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ABSTRACT. We consider the general networks of elastic strings with Neumann
boundary feedbacks and collocated observations in this paper. By selecting an
appropriate multiplier, we show that this system is input-output L2-well-posed.
Moreover, we verify its regularity by calculating the input-output transfer func-
tion of system. In the end, by choosing an appropriate multiplier, we give a
method to construct a Lyapunov functional and prove the exponential decay
of tree-shaped networks with one fixed root under velocity feedbacks acted on
all leaf vertices.

1. Introduction and main results. Generally, the motion of elastic strings on
network can be formulated by means of a graph ([12, 15, 24, 25]). In this paper,
we always suppose that G = (V(G), E(G)) is a connected planar metric graph with
the vertex set V(G) = {p1,p2,...,pm} and the edge set E(G) = {e1,ea,...,en}.
Thus, every edge e; with the length ¢; of G can be parameterized by a continuous
function 7; with respective to its arc length. If every edge of G is assigned to a
direction that coincides with the arc length increasing, G becomes a digraph. Denote
by Ze(G) = {1,2,...,n}, Zv(G) = {1,2,...,m} and Zx(p;) = Zg (p;) UZg (p)),
where Z;5 (p;) and Z (p;)

T (pj) = {k € Ir(G) |p; is the starting point (tail) of the edge ey, e, € E'}
and
Ty (pj) = {k € Zg(G) |p; is the final point (head) of the edge ey, e, € E'}.

Then, the number of elements in sets Zr(p;), Z,(p;) and Z5(p;) are the degree
(deg(p;)), out-degree (deg™ (p;)) and in-degree (deg™ (p;)) of the vertex p;, respec-
tively. The boundary and the interior of G are defined respectively by

9G = {p; € V(G)| deg(p;) = 1} and Ini(G) = {p; € V(G)|deg(p;) > 1}.
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Denote the set (Uy_, ex) UV (G) by G for convenience, we thus can use a func-
tion w(z,t), from G x [0,+00) to R, to describe the dynamic behavior of a one-
dimensional (1-d) wave equations on network G, where z stands for any point of
the set G and ¢ is the time. Especially, w(p,t) is the value of w(z,t) at the ver-
tex p € V(G), which describes the dynamic behavior of the vertex p with the
time ¢t. Let the restriction of w(z,t) to the j-th edge be parametrized by w;(x,t),
that is, w;(z,t) = w(z,t)|.ec; = w(m;(x),t). Without loss of generality, we as-
sume that every edge has the unit length. We fix a partition of the vertex set
V(G) =DUIGN U (Int(G)\D), where 0Gy = G\ D. Thus, the string equations
on a continuous type network G can be formulated by (see also [8, 13, 15, 16, 22, 24])

pi(@)wjp(z,t) = (Tj(2)wja)e(z,1), 2 € (0,1),5 € Ip(G),
Vp €D, wi(l,t) = w(0,t) = w(p,t) = 0,i € I (p), k € I (p),
Vp € OGN, either Ty (1) wy . (1,t) = u(p,t),k € Iy (p),
or — Ti(0)wy . (0,1) = u(p,t), k € T3 (p), 1)
Vp € Int(G)\ D, w;(1,t) = w(p,t) = wi(0,t),i € I, (p), k € I} (p),

and >0 Ti(Dwie(1,t)— > Te(0)wk(0,t) = u(p,t),
€L, (p) kGIg (p)

where p;(z) and T;(z) (j = 1, ...,n) are positive and bounded continuous functions,
which are the mass density and the tension of the j-th string, respectively, u(p,t)
is the input signal at the vertex p. The input u(p,t) may be zero, then §F = {p €
V(G)|u(p,t) = 0} is called the free vertex set. That is, there no is input signal at
the free vertex p. p € © is called a fixed vertex of G, since w(p,t) = 0. Thus, the
network G is fixed on ®, called the Dirichlet set. In this paper, we assume that © is
not empty and V(G)\ D = {p,,, 155, - - - Dy,., }>» Where mg is the number of vertices
in the set V(G) \ ®. The output of system (1) is

yk‘(t) :Wt(p]k7t) for P ¢$7k: la"'vm(); (2)

where w(p,, ,t) is the derivative of w(p,, ,t) with respective to time ¢.

One of the objective of this paper is to investigate the input-output well-posedness
and regularity of 1-d wave equations on networks (1). Let the state space X, the con-
trol space U and the observation space Y be Hilbert spaces, and L7, ([0, +oc), U) be
the space of those functions on [0, +00) whose restriction to [0, 7] is in L2([0, 7], U),
for every 7 > 0. An infinite-dimensional linear system is input-output L2-well-

posed, if, for every t > 0, there exists M; > 0, only depending on ¢, such that

IX (@)% + / 1 (s)|2ds < M, [||X0||2+ / ||U<s>|2ds},

where X () is the state of system, Xy is its initial state, U(-) € L? ([0, +00),U) is
the input of system and Y'(-) € L? ([0,+00),Y) is the output of system. Denote

by H(s) the input-output transfer function of the well-posed system. Thus, a well-

posed system is called regular if 1i£1 H(s)u = Du,Yu € U, where D is a bounded
S——+00

operator from U to Y. Refer to [7, 20, 21, 23, 26] and references therein for more
details on the theory of input-output well-posedness and regularity. Since 1980s, it
has been demonstrated that this class of systems is quite general, including many
control systems described by partial differential equations with inputs and outputs
on internal sub-domains, or on the (partial) boundary of the spatial region (see
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[4, 5, 6, 10, 11, 14, 18, 30] and references therein). But the well-posedness and
regularity of 1-d networks has received little attention in the literature. In [1], the
well-posedness of a tree-shaped network of strings with feedback acting on the root
of the tree was shown, based on the d’Alembert formula. One of main contributions
of this paper is to prove the L?-well-posedness and regularity of the general network
system of strings (1) with outputs (2), by constructing suitable multipliers with
graph theory and the asymptotical theory of fundamental solution. Here we state
this result as Theorem 1.1 and its proof is deferred to Section 3.

Theorem 1.1. Assume that © is not empty, 0 < pr, < prp(z) < py, 0 < T, <
Ty(z) < Ty, and pi(-), Ti(-) € CY0,1], Vk € Zr(G), and that the input u(p,-) €
L} ([0,+00),R) for every vertex p € V(G)\ (D UF), and the outputs are defined
by (2). Then the system (1) is input-output L*-well-posed and regular.

It is well-known that only tree-shaped networks with one fixed vertex can be
exponential decay under appropriate velocity feedbacks; and when there exist more
than two fixed vertices or closed cycles in networks of strings, under velocity feed-
backs, the networks is at most polynomial decay or is not stable [13]. Based on
the observability estimate, the polynomial decay of a planar tree-shaped network
of strings under only one vertex being damped (one-node stabilization) were dis-
cussed in [1, 2, 8, 24]. Riesz basis approach is used in [15, 28, 29] to prove that
the spectrum-determined-growth (SDG) condition holds for the networks, so the
stability of closed-loop systems can be determined by their spectral bound. The de-
cay rate of the chain-shaped and star-shaped networks was estimated by choosing
a suitable weighted energy functional in [27]. By means of the frequency domain
method, the exponential stability of a tree-shaped network was confirmed in [16].
However, Lyapunov stability is more common and intuitive in engineering. So, in
this paper, we use the Lyapunov method to study the stability on networks, e.g.,
the tree-shaped networks shown as Figure 1b and Figure 2. Thus, the second con-
tribution of this paper is to provide a construction method of Lyapunov functional
for general tree-shaped networks of strings with one fixed vertex.

For a connected tree G = (V(G), E(Q)), a vertex is selected as its root, then, G
is said to be a rooted tree. A boundary vertex of the rooted tree is called a leaf
vertex, or a leaf for short, if it is not the root. That is, OGy is consisted of all
leaves of the rooted tree G. An edge incident with a leaf is called a leaf edge. For
convenience, we give a hypothesis as follows (see [15, 16]).

Hypotheses 1.2.

(1) The rooted tree-shaped networks G with the fixed root p, has no input signal
at the internal vertex py (k # 1), i.e., © = {p, } and u(px, t) = 0, for p;, € Int(G)\D.

(2) deg(pr) = deg+ (pr) =1, Ig(pr) ={r}.

(3) deg™ (px) =1 for all k € Zy (GQ) with k # r.

Under Hypothesis 1.2, the motion of the tree-shaped network G is described by
pi(@)wjw(x,t) = (Tj(x)w;j )z (x, ),z € (0,1),5 € Zg(G),
wy-(0,t) = w(p,,t) =0,

Vp € Int(G) \ {p,},Z5 (p) = {k},

wi(1,t) = w(p, t) = w;(0,t) for i € TS (p), a

Ti(Dwp,2(1,t) = Ziezg(p) i(0)w; 2(0,1),

Vp € 0GN,Zg(p) = {k}, Tk (1)wk »(1,t) = u(p, ).
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Thus, we have the following result.

Theorem 1.3. Assume that Hypothesis 1.2 holds and that 0 < pr, < p(x) < py,
0 < Ty < Ti(z) < Ty on [0,1] and pi(-), Ti(-) € C[0,1], for every k € Ig(Q),
then the tree-shaped network (3) is exponentially stable under the output feedback

u(pjkat) = _ﬁkyk(t) = _Bkwt(pjk7t)7pjk S 6GN7 (4)
where By, > 0.

Theorem 1.3 will be proven by constructing a suitable Lyapunov functional in
Section 4.

Remark 1. Under Hypothesis 1.2 (3), a tree G with the root p, is also called a
branching with the root p, [3]. In fact, the root may be an internal vertex (i.e.,(2)
in Hypothesis 1.2 dose not hold). Hypothesis 1.2 only is for the sake of the proof
of Theorem 1.3 and the construction of Lyapunov functional. If Hypothesis 1.2 (3)
is not true, we can take a change of variable x := 1 — z, such that it is satisfied.
Thus, we can also construct a Lyapunov functional such that the result of Theorem
1.3 also holds for all trees with one fixed root and all leaves controlled by velocity
feedbacks, like (4). See the example in Subsection 4.2.2 below.

All in all, main contributions of this paper are:

(1): to prove the input-output L2-well-posedness and regularity of the general
network system of strings, by constructing suitable multipliers and the asymp-
totical theory of fundamental solution, respectively;

(2): to provide a construction method of Lyapunov functional for general tree-
shaped networks of strings with one fixed root.

The choice of multipliers for the L?-well-posedness and the Lyapunov functional,
based on graph notions and theories, is the novelty of this paper, which is also the
main difficulty of this paper. The paper is organized as follows. The matrix-vector
form of network (1) is provided in light of graph theory in Section 2. Theorem 1.1
and Theorem 1.3 are proven in Section 3 and Section 4, respectively. Finally, the
conclusions follow in Section 5.

2. The matrix-vector form of system (1) in R™. To study the 1-d wave prop-
agation on general networks, we need some fundamental notations, concepts of the
graph theory and a proposition. See [3] and [9] for more details about the graph
theory.

Definition 2.1. The matrices T+ = (v;

i7j)’m><n and T~ = (U;]’>m><n7 given by
o= { 1, if 5 (0) = pi,

— 1, ifﬂ'j(l):pi,
0, otherwise and v, ; {

V. . . = .
t:J ’ 0, otherwise,

are called the outgoing incidence matrix and the incoming incidence matrix, respec-
tively. The incidence matrix is defined by T = T+ — T,

From the above definition, it follows that

+ = - _
T _(Ej;r,...’ejz7...7€ji>mxn and T —(ej;,...,ejg,...,ej;)mxn (5)
where 75, 7, € Iy (G), k € Tr(G), €,+ and € - are the 5 -th and the 5, -th column

vector of I,,, the identity matrix of order m, respectively. € S+ shows that the j;—th
k

vertex p + is the starting point (tail) of the edge ey, and €,- shows that the 7, -th
k k
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vertex p - is the final point (head) of the edge ex. We denote an mg x m matrix
k
by
PD:(ejuejm'“ae]mo)T’ Py GV(G)\CE)’ (6)
where the vector ¢, is the jp-th column of the identity matrix I,,,. Then Pp is an
orthogonal projection from R™ to R™°. Thus, PpW retains the j;-th row, the 7o-th

TOW, ..., the 7 -th row of an m-row matrix W, and removes the other rows of W.
Moreover,

PpPp = I, € R™*™0 and Py Pp = I € R™*™, (7)
where I,,,, is the identity matrix of order mg, Ip is a diagonal matrix whose entries

from the j;-th to the j,,,-th are one, others are zero.
Let

wy(z,1) w(p1,t)
w(z,t) = and w(p,t) = )
'wn(xv t) W(pm»t)

and call them the vectorization of w(z,t), where p = (p1,p2,...,pm)". Thus, the
system (1) can be rewritten as

where M (z) = diag (p1(z), ..., pn(x)), T(z) = diag (T1 (), ..., Th(z)),

u(py,»t)
u(t) = with u(p,,,t) =0 as p,, € § and u(-) € L ([0, +00); R™?).
U(P)y s t)
The output of system (2) can be read as
y1(t) Wi (pjl 1)
Ymg (t) Wi (meo ) t)

where yg(t) or we(p,,,t) is 0 when p,, € §, which means that the system (1) has
no output signal at free vertex p,, .

Remark 2. Similar to the matrix Pp, we introduce matrices

Py = (€)1 €myr 1€ ) s fOT py € V(G)\ (DUF) (10)
and
P?i_:(ejlglaejfwa--'aej,; )Tv forpj,;i €3,

mo—maqy

where the vector €,, and €, are the ji,-th and j’;i—th column of the identity matrix
I,,,, respectively. Thus, the last boundary condition in (8) can be rewritten as

(gi) [T~ T (1w, (1,£) = THT(0)w, (0,t)] = (PuP]gu(t)) ’



524 DONGYI LIU AND GENQI XU

where P, Ppu(t) is the true (nonzero) input signal. According to (2), (7) and (9),
the true (nonzero) output signal can be written as

Yk (t) Wi (p]kl ) t)
Yk, (t) Wi (p]kmu ’ t)
The energy function of system (1) is defined as follows:
1 1
¢(t) =5 / [(M(z)wi(x, 1), wi(z, 1)) + (T(2)we (2, 1), w2, )] dz, (1)
0

where (-, -) represents the Euclidean inner product in R™. Thus it can be derived
from integration by parts and (8) that

T = (T, - ()T, 0. 1), wilp.0)
= (u(t), Powe(p,t) Jrmo = (u(t), Y (t))rmo, (12)

which means that the output of system (1), i.e., Y (¢) = Ppw(p,t), is collocated.

In the end of this section, we introduce the following definition of edge adjacency
matrix and its proposition which discloses relationship between this definition and
Definition 2.1.

Definition 2.2. An edge in G is said to be a loop, if its tail and head are the same.
Let G = (V(G), E(G)) be a loopless digraph. The n x n matrix Bf, = (b:j)nxn,
defined by

+ _ | 1, if two different edges e; and e; join at a common tail,
i 7 ] 0, otherwise,

is called the outgoing edge adjacency matrix of G. The n xn matrix B = (biﬁj)nxn,
defined by

_ | 1, if two different edges e; and e; join at a common head,
3 7] 0, otherwise,

is called the incoming edge adjacency matrix of G. The n x n matrix th =
(b )nxn, defined by

Bl 1, if p is the tail of e; and the head of e;, for some vertex p € V(G),
d ] 0, otherwise,

is called the outgoing-incoming edge adjacency matrix G. The n X n matrix Bg’t =
(bZ’jt)nxn, where

nt | 1, if p is the head of e;, and the tail of e;, for some vertex p € V(G),
3 ] 0, otherwise,

is called the incoming-outgoing edge adjacency matrix of G. Thus, the matrix
Bg = Bg + B; + th + Bg’t, is called the edge adjacency matrix of G.

Note that, in Definition 2.2, the diagonal entries of these matrices, Bg, Bg, B,
th and Bg’t7 are all zeros, B, and B are symmetrical and th = (Bg’t)T. In
addition, the following proposition can be derived from Definition 2.1 and 2.2.
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Proposition 1. Assume that G is a loopless digraph, Y+ and T~ are its outgoing
incidence matrix and incoming incidence matriz, respectively. Let

A = diag(M, ..., Am), A® = diag (AJI_,)\J;,...J\J;)

7 m

and A® = diag ()\ﬁ,)\];, co A +), where 3¢ and 3, defined by (5). Then

(1): (T)A(T)T—diag< ST Ak D Ak, D Ak)%
Pm)

keZy (p1) keTy (p:) keTy (
(2): (YHA(YH)T = diag < DD VAU D VA D) )\k> :
keTH (p1) keTH (ps) KETE (pm)

(8): (Y7)TAYH =[A9]BL" and (TH)TAT™ = [A®]BY" = BL"[A®];
(4): (Y)TAY™ =[AS](I + BE) and (YT)TAYT = [A®]|(I + BY);

where we agree that > A\, = 0. Especially,
seD

(r)y'rt =BE, (Y)Y =BY, (Y)Y =14+ Bg and (YH)'TT =1+ BE.

Remark 3. Assume that m = n+ 1, and A = diag(xo,xl, .. ,Xn) Denote by
A = A1, for k=1,...,n+ 1, then A = diag(A1, Ao, ..., Ant1),

A° — diag (AJ A ,...,/\J;) = diag (Xﬂfl,Xﬂ;fl, . )\jll)
and
A® — diag (AJT,AE,... m) — diag <>\J1+71,/\]2+71,... hy 1).

? " n 7 —

3. Proof of Theorem 1.1 and examples. The proof is divided into two parts:
the input-output L2?-well-posedness and the regularity. We first prove the input-
output L?-well-posedness.

3.1. Proof of input-output well-posedness.

Proof. We choose bounded continuous and differentiable functions on [0, 1]: & (x),
k € Tg(Q), such that

§k(1)/Tk(1) > 2n, =&k(0)/Tk(0) > 2n,k € Ip(G), (13a)
and
max,epo 1) { | M'/?(2)=(z )T1/2 (@)|2} < e,

maXze(o,1] %II[E( 2) T (@) T(2)|l2} < cp, (13b)
maxgefo,1) { [|[E(@) M ( ]’M_1($)||2}§CE’

where Z(z) = diag ({1(),...,&n(2)) and cg > 0.
The first equation in (8) multiplied by =(z)w,(z,t) on both sides, then integrated
on [0, 1] with respect to x and on [0, t] with respect to ¢ leads to

/o /0 (E(@)wg(z,1), M(2)wie (2, t))dzdt
— [ [ Gt @, o )dadt. (10
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Applying integration by parts, (9), the following equality

// (E(x)wei(x,t), M (z)w(x, t))daxdt = 1/ (w(1,8), (1) M (L)we (1, t))dt

_§/O< wy(0, 1), E(0) M (0)wy (0, 1) dt—f// wi(, 1), (E(2) M () wi (x, £)) dadt,

and boundary conditions in (8): w(0,t) = (Y+)Tw(p,t), w(l,t) = (T7)Tw(p,t),
to the left-hand side of (14) yields
LHS = /0 [<E(x)wz(xv t), M(x)wt(xv t)> - <E(m)w2(‘xv 0)7 M(f)wt(xﬂ 0)>]d:1:

—/ / (E(z)wge(x, t), M(z)w(x, t))dzdt
o Jo

_ /0 (@) wa (2, ), M (2)w(z, £))dz — /0 (E(@)wa (@, 0), M(z)w,(x,0))dz

,% /t<Y(t)7 P]D)[Tia(l)M(l)(T*)T o T+E(O)M(O)(T+)T]PgY(t)>dt

// wilz, 1), (2(2) M(2)) we(x, £))dwdt.

Similarly, applying integration by parts to the right-hand side of (14) yields

RHS = %/ (E0)wa(1,1), T(1)wa(1, t))dt—%/o (Z2(0)w, (0, 1), T(0)w, (0, 1))dt

1 / / (B (@) wa (), T(x)ws (z, 1)) dadt.

Thus, it can be derived from (14) that
1

1
/0 (E(@)wa(, £), M (2w (z, 1)) dz — / (E(@)wa(x, 0), M(x)ws(x, 0))dx

0

t 1
1/ / wi(x,t), [E(x) M ()] wi(z, t))dzdt

/ / (2)we (2, 1), T(2)we (2, t))dadt
1t
= 2/0< (Dwe(1,8), T(Dwe (1, t)>dt—§/o (E(0)w(0,t), T(0)w, (0, t))dt
+%/O <Y(t)7PD[T_E(1)M(1)(T_)T —T+E(O)M(O)(T+)T]P§Y(t)>dt, (15)

From the boundary condition Pp [T~ T(1)w,(1,t) — YTT(0)w,(0,¢)] = w(t) in (8),
it is obtained that

[u@®P = (w(t),u(t))rme < 2((PpT™) " Po Y~ T(1)wy(1,¢), T(1)w,(1,t))
+2([Po Y] T PoYHT(0)w, (0, £), T(0)w, (0, £)).



L2-WELL-POSEDNESS, REGULARITY AND LYAPUNOV STABILITY

527
It can be deduced from Definition 2.2 that

< mi TN <n—
Ol%{Zb } m{Zb} 1
and
< mi <
0—12?&{21%} le;txn{Zb }—n b

thus, it follows from (7), the equalities (4) in Proposition 1 and (13a) that
E()TQ) —2(Y7) TPy PyY ==()T (1)~ - 2[I5](I + Bg) >0
and
—Z0)T(0) "t = 2(YH) TPy PpYT = —Z(0)T(0) !
ie, Z2(1)T(1)"' —2(PpY™) T PpY~ and —Z(0)7°(0)~*
metric positive definite matrices. Therefore

(EMwa(1,1), T()we(1,1))

>

—2[IZ)(I + BY) >0,
—2(PpYt) T Pp Yt are sym-
— (2(0)w(0,1), T(0)ws (0,1)) — [|u(t)||?
EM)w,(1,t), T(Dw.(1,t)) — (Z(0)w,(0,t), T(0)w,(0,t))
—2((PpY ") P T(Lwe(L,1), T(1w, (1, 1))
=2([PpY*] PoYTT(0)w,(0,¢), T(0)w,(0,8)) > 0

> 0. (16)
Obviously, the equalities (1) and (2) in Proposition 1 and (13a) imply that
Po[(TT)EM)M (1)) "

(THEO)MO)(T)TIRS = diag (¢, ¢y, )
with
= Y, GpM) = D &(0)ps(0)| >0.
i€Z5 (pyy) i€ZF ()
So, it yields that
(Y (1), Po[Y"E(1)M1)(X) " = YTEO)M©0)(YH) "]y
where ¢, =

b Y (1) > o[V (1)

DI ()
min {c,,}. From the inequalities in (13b), it can be derived that

/0 (E(@)wa (@, £), M(2)wy(x, £))dz| < cné(?) (18)
and
R CONCE T

1
+ =

1

2/ (E@) T (@) T(@)ws (@, t), T(x)ws (2, t))dz < cpé(t).  (19)
0

Thus, it follows from (15), (16), (17), (18

)

(16 ) and (
co [5(t)+£(0 +/0t } / [[u(

19) that

u(®)| dt+/ IY(I2de (20)
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with ¢yt = ﬁ min {1, ¢, }. From (12) and (20), it can be deduced that

Et) < &(0)+ coy {g(t) + &(0) +/0 cg’(t)dt] + (417 7) /0 [|lw(t)||2dt
with 0 < v < min{1/2,1/¢o}. So, for t < 7,

1+ Co7Y oy +
< .
“1- cofy@ﬁ(o) 47 (1= com) / lu(s)Pds + — — / &(s)ds.  (21)

Applying the Gronwall inequality to (21) leads to

1+ coy 1— 442 /T 9 } _cov
&) < E0)+ —— u(s)||*ds| eT-co”
0= 122600+ s [l

&(t)

and

! 1+ coy 1—coy ¢
&(s)ds < &(0) + ds 1f“ffl
[ s < [{E92 000+ St [t L0 (o ).

From (20) and the above two inequalities, it follows that

/ Y (t)2dt < co [g(t) + &(0) +/Ot cg’(s)ds}

< { T4eoy come o +M< fcgvt_lﬂgo)
Y

< 0T, o
co(1 — 4v?) e 1—4742 / _cor }/
+ | ——Lel-cov el=cov’ — u ds.
{4@/(1 — cov) 4~2 ( (o)l
Hence
t
A+vA4coy) vy 1
t —|—/ Y (s)|?ds < |:€1007 ——1&(0
0| G (1—cov) ¥ ©
1 1—-14 °
|:( +7)( 7) 10715 :|/ ”u ||2d8
492(1 = co)

which shows that V7 > 0, there exists M, > 0 such that

+/OT |Yu(s)|2ds:é"(r)+/oT Y (s)|%ds
M, |60) + [ luts)ds| = M, 1P PLu(s)]2ds|
50+ [ wres] <o [0+ [ ]

Therefore, the system (1) is input-output L?-well-posedness. O
3.2. Proof of regularity.

Proof. Applying Laplace transform to the first equation in (1) leads to
$%p; (2)Wj s5(x, 8) = (Tj(2)Wj 1), 8), 2 € (0,1),5 € Ip(G). (22)

We introduce a new independent variable for (22)

x) = Ej_l /0z \/pj(x)Tj_l(x)dx for z € [0, 1], with a; = /01 \/pj(ac)Tj_l(x)dx
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Obviously, 6(z) is strictly monotone function on [0,1]. Denote by x(f) the inverse
function of 6(x), 6 € [0,1], then

W) _ o fose) o de®) - [T(0)

Y\ T o~ I\ p;(x(0))

> 0.

So, the following equalities can be easily calculated

R R do(z) | . pi(z(0))
W (2(0),8) = W;e(x(0),s) in = a, 1u)j o(z(0),s) Tj(x(@))
and
Dy0(a0).5) | () S + VI
5 5.6 ; T;(2(9)) dz Vi) dz

- 115(x(0)) W0 (x(6), 5)] = %
+a; 2 p(x(0))W; 02 (x(6), 5)-
Let @;(6,s) = @;(x(6), s) and

pi(x(0))T}(x(0)) N p;(x(0))
262 [T;(x(9))]” 243 p]( (0))

aj(g) = [ ‘| ajEIE(G),

where the prime denotes the derivative with respect to 6, then (22) can be refor-
mulated by

5?5277}]-(0, s) =W, 90(0,s) + a;(0)w;e(0,s), 0 € (0, 1).

So, Laplace transform of the system (1) can be written as follows:

A25205(0, s) = Wae (0, )) a(f)we(8,s), 0 € (0, 1),
B0,5) = 6(0,5) = (X9) @(p.5). 01, 5) = 0(1,5) = (T)T@lps), (23)
Py [T—T() o(1,8) — THT(0) i (0, 3)} — a(s),

where T(0) = A~ [M(0)T(0)]'/2, T(1) = A= [M(1)T(1)]*/2,
A = diag (a1, ...,d,) and a(f) = diag (a1(0), ..., an(6)).
Let 77(0) = (w(0,s),s 1w (0, s)) ", then (23) shows that 7j(f) satisfies

iy 0 I\ 0 0)-
According to the asymptotical theory of fundamental solution ([17, 19]), the funda-
mental solution matrix of (24) has the form:

W(0,s)=(I+s1Q(0,s)Wo(0,s),

where Q(0, s) = (g;gz:; 8;2%23), |Q(0, s)]| is uniformly bounded and

— B cosh(s6A)  A~Lsinh(sA)
Wo(d,s) = (gsinh(sﬁg) cosh(sfA)
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Thus,

7(0) = W(8,5)7(0) = (I +s72Q(8, 5))Wo(8, 5)ii(0)

_ ( cosh(s0A) + 3’1W8(39ﬁ) A1 51nh(50A) + s’lle(sﬁA)

A A A 0 25
Ablnh(SGA) + S_1W2Q1 (SQA) CObh(S@A) + 3_1WQQ2(80A) ) T}( )a ( )

where 7(0) = (7o,1,70,2) " and

W8 (s6A) W@(s&A))

WQ(&S) =Q(0,)Wy(0,s) = (Wg(sgg) WQ%(SQA)

_ (Qn cosh(sﬁg) + nggsinh(sﬁg) Qllg 1 smh(59A + Q12 cosh(s GA)
"~ \ Qa1 cosh(s04) + QoaAsinh(s9A) Qa1 A sinh(s0A) + Qaz cosh(sfA) |~

Let d(s) = Potb(p, ), then @(p, s) = PJ d(s), #(0) = ((PD?)T ?) (g’igi?) and

) = (T00) = (TR = (T ).

Thus, it follows from (25) and the last boundary condition in (23) that d(s) and
7o,2 satisfy the linear system of equations:

~ d(s)\ _ slﬁ(s))
B (57) = (75). (26)
where
D) = P]D(T’)f(l)gsinh(sN)(Pgﬂ‘*) Po (T~ )T()cosh(sA) Pp(YT)T(0)
(s) = cosh(sA) (P YH)T — (BY )T A~ 'sinh(sA)
+S-1( Po(Y7)T(1)W3d (sA)(PYH) T Pp(T™ )T( )W2Q2(5A)>
W (sA) (P )T W3 (sA) '

Moreover, it can be deduced that

D(s) (Z(P[éT*)T ?) = D_(s) + De (é ;eXI())(Sg))

with
~ PpY+T(0)A(P,YH)T  PpY—T(1) 0 Q21A 4 O
DC —\T ~71 + S 1
—(PpY7) A 0 Q11A + Q12
and
b (S) _ *P]])Tif(l)geXp(*SAr)(P]]))T+)T P]D'rfj:’( )exp( sA) P]DT+T
- exp(—sA)(PpY )T _A- 16XP( sA)

(Qu1 — Qu2A) exp(—sA)(PoY )T QuA~'+ Qa2

g (PDTf(l)(Qll — QuzA) exp(—sA)(PY )T % E QuA~' + Q22§ exp(— 3A)>
1 exp(—sA)

Thus, the linear system of equations (26) can be reformulated by

5420} ot )] ()= (T8 e
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where 74(s) = 1 exp(sA)[fo,2 + (PoY+)Td(s)]. Since

<.(r) —PDT;T(l)E> Do —

( D NO ) g 0 Q21A'*1 + Qa2 — P}J})T7T(1)1ZI (Qllzzfl + le)
_(—P]DTi)—r A71 0 Q11;4v_1 —+ Q12

with
Da = PoYTT(0)A(TH) TP + By YTV A(T)T Py

= diag Z V pi(0)T3(0),. .., Z V pi(0)T;(0)

€T} (pyy) €T (Pymg )

tdiag [ > VATD Y VaTD |, @8)

€T (pyy) 1€Z5 (Pymg )

De is invertible for ®(s) > 0 large enough, and

Hol D o) I —PY T1)A
DC - (_(P]Da?_)'r g—1> +O(D) (0 D k )
D! —D; NP Y)T(1)A
- <AV(P]DT_)TﬁA1 fT[I—(PDT‘)Tf)Al(PDT—)Tu)A})*"(D)’ (29)

where o(D) stands for a matrix which tends to zero matrix with appropriate rows
and columns as s — +oo. Thus, it follows from

~ I 0
D_.(s) (0 éexp(—sﬁ)) — 0 as s = 400,
(27) and (29) that
(d%)> — [Dg' +o(D)] (8_187<5>> and d(s) = s~ [D;! + o(D)]a(s),

which implies that Y (s) = sPpw(p, s) = sd(s) = [Dy* 4 o(D)]@(s). So, it can be
deduced from Remark 2, Proposition 1 and (28) that

lim H(s) = P,P) Dy'PyP,

s—+o00

= diag| Y. VeOTO+ > V(L)
€T (pyy,, ) €T (pay,)
-1

i€T} (Pay.,,, ) €2 (Pay,,, )

i.e., the system (1) is regular. O
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3.3. Examples. Here, we give two networks: one is a network with cycles, another
is a tree-shaped network with the fixed root p;, shown in Figure 1.

(A) A network with cycles (B) A tree-shaped network
with the root p;

FiGURE 1. Networks consisting of strings with one fixed vertex

3.3.1. A network with cycles. See Figure la, the motion of strings on the network
G is governed by

p](x)wj7tt(.r7 t) = (T](x)w]7z)z(x’ t)7 x E (07 1)7-] = 172’ 3’ 47 5767 7’
) = w5(17t),w:;(1,t) = wg((),t) = wl(l,t),
) =we(1,1), ws(0,t) = wg(0,t) = wr(1,t),w7(0,¢) =0,

w1 t
ws t
Ty (Nwy o (1,t) + T3(1)ws (1,t) — T2(0)wz,.(0,1) = 0,
Ts(1) (1,t) — [Tu(0)wa,»(0,1) + T5(0)ws . (0,t)] = 0,
Tr(Nwr o (1,t) — [T5(0)ws (0, 1) + T6(0)ws (0, )] = 0,
Ty(Dwaz(1,t) + T5(Dws (1, 1) — T1(0)w1,2(0,t) = u(p1, ),
Tr(Dws,.(1,t) = ulps, t),

where ® = {ps}. The expressions Pp and P, ((6) and (10)) lead to

T Ji J2 J3 Ja Js T Jk1 Jko
P]D:(€1 €2 €3 €4 €5) and P, = (€1 €3)s

where the vector ¢ is the k-th column of the identity matrix Ig. So, it follows from
Jky = 1, gk, = 3, the definitions of Z, (p;) and T (p;), and (30) that

-1

lim H(s) = diag | [Vor(OGO) + > VoaL(D)| VeOED™ |,

s§—r+00
ke{4,5}

i.e., the system (31) is regular.
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3.3.2. A tree-shaped network with one fized root. See Figure 1b, the motion of
strings on the tree-shaped network G is governed by

pi(@)wju(z, t) = (Tj(x)wj )z (x,t), x € (0,1),5 =1,...,9,

w1 (0,t) = 0,w1(1,t) = w2(0,t) = ws(0,t),we(1,t) = w7 (0,t),

wa(1,t) = wa(0,t) = w5(0,t) = we(0,t), ws(1,t) = ws(0,t) = we(0,t),

T1 (1w (1, t) = To(0)wa 5 (0,t) + T5(0)ws (0, 1),

To(1)wa 4 (1,t) = Ty(0)wa 4 (0,¢) + T5(0)ws (0, t) + T6(0)ws (0, ), (32)
Ts(1)ws o (1,t) = Ts(0)ws 5 (0,t) + To(0)wy . (0,1),

Ts(1)we,2(1,1) = T7(0)wr,2(0,1), T3(1)ws = (1,t) = ulps, 1),

To(1)wg 5 (1,t) = u(pr, t), Ts(1)ws (1, t) = u(ps, ),

T7(1)wr »(1,8) = u(pe,t), Tu(1)wa (1, t) = w(pro,t).

where © = {p1}. The expressions Pp and P, ((6) and (10)) lead to
Ju1 J2 J3 Ja J5 J6 J7 I8 J9 T Jkr Jko Jks Jks Jks
D = (€2 €3 €4 €5 €6 €7 €5 €9 €10) and P, = (e6 €7 €3 €9 €10)s
where the vector € is the k-th column of the identity matrix I;9. Thus, from (28)

and (30), it can be derived that
lim H(s)

s§—400

= diag (/o (TN, /2o T (1), /s (IS, v/ pr (DT (1), Vo (TH(D)

i.e., the system (32) is regular.

4. Proof of Theorem 1.3 and examples. For the tree-shaped network G =
(V(G), E(@)), the number of vertices m is equal to the number of edges plus one,
ie, m = n+ 1. Without loss of generality, let ® = {p;}, then, the number of
vertices in the set V(G) \ D is mg = n. It follows from Hypothesis 1.2 and (5) that
Pp = (0,1,)n,n+1 and the index set {37,753 ,---,7, } ={2,3,...,n+1}. Thus, it is
derived from the system (8) and Proposition 1 that (Y™ )w(1,t) = D w(p,t),

0
W(p27t) o T th
w(p,t) = . =DgYT w(l,t) and w(0,¢) = (T7) w(p,t) = Bs w(l,t),
W(pn+1at)
where

D = T_(T_)T = diag (deg_(pl)7 deg™ (p2), ... 7deg_(pnﬂ)) = diag (0,1,...,1)
and (DG)® = I,,. Since PpY~ [(Y~)TD5PY] = I, = [(Y~)"DgPY] P~ it

follows from the last boundary condition in the system (8) and Proposition 1 that
(Y7) " DgPpu(t) = Tw,(1,t) — (Y7) " DY TT(0)w,(0,t)
= T(V)wy(1,t) — BE'T(0)w,(0,t).

In the feedback control law (4), 8 > 0 for p,, € 0Gy. Now, we supplement
Br =0 for p,, €F, and let § = diag(f1,...,0n), then (4) can be formulated by

Oa if Dy € %a

>0, ifp, €dGy. (33)

u(t) = —BPpw;(p,t) with B = {
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In addition, it can be obtained from B, = 0 and Proposition 1 that
(Y7)' D Ppu(t) = —(Y7) " Do Py BPp DY wy(1,t).

Denote by 8~ = (Y7)"DgPl BPpD; Y~ = (Y7)T (§ %) Y™, then it is derived

from (33), Proposition 1 and Remark 3 that

0, if deg(pJ;) > 1,

>0, if deglp, ) =1, Y

B~ =diag (By,...,B,), with 87 =8, = {
where 5, — 1 € {1,2,...,n}, k € Zg(G). Therefore, the closed-loop system (3)-(4)
can be reformulated by (see also [15, 28])

M (z)we(z,t) = (T(x)wy )z (2, t), € (0, 1), t > 0,
w(0,t) = B&"w(1,t), (35)
T(Lwa(1,t) — B T(0)we(0,) = =B~ wy(1,1).

Remark 4. Since P, is the final point (head) of the edge ej, for k € Zg(G), accord-

ing to Definition 2.2, all entries in k-th row of Bg’t are zeros for boundary vertex

P~ € Gy, i.e.,deg(pj’:) = 1. Moreover, for internal vertex Py i.e.,deg(pJ;) > 1,

B, = 0. Hence, it can be followed from (34) that (BZJ’SZ7 B~ v)rn = 0, for all
z,v € R™.

Let %,(t) = fol (b(z)wy(z,t), M(z)w(z,t) yrndr with the diagonal matrix b(z) =
diag (b1(z), ..., b, (x)) satisfying the following condition.

Condition 4.1.

(1) For every k € Zg(G), bi(-) € C*[0,1] and there exist positive constants c,r,
crs err, and cqy such that e, < [be(2)pr(2)] < cr and e, < [by(2)T " (2)] <
cqu, for all z € [0,1].

(2) For every edge ey, corresponding to the component by (),

min {2 [b’“(;)kif’;_f + bk(l)pk(l):|
be(Dpr(1) < Yiezt o bi(0)i(0), asp, - € Int(G),

where ¢, = max,epo,1{||M(2)|2,[[b*()T " (x)]2} > 0 (see (36) below), the final
point (head) of the edge ey, is p,- and Iy (pJ;) = {k}.
(3) For every edge ey, corresponding to the component by (z),
deg+(p];) > %((11)) < ;’;((g)), asp+ € Int(G),
€15 (P r)

b (0) ~
.o = 0

1
1

,8;,}>Cv>0 asprBGN,
Cp k

asp,r = p1 (k € I (p1)),
where the starting point (tail) of the edge ey is the vertex p e

According to (1) and (2) in Condition 4.1, obviously, the following inequality

1
0L < 5 [ (eunlat), by, t) da
1

—5—5/ (M (z)we(z,t), M(z)w(z,t) )gndr < cpé(t) (36)
0
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holds, and there exist ¢z, > 0 and ¢y > 0 such that

cLé(t) < O(&) = -

- /0 (i, 1), (b(2) M () wi(2,£) Yin de

+ %/ ([b(@)T () T(x)ws (2, 1), T(x)wy(z,t) )gndr < cy&(t). (37)
0

Now, we construct a Lyapunov functional

YV (t) = E(t) + cv % (t), ¥t > 0,
where 0 < ¢pey < 1, then
(1 —cpey)E(t) <V (t) < (1 + cpey)E(L), VE > 0.
In what follows, using this Lyapunov functional, we prove Theorem 1.3.
4.1. Proof of Theorem 1.3.

(38)

Proof. Using (35) and the following two equalities

[ b, M@y D) =~ [, t), (o) M (@) (o, )
0 0
+ 5 BOMA)

5 — BE'B(0)M (0) B Jwy(1,t),w,(1,1))
and

1
/0 (b(z)wy (z, 1), M(x)wy(z,t))de = %(b(l)wz(l,t),T(l)wz(l,t»
5 0w 0,0, T, (0.0)~5 [ (BT @) T (@) (,), (@ (.6 o
0

we can get that

PAE L)~ (37)2 + b()M(1) — Bl b(0)M(0) B (1, ) we(1,1)
5T O)BE DT () BET(0) ~ TOMO)wa(0,1),w. 0, 0)
BT B T(O0w,(0.1), B we(1,1) — O(8). (39)

Moveover, it follows from (11) and (35) that
%it) = (T (Dw,(1,t) — Bg’tT(O)wx(O,t),wt(l,t» = —(B7we(1,t),w(1,¢)). (40)

Thus, it can be obtained from Remark 4, (37), (39) and (40) that
dy(t)  dé(t) dp(t)
at — at Y at

< —everd(t) = (Caun(L 1), wn(1,1)) = GHCHT(O)w, (0,0 T(O)w(0,0),  (41)
where

Cp =8~ = G- [HOT) 7 (57) + MM (1) — B b(O)M(0) B

G
and

Cy = b(0)T(0)~* — BE"b(1)T (1)1 BY".
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Next, we prove that the symmetric matrices Cg and Cj, are positive semi-definite.
Denote by A = diag(A1, Ao, -+, Apt1), where

bl(o)p1(0)7 as j = 1,
A= > bi(0)pi(0) =14 O, as p; € OGN,
€T (p;) Ziezg(pj) b;(0)pi(0), asp; € Int(G)\D.
From Proposition 1, B, = 0 and (34), it can be obtained that
1
Cp = B~ —3ev [B()T(1)~H(B7)? +b(1)M (1) — (T7) T THp(0) M (0)(XH) T~ ]
_ c _ _ c .
= 87— 5 [bT) 7 (B7)? + b1)M(1)] + - ding ()\]1_, . ,AJ;)
= diag (0,371, . 70,5’7”) ,
where
bi(1) (B )?

— Cy
k=0 — [Tk(l) + b (1)pr(1) — AJJ k=1,...,n.

Thus, (2) in Condition 4.1 and (34) lead to
- b (1) (8)?
cak =By — F [P 4 be(Dpr(1)] 20, asp € G,
ek = Liers(p ) bil0pi(0) —br(1)pr(1) 2 0, asp- € Int(G),

i.e., Cj3 is a positive semi-definite matrix. It follows from Proposition 1 that

Cy, = bO)YTH0)—(rH T a()T(1)"H(r)Trt

= bO)TH0) — (YH) diag [ > ;’1((11)) > bT((ll)) T+
1€Ly (p1) €L, (Pny1)
= HOT0) —dig | Y ;((11)) 3 ;((?) (I+B%).

iEIE(:Dﬁ) i€Tg(p,+)
The k-th row of C}, matches the edge ey, whose tail and head are the vertices P+
k
and P, respectively. In light of Definition 2.2, the number of 1 in the k-th row
k

of I + B} is deg+(pjt). Thus, when ;’Z((%)) > deg+(pﬁ)ziezg(pﬁ) ;L((ll)) for the
k

internal vertex p e the k-th row of Cj, is strictly (row) diagonally dominant. When

:br’;((%)) > 0 for the root p = D1 the k-th row of Cj has only one non-zero diagonal

element ;’Z((g)), since deg™ (p1) = 1 and deg™ (p1) = 0, according to Hypothesis 1.2;

when ;’; ((%)) = 0 for the root p L+ = D1 the entries in k-th row of C}, are zeros. Hence,
k

the matrix C), is positive semi-definite under (3) in Condition 4.1.
Thus, it follows from (38) and (41) that

d"f/(t) < CcyCy,

dt = 1+c¢pey

which, together with (38), implies that the system (35), i.e., the closed-loop system
(3)-(4), is exponential stable. O
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Remark 5. The construction of matrix multiplier b(x) is crucial in the proof, here,
we discuss its choice. A path in G is a non-empty subgraph P = (Vp, Ep) of the
form Vp = {p,y,Puys---s0.,, } and Ep = {e;,,€iy,...,€;, }, where p,,,...,p,, and
€iys---,¢;, are all distinct vertices and edges, respectively, the edge e;; is joined
po;_, and p,;, j = 1,..., k. The number of edges, k, is called the length of path, a
path of length k is called a k-path. The vertices p,, and p,, , linked by P, are called
its ends, so the path is also denoted by P(p,,,p.,). If p, and p,, are the same
vertex, then P(p,,,p,,) is called a cycle. For a connected tree G = (V(G), E(G))
with the root p,, for every vertex p € V(G)\ {p,}, there is a unique path connecting
p and p,, denoted by P(p,,p). The length of P(p,,p) is denoted by m, and let
dp = max,cv(a)\{p,} 1Mp}. We define sets: Vo(G) = {p,} and for k > 1, Vi.(G) =
{p € V(G)|P(p,,p) is a k-path} and

Er(G) ={e € E(G)|3p € Vi—1(G), q € Vi(G) such that they are joined by e},
then V(G) = UZ’;O Vi(G) and E(G) = Ugil E(G), where Vi(G)s and Ei(G)s are

mutual disjoint, respectively. Next, b(x) on [0,1] can be chosen via the following
three steps.

Step 1: For every p € 0Gy, denote the path P(p,,p) by
VP = {pLoapuv s 7mep_1amep} and EP = {eilaeiza LR} eim,p}a

where p,, = p, is the root and p,,, = p € OGn. Let b;, (0) = m,T;,, (0)
and choose a value of b;,, (1) such that

o T, (0)pi,,, (0)
bi,,, (1) > mpeTror max {m(l), T,,, (1) ¢

Step 2: Beginning with the maximum m,, (the longest path P(p,,p)), for j =
myp —1,...,2,1, corresponding to e;, € E;(G) N Ep, we calculate
T,.(1) min {bﬂ"(o) } > b;(0)p;(0)
Cieri ) VO erii,)
1 +d6g+(ka) ’ 1 +pik(1)

bi, (1) = min

and b;, (0) = § min { Z’;Eéi eToer ;:1; E(l); b;, (1). Repeat the above procedure,

till the least m,, (the shortest path P(p,,p)).
Step 3: For every edge e, € E(G), by virtue of b (0) and bg(1) given by above
two steps, we choose by (z) as follows:

bp(z) = [eTCLp;L (;];((g)) + cék)> - cl()k)} Ty (x) with ¢, > [[Tk(x)pr()]'|

c —1 c
and o) = (70 1) [R5 — e iG] >0

At last, after b(x) is determined by above steps, it is easy to verify that

¢ [ be(1) ¢ be(1) _ [be(2)]’
Tops Wty {Tkm} = Toor T(1) = [Tk(:r)}

cp

cpeTzf’L b (1) cpeTLer { br (1) }

cp S c max
Trpr (em - 1) Tk(l) Trpr (eﬁ — 1) k€lE

<
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and
1 : bk(l)} < 1 ) bi(1) )
cp | 1— e min <cp|1—— < [b(z)pi(z
p( 2@7"LrJL>kEZE{Tk(1) P Qe TEST Tk(l) [ ( ) ( )]
Cp Cp
Tre T b 1 TrLerL T; b 1
< [SE CUPU Ly k()cpS _errr Tvpy cpmax{ k()}.
eToor —1 TLPL Ti(1) eToor — 1 1LpL keZp | Tr(1)

Thus, Condition 4.1 is always fulfilled. Note that the construction of b(z) is not
unique, the choice based on Step 1,2 and 3 is just one way of constructing b(x).

4.2. Examples. To explain further how to choose the diagonal matrix-valued func-
tion b(z) and construct the Lyapunov functional via steps in Remark 5, we provide
two tree-shaped networks. The first one is shown in Figure 1b, the underlying tree
is a branching with a fixed root p1, i.e., ® = {p1} C G and Hypothesis 1.2 holds.
The second one is shown in Figure 2 and ® = {p4} C Int(G). Its underlying rooted
tree is not a branching, i.e., (2) and (3) in Hypothesis 1.2 are not satisfied. A
concrete Lyapunov functional will be constructed for the second example.

4.2.1. A nine-string-tree with collocated velocity feedbacks. We reconsider the tree-
shaped network governed by (32), shown in Figure 1b. The outgoing incidence
matrix and the incoming incidence matrix of the underlying tree-shaped graph of
system (32) are

9]
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=
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[
~
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oo
[
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2
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|
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respectively.
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To choose b(z) satisfying Condition 4.1, we first write down all paths from the
root py to leaves (OGN = {ps, 7, Ps, P9, P10}) in the network (see Table 1).

TABLE 1. Paths from the root p; to leaves

E1(G) | Vi(G) | BE2(G) | Va(G) | E3(G) | V3(G) | Ea(G) | Va(G) | mp
indices i1 L1 i2 L9 i3 L3 i4 L4
P(p1,ps) el p2 es D6 * * * * 2
P(p1,p7) e1 P2 e2 P3 es D5 €9 7 4
P(p1,ps) el D2 €2 D3 es D5 es P8 4
P(p1,p9) el P2 e P3 €6 P4 er P9 4
P(p1,p10) el P2 e2 P3 eq P10 * * 3

Second, according to Remark 5, we choose the function b (z) as follows.
Step 1: For the leaf pg, the corresponding leaf edge is eg, then b3(0) = 273(0)

and bs(1)>2e TieT max {%@3’)@, Tg(].)}. For the leaf p7, the corresponding

leaf edge is eg, then by (0) = 475 (0) and bg(1) > deTior max{w Ty (1)}
For the leaf ps, the corresponding leaf edge is eg, then bg(0) = 475(0) and

bs(1)>4e TLoT max {%, Tg(l)}. For the leaf pg, the corresponding leaf

edge is e7, then b7(0) = 47%(0) and b7(1) > deTror max{w T (1)}
For the leaf pig, the corresponding leaf edge is e4, then b4(0) = 37,(0) and
bs(1)>3eTror max{%,nm}.

Step 2: The maximum m, = 4. For e5 = ¢;, € E3(G) N Ep(p1 ) = E3(G)N

Ep(p, ps) and p,, = ps, we choose b (0) = 1 min {ng(l)g, eTLAT Tf(o) bs5(1) and

2
bs(1) = min { T5(1) min{ bs(0) ’ by(0) } bs(0)ps(0) + by(0)p9(0) } .
3 T3(0)" Ty(0) L+ ps(1)
For eg = e;, € E3(G) N Ep(p, py) and p,, = pa, we choose

Ty (1)be(0) br(0)pr(0)
”6(”:“““{ W0 1 +,,57(1)}

- 1 . P (1) LPL TG(O)
0= 2“““{;)2(0)’6 T6(1>}b6( ’

For e3 = e;, € Eo(G) N Epp, p,y, K =17,8,9,10, and p;, = p3, we choose

and

R (b0 1
b2(1) = min 4T2(1)j€r{11}§6}{Tj(0)},1+p2(1) > b;(0)p;(0)

je{4,5.6}

and bQ(O) — %mln { Z;E(IJ; eTLPL TQEOg } bQ( ) For €1==¢6;, (S EI(G)QEP(pl,pk%

k=6,...,10, and p,, = pa, we choose by (0) = %min {pi(l) eTLPpL Tl(o)} b1(1)

p1(0)° 71 (1)
and

_ 1 . b;(0) ) b2(0)p2(0) + b3(0)ps(0)
b*”—mm{sﬂ“%é%%}{n(oﬁv () }’
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Thus, b(x) is constructed by Step 3 in Remark 5, and all assumptions in Theorem
1.3 are fulfilled. Finally, by use of (4), (34), (42), (43) and g5, = k+1fork =1,...,9,
it is shown that the network (32), under velocity feedbacks

u(pe,t) = —Pswe(pys.t) = —Bsw, - H(1t) = = B3 ws (1, 1),
u(pr,t) = —Lewi(pys.t) = *56%5,15(1,15) = —f5 wg (1,1),
u(ps,t) = —frwi(p),,t) = /5710 - +(1,1) = =By ws (1, 1),
u(pg,t) = —PsWi(pyg,t) = Bsw ) L1, t) = =B7wr,(1,1),
u(p107 ) = _ngt(pjg’t) ,8ng4 7t(Lt) - _Bél_w4,t(17t)’

is exponentially stable.

4.2.2. A siz-string-tree with collocated velocity feedbacks. The tree-shaped network
consisting of six strings with one fixed root is shown in Figure 2. The motion of the

FIGURE 2. The tree-shaped network consisting of six strings with
the fixed root py

network can be formulated by

pi(@)wjn(z,t) = (Tj(x)wj2)e(z,1), € (0,1),5 =1,...,6,
0,

)= ’Ll)g(]. t),ws(0,t) = ws(1,t) = wy(1,t),

[ 12(0,) + T2(0)w2,2(0,)] = 0, (44)

t) — T6(0)we +(0,t)] = 0,

Jwa,z(1,t) = u(p2, t),

s(Dwe,z(1,t) = u(ps, t),

)t p1,t), T
0)ws - (0,t) = u(pr,t), T,
where pi(z) = p2(2) = ps(x) = 1, pa(z) = 1.25 — 0.252%, ps(z) = 2 — =, pe(z) =
1.25 — (2m)~tsin(2rx), Ti(z) = 1, Ta(z) = 1.5, Tz(z) = 2, Ty(x) = 1.25 +
(27)~tsin(27rz), Ts(x) = 1 + 2 and Tg(x) = 1 + 0.252%. The outgoing incidence
matrix and the incoming incidence matrix are

) ) 0
T4(1)w47m(1,t) + T (1)11)5 7«(1
(1) ) = ulp 2(1

(

€1 €y €3 €4 €5 €4 €1 €2 €3 €4 €5 €4
0000 0 0\p 1 0000 0\p
0000 0 0]ps 01 00 0 0 |p
1 1 0 0 0 0 |ps 0 0 1 0 0 0 |ps
|0 0 110 0 fps gy [0 0 0 0 0 0|p 4
00000 0]|ps 00000 1/|ps
0000 0 1 |pg 000 1 1 0]pe
0000 1 0/p; 00000 0/pr
A T S R S
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respectively. The Dirichlet set ® = {ps} C Int(G), and deg™ (ps) = 2, which means
that the rooted tree is not a branching and the system (44) is not the standard
form of (3). V(G)\D = {ph7p]27p]37pj47pjsﬂpj6}7 where p), = pi for k =1,2,3,
Pye = Prt1 for k=4,5,6, and mog = 6. § = {p,,,p,5} = {p3,ps}. The set of leaves
OGN = 0G = {p1,p2,p5,p7}. The system (44) is L2-well-posedness and regular,
according to Theorem 1.1.

Similar to (4), the collocated output feedback is read as

w(py,,t) = —Bewi(p,,,t), for k =1,2,4,6, (46)

where 8, > 0 and p,, € 0Gn, k = 1,2,4,6. Hence, the closed-loop system (44)
with (46) can be rewritten as

pi(x)wj () = (Tj(2)w) o)z (2, 1), z € (0,1),5 =1,...,6,

w3(0,t) = wg(0,¢t) = 0,w1(0,t) = we(0,t) = w3(1,1),

ws(0,t) = we(0,t) = wy(1, ),

Ty (Dwi,o(1,t) = =frwi(1,1), To(1)wa 2 (1,1) = —Bowa ¢ (1,1), (47)
T5(1)ws,z(1,t) = [T1(0)w1,:(0,¢) + T2(0)w2,+(0,¢)] = 0,

Ty(VDwa o (1,t) + T5(1)ws (1, 1) — T5(0)we (0, ) = 0,

T5(0)ws 5(0,t) = Bews +(0,1), Te(1)we 5 (1,t) = —Laws +(1,1).

Notice that the closed-loop system (47) can not be written in the form of (35).
Thus, the matrix-vector form of (47) can only be formulated by (8) with Y~ and
T+ being determined by (45), and

u(t) = (—Blwl’t(l, t), —Bg’(ﬂg’t(l, t), O7 —54’11}6125(1, t), 0, —56w57t(0, t))—r (48)

To construct a Lyapunov functional for (47), we do a change of variable z := 1—uz,

for the edge es, and let wy(x,t) = ws(1 — x,t), ps(z) = 1+ = and fr)(m) =2-—u,

and for j # 5, let w;(x,t) = w;(x,t), p;(z) = p;(x) and T;(z) = T;(x). Thus, (47)
is reformulated by

i (2)W;.00(2,t) = (Tj ()W 2 )a(z, 1), 2 € (0,1),5 =1,...,6,

w3(0,1) = w4(0,t) =0,

@1(0,t) = W(0,t) = ws(1,t),ws(0,t) = we(0, 1) = wa(1,1),

T5(1)Ws 4 (1,t) — [T1(0)d1 (0, ) 4+ To(0)W2..(0,)] = 0, (49)

T3(1)ia 0 (1,1) — [T5(0)5,2(0, ) + T5(0) 6.0 (0, )] = 0,

T1(1) 1a(1,t) = =frwr (1, 1), T2( JW2,5(1,t) = —Pawny(1,1),
T5(1)@s,0(1,t) = —Bets ¢ (1, 1), To(1) W0 (1,1) = —Baiip (1, ).

Thus, (1) and (3) in Hypothesis 1.2 are satisfied and the underlying tree of system
(49) is a branching with the root p4, which is joined with two edges.
A

In the following, we determine the multiplier b(z) for (49) due to Remark 5
) <Ty

simple calculation shows that 0 <1 = py, < pp(x) < py, 0 <1 =T < ’fk(x
and
151 .
[T < 2+ 1 =6 < 2=y, on [0,1].
All paths from the root py to leaves (OGN = {p1,p2,p5,p7}) in the tree-shaped
network are filled in Table 2. Thus, using Step 1 in Remark 5, we choose by (0) = 2
and bl( ) = 2e for the leaf edge ey by(0) = 3 and b2( ) = 3eép for the leaf edge

e2; bs(0) = 2 and bg(1) = e for the leaf edge eg; b5(0) = 4 and bs(1) = 2% for
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TABLE 2. Paths from the root p4 to leaves

ELV(G) | Vi(G) | B2(G) | Va(G) | mp
indices i1 L1 i Lo
P(p4,p1) es3 P3 el p1 2
P(p4,p2) e3 P3 e2 P2 2
P(pa,ps) eq P6 €6 D5 2
P(p4,p7) eq D6 es 7 2
the leaf edge e5. Using Step 2 in Remark 5, we choose b3(1) = 3 and b3(0) = 2e~%

for the edge es; 54(1) = % and 54(0) = %e*CP for the edge e4. According to Step 3
in Remark 5, we have

e’r—1 e‘r—1

bo(z) = 3bi(2), ba(z) = %’53(:5),'55(95) = Ty (2)by (2), be(z) = Tg(x)by ().

Hence, we obtain the matrix multiplier b(z) for (47): by(z) = b(z) for k # 5
and bs(z) = —bs(1 — x), that is,

bu(e) = 2 [er7 4 2o (o0 1)) by(a) = 2400,

e‘r—1
by(w) = 3 [ecnleD) 4 <5751 by (o) = Talefule), (50)

S
o
—~

8
N

I

7T5(5U)b1(]. — fﬂ), bﬁ(.’ﬂ) = TG(CC)bl (IL’)

Thus, the Lyapunov functional for the system (47) is
1
YV(t)=E@)+cv¥(t) =E(t) + CV/ (b(x)wy(z,t), M(z)w(x,t) )dx.
0

From (6), (8), (12), (45) and (48), it can be deduced that

dé (1)

dt = _ﬁlw%,t(la t) — ﬁng,t(la t) — /84w§,t(1’ t) — /86w§,t(05 t). (51)

Similar to (39), it follows from integration by parts, (6), (8), (44) and (45) that

A0,
dt

= %< CwP]D’th(p, t)’ PlDwt(pa t) >Cm0 + %<b(1)ww(17t)a T(l)ww(L t) >C"

~ 5 B0 0,0), TO)w, 0, 0))ox — O(&), (52)
where O(&) satisfies (37),

Cw = Pp [(YT7)M(1)b(1)(Y7)T = (XF)M(0)b(0)(YTT) ] Py
= diag (266",36%,—131,%8566"7—365,466‘)) (53)
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and
1 1
§<b(1)ww(1,t), T(Dw,(1,t)) — §<b(0)ww(0,t), T(0)w,(0,t)) =
[T1(0)w1,4(0, 1) + To(0)wa . (0, 1)]* — 277 (0)wi ,(0, ) — 215 (0)w3 (0, ¢)

+2T42(1)wzm( t) = 273 (Vw3 » (1, 1) — 2ATa(Nwao(1,1) + T5(Dws 2 (1, 1))

3
+ 2¢% [51“’1 (1,1) + 52“’2 +(1,1) + Biwg (L0 + Biw? £(0,1)]
TR, (00) TR0, (0,1)

< 2% [511”1 +(1,6) + 52“’2 +(1,1) + 54“16 (1, t) + 561”5 (0,8)] . (54)
Thus, it follows from (51), (52), (53) and (54) that
dy(t)  dé(t) N d¥(t)
i~ at TV a

—[B1 = cve® —cye® BT wi, (1,1) — {52 - §CV€C” —cye® By | wh (1,1)

25
[@1 — Ecvew’ — cve”’b’f} wg’t(l,t)— [56 — 2cyelr — cve°9ﬁ6] ws, t( t)—cy O(&).

Let ¢y < min { ’611_7_62‘] , f25e+;2;, %‘éigg , ’ng_ﬂzp , } it can be derived that

%t() < —evO(8) < —cpevé(t) < —

Hence, the system (47) is exponentially stable.

CrCy
1+ cyeyp

5. Conclusions. The multiplier method is applied to discuss the well-posedness
and regularity of the open-loop system of strings network and the exponential sta-
bility of the closed-loop system in this paper. Especially, a Lyaponuv functional for
tree-shaped networks of elastic strings is presented by constructing an appropriate
multiplier. This construction method (see Remark 5) may be generalized to other
types of networks, e.g., networks of beams etc, even for nonlinear networks, which
will be discussed in other papers. In engineering, it is more meaningful work. Ad-
ditionally, the issues of time-delay and anti-disturbance for networks governed by
partial differential equations may also be investigated based on the same methods.
These problems are worth exploring in future.
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