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ABSTRACT. We consider a homogenization problem for the diffusion equation
—div (aeVue) = f when the coefficient ac is a non-local perturbation of a peri-
odic coefficient. The perturbation does not vanish but becomes rare at infinity
in a sense made precise in the text. We prove the existence of a corrector,
identify the homogenized limit and study the convergence rates of u. to its
homogenized limit.

1. Introduction.

1.1. Motivation. The purpose of this paper is to address the homogenization prob-
lem for a second order elliptic equation in divergence form with a certain class of
oscillating coefficients:
—div(a(z/e)Vu®) = f in Q, (1)
uf(x) =0 in 09,

where Q is a bounded domain of R? (d > 1) sufficiently regular (the regularity will
be made precise later on) and f is a function in L?(£2). The class of (matrix-valued)
coefficients a considered is that of the form

Aper + &; (2)
which describes a periodic geometry encoded in the coefficient ay., and perturbed by
a coeflicient a that represents a non-local perturbation (a “defect”) that, although
it does not vanish at infinity, becomes rare at infinity. More specifically, we consider
coefficients @ that locally behave like L?(R?) functions in the neighborhood of a set
of points localized at an exponentially increasing distance from the origin. Formally,
the coefficient @ is an infinite sum of localized perturbations, increasingly distant
from one another. A prototypical one-dimensional example of such a defect reads
as Z ¢(x — sign(k)2*!) for some fixed ¢ € D(R), where |k| denotes the absolute

keZ
value of k and sign(k) denotes its sign. It is depicted in Figure 1.
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FIGURE 1. Prototype perturbation in dimension d = 1.

Homogenization theory for the unperturbed periodic problem (1)-(2) when a =0
is well-known (see for instance [5, 19]). The solution u° converges strongly in L?(€2)
and weakly in H(Q2) to u*, solution to the homogenized problem:

—div(a*Vu*) = f in Q, (3)
u () =0 in 09,
where a* is a constant matrix. The convergence in the H'(Q) norm is obtained

upon introducing a corrector wpe,,, defined for all p in R? as the periodic solution
(unique up to the addition of a constant) to:

— div(aper (Vwperp +p)) =0 in RY (4)
This corrector allows to both make explicit the homogenized coefficient
(a*)i,j = -/Qe;raper(y) (ej + prer,ej (y)) dyv (5)

(where @ denotes the d-dimensional unit cube, (e;) the canonical basis of R?) and
define the approximation

d
usl = u*() +Ezaiu*(~)wper,6i('/g)7 (6)
=1

such that u®! — u® strongly converges to 0 in H!(Q) (see [1] for more details). In
addition, convergence rates can be made precise, with in particular:

IVu® = Vus12i0) < CVEllfllz2 (),
[Vu® = Va2, < Cel|fllr2) for every Q) CC Q,

for some constants independent of f.
Our purpose here is to extend the above results to the setting of the perturbed
problem (1)-(2). The main difficulty is that the corrector equation

—div ((aper + d) (va + p)) =0,

(formally obtained by a two-scale expansion (see again [1] for the details) and anal-
ogous to (4) in the periodic case) is defined on the whole space R? and cannot
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be reduced to an equation posed on a bounded domain, as is the case in periodic
context in particular. This prevents us from using classical techniques. The present
work follows up on some previous works [6, 8, 9, 10] where the authors have devel-
oped an homogenization theory in the case where a € LP(R?) for p €]1,00[. The
existence and uniqueness (again up to an additive constant) of a corrector, the gra-
dient of which shares the same structure “periodic + LP” as the coefficient a, is
established. Convergence rates are also made precise. Similarly to [6, 8, 9, 10], we
aim to show here, in a context of a perturbation rare at infinity, there also exists a
corrector (unique up to the addition of a constant), and such that its gradient has
the structure (2) of the diffusion coefficient: it can be decomposed as a sum of the
gradient of a periodic corrector and a gradient that becomes rare at infinity (in a
sense similar to that for @, and made precise below).

1.2. Functional setting. We introduce here a suitable functional setting to de-
scribe the class of defects we consider.

In order to formalize our mathematical setting, we first define a generic infinite
discrete set of points denoted by G = {xp}p cza- In the sequel, each point z;, actually
models the presence of a defect in the periodic background modeled by ap., and
our aim is to ensure these defects are sufficiently rare at infinity.

We next introduce the Voronoi diagram associated with our set of points. For
xp € G, we denote by V, the Voronoi cell containing the point x, and defined by

Ve, = m {xeRd||x—xp| <z —wzgl}. (7)
rq€G\{zp}
We now consider three geometric assumptions that ensure an appropriate dis-

tribution of the points in the space. The set G is required to satisfy the following
three conditions :

vz, € G, ‘pr’ < 00, (H1)
4Cy > 0, Cy > 0, Vl’p eg, (1< 1+—|$1)| < (o, (HQ)
D (zp,G \ {zp})
Diam (pr)
305 > 0,Vz, €G, < Cs, (H3)

D (2p, G\ {zp})
where |A| denotes the volume of a subset A C R?, Diam(A) the diameter of A and
D(.,.) the euclidean distance.

Assumption (H2) is the most significant assumption in our case since it implies
that the points are increasingly distant from one another far from the origin. It in
particular implies

lim D (zp, G\ {zp}) = +o0.

zp€G, |zp|—00

More precisely, it ensures the distance between a point x, and the others has the
same growth as the norm |x,| and, therefore, requires the Voronoi cell V. (which

D (zy,G \ {zp})

sufficiently large. This assumption actually ensures that the defects modeled by
the points x,, are sufficiently rare at infinity. In particular, we show in Section 2
that Assumption (H2) implies that the number of points x, contained in a ball Br
of radius R > 0 is bounded by the logarithm of R. This property is an essential
element for the methods used in the proof of this article.

contains a ball of radius as a consequence of its definition) to be
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In contrast to (H2), Assumptions (H1) and (H3) are only technical and not
very restrictive. They limit the size of the Voronoi cells. In the case where these
assumptions are not satisfied, our main results of Theorems 1.1 and 1.2 stated
below still hold. Their proofs have to be adapted, upon splitting the Voronoi cells
in several subsets such that each subset satisfies geometric constraints similar to
(H1), (H2) and (H3). To some extent, our assumptions (H1) and (H3) ensure we
consider the worst case scenario, where the set G contains as many points as possible
while satisfying (H2).

304

204

—20

—30

FIGURE 2. Example of points in ambient dimension 2 that satisfy
our assumptions along with their associated Voronoi diagram.

In addition, although we establish in Section 2 all the geometric properties sat-
isfied by the Voronoi cells V,  which are required in our approach to study the
homogenization problem (1) with the whole generality of Assumptions (H1), (H2)
and (H3), we choose, for the sake of illustration and for pedagogic purposes, to
work with a particular set of points (for which the coordinates are powers of 2)
and to establish our main results of homogenization in this specific setting. There
are, of course, many alternative sets that satisfy (H1), (H2) and (H3) but our spe-
cific choice is convenient. To define our specific set of points, we first introduce a
constant Cp > 1 and a set of indices Pc, defined by:

= d 1< i ;
Pe, = {pe 2t | max{lnly < Co+ nig (i} ©

Our specific set of points (see Figure 2) is then defined by:

Gcy, = {l’p = (Sign(l)z‘ﬂ‘pi‘)

We use here the convention sign(0) = 0. The set of indices (8) contains only
the points with integer coordinates on the axes Span (e;) and the points close to
each diagonal of the form Span (e;, + ... +¢;,) for k € {2,..,d} and (i1,...,ik) €
{1,..., d}k. In this way, the points of G¢, are exponentially distant from each other

(pl, ...,pd) € PCO} . (9)

ie{l,...d}
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with respect to the norm of p. In Section 2, we show that the set G, defined by
(9) indeed satisfies Assumptions (H1), (H2) and (H3).
In the sequel, we use the following notation:

e Bp: the ball of radius R > 0 centered at the origin; Br(z): the ball of radius
R > 0 and center z € RY; Ag ri: the set Bg \ Br/ for R > R’ > 0.

e Qr(x): the set {y € R? | max|y; — 24| < R} for R >0 and = € R% Qg: the
set Qr(0).

e #B: the cardinality of a discrete set B.

e 2P: the point x, € G¢, for p € Pc,; 7p: the translation 7o» where we denote
m.f = f(. + ) for € R% V,: the Voronoi cell V.

e |p|: the norm defined by ‘Eglaxd} |ps| for p € Pe,.

caey

In addition, for a normed vector space (X, ||.||x) and a matrix-valued function
f € X" neN, we use the notation ||f||x = || f]|x» when the context is clear.
We associate to (8)-(9) the following functional space:

B®) = {1 € Ly (®)

oo € 2(RY), lim |f—rpfoo|L2<vp>=o}, (10)

|p|—oc0

equipped with the norm
52y = [[foollL2mey + [Ifllz2,, @a) + sup [If = 7-pfocll2(vy)- (11)
wni pePo,

In (10), (11) we have denoted by:

12,;(RY) = {f € L, (RY), sup [fllz2(s, (@) < OO}»
xe

and

1£1lz2

unif

®a) = sup || fllz2(B, (@)
rERE

Intuitively, a function in B?(R%) behaves, locally at the “vicinity” of each point
Zp, as a fixed L? function truncated over the domain V. We show several properties
of the functional space B%(R?) in Section 3.

As specified above, in the sequel we focus on homogenization problem (1) with
non-local perturbations induced by the particular setting (8)-(9)-(10). We note,
however, that the definition of B2(R?) can be naturally adapted to the generality
of Assumptions (H1)-(H2)-(H3) and the homogenization results established in the
present study can of course be extended to this general setting. More precisely, most
of our proofs only involve the general structure of the functional space B2(R%) and
several geometric properties related to the rarity of the points x,, that are established
under our general assumptions in Section 2. The specific geometric properties of the
set (9) are only explicitly used to study the equation — div(ape, Vu) = div(f) when
f € B2(R%), particularly to establish the convergence of several sums involving the
asymptotic behavior of the Green function of the Laplacian operator (see Lemmas
4.3, 4.4 and 5.2). However, these results are not specific to the set (9). We explain
how to adapt their proofs under our general assumptions in Remarks 4 and 8.

1.3. Main results. We henceforth assume that the ambient dimension d is equal
to or larger than 3. The one-dimensional and two-dimensional contexts are specific.
Some results or proofs must be adapted in these particular cases but we will not
proceed in that direction in all details. This is due to the asymptotic behavior of
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the Green function of the Laplacian operator in these two dimensions. In these
two particular cases, we claim that it is still possible to show the existence of the
corrector defined by Theorem 1.1 below. However, the method used in Lemmas 4.3
and 4.4, both useful for the proof of Theorem 1.1, need to be adapted. The one-
dimensional context can be addressed easily because the solution to (14) is explicit.
The two-dimensional case requires more work. We explain how to adapt our proof
in Remark 5. In contrast, in dimensions d = 1 and d = 2, the convergence rates
of Theorem 1.2 no longer hold. Indeed, the corrector w, is then not necessarily
bounded (see Lemma 5.2 for details). We are only able to prove weaker results in
these cases. Additional details about these cases may be found in Remarks 5, 7,
and 9.

For a €]0,1[, we denote by C%%(R%) the space of uniformly Hélder continuous
and bounded functions with exponent «, that is:

CO(RY) = {f € LR | || fllcommay < 00},
where

f(x)— fy
[fllco.e@ay = [[fllLoe@ey +  sup w
z,y€RY, zF#y [z =yl

We consider a matrix-valued coefficient of the form (2) with ape, € L2, (R?)%*?
and @ € B?(R%)4*?. We denote by G, the matrix-valued limit L2-function associ-
ated with @, where each coefficient (@ ); ; is the limit L?-function associated with

(@);,; € B2(R?) and defined in (10). We assume that ape,, @ and doo satisfy:
>0, Vo, £ERT NP < (a(@)6,), A < (aper(0),6), (12)

and
Upers @y Gog € COY(RY)IXD a €]0,1[. (13)

The coercivity (12) and the L* bound on a ensure that the sequence of solutions
(uf).~¢ to (1) converges in weak — H'(Q) and strong — L*(Q2) up to an extraction
when ¢ — 0. Classical results of homogenization show the limit v* is a solution
to a diffusion equation of the form (3) for some matrix-valued coefficient a* to be
determined. The questions that we examine in this paper are: What is the diffusion
coeflicient a* of the homogenized equation? Is it possible to define an approximate
sequence of solutions u®! as in (6)? For which topologies does this approximation
correctly describe the behavior of u*? What is the convergence rate?

In answer to our first question, we prove in Proposition 13 that the homogenized
coefficient a* is constant and is the same as in the periodic case. This result is a
direct consequence of Proposition 10 which ensures that the perturbations of B?(R%)
have a zero average in a strong sense. Consequently, our perturbations are “small”
at the macroscopic scale and do not affect the homogenization that occurs in the
periodic case associated with the periodic coefficient ape.. In reply to the other
questions, our main results are contained in the following two theorems:

Theorem 1.1. For every p € R?, there exists a unique (up to an additive constant)
functionw, € H}, (R?) such that Vw, € (L2, (R%) + 82(Rd))dﬂco’a (R solution
to:
—div((aper + a@)(p + Vw,)) =0 in RY,
14
im [wp ()] -0 (14)
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Theorem 1.2. Assume Q is a C*'-bounded domain. Let Qy CC Q. We define

utt =t + Ezd:aiu*wei(./s) where we, s defined by Theorem 1.1 for p = e; and
u* 1s the solutz;o;l to (3). Then R® = u® —u! satisfies the following estimates:

IR |2 (0) < Crellflle2(o, (15)

VR |2 (0,) < Coellfllzz(a), (16)

where Cy and Cs are two positive constants independent of f and €.

Our article is organized as follows. In Section 2 we prove some geometric prop-
erties satisfied by our set of points G¢,, in particular we show that it satisfies
Assumptions (H1), (H2) and (H3). In section 3 we study the properties of B2(R<)
and its elements. In Section 4 we prove Theorem 1.1. Finally, in Section 5 we obtain
the expected homogenization convergences stated in Theorem 1.2. We conclude this
introduction section with some comments.

1.4. Extensions and perspectives. A first possible extension of the above re-
sults, which is studied in [16, Appendix A], consists in considering the functional
spaces B for r # 2, 1 < r < oo, defined similarly to B2, but using the L" topology.
In this case the convergence rates of Theorem 1.2 are modified and depend upon
the value of r and the ambient dimension d. Indeed, some results related to the
strict sub-linearity of the corrector allow to show that the convergence rate of R®
is 5%|10g(5)|% if r > d and ¢ else.

In addition, although we have not pursued in these directions, we believe it is
possible to extend the above results in several other manners.

1) First, under additional assumptions satisfied by the function f, we expect
the estimates of Theorem 1.2 to hold, with possibly different rates, in other
norms than L? such as L4, for 1 < ¢ < oo or C%®, for a €]0,1[. It seems
that such questions could be addressed by adapting the proofs of Section 5
and consider the methods employed in [6] using the behavior of the Green
function associated with problem (1).

2) We also believe that it is possible to show results analogous to that of The-
orems 1.1 and 1.2 in the case of equations not in divergence form, instead of
(1),

—a;;j0iu = f,
where a is a periodic coefficients perturbed by a defect in B2(R?) of the form
(2). One way to address this question could be to adapt the methods of [8,
Section 3] in the case of local perturbations, that is, to show the existence of

an invariant measure m = mpe, + M in Lf,er + B2(R9) solution to:

—8; (a;jmi;) =0 inRY,

such that inf m > 0. Indeed, using the method presented in [3], this study
could be then reduced to a problem of divergence form operator as soon as
such a measure m exists and the results established in this article could allow
to conclude.

3) In the same way, another possible generalization concerns advection-diffusion
equation in the form:

—aijaiju + bjaju = f in Rd,
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where a and b are two periodic coefficients perturbed by a defect in B2(R?).
The method [7] is likely to be adapted to this case, showing the existence of

an invariant measure m in Lfm + B%(R%) solution to

—0; (9 (aijmij) +bimi;) =0 in R%

2. Geometric properties of the Voronoi cells. We start by studying the geo-
metric properties of the Voronoi cells associated to every sets of points G satisfying
the general Assumptions (H1), (H2) and (H3). In particular, we show these assump-
tions ensure the rarity of the points x, in the space proving, in Proposition 3 and
Corollary 1, that the number of points of G contained in a ball of radius R > 0 is
bounded by the logarithm of R. In Propositions 2 and 4, we also show two technical
properties regarding the size and the structure of the cells. All these properties are
actually fundamental for the rest of our work since they allow us to prove several
results regarding the existence and uniqueness of solutions to the class (31) of diffu-
sion equations — div(aVu) = div(f) studied in Section 4. In particular, as we shall
see in the proof of Lemma 4.3, we use these geometric properties to bound several
integrals in order to define a solution to equation (35), that is (31) with ¢ = aper,
using the associated Green function. To conclude this section, we also show that
our specific set of points G¢,, defined by (9), satisfies (H1), (H2) and (H3).

2.1. General properties. In this subsection only, we proceed with the whole gen-
erality of Assumptions (H1), (H2) and (H3) and we introduce several useful geomet-
ric properties satisfied by every sets of points G satisfying these assumptions. These
properties relate to the size of the Voronoi cells, their volume and their distribution
in the space R?.

To start with, we show two properties regarding the volume of the Voronoi cells.

Proposition 1. There exist C; > 0 and Cs > 0 such that for every x € G, we have
the following bounds:
Cila|? < Vi < Cola|”.

Proof. For every x € G, using the definition of the Voronoi diagram, we have the
following inclusion:

Bp(w.g\(a1)/2(7) € Vo
Therefore, there exists a constant C'(d) > 0 such that:

C(d)D(z,G\{z})? = [Bp(,o\(opy/2(2)] < V| < Diam(Vy)".
We conclude using (H2) and (H3). O

Proposition 2. There ezists a sequence (T, )nen € G such that (V,, — x,) is an
increasing sequence of sets and:

U (Va,, — ) = R%.

neN
Proof. We consider a sequence (x,)n,eny € G such that the sequence |z,,| is increas-
ing and lim |z,| = co (such a choice is always possible according to Assumptions

n—oo
(H1) and (H2)). Since we have assumed that G satisfies (H2), there exists C' > 0
such that for all n € N:
D(zn, G\ {2n}) = Clan|.

Therefore, as a consequence of the definition of the Voronoi cells, the ball Bg,, |/2
(7,,) is included in V,,, and, by translation, the ball B¢y, |/2 is included in V,,, — .
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Since (zn)nen is an increasing sequence such that lim |x,| = oo, we use (H1) and
n—oo
we obtain, up to an extraction, that V,, is included in Bg|g, . ,|/2(2n). Thus
Vn € N, Vxn — Iy C BC|xn+1|/2 C Van — Tp41.

The sequence (V,, —x,) is therefore an increasing sequence of sets and, in addition,

Rd = U BClxnl/Z C U (VI" — CCn) .

neN neN
We directly deduce that R? = U (Vi — Zn)- O
neN

The next results ensure a certain distribution of the Voronoi cells in the space.
In particular, we prove that the number of cells contained in a ball of radius R > 0
increases at most as the logarithm of this radius. This property reflects the rarity
of our points far from the origin and is essential in our approach.

Proposition 3. There exists a constant C(d) > 0 that depends only of the ambient
dimension d such that:

ﬁ{l' S g|x S A2n’2n+1} S C(d)

Proof. Let € G such that x € Agn gn+1. The definition of the Voronoi cells ensures
that the distance D(x, 9V,) is equal to w. Property (H2) gives the existence
of a constant C; > 0 independent of x such that:
D@I\{a}) | o lal | g,
2 2
Then, the ball Bo,on-1(x) is contained in V,, that is z is the only element of G in
this ball. In addition, since |x| < 2"*! we obtain the following inclusion using a
triangle inequality :
BCIQn—l ({E) C B(Cl+4)2n—1 .
Since this inclusion is valid for every 2 € G N Agn gnt1 we obtain:

U BCIQn—1(£€) C B(Cl+4)2n—1.
z€GNAyn ont1

Therefore, there exists Ca(d) > 0 such that:

U Beyon-1(2)| < | Biey 1ayan—1| < Ca(d)24=1). (17)

z€GNAyn snt1

Next, we know that the Voronoi cells are disjoint and, therefore, the collection of
balls (Be,gn—1(x)) is also disjoint. Thus, there exists C3(d) > 0 such

that:

IGgﬁAzn Jon+1

U Beyan-1(z)| = f{z € G|z € Agn gni1 } [ Boyon—1]
TE€EGNAgn on+1
=t{z € G|z € Agn gns1 } C3(d)27" 1. (18)
With (17) and (18), we conclude that:
Cs(d)

ﬂ{l‘ (S g|x S A2n,2n+1} S Cg(d)
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Corollary 1. There exists C > 0 such that for every R > 0 and xy € R%:
t{z € G|V, N Br(xo) # 0} < Clog(R). (19)

Proof. We start by proving the result if R = 2" for n € N*. Without loss of
generality, we can assume that n is sufficiently large to ensure there exists = in
G N Ban(x). Using a triangle inequality, we remark that if y € Ban(29) we have:

[z —y| < |z — 2ol + ly — wo| < 2" < D (y,R?\ Bynss (o)) -

That is, if € G is such that & ¢ Bgyn+s(x0), every point y € Ban(x¢) is closer to x
than to Z, that is Vz N Ban (z9) = (. Therefore, we have

 {a € GIVa N Ban (o) # 0} < #{ € Gl € Byura (o)}

Next, if |zg| < 27*4, we have Byn+3(54) C Ba2nt7 and we use Proposition 3 to obtain
the existence of a constant C' > 0 independent of n such that:

i{z € Glz € Ban+s(wo)} < #{x € G|z € Byansr}
2n+6

= Z t{z e Q|x € Agi gr1 } +§{x € Glz € B1}
k=0
< Chn.

If |29 > 2"*4, we denote by m > n + 4 the unique integer such that 2™ < |z
and |zg| < 2™F1. In this case, we use a triangle inequality and we have

B2n+3(m0) C A‘wo‘+2n+37lzol_2n+3 C A2m+272m—1.
Proposition 3 gives the existence of C' > 0 independent of xy and n such that:

#{z € G|z € Banss(x0)} < f{z € G|w € Agmsz gm—1}

1
= Z ]i{x S g|.13 S A2m+k’2m+k+1} S C

k=-1

Finally, we have estimate (19) in the particular case R = 2.
Next, for any R > 0, we have:

R = 210g2(R) S 2[log2(R)]+17

where [.] denotes the integer part. Thus, we obtain the following upper bound:

4{x € G|V. N Br(xo) # 0} < #{z € G|V, N Byposans: (x0) # 0}
< C([logy(R)] + 1),

and we can conclude. O

To conclude this section, we now introduce a particular set (denoted by W, in
the proposition below) containing a point = € G which is both bigger than the cell
V. and far from all the others points of G. As we shall see in Lemmas 4.3 and
4.4, this set is actually a technical tool that allows us to show the existence of the
corrector stated in Theorem 1.1.
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Proposition 4. For every x € G, there exists a convex open set W, of R? and Cy,
Cs, Cs, Cy and C5 five positive constants independent of x such that:

o Vy CWa, (i)
o Diam(W,) < Ci|z| and D(Vy,0W,) > Cslx|, (i)
eVy e G\ {z}, D(y,W,) = Csz|, (iii)
ot{y € G|V, NW, # 0} < Cy, (iv)
o vy € G\ {z}, D(Vy\Wa, V) = Cslyl. (v)

Proof. Let x be in G. In the sequel, we denote I, = {z € R? | |z — 2| < [z — y|}
and ¢, the homothety of center z and ratio 3. For y € G\ {z}, we denote by H,,
the set defined by:

Hyy =03 (Isy)-
The set H, , can be easily determined, it is the half-space defined by:

1 1

We finally consider:

Wy = m Hm,yv
y€G\{=}
which is actually the image of the cell V, by the homothety ¢, (see figure 3).

F1cUre 3. Example for the choice of the open subset W, when d = 2.

We next prove that W, satisfies (i), (i), (iii), (iv) and (v).
(i): For every y € G\ {z} we have I, , C H,, and therefore, we obtain using
definition (7) of V,:

Vo= (] LyC () Hoy=Wa,
yeg\{z} yeG\{z}
and we have the first inclusion.
(ii): W, is a 2-dilation of V,, thus we have Diam(W,) = 2Diam(V,). We use
(H2) and (H3) to obtain the first estimate. Next, the definitions of the sets
H, , and W, give:

1. 1
D(anaWz) - Z yelglg[w} |’1;’ - y| - 4D (‘T7g \ {l’}) .
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We conclude using (H2).
Let y be in G\ {z}. By definition, for every v € W, there exists u € I , such
that v = u + %:ﬁ/ Therefore, we use the triangle inequality and we have:

1 1 1 1
v —yl ZD(y,Iz,y)—ZIw—yl = ilm—y\—z\w—yl = le—yl-

Taking the infimum over all v € W, in the above inequality and using (H2),
we finally obtain:

Dy, W) 2 e =] 2 1D (2.6 {2}) = O Je],

where C' > 0 is independent of z and y.

: First, we have proved there exists a constant C; > 1 independent of x such that

Diam (W,,) < Cylz|. Second, using Assumption (H2), we know there exists
a constant Cy > 0 such that for every y € G we have D (y,G \ {y}) > Caly|.
Let & > 2 be an integer such that:

Co2872 — 1 > 40, (20)

We denote n € N, the unique integer such that x € Agn gnt1. Here, it is
sufficient to establish a bound for x sufficiently large, thus without loss of
generality, we can assume that n > k. We next show that if y € G satisfies
ly| < 27Ftz| <277F or |y| > 2F|z| > 27HK, then W, NV, = (.
We start by assuming that y € G N (Rd \ an+k). Since
Diam (W,) < Cy|z| < C2"H

we have W, C Bg,an+1(x). Therefore, using a triangle inequality we obtain
W, C Bg,an+2. Our aim here is to prove that I, , N B an+2 = () in order to
deduce I, , N W, = (. For every z € I, ;:

2 2 |z — 2] = |2] =2 D (2, Lo y) — |2|.

In addition, for every y € G\{y}, we have D (z, I,,,) = %\az—y| > %D (v, 6\ {v})
and we deduce that:

2= D (y, G\ {y}) — ||
> Cjy)—Jaf
> 022n+k—1 _ 2n+1
> 2" (G282 — 1) > 20

Therefore, I, C (Rd \ Bclgn+3) and we obtain W, NI, = (. Since, V, =
ﬂ I, ,, we deduce that V,, N W, = 0.

z€G\{y}
Next we assume that y € Byn—« and we want to prove that V,, N H,,, = 0.

As above, we can show that V,, C Bg,on—#+1 and for every z € H, .
2] > 1| | =yl
zZ| > =z —y| -
=7 Y Y

> 2 Cola| =yl
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Therefore H, , C Bg,gn-k#+2 and we have V, N H, , = (. We deduce that
VyNW, = 0.

To conclude, we use Proposition 3 and we obtain the existence of a constant
C3 > 0 independent of n such that:

f{z € G|z € Ay gnir} <Cs,

and therefore:

k
tyeglVynW, #0} < > {2 €G|z € Aym g }
m=—k
n+k
< > C3=(2k+1)Cs.
m=n—k

We have finally proved (iv).

(v) : Let y be in G\ {x}. We first assume that 27%~1|y| > |z|, where k is defined
as in (20) and is independent of z. In the proof of (iv) above, we have shown
that W, NV, = (. Therefore, using Properties (i) and (ii) of W, we easily
obtain that there exists a constant M; > 0 independent of x and y such that
D(V,,,V,) > Mi|y| and we can conclude. Next, we assume that 27 *~1|y| < |z|.
Using again Properties (i) and (ii) of W,, we obtain the existence of My > 0
independent of x and y such that D (V,,V, \ W,) > Ma|z| > My27*~1y|.
Finally, we have proved (v) with C5 = min(M;, Ms27%~1).

O

2.2. The particular case of the “2P”. We next prove that the set G, defined
by (9) satisfies Assumptions (H1), (H2) and (H3). In order to avoid many unnec-
essary technical details, we study here the Voronoi diagram only for d = 3 and, in
the sequel, we admit that these properties still hold in higher dimension. We also
consider the cell V,, only for p = (p1, p2,p3) € (R**)S. Since the distribution of the
points 2P is symmetric with respect to the origin, the other cases are similar and
we omit them.

Proof of (H1). Let p = (p1,p2,p3) be in Pg, N (R+*)3. We first prove the following

inclusion:
3

v, < [1 [21’1'—1,2“9“3} (21)

i=1
3

To this aim, we want to show that if (z,y, z) ¢ H [2’”_1, 2|p|+3], then there exists
i=1

xq € Pc, \ {zp} such that the point (z,y, z) is closer to x, than to x, and there-
fore (z,y,2) ¢ V,. We consider (z,y,z) € (R‘*‘)3 and we start by assuming that
x < 2P171 We have

D((,y,2), 2,)* = & — 272 4 [y — 272 4 |2 — 297,
and
D((JZ, Y, Z)a (07 2p2’ 2p3))2 = ‘$|2 + |Z/ - 2p2|2 + |Z — 2p3|2.
Since x < 2P1~! we use a triangle inequality and

|x — 2P| > 2Pr —opi—l — 9Pl 5 g,
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We obtain that D((z,y, 2),2,)> > D((z,y,2),(0,2P2,2P2))2. That is, (x,y,2) is
closer to (0,272,2P3) € G¢, than to z, and we deduce that (z,y,2) ¢ V,. We can
therefore conclude that V, is included in {(z,y,2) € R® | 27171 <z}

We next assume that 2 > 2/P1+3. Since |p| > p;, we have:

|z — 2P1|2 — (3; —olpl+1 | glpl+1 _ 2p1)2

> (x _ glpl+1 | glpl+1 _ 2|1o|)2
= |z — 2\p\+1‘2 + 2|p|+1(x _ 2\p\+1) + 22Ipl,
Using z > 217113 it follows:
|z — 2P1 |2 > |z — 2IPIH1)2 13 x 2207, (22)
On the other hand, we have
ly — 272 = Jy[* — 2r2*ly 4 2%,
|y _ 2p2+1|2 — |y|2 _ 2p2+2y 4 92p2+2
We obtain
ly — 2P2|2 > |y — 22 T2 — 3 x 9P2 > |y — 2p2 1|2 _ 3 92l

Similarly, we can show that |z — 2P3|2 > |z — 2Ps+1|2 — 3 x 2Pl and, using (22), we
have

D((wy, 7). > | — DIy 2722 4 |z 9L 7 o
> D((w,y, 2), (21, 2021, grtT) )2,
Now we claim that (217141 2p2+1 2ps+1) € Go . Indeed, since (p1, p2,p3) € Po,, we
have using (8) :
max {|p| +1,p2 + 1, p3 + 1} = max {p1 + 1,p2 + 1,ps + 1}

<min{p1 +1,p2+1,p3 + 1} + Co

< mln{|p| + 17]32 + 1ap3 + 1} + CO~
Since D((z,y,2),2p)? > D((z,y,2), (2/PIT1,2p2+1 2psF1))2  we therefore conclude
that (z,y, z) is closer to (2/PI+1 2p2F1 2Ps+1) than to x, and that (z,y,2) ¢ Vj.

Using the symmetry of the distribution, we can use exactly the same argumen-
tation to treat the cases y < 2P2~1 ¢ > 2IPIH3 2 < 9ps—1 and » > 2lPI+3 We have

3
finally established inclusion (21). Since the volume of the cube H {2”‘_1, 2"’“‘3} is
i=1
bounded by 83.23/PI we can deduce that:

[V,| < 83.23IP1,
(H1) is proved. O
Proof of (H2). Let p be in Pe, N (RT*)*. We have:
D (2p, G0, \ {2p}) < D(p, 0) = |2,

and therefore:

= D (zp,Gc, \ {xp})
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To show the upper bound, we consider z4 € G¢, \ {zp}. Without loss of generality,
we can assume |p1| = |p| and there are three cases:

o If |g1] # |p1], then:

D(xp,z4) > [sign(p1)2/P - sign(g1)2/%"!

— 9lpil |1 _ glarl—=Ip1l

Y

‘Q‘Pl‘ _ 2|f11|

> 2\1)1\1 — olpl-1
- 2

o If p1 = q1, since p € P¢,, we have max(|pa], [ps]) > |p| — Co. Since x4 # zp,
we obtain as above:

D(xp,24) > max (2lp2| 1 — leel=lp2l| olpsl |1 _ olas|—Ips| ) > olpl=Co-1,
e If py = —q1, we have:
D(zp,xzq) > sign(p1 )27t — sign(qy)2/!| = 2P+t

In the three cases we conclude there exists C' > 0 independent of ¢ such that
D(zp,z4) > C2/PI. Finally, since |z, = (22P* +2%2 + 221’3)1/2 < v/3.2IP! we obtain
the existence of a constant C; > 0 independent of p such that:
1+ ||
D (zp,Gco \ {zp})

< (.

O

Proof of (H3). Let p = (p1,p2,p3) be in Pe, N (R**)g. We use (21) to bound the
diameter of V}, by the diameter of the cube [0, 21P1+3]3, that is:

Diam (V,) < v/3.2P1%3,
In addition, (H2) shows the existence of C' > 0 such that for every x,, € G, we have :
D (2,90, \ {zp}) = Clay| = C27,
and we obtain (H3). O

We finally conclude this section establishing an estimate regarding the norm of
each element x, of G¢,. Using Proposition 1, the next property shall be useful to
estimate the volume of the Voronoi cells in our particular case.

Proposition 5. There exists C; > 0 and Cy > 0 such that for every p in Pc,, we
have:

127! < |z, < Cy2M7. (23)

Proof. For p € Pc,, we have:

|z, = Z 22Ipil

i€l,...d

1/2

We first use the inequality |p;| < |p| to obtain the upper bound. That is:
1/2

wpl < | D 22 < Va2lel,

i€l,....d
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For the lower bound, we denote j = argmax;c(; 4 [pi| and we have:
|2, | > olpil — olpl
We have established the norm estimate (23). O

In the sequel of this work, we only consider the specific set G¢,, defined by (9),
for a fixed arbitrary constant Cy > 1. Therefore, for the sake of clarity and without
loss of generality, we will denote G and P instead of G, and Pc,.

3. Properties of the functional space B%(R?). In this section we prove some
properties satisfied by the functional space B%(R%). The following results are heavily
based upon the geometric distribution of the x,. They are key for the understanding
of the structure of B? and to establish the homogenization of problem (1).

To start with, we show the uniqueness of a limit L2-function f., in L?(R%)
defined in (10) and characterizing each element of 32(R%). This result ensures that
the definition of the function space B2(R?) is consistent.

Proposition 6. Let f be a function of B2(R?). Then, the limit function fo of
L2(RY) defined in (10) is unique.

Proof. We assume there exist two functions f,, and g, in L2(R?) such that

i || =7 pfocllzv,y = lim ||f =7 pgeollz2(v,) = 0.
Ip|—o00 Ip|—o00

By a triangle inequality, we obtain for every p € P:

||Tfpfoo - 7L;DS’OOHH(V;,) < Hf - TfpfOOHL?(Vp) + ||f - 7'fpgoo”L?(Vp) ‘p‘:_)m

In addition, we have ||7_p foo — T—pgoollL2(v;) = [ foo = goollL2(v,—2v). According to
Proposition 2, we can find a sequence (p,)nen € P such that lim |p,| = oo and:
n—oo

U v, —2r) =R%

neN
We can finally conclude that || foo — goo || £2(ra) = 0, that is foo = goo in L*(RY). O

We next study the structure of the space B?(R?) showing two essential properties
that shall allow us to establish the existence of the corrector in Section 4. In
particular, we prove in Proposition 7 that B?(R9) is a Banach space.

Proposition 7. The space B*(R?) equipped with the norm defined by (11), is a
Banach space.

Proof. Let (fn)nen be a Cauchy sequence in B2(R?). Definitions (10) and (11)
ensure the existence of a Cauchy sequence f, o in L*(R?) such that for every
n €N,

Wm || fn = T—p facollL2(v,) = 0.
|p|— o0

Then, for any € > 0, there exists N € N such that for all n > N, k > 0:

[ frtr = fullzz,,, <e

||fn+k,<x> - fn,oo||L2(Rd) <eg,
. (24)

N ™

sup ” (fnJrk - Tfpfn+k700) - (fn - Tfpfn,OO) ||L2(Vp) <
peEP
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Since L? and L2, ; are Banach spaces, there exist f € L7 . -(R?) and fo € L*(R?)

unif
such that f, "y fin L2 . .(R%) and f, o 57 foo in L#(R?). We consider the
n—+o00 n—+400

unif

limit in (24) when k — oo and we obtain:

)
Sup H (f - T—pfoo) - (fn - T—pfn,oo) ||L2(Vp) S 5
pEP

Since € can be chosen arbitrary small, we deduce:

lim sup || (f = 7-pfoo) = (fn = T—pfn.co) l22(v;) = 0.

n—oo pEP

The function f is therefore the limit of f,, for the norm (11). We just have to show
that f € B%(R?) to conclude. Indeed, for a fixed n > N and for p sufficiently large,
we have:

N ™

||fn - 7——pfn,OOHLQ(Vp) <

Using a triangle inequality, it follows:

If = T—pfoollzzv,) < 1fn = T—pfrcollz2(vy)
+ sup || (f - T—Pfoo) - (fn - T—pfn,oo) ||L2(Vp)
peP

<e.

Finally, we obtain ‘ llim If = T—pfoollz2(v,) = 0. ]
p|—oo

Proposition 8. Let o €]0,1[, then C%*(R*)NB2(R?) is dense in (B*(R?), ||.|| g2 ra)) -

Proof. We consider f € B?(R?) and f.,, € L?(R?) the associated limit function
defined by (10). First, for any e > 0, there exists ¢ € D(RY) such that |¢ —

JoollL2(ray < %, thus 7,0 — 7 pfcll2(v,) < % for all p € P. Second, since
f € B2(R):

€

3

Since ¢ is compactly supported there also exists P, which we can always assume
larger than P*, such that for every |p| > P and for all ¢ # p, we have (7_4¢)|v, = 0.

The finite sum Z ly,f (where 14 denotes the indicator function of A) is
lal<P
compactly supported and then belongs to L?(R%). Again, we can find ¢ € D(R?)

AP*eN, Vpe P, |p| > P* = ||f —7—pfoollr2(v,) <

such that |[¢p — Z v, f <-. Wefixg=v+ Z T_p¢ and we want to
lg|<P L2(R%) lp|>P

show that g is a good approximation of f in B2(R%) N C%*(R?), that is g is close to

f on each V,, uniformly in p. First, we have:

_ (G if |p| < P,
9ve = Y+ T_pd else.

Therefore g is bounded and we can easily prove that g € B%(R?) N C>(R?) where
the associated limit function in L?(R?) is given by g, = ¢. Furthermore, g is in
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C%(RY) since it is a C°° function and all of its derivatives are bounded. Indeed,
for every k in N, we denote 0y = 6’;;8’;;8’;3 and we have:

_ O if [p| < P,
(akg)\vp o { Ok + T_pOkd else.

and OJig is clearly bounded.
Let p € P, we consider two cases. If |p| < P, then:

lg — fllzzv,) = || — Z 1y, f <e.

lg|<P

L2(Vp)
Else, if |p| > P, using that Z 1y, f has support in U Vy we have:
lq|<P lg|<P

Il 2(v,) = || — Z 1y, f <||v - Z Ly, f <

g
3"
l[g|<P L2(V,) lq|<P L2(R%)

We obtain:

lg = fllzcv,) = ¥+ 7—pd = fllL2(v,)
< Wllzzcv,) + IT=p® — T—pfosllra(v,) + IT=pfoo — fllz2(v,)
<eg
and we can conclude. O

We now establish a property regarding multiplication of elements of B2(R9).

Proposition 9. Let g and h be in B2(R?) N L>°(R?). We assume the associated
L? function of g, denoted by goo, is in L>°(R?), then hg € B*(R?).

Proof. Since goo € L>®(R%), we clearly have goohoo € L?(R?). Using that for all
pEP:

gh = T_p(goohoo) = (h = T—phoo)T-pgoo + (9 — T-pgoc ) h.
We have by the triangle inequality:

lgh = 7—p(gochoo)l 22, < I = T—phooll vy llgooll oo ey
+1lg = ool (v 1Al oo -

It follows, taking the limit for [p|] — oo, that gh € B*(R?) and that (gh),_ =
Joohioo- O

Our next result is one of the most important properties for the sequel. As
we shall see in section 5, it first implies that the homogenized coefficient in our
setting is the same as the homogenized coefficient in the periodic case, that is,
without perturbation. In addition, it gives some information about the growth of
the corrector defined in Theorem 1.1 (in particular, we give a proof in Proposition 11
of the strict sublinearity of the corrector). We will use all of these properties to
prove the convergence stated in Theorem 1.2 in our case.

Proposition 10. Let u € B2(R?). Then, for every zo € R%:

1
lim

= |u(z)|dz = 0, (25)
R—o0 |BR| BR(IU)
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with the following convergence rate:

1 log R 3
— dr < 2
5 ), xC( Rd) , (26)

where C' > 0 is independent of R and xg.

Proof. We fix R > 0. Using the Cauchy-Schwarz inequality, we have:

%
1 1
L u@ldr < —— ([ Ju(o)Pdo
|Br| J B (x0) |Br| \/Br(zo)
-1 Z/ () 2da
VIBrl \ ;7 /vonBr (o)

Since the number of V,, such that Bgr(zo) NV, # 0 is bounded by log(R) according
to Corollary 1, we obtain:

1 (log R)? log(R)\
P |u(z)|de < ~—32—== sup ||lul| 2 v,) < C(d) ( sup ||ul| 2 V,)-
| Bl Br(zo) V |Br| » (V) Rd p (V)

Here, C'(d) depends only on the ambient dimension d. The last inequality yields
(26) and conclude the proof. O

Corollary 2. Let u € B*(R%) N L2(RY), then |u(./€)| is convergent to 0 in the
weak*-L> topology when ¢ — 0.

Proof. We fix R > 0 and we first consider ¢ = 1p,. For any ¢ > 0, we have:
[ ta/elpteris] < [ putereas
Rd Br

:x/
= / fu(y)| dy
BR/E

cd

= |B
1Brl 15

u(y)| dy
BR/E

lelmn—— [ )|
= (p 1(Rd 7/ u y dy
L( )|BR| Br).

We next use (26) in the right-hand term and we obtain the existence of C' > 0
independent of € and ¢ such that:

/Rd u(z/e)p(x)dx

We conclude using the density of simple functions in L'(R?). O

1
< CllellLr may (ed log(1/¢))> — 0.

e—0

We next introduce the notion of sub-linearity which is actually a fundamental
property in homogenization. Indeed, in order to precise the convergence of the
approximated sequence of solutions (6), we have to study the behavior of the se-
quences ewe; (./¢) when ¢ — 0. The convergence to zero of these sequences and the
understanding of the rate of convergence are key for establishing estimates (15) and
(16) stated in Theorem 1.2. In the sequel, we therefore study this phenomenon for
the functions with a gradient in B?(R?).
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Definition 3.1. A function w is strictly sub-linear at infinity if:

lu@)] _

|z|—oo 1 + |l‘| B

In the next proposition we prove the sub-linearity of all the functions u such that
Vu € (B*(RY) N L>® (Rd))d. We assume, for this general property only, that d > 2.

Proposition 11. Assumed > 2. Letu € H} (R?) with Vu € (B*(R%) N L>® (Rd))d.
Then u is strictly sub-linear at infinity and for all s > d, there exists C > 0 such
that for every x,y € R* with x # y:

1 1_%

* o —yl

u(z) —u(y)| < C llog(|z — yl) (27)

Proof. Let x,y € R? with z # y and fix » = |z — y|. Since Vu € L® (R4 we
have Vu € Lj _(R%)? for every s > 1. We next fix s > d. We know there exists a

loc

constant C' > 0, depending only on d, such that:

1 s
fu(z) — u(y)| < Cr (d /B PCE! dz>

This estimate is established for instance in [13, Remark p.268] as corollary of the
Morrey’s inequality ([13, Theorem 4 p.266]). Since s > d > 2, we use the bounded-
ness of Vu to obtain:

s

s

S— s 1
[u) = u(y)| < C|Vul =t ( /B ()|Vu<z>|2dz> : (28)

We next split the integral of (28) on each V,, such that V, N B, (z) # () and we have :

(5—2)/s 1 2
ua) = ()] < CIvalS=r (5 3 [ IO
peEP LAY P

We finally use Corollary 1 and we obtain the existence of a constant C; > 0 such
that:

s=2)/s 2/s 1 _d
|U($) B u(y)l < CleuHém(ﬂ){{i)”VUHB/Z(RUZ) |10g(7") s ’I“1 s,

This inequality is true for all s > d, which allows us to conclude. In addition,
the sub-linearity of u is obtained fixing y = 0 and letting |z| go to the infinity in
estimate (27). O

Remark 1. In the case d = 1, since s > 2, the above proof gives:
1 1
lu(z) — u(y)| < Cllog|z —yl|* [z —y|? .

The last proposition of this section gives an uniform estimate of the integral
remainders of the functions of B2(R9). The idea here is that the functions of B2(R9)
behave like a fixed L?-functions at the vicinity of the points of G and therefore, have
to be small in a L? sense far from these points. This property will be used in the
proof of Lemma 4.3 in next section to establish an estimate in B2(R?) satisfied by
the solutions to diffusion equation (35).
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Proposition 12. Let f be in B*(R?) and f. the associated limit function in
L*(RY). For any € > 0, there ewists R* > 0 such that for every R > R* and

every p,q € P:
1/2
2
</ |f—Tpfoo|> <
VqﬂBR(Qq)C

where Br(29)¢ denotes the set R\ Br(29). Therefore, we have the following limit:

1/2
lim sup / lf — 7'_pfoo|2 =0.
R0 (p,g)ep? \JVinBr(20)°
PF#q

Proof. Let € > 0. First, for every R > 0, p,q € P we use a triangle inequality and
we obtain the following upper bound:

1/2 1/2
(/ - r_pfoo|2> < (/ - r_qfoo|2>
VoNBRr(29)¢ VyNBRr(29)°
1/2
2
+ ( / 7 g ool )
V,NBR(29)e
1/2
4 ( / rpfooF)
VqﬁBR(2‘1)C

= I7(R) + I5(R) + I3 (R).

We want to bound the three terms I1"Y(R), I5?(R) and I'?(R) by e uniformly in

p,q.
We start by considering I7’?. We have assumed that f € B%(R?), then, by

definition, there exists P > 0 such that for every ¢ € P satisfying |¢| > P, we have:

1/2
2 g
</Vq|f—r_qfoo|> <

In addition, since the volume of each V; is finite according to assumption (HI),
there exists R; > 0 such that for every |¢| < P, Bg, (27)° NV, = 0. Therefore, as
soon as |g| < P and R > Ry, we have I, ;(R) = 0. Finally, considering successively
the case |¢q] < P and the case |g| > P, we obtain for every ¢,p € P and R > R;:

e
I"(R) < 3

We next study the second term I3*Y. Since f. is in L?(R?), there exists Ry > 0,
which we can always assume larger than R, such that for every q € P:

1/2
2 r=y—21
( L] dy) - ( /

And we directly obtain, for every R > Rs:

1/2
| foo(@)|? dx) < (29)

W ™

c
Ro

IPYR) < %
Finally, in order to bound the last term, we know that “}im D (21, G\ {2l}) = 400
—00

as a consequence of Assumption (H2). Therefore, there exists a finite number of
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indices [ such that:
D (Vi,G\{2'}) < R. (30)

Thus, we deduce the existence of a positive radius R3 independent of ¢, p such that
for every I satisfying (30) we have Bgr,(2!)° NV, = (). Again we can always assume
Rj3 larger than R,. There are two cases depending on the value of q:

1) If ¢ satisfies (30), we have Bg,(29)° NV, = 0 and we obtain I}"?(R3) =0
2) Else, for every y € V,, we have |y — 2P| > Rjy. Therefore:

1/2 1/2 1/2
wis ([ ) " () ()"

Using (29), we have for every R > Rs, I§?(R) <

In the two cases , we obtain for R > Rj:

=
3-

If(R) <

Wl M

Since the values of R3 is independent of p and g we can conclude the proof for
R* = R3. O

4. Existence result for the corrector equation. This section is devoted to the
proof of Theorem 1.1. Equation (14) being posed on the whole space RY, we need
to use here the geometric distribution of the 2P and introduce some constructive
techniques involving the fundamental solution of the operator — div(aV.) to solve
it. To start with, we establish some general results on equations

—div(aVu) = div(f) in RY, (31)

for coercive coefficients a of the form (2) and right hand side f in B?(R%)? in
order to deduce the existence of the corrector stated in Theorem 1.1. For this
purpose, we consider the following strategy adapted from [8]: we first study diffusion
problem (35) in the periodic context, that is, when the diffusion coefficient a =
Gper is periodic. Secondly we show in Lemma 4.5 the continuity of the associated
reciprocal linear operator V (—divaV) " div from B2(R%) to B2(R%). Finally, we
use this continuity in order to generalize the existence results of the periodic context
to the general context when a is a perturbed coefficient of the form (2). To this
end, we apply a method based on the connexity of the set Z = [0, 1] as we shall see
in the proof of Lemma 4.6.

4.1. Preliminary uniqueness results. We begin by establishing the uniqueness
of a solution u to (31) such that Vu € B2(R%)4. This result is actually essential
in the proof of Theorem 1.1 since it both ensures the uniqueness of the corrector
solution to (14) and also allows us to establish the continuity estimate of Lemma
4.5 which is key in our approach to show the existence of a solution to (31).

Lemma 4.1. Let a be an elliptic and bounded coefficient, and u € HlloC(Rd), such

that sup/ |Vu|? < 0o, be a solution to:
pEP JV,

—div(aVu) =0 in R? (32)

in the sense of distribution. Then Vu = 0.



HOMOGENIZATION WITH DEFECTS RARE AT INFINITY 569

Proof. we consider u € H} (R?) solution to (32). Since u is a solution to (32),
there exists C' > 0 such that for every R > 0, we have the following estimate (for
details see for instance [14, Proposition 2.1 p.76] and [14, Remark 2.1 p.77] ):

c
Vul®> < =5 lu— (u) Aprl”
/BR R? AR2R et

where:
1

_ u(zx)dx.
|ARr2R| JApan (@)

<U>AR,2R =

We use the Poincaré-Wirtinger inequality on the right-hand side and we obtain:

/ |Vu|?* < C |Vu|?.
Br AR2R

Furthermore, we can write this inequality in the following form:

[ v < ta [ (33)
Br 14+C Jp,,

In addition, using Corollary (1), we know there exists a constant C; > 0 independent
of R such that:

/ Vul? = ) / |Vul? < C) log(2R) Sup/ Va2, (34)
Baogr meB2R¢® VpﬂBzR p Vp
Next, we define F(R) = / |Vu|?. The inequalities (33) and (34) yield for all
Br
R > 0 and for every n € N*, we obtain

L)
1+C

n C \n
F(R) < ( F(2"R) < 01(1 n C) log(2" R) Sl;p /v |Vul?.

p

Since < 1, we have:

C
1+C
. C \n ——
M, () s R) =0,
and it therefore follows, letting n go to infinity, that F(R) = 0 for all R > 0, thus
Vu = 0. O

Corollary 3. Let f € B*(R%)?, then a solution u to (31) with Vu € B*(R%)4 is
unique up to an additive constant.

Remark 2. Here the restriction made on the dimension is actually not necessary.
The result and the proof of Lemma 4.1 of uniqueness still hold if we assume d = 1
ord=2.

Remark 3. We remark that Assumptions (2) and (13) regarding the structure and
the regularity of the coefficient a are not required to establish the uniqueness result
of Lemma, 4.1. In the proof, we only use the “Hilbert” structure of L?, induced by
the assumptions satisfied by u, and the fact that a is elliptic and bounded.
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4.2. Existence results in the periodic problem. Now that uniqueness has been
dealt with, we turn to the existence of the solution to (31). We need to first establish
it for a periodic coefficient considering the equation:

— div(ape, Vu) = div(f) in D'(R?). (35)

We start by introducing the Green function G, : R x RY — R associated with
the operator — div (ap.-V.) on R%. That is, the unique solution to

—divy (aper (2)ViGper(2,y)) = §,(z)  in D'(R?),
{ lim  Gper(z,y) =0.
lz—y|—o0
According to the results established in [4, Section 2] about the asymptotic growth
of the Green function (see also [2, Theorem 13, proof of Lemma 17] and [18] for
bounded domain or [11, Proposition 8] for additional details), there exists C; > 0,
Co > 0 and C3 > 0 such that for every z,y € R? with o # y:

1
IVyGper(z,y)] < 01W7 (36)
1
IV Gper(w,y)| < C2W> (37)
1
|VaVyGper(z,y)| < 03m~ (38)

We first introduce a result of existence in the L?(R?) case. The following lemma
allows us to define a solution to (35) using the Green function when f belongs to
L?(R%)?. The proof of this result is established in [4].

Lemma 4.2. Let f be in L?>(R%)?, then the function:
u= [ VGoern) ) (39)

is a solution in H} (R?) to (35) such that Vu € L*(R%).

Our aim is now to generalize the above result to our case and, in particular, to
give a sense to the function u define by (39) when f € B*(R%)?. The idea here is
to split the function f into a sum of L2-functions f, compactly supported in each
V, for p € P. Using Lemma 4.2, we shall obtain the existence of a collection w,, of
solution to (35) when f = f,. The main difficulty here is to show that the function
u defined as the sum of the u, is bounded.

Lemma 4.3. Let f € L}, (R")* such that sup || f]|12(v,) < oo, then the function u
peP

loc
defined by
u = /d vprer(~7 y)f(y)dy (40)
R

is a solution in H} _(R?) to (35). In addition, u is the unique solution to (35) which
satisfies sup ||Vul[z2(v,) < oo and there exists C' > 0 independent of f and u such
peEP

that we have the following estimate:

sup [|Vul|2v,) < Csup | Fllz2(v,)- (41)
peEP pEP
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Proof. Step 1: u is well defined

We start by proving that definition (40) makes sense and, in particular, that the
above integral defines a function u solution to (35) in H. _(R?). In the sequel the
letter C' denotes a generic constant that may change for one line to another. For
every q € P, we first introduce a set W, and five constants C, Cz, C3, Cy and C’s
independent of ¢ and defined by Proposition 4 such that:

o Vg C Wy, (i)
e Diam(W,) < €121 and D(V,, 0W,) > 5219, (ii)
ovr e P\ {q}, Dist(2",W,) > C52l, (iii)
ot {rePlV,NW, #0} <Cy, (iv)
oeVr e P\ {q}, D(V,,V,\W,) > Cs2/". )
To start with, we define for each ¢ € P the function:
w= [ VyGper (- y) f(y)1v, (y)dy. (42)

Lemma 4.2 ensures this function is a solution in H} (R?) to:
— div(aper Vug) = div(f1y,) in RY,
Vu, € L2(RY)4,
Considering the gradient of (42), we have for every z € R%\ V:
V’U,q(l') = - vxvprer(xv y)f(y)]-Vq (y)dy
Next, for every N € N*| we define:
Uy = Z Ug,
q€P, ‘Q‘SN

and
SN=VUxy= Y  Vu, (43)
q€P, ‘qISN

We next show that the two series Uy ans Sy are convergent in L2 _(RY). To

this aim, since the collection (Vp)pEP is a partition of RY, it is sufficient to prove

that they normally converge in L?(V},) for every p € P. We fix p € P and for every
q € P such that V, N W, = 0, we use the Cauchy-Schwarz inequality to obtain:

5 N\ 172
lugllzaqv, = /
VP

dx
1/2
é( / / IV, Cper () dy / F)Pdy dx> .
v, Jv, v,

Next, estimate (36) gives:

1/2
1
lugllz2v,) < Cflelg I fllz2v;.) (/V /V Wdy dﬂ«") . (44)

Since V;, N W, = 0, Property (v) gives the existence of C' > 0 such that for every
x €V, and y € V,, we have |z — y| > C2l4l. We next use Propositions 1 and 5

/V Y, Crer (2,9 £ () dy
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to obtain the existence of a constant C' > 0 independent of p and ¢ such that
V| < ©2414l. Finally:

1/2
1
||uq||L2(Vp) < Cfgg I flle2cv,) (/V /V mdy dﬂ?)

v\ v,
q p
< Csup [RAVEIA (/V 52 dfc) < Usup 122 v) Sratiara=s-

We thus obtain the following upper bound:

Znuq”m(vp): Z llugllz2(v,) + Z llugllz2(v,)

qEP q€EP, q€EP,

VyNW, #0 VanW,=0
1
< D lualleew,) +C ) saamy
q€P, 9€P
VgNWp#0

The first sum is finite according to Property (iv) and we only have to prove the
convergence of the second one. We have assumed d > 2 and consequently d/2—1 >
0. In addition, since the number of ¢ € P such that |¢] = n € N is bounded
independently of n (as a consequence of Proposition 3), we have:

1 1
> gy < C D gramy < (45)
qEP neN

Therefore, for every p € P, the absolute convergence of Uy to u in L?(V},) is proved.
That is, since the sequence of the sets V; defines a partition of R?, Uy converges

to w in L? (R?). Using asymptotic estimate (38) for V,V,Gper we can conclude

with the same arguments to prove the convergence of Sy in Lfoc(]Rd). In addition,
the gradient operator being continuous in D’(R?), we have:
> Vu, = lim Sy = lim VUy = Vu.
s N —oc0 N—oc0
q

To complete the proof, we have to show that u is a solution to (35). Let N be in
N. By linearity of the operator div(ape:V.), Uy is a solution in H} (R?) to:

— div (ape, VUy) = div > Ly f| inR% (46)
q€P, lal<N

We take the L? -limit when N — oo in (46) and we obtain:
— div(ape,Vu) = div(f) in R%
Therefore, u is a solution to (35) in D’(RY).

Step 2: Proof of estimate (41)
Let p be in P, we want to split u in two parts. For every x € V,,, we write:

w(@) = [ VyGrerlw,y)f(y)dy + / Y, Gper (.9) £ (4)dy
Wp Rd\Wp

= Lip(x) + Io p(2).
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I, and Iy, are two distributions (they are in L? (R%)), so we can consider their
gradients in a distribution sense. In addition, I , is a differentiable function on V),
and

Vi, () = / V.V, Grer (2, 9) () dy.
RA\W,

We start by establishing a bound for [[VI || z2(v,). First, we use estimate (36) for
VyGper and we obtain:

2
1
11 pll 72w,y < C/W (/W |m_yd_1|f(y)|dy> dzx.
P

P

We next apply the Cauchy-Schwarz inequality:

1
1,2, < C/ / —d / —_— 2d
|| LP”L (Wp) = W, < w, |$ — y\d_l Y w, |$ y‘d 1 |f( )| Y

Property (ii) implies that W, C Q¢,21»1(27). Therefore, for every x € W, and
y € W, we have by a triangle inequality that  —y € Qcgipi+1 and then:

1
———dy S/
/Wp |z — y[d-1 Q

Using (47) and the Fubini theorem, we finally obtain:

1
1oy |2agy ) < C27 / F@)P / L dedy < O .
PIL2(Wp) w, Qs yiorsa (29) |z — y|d-T (W)

(48)

» |d ——dy < 2P, (47)

calpl+1

Lemma 4.2 ensures that I7 , is a solution in D'(R?) to
—div(aperVI1,p) = div(flw,). (49)
Since Property (ii) ensures D(0V,, W) > C2/P! we can apply a classical inequality

of elliptic regularity (see for instance [15, Theorem 4.4 p.63|) to equation (49) in
order to establish the following estimate:

1
9Tl < € (il + 11w, ) (50)
and we deduce from previous inequalities (48) and (50) that:
IVILplZ2(v,) < ClFIZ2w,)- (51)

In addition, we have:

1flZewy < D, My < Y. swlflze)-
q€P, q€P, rep
VyNW,#0 VgNWp#0

Next, we use a triangle inequality and Property (iv) of W), to obtain:

Hf||%2 Wp) = CSUP ||f||L2

We apply this inequality in (51) and we finally obtain:
IVIipllzzv,) < Csup || fllzzv,), (52)
reP

where C' > 0 is independent of p.
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We next prove a similar bound for ||V Iz || z2(v,). To start with, we want to show
there exists a constant C' > 0 such that:

1
VI o < C'———= sup 2(V.)- 53
|| 27P||L (Vp) 2d|p\/2 P ||fHL Vr) ( )

To this aim, we fix € V,, and we use estimate (38) for V,V,Gp.r to obtain:

V(@) <0 i)y

azp’ Va\Wp |z —y|

) 1/2 1/2
<C / gy / fy)Pdy
%( Vo \Wp |z — y[* > ( Vq\wp| Wl

1/2
1
<c / L) s lflew,
%( vaw, [T =yl ) rep )

Next, using Property (ii) of W), there exists C' > 0 such that for every ¢ # p,
D(V, \ W, V) > C2IP1)

. 1/2 . 1/2
—d <C ——d
</VQ\W,J |z — y|2 y> N Z (/Vq\wp 2lpl2d y)

la|<|pl

vl \'"?
SO Z (2|p|2d

lq|<|pl

and it follows:

la|<|pl

olald/2

SCZW-

lal<Ip|
The last inequality is actually a direct consequence of Propositions 1 and 5. In
addition, we have proved in Proposition 3 there exists a constant C' > 0 such that
for every n € N, the number of ¢ € P such that |g| = n is bounded by C. Therefore
we have:

glalasz [Pl 9lald/2 Pl ond/2 olpld/2 1
Z olpld  — Z Z olpld S CZ olpld =C olpld :CQ\p\d/2'
lal<|p| n=0¢€P,|q|=n n=0
And finally :

1 1/2 X
qu </V4\Wp |z — y|2 ) 9lpld/2

Furthermore, we have with similar arguments:

) 1/2 . 1/2
—d <C ——d
</Vq\wp |z — y|* y) - Z </Vq\wp 2lal2d y)

lg|>1pl

A 1/2
<C Z <2q(12d

lq|>|pl

1
<C 2. g

lg|>1pl

lg|>1pl
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And we obtain again:

1 1 1
Z 9lqld/2 <C Z ond/2 — 02|p\d/2'

lg|>|p| n>|p|

1 V2 1
— —dy| <C—r. 55
|q|2>:p </Vq\Wp |;L‘ _ y|2d ) 2\p\d/2 ( )

Using estimates (54) and (55), we have finally proved (53) and it follows:

That is:

1/2
IV Lzl 2w,y < Vol 2 IV Iz pll 1 (v

1
< C2lpld/? sup || fll rz(viy-
9lpld/2 P ” ”L (V)

Therefore we have the existence of a constant C' > 0 independent of p such that:

VL2 pllL2v,) < ngg 1 £llz2(v,)- (56)

For every p € P, using estimates (52) and (56) and a triangle inequality, we conclude
that:

IVullzz2v,) < [IVIplleev,) + 11V,

l2(v,y < Csup || fll2(v,)-
repP

We finally obtain expected estimate (41) taking the supremum over all p € P in the
above inequality. O

To conclude the study of problem (35) with a periodic coefficient, we next show
that the solution to (40) given in Lemma 4.3 has a gradient in B?(R?).

Lemma 4.4. Let f € B%(R%)?, then the function u defined by (40) is the unique
solution to (35) such that Vu € B*(R%).

Proof. We want to prove there exists a function g € L?(R%)? such that

lim [|[Vu —71_pgllL2(v,) = 0.
Ip|—o0

In this proof, the letter C also denotes a generic constant independent of p, u and f
that may change from one line to another. Using the result of Lemma 4.2, we can
define a function u., € L? (R?) by:

loc

o) = [ 1 Gper 1) o )
solution in D'(R?) to:
— div(aper Vi) = div(foo) in RY, (57)
such that Vus, € L2(R%)%. For every p € P, by subtracting a 2P-translation of (57)
from (35), the periodicity of ap., implies:
—div (aperV (u — T_plioo)) = div (f — T—p foo) -
For every p € P, in the sequel we denote up, = u — 7_pus and f, = f — 7, foo. In

order to prove Vu € B2(R9)4, the idea is to show that lim / |V, |*dr = 0. We

[p|—=oo J v,
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start by fixing ¢ > 0. Since f € B?(R%)?, Proposition 12 gives the existence of a
radius R > 0, such that for every p,q € P,

1/2
(/ f - T_,,foo|2> <e (58)
VqﬁBR(2q)°

In the sequel, the idea is to repeat step by step the method used in the proof of
Lemma 4.3. For p € P, we thus introduce the set W, as in the previous proof and
we split u,, in two parts. For every x € V), we can write:

up(z) = /W VyGrer(,y) fp(y)dy + /R o VyGrer (T, 9) fp(y)dy
= I p(®) + Izp(2).

In the sequel, we denote A, the set W), \ V},,. As in the previous proof (see the
details of the proof of estimate (51)) we can show that:

||V117p||L2(V) = C||fp||L2(W )

and we next prove that | llim ”prL?(Wp) = 0. First, since f € B(R%)?, we already
p|—oo

know that | llim | fp|2 = 0 and we only have to treat the integration term on
p|l—o0

Ap. Using Property (iii) of W, we know that the distance D (29, W),), for ¢ # p, is
bounded from below by 2/PI. Therefore, if 2/?! > R, we obtains:

A= |J Venw,c | VenBr(2Y"

q€P\{p} q€P\{p}
VaNW,#0 VyNW, #0

In addition, Property (iv) of W, gives the existence of a constant C' > 0 such that
the cardinality of the set of ¢ satisfying V, N W), # 0 is bounded by C. Estimate
(58) therefore implies that

/Aplfpﬁ 3 /V fyl? < Ce.

geP\{p} 7 VaNBr(21)°
VaNW,#0

Since € can be chosen arbitrarily small, we finally obtain | llim / | fp\Q = 0, that
pl—=oc Ja,
is

lim ([V11 72y, =0
|p|—o0

We next prove that ‘ l‘im ||V.[27p||2Lz(Vp) = 0. We split VI, in two parts such
p|—o0

that for every x € V,:

V(@)= Y / V¥, Gper (2, ) fy )y
qeP ’ Va\Wp)NBRr(29)¢
q#p

£y / VoV, Grer (2,9) fy (4)dy
aer ) (VAW,)NBR(29)
a#p

= J1p(x) + Jo,p(2).
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We want to estimate ||.J1p(|z2(v,) and [[J1pl|L2(v,). We proceed exactly in the
same way as in the previous proof (see the details of estimate (53)) and, using

estimate (58), we obtain the following inequalities:

||J17p

1 1
\Loo(vp) < OW 22173 ||prL2(quBR(2q)c) < CWE’ (59)

and

|p|
[ J2,pllLoe (v;,) < CRd2| E SUP I fpllL2(v, (60)

To conclude, we consider P > 0 such that for every p € P satisfying |p| > P, we
have:

Ip|
olpld/2

Therefore, for every |p| > P, we use (59) and (60) and we obtain:

R? < €.

IVLpllLzwv,) < I1pllzv,) + 120l 22(v,)
< Vol (11 pll e vy + [ 2,pll e 1))
1 Ip|
Ipld/2 d
=2 (WW2+RmW>S&'

Since we can choose ¢ arbitrarily small, we conclude that ‘ l‘im IVI2pllL2¢v,) = 0.
p|—oo

Finally, by a triangle inequality we have ‘l‘im [Vupllz2(v,) = 0, that is Vu €
p|—o0

82 (Rd)d. O

Remark 4. It is important to note that the essential point of the two above proofs is

the convergence of the sums of the form Z / 7‘01 f(y)dy given in estimates
qeP

(44), (54) and (55). Although we use here the particular distribution of the 2P,
these convergence results are not specific to the set (9) considered in this study.
They are actually ensured by Assumptions (H1), (H2) and (H3), particularly by
the logarithmic bound given in Proposition 3 and Corollary 1. Indeed, with the
notations of Section 1.2 and given Assumptions (H1)-(H2)-(H3), we could similarly
argue to obtain estimates such as in (54)-(55) by splitting the sums over each

. 1
annulus A, := Agn gnt+1 and studying Z Z mf(y)dy. The results
neNz,€GNA, Vag Yy
of existence stated in this section therefore still hold if we consider a generic set G
satisfying our general assumptions.

Remark 5. In the two-dimensional context, the results of Lemmas 4.2, 4.3 and
4.4 remain true since estimates (36), (37) and (36) still hold. However the proof
requires some additional technicalities, in particular to prove that the function u
defined by (40) makes sense. In this case the series (45) does not actually converge
but it is still possible to prove that the series of the gradients (43) converges. Here,
the difficulty is to show that the limit of (43), denoted by T here, is the gradient
in a distribution sense of a solution to (35). To this end, it is actually sufficient to
show that 0;T; = 0;T; for every i, € {1,...,d}. This result is obtained considering
the property of the limit of (43) in D(R?).
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4.3. Existence results in the general problem. Our aim is now to generalize
the results established in the case of periodic coefficients to our original problem
(31). Here, our approach is to prove in Lemma 4.5 the continuity of the linear
operator V (—divaV) ™" div from B2(R%)? to B2(R%)¢ in order to apply a method
adapted from [8] and based on the connexity of the set [0,1]. This method is used
in the proof of existence of Lemma 4.6. Finally, this result allows us to prove the
existence of a corrector stated in Theorem 1.1.

Actually, we could have proved Lemmas 4.5 and 4.6 simultaneously but, in the
interest of clarity, we first prove a priori estimate (61) and next, we establish the
existence result in the general case.

Lemma 4.5. There exists a constant C > 0 such that for every f in B2(R%)? and
u solution in D'(R?) to (31) with Vu in B*(R%)?, we have the following estimate:

Vullg2ray < C|l fll82(Ra)- (61)

Proof. We give here a proof by contradiction using a compactness-concentration
method. We assume that there exists a sequence f,, in B?(R%)? and an associated
sequence of solutions w,, such that Vu, is in B%(R%)? and:

—div((aper + @) Vuy,) = div(f,), (62)
Jim[| fo|2 ey = 0, (63)
Vn €N HVunHBz(Rd) =1 (64)

First of all, a property of the supremum bound ensures that for every n € N, there
exists z,, € R? such that:

1

IVunllzs,, 2 1V llca, ey 2 Vnllzz, =

Next, in the spirit of the method of concentration-compactness [20], we denote
Up, = Ty, Un, fn = Tz, fn, Gn = Tz, @ and a, = 75, @ and we have for every n € N:
1

2 [IVanllz2sy) 2 [Vunlicz , — . (65)

V| 12

unif

Next, for every n € N, 4, is a solution to:
—div(@, Vi,) = div(f,) in R%
Since the norm of Limf is invariant by translation, (63) and (64) ensure that f,

strongly converges to 0 in L? . f (R%) and that the sequence (Vi )nen is bounded
in L2 . f(]Rd). Therefore, up to an extraction, Vu, weakly converges to a function
Vi in L2, (RY).

The idea is now to study the limit of a,,. To start with, we denote

Xp = (Tni mOd(l))ie{l,...,d} :

Since aper is periodic, we have 7., Gper = Tx, Gper. In addition, the sequence x,
belongs to the unit cube of R? and, therefore, it converges (up to an extraction)
to x € R?. Since aper is Holder continuous, 7y, aper converges uniformly to xaper,

which also belongs to (L2,,.(R?) N CO*O‘(Rd))dXd.
In order to study the convergence of @,,, we consider several cases depending on

Tyt
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1. If z,, is bounded, it converges (up to an extraction) to z7;,, € R%. Then, since @
is Holder-continuous, @, strongly converges in L2, (RY) to 7, a € B?(R4)?x4,

2. If z,, is not bounded, since (V},)pep is a partition of R?, there exists an un-
bounded sequence (p, ), in P such that z,, = 2P» +t,, with ¢, € V,, — 2P».

— If ¢, is bounded, it converges (up to an extraction) to ty, € R<. In this
case, for any compact subset K of R?, we have

Hén - 5‘00(- + tlim)”Lz(K) < ||d(~ + 2P + tn) - dOO(' + tn)||L2(K)
+ |Gco (- + tn) = Goo(- + tiim) L2 (k)
=la = 7-p,Goc || L2(K120m +1.,)

+ |ace (- 4 tn) = Qoo (- + tiim) |l L2(K)-

First, since t,, is bounded and p,, is unbounded, we have K 4 2P~ +t,, is in-
cluded in V,,, for n sufficiently large. Therefore, ||a—7_p, Goo || L2 (K +20n +1,)
converges to 0 when n — oo. Second, a., is Holder-continuous and t,
converges to tyin. Thus, doo (. + t,,) converges uniformly to Goo (- + tim)
and [|Goo (. +tn) = Goo (- +t1im )| L2(x) converges to 0. Finally, a,, converges
0 Goo (. + tiim) in L2(K) for every compact subset K.

— If ¢,, is unbounded, we can always assume that |t,| — oo up to an extrac-
tion. We have for every K compact of R?,

l@nllr2(ry < 1A+ 28" +tn) = Qoo (- + tn) | L2 (k) + oo (- + ta)ll L2 (k)
= H& - Tfpnaoo||L2(K+2Pn+tn) + Haoo||L2(K+tn)'

First, since do, belongs to L?(R%)4X4 and t,, is unbounded we have that
laooll L2 (K +t,) converges to 0 when n — oo. Secondly, we introduce the
set Wop, defined as in Proposition 4. For every R > 0, the properties of
Wop, allow to show that there exists N € N such that for all n > N, we
have K + 2P +t,, C Wop, and:

K+ +t,c | Vo\Br(29.
qEP
VaNWapn #0
Using Proposition 4, we know that the number of ¢ such that V;NWap, is
not empty, is uniformly bounded with respect to n. Proposition 12 finally
ensures that [|a — 7—p, doo | L2(k420n+¢,) — 0. Therefore, a, strongly

converges to 0 in L? (R?).

In any case, the sequence ape, + @y therefore converges to a coefficient A = TxQper +
A, where A is of the form

B Tarin @ € BXH(RY)*4, if x,, is bounded,
A=< 7, G € L2(RYHXAif 3, = 2P0 + ¢, p,, is not bounded, t,, is bounded,

0, if ,, = 2P» +t,,, p, and t, are not bounded.

In the three cases, as a consequence of Assumptions (12) and (13), the coefficient A is
clearly bounded, elliptic and belongs to (Co’a(Rd))dXd. Moreover, as a consequence
of the uniform Holder-continuity (with respect to n) of a,, — A, the convergence of

@, to A is also valid in L$° (R?).

C
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The next step of the proof is to study the limit Vu of V@, in these three cases.
First, since a,, strongly converges to A in leoc(]Rd), considering the weak limit in
(62) when n — oo, we obtain

—div(AVa) =0 in R% (66)
We now state that Va = 0. Indeed,

1. if ,, is bounded, assumption (64) ensures that there exists a constant C' > 0
such that for all n € N and p € P, we have:

HVﬁnHL?(Vp) = ||vunHL2(Vp+wn) <C
Therefore, the property of lower semi-continuity satisfied by the norm ||.|| 2
implies

Vp S P, HVEHLZ(VD) S hmmf HVl—thL?(vp) < C
n— 00

And we obtain sup ||Vl z(v,) < oo. Finally, since A is elliptic and bounded
P

and @ is solution to (66), the uniqueness results of Lemma 4.1 gives Vu = 0
on R4,

2. if x,, is not bounded, we know that x,, = 2P~ +t,, where |p,| — co. For every
n € N:
IVnllL2(v,, —2,) = [VunllLz(v,,) < 1.
Up to an extraction, the sequence V, — x, is an increasing sequence of sets,

and we can show that U (V,, —x,) = R (see the proof of Proposition 2).

neN
Consequently, for every R > 0, there exists N € N such that Bg C (V,, — zn)
and

Vn > N, HvanHLQ(BR) <1

Using again lower semi-continuity, we have for every R > 0:

Va2 (Bg) < lim inf V|28 < 1.

We obtain that Vi € L?(R?). Since A is bounded and elliptic, a result of
uniqueness established in [10, Lemma 1] finally ensures that Va = 0.
We are now able to show that Vi, strongly converges to 0 in L?(B;). To this aim,
we note that, for every n, the addition of a constant to u, does not affect Vu,,.
Then, without loss of generality, we can always assume that / Uy = 0 and the

B,
Poincaré-Wirtinger inequality gives the existence of a constant C' > 0 independent

of n such that:
UnllL2(By) < ClVtn|lL2(5y)-

Uy is therefore bounded in H'(Bz) according to Assumption (64). The Rellich
theorem ensures that, up to an extraction, u,, strongly converges to @, that is to 0,
in L?(Bs). Since i, is solution to (62), a classical inequality of elliptic regularity
gives the following estimate (see for instance [15, Theorem 4.4 p.63]):

/|Van|2sc</ wl+ [ |fn|2),
Bl B2 B2
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where C' depends only of a and the ambient dimension d. We therefore consider the
limit when n — oo to conclude that Vi, strongly converges to 0 in L?(B;). We
next use (65) and the strong convergence of Vi, to 0 in L?(B;) to conclude that

nll)rr;o ||V'U,n ||Limf(Rd) =0.

That is, Vu, strongly converges to 0 in Limf(Rd).

In order to conclude this proof, we will show that Vu,, actually converges to 0
in B2(R?) and obtain a contradiction.

First of all, we study the behavior of the sequence Vu,, o. For p € P, we consider

the 2P-translation of (62) and we have
—div((aper + T—p@)T—p V) = div(T_p fr)-

Letting |p| go to the infinity, for every n € N, we obtain that Vu,, « is a solution
to:

—div((aper + too) Viin,00) = div(fn,c0) in R
An estimate established in [8, Proposition 2.1], gives the existence of a constant
C > 0 independent of n such that:

[Vt coll2®ey < Cll fn,oollL2(®ay-

By assumption, we have lim || fp 00 | L2(rey = 0 and we deduce that Vu,, o strongly
n—oo

converges to 0 in L?(R%), that is:
nh_?;(j ||Vun7ooHL2(]Rd) =0.
The last step is to establish that:

lim sup [|Vu,|[z2(v,) = 0.

Let ¢ > 0. Since @ belongs to (BQ(Rd))dXd and is uniformly continuous, a direct
consequence of Proposition 12 gives the existence of R > 0 such that:

~ g
Va € P, lallr=(v,nprene < 3-

In addition, since Vu,, strongly converges to 0 in L? there exists N € N such

unifr
that: .
vn > N, Vuplr2 (rey < =—=—0—.
IVenllez. @ < B TaTm e

Using the last two inequalities, we obtain for every q € P:

J.

q

() Vi (2)2dz < / () Vi (2)2dz

VqﬁBR(2q)C

+ / |a(z) Vi, (z)]*dx
VqﬁBR(Zq)

< ||5L|\L°°(vquR(zq)c)/ |V, (z)2de
VqﬁBR(2q)C
+ ||51||L°°(Rd)/ |V, (2)|*dx
V,NBR(29)

<l o (v,nBr29)e) SUP | Vtn |l 22(v,)
P

+ llal| L v Br[Vunll 22 ra)
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<<+

= E&.

| ™
DO ™

Therefore:
lim sup/ |a(z) Vi, (x)2dz = 0.
1%

n—oo
p P

We next consider equation (62) and we use Lemma 4.1 to ensure that, up to the
addition of a constant, u,, is the unique solution to:
—div(aper Vuy,) = div(f, + aVu,) in RY.
such that sup [|Vu,|[z2(v,) < oo. Then, estimate (41) established in Lemma 4.3
P

gives the existence of a constant C' > 0 independent of n such that:
sup |V, | z2(v,) < C (sup Il fullL2(v,) + sup ||EzVun|Lz(Vp)) .
p p p

Letting n go to the infinity, we deduce that lim sup ||[Vu,||L2(v,) = 0. We can
n— 00
P

finally conclude that
lim ||Vun||32(Rd) = 0,
n—oo

and, since Vu,, satisfies (64), we have a contradiction. O

Lemma 4.6. Let f € B2(R%)?, there exists u € HE (R?) solution to (31) such that
Vu e B%(R?).

Proof. First of all, we remark that it is sufficient to prove this existence result
when f € (B2(R%)NC™*(RY))?. Indeed, if we denote ® = V (= divaV) " div
the reciprocal linear operator from (B?(R%) N CO’D‘(Rd))d to (BQ(Rd))d associated
with equation (31) and we assume that @ is well defined, Lemma 4.5 ensures it is
continuous with respect to the norm of B2(R%). Then, we are able to conclude in
the general case using the density result stated in Proposition 8. In the sequel of
this proof, we therefore assume that f belongs to C%¢(R4)4.

To start with, we show a preliminary result of regularity satisfied by the solutions
to (31). Assuming f € (B*(R?) DCO’O‘(Rd))d, we want to prove that a solution u
to (31) such that Vu € B2(R9)? also satisfies Vu € C%%(R%)?. Indeed, if u is such
a solution to (31), a consequence of a regularity result established in [15, Theorem
5.19 p.87] (see also [14, Theorem 3.2 p.88]) gives the existence of C' > 0 such that
for all z € R%:

IVulleo.s 5, < € (IVulz2

uni

@) + 1 fllco. ) (67)

Therefore, Vu belongs to (C%*(R%) N BQ(Rd))d.
In the sequel of the proof, we use an argument of connexity adapted from [8].
Let P(a) the following assertion: “There exists a solution u € D'(R?) to:

—div (aVu) = div(f) in R?
such that Vu € (B*(R%) N CO’O‘(]Rd))d.”
For t € [0,1], we denote a; = ape,r + ta and we define the following set:
I={tel0,1]|Vsel0,t],P(as) is true}.

Our aim is to show that P(a;) = P(a) is true. To this end, we will prove that Z is
non empty, closed and open for the topology of [0, 1] and conclude that Z = [0, 1].
T is not empty
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For t = 0, the existence of a solution u such that Vu € B*(R%)¢ is a direct
consequence of Lemma 4.4. We just have to use (67) to show the uniform Holder
continuity of the gradient of the solution.

T is open

We assume there exists ¢ € Z and we will find € > 0 such that [t,t +¢] C Z. For
fe(B*RYN Co’a(Rd))d, we want to solve:

—div((a; + ea)Vu) = div(f) in R, (68)

where Vu € (B*(R%) N CO"’(Rd))d. According to Proposition 9, for such a solution,
we have eaVu € (B*(R?) N CO"X(Rd))d. Next, we remark that equation (68) is
equivalent to:

Vu = ®;(eaVu + f), (69)
where ®; is the reciprocal linear operator associated with the equation when a = a;.
Lemma 4.5 and estimate (67) imply the continuity of ®; from (B*(R%) N Cova(Rd))d
to (B2(R%) N €%(R%)? for the norm ||.||z2ga) + ||-||coe (rety. We fix & such that:

€ (H&HL‘”(]Rd) + Ha‘OO”LN(Rd)) H(I)t”L((Bz(Rd)nCo,a(Rd))d) < 1.

Therefore g — ®;(cag+f) € L ((82 (R N Co’a(Rd))d> is a contraction in a Banach
space. Finally, we can apply the Banach fixed-point theorem to obtain the existence
and the uniqueness of a solution to (69) and we deduce that [t,t + €] C Z.

T is closed

We assume there exist a sequence (t,,) € IV and t € [0, 1] such that lim,, o t, =t
and t,, < t. For every t,, there exists u,, solution to:

—div(as, Vu,) = f in RY,

such that Vu, € B%(R?%)?. For every n € N, Lemma 4.5 gives the existence of a
constant C,, such that:

”VUHHB?(R”) < Cn”f”B?(]Rd)-

We first assume that C,, is bounded independently of n by a constant C' > 0.
Therefore, up to an extraction, Vu,, weakly converges to a gradient Vu in L2 (RY)
and, using the lower semi-continuity of the L?-norm, we have

Hvu||L12mif(Rd) + sup HVUHLQ(VP) S hnHl)loréf ||Vun||Limf(Rd) + sup ||Vu7lHL2(Vp)
P p

< Cllfll2(ray-
In addition, for every n € N, u,, is a solution to the equivalent equation:
—div(a;Vuy,,) = div(f + (ar, — at)Vuy). (70)

Next, since ¢,, converges to ¢, we directly obtain that a;, converges to a; in B2(R?).
In addition, since Vu,, is bounded by a constant independent of n in L? . f(]Rd)7
the sequence (a;, — a;)Vu, strongly converges to 0 in L? (R?). We can therefore

consider the limit in (70) when n — oo and deduce that u is a solution to:
—div(a;Vu) = div(f).

We have to prove that Vu € B2(R?). For every m, n € N, u,, — u,, is a solution
to:

—div(at(Vu, — Vug,)) = div((ar, — ar)Vuy, — (ar,, — at) Vi),
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and we have the following estimate:
[Vun = V| g2re) < Cll(ar, — ar)Vun = (ar,, — @) Vi || 52 ra)-

Therefore, Vu,, is a Cauchy-sequence in B2(R%)¢ and since this space is a Banach
space, we directly obtain that Vu belongs to B*(R%)? and we have the expected
result.

Now, we want to prove that C, is bounded independently of n using a proof
by contradiction. We assume there exist two sequences f, and u, such that Vu,
belongs to B2(R?)¢ and:

—div(as, Vuy,) = div(f,) in RY,
Jim | frll g2 (®ay = 0,
Vn eN HVunHBz(Rd) =1.
For every n € N, the above equation is equivalent to:
—div(a;Vuy,) = div(fn + (at, — ar)Vuy,).

We can next remark that the boundedness of Vu, in B?(R%) ensures that the
sequence (a¢, — a;)Vu, is strongly convergent to 0 in B2(R%). Finally, we can
conclude exactly as in the proof of Lemma 4.5.

Since [0,1] is a connected space, we can finally conclude that Z = [0,1]. In
addition, if u € D'(R?) is such that Vu € B2(RY)? c L} (R%)?, the result of [12,
Corollary 2.1] finally ensures that u € L7 _(R?). O

In the above proof, we have proved the following result:

Corollary 4. Let f € (B*(R%) N CO’O‘(Rd))d and u € H} (R?) solution to (31) such
that Vu € B*(R?)?. Then Vu € C%*(R%)4.

Remark 6. Again, we do not need the restriction that we did on the dimension
to prove the existence results stated in this section and we can easily generalize the
existence of a solution to (31) in a two-dimensional context.

4.4. Existence of the corrector. To conclude this section, we finally give a proof
of Theorem 1.1 and, therefore, we obtain the existence of a unique corrector solution
to (14) such its gradient belongs to L2,,.(R?)+B%(R%). To this end, we remark that
corrector equation (14) is equivalent to a an equation of the form (31) and we use

the preliminary results of uniqueness and existence proved in this section.

Proof of theorem 1.1. Ezistence

Let p be in R%. We want to find a solution to (14) of the form wy., + W, where
Wper,p 1s the unique periodic corrector (that is the unique periodic solution to the
corrector equation (14) when @ = 0) and such that Vi, € B?(R%)4. First of all, we
remark that equation (14) is equivalent to:

— div((aper + @) Vav,) = div(a(p + Vwperp)) in RE

It is well known that Vwpe,, € (L2, (R4 ncoe (Rd))d and therefore, using the pe-
riodicity of Vwper.p, we can easily show that a(p+Vwpe,.,) € (B*(R?) NCO (Rd))d.
Then, the existence of w, such that Vi, € (B*(R?)NCo (Rd))d is given by
Lemma 4.6 and Corollary 4. Since Vi, € (B*(RY) N L*> (Rd))d, the sub-linearity
at infinity of 0, is a direct consequence of Proposition 11.

Uniqueness
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We assume there exist two solutions u; and us to (14) such that Vu; and Vug

belong to (Lﬁer(Rd) +B2(Rd))d. We denote v = u; — uz and we have Vv =

Gper + G where gper € L2 (R?)? and g € B*(R?)?. For every ¢ € P, we have
74VV = Gper + 7,G by periodicity of gpe. Since § belongs to B2(R?)%, there exists
Joo € L*(R%)? such that 7,Vv converges in D'(R?) to Vs = gper + Joo When
lg| = oco. In addition, considering the limit in equation (14), we obtain that v is
a solution to:

— div((aper + Goo)Veo) =0 in RE

Since a satisfies assumption (12) and (13), the coefficient aper+@oo is a bounded and
elliptic matrix-valued coefficient. Therefore, the result established in [10, Lemma
1] allows us to conclude that gpe,. = 0 and finally, that Vv = § € B2(R%)?. Since v
is a solution to:

—div((aper +a@)Vov) =0 in R%

we use Lemma 4.1 to obtain that Vv = 0 and the uniqueness is proved. O

5. Homogenization results and convergence rates. In this section we use the
corrector, solution to (14) and defined in Theorem 1.1, to establish an homoge-
nization theory similar to that established in [6] for the periodic case with local
perturbations. In Proposition 13 we first study the homogenized equation associ-
ated with (1) and we conclude showing estimates (15) and (16) stated in Theorem
1.2.

5.1. Homogenization results. To start with, we determine here the limit of the
sequence u® of solutions to (1). In Proposition 13 below we show the homogenized
equation is actually the diffusion equation (3) where the diffusion coefficient a* is
defined by (5), that is the homogenized coefficient is the same as in the periodic
case when a = ape,. This phenomenon is similar to the results established in [8] in
the case of localized defects of LP(R?). It is a direct consequence of Proposition 10
regarding the average of the functions in B2(R¢) which is satisfied by our perturba-
tions. The idea is that, on average, the perturbations belonging to B%(R?) therefore
do not impact the periodic background.

Proposition 13. Assume Q is an open bounded set of R?, let f € L?(Q)) and
consider the sequence u of solutions in H}(Q) to (1). Then the homogenized (weak-
HY(Q) and strong-L*(Q)) limit u* obtained when ¢ — 0 is the solution to (3) where
the homogenized coefficient is identical to the periodic homogenized coefficient (5).

Proof. We denote w = (we,)ieq1,....d), the correctors given by Theorem 1.1 for
p = ¢;. The general homogenization theory of equations in divergence form (see for
instance [21, Chapter 6, Chapter 13]), gives the convergence, up to an extraction,
of u® to a function u* solution to an equation in the form (3). In addition, for all
1 <4, j < d, the homogenized matrix a* associated with a is given by:

[a*]; ; = weak ;1_r>r(1) a(./e)Iq + Vw(./g)),
where the weak limit is taken in L?(Q2)%*¢. By assumption, we have a = ape, + @

and we know that Vwe, = Vwper e, + Ve, where a € (82 (RN L“(Rd))dXd and
Ve, € (BQ(Rd)ﬁLOO(Rd))d. Therefore, Corollary 2 ensures that |a(./¢)| and
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|V, (./€)| converge to 0 in weak* — L> and, since ape, and Vwy,, are bounded,
we can deduce that:

weak li_r}r(l) aper(./E)VW(./€) + a(./e)(Iqg + Vw(./e)) =
Consequently, we have
(a”]s; = weak 1 ager (/=) (Ta + Ve (./2)) = [ah,], .

This limit being independent of the extraction, all the sequence u® converges to u*
and we have the equality a* = a,.. O

5.2. Approximation of the homogenized solution and quantitative esti-
mates. The existence of the corrector established in Theorem 1.1 allows to con-
sider a sequence of approximated solutions defined by u®! = u*+¢ Z?Zl Oiu*w;(./€)
where for every i in {1,...,d}, we have denoted w; = w,,. Our aim here is to esti-
mate the accuracy of this approximation for the topology of H!(). In particular,
we want to prove the convergence to 0 of the sequence R® defined by:

R (z) =u®(z) —u* —£ij (7) u*(z),

and specify the convergence rate in H'((2).

A classical method in homogenization used to obtain some expected quantitative
estimates consists in defining a divergence-free matrix (as a consequence of corrector
equation (14)) by

My (x Zam (65,0 + Ojwi(x)),

and to find a potential B which formally solves M = curl(B). Knowing that both

the coefficient a and Vw belong to L2, + B*(R?), we can split M in two terms
dxd

per

and obtain M = M., + M € (L%, (R?) + B*(R?))

ver . Therefore, we expect to

find a potential of the same form, that is B = Bper + B. Rigorously, for every
i,j € {1,...,d}, we want to solve the equation:

~ABy) = 9;M} — 9;M] inR% (71)

The existence of a periodic potential By, solution to Mpe, = curl(Bpe,) is well
known since, component by component, M., is divergence-free. Here, the main dif-
ficulty is to show the existence of the potential B associated with the B2-
perturbation. This result is given by the following lemma.

Lemma 5.1. Let M = (]\;[,i)Ki pedq € (BQ(Rd))dXd such that div(My) = 0 for
every k € {1,...,d}. Then, the potential B;J defined by:

B} (z) = C(d) /Rd (wMﬂ(y) - ‘de( )) dy, (72)

[z =yl |z -
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where C(d) > 0 is a constant associated with the unit ball surface of R, satisfies
VB,” € BXRY? and for alli,j k € {1,...,d}:

—~AB}7 = 9;M; — 9;Mj, (73)
By = -BJ", (74)
d ~ . -~ -
> aB =M. (75)
=1

In addition, there exists a constant C1 > 0 which only depends of the ambient
dimension d such that:

IV B| g2(ray < C1l| M || g2 (ra)- (76)

Proof. First, for every 4,5,k € {1,...,d}, equation (73) is equivalent to an equation
of the following form:

—ABIZ’j = div (M;J) ,

where sz is a vector function defined by:

N M,g ifl =4,
(M) =<~ iti=i,
! 0 else.

Since M7 € B*(R%)%, the existence of B and estimate (76) are given by Lemmas
4.3, 4.4 and 4.5 (here ape, = 1). Equality (74) is a direct consequence of the defi-
nition of B. Property (75) can be easily obtained applying the divergence operator
to (72). O

Corollary 5. The potential B = Bpe, + B, where B is given by Lemma 5.1, is
the expected potential solution to (71). In addition, the couple (M, B) satisfies the
following equalities:

hJ J»t
Bk - _Bk ’
d
RLI — AT
> 0.8 = Mj.
=1

Now that existence of the potential B has been dealt with, we can remark that
R® is a solution to the following equation:

~div (a (g) VRE) = div(H®) in Q, (77)
where:
Hi(z)=¢ i a; (%) W (g) 0;0ku*(x) — ¢ i B,i’j (g) 0;0ku*(x). (78)
J,k=1 j,k=1

For a complete proof of equality (77), we refer to [6, Proposition 2.5].

To conclude, we have to study the properties of H¢. In particular, we next
prove that both the corrector @ and the potential B are bounded. This property is
essential for establishing the estimates of Theorem 1.2.

Lemma 5.2. The corrector w = (wi)ie{l,..‘,d} defined by Theorem 1.1 and the
potential B solution to (71) are in L>(R?).
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Proof. First, it is well known that both wy., and By, belong to L>(R%). Next, for
all i € {1,...,d}, w; solves:
—div (aperVu?i) =div (& (ei + V’U.Jpcr,i + V’UDZ)) .
We know the gradient of the corrector defined in Theorem 1.1 is in C%%(R%)4.
A direct consequence of Assumption (13) and Proposition 9 ensures that f =
a (e + Vwper,; + Vi;) belongs to (L*°(R%) N B2 (Rd))d and the results of unique-
ness and existence established in Lemmas 4.1 and 4.4 imply we have the following
representation:
12}1(3:) = , vprer(xv y)f(y)dy
R
We want to prove that the integral is bounded independently of z. We take z € R?

and denote p, the unique element of P such that z € V,, . We define W), = Wap.
such as in Proposition 4 and we split the integral in three parts:

VyGper(z,y) f(y)dy = / VyGper(x,y) f(y)dy

Rd Bi(z)

+ Y, Crer(2,9) £ () dy
%%

pe \B1(2)

+ / VyGper(x,y) f(y)dy = L1 (x) + T2 (x) + I3(2).
RI\Wp,

We start by finding a bound for I;(z). To this end, we use estimate (36) for the
Green function and we obtain

IR < i~ [

B (x

1
< Ol = @) / <Ol
Bi(x) |l‘ - y|

Where C denotes a positive constant independent of . Indeed, the value of the
integral in the last inequality depends only of the dimension d.

Next, using Proposition 4, we know there exists C; > 0 and C5 > 0 independent
of & such that Wy, C Bg,orx () and the number of ¢ € P such that V, N W, # 0
is bounded by C5. Therefore, using the Cauchy-Schwarz inequality, we have:

1
[I2(z)| < /sz\Bl(w) WU(Z/)V@

. 1/2 1/2
< ——dy / |f (y)[Pdy
(/sz\Bl(w) |z —y|2@=1) ) < W, \B1(z)

. 1/2
<0y / s | sup | fllrzv,)-
< Bey2va () \B1(x) |£E - y|2(d71) pEP Vo)

In addition since d > 2, we have:

1 1
——a W =/ W
/19012pw<1>\31(w> |z — y)*Y Beyare 0\B1(0) Jy[7*

1
§C<12|pz|<d—z>)’

: |VyGper(,y)| dy
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and therefore:

1 1/2

Finally, to bound I3(x) we split the integral on each cell V; for ¢ € P. Using the
Cauchy-Schwarz inequality, we obtain:

IAOEDS / 9o )0

qeP
qeP Ve\Wp, Ve\Wp,
< | flls2 (ray Z (/ |Vprer($,y)|2dy>
q€P Pz

We proceed exactly as in the proof of Lemma 4.3 (see the proof of estimate (53)
for details) to obtain:

1 3
VyGper(z,y)|"dy ] <C / 7dy
2 </vq\wpz| per (@) ) Z( VAW, o — gy

qeP qeP Pa
1
<C ; Slal@ 2z <>

Finally we have bounded the integral independently of z and we deduce that
w; € L™ (Rd) With the same method we obtain the same result for B = By, + B
which allows us to conclude. O

Remark 7. The assumption d > 2 is essential in the above proof and the bound-
edness of w in L>®(R?%) may be false if d = 1 or d = 2. If d = 1 we give a
counter-example in Remark 9. The case d = 2 is a critical case and we are not able
to conclude. This phenomenon is closely linked to the critical integrability of the
function |z|~! in L?(R?).

Remark 8. As in the proofs of Lemmas 4.3 and 4.4, the above proof strongly
uses the specific behavior of the Green function Gy, and our approach consists

in showing the convergence of a sum of the form Z f(y)dy. Here,

qeP
we explicitly use the geometric properties satisfied by the 2P but, once again, this

convergence is not specific to the set (9) and also holds under the generality of (H1),
(H2) and (H3). We refer to Remark 4 for additional details.

o=y

We are now able to give a complete proof of Theorem 1.2.

Proof of Theorem 1.2. First, we use the explicit definition of H® given by (78) and
a triangle inequality to obtain the following estimate:

15|20y < (1+ [lafl oo (ra)) [1D*u* || L2 (llew(./) |~ () + [€B(-/2) | L= (ay) -
Applying Lemma 5.2, we obtain the existence of C > 0 independent of € such that
15| 220y < Ccl|D?u™ | 126 (79)



590 REMI GOUDEY

Next, we use the following two estimates satisfied by R®:

||R€HL2(Q) §015(Hw(-/5)||Loo(Q) + ||B(-/5)HLoc(Q))HfHL?(Q)
c (80)
+ C1l[H || L2 ()

and for every 2y CC Q:
IVR®[|2(,) < Co (I1HF | L20) + 1B®[|22(0)) - (81)

where C; > 0 and Cy > 0 are independent of €. These estimates are established for
instance in [6] where the authors use the elliptic regularity associated with equa-
tion (77) and the properties of the Green function associated with the operator
—div(a*V.) on  with homogeneous Dirichlet boundary condition. The first es-
timate is established in the proof of [6, Lemma 4.8] and the second estimate is a
classical inequality of elliptic regularity proved in [6, Proposition 4.2] and applied
to equation (77).

In addition, an application of elliptical regularity to equation (3) provides the
existence of C3 > 0 such that:

lu* [l a2y < Csll fllz2(q)- (82)

To conclude we use Lemma 5.2 to bound w and B and estimates (79), (80), (81)
and (82). We finally obtain:

RN L2 ) < CellfllL2()s
and
IVE |22y < Cellfllzzco,
where C and C are independent of . We have proved Theorem 2. O

Remark 9. In the one-dimensional case, that is when d = 1, we are not able to
conclude in the same way. With an explicit calculation, we obtain:

() (@) = (aper + @) (2/e) (F(x) + C°),
(™)' (z) = (a*) " (F(x) + C7),

x 1 x a
wx:—x+a*/ dy—a*/ ———= (y)dy,
( ) 0 OQper (y) 0 Qper (aper + a) ( )

where:

In this case,
1

aper(Y)

dy,

Wper () = —x + a*/
0
and

w(zx) = _a*/o %er(—(y)dy,

Aper + @)
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and we can show the corrector w is not necessarily bounded. However, the results
of Proposition 10, allow us to obtain the following estimate:

1 1
I (R*)" |l L2 () < Ce? [log(e)|” -
As an illustration, we can consider Q =|0,1[, aper =1 and a = Zr_gpgo, where ¢
PpEL
is a positive function of D(R), ||¢|lL~ = 1, /(p > 0 and Supp(p) € [0,1/2]. With
R

these parameters, for every x € ), we have:

1/2 0
> [ e

0<p<[logy(a/e)] *©

DN | =

/e a
ata/ol = [ s>

And therefore, the corrector is actually not bounded.

Remark 10. The result of Theorem 1.2 ensures that the corrector introduced

in Theorem 1.1 allows to precisely describe the behavior of the sequence u¢ in H*!
d

using the approximation defined by u* = u*+¢ Z Oiu*w;(./e). However, since the
i=1
perturbations of B(R%) are “small” at the macroscopic scale (in the sense of average

given by (25)), we can naturally expect that it is also possible to approximate u®
d

3 1 3 : el ., % * .

in H" considering the sequence u,., := u” + ¢ g 0w Wper;(./€) which only uses
i=1

the periodic part wpe, of our corrector. To this aim, we can show that u® — ugelr is

solution to

—div (a (g> V(uf — st )) =div (HS,,) onQ,

per per

where the right-hand side

d d
H:,, = —a (g) (v (0 — o) + e Vourdi(.fe) + > aiu*vwi(./g)> . (83)

i=1 i=1
strongly converges to 0 in L? when ¢ — 0. A method similar to that used in the
proof of Theorem 1.2 therefore allows to show the convergence to 0 of u® —u;’elr in H.
It follows, at the macroscopic scale, that the choice of our adapted corrector instead
of the periodic corrector seems to be not necessarily relevant in order to calculate
an approximation of ¢ in H'. However, the choice of the periodic corrector is not
adapted if the idea is to approximate the behavior of u® at the microscopic scale ¢.
Indeed, at this scale, the perturbations of the periodic background can be possibly
large and it is necessary to consider a corrector that take these perturbations into
account. Particularly, if Hj,, is the function defined by (83), we can easily show
that H;,,.(e.) does not converge to 0 in any ball Bg such that eBr C €2, which
formally reflects a poor quality of the approximation of u® by uf;elr at the scale
€. This fact particularly motivates the choice of our adapted corrector in order to

approximate u®. We refer to [17] for a rigorous formalization of the above argument.
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