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ABSTRACT. This paper contains two contributions in the study of optimal
transport on metric graphs. Firstly, we prove a Benamou-Brenier formula
for the Wasserstein distance, which establishes the equivalence of static and
dynamical optimal transport. Secondly, in the spirit of Jordan—Kinderlehrer—
Otto, we show that McKean—Vlasov equations can be formulated as gradient
flow of the free energy in the Wasserstein space of probability measures. The
proofs of these results are based on careful regularisation arguments to cir-
cumvent some of the difficulties arising in metric graphs, namely, branching
of geodesics and the failure of semi-convexity of entropy functionals in the
Wasserstein space.

1. Introduction. This article deals with the equivalence of static and dynami-
cal optimal transport on metric graphs, and with a gradient flow formulation of
McKean—Vlasov equations in the Wasserstein space of probability measures.

Let (V,E) be a finite (undirected) connected graph and let £ : E — (0,00) be a
given weight function. Loosely speaking, the associated metric graph is the geodesic
metric space (&,d) obtained by identifying the edges e € E with intervals of length
l., and gluing the intervals together at the nodes. In other words, a metric graph
describes a continuous “cable system”, rather than a discrete set of nodes; see
Section 2.2 for a more formal definition. Metric graphs arise in many applications
in chemistry, physics, or engineering, describing quasi-one-dimensional systems such
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as carbon nano-structures, quantum wires, transport networks, or thin waveguides.
They are also widely studied in mathematics; see [6, 23] for an overview.

For 1 < p < oo, the LP-Wasserstein distance W), between Borel probability
measures 1 and v on & is defined by the Monge-Kantorovich transport problem

1/p
Wy(pt,v) := min {/ d?(z,y) da(x,y)} ,
o€ll(p,v) GBXG

where II(u, v) denotes the set of transport plans; i.e., all Borel probability measures
o on B x B with respective marginals g and v. Since & is compact, the Wasser-
stein distance W, metrises the topology of weak convergence of Borel probability
measures on &, for any p > 1. The resulting metric space of probability measures
is the LP-Wasserstein space over &.

Metric graphs (®,d) are prototypical examples of metric spaces that exhibit
branching of geodesics: it is (typically) possible to find two distinct constant speed
geodesics (7t )ef0,1] and (Y¢)eeqo,1], taking the same values for all times ¢ € [0, o] up
to some tg € (0,1). For this reason, several key results from optimal transport are
not directly applicable to metric graphs. This paper contains two of these results.

The Benamou-Brenier formula. On Euclidean space R?, a dynamical char-
acterisation of the Wasserstein distance has been obtained in celebrated works of
Benamou and Brenier [4, 5]. The Benamou—Brenier formula asserts that

1
W2(u,v) = inf {/ ve|? dt} 1
2(wv) = inf i el 22 (e (1)

where the infimum runs over all 2-absolutely continuous curves (j1¢)e[o,1] in the
L2-Wasserstein space over R, satisfying the continuity equation

d
gtttV () =0 (2)

with boundary conditions pg = ¢ and p; = v.

Here we are interested in obtaining an analogous result in the setting of metric
graphs. However, such an extension is not straightforward, since standard proofs
in the Euclidean setting (see [2, 26]) make use of the flow map 7T : [0,1] x R? — R¢
associated to a (sufficiently regular) vector field (v¢)¢cjo,1], Which satisfies

%T(t, x) = (T(tw)), T(0,z) = z, T(t, ) w0 = i,
see, e.g., [2, Proposition 8.1.8]. On a metric graph such a flow map T typically fails
to exist, since solutions (f¢)¢e[o,1) to the continuity equation (2) are usually not
uniquely determined by an initial condition o and a given vector field (v¢)se[o,1]-

Circumventing this difficulty, Gigli and Han obtained a version of the Benamou-—
Brenier formula in very general metric measure spaces [13]. However, this paper
requires a strong assumption on the measures (namely, a uniform bound on the
density with respect to the reference measure). While this assumption is natural in
the general setting of [13], it is unnecessarily restrictive in the particular setting of
metric graphs.

In this paper, we prove a Benamou—Brenier formula that applies to arbitrary
Borel probability measures on metric graphs. The key ingredient in the proof is a
careful regularisation step for solutions to the continuity equation.
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Gradient flow structure of diffusion equations. As an application of the Bena-
mou—Brenier formula, we prove another central result from optimal transport: the
identification of diffusion equations as gradient flow of the free energy in the Wasser-
stein space (P(®), W2). In the Euclidean setting, results of this type go back to the
seminal work of Jordan, Kinderlehrer, and Otto [14].

Here we consider diffusion equations of the form

om=An+V-(n(VV+VWly])), (3)

for suitable potentials V : & — R and W : & x & — R. In analogy with the
Euclidean setting, we show that this equation arises as the gradient flow equation
for a free energy F : P(6) — (—o0, +00] composed as the sum of entropy, potential,
and interaction energies:

Flu) = /@ n(z)log () dA(z) + /@ V(@)n(z) dA(z)

+ % W (@, y)n(2)n(y) dA(z) dA(y),
BXG

if u = nA, where X\ denotes the Lebesgue measure on &.

A key difference compared to the FEuclidean setting is that the entropy is not
semi-convex along Ws-geodesics; see Section 4. This prevents us from applying “off-
the-shelf” results from the theory of metric measure spaces. Instead, we present
a self-contained proof of the gradient flow result. Its main ingredient is a chain
rule for the entropy along absolutely continuous curves, which we prove using a
regularisation argument.

Interestingly, we do mot need to assume continuity of the potential V' at the
vertices. Therefore our setting includes diffusion with possibly singular drift at the
vertices.

The Wasserstein distance over metric graphs for p = 1 has been studied in [20].
The focus is on the approximation of Kantorovich potentials using p-Laplacian type
problems.

The recent paper [10] deals with dynamical optimal transport metrics on metric
graphs. The authors start with the dynamical definition & la Benamou—Brenier
and consider links to several other interesting dynamical transport distances. The
current paper is complementary, as it shows the equivalence of static and dynamical
optimal transport, and a gradient flow formulation for diffusion equations.

Various different research directions involving optimal transport and graphs exist.
In particular, dynamical optimal transport on discrete graphs have been intensively
studied in recent years following the papers [11, 19, 21]. The underlying state space
in these papers is a discrete set of nodes rather than a gluing of one-dimensional
intervals.

Another line of research deals with branched optimal transport, which is used to
model phenomena such as road systems, communication networks, river basins, and
blood flow. Here one starts with atomic measures in the continuum, and graphs
emerge to describe paths of optimal transport [28, 7].

Organisation of the paper. In Section 2 we collect preliminaries on optimal
transport and metric graphs. Section 3 is devoted to the continuity equation and
the Benamou—Brenier formula on metric graphs. In particular, we present a care-
ful regularisation procedure for solutions to the continuity equation. Section 4
contains an example which demonstrates the lack convexity of the entropy along
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Ws-geodesics in the setting of metric graphs. Section 5 deals with the gradient flow
formulation of diffusion equations.

2. Preliminaries. In this section we collect some basic definitions and results from
optimal transport and metric graphs.

2.1. Optimal transport. In this section we collect some basic facts on the family
of LP-Wasserstein distances on spaces of probability measures. We refer to [26,
Chapter 5], [1, Chapter 2] or [27, Chapter 6] for more details.

Let (X,d) be a compact metric space. The space of Borel probability measures
on X is denoted by P(X). The pushforward measure T induced by a Borel map
T : X — Y between two Polish spaces is defined by (Tuu)(A4) := u(T~1(A)) for all
Borel sets A CY.

Definition 2.1 (Transport plans and maps).

1. A (transport) plan between probability measures u, v € P(X) is a probability
measure o € P(X x X) with respective marginals p and v, i.e.,

(proj)go =p  and  (projy)yo =1,

where proj;(z1,x2) := x; for i = 1,2. The set of all transport plans between
w and v is denoted by II(p, v).

2. A transport plan o € II(u,v) is said to be induced by a Borel measurable
transport map T : X — X if 0 = (Id,T)xp, where (Id,T) : X - X x X
denotes the mapping x — (z,T(x)).

Definition 2.2 (Kantorovich-Rubinstein—-Wasserstein distance). For p > 1, the LP-
Kantorovich—Rubinstein—Wasserstein distance between probability measures u, v €
P(X) is defined by

W, (1, v) = inf{ (/XXX (2, y) da(m,y)) 7 e, y)}. (@)

For any p,v € P(X) the infimum above is attained by some omin € H(u, v); any
such o, is called an optimal (transport) plan between p and v. If a transport map
T induces an optimal transport plan, we call T optimal as well.

By compactness of (X, d), the LP-Wasserstein distance metrises the weak conver-
gence in P(X) for any p > 1; see, e.g., [27, Corollary 6.13]. Moreover, (P(X), W,)
is a compact metric space as well.

We conclude this section with a dual formula for the Wasserstein distance (see,
e.g., [26, Section 1.6.2]). To this aim, we recall that for ¢ : X x X — R, the c-
transform of a function ¢ : X — R U {400} is defined by ¢°(y) := infyex c(z,y) —
o(x). A function ¢ : X — R U {+oo} is called c-concave if there exists a function
¢ : X — RU {400} such that ¢ = ¢°.

Proposition 2.3 (Kantorovich duality). For any u,v € P(X) we have

Wh(p,v) = sup {/ sodu+/1/)dv top(r) +1p(y) < dP(x,y) Vx,yeX}-
p,peC(X) X X

Moreover, the supremum is attained by a maximising pair of the form
(p, ) = (p, ), where ¢ is a c-concave function, for c(z,y) := dP(z,y).

Any maximiser ¢ is called a Kantorovich potential.
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2.2. Metric graphs. In this subsection we state some basic facts on metric graphs;
see e.g., [20], [6] or [16] for more details.

Definition 2.4 (Metric graph). Let G = (V,E, ¢) be an oriented, weighted graph,
which is finite and connected. We identify each edge e = (€init, €term) € E with an
interval (0,4.) and the corresponding nodes ejpit, €term € V with the endpoints of
the interval, (0 and /. respectively). The spaces of open and closed metric edges
over G are defined as the respective topological disjoint unions

¢ = H(O,Ke) and €= H[OJE].

ecE eckE

The metric graph over G is the topological quotient space

@::@/N,

where points in € corresponding to the same vertex are identified.

Note that the orientation of e determines the parametrisation of the edges, but
does not otherwise play a role. To distinguish ingoing and outgoing edges at a given
node, we introduce the signed incidence matrix Z = (t,) whose entries are given
by

+1 ifv= €inits
ley :=§ —1 if v = eterm,

0 otherwise.

As a quotient space, any metric graph naturally inherits the structure of a metric
space from the Euclidean distance on its metric edges [9, Chapter 3|: indeed, under
our standing assumption that & is connected the quotient semi-metric d becomes a
metric.

The distance d : & x & — [0,00) on & can be more explicitly described as follows:
For z,y € ®, let G = (V,E) be the underlying discrete graph obtained by adding
new vertices at « and y, and let d(x,y) be the weighted graph distance between x
and y in é, ie.,

d(z,y) := min Z Le,,
i=1

where the minimum is taken over all sequences of vertices z = zo,...,r, = y in
the extended graph G such that x;_; and x; are vertices of an edge e; € E for all
i =1,...,n. In particular, if z and y are vertices in G, no new nodes are added,
and we recover the graph distance in the original graph. We refer to [23, Chapter 3|
for details.

By construction, the distance function d metrises the topology of &. It is readily
checked that d is a geodesic distance, i.e., each pair of points x,y € & can be joined
by a curve of minimal length d(z,y). Consequently, also the Wasserstein space
(P(&), W) is a geodesic space.

In a metric space (X,d), recall that the local Lipschitz constant of a function
f X — Ris defined by

li = lim e
p(f)(z) Sy
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whenever z € X is not isolated, and 0 otherwise. The (global) Lipschitz constant is

defined by
: [f(y) = f(=)]
Lip(f) := sup ——————+.
( ) YyF#x d(l’, y)
If the underlying space X is a geodesic space, we have Lip(f) = sup,, lip(f)(z).

At the risk of being redundant, we explicitly introduce a few relevant function
spaces, although they are actually already fully determined by the metric measure
structure of the metric graph &.

(i) C(®) denotes the space of continuous real-valued functions on &, endowed
with the uniform norm ||-|| .

(i) C*(€) is the space of all functions ¢ on € such that the restriction to each
closed edge has continuous derivatives up to order k£ € N.

(iii) L*(®), for p € [1, 0], is the p-Lebesgue space over the measure space (&, \),
where A\ denotes the image of the 1-dimensional Lebesgue measure on € under
the quotient map.

(iv) Likewise, we consider the Sobolev spaces W1P(€) of LP(&)-functions whose
restriction on each edge is weakly differentiable with weak derivatives in L?(®).

3. The continuity equation on a metric graph. In this section we fix a metric
graph & and perform a study of the continuity equation

8tut+V-Jt:O (5)
in this context.

3.1. The continuity equation. In this work we mainly deal with weak solutions
to the continuity equation, which will be introduced in Definition 3.2. To motivate
this definition, we first introduce the following notion of strong solution.

Definition 3.1 (Strong solutions to the continuity equation). A pair of measurable
functions (p,U) with p: (0,7) x & — R, and U : (0,7) x € — R is said to be a
strong solution to (5) if
(1) t— p(t,z) is continuously differentiable for every z € &;
(i1) o~ U(x) belongs to C(€) for every t € (0,T);
(iii) the continuity equation < pi(2) + V - Uy(z) = 0 holds for every t € (0,T) and
z € ¢

(iv) for every t € (0,T) and w € V we have } ¢ tewUr(we) = 0.
Here, we write p; := p(t,-) and U; := U(t,-) and denote by V the spatial derivative.
Moreover, E,, denotes the set of all edges adjacent to the node w € V, and w, € &
denotes the corresponding endpoint of the metric edge e which corresponds to w €

&.

To motivate the definition of a weak solution, suppose that we have a strong
solution (ps, Ut)se(o,7) to the continuity equation (5). Let ¢ € C*(€) N C(B) be a
test function. Integration by parts on every metric edge e gives

d [t L. ‘.
—/ wptd:c:/ V- Upda + 0l
dt Jo 0 0

and summation over e € E yields

%/@¢Ptdx:/avw.mdx+zw(w) Z LewUt(we):/iva/).Utdw?

weV e€E,, ¢
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where we use the continuity of ¢ on & as well as the node condition (iv) above in
the last step. This ensures that the net ingoing momentum vanishes at every node
in V. In particular, choosing ¢ = 1 yields

/psd)\:/ptd)\,
& ®

for all s,t € (0,T), i.e. solutions to the continuity equation are mass-preserving.
Here condition (iv) is crucial to ensure that no creation or annihilation of mass
occurs at the nodes.

Definition 3.2 (Weak solution). A pair (¢, Jt)ie(o,r) consisting of probability
measures 4, on ® and signed measures J; on &, such that t — (u(A), Jy(A4)) is
measurable for all Borel sets A, is said to be a weak solution to (5) if

(i) t— [ ¥ dpy is absolutely continuous for every ¢ € C'(€) N C(&);

(i) fy 1l () dt < oo;
(iii) for every v € C1(¢& )ﬂC’ ) and a.e. t € (0,T), we have

/ Y, = / Ve - dJ;. (6)

Remark 1. Proposition 3.9 below shows that continuous functions on & can be
uniformly approximated by C! functions. By standard arguments it then follows
that (pe, J¢)tc(o,r) is a weak solution if and only if the following conditions hold:
(i) t — ¢ is weakly continuous; (i7) from Definition 3.2 holds; and

(iii') for every ¢ € C1((0,T)x€) such that ¢, Oy, € CH(E)NC(S) for allt € (0,T)

we have .
0 & ¢

See Lemma 3.10 below for the weak continuity in (i').

The next result asserts that the momentum field does not give mass to vertices
for a.e. time point. Hence, we can equivalently restrict the integrals over € in (6)
and (7) to the space of open edges €.

Lemma 3.3. Let B := €\ & denote the set of all boundary points of edges. For
any weak solution to the continuity equation (i, Ji)ie(o,1), we have

/T|Jt(B)dt:O.
0

Proof. Fix a metric edge e in ¢ and take w € {€init, €term - Without loss of general-
ity we take w = ejn;5. Then we can construct a family of functions ¢ for € € (0, 4,)
with the following properties:

(a) g € CH(E)NC(B);

(b) ¢ =0on €\ e and . — 0 uniformly on & as & — 0;

(¢) |Vepe| =1o0n(0,e) C eand |Vp.| — 0 uniformly on compact subsets of €\ {w}.
For instance, we could set ©°(x) := 1.(z)n.(z), where 7. : R — R is a C* approxi-
mation of the function z — (z A M) V 0. Choosing ¢(t,x) = ¢*(z) in (7), we

obtain by passing to the limit ¢ — 0 that fOT |J:|({w})dt = 0. O
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Lemma 3.4 (Weak and strong solutions). The following assertions hold:

(i) If (pt, Ut)ie(o,1) 5 a strong solution to the continuity equation, then the pair
(e, Je)reo,ry defined by py = pX and J; = U is a weak solution to the
continuity equation.

(ii) If (pe, Jt)te(o,1) i85 @ weak solution to the continuity equation (6) such that the
densities p; = % and Uy := % exist for all times t € (0,T) and satisfy
the regularity conditions (i) and (ii) of Definition 3.1, then (pt, Ut)ie(o,1) is a
strong solution to the continuity equation.

Proof. Both claims are straightforward consequences of integration by parts on each
metric edge in €. O

3.2. Characterisation of absolutely continuous curves. Let (X, d) be a metric
space and let T' > 0.

Definition 3.5. For p > 1, we say that a curve v : (0,7) — X is p-absolutely
continuous if there exists a function g € LP(0,T") such that

t
d(ys, 1) < / grdr Vs, t € (0,T) : s <t. (8)

The class of p-absolutely continuous curves is denoted by ACP((a,b); (X,d)).
For p = 1 we simply drop p in the notation. The notion of locally p-absolutely
continuous curve is defined analogously.

Proposition 3.6. Let p > 1. For every p-absolutely continuous curve v : (0,T) —
X, the metric derivative defined by

o e A(s, )

[71(¢) := lim Ts—t
exists for a.e. t € (0,T) and t — |¥|(t) belongs to LP(0,T). The metric derivative
|91(t) is an admissible integrand in the right-hand side of (8). Moreover, any other

admissible integrand g € LP(0,T) satisfies |](t) < g(t) for a.e. t € (0,T).
Proof. See, e.g., [2, Theorem 1.1.2]. O

The next result relates the metric derivative of ¢ — p; to the L?(p;)-norm of the
corresponding vector fields v;.

Theorem 3.7 (Absolutely continuity curves). The following statements hold:
(i) If (it)ieo,r) 5 absolutely continuous in (P(®),Ws), then there exists, for
a.e. t € (0,T), a vector field v, € L*(ps) such that |[vel|p2(,,) < |2|(t) and
(e, Vefie)eeo,T) 18 a weak solution to the continuity equation (6).
(ii) Conversely, if (e, Vifie)te(o,r) s a weak solution to the continuity equation (6)

satisfying fol Vel 2 () At < +00, then (pi)ic(o,ry is an absolutely continuous
curve in (P(&), Ws) and |p|(t) < ||vgllL2(u,) for a.e. t € (0,T).

Proof of (i). We adapt the proof of [2, Theorem 8.3.1] to the setting of metric
graphs.

The idea of the proof is as follows: On the space-time domain @ := (0,7) x & we
consider the Borel measure p := fOT 0¢ ® py dt whose disintegration with respect to
the Lebesgue measure on (0,7) is given by (ut):e(o,7)- To deal with the fact that
gradients of smooth functions are multi-valued at the nodes, we define 77, € M (€)
by i, (A) :== 3 cg i (ANE) for every Borel set A C €. We then set Q := (0,T) x &
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and define g € M_(Q) by @ := fOT d; @ @, dt. (Note that mass at the nodes is
counted multiple times). Consider the linear spaces of functions 7 and V given by

T::span{(O,T)x@a(t,x)ﬁa(t)go(m) : aeC’i(O,T),cpEC’l(G)OC(Qﬁ)},

V= {(O,T) X €3 (t,z) = V,®(t,z) : ®€ T}.
The strategy is to show that the linear functional L : ¥V — R given by
How Vo) =~ [ altpls) dptr, ),

is well-defined and L2(Q, fz)-bounded with ||L||* < fOT li>(¢)dt.  Once this is
proved, the Riesz Representation Theorem yields the existence of a vector field
vinV C L*(Q, ) such that [v]|2.; < fy |af*(t)dt and

T T
- [ i) [ e@an@at=raove) = [ aw) [ Ve an@

for vy :=w(t,-) and all @ € C}(0,T) and ¢ € C1(&) N C(B).

Once this is done, we show that the momentum vector field J := v - p does not
assign mass to boundary points in €, so that v can be interpreted as an element in
L?(Q, pn) and the integration over vector fields can be restricted to €.

Step 1. Fix a test function ¢ € C!(€)NC (&) and consider the bounded and upper
semicontinuous function H : & x & — R given by

H(z,y) 1|ipég0>)(x)<>| e
€T,Y) = w\r) — ey .
Cday TV

for z,y € &. For s,t € (0,T), let 057" € TI(us, p¢) be an optimal plan. The
Cauchy—Schwarz inequality yields

/wdﬂs—/ @ dp S/ d(z,y)H (z,y) do* " (z,y)
& 5] BXGB

(10)

1/2
sw2<us,ut)< H?(z,wdoﬁ%x,y)) |

As ¢ is globally Lipschitz on &, we obtain

’/@wdus _A¢dﬂt’ < Lip(p)Wa(ps, pit)

and infer that the mapping ¢ — fQ5 @ dyy is absolutely continuous, hence, differen-
tiable outside of a null set NV, C (0,T).

Fix t € (0,T) and take a sequence {s, } nen converging to ¢. Since {s, } is weakly
convergent, this sequence is tight. Consequently, {o*» 7}, oy is tight as well, and
we may extract a subsequence converging weakly to some & € P(® x &). It readily
follows that & € II(us, put). Moreover, along the convergent subsequence, we have

/ d*(z,y) dé(z,y) < lim inf/ d?(z,y) do* 7t (z, )
[CP2g) [o32g)

n—oo

BExG

= liminf W3 (s, , p1e) = 0,
n—oo
which implies that & = (Id, Id) 4.
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Using this result and the upper-semicontinuity of H, it follows from (10) that

f@ @d,us - fg_:, Sﬁdﬂt
s—t

lim sup
s—t

1/2
<lilOtmsw ([ )0 )
B xS

s—t

< il @) - [lip(@) [l 2, -
(11)
Step 2. Take ® € T. Using dominated convergence, Fatou’s Lemma, and (11), we
obtain

/Q;ttb(a:,t)du(x,t)‘ z}lbi{‘% }IL/QCD(x,t—h)—(b(x,t)du(m,t)’
i1 ([ ewnduen - [ ownaum) o

< / l(8) - 1D, (@) D)l 2,

<([Tirww)”( | e @) o))

(12)
Since fQ llip, (®)(z, t)|> du(z,t) < fQ\VQ)(x,t)F dp(x,t), we infer that L is well-
defined and extends to a bounded linear functional on the closure of V in L?*(Q, 1)
with || L|* < fOT |i1[(¢) dt, which allows us to apply the Riesz Representation The-
orem, as announced above.
In particular, (9) implies that ¢ — [ e Vo - vpdpy is a distributional derivative
for t — fQ5 @ duy. Since the latter function is absolutely continuous and, therefore,
belongs to the Sobolev space W1(0,T), we obtain

4 pdp = / V- vedpy for a.e. t € (0, 7). (13)
dt J s

We conclude that (u,vt)ie(o0,r) solves the continuity equation in the weak sense.
Lemma 3.3 implies that for a.e. ¢ the momentum field J; := v, - i, does not give
mass to any boundary point in € . Consequently, the spatial domain of integration
on the right-hand side of (9) may be restricted to €.

Step 4. It remains to verify (by a standard argument) the inequality relating the
L?(us)-norm of the vector field v; to the metric derivative of ;.

For this purpose, fix a sequence (@;);en of functions w; € V converging to v in
L?(@x) as i — oo. For every compact interval I C (0,T) and a € C1(0,T) satisfying
0 <a <1 andsuppa = I, we then obtain

/ a®)lv(z,t)]* dp(z, t) = lim / a(t)w;(z,t)v(x,t) du(z,t)
Q 71— 00 Q
T 1/2 1/2
= lim L(aw;) < (/ ]lj|pt|2dt> lim (/ ]].]|w7;|2dll)
0 1—> 00 Q

1—00
_ (/OT o) ([ wloan)™

Letting ||a — 17]|,, — 0, this inequality implies

[ [l amar< [1afoa
IJe I
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FIGURE 1. The supergraph .y is constructed by adjoining an
additional leaf at every node in V.

Since I C (0,T) is arbitrary, this implies that [[ve]|2(,,) < [4|(t) for ae. t €
0,7). O

3.3. Regularisation of solutions to the continuity equation. Next we in-
troduce a suitable spatial regularisation procedure for solutions to the continuity
equation. This will be crucial in the proof of the second part of Theorem 3.7.

Let € > 0 be sufficiently small, i.e., such that 2¢ is strictly smaller than the
length of every edge in E. We then consider the supergraph &,y 2 & defined by
adjoining an auxiliary edge e®** of length 2¢ to each node v € V (see Figure 1). The
corresponding set of metric edges will be denoted by €.t D €.

We next define a regularisation procedure for functions based on averaging. The
crucial feature here is that non-centred averages are used, to ensure that the regu-
larised function is continuous.

In the definition below, we parametrise each edge e = (€jpit, €term) € E using the

Lo Lo

interval (—%, %) instead of (0, /). The auxiliary edges e and e will then
Le

be identified with the intervals (f% —2¢,—%) and (%, % + 2¢), respectively. We
stress that for each vertex v, there is only one additional edge, but we use several

different parametrisations for it — one for each edge incident in v.

Definition 3.8 (Regularisation of functions). For ¢ € L!'(®ey), we define ¢f :
® — R by

1 atz+e

F@img [ ey froee=[-5.5] (14)
afr—e

where of = ({, + 2¢)/l.. We write o (z) := af, whenever z € € is a point on the

metric edge e.

Note that the value of ¢, in each of the nodes depends only on data on the
corresponding auxiliary edge. In particular, the value at the nodes does not depend
on the choice of the edge, so that ¢, indeed defines a function on &. We collect
some basic properties of this regularisation in the following result.

Proposition 3.9. The following properties hold for every € > 0 sufficiently small:
(i) Regularising effect: For any ¢ € C(Bexi) we have ¢f € CH(€) N C(B) and

&€

Ve (y) = 55 (elafy + ) — plagy - <) (15)

fOT y e [768/27 66/2]‘
(i) If ¢ belongs to C(Gexy), then ° converges uniformly to ple as e \ 0.

Proof. (i) follows by direct computation; (ii) follows using the uniform continuity
of o on Beys. O
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Lemma 3.10 (Weak continuity). Let (p¢, Jt)ie0,1) be a weak solution to the con-
tinuity equation on &. Then t — qu wdpy is continuous for every ¢ € C(®).

Proof. Fix ¢ € C(®), take a continuous extension to Gy, and define ¢° accord-
ingly. Proposition 3.9.ii then implies that ¢° converges uniformly to ¢ on & as
€ \( 0. As aresult, the function ¢ — fes ° dus converges uniformly to ¢ — qu o dug.
Since ° belongs to C(&) N C'(€&) by Proposition 3.9.i, we conclude that the map-
ping t — |, & P dpe is continuous, being a uniform limit of continuous functions. [

By duality, we obtain a natural regularisation for measures.

Definition 3.11 (Regularisation of measures). For u € M(®) we define u° €

M(ﬁext) by
/ pdu® :z/ ©° du. (16)
& &

ext

for all p € C(Gext)-

Analogously, for J € M(€) we define J¢ € M(€qy) as follows: first we extend
J to a measure on & giving no mass to &\ €. Then we define J. € M(®;) by the
formula above. Finally, we define J. € M(€&qy¢) by restriction of J; to Coxt-

It is readily checked that the right-hand side defines a positive linear functional
on C(Beyt), so that uf is indeed a well-defined measure.

Proposition 3.12. The following properties hold for any e > 0:
(i) Mass preservation: p(Gext) = p(®) for any p € M(®).
(i) Regularising effect: For any p € P(®B), the measure p€ is absolutely continuous
with respect to A with density

1
g,u(eﬂfe(x)), forx on e in €,
pi(z)=9q 1
% <ﬂ{d(m7w)<25}u({w}) + Z pen Ie(:c))), forx on et weV,
ecE:wee

where

r—e b\ T+e L,
Le() := < ag v (75)’ at /\2>'
In particular, p®(x) < i for all x € Beyy-
(iii) Kinetic energy bound: For p € P(®) andv € L(u), define J = vule € M(E).

Consider the regularised measures p® € P(Bext) and J¢ € M(Eoxt). Then we
have J¢ = veus for some v € L?(if) and

/ o 2 dpet < / fof? d. (17)
Eext [

(iv) For any pu € P(®) we have weak convergence u® — p in P(Bexy) as € — 0.
(v) Let (pu¢, Jt)reo,r) be a weak solution to the to the continuity equation (6). Then
the regularised pair (ug, J§)ie(o,r) s a weak solution to a modified continuity
equation on Beyt in the following sense:
For every absolutely continuous function ¢ on Geyt, the function t —
fQSm wdus is absolutely continuous and for a.e. t € (0,T) we have

d
G eani= [ arveear, (18)
dt Je,,, ot

with af as in Definition 3.8.
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In order to prove (iii), we will make use of the so-called Benamou—Brenier func-
tional (see, e.g., [26, Section 5.3.1] for corresponding results in the Euclidean set-
ting).

Define Ky := {(a,b) € R x R : a + b?/2 < 0}. By a slight abuse of notation,
C (6, Ky) (resp. L>®(®, K5)) denotes the set of all continuous (resp. bounded and
measurable) functions a,b: & — R such that a + b?/2 < 0.

Definition 3.13. The Benamou—Brenier functional By : M(®) x M(¢) — R U
{+o0} is defined by

Ba(u, J) == sup {/adp—i—/de}.
(a,b)eC(®,K2) [5) ¢

Some basic properties of this functional are collected in the following lemma.

Lemma 3.14. The following statements hold:
(i) Fory,z € R we have

2
% if z >0,
alz,y) = sup {az+by} =407 o0 gndy=o, (19)

(a,b)eK,
+00  otherwise.

(it) For p € M(®) and J € M(€) we have

Ba(p,J) = sup {/ adu—l—/de}. (20)
(a,b)eL>(&,K3) (G} ¢

(iii) The functional By is conver and lower semicontinuous with respect to the
topology of weak convergence on M(&) x M(€).

() If p € M(®) is nonnegative and J € M(€) satisfies J < ple with J = vple,
then we have

Balpnd) = 5 [ 1o (21)
Otherwise, we have Ba(p, J) = 400.
Proof. (i): see [26, Lemma 5.17].
(ii): Clearly, the right-hand side of (20) is bounded from below by Ba(u, J).
To prove the reverse inequality, let a,b: & — R be measurable functions satisfying

a+b?/2 < 0. By Lusin’s theorem (see, e.g., [8, Theorem 7.1.13]) there exist functions
as,bs € C(®, Ky) satisfying

) 6
p({a # as}) < 5, suplas| <supla| and |J|({b#bs}) < 5, sup|bs| < supb].

Define as := min{as, —|bs|?/2}, so that the inequality as + b2/2 < 0 is satisfied.
Hence, the pair (as,bs) is admissible for the supremum on the right-hand side of
(20). Since [y asdp + [4 bsdJ converges to [y adu + [, bdJ as 6 N\, 0, we obtain
(20).

iii): This follows from the definition of By as a supremum of linear functionals.

(iif):
(iv): Let p be nonnegative and J < p with J = vu. Setting v = 0 on & \ &, (20)
d (1¢

AvA
and (19) yield

1
Ba(p, J) = sup {/ aervdu} = 7/ ] dy.
(a,b)eL>(6,K2) “J& 2 Je
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To prove the converse, suppose first that there exists a Borel set A C & with
u(A) < 0. Pick a = —kl4 and b =0 with & > 0, so that Ba(u,J) > —ku(A). Since
k can be taken arbitrarily large, we infer that Ba(u,JJ) = 400. Now suppose p is
non-negative, but the signed measure J is not absolutely continuous with respect
to ple, i.e., there exists a p-null set A C & such that J(A) # 0. For a = 7%211,4
and b = kl 4 with k € R, we have Ba(u, J) > kJ(A), which implies the result. O

Proof of Proposition 3.12. (i): The claim follows readily from the definitions.
(ii): For ¢ € C(Bext) we have

[ ewanrw = [ F@due = X v@n(w) + 3 [ ¢ @ o)
Gext & weV ecE €
For w € V, we note that ¢°(w) is obtained by averaging ¢ on a subset of the
auxiliary edge e®x:

1

wa(w) = ?6/ . 1{d(w,y)§25}@(y) dy.

For e € E we obtain, interchanging the order of integration,

[ @ anta) = 5 ( / ) dy> )

. 2e J—e./2,0./2) cz—e

1
= e(y)n(l-(y)) dy
2e (—Le/2—2¢,0./242¢)
Combining these three identities, the desired result follows.

(iii): Take bounded measurable functions a,b : & — R satisfying a + b2/2 < 0,
extend them by 0 to ®.y, and define regularised functions a®,b* : & — R as done
for ¢ in (14). By Jensen’s inequality and the fact that the regularisation is linear
and positivity-preserving, we obtain

1 e
af(z) + §|b5(x)|2 <(a+ 3P (x) <0  Vre®,

i.e., a® and b° are admissible for the supremum in (20). Therefore,

1
/ ad,u5+/ de€:/ aEd,u+/bEdJ§ 7/ o] dp. (22)
®ext ¢ & ¢ 2 ¢

ext

The result follows by taking the supremum over all admissible functions a and b.
(iv): This follows from the uniform convergence of ¢° to ¢; see Proposition 3.9(ii).

(v): The function ¢ is absolutgly continuous, hence a.e. differentiable on ..
Proposition 3.9(i) yields ¢° € C1(€) N C(B) and

V& (z) = o (2) (V) (x) Vz € €. (23)

Since af is constant on each metric edge in &, we obtain, using the continuity
equation and the definition of the regularisation,

d d
el dut = — Cdus = | Vv d
ar Qjm@ Ht dr qsw Ht /@ @ - U dpg

= /(VSO)‘S cafvpdp = / V- (afvf)dus.
¢ ¢

ext
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Now we are ready to prove the second part of Theorem 3.7: we adapt the proof
of [13], where (much) more general metric measure spaces are treated, but stronger
assumptions on the measures are imposed (namely, uniform bounds on the density
with respect to the reference measure). Here we consider more general measures
using the above regularisation procedure.

3.4. Conclusion of the characterisation of absolutely continuous curves.
In the proof of the second part of Theorem 3.7, we make use of the Hopf-Lax
formula in metric spaces and its relation to the dual problem of optimal transport.

Definition 3.15 (Hopf-Lax formula). For a real-valued function f on a geodesic
Polish space (X, d), we define Q;f : X — RU {—o0} by

1
Quf(e) = il {(4) + 5 (@)}
for allt > 0, and Qo f := f.

The operators (Q:):>o form a semigroup of nonlinear operators with the following
well-known properties; see [3] for a systematic study.

Proposition 3.16 (Hopf-Lax semigroup). Let (X,d) be a geodesic Polish space.
For any Lipschitz function f : X — R the following statements hold:

(i) For everyt > 0 we have Lip(Q:f) < 2Lip(f).
(i) For every x € X, the map t — Q.f(x) is continuous on Ry, locally semi-
concave on (0,00), and the inequality

d 1,
a@tf(x) + ihp(Qtf)z(x) <0 (24)
holds for all t > 0 up to a countable number of exceptions.
(iii) The mapping (t,z) — lip(Q+f)(x) is upper semicontinuous on (0,00) x X.

Proof. (i): This statement can be derived from [3, Proposition 3.4]. For the conve-
nience of the reader we provide the complete argument here.
Fix t > 0 and z € X. For z € X we write F(t,7,2) := f(z) + 5d*(z,2). We
claim that
Qtf(x) = zlgi'( F(tvxa Z)7
d(x,z)<2tL
where L denotes the Lipschitz constant of f. Indeed, if d(z,z) > 2tL, we have

F(t,x,2z) = f(z) + %dQ(x,z) > f(x) — Ld(z,2) + %dQ(x,z) > f(z) = F(t,z,x),

which implies the claim.
Fix now y € X and € > 0. Using the claim, we may pick z € X such that
d(y,z) <2tL and F(t,y,2z) < Q:f(y) +&. Then:

Quf@) = Quf(y) < Flt,2,2) ~ F(t,,2) + e = o ((a,2) — (y,2)) + ¢

< d(;—;y)(d( 2) +d(y, )) fe< d(%y)

Reversing the roles of x and y, this estimate readily yields

lip(Q:f)(x) < 2L.

Since X is assumed to be a geodesic space, we have Lip(Q:f) = sup, lip(Q+f)(x)
and the result follows.

(d(m y) + 4tL>
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(#): See [3, Theorem 3.5].
(#i): See [3, Propositions 3.2 and 3.6]. O

We can now conclude the proof of Theorem 3.7 on the characterisation of abso-
lutely continuous curves in the Wasserstein space over a metric graph.

Proof of (ii) in Theorem 3.7. Without loss of generality, we set T = 1. The main
step of the proof is to show that

1
W2 (0, 1) < / lorlZaq,. dr. (25)

From there, a simple reparametrisation argument (see also [2, Lemma 1.1.4 & 8.1.3])
yields

1 t 2
W3 (14, prs) < |s—t|/ lvrllza ) dr

for all 0 < s < ¢ <1, which implies the absolute continuity of the curve (1)¢e(0,1)
in W5(®) as well as the desired bound |[(t) < [[ve| 2, for every Lebesgue point

t € (0,1) of the map t Hvt||2L2(y )

(1t

Thus, we have to show (25). To this aim, we will work on the supergraph
®ext 2 @
By Kantorovich duality (Proposition 2.3), there exists ¢ € C(®) satisfying

1
§W22(Mo,u1):/ leﬁdulf/ wdpg. (26)
& ®

Moreover, ¢ is Lipschitz, which follows from the fact that ¢ is c-concave with
c(z,y) = %d(glc,y)2 and (®,d) is compact. We consider Lipschitz continuous exten-
sions of ¢ and Q¢ to By, both constant on each auxiliary metric edge in Eey.
In particular, ¢ and Q1 are Lipschitz on Geyy.

Set J; := vy and consider a regularised pair (ug, J§)ie(0,1) as defined by (16).
We write

n—1
/ Qipdui — / pdug = Z </ (Qei+1)/n% = Qisn) Ahifis)/m
Beoxt ext =0 Gext (27)

/ Qz/n@d(u(z+l)/n :uz/n)>

and bound the two terms on the right-hand side separately.

Bound 1. To estimate the first term on the right-hand side of (27), we use (24)

to obtain
n—1

Z / Q(z+1)/n§0 Qz/n@) d/fé(H_l

<_7z/

(i+1)/n 98
/ lip?(Qqyp) dt dpt(is1ym (28)
®ext

1 . €
_ fg/ lip? (Qe) (x) dpss, (1),
ext X (0,1)

where the measures pf, = Z?;Ol ufiﬂ)/n ® £1|(i/n,(i+1)/n) are defined on Bqyy X
(0,1).
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To show weak convergence of the sequence (U ),en, we take ¢ € C(Geyy X [0, 1]).
Note that ¢t — pu; is weakly continuous by Lemma 3.10, hence ¢ +— puf is weakly
continuous as well. Consequently, f%xt V(5 8) dufyy n — f@‘ext Y(-,t) dus for every
t. Integrating in time over (0,1), we infer, using dominated convergence, that pg
converges weakly to pu® := fol ui ® 6 dt as n — oo.

As lip?(Qy) is not necessarily continuous, an additional argument is required
to pass to the limit in (28). For this purpose, we observe that Proposition 3.12.ii
yields pé < A ® L1 with a density pf (z,t) < 1/(2¢) for 2 € Bexy and t € (0,1).
In particular, the family (p)n,en is uniformly integrable with respect to A ® L.
Consequently, the Dunford—Pettis Theorem (see, e.g., [8, Theorem 4.7.18]) implies
that (p)nen has weakly-compact closure in L!(Gey x (0,1)). Since lip*(Q¢) is
bounded, we may pass to the limit n — oo in (28) and infer that

lim sup Z Q(z+1)/n80 Qz/n%p) d/'l’(erl)/

n— oo ®ext

1
g—f/ ) Q) (1) —f/ / lip?(Qup) dyi dt,
Goxt X (0,1 Eoxt

(29)

where we use that uf << A on Gey to remove the set of nodes V from the domain
of integration.

Bound 2. We now treat the second term in (27). As (ut)ie(0,1) belongs to a
weak solution to the continuity equation and we know from Proposition 3.9.(i)) that
(Qi/n)® belongs to C1(€) N C (&), we infer that the mapping t — [, (Q;/n)® diu
is absolutely continuous. Therefore,

TL

1
/ Qz/n@d(ﬂ(z.{-l)/n Mz/n Z/ Qz/nﬁa (,u(z-i-l)/n .ul/n)

:nzl/(l“ </v Qi/ng)° th)d

-3 / R <Z / VQi/n) th) dt (30)

i= ecE
=1 p@i+1)/n

— Z/ (Z /VQZ/M@ dJE) dt
i=0 Ji/n ecE

af n 1 (i+1)/n
< e / [, 7@l i -+ S o [ [ il augan

where af . ‘= max.ceg of and J; = v;p;.

Proposition 3.16.iiiyields the bound limsup,,_, lip? (Qnt)/mw) < lipz(tho)

¢ is Lipschitz continuous, (i) in the same proposition shows that sup, , lip(Q:¢)(z) <
0o. Thus, we may invoke Fatou’s lemma to obtain

(i+1)/n
limsup / / ’VQl/ngo’ dpg dt</ / lip? (Qep) dusg dt.

n—o00
=0
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Using this estimate together with Proposition 3.12.iii, we obtain

n—1 5 1
: € € Ymax . €
lim sup Z QL/I’LSD d(:u(i+1)/n - ,Ul/n) < 9 /0 /(5 11})2 (Qt@) dut dt

n—00 Boxt
at ! 2
a2 [ o ap e
2 0o Je

i=0
Combination of both bounds. Recalling (27), we use (29) and (31) to obtain

I3 1

anlx
[ Quoans = [ < s [ [ juf dusa
Gext & 0 Je

O‘xenax —1 ! s 2 €
4 Omax =2 lip(Qu) dpf d.
& 0

ext

(31)

Using Proposition 3.12.iv, the fact that o ,, — 1, and the bound sup, Lip(Q:p) <

max
00, we may pass to the limit (¢ — 0) to obtain

1 1
/Qupdm —/ @dpuo < 5/ /|Ut|2dﬂtdt~ (32)
& (] 0 ¢

In view of (26), this yields the result. O

Corollary 1 (Benamou-Brenier formula). For any p,v € P(®), we have

sz(u,u):min{/ol/evt|2d,utdt}, (33)

where the minimum is taken among all weak solutions to the continuity equation
(1es Vepit)sejo,n) satisfying po = p and py = v.

Proof. As (P(®),Ws) is a geodesic space, we may write

W2 () = min{ [ ) af.

where the minimum runs over all absolutely continuous curves (f¢)¢[o,1) connecting
w1 and v. Therefore, the result follows from Theorem 3.7. O

4. Lack of geodesic convexity of the entropy. In this section we consider the
entropy functional Ent : P(®) — (—oo + oo] defined by

logpd\  if u=p),
Ent(u) := /@" &r ner (34)
400 otherwise.

As is well known, this functional is lower semicontinuous on (P(&), Ws); see, e.g.,
[17, Corollary 2.9].

A celebrated result by McCann asserts that Ent is geodesically convex on (P(R%),
Ws), the Wasserstein space over the Euclidean space R%. More generally, on a
Riemannian manifold M, the relative entropy (with respect to the volume measure)
is geodesically k-convex on (P(M), Ws) for k € R, if and only if the Ricci curvature
is bounded below by &, everywhere on M [24, 12, 25].

Metric graphs are prototypical examples in which such bounds fail to hold. Here
we present an explicit example, which shows that the functional Ent on the metric
space (P(®), Ws) over a metric graph & induced by a graph with maximum degree
larger than 2 is not geodesically k-convex for any k € R.
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Example 4.1. Consider a metric graph induced by a graph with 3 leaves as shown
in Figure 2.

AN

FIGURE 2. The support of probability measures 4 and v on a met-
ric graph induced by a oriented star with 3 leaves

We impose an edge weight 1 on each of the edges ey, es, f. Consider the proba-
bility measures p, v € P(®) with respective densities p,n : & — R, given by

plz) == %ﬂ[o,e](ﬂ?)’ T €€ orTE ey, (2) = 0, T €e; Or T E ey,
0, x € f, ’ %1[1—671](9:)’ US f

Lemma 4.2. The unique optimal coupling of u and v is given by monotone re-
arrangement from each of the edges e; and es to f, i.e., by the map T with

Tx)=1—c+zef forx €e orx € es.

Proof. Let m be an optimal coupling of y and v and decompose it as m = w1 + 72,
where 7;, ¢ = 1,2, are couplings of u;, the restriction of u to e;, and some v;
a measure on f such that v1 + 19 = v. Necessarily 71,72 are also optimal. By
standard optimal transport theory on the interval e; U f C R, m; is given by a
map T3, the monotone rearrangement from pu; to v;. If we show that 11 = vy, then
Ty = T5 = T with T as above and the claim is proven. To this end, assume by
contradiction that ;1 # v5 and hence Ty # T,. We consider the coupling 7/ = 7] +74
where 1] = 75 = (71 + m2)/2 (here, we identify e; U f and ez U f in the obvious
way). Since Ty # Ts, the support of 7] is not contained in the graph of a function.
Since 7’ is optimal, the couplings m; are also optimal between their marginals p;
and %V, and thus have to be induced by the monotone rearrangement map 7', a
contradiction. O

Consequently, the constant speed-geodesic from p to v is given by (T;4p)icio.1)
where T; is the linear interpolation of T and the identity on e; U f and es U f
respectively, more precisely

x+ (2—¢e)t ey, ifx<1-—(2-et,
Ti(x) := )
r+2—-et—1lef, fx>1-(2-e)y,
for x € e;, 1 € {1,2}.
Set t§ := %%i and t7 := Tis The relative entropy of u; is given by:
log(5), t €10, ],
Ent(p“t) = %(1 - (2 - E)t) log(%) + 10g(%>, te [ gvtﬂv
log(2), e ]
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Thus, t — Ent(p,) is piecewise affine; see Figure 3. It follows that ¢ — Ent(p,) is
not k-convex for any k € R.

Ent

log L

€

log o

o=
|
o lm
IN]
| =
™
—_

FiGURE 3. Plot of the entropy along the geodesic interpolation

5. Gradient flows in the Wasserstein space over a metric graph. In this sec-
tion we study gradient flows in the Wasserstein space over a metric graph. Namely,
we consider diffusion equations on metric graphs arising as the gradient flow of
free energy functionals composed as the sum of entropy, potential, and interaction
energies. We give a variational characterisation of these diffusion equations via
energy-dissipation identities and we discuss the approximation of solutions via the
Jordan—Kinderlehrer—Otto scheme (minimizing movement scheme). This provides
natural analogues on metric graphs of the corresponding classical results in Eu-
clidean space. We follow the approach from the Euclidean case; see in particular
[2, Section 10.4], and adapt it to the current setting.

Let V : € — R be Lipschitz continuous and define the weighted volume measure
m:=e Y\ on & (since \ gives no mass to vertices, the potential ambiguity of V
there does not matter). We consider the following functionals on P(&):

(1) the relative entropy Ev : P(B) — (—o0, 00| defined by

Amm%mwmmim:m,

Ev (1) 1= Ent[ulm] = (35)
400 otherwise.
(#3) the interaction energy W : P(&) — R defined by
1
Win) =5 Wiz, y) dp(z) dp(y),
Bx&

where W : & x & — R is symmetric and Lipschitz continuous.
Moreover, we define F : P(6) — (—o0, +00] as the sum of the previous quantities:

F =& +W.

Note that £y is bounded from below (by Jensen’s inequality and finiteness of
m) and lower semicontinuous with respect to weak convergence. Moreover, W is
bounded and continuous with respect to weak convergence.

Further note that for p € P(®) with u < A we can write

Ev(p) = E(p) +V(w),
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where £(u) = Ent[u|A] is the Boltzmann entropy on & and V : P(&) — R defined
by

V() = /@ V() du(z)

is the potential energy. The latter is well defined for p < A despite the potential
discontinuity of V' at the vertices.

5.1. Diffusion equation and energy dissipation. We consider the following
diffusion equation on the metric graph & given by

om=An+V- (n(VV+VWy])). (36)

Here p1 = nA is a probability on & and we set Wu](z) := [, W(z,y)du(y). In
analogy with the classical Euclidean setting we will show below that this PDE is
the Wasserstein gradient flow equation of the free energy F. Though the setting of
metric graphs is one-dimensional, we prefer to use multi-dimensional notation such
as A and V- for the sake of clarity.

We consider the following notion of weak solution for (36).

Definition 5.1. We say that a curve (1;)¢cjo,7] of probability densities w.r.t. A on
& is a weak solution to (36) if for p; := 7, - €V we have p; € WhH1(€) N C(®) for
a.e. t, and the pair (u,J) given by

pe=pmm and  Jp = — (Vs + ps VIV [pg]) m

is a weak solution to the continuity equation in the sense of Definition 3.2, i.e., we
ask that t — p; is weakly continuous and for every ¢ € Ccl((O,T) X (’3) such that
01, Orpy € CHE)NO(B) for all t € (0,T), we have

/OT</Q5 Opppr dm — /GWD (Vpe + pe VW [u]) dm) dt = 0. (37)

Remark 2. Let us briefly consider the special case where V=W = 0. Then (36)
is simply the heat equation on a metric graph, which has been introduced already
in [18]. It is known since [15, 22] that the Laplacian with natural vertex conditions
(continuity across the vertices along with a Kirchhoff-type condition on the fluxes)
is associated with a Dirichlet form, hence the Cauchy problem for this PDE is well-
posed on L?(&): more precisely, it is governed by an ultracontractive, Markovian
Co-semigroup (e'®);>o that extrapolates to LP(&) for all p > 1, as well as to C(®)
and, by duality, to the space M(®) of Radon measures on &. For any initial value
po € M(®), (t,z) — p(t,z) = (e!®uo)(x) defines a classical solution to the Cauchy
problem for the heat equation with initial value pg. It is easy to see that this
solution is a weak solution in the sense of Definition 5.1 as well.

The dissipation of the free energy along solutions to (36) at 4 = pm is formally
given by

d Vp 2
—F(p)=— | |-E+ VW[4 dp.
el /@‘ r (]| dp

This motivates the following definition.

Definition 5.2 (Energy dissipation functional). The energy dissipation functional
T :P(6) — [0,+00] is defined as follows. If u = pm with p € WH1(€) N C(&) and
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Vp+ pVW(u] = wp for some w € L?(u) we set

7(0) = [ P dg.

Otherwise, we set Z(u) = +o0.

Remark 3. We emphasize that continuity of p on & is required for finiteness of
Z(p) in this definition. It is not sufficient that p belongs to W'!(€&). The continuity
is important in the proof of Theorem 5.5 below, as it ensures spatial continuity for
gradient flow curves (i.e., curves of maximal slope with respect to the upper gradient
\/f) and it allows us to identify them with weak solutions to the diffusion equation
(36). The requirement of spatial continuity for weak solutions to (36) in Definition
5.1 is essential in order to couple the dynamics on different edges across common
vertices.

We collect the following properties of the dissipation functional.

Lemma 5.3. Let {pn }n C P(®) be a sequence weakly converging to pn € P(®) such
that

sup F(un) < oo and supZ(p,) < oo. (38)

Then we have

I(p) < limninfl'(,un). (39)

Proof. First note that we can rewrite Z(u) as the integral functional

I(/J’) = ga(:u’v ']) = /@O‘(iga %)d07 (40)

where a : [0,00) x R — [0,00] is the lower semicontinuous and convex function

defined by

lul?/s if s >0,
a(s,u) =40 if s=0and u=0, (41)

400 otherwise,

and J = wp = (Vp + pVW|u])m. Here o is any measure such that p,JJ < o; its
choice is irrelevant by 1-homogeneity of «.

Now, let p,, = p,m. Lower semicontinuity of F and (38) imply that F(u) < oo.
Therefore we can write p = pm for a suitable density p. Superlinearity of r — rlogr
implies that p, converges weakly to p in L'(&,m).

Recall that Z(py,) = [ |wy|*dp, with U, == ppw, = Vp, + pn VW [u,]. Holder’s
inequality and the bound (38) yield that the measures .J, = U,m have uniformly
bounded total variation. Hence up to extracting a subsequence, we have that J,
converges weakly® to a measure J on €. Lower semicontinuity of the integral
functional G, yields

Go(p, J) <liminf Z(p,) < oo. (42)
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This allows us to write J = wpm for a w € L*(u) and Go(p, J) = [ |w|*dp. Since
pn € WH(E) N C(&), we have for any function s € C!(&) by integration by parts,

7/ ansd)\:/ sV pp dX
® ®

:/ se¥ (Vpn + pn VIW[1y,]) dm —/ se¥V' VW n] dpin (43)
® ®

:/ seVdJn—/ seV' VW ] dpin.
® ®

The convergence of J,, to J weakly and p, to p in L' together with the fact that
J = wpm gives no mass to V and the boundedness of V¥ allows us to pass to the
limit and obtain

7/ std)\:/ seVde/ seV' VW [u] dp
& (] &
:/ swpd)\—/ spVWuld\ Vs € CL(e).
(] (]

We infer that p € WH1(€) and that pw = Vp + pVW([u]. In particular, p € C(€)
by the Sobolev embedding theorem.

Let us now show that p € C(®). For this purpose, note that each pair of adjacent
edges (e, f) can be identified with the interval [—¢.,¢¢]. Consider s € C'!(€) such
that s = 0 for all g # e, f and s = r on e, f for some r € C}(—{.,ls). Repeating
the argument above, we infer that p € Wh1([—£., ¢¢]) and in particular that p is
continuous at 0. We thus obtain that p € C(®). Hence from (42) we obtain the
claim. O

Let us denote by Z the energy dissipation functional with W = 0, more precisely,
if 4= pm with p € WH1(€) N C(&) with Vp = wp for some w € L?(u) we set

7o) 1= | P dg.

Otherwise, we set Zp(u) = +oo. As already observed for the functional Z, we can
write Zo(p) = [ a(p, Vp) dm, with 1 = pm where « is the function in (41). Then Z,
is a convex and lower semi-continuous functional by the previous lemma. We note
that under the assumption that W is Lipschitz, Z(u) is finite if and only if Zo(p) is
finite.

Next, we observe that finiteness of the Zy implies a quantitative L°° bound on
the density.

Lemma 5.4. For u € P(®) with Zy(u) < oo and pu = pm we have p € C(&) with
ol < Av/Zo(p),
where the constant A > 0 depends on ||V .

Proof. The continuity of p follows from the definition of Zg(u). Using Holder’s we
obtain with Vp = pw,

Jvotar< i~ [19am < eI ( [ jufau)”.

The claim then follows immediately from the Sobolev embedding theorem applied
to each of the finitely many edges. O
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5.2. Energy-dissipation equality. The main result of this section is the following
gradient flow characterisation of the diffusion equation (36).

Theorem 5.5. For any 2-absolutely continuous curve (pit)icpo,r) n (P(®), Wa)
with F (o) < 0o we have

2

Moreover, we have L1 () = 0 if and only if uy = pm is a weak solution to (36) in
the sense of Definition 5.1.

1 T,
Lrlp) = Flur) = Flpo) + 5 [ 1P 0)+ T dr >0,

The main step in proving this result is to establish a chain rule for the free energy
F along absolutely continuous curves in (P(®), Ws). Recall the definition of « from
(41).
Proposition 5.6 (Chain rule). Let (14 )ic(0,7) be a 2-absolutely continuous curve in
(P(&), Ws) satisfying fOT Z(pe) dt < +o0o0. Write uy = pym and let J; = Uym be an
optimal family of momentum vector fields, i.e., (e, Ji)icjo,m) solves the continuity
equation and (|2 (t) = [ a(ps, Up)dm. Let pyw; = Vi + p VW ut) as in Definition
5.2. Then, t — F(uy) is absolutely continuous and we have

d

a}"(,ut) = /@('wt,th> for a.e. t €10,T). (44)

Proof. We first note that the assumptions ensure that also fOTIO(,ut)dt < ©00.
Hence, we have

T T
/ / alpt, Vi) dmdt < oo, / / ap, Up) dmdt < oo. (45)
o Je 0o Je

We proceed by a twofold regularisation. Using a family (7°)s>o of even and
smooth approximation kernels with compact support in [—§,4], we regularise in
time via

§
pe = /5 1 (s)pr—s ds,

and set p) = pdm. Here we extend p to a curve on the time-interval [—6, T + ]
which is constant on [—6,0] and [T,T + §]. Similarly defining J¢ as the time-
regularisation of .J; we obtain that (u°,.J%) is a solution to the continuity equation.

Convexity of Zy and the Benamou-Brenier functional yield that fOT To(p?) dt and
fOT |1°]2(t) dt < oo. Hence, (45) also holds with p, U¢ in place of p;, U;. Moreover,
we must have U? =0 on {p® = 0}.

Further, we regularise the logarithm and define for ¢ > 0 the function F; :
[0,00) — R by setting

F.(r)=(r+¢e)log(r+e¢) —cloge.
Then we define the regularized free energy F. of u = pm via
1
Fe(p) =/ Fe(p)dm + 5 W (z,y) dp(z) du(y).
(] BExXG

Let us set g5° = F/(p°) = 1+ log(p? + ¢). Note that by Lemma 5.4, ps is bounded
and thus also g% is bounded. We will first show that

T
Fulid) - Fulul) = / / (Ve + VW [l], dJP) dt. (46)
0 &
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Then passing to the limit §,& — 0 will yield the claim.
While establishing (46) we write g instead of ¢ for simplicity. We have

Fe(py) — Fe(pg) / / +W[ut])8fpt dmdt.

Differentiation under the integral sign is justified by boundedness of Fs’(p‘s) and W
and the regularity in time of p°. Note that W [u?] is an admissible test function in
the continuity equation for (u?, J%). Thus, to establish (46) it remains to show that
the continuity equation can also be used on the function g = F/(p?). Recall that g
is bounded with Vg = Vp°/(p® 4 ¢). We can approximate g uniformly by functions
g* € CHE x [0,T]) NC(& x [0,T]) as follows. First extend g to Gey; x [0, T] with
constant values on the additional edge incident to vertex v equal to the value of g
at v. Then we apply the regularising procedure (14). The continuity equation for

(10, J%) yields
T T
| [oropiamar= [ [ wg. az.

Passing to the limit as a — 0 then will finish the proof of (46). Convergence of the
left hand side is immediate since g is bounded and so g is bounded uniformly in
a. For the right hand side we estimate with J° = Um

‘/ /(Vg? — Vg, de>dt‘ < </ /IVg? —Vgt|2pfdmdt)
0 ¢ 0 ¢
T 3
X (/ /a(pf,Uf)dmdt)
0 ¢

The second factor is finite as noted above. To estimate the first factor, we recall
that p° is bounded. Hence for a suitable constant C' < oo

T T
/ / |Vge — Vg, |*p? dmdt < C/ / Vg — Vg |> drdt
o Je 0o Je

Using (15) and dominated convergence, the latter term goes to zero as a — 0 if we

show that -
/ / Vg2 d\dt < cc.
o Je

But using Vg = Vp?/(p° + €) we can estimate

T T
/ / Vg2 dAdt < ellVlle / To(pdy) dt < 0.
o Je

0
Thus, (46) is established.

We will now pass to the limits §,e — 0 in (46), starting with the right-hand side.
For the limit § — 0, note that U’ — U a.e. and w®° — w® a.e. as § — 0 with
w® =Vp/(p+e)+ VW][u]. Dominated convergence then yields that as  — 0:

/ / Ut dmdt%/ /wt,Ut )y dmdt.

Indeed, we have the majorant

1 1 |(75|2
€,0 § €,012( 0
ws°. U < Zlw® _

1
<a(p’,Vp") + Clp + ) + 5alp’, U°)
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% [a(p, )]’

for a suitable constant C, using the fact VIW[p°] is uniformly bounded. Here,

< [a(p.Vp)]" +C(p° +2) +

[ . ]6 denotes the time-regularisation of the function in brackets and we have used
Jensen’s inequality in the last step to interchange the regularisation operation with
the convex function «. Since by assumption a(,o, Vp) and a(p, U) are integrable on
[0,7] x €, the majorant above indeed converges in L' ([0,7] x €).

To further pass to the limit € — 0, we note that w® — w a.e. on the set {p > 0}.
Since U = 0 a.e. on the set {p = 0}, we conclude that (w®,U) — (w,U) a.e. Using
similar as before the majorant |(w®, U)| < a(p, Vp) + Cp+ a(p,U)/2, we conclude
by dominated convergence.

It remains to pass to the limit on the left-hand side in (46). The weak continuity
of t ++ p1; implies that ;¢ — p; weakly as & — 0. This is sufficient to conclude that
W(ul) — W(us). Note that for any g = pm € P(&) we have

/ FL(p) dm = & () — Meloge,

with u* = (1 4+ M) *(u + em) and M = m(®). Convexity of r + rlogr and
Jensen’s inequality yield that &y (u2) < &y (uf). Thus, lower semicontinuity of £y
under weak convergence shows that &y (u2€) — &y (15) and hence [ F(p?)dm —
J F-(pt)dm as & — 0. The limit e — 0 is then easily achieved by monotone con-
vergence. From the convergence of the right-hand side of (46) and the assumption
that F(po) < oo we finally conclude that F(u:) < oo for all ¢ > 0 and that

F(ur) — F (o) //wt,th

Hence ¢t — F(u¢) is absolutely continuous and (44) follows. O
We can now prove Theorem 5.5

Proof of Theorem 5.5. Note that the right-hand side of (44) may be estimated by
means of Holder’s and Young’s inequality as

/(wt,Ut dm> — |’U)t‘ ptdm\ |Ut
' (47)

Uy
>—*/th| ptdm—f lit
¢ Pt

Hence, by integrating both sides of (44) from 0 to T we obtain that Lr(u) > 0.

Moreover, we have equality if and only if for a.e. t and ps-a.e. we have Uy = —p,w;.
Now the continuity equation with J; = Um = —pywm = —Vp; + ps VIV |[em
becomes the weak formulation of (36) O

5.3. Metric gradient flows. Here, we recast the variational characterisation of
McKean—Vlasov equations on metric graphs from the previous section in the lan-
guage of the theory of gradient flows in metric spaces. Let us briefly recall the basic
objects. For a detailed account we refer the reader to [2].

Let (X,d) be a complete metric space and let E : X — (—o0, c0] be a function
with proper domain, i.e., the set D(E) := {z : E(z) < oo} is non-empty.

The following notion plays the role of the modulus of the gradient in a metric
setting.
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Definition 5.7 (Strong upper gradient). A function g : X — [0,00] is called a
strong upper gradient of E if for any = € AC((a,b); (X, d)) the function g o x is
Borel and

B(zs) — B(z)| < /g(xr)|j3\(r)dr Va<s<t<b.

Note that by the definition of strong upper gradient, and Young’s inequality
ab < 1(a® 4 b%), we have that for all s < ¢:

1 t
E(z) — () + 5/ o2 112 dr > 0.
Definition 5.8 (Curve of maximal slope). A locally 2-absolutely continuous curve
(T¢)te(0,00) 18 called a curve of maximal slope of £ with respect to its strong upper
gradient g if t — FE(z;) is non-increasing and

B(z)) — E(zs) + %/ (@) + i) dr <0 Y0 <s<t. (48)

We say that a curve of maximal slope starts from z¢ € X if limy\ o z; = %o.

Equivalently, we can require equality in (48). If a strong upper gradient g of E
is fixed we also call a curve of maximal slope of F (relative to g) a gradient flow
curve.

Finally, we define the (descending) metric slope of E as the function |OFE| :
D(E) — [0, 00] given by

E(z)— E(y),0
|OF|(x) = lim sup max{ B (x) W), }

The metric slope is in general only a weak upper gradient for E, see [2, Theorem

1.2.5]. In our application to metric graphs we will show that the square root of the
dissipation Z provides a strong upper gradient for the free energy F.

Corollary 2. The functional /T is a strong upper gradient of F on (P(®),Ws).
The curves of mazimal slope for F with respect to this strong upper gradient coincide
with weak solutions to (36) satisfying fOT T(pe)dt < o0.

(49)

Proof. For a 2-absolutely continuous curve with (), with fOT Z(pe)dt < oo, the
chain rule (44) together with the estimate (47) yields

t
)~ Fu)l < [ VElinldr  ¥steDT)is<t (50)
i.e., vZ is a strong upper gradient. Theorem 5.5 yields the identification of curves

of maximal slope. O

The dissipation functional Z(u) can be related to the metric slope of the free
energy F under suitable conditions on p € P(®).

Lemma 5.9. For any p € P(®) we have
Z(p) < |0F ().

Proof. We assume that ;1 = pm = pA € P(&) satisfies |0F|(1) < oo, since otherwise
there is nothing to prove.

Step 1. We show first that p € W(€) and Vp + pVW|[u] = pw with w € L2(p).
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For this purpose, take any s € C°°(€) which vanishes in a neighbourhood of
every node and put § = e¢"s. As a consequence, the mapping r; : & — & defined by
ry := Id + ts maps each edge into itself for ¢ > 0 sufficiently small. We claim that:

L Fr)en) - Fw)
t\0 t

:/ [ — pVs + spVW[u]] dA. (51)
®

To show this, note that r; is injective for every t small enough. Therefore, the
change of variables formula yields that the density g, of (r;)xp with respect to A
satisfies

p(x) = pi(re(z)) Vre(z); .
Consequently, with F(r) = rlogr we have

f((rt)#u)—f(u)Z/QSF(VL;)VH—F(ﬁ)d/\+/®[Vort—V]du

—|—/ Wo(ri@r:) —Wldu® p.
Bx&

Note that Vry = 1+ tVs. Dividing by t and letting ¢t \, 0 and noting that Vs =
eV (Vs +sVV) and ps = ps we deduce (51).
For t > 0 sufficiently small, we then have
Wa (. (re) gm) < 18]l 2 -
This estimate, together with (51), implies

/Qs [ — pVs +spVWu]] dX = lim ]:((’"t)#/:) —Fw

< [OFI() 181l L2 -

Hence, the left-hand side defines an L?(u)-bounded linear functional on a subspace
of L?(11). Using the Hahn—Banach theorem we may extend this functional to L?(u).
The Riesz representation theorem then yields a unique element w € L?(u) such that
0]l () < OF|(11) and

/ [—st+spV(V+W[u])] d)\:/ wédu:/ wps dA (52)
® ® ®
for all s as above.

Considering in particular functions s supported on a single edge, we infer that
p € WHY(€) and Vp + pVW([u] = pw with w € L?(u). In particular, we have

p € C(€) by Sobolev embedding.

Step 2. Next we show that p belongs to C(®). For this purpose we repeat the
argument above, for a different class of functions s.

Consider a pair of adjacent edges e, f € E with common vertex v. For the
moment, we identify the concatenation of the two edges with the interval [—£., ¢¢]
such that v corresponds to 0. Let s : [/, £f] — R be a C°-function vanishing
in a neighbourhood of —¢. and £;. In particular, ; := Id + ¢t5 maps [—/.,{y] into
itself for t > 0 sufficiently small, where § = ¢"s. Let the maps s : € — R and
r, : € — & be defined on eU f by s and 7, through the identification with [—£, ¢;]
and by setting s = 0 and r; = id on all other edges. Repeating the argument from
Step 1, we infer that p € WH1([—£., £4]) with the identification of e, f with [—£., (]
as above. In particular, p is continuous at 0. Since the choice of the pair e, f is
arbitrary, we conclude that p € C(8).
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Combining both steps, we infer that Z(u) < co and
Z(p) = |[wll72() < [0FI ().
O

From Lemma 5.9 and the lower semicontinuity of Z we immediately infer that
VT lies below the relaxed metric slope, i.e., the lower semicontinuous relaxation of
|0F| given by

07 F|(p) := inf { lim inf |0F|(un) © ptn = p}.

Corollary 3. For all p € P(&) we have /Z(p) < [0~ F|(p).

5.4. Approximation via the JKO scheme. In this section, we consider the
time-discrete variational approximation scheme of Jordan-Kinderlehrer-Otto for
the gradient flow [14].

Given a time step 7 > 0 and an initial datum po € P(®) with F(p) < oo, we
consider a sequence (i), in P(®) defined recursively via

. 1 n
Wy = o, pi, € argmin{ F(v) + - Walv. ;)% }. (53)

Then we build a discrete gradient flow trajectory as the piecewise constant in-
terpolation (& ):>o given by

fig = po, A = py, if t € ((n—1)7,n7]. (54)
Then we have the following result.

Theorem 5.10. For any 7 > 0 and po € P(6) with F(po) < oo the variational
scheme (53) admits a solution (ul)n. AsT — 0, for any family of discrete solutions
there exists a sequence T, — 0 and a locally 2-absolutely continuous curve (p)i>o0
such that

Ayt — g Yt €0, 00). (55)

Moreover, any such limit curve is a gradient flow curve of F, i.e., a weak solution
to the diffusion equation (36).

Proof of Theorem 5.10. The result basically follows from general results for metric
gradient flows, where the scheme is known as the minimizing movement scheme; see
[2, Section 2.3]. We consider the metric space (P(®), Ws) and endow it with the
weak topology o. It follows that [2, Assumptions 2.1 (a,b,c)] are satisfied. Existence
of a solution to the variational scheme (53) and of a subsequential limit curve (u;);
now follows from [2, Corollary 2.2.2, Proposition 2.2.3]. Moreover, [2, Theorem
2.3.2] gives that the limit curve is a curve of maximal slope for the strong upper
gradient |0~ F|, i.e.,

3 | R+ 107 F ) P+ F ) < Flpo)

Thus, by Corollary 3, it is also a curve of maximal slope for the strong upper
gradient vZ. Theorem 5.5 yields the identification with weak solutions to (36). [
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