the predator-prey
system (1) does not have an entropy structure. Besides, the system (1) contains
nonlocal diffusion terms, which further breaks the entropy structure in [14].

For the existence of martingale solutions for other classes of SPDEs, we refer
[8, 9, 11, 12, 15, 16, 20, 21, 22, 34, 35], to mention a few inspirational examples.

The paper is organized as follows: In Section 2, we present the stochastic frame-
work and state the noise coefficients’ hypotheses. Section 3 supplies the definition
of a weak martingale solution and declares the main result. We construct approxi-
mate solutions by the Faedo-Galerkin method in Section 4. Uniform estimates for
these approximations are established in Sections 5 and 6. Section 7 proves the tight-
ness of the probability laws generated by the Faedo-Galerkin approximations. The
tightness and Skorokhod’s representation theorem is used to show that a weakly
convergent sequence of the probability laws has a limit that can be represented as
the law of an almost surely convergent sequence of random variables defined on a
common probability space. The limit of this sequence is proved to be a weak mar-
tingale solution of the stochastic reaction-diffusion system in Section 8, while its
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nonnegativity is deferred to Section 9. Throughout this paper, we will frequently

use the letters C| K, etc., to denote a generic constant independent of n, that may
take different values at different occurrences.

2. Stochastic framework. This section recalls basic concepts and results from
stochastic analysis (see e.g. [11, 33] for more details). We consider a complete prob-
ability space (D, F, P), along with a complete right-continuous filtration {]:t}te[o,T]-

In passing, note that the letter ) is reserved for the physical domain in this
paper. In contrast, we use D for the probability domain (in the stochastic literature,
Q) denotes the probability domain).

Given a separable Banach space B, which is equipped with the Borel o-algebra
B(B), a B-valued random variable X is a measurable mapping from (D, F, P) to
(B,B(B)), D > w — X(w) € B. The expectation of a random variable X is
E[X] := [, X dP. For p > 1, the Banach space L?(D;B) = L?(D,F, P;B) is the
collection of all B-valued random variables, equipped with the following norm

1
”XHLP(D;]B) = ”X”LP(D,]-',P;IB%) = (E[||X||§])p (p < 00),

||XHLP(D;B) = ||X||L°°(D,f,P;]B) = sup [ X (w)]| -
weD

We use the abbreviation a.s. (or almost surely) for “P-almost every w € D”. A
stochastic process X = {X(t)}¢(o 7 is a collection of B-valued random variables
X(t). We assume that X is measurable, which means that the map X : D x[0,T] —
B is measurable from F x B([0,T]) to B(B). The paths ¢ — X(w,t) are then
automatically Borel measurable.

We refer to

S= (D,}"a {Fihem P {W"'}zil) )

as a (Brownian) stochastic basis, where {Wj}~, is a sequence of independent one-
dimensional Wiener processes adapted to the filtration {F¢},c( 7)-

A stochastic process X is adapted if X(t) is F; measurable for all ¢t € [0,T].
When a filtration is involved there are additional notions of measurability (pre-
dictable, optional and progressive) that occasionally are more convenient to work
with. Herein we use the (stronger) notion of a predictable process. A predictable
process is a Pr x B([0,T]) measurable map D x [0,7] — B, (w,t) — X (w,t), where
Pr is the predictable o-algebra on D x [0, T] associated with {]:t}te[o,T]v i.e., the
o-algebra generated by all left-continuous adapted processes.

Consider a Hilbert space U equipped with a complete orthonormal basis {1y}~ -
A cylindrical Wiener process W on U is defined by W := >, Witbi. The vector
space of all bounded linear operators from U to L?() is denoted L(U, L?(2)).
Denote by Lo(U, L?(9)) the space of Hilbert-Schmidt operators from U to L?(),
ie, Re Ly(U, L3(Q) & R € L(U,LA(Q)), | BRI, w.r2(0) = SZrst IREkl 120y <
0o. We recall that Lo(U, L?(Q2)) is a Hilbert space. As is well-known, there is an
auxiliary Hilbert space Uy D U, with a Hilbert-Schmidt embedding J : U — Up, on
which the infinite series ), -, Wyt converges.

For a given cylindrical Wiener process W,,, the L?(Q)-valued It6 stochastic inte-
gral [0 dW,, is defined as follows (see for, e.g., [11, 33]):

t S t
/ Tw dVVw = § / Ow,k dVVw,k‘,y Ow,k = O'wd)k7 (10)
0 k=170
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for any L?(Q)-valued predictable integrand
o€ L*(D,F,P;L*(0,T; Ly (U, L*(Q2)))) .

Throughout the paper, we assume several conditions on the noise coefficients
0,0, appearing in (1). For each z € L?(f2), we assume that o, (z) : U — L*(Q),
for w = u, v, is defined by

O—w(z)d}k - O—w,k(z(')); k Z 13

for some real-valued functions oy, () : R — R that satisfy

Z\awk (1—|—|z\ ) Vz € R,

k>1

2 2
— < —
E w, , >
‘O’ k(Zl) Ow k(22)| Co‘ |21 ZQ| R vzl,Zg S R,
k>1

for a constant C,, > 0. A consequence of (11) is

2 2
low(awzz@y < Co (1 120320a)) = € LHO),

(12)
2 2
low(21) = ow(22) 7,2 () < Co 1 — 2ll72) - 21,22 € L2(Q).

Under these conditions (12), the stochastic integral (10) is an L?(Q)-valued
square integrable martingale, satisfying the Burkholder-Davis-Gundy (BDG) in-
%

equality
t p T 5
/0 7w AW L2(Q)] =cr </0 HJwHLQ(U’LQ(Q)) dt) ’ "

where C' is a constant depending on p > 1. We need the following convergence

E | sup
te[0,T)

result for stochastic integrals [12, Lemma 2.1].

Lemma 2.1 (convergence of stochastic integrals). For each n € N, consider a
stochastic basis S, = (D, F,{F/'},P,W") and a {F['}-predictable process Gy,
which belongs to L? (0, T; Ly (U, L? (Q))), almost surely. Furthermore, suppose there
exist a stochastic basis S = (DJ:, {F:}, P, W) and a {F;}—predictable process G,
which belongs to L?(0,T; Ly(U, L*(2))) a.s., such that

ntoo

W — W in C([0,T];Uy), in probability

"M G i L2 (O, T; Ly(U; L? (Q))), in probability.
Then , ,
/ Grdwn "% / GdW in L2(0,T; L3()), in probability.
0 0

Let S be a Polish space. We denote by B(S) the collection Borel subsets of
S and by P(S) the family of all Borel probability measures on S. A sequence of
probability measures {{,},~; on (S,B(S)) is tight [11] if for every e > 0 there
is a compact set K. C S such that n(Ke) > 1 —€ for all n > 1. According to
Prokhorov’s theorem (see e.g. [11, Theorem 2.3]), tightness is a criterion for weak
compactness: If {{1,},,~, is tight, then there exists a subsequence { o }j>1 that
converges Weakly to a probability measure 4, where weak convergence means that
Js &(w) dpin,; (w) — [¢ ¢(w) du(w), for any continuous bounded function ¢ : S — R.
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Any random variable X : D — S induces a probability measure £ on (S, 5(S))
via the pushforward of P through X, often £ = Po X ! is referred to as the law of
X. Let {X}, -, be a sequence of random variables whose laws L, converge weakly
to £. Then a well-known result of Skorokhod (see e.g. [11, Theorem 2.4]) says that
there exist a probability space (ﬁ, F, 13) and random variables X, X : D — S such
that the law of X, is Ly, the law of X is £, and X — X P-almost surely as k — oo.

3. Notion of solution and main result. We will utilize the following notion of
solution for the stochastic cross-diffusion system.

Definition 3.1 (weak martingale solution). Let fiy,, s, be probability measures
on L?(Q). A weak martingale solution of the stochastic cross-diffusion system (1),
with initial-boundary data (2) and (3), is a triplet (S ) Uy v) satisfying the following
conditions:

L. 8= (D,FAFRY, P, {Wustrey {Wur}re,) is a stochastic basis;

2. Wy =3 oy Wiuthr and Wy, := >, o Wi,y are two independent
cylindrical Wiener processes, adapted to the filtration {F;};

3. The elements u and v are nonnegative, belong to

L*(D,F,P;L*(0,T; H'())) ﬂL2 (D, F,P;L>(0,T; L*())),

and satisfy

\/[Aij(u,v)|Vu € L*(D, F, P; L*(0,T; L*(2))), 1,5 =1,2.

Finally, u,v € C ([0, T]; (Hl(Q))*) a.s., and u, v are predictable in (H'(Q))".
4. The laws of ug := u(0) and vy := v(0) are respectively fi,, and fiy,;
5. The following equations hold P-almost surely, for any ¢ € [0, T]:

/u(t)g@udx—/uogpudac
Q Q

t
+/ / (Du (/ u(t, x) dx) Vu+ Ay (u,v)Vu + Alz(u,v)Vv) -V, dzds
0o Jo

Q

:/Ot/QF(u,v)QDudmds—&—/Ot/ﬂau(u)goudxqu(s),
[ otendo = [ oo (14)

Q

t
+/ / (Dv (/ v(t, x) dm)Vu+A21(u,v)Vu+A22(u, v)Vv> -V, dzds
0 Jo Q

¢ ¢
:/ / G(u,v)p, dxds Jr/ / 00 (V)py dz dW,(s),
0 JQ 0 JQ

for all @, ¢, € WH4(Q).
Remark 2. In Definition 3.1, we use the standard Sobolev spaces
HY(Q) = Wh2(Q), and for p € (1,00),
Whr(Q) ={ue LP(Q): Vue LP(Q;RY},

along with the corresponding dual spaces (H1 (Q))* and (Wl’p(Q))*. Later we also
use the space H?(Q) consisting of all functions u € L?(Q) for which Vu € L?(Q;R9)
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and V2u € L2(Q;R¥*?). Throughout the paper we use (W'?(Q))" to denote the
dual of W'P(€), which is a Banach space with norm

HLH(WW(Q))* = Sup{|<L’¢>} D e WHP(Q), ||¢HWLP(Q) < 1},

where (-, -) is the duality pairing between (W“’(Q))* and W1P(Q).
Recall that L € (Wl’p(Q))* if and only if there exist functions fo, f1,...,fq €
Lp/(Q), p = p’%l, such that

d
Loy = [ oo+ 3 fdnode. vo W),
=1

’

1/p
and [ L w100y = (ZLO ||fi||L,,/(Q)) [23, Theorem 10.41]. Note that bounded

linear functionals over W1P(Q) are not distributions.

Remark 3. 1. Given the regularity conditions imposed in Definition 3.1, one
can show that the deterministic and the stochastic integrals in (14) are all well-
defined. Regarding the stochastic terms fg Jo Ow(w)pw dzdWy(s), w = u,v, they
are interpreted as in (10).

2. For martingale solutions, one prescribes the initial data in terms of probabil-
ity measures fi,,, flv, on L%(€2), For probabilistic strong solutions (not considered
here), one prescribes the initial data in terms of random variables ug, vg € Lfm =
12 (D; L(%2)).

3. Part (3) of Definition 3.1 implies that u, v belong to the space L>(0,T; L%(2))N
C([o,T7; (Hl(Q))*), almost surely. Hence, u,v € C,,([0,T]; L%(2)) a.s., i.e., for any
¢ € L*(Q), [0,T] 5 ¢t — [, w(t)pdx is continuous a.s., for w = u,v. We do not
have u,v € C([0,T]; L3(R2)) (strong time-continuity in L?). As WbH4(Q) c H(Q)
with continuous embedding (recall that  C R? bounded), (Hl(Q))* C (W1’4(Q))*
with continuous embedding, and therefore u,v € C ([0, TY; (W1’4(Q))*) a.s., which
is consistent with requiring the equations (14) to hold for all ¢,,, @, € W4(Q).

Remark 4. A significant difficulty for the analysis of (1) is the strong coupling
in the highest derivatives. However, since these terms are zero on the boundary,
cf. (3), the nonlinear boundary conditions will “disappear” in the weak martingale
formulation.

Our main result is

Theorem 3.2 (existence). Suppose conditions (1), (5), (6), (8), (7), and (11) hold,
and that the initial data ug, vy are random variables with laws fu,,, [, Satisfying

/ ||w|\%°2(9) Aty (W) < 00,  for some qo >3, w :=u,v. (15)
L2(Q)

Then the stochastic cross-diffusion system (1), with initial-boundary data (2) and
(3), possesses a weak martingale solution in the sense of Definition 3.1. Moreover,
assuming o,,(0) = 0,(0) = 0, this martingale solution is nonnegative.

The proof of Theorem 3.2 is organized into several sections. First, in Section 4,
we construct the Faedo-Galerkin solutions. Energy-type estimates are derived in
Section 5. Convergence of the approximate solutions (along a subsequence) to a limit
follows from these estimates, a temporal translation estimate, cf. 6, and the tightness
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of the probability laws generated by the Faedo-Galerkin solutions, cf. Section 7. In
Section 8, we show that the limit is a weak martingale solution. Finally, we prove
the nonnegativity of the constructed martingale solution, cf. Section 9.

4. Construction of approximate solutions. In this section, we define precisely
the Faedo-Galerkin equations and prove that there exists a solution to these equa-
tions. We begin by fixing a stochastic basis S, cf. (9), and Fp-measurable initial
data ug,vy € L?(D;L?(2)), with respective laws f1,,, ftn, on L?(2). We look for
approximate solutions obtained from the projection of (1), (2) and (3) onto a finite
dimensional space X,, := Span{ey,...,e,}.

Let us make precise the basis functions eq,...,e,. The following discussion is
well-known but is included for the sake of readability. First, we introduce the spaces

L} = {UGLQ(Q):U::KlZ'/Qudx:O},

H = {UGHQ(Q) : gZOOHGQ},

IS

(195 = {u e (HH(@)" 5 0= 1 (0.0 =01

The embeddings H% C H' C L? (L2)* C (Hl)* - (H12\/)* are continuous,
dense and compact. We have (u,v) g1y« g = (u,v) = Jquvdz for u € L*(Q),
v € HY(). Similarly, (um)wlgv)*ﬂ]gv = (u,v) for u € L*(Q), v € HZ,.

The Neumann-Laplace operator —Ay : HY(Q) N L3(2) — (HY)§ is defined by

(AN V) (1) z/Vu~Vvda;, u,v € HY(Q).
Q

The Neumann-Laplace operator is positive and self-adjoint. By the Lax-Milgram
theorem and the Poincaré inequality, the inverse operator (—Ay)~! : (HY)§ —
H(Q)N L3 is compact, positive and symmetric. By the spectral theorem, (—A )1
admits a sequence of eigenfunctions {w;};-, that forms a complete orthonormal
basis in L3. The eigenfunctions of —Ay is e; := 1/ \Q|% and e¢; := w;_; for | >
2. The sequence {e;};-, is an orthonormal basis of L*(Q2). The L? orthogonal
projection is denoted by

n
I, : L*(Q) — X, = Span{ey,...,e,}, Iu:= Z (u, ) €. (16)
1=1
Then IL,u — u in L?(Q) as n — oo and Mnull 2y < llullz2q)-
Denoting the corresponding eigenvalues by {\;},-,, we have

e
v

for each | € N. The eigenvalues form a nondecreasing sequence with A\; = 0 and
A = o0 as | — oco. By elliptic regularity theory, each eigenfunction e; belongs
to H3 C L®(Q), e, € C®(), and ¢; is as smooth in Q as 9Q deems possible
(e.g. e, € C™ if 90 is C*°). By [19, Lemma 3.1], the space HZ, is dense in H'(Q)
and in W15(£2). The same proof applies to W1?(Q) for any p € [1,6]. It is further

— Ae; = \jeg in €, =0 on 09, (17)
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known that {e;},°, forms a basis of H. Indeed, for any u € H%,,

All,u = Z (u,e;) Ae; = Z (u, —Aep) €
1=1 1=1
= (u, Aey) e = Z (Au, ;) e; =11, Au.
=1 =1

As a result, AIl,u converges in L? to Au as n — co. We can therefore conclude
that II,u — u in H%,. Hence, the sequence {e;};-, forms a basis of H%,. Later we
will make use of the estimate

HHnU”H?\, <C HU”H?\, )

for a constant C' that is independent of n.
From the weak form of (17) with test function v = e,

/ Ve, -Ve,,dx = )\l/ erem dr = N0y, VIi,m e N;
Q Q

thus (U" U)Hl(ﬂ) = (1+)‘l)6l’m and HelHHl(Q) =V (u’u)Hl(Q) = (1+)‘l)%7 Le., {el}?il
is an orthonormal basis of L2(€2) that is orthogonal in H'(2). Set & = e;/(1+X;)=.
Then {€};2, forms an orthonormal basis of H*(Q2). To see this, note that {&,},~,
is clearly an orthonormal sequence in H*(£2). To prove that it is a basis, it suffices
to establish that (u,&)p1(q) = 0 VI implies u = 0, for any u € H'(Q). Suppose
(u, €)1y = 0 VI. From integration by parts and (17),

0:/vu.vadx+/uéldx:(1+Al)%/ueldx,
Q Q Q

so that (u,e;) = 0 V. Since {e;};2, is a basis of L*(Q), this implies that u = 0.
Let us note that the restriction of II, to H'(f) coincides with II,, the H*

orthogonal projection onto the space Span{éi,...,é&,}: for any u € H*(£2),
n n n
M,u= Z (u, él)Hl(Q) € = Z(l + )\l)% (u,e;) ) = Z (u, e;) e; = Myu.
=1 =1 1=1
Consequently,

ntoo .
,u == w in H'(Q), ||HnUHH1(Q) < ||“HH1(Q)'

Finally, we will continue to use the symbol II,, for the operator

n

IT, : X* — Span{ey,...,e,}, Iyu:= Z (u, er)x« x €,
=1

where X = H'(Q) or X = HZ,. The restriction of this operator to L?(f2) coincides
with the L? orthogonal projection defined before (16). It is easy to verify that

(ILyu,v) = (u, IL,0) . v, u€X*, veX,

as (Z;L:l <u7 el>X*,X 61,11) = Z?:l <u7 el>X*,X (6[, U) = <u’ Elnzl (U’ el) el>X*,X'
We can now define our Faedo-Galerkin approximations

n

u o™ [0, T] = X, u"(t) = Zcf(t)el, v (t) = Zd?(t)el, (18)
=1 =1
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where the coefficients ¢ = {¢}'(t)},_, and d” = {d}'},_, are determined such that
the following equations hold (for I =1,...,n):

(du™,e;) + D, (/ u™(t, x) da:) (Vu™,Ve;) dt
o
+ (A1 (™, 0™)Vu" + Aga(u”,0") Vo™, Vey) di

= (F(u™,v"),e) dt—|—z uk quk()

(19)
(dv™,e;) + D, (/ v (t, x) dm) (Vo™ Vep) dt
Q
(Agl(u”, V"M Vu" + Ago(u”, ™) Vo™, Vel) dt
n
= (G, v"),er) dt+ > (o7, (v™),e1) AW, k(2),
k=1
and, with reference to the initial data,

u"(0) = ug = Z ' (0)er,  ¢'(0) := (ug, er) p2(qy »
o (20)

v™(0) = v : Z 0)er, dj'(0) := (UOa@l)m(Q) :

In (19) we have used the following approximations of the noise coefficients:
Z Ow, k(W )e;,  where

(21)

O'w,k,l( n) = (O'wa( )’el)Lz(Q) N w = u,v.

Using the Faedo-Galerkin equations (19), the regularity u™(t),v"(t) € Hy C L,
and basic properties of the projection operator II,, we obtain

u™(t) — ug

_/Otnn {v. (Du(/ﬂu"(m)dx)vu")] ds

/Ot 11, {V' (All(un,vn)vun+A12(UH7U”)VU”)} ds

- /0 L, [F(u”, v™)] ds + /0 oMW AW (s) in LA(Q),

v (t) — vf (22)

_/Otnn {v. (Dv</ﬂvn(t,x)dm>V1}”>] ds
/Ot 1, {v. (Aﬂ(u”,un)w”+A22(u”7v”)vu”)] ds

:/0 I, [G(u", v")] ds+/0 o™ (v™) W (s) in L2(Q),

with initial data ufy = Il ug and v = I1,,vg, where ol (w™) dW? is short-hand no-
tation for Y77, o\ (w") AWy, w = u,v. The formulation (22) allows us to treat
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u™, v™ as stochastic processes in R™, so that one can apply the finite dimensional
It6 formula to the Faedo-Galerkin equations.

Remark 5. Our construction of approximate solutions makes use of Neumann
boundary conditions, which are encoded in the space Hz. The zero-flux bound-
ary conditions (3) are recovered when we pass to the limit to identify the weak
martingale solution.

The existence of pathwise solutions to the finite-dimensional problem (19), (20)
is guaranteed by the next lemma.

Lemma 4.1. For each n € N, the Faedo-Galerkin equations (18), (19), (20)
possess a unique adapted solution (u™(t),v™(t)) on [0,T]. Furthermore, u™ v" €
C([0,T];X,,) a.s., where X, is defined in (16), and ]E[||w"(t)\|iz(ﬂ)] Sra 1, Vt €
[0,T], w=u,v.

Proof. We look for a stochastic process C™ taking values in X, x X,, that is a
solution to the following system of stochastic differential equations:

dcm = M(C”) dt + T(C™) dW™, (23)

where C" = (uz>7 ( )
v

A, (C") =-II,V - < "(t, ) dx Vu)

-1,V - ( v")Vu" 4+ A (u”, 0" )Vv”) + I, F(u"™,v™),

(
A, (C™) = —11,V - ( " (t, ) dx Vo )
(

-1,V - (Agl(u VU™ 4+ Ago (u™, v"™) Vo ) +IL,G(u",0™).

Moreover, I'(C™) dW™ is short-hand notation for < "E ; g%,) We complete

(23) with initial data C™(0) = C¥, where C§ is the vector defined by (20).

To prove the existence and uniqueness of a pathwise solution to (23), we will
use [33, Theorem 3.1.1] (see also Theorem 5.1.3 in [33]), which asks that M and T
satisfy the following conditions:

(i) — local weak monotonicity. For all C; = (Zi) and Cy = (Z;) with u;,v; €
Xy, such that [[uf|| 12y s Vil f2(q) < 7, for any r >0 and i = 1,2, we have
2(M(C1) = M(C2),Cr = Ca) +[IT(C1) = T(Co) 720
K(r)|Cr - 02\@2(9) ;

for a constant K(r) that may depend on r, where (-,-) denotes the L?(Q) inner
product.

(24)

il) — weak coercivity. For all C' = “) with u, v € Xy,
v

2(M(C),€) +IT(O)Fay < K (1+ €132 (25)

for some constant K > 0.
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The weak coercivity condition (25) is easily verified using the assumption (8) and
the global Lipschitz continuity of F,G,T.

Let us verify the weak monotonicity condition (24) in some detail. Fix a real
number r > 0 and set u := u; — ue and v := vy — v, where u;,v; are arbitrary
functions in X, for which [lu;l|z2(q) s [|vill f2(q) < 7 for i = 1,2. In view of (8) and
Young’s inequality,

(M(Cy) = M(Cy),Cy — Co) + |[T(C1) = T(Co)[[ 720y = wa (26)

(12)
where I = ||T(C1) = T(C2)|72() S [C1 — Callza(q) and

I =— Z Dw(/ wldm)(vw,VE),

w=u,v Q

L=-Y (Dw</9w1d:c)—Dw(/Qw2dw)) (Vuws, VD),

wW=u,v

e (e (8)(8)
e () (32 (55

Is = (F(uhvl) — F(Ug,vg),ﬂ), Is = (G(ul,vl) — G(UQ,UQ),@).
Recall that the basis functions e; belong to H% and HZ, C WhP(Q) N L>®(L), for
any p € [1,6] (as Q C R? is bounded). Hence, the assumption |will f2(q) < r implies
||wZHHZQV Sen 1, for w =wu,v and i =1, 2. In view of (7),
LIS Y llwr = wall oy Vwsll 20y IV 20 »

w=u,v

and so || Spn D [wi — w2l 2(q)- Similarly, given the assumption (8),

w=u,v
FARS Z ||w1_w2HL2(Q) Z ||vw2||L4(Q) Z ||VE||L4(Q)
w=u,v w=u,v w"=u,v
S Z [wi — w2l 2(q) Z ||Vw§l||H12V Z ||VU||H12V7
w=u,v w=u,v w=u,v

and so 14| Srn Do,y w1 — w2|[12(q)- In view of the global Lipschitz continuity
of the reaction functions F' and G, cf. (4), it follows that

5] + (16| < Z w1 _w2||L2(Q) Z ||wn||L2(Q)7

so that 15| + L6 Sr 22y =y, W1 — w2l 12(q)- Finally, by (7) and (8), I, I3 < 0.
Referring to (26), this implies Z?:o L S |ICT — C’§||2L2(Q)7
and (24) thus holds. O

5. Basic a priori estimates. We start with a series of basic energy-type estimates.

Lemma 5.1. Let u™(t),v"™(t), t € [0,T], satisfy (19), (20). There is a constant
C > 0, independent of n, such that

E Il ()3 20)] +E [lo" 00 <€, Vee T (27)
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[ T T

E / /|Vu"|2 dedt| +E / /|Vv"|2 dedt| <C; (28)
L 0 Q 0 Q
[ T

IE/ Ay o) (190 4 (0o ) dwdt| <€, ij =12 (20)

0 Q

E| sup [[u"(®)ll7200)| +E| sup [[0"(1)]72(q)| < C- (30)

| t€[0,7] t€[0,T]

Proof. By Ito’s formula, dS(w") = S§'(w")dw™ + 15" (w™) >, (Gwr(w™))? dt,
w = u,v, for any C? function S : R — R. Hence, with S(w) = % |w|2,

= Z lw™ (¢ HLZ(Q + Z / / (t, ) d:c /|Vw"\ dx ds

w=u,v w=u,v

t
+/ (Au(u”w”)Vu” +A12(u",v”)Vv”,Vu"> ds
0

L2(Q)

L2(Q)

¢
+/ (Agl(u",v")VU" +A22(u",vn)VU",Vv">
0

t
:7 Z ||w ||L2(Q)+/ (F(u”,fun)’un>L2(Q) ds

w=u,v

t
—|—/0 (G(u",v”),v”) Z(Q s+ Z Z/ /w on p(w™) de dWy i,

w=u,v k=1

+—ZZ// ? dr ds

w=u,v k=1

<2 3 IOl >+c/ Lt (0 2 + 107 () 22y ) ds

w=u,v

+ ZZ// ™Y dx AW 1 (s),

w=u,v k=1

(31)

where have put to good use (4), (5), and also (6). By the fundamental assumption

(8), the sum of the A;; terms is lower bounded by |A(u™,v")] (|Vu"|2 + |Vv”|2),
s0

t
Z [lw™( HL2(Q)+ Z Cnm //|Vw”|2 dx ds

w=u,v w=u,v

+ Z//LAU o) [V |® da ds
< 3 W (O0)[2ag + C / <1+ S |L2<m>

w=u,v w=u,v

+ > Z/ /w"a:;k ) daz AW ().

w=u,v k=1
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where we have also used (7). Applying E[-] to (32) and using the Gronwall inequality,
we arrive at (27), (28), and (29), recalling that the initial data ug,vo belong to L.

To prove the final estimate (30), we take sup,¢jo ) and then E[-] in (31). Using
(27) and the L? boundedness of the initial data, we end up with the estimate

Y E go<1+21w>, (33)

w=u,v wW=u,v

sup [w" ()Hi%ﬂ)
te[0,T]

where I, := E [supte[oﬂ ‘22:1 fot Jow™op (w™) d dWw?k(s)’ ] Using the BDG

inequality (13), the Cauchy-Schwarz inequality, (11), Cauchy’s inequality, and (27),
we proceed as follows for w = u, v:
2 3
dt>

T n
|I,| < CE </ /w"a&k(w”) dz
0
T , n , 3
<CE / </ w" dx> / on (W) de | dt
< ; Q\ | ; Q| x(w")]
<CE < sup / lw™|? dx) (/ / oo 1 (w ? dz dt) (34)
t€[0,T) 0
sup / |wn| dz| + C(« [/ / ’aw & ? da dt]
t€[0,T] 0

2
sup [[w" (t)[|z2(q) | +C,
t€[0,T]

< aE

< aE

for any number o > 0. Combining the inequalities (33) and (34), and choosing
a > 0 small, we arrive at the estimate (30). O

Later we will need to convert a.s. convergence into L? convergence. To this end,
the next lemma—containing improved integrability estimates—is useful.

Corollary 1. Let u™(t),v"(t), t € [0,T], satisfy (19), (20). Suppose ug, vy belong to
L9(D,F,P;L*(2))) with q € (2,q0], cf. (15). Then there exists a constant C' > 0,
independent of n, such that

E { sup [w" ()]|7 Q)] <C, E [||vwn”qL2((0,T)><Q)] <C w=uv, (35)

0<t<T

and
q

2

T
E /|Aij(u”7v")|(|Vu"|2+\Vv”|2)dacdt <O, ij=12 (36
Q

Proof. Starting off from (31), the following estimate holds for any (w,t) € D x[0,T]:

S swp [0 Oy < 3 0Oy +C Y / 0™ (5)]1 2y s

0<r<t

w=u,v - w=u,v w=u,v

—I—CZ sup // "oy k(W) de dWy, 1 (s)]

w=u,v 0<r<t
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for some constant C independent of n. Next, we raise both sides of this inequality
to power ¢/2 and take the expectation, eventually obtaining

> [ s 10 0l| <€ X B[l O] + 40}

w=u,v O<T<t w=u,v
’ (37)
o3 J 1 ey s+ >

[N

where I, = E {SUPogrgt et Jo Jowol i (w) dx dWch(s)‘

martingale inequality (13), we proceed as in (34):

o < OB (/0 [ k@n)d;ds)?‘
< cE (/0 (/de)( [t dx>ds)
<o (g, ferte]) ([ L omr v

ez | (o, [ d) cetws|(['3 [t M)g

t
+ CE {/ lw™ ($)]I72 (0 ds} +C,
0

] . Relying on the

k=1

=

<aE | sup [[w"(7)]|72q)

T€[0,t]

(38)
for any number o > 0. Choosing « small, we conclude from (37), (38) that

> | s ")l |

0<r<

<0 Y E[u ) +OZ/ " (5)] %2 gy ds] + .

w=u,v
for some constant C' > 0 independent of n. An application of Gronwall’s inequality
now yields the sought-after estimate (35).
Finally, we use (32), the first part of (38), and (35) to conclude that there is a
constant C' > 0, independent of n, such that

<C, w=u,v,

|Vw”| dx ds

w=u,v

and the second part of (35) follows. Similarly, we derive (36). O

6. Temporal translation estimates. Given Lemma 5.1, it is easy to see that
A (u™, 0™)Vu™ and Agj(u”,v™)Vo™ are uniformly bounded in L? for some ¢ < 2,
for i,7 = 1,2. As a result, we cannot control the time translation of the approx-
imate solution in the space (H 1(9))*. Although we expect the exact solution to

be continuous in time with values in (W1’4(Q))* (evident by inspecting the proof
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below), the fact that the sequence {e;},=, is not a basis of W14(Q)—but it is for
H3 cwhi j —but we can

in [|*|| ;72 . To ensure strong L? ; compactness of a sequence of Faedo-Galerkin solu-
2 :

tions, we will therefore establish a temporal translation estimate in the larger space
(H%)" > (W4())" > (H'(Q))", which is enough to work out the required L7,
compactness (and tightness).

Lemma 6.1. Extend the Faedo-Galerkin functions u™(t),v"™(t), t € [0,T], which
satisfy (19) and (20), by zero outside of [0,T]. There exists a constant C' =
C(T,Q) > 0, independent of n, such that

E| sup fuw(t+7) = w0 <CoV4 ytelo,T), (39)

IT1€(0,9)

for any sufficiently small § > 0, w = u,v.

Proof. In what follows, we write (-, -) instead of (-, '>(H?v)*vH§"v’ We will estimate the
expected value of

I(t,7) o= a4+ 7,) = " () | )
sup {[ (" (¢ 7.) =01, 0) | 5 6 € HR: ol < 1
sup{/Q(u"(t—i-T,x) —u"(t,z))p(z)dx : ¢ € H, H¢||H12V < 1}’

for 7 € (0,6), 6 > 0. The same estimate can derived for 7 € (—4,0).
By (18),

4
I(t,7) = |u™(t+T,-) — u"(L, .)||(H12V)* < Z]i(tﬁ),

where
b))

Lt 1) = /tt+T 11, [V. (D“(/Q u™(t, ) d:n)Vu”)} ds (13)"

L(t,7) = /tHT 11, [V- <A11(un,v”)Vu” + Alg(u",v")VU")] ds

)

(H)"

t+71
Lt 7) = /t 0, [F(u™, v™)] ds

t+71
Lt 7) = / o™ o (u™) AW, i (5)
t

(H%)"
Estimate of . Setting Ly, := 11, [V . (An(u", U")Vu")], let us estimate
t+7
/ Ly, ds
t - )y

t+7
s f{|( [ 23udsi0)| s 6 € B3 ol <1}
t




736 M. BENDAHMANE AND K. H. KARLSEN

t+T1
= sup{ / / LS ¢dxds
t Q

t+71
= sup{ / / A (u”,0™")Vu™ - VI, ¢ dx ds
t Q

by bounding the term

bR ol <1

6 € 1R ol <1

t+7
I = / /Au(u",v")VU" . VHn(bdac dS .
t Q

By the generalised Hélder inequality,

[ <74 H\/|A11(u",vn)|‘
LA((0,T)x )

x| VAt o] [var]

VII .
L0 %) VIL9ll fa(q)

Now we use that H% is continuously embedded in W'?(Q2) Vp € [1,6] (recalling
that Q C R?® bounded), so

HVHn¢||L4(Q) < ||Hn¢||wly4(9) < HHn(ZSHHfV :
As {1}, is a basis of B3, [[T,6]l g2 < 6]z and thus [VIL@] sy S 16l 42
Using this bound and Young’s product inequality,

F1/4 (H \An(u"7v")|‘

2
LA((0,T) x )

|| VA G o] (v

2
LZ((O,T)XQ) 16113,

Note that

2
H VIAu(ur,v )“ LA((0,T)x %)

= [l A (u" V")l 20,1y x) S IT+ U™ + 0" 120,y x0)

Srie L+ U e o,r; 2y + 10" Lo 0,7522(0)) -
Consequently, after taking the expectation and using (29) and (30),

EI) Sro /" 6]l -

~

Summarising,
t+7 .
B | sw swf|( [ mudso)| s s ol <1} | <ot
7€(0,6) ¢ ’ N
i.e.,
t+1 N
E| sup / Ly o ds <o,
re(0,0) I1/¢ (H2)"

A similar estimate holds for L3 , := II, {V . (.Alg(u”, v")Vv")}, and therefore

E [ sup Ig(t,T):| < Y4 uniformly in t € [0, 7).
0<7<6
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Estimate of Iy. Set L} :=1I, [ ( (fﬂ (t,x dx)Vu )} Given (7),

D, (/Q u"(t,x) dx)

Using this, we bound

([ )|

by a constant times

) 2
n |2
<14 (/Q [u™(t, x)| dx) Sa L+ [[w" Lo 0,720 -

t+7
"¢, x) dx) Vu" - Vi, d ds

2

T
2 (/0 /Q (1 + ||unl|ioo(0’T;L2(Q))) ‘Vu”|2 d:}de) ||VH“¢HL2(Q)

/2 (1 + HunHLoc(o,T;m(Q))) VU™ [l 20,7y x ) @l 211 (0 -
Recalling that the sequence {e;},~, is an orthogonal basis of H*(Q), we have
HHn¢||H1(Q) < ||¢||H1(Q < ||¢HHI2\, :

Taking the expectation and using Young’s inequality,

E (14 "l oo 2,2 ) V0" 2o |
- - (28),(30)
STHE [l w02y T E [IV0" B ozaz@n] S L

and thus we conclude that

t+1
E | sup sup{‘</ L’fds,¢>‘ s o€ HY, |9l g < 1} <512,
7€(0,0) t N

E

i.e.,

sup I1(t,7)| <6Y2, uniformly in t € [0,T].

7€(0,0)

Estimate of I3. Set L} :=II,, [F(u",v )] The function F is linearly growing in
both its arguments, Wthh follows from ), (5) and (6). Using this, we bound

t+7 t+7
4 L?d&@\
t

by a constant times

/2 [1+u"+ Un”L?((O,T)xSZ) HHn¢||L2(Q)

n|2 ni2
< 7'1/2 (1 + ||U ||L2((O,T)><Q) + ||u ||L2((O,T)><Q)) ||¢||H]2\] 5

where we have used Young’s inequality and that the sequence {e;};~, is an orthonor-
mal basis of L*(Q2), so that [T, 12y < [[6ll12(q) < 161|773 - Hence

t+7
E| sup sup{‘</ Lgds,¢>‘ c € Hy, ol 2 < 1} < §1/2,
7€(0,9) t N

E

Fu",v",¢dxds

ie.,

7€(0,6)

sup I3(t,7')] <62, uniformly in ¢ € [0, 7).
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Estimate of ;. Set L := >}'_ 1ft+7 i (u") dWy k(s). We bound

‘</tt+TLgds’¢>‘ /5> /HT ") W, (5) 6 d

k=1
by a constant times

n

t+71
3 / o (") AW, 4 (s)

k=1

101l £2(q)

L2(9)
where (|| 2oy < H¢||H12V By the Burkholder-Davis-Gundy inequality (13),

n t+1
E | sup Z/ O i (u"™) dWy 1. (s)
¢

7€(0,9) || =1

L2()

sy [ e dm]l

S0 0 (14 [~ aaocon))

2
(30)
where E {HunHL“’(O,T;Lz(Q))} < 1. As aresult,

t+1
E| sup sup{K/ L2d8,¢>‘ ¢ € HY, |10l 2 él} <62,
7€(0,6) t N

ie.,
E| sup I(t,7)| <62, uniformly in ¢ € [0,T].
7€(0,6)
Summarising our estimates of Iy, ..., Iy concludes the proof of (39) for w = w.
The proof for w = v is the same. O

7. Tightness and Skorokhod a.s. representations. In this section we establish
the tightness of the probability measures (laws) generated by the Faedo-Galerkin
solutions {(u™,v™, W, W' ug,v3)}, >, Note that the strong convergence of u™, v"
in L7, is a consequence of the spatial H' bound (28) and the time translation
estimate (39), recalling that H' C L? C (H%)". To secure the strong (almost
sure) convergence in the probability variable w € D, we need to use some results
of Skorokhod linked to tightness (weak compactness) of probability measures and
almost sure representations of random variables.

We choose the following phase space for the probability laws of the Faedo-
Galerkin approximations:

H:=Hy X Hoy X Hw,, X Hw, X Huy X Huygs
where
Hu, My = L7(0,T; L2(Q)) () C(0,T; (H' (2))*)
and (Up is defined in Section 2)
Hw,, Hw, = C([0,T];Uo), Huy = Ho, = L*(Q).
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As Xy = L*(0,T; L*(Q)), X, = C(0,T; (H*(2))*) are Polish spaces, the intersection
space X1 N Xy is Polish. It is also a fact that products of Polish spaces are Polish.
Therefore, since C ([0, T); Up) and L?(Q) are Polish, H is a Polish space. We denote
by B(H) the o-algebra of Borel subsets of H, and introduce the measurable mapping

v, : (D, F,P)— (H,B(H)),

Uy (w) = (u"(w), v" (), Wy (W), W (w), ug (), v (w)).-
We define a probability measure £,, on (H,B(H)) by

La(A) = (Pow) (4) = P (U, (4)), AcBH). (40)
Denote by Lyn, Lyn, Lwn, Lwn, Ly, Lyn the respective laws of u™, v™, Wi, Wi,

ufy and v, which are defined respectively on (H, B(H.)), (Hv, B(Hy)),
(HWu’ B(ku))7 (HWv ) B(HW«U)) (Huov B(Huo)) and (Hvov B(Hvo)) Thus

,Cn = Eun X Loyn X EW: X ‘CWT? X ,Cug X Evg.

Remark 6. As a cartesian product of topological spaces, H is always equipped
with the product topology and, thus, the Borel o-algebra B(H) generated by the
product topology. Of course, on H there are two natural o-algebras: the product
of the Borel o-algebras and the already introduced B(H) for the product topology.
For Polish (and separable metric) spaces, these two coincide. This implies that
coordinatewise measurability and tightness is the same as joint measurability and
tightness, which is important since we use the product of the Borel o-algebras in
the computations below leading up to the joint tightness and weak convergence in
the product space (H, B(H)).

Given sequences {r:, },,,~1 » {Vm },n>1 Of positive numbers tending to zero as m —
oo (to be specified below), introduce the set

A {z eL> (0,T;L*(Q)) N L* (0, T; H'(Q)) :
1
sup —  sup [2(-+7) = 2l e (o rarz) ) < ”}'
m>1Vm 7€(0,rm) ’ N

It is easy to see that Z, , =~ is a Banach space under the norm

21l 2 = |2l Lo 0,722 (0)) + 1@l 220,711 ()

Tm,Vm

1
P oD, P Al i)

In view of [36], we have
zZ CC L*(0,T; L*(Q)) N C([0, TT; (H'(Q))*),

where X CC Y means that X is compactly embedded in Y. Indeed, to conclude
this we need Theorem 5 in [36] on the compactness of functions with values in an
intermediate space. Let X7, X, X_1 be Banach spaces with continuous embeddings
X1 C Xo C X_1 and X; compactly embedded in Xy. Then [36, Theorem 5] ensures
that Z is relatively compact in L?(0,T; Xy), with p € [1,00), if Z is bounded in
LP(0,T;X1) and, as 7 — 0, there holds that [lu(-+7) —ull oo r—r.x ;) = 0,
uniformly for v € Z, if p is finite. If p = oo, then the relative compactness is
in C([0,T); Xo). First, we will apply this result with X; = H*(Q), Xy = L*(Q),
X 4= (HJQV)* and p = 2, which implies relative compactness in L?(0,T; L*(Q)).
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Second, we will apply it with X; = L*(Q), Xo = (H'(Q))*, X_1 = (H})" and
p = 00, to conclude relative compactness in the space C([0,T7]; (H*(2))*).

Now we verify that the laws L, cf. (40), of the Faedo-Galerkin solutions are
tight.

Lemma 7.1. The sequence {En}n21 of probability measures is (uniformly) tight,
and therefore weakly compact, on the phase space (H,B(H)).

Proof. For each § > 0, we need to produce compact sets
Ci,s C L*(0,T; L7(2) () C(0, T3 (H' (2))),
and Cys C C([0,T);Up), CssC L*(Q),

such that £, (Cs) = P({®, € Cs}) > 1 — 4, where C; is short-hand notation
for (Cy.5)> X (Ca5)° x (Cs,5)°. This follows if we show that £, ( 2?75) < §/6 for
i=1,2,3.

To this end, pick the sequences {7, } - _;, {vm},n_; such that

oo 7ﬂ1/4
d <o (41)
m=1 "

and take
Crsi={2€Zrpi i 12z, <Ris},

where R; 5 > 0 is a number to be determined later. In view of [36, Theorem 5],
C'9 is a compact subset of L?(0,T; L?*(R)). For w = u, v, we have

P ({w eD:w"(w) ¢ Cl";})
< P({weD: 0@~ orzy > Ris})

+ P ({w €D : |w"(W)llpz2(0,7,m (0)) > Rl"s})

+P <{w eD: sup Jw"(-+T)— w”||LQC(07T_T;(H]2v)*) > Rys Vm}>
TE

(0,7m)
=Pi1+Po+ P 3 (forany m>1).
Repeated applications of the Chebyshev inequality supply

1 C
P —E[ (] e - } < =,
1S R [w™ @)l Loe 0,712 (0)) | Ris

1 n ¢
— < Ry s
, Rl,éE [Ilw (w)”Lz(O,T;Hl(Q))} ~ Ris’

IN

~
[\
IN

oo

1

Ps<y E (- —w" *

v \ Risvm L)<S;l<prm [+ 7) —w HLW(O’T*T;(H%) )
m= -

C &t ey ¢
S N
Ry

o R1,6 1 Ym

where we have used (28), (30), and (39). From this, we can choose R; s such that

)
Lon (Cis5) =P({weD:uw"(w) ¢ Cis}) < g W=
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Regarding the finite-dimensional approximations of the Wiener processes, we
know that the finite series W7, W are P-a.s. convergent in C([0,T; Up) as n — oo.
This implies that the laws Lyn, Lyn converge weakly. Now we use Prokhorov’s
weak compactness characterization (see e.g. [11, Theorem 2.3])) to conclude the
tightness of {,Cws}n21 and {‘CW&‘}nzl; thus, for any § > 0, there exists a compact
set Cq5 in C([0,T]; Up) such that

Lw; (C55) =P{weD:Wy(w) ¢ Cas}) <

, W =u,v.

D>

Similarly, the initial data approximations u?, v} are P-a.s. convergent in L?(Q) as
n — oo, and so the laws Lz, Lyn converge weakly (with Lyp — ptuy, Lop — Huy)-
As a result, these laws are tight and thus

)
Ly (C35) =P ({we D:wy(w) ¢ Cs5}) < & w=u,v.

Summarising, {£,},~; is a tight sequence of probability measures. By Prokhorov’s
theorem [11, Theorem 2.3], this implies the weak compactness of {Ln}n21. O

As the probability measures £, linked to the Faedo-Galerkin approximations
form a sequence that is weakly compact on (H, B(#H)), we deduce that £,, converges
weakly to a probability measure £ on H, up to a subsequence that we do not relabel.
We can then apply the Skorokhod representation theorem (see e.g. [11, Theorem
2.4]) to deduce the existence of a new (complete) probability space (f),}i , P) and
new random variables

W, = (a5, W Wi, o) ¥ = (a6, Wa, W, %), (42)
with respective joint laws £,, = £,, and £ = £, such that W, — ¥ almost surely in
the topology of X, i.e., the following convergences hold P-almost surely as n — co:
" — 4, 9" — 0 in L*(0,T;L*()),

" —a, " -9 inC([0,T); (H'(Q)),
W =W, W!—W, inC([0,T];U),

ay — g, g — Vo in L*(Q).

(43)

By equality of the laws, the estimates in Lemma 5.1 and Corollary 1 continue to
hold for the new random variables @" (w = w,v). In fact, all statistical estimates
for the Faedo-Galerkin approximations w™ are valid for the “tilde” approximations
@™ defined on the new probability space (D, F,P). Recall w" € C([0,T);X,) P-
a.s., where X,, = Span{ey,...,e,} and each e; belongs to H% C L* Besides, by
elliptic regularity, e; is smooth in . Since w™ and @™ have the same laws L,,» and
C([0,T]; X,,) is a Borel subset of L2(0,T; L*(22)) N C(0, T; (H'(£2))*), it follows that
L, (C([0,T);X,,)) =1 and @™ € C([0,T}; X,,) P-a.s., w = u,v. Moreover, we have

Lemma 7.2. Let a"(t), 0" (t), W/ (t), W(t), a2, 03 be the Skorokhod representa-
tions of the Faedo-Galerkin approzimations, cf. (42). There exists a constant C' > 0,
independent of n, such that

E (10" orm2@ | <O B{IVI"lEaonen) SO w=wv,  (@4)

for any q € [2,qo], see (15) and Corollary 1 for the appearance of qq.
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Proof. We prove the first estimate in (44), as the other ones can be proved in the
same way. Let f : X7 — X5 be a continuous injection between Polish spaces.
According to the Lusin-Suslin theorem, f(X7) is a Borel set in Xy. Since X; :=
L*°(0,T; L?(Q2)) is continuously embedded in X, := L2(0,T;L?(Q2)), we can ap-
ply the Lusin-Suslin theorem to ensure that X; is a Borel set in X5. Hence, as
p = Lyn is a measure on Xp and |-|? : Xy — R is continuous (= Borel measur-

able), the integration le |w|? dp(w) makes sense. Consequently, E [Hw"HqL?CLi} =

Jr Il dp(aw) = E [ ] < C. 0

Recalling (42), consider the associated stochastic basis

}tE[O,T]’p’ ~173 ~1’7)3 (45)

where
Fl = U(U(\i/”ho,t]) U{N € F:P(N) = 0}).

The filtration {.ﬁ"}n>1 is the smallest one making all the “tilde processes” 4", 7",
WJZ Wg‘, ug, and vy adapted.

A cylindrical Wiener process is fully determined by its law. By equality of the
laws and Lévy’s martingale characterization of a Wiener process, see [11, Theorem
4.6], we conclude that VVS and Wy are cylindrical Wiener processes with respect
to their canonical filtrations. Furthermore, we claim that W&’, Wf are cylindrical
Wiener processes relative to the filtration {ﬁtn}n>1 defined in (45). To prove this,
we must verify that W/(t) is F;* measurable and W (t) — W (s) is independent
of .7:'8”7 forall 0 < s <t <T,w=u,v. These properties are simple consequences
of the fact that W and W/ have the same laws and that W7 (t) is F; measurable
and W (t) — W7 (s) is independent of Fs.

Hence, there exist sequences {Wg k} K>10 {Wfk} x> of mutually independent

real-valued Wiener processes adapted to {]:'[L} +€[0,T] such that

wn = Z W[;’kwk, for w = u, v, (46)
k>1

recalling that {wk}k>1 is the basis of U and the series converge in Uy D U (cf. Sect. 2).

In what follows, we will use the following n-truncated sums
~ n ~
Wé}n) = Z g,kwka w = U, v,
k=1

which converges to W, in C([0,T7; Uy), P-almost surely; the convergence claim
follows from (43) and standard arguments (see e.g. [11, Section 4.2.2]).
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Arguing as in [8], using (22) and equality of the laws, the following equations
hold P-almost surely on the new probability space (D, F, P):

a"(t)—/otnn {v- (Du(/ﬂﬁn(t,x)d:c)Vﬂ")] ds

_/Ot 1L, [V' (All(ﬂn75n)vm‘*‘Al?(ﬂn’ﬁn)vw)} ds

t t
:ag+/ I, [F(a",o")] ds+/ o™(@") dW M (s) in L3(Q),
0 0

, (47)
@”(t)—/o 0, [v- <DU(/QTJ"(t,x) dm)wnﬂ ds
—/O M, [V (A1 (@, 5") V" + Asa(3, 5) V5, )| ds
:176’4-/0 IL, [G(a™,7™)] ds+/0 o (@) dW ™ (s) in L2(1),
for any t € [0,7], where oy (0") dWy" = Y70, op (0 )dka? w = u,v. Let

us sketch the proof of the first equatlon in (47), with the second one following in
the same way. Consider the first equation in (22) and introduce the L?()-valued
stochastic process

In(w.t2) = u"(t)—ug—/otﬂn {v- (Du(/gu"(t,m)dx)vunﬂ ds

- /Ot 1T, [V . (All(u", v"M)Vu™ 4+ Alg(u”',v")Vv"ﬂ ds

_ /0 L, (R, 0] ds — /0 o) aw ().

Replacing u™, v™, ug, W} by @”,9", 45, VV{}, we denote the resulting process by I,
Let us also introduce the random variables

~ 2
In(w) = [[In(w, -, ')||i2(07T;L2(Q)) v In(w) =

jn(wv K )‘

L2(0,T5L3(Q))

By (22), Z,, = 0 a.s. and thus E{ ] = 0. Recalling that fo ")y dW(s) =

Y orey fo u, L (™) W”k, let us replace the integrand o7 ( ™) by the tlme-regularlsed

1+I

function au w(t) =5 fo B Zk u"(s))ds, for § > O, in which case the stochastic
integral can be viewed as a continuous function of the Wiener process W', (after
an integration by parts). Denote by Z9 the analog of Z,, with oy i (u™) replaced by

~ )
ai’k. We use a similar definition of Z2. It is now possible to write % = L(¥,),
78
1?1’5 = L(¥,,), for some continuous function L : X — R. By equality of the laws,
~ jé 79
| = / L(U)dL,(P)=E -

Sending & | 0 yields E { lf’% } = 0, implying that the first equation in (47) holds.

n
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The next estimate was not stated in Lemma 7.2, but it can be derived from the
“tilde” equations in (47), following the proofs of (29) and (36). For any ¢ € [2, qo],

g

T 2
E / Ay (@, 5] (\Vﬁ”|2+ |v17"|2) dedt| | <€, ij=12  (48)
Q

where the constant C is independent of n.

8. Passing to the limit in the Faedo-Galerkin equations. A stochastic basis
is needed for the limit of the Skorokhod representations, i.e., for the variables ¥ :=
(ﬂ,ﬁ,Wu, Wv,ﬁo,ﬁo), cf. (42): namely,

S: (Daﬁ7{ﬁt}tE[OT]aPaWu;WU)7 (49)

where F; = o(o(¥ ’0 0.4] JU{N € F : P(N) = 0}). Recall that W7, W7 are

cylindrical Wiener processes with respect to Sn, see (45) and (46). Since W" — VVu7
WJL — W, in the sense of (43), it is more or less obvious that also the limits Wu, W,
are cylindrical Wiener processes with respect to S, see for example [32, Lemma 9.9]
or [13, Proposition 4.8]. As a result, there exist sequences {Wu,k}kx, {VA[‘/}),k}k>1

of real-valued Wiener processes adapted to the filtration {J;} cf. (49), such

that Wu = Zk21 Wu)]f’(/Jk and Wv = Zk21 Wv,kwk-
Given the n-independent estimates in Lemma 7.2 and the almost sure conver-
gences in (43), we deduce the following result:

tel0,T]’

Lemma 8.1 (convergence). The limits @, 0, W, Wy, o and 0y, see (42) and also
(43), satisfy

i,v € L*(D, F, P; L*(0,T; H'(Q))) (| L*(D, F, P; L= (0,T; L*()))
()L*(D, F,P; C’(OT (H'()")),

and \/|Ai; (@, ©)[Va € L*(D, F, P; L*(0,T; L*())), fori,j =1,2.

Let " (t), o™ (t), W(t), W/ (t), 4, O3 be the Skorokhod representations of the
Faedo-Galerkin approximations, cf. (42). Then, passing if necessary to subsequence
asn — 0o,

(vi)) WP — Wy, WJ‘—>WU mLQ( vy e
vil) At — @, O — 99 in L2(D,F, P; L2(Q
0 5 0
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Proof. The strong convergences (i) follow from (43), the moment estimate (44) with
q > 2, and Vitali’s convergence theorem. The strong convergences (vii) and (viii)
follow in a similar way. The weak convergences (ii), (iii) are consequences of the n-
uniform bounds on @", 9" in L2 L?H} and in L2 L{°L2, cf. (44), passing if necessary
to a subsequence.

Part (iv) is a consequence of (43) and Vitali’s convergence theorem, given the
moment bounds (with some ¢ > 2)

E jw]® SE | Jwl|222 L
C C

<1
(10.73;(77 (2))*) r=(o.riz2(@) 1] (0.1 (2)) ] ~ 7

for w = 4", 9", i1, ¥, where we have used that w is bounded in L29~1 L L2 see (44).
Let us verify part (v). Set a, := /| Ai2(@™, "), b, := V@", ¢, = a,b, and
|Ai2(@,9)|, b := V@, ¢ = ab. By (ii), b, — bin L2, .. By (i), passing to a
subsequence (not relabelled), we may as well assume that 4" — 0, 9" — U almost
everywhere in (w, t,z). By the global Lipschitz continuity of A;s(-,-), this transfers
to a, — a almost everywhere in (w,t,x). Besides, since 4" and 9" are uniformly
bounded in L2 ; ., ay is uniformly bounded in L, ; .. Vitali’s convergence theorem
then implies that a,, — a in L2, ,. Next, given the bound (48) (with ¢ = 2), ¢,
converges weakly to some limit ¢ in L2 ; ,, passing if necessary to a subsequence
(not relabelled). At the same time, a,, — a and b, — bin L? , ,, and so the strong-
weak product a,b,, converges weakly to ab in L}uym, which allows us to identify the
weak limit ¢ € L2, , as ab, i.e., ¢, = anby, — ¢ =abin L2 ; .. This proves (v). The

verification of (vi) is similar. O
Our final step is to pass to the limit in the Faedo-Galerkin equations (47).

Lemma 8.2 (limit equations). The limits @, 7, W, We, o, o of the Skorokhod
a.s. representations of the Faedo-Galerkin approzimations—constructed in (42),
(43) —satisfy the following equations P-a.s., for all t € [0,T]:

[apude— [ opuds
Q Q
t
+ / / (Du ( / i(t, ) d ) Vi + Avy (i, 9) Vi + Asa(il a)w) Ve da ds
0 Q Q

:/Ot/QF(a,fJ)@udmds—&—/Ot/ﬂou(d)(puda:dﬁ/u(s), (51)

/ﬁ(t)govdx—/ﬁogov dx
Q Q

t
+/ / <DU</ ﬁ(t,x)dx)V"D+A21(ﬁ,f))Vu+A22(ﬂ,ﬁ)Vv) Ve, dz ds
0 JQ Q

_ /O t /Q G, B)py dar ds + /0 t /Q 00 (D)0 du AW, (s), (52)

or all @, p, € WH4(Q), where the laws of g and U are iy, and [, , respectively.
0 0

Proof. We will focus on (51). The second equation (52) can be treated similarly.
First, recall that the space H% is dense in W14(Q). Therefore, it is sufficient
to establish (51) under the assumption that ¢, € H% C L°°. Indeed, given the
bounds in Lemma 8.1, all terms in (51)—except for cross-diffusion and the stochas-
tic integral—are bounded by a (w-dependent) constant times the L*(2) or H' (1)
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norm of ¢,. Via the BDG inequality (13), the stochastic integral is bounded in
expectation by a constant times the L?(2) norm of ¢,. Finally, as A (%, 9)Va
and A15(@, 9)Vo can be bounded in L*3((0,T) x Q), the cross-diffusion terms are
bounded by a (w-dependent) constant times [|¢||yy1.4(q)-

Fix ¢, € H%, and write (51) symbolically as I, (w,t) = 0, for (w,t) € D x (0,T).
As in [12], the strategy of the proof is to demonstrate that

T
2 B 2
HI“”H(Dx(o,T)):E/O (Lu(w,t))” dt =0,

which would imply that I, = 0 for dP x dt-a.e. (w,t) € D x (0,T) and thus, by the
Fubini theorem, I, = 0 P-a.s., for a.e. t € (0,T). Since the simple functions are
dense in L2, it enough to prove that

T
E l/o 1z(w,t)Iy(w,t)| dt =0, (53)

for a measurable set Z C D x (0,T), where 1z(w,t) € L*® (D x (0,T);dP x dt)

denotes the characteristic function of Z.
The Faedo-Galerkin equations (47) holds in L?(Q2), and hence pointwise in x.

Multiplying the first (pointwise) equation with ¢, € H% and then doing spatial

integration by parts, using the fact that @",o" € H%—and thus %i: = %L: =0on

J)—and basic properties of the projection operator II,,, we eventually arrive at

/ cpudx+// / tx)dx)Vu - VI, 0, dxds
+/ / An(a",@")va”+A12(a",@”)w") VL, da ds
/uogoudx+// ", 0™, 0, dx ds
// Vo da ATV ().

We multiply (54) with 1z(w,t), integrate the result over (w,t), and then we pass
to the limit n — oo in each term separately.

(54)

ntoo

By part (viii) of (50), we obtain IEfOT Jo1zug oy dz — EfOT Jo 1zt dz.
Recall that uf = Il,ug — ug in L?(2) and ug ~ p, (cf. Theorem 3.2 for the
appearance of f,,). Hence, as the laws of u{} and @j are the same, we conclude
that ’110 ~ Moy -

In what follows, we will make repeated use of the following simple fact: If X,, —
X in LP(D x (0,T)), p € [1,00), then fot X, ds — fot X dsin LP(D x (0,T)) as well.
Furthermore, we will use that

1z(w,t)pu(x) € L% (D x (0,T) x Q) =: LT, ,.

17(w,)Veu(z) € L*(D x (0,T) x Q) L2 4o

The weak convergence in L2 , , of Vu™, cf. (50)—(ii), implies that

E VOT1Z(w,t) (/Ot/QDu(/Qﬂ"(t,x)dx)Va"-VHngpudxds) dt]
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"T_"?IEVO 12(w,t) <// / ta:)da:)Vu Vgaudxds> dt],

where we have used that D, (fQ dx) VIl o, — iy (fQ dx)chu

strongly in L2
LEJ ,t,x

of D, (fQ a" (-, z) dz
Regarding the cross-diffusion terms, set (for w = w,v and i = 1,2)

otz recalling VIL,p, — Vo, in L2 and noting that the strong
convergence of @", cf. (50)—(i), and (7) imply the strong L2 , convergence

|A1i(an’{}n)|, by = VI ou, cn = anbp,
|.A1Z‘(’l],1~))‘, b:.= V(,Dm C = ab,

@, o[Va", d= /A 0|V
and write

Aw(@®, 5)Va™ - Vpu = cp - dn.
Recalling that d,, is weakly convergent to d in L2 cf. (50)—(v), we need to prove
in order to conclude that

w,t,z?
that ¢, = a,b, is strongly convergent to ¢ = ab in L?

Cp-dyp —c-din Lw7t7m. First, b, — b in L*:

w,t,

1
[b— bn||L4(Q) < llpu — Hn‘pUHWlA(Q) S llew — Hn@uulﬁ =0,

where we have used that H3 C Wh4(Q) and {e;};, is a basis of HZ. We also

claim that a, — a in L} To see this, note that (50)—(i) and (8) imply

w,t,z*
= [Au(@",o")| = [Au(a,0)] =a® in L7, ,
Thus, by the Brezis-Lieb lemma,

oz

w,t,x

" [la*|l 1
w,t,x

Passing to a subsequence if necessary, we may as well assume that a,, — a a.e., and

further note that a, is uniformly bounded in LY ; ,, because @", 0™ are uniformly

bounded in L2, , and Ay;(-,-) is globally Lipschitz continuous, cf. (8). Another

application of the Brezis-Lieb lemma then guarantees that a, — a in L}

d, = din L?

w,t,x as

n — oco. Summarising, ¢, = anb, — ¢ = ab in L? and thus

1
Cpdp —c-din Ly,

As a result ofocn dpde — [yc-ddxin L}

w,t,x? w,t,x

w.t» We obtain (w = u,v, i =1,2)

T
/ 17(w,t) (//Auu o -VHngoud:Uds> dt]
0
T
"T—°>OE[/ 1z(w,t) (//Ahu YW - Vgoudacds> dt].
0

Using that F' is globally Lipschitz, cf. (4) and (5), and the strong convergences
" — @, 0" — 0 in L2, ., cf. (50)~(i), and recalling II,p, — @, in L*(Q), we

obtain
T t
/ 17(w,t) (/ / F(a™, 0™,py dxds) dt]
0 0o Jo

E

E
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"oy VOT1Z(w,t) </Ot/QF(fL,17)<pudxds> dt].

For the stochastic integral, we will use Lemma 2.1 to prove that
t t
/ o (@) WD (s) %% / ou(@) dWa(s) in L2 (0,T:I3()),  (55)
0 0
in probability (with respect to P). Since W = W, in C([0,T); Up), P-a.s. and
thus in probability, cf. (43), it remains to prove that
o (@") — oy (@) in L*(0,T; Lo(U; L*(R2))), P-almost surely. (56)

Clearly,

T
m/“ (@) — o2 @) g ey

0

T
sAn%@—%wm@mmmﬁ (57)

T
+/0 Hau(ﬂ) - 03(17«)“%2([[};1;2(9)) dt =: Il + IQ.
By (12) and (43), we easily obtain

ntoo

I, “% 0, P-almost surely. (58)

For the I>-term, we proceed as follows:

~\[12
/kaHUuk (U)HL2(Q) dt
/ Ou k(U Zaukl dt
’ L2<n>

T
/ZHM I, (@) [ dt::/o S(8) dt,

k>1

2

k>1

where oy, 0y k1 are defined respectively in (10), (21).
The integrand can be dominated by an L} := L'(0,7T) function (P-a.s.):

2
0<E,(t) < 42 l|our (@ ||L2 «Q = =4 ||ou(alt ))||L2(U;L2(Q))
E>1

(12) ~ 9 1
< O (1+1a0)) € Lt

recalling that @ € L2L{°L2 and thus ¢ Hﬂ(t)||2LQ(Q) € LY0,T) (a.s.). This

calculation also shows that ||0u(a)||i2(U;L2(Q)) € Lias and 3, lowr(@)|* € Li,
a.s., so that

Y oun(@ | "5 oun(@) in L3(Q),

k>1 k>1
for a.e. t and almost surely. In view of these facts and

ntToo

Yn.(t) — 0, a.e.on [0,7] (and a.s),
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an application of Lebesgue’s dominated convergence theorem supplies

ntoo

I, ™% 0, P-almost surely. (59)

Combining (57), (58) and (59), we arrive at (56). By Lemma 2.1, this implies (55).

Passing to a subsequence (not relabeled), we may replace “in probability” by

“P-almost surely” in (55). Fixing any number ¢ € (2,qo], cf. (15), we use the

Burkholder-Davis-Gundy inequality (13) and (11), (44) to work out the following
estimate:

. T
0

< T]E sup
t€[0,T]

t B q
/ o (@) dw
0 L2((0,T);L2(9))

n

t
Z /0 Uﬁ,k(ﬂn) dW;L,k

k=1

dt
L2()

n q

t
Z /0 Uﬁ,k(ﬁn) deZk

k=1

L2(Q)

o
< Cr (/0 S Mo @)1z dt) < Corr.
k=1

Hence, by Vitali’s convergence theorem, (55) implies

/Ot UZ(&")dW&")(s)%/Otau(ﬁ) dW,(s) in L? (D,f,P;LQ(O,T;LZ(Q))).

Using this and the fact that II,,¢, — ¢, in L?(Q), we arrive at

E / 17(w,t) (/ / ngaudxdW"( )) dt]
0
=E / / (/ ") dW ™ (s )) (17 (w, ),y (x )dxdt]
m—offl;:/ 1Zwt(//au cpudxdW t]
0
This concludes the proof of (53), which implies that the desired (51) holds. O

Remark 7. We have proved that the Skorokhod representations (42), (43) satisfy
the weak formulation (51), (52) for a.e. t € [0,T]. As@,v € C([0,T]; (H'(2))") as.,
the weak form (51), (52) actually holds for every ¢ € [0,7]. This weak continuity
property also ensures that @, v are predictable in (H 1(9))*.

9. Nonnegativity of solutions. This section proves that the martingale solution
(u,v) constructed as the limit of the Faedo-Galerkin approximations (u™,v™) is
non-negative, thereby ending the proof of Theorem 3.2. The proof is based on the
Stampacchia method, which was properly adapted to the stochastic setting in [10].
It uses It6’s formula to derive the SDEs satisfied by the negative parts (u™~,v™ ™)
of the Faedo-Galerkin solutions, an energy estimate, and a limiting process with
n — oo, arriving eventually at E |[(u™(t),v™ (¢))[|f2(q) = 0, if the initial data are
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nonnegative. We write a~ for the negative part, max(—a,0), of a € R. Below we
work with a smooth approximation S.(-) of (-)~.
The nonnegativity result is contained in

Lemma 9.1. The solution (u,v) constructed in Theorem 3.2 is non-negative.

Proof. In this proof we drop the tildes on the relevant functions, writing for example

u™, u instead of 4", 4. For ¢ > 0, denote by S.(w) the C? approximation of (w_)2
defined by

wQ—% ifw< —¢
Se(w) = —% 4§‘j it —e<w<0
0 ifw>0
Observe that
2w w < —€, 2 w < —¢,
Sl(w) = ¢ —24° 40y e[ 0), S(w)={ -8 8w e[ ¢0),
0 w >0 0 w > 0.

It is easy to see that Sc(w) > 0, SL(w) < 0, and S7(w) > 0 for all w € R. Besides,
as ¢ — 0, the following convergences hold, uniformly in w € R: S.(w) — (w’)Q,

2 if
Sl(w) —» —2w~, and SV (w) — 1 v 0. An application of Ité formula to
0 ifw>0

), where u™ solves (22), gives

/S ™( dx—/S
—/ /S;'(u”(s))Du</Qu"(s,x)dx> \Vu"|? da ds

/ /S" All(u v )Vu”’+A12(ﬂ",6")VU”') -Vu" dz ds

+/0 LS;(U"(S))F(u",v”)dxds (60)

+;/O /QSE(UH(S))JZak(Un)dxdW:}’k
1 n t "e.n n a2 B 5 |
+2kz_:1/0 /QSg(u (5)) (o0 x(u™))” da ds —-;L.

It is easy to see that I; < 0. In view of (8) and Remark 1,
S’ (w)=0 forw>0, and S/(w)>0 forweER, 6l
A1 (w,) >0 and Aja(w,) =0, forw <O0. (61)

As a result,

—/Ot/ﬂsg'w

X (All(una v")Vu" + Aqp(a”, f)")V"u”) -Vu" dx ds

-/ 1 (1))
{um(t,2)>0}
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X (Au(u", V"MV + Aga(u”, v")Vv") -Vu"dzds

- / / S (u (1))
{un(t,z)<0}

X (All(unv v")Vu" + A (u”, v")Vv") -Vu" dx ds

-/ St (1))
{un(t,z)<0}

(61)
X (Au(u",v”)Vu" + Aja(u”, v”)Vv") -Vudzds < 0.

Similarly, from the definition of the function F, cf. (4) and (5), it follows that I5 = 0.
Keeping in mind the convergences in (50) (see also [10, Section 3.2]), we send
n — oo in (60) to arrive at the inequality:

E [I1S- () 320y | = E [1S((0)) 720
0ot , . ) (62)
<E kz_l/o /Qse (u(t)) (of ,(w))” dzds|,  te0,T].

Sending ¢ — 0 in (62), and proceeding exactly as in [10, Section 3.4], we arrive at

E [||u™ ()] }2(0] —E [lu” O720)] < CE [ / @y ds|. 63

for a.e. t € [0,7] where C' > 0 is a constant. Finally, by the nonnegativity of
u(0) and applying Gronwall’s inequality in (63), we conclude that u~ = 0 a.e. in
(0, T) x €, almost surely. Along the same lines, it follows that v > 0 a.e. in (0.7") x £,
almost surely. O
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