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ABSTRACT. In this paper, we will study the emergent behavior of Kuramoto
model with frustration on a general digraph containing a spanning tree. We
provide a sufficient condition for the emergence of asymptotical synchronization
if the initial data are confined in half circle. As lack of uniform coercivity in
general digraph, we apply the node decomposition criteria in [25] to capture a
clear hierarchical structure, which successfully yields the dissipation mechanism
of phase diameter and an invariant set confined in quarter circle after some
finite time. Then the dissipation of frequency diameter will be clear, which
eventually leads to the synchronization.

1. Introduction. Synchronized behavior in complex systems is ubiquitous and
has been extensively investigated in various academic communities such as physics,
biology, engineering [2, 7, 29, 36, 37, 39, 40, 42], etc. Recently, sychronization
mechanism has been applied in control of robot systems and power systems [12,
13, 34]. The rigorous mathematical treatment of synchronization phenomena was
started by two pioneers Winfree [43] and Kuramoto [27, 28] several decades ago, who
introduced different types of first-order systems of ordinary differential equations to
describe the synchronous behaviors. These models contain rich emergent behaviors
such as synchronization, partially phase-lcoking and nonlinear stability, etc., and
have been extensively studied in both theoretical and numerical level [1, 3, 5, 11,
14, 15, 16, 17, 19, 26, 32, 39].

In this paper, we address the synchronous problem of Kuramoto model on a
general graph under the effect of frustration. To fix the idea, we consider a digraph
G = (V,€) consisting of a finite set V = {1,..., N} of vertices and a set £ C V x V
of directed arcs. We assume that Kuramoto oscillators are located at vertices and
interact with each other via the underlying network topology. For each vertex i,
we denote the set of its neighbors by Nj;, which is the set of vertices that directly
influence vertex i. Now, let 8; = 6;(t) be the phase of the Kuramoto oscillator at
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vertex ¢, and define the (0, 1)-adjacency matrix (x;;) as follows:

1 if the jth oscillator influences the ith oscillator,
Xij = .
0 otherwise.

Then, the set of neighbors of i-th oscillator is actually N; := {j : x;; > 0}. In this
setting, the Kuramoto model with frustration on a general network is governed by
the following ODE system:

0i(t) = Qi+ K Y sin(0;(t) — 0:(t) +a), t>0, i€V,
JjEN; (1)
0:(0) = bio,

where Q;, K, N and a € (0, §) are the natural frequency of the ith oscillator, cou-
pling strength, the number of oscillators and the uniform frustration between os-
cillators, respectively. For the case of nonpositive frustration, we can reformulate
such a system into (1) form by taking 6; = —0; for i = 1,2,...,N. Note that the
well-posedness of system (1) is guaranteed by the standard Cauchy-Lipschitz theory
since the vector field on the R.H.S of (1) is analytic.

Comparing to the original Kuramoto model, there are two additional structures,
i.e., frustration and general digraph. The frustration was introduced by Sakaguchi
and Kuramoto [38], due to the observation that a pair of strongly coupled oscilla-
tors eventually oscillate with a common frequency that deviates from the average
of their natural frequencies. On the other hand, the original all-to-all symmetric
network is an ideal setting, thus it is natural to further consider general digraph
case. Therefore, the frustration model with general digraph is more realistic in
some sense. Moreover, these two structures also lead to richer phenomenon. For
instance, the author in [6] observed that the frustration is common in disordered
interactions, and the author in [44] found that frustration can induce the desyn-
chronization through varying the value of o in numerical simulations. For more
information, please refer to [4, 10, 21, 23, 24, 25, 30, 33, 35, 41].

However, mathematically, for the Kuramoto model, the frustration and general
digraph structures generate a lot of difficulties in rigorous analysis. For instance,
the conservation law and gradient flow structure are lost, and thus the asymptotic
states and dissipation mechanism become non-trivial. For all-to-all and symmetric
case with frustration, in [20], the authors provided sufficient frameworks leading
to complete synchronization under the effect of uniform frustration. In their work,
they required initial configuration to be confined in half circle. Furthermore, the
authors in [31] dealt with the stability and uniqueness of emergent phase-locked
states. In particular, the authors in [22] exploited order parameter approach to
study the identical Kuramoto oscillators with frustration. They showed that an
initial configuration whose order parameter is bounded below will evolve to the
complete phase synchronization or the bipolar state exponentially fast. On the
other hand, for non-all-to-all case without frustration, the authors in [9] lifted the
Kuramoto model to second-order system such that the second-order formulation
enjoys several similar mathematical structures to that of Cucker-Smale flocking
model [8]. But this method only works when the size of initial phases is less than
a quarter circle, as we know the cosine function becomes negative if 5 < 6 < .
In [45], for the Kuramoto model on general network whose initial configuration is
distributed in half circle, the authors exploited the idea of node decomposition in [25]
and showed that frequency synchronization emerges under sufficient frameworks. To
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the best knowledge of the authors, there is few work on the Kuramoto model over
general digraph with frustration. The authors in [18] studied the Kuramoto model
with frustrations on a complete graph which is a small perturbation of all-to-all
network, and provided synchronization estimates in half circle.

Our interest in this paper is studying the system (1) with uniform frustration on
a general digraph. As far as the authors know, when the ensemble is distributed
in half circle, the dissipation structure of the Kuramoto type model with general
digragh is still unclear. The main difficulty comes from the loss of uniform coercive
inequality, which is due to the non-all-to-all and non-symmetric interactions. Thus
we cannot expect to capture the dissipation from Gronwall-type inequality of phase
diameter. For example, the time derivative of the phase diameter may be zero at
some time for general digraph case. To this end, we switch to apply the idea of
node decomposition in [25] to gain the dissipation through hypo-coercivity. Due
to the lack of monotonicity of sine function in half circle, we follow the delicate
constructions and estimates of the convex combinations in [45]. Eventually, we
have the following main theorem.

Theorem 1.1. Suppose the network topology (x:j) in system (1) contains a span-
ning tree, D> is a given positive constant such that D> < %, and all oscillators
are initially confined in half circle, i.e.,

D(6(0)) < .

Then for sufficient large coupling strength K and small frustration «, there exists a
finite time t, > 0 such that

D(0(t)) < D*°, V¥t € [ts,0),
and
D(w(t)) < Cre=@=t) ¢ >¢
where Cy and Cs are positive constants.
Remark 1. The first part of Theorem 1.1 claims that all oscillators confined ini-
tially in half circle will enter into a region less than quarter cirlce after some finite
time. It is natural to ask how large K and how small a we need to guarantee the

first part of Theorem 1.1. In fact, according to the proof in later sections, we have
the following explicit constraints on K and «,

. _ 1 ﬁd—i—lDoo D% 4o < T
an o a< -
(d+1)¢ 4(2N + 1)%’ 2’
(1 + C71)(6,(()))) aNe [4( )] o)
1= (14 (d+1)¢ \ c[4@2N +1)q]? [ D(Q) n 2N sina
¢ — D(6(0)) B+ Doo K cosa CcOoSs &

where d is the number of general nodes which is smaller than N (see Lemma 2.7),
D(R) is the diameter of natural frequency, and the other parameters ¢, v, 7, 8 and
¢ are positive constants which satisfy the following properties,

1 2
D)) < (<vy<m, 77>max{. ’C}’
siny’1- ¢

o (T AN+ 1),

ﬂ:1_77 c= . )
n sm -y
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where A(2N, j) denotes the number of permutations. It’s obvious that we can find
admissible parameters satisfying (3) since D(6(0)) < m. Once the parameters are
fixed, we immediately conclude (2) holds for small « and large K.

Remark 2. For t € [0,t,), the phase diameter D(0(t)) satisfies D(6(¢)) < ¢ which
follows from t, < t in Lemma 4.5 and Lemma, 2.8. After t,, all oscillators are con-
fined in a region less than quarter circle, and Kuramoto model (1) will be equivalent
to Cucker-Smale type model with frustration (see (53)). Therefore, we can directly
apply the methods and results in [9] to conclude the emergence of frequency syn-
chronization for large coupling and small frustration (see Lemma 4.6). Therefore,
to guarantee the emergence of synchronization, it suffices to show the detailed proof
of the first part of Theorem 1.1.

The rest of the paper is organized as follows. In Section 2, we recall some concepts
on the network topology and provide a priori local-in-time estimate on the phase
diameter of whole ensemble with frustration. In Section 3, we consider a strongly
connected ensemble with frustration for which the initial phases are distributed in
a half circle. We show that for large coupling strength and small frustration, the
phase diameter is uniformly bounded by a value less than 7 after some finite time.
In Section 4, we study the general network with a spanning tree structure under
the effect of uniform frustration. We use the inductive argument and show that
Kuramoto oscillators will concentrate into a region less than quarter circle in finite
time, which eventually leads to the emergence of synchronization exponentially fast.
In Section 5, we present some simulations to illustrate the main results in Theorem
1.1. Section 6 is devoted to a brief summary.

2. Preliminaries. In this section, we first introduce some fundamental concepts
such as synchronization, spanning tree and node decomposition of a general network
(1). Then, we will provide some necessary notations and a priori estimate that will
be frequently used in later sections.

For the Kuramoto-type model, we recall the definition of synchronization as
follows.

Definition 2.1. Let 6(¢) := (61(t),02(t),...,0xn(t)) be a time-dependent Kuramoto
phase vecor. The configuration 6(t) exhibits (asymptotic) complete frequency syn-
chronization if and only if the relative frequencies tend to zero asymptotically:

Jim 04(0) = 0,0 = 0. Vi)

2.1. Directed graph. Let the network topology be registered by the neighbor set
N; which consists of all neighbors of the ith oscillator. Then, for a given set of
{N:}X, in system (1), we have the following definition.

Definition 2.2. (1) The Kuramoto digraph G = (V, ) associated to system (1)
consists of a finite set V = {1,2,..., N} of vertices, and a set £ C V x V of arcs
with ordered pair (j,4) € € if j € N;.

(2) A path in G from i; to iy is a sequence 41, is, . .., such that

iseN;,,, forl<s<k-1.

If there exists a path from j to 4, then vertex ¢ is said to be reachable from
vertex j.

(3) The Kuramoto digraph contains a spanning tree if we can find a vertex such
that any other vertex of G is reachable from it.
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In order to guarantee the emergence of synchronization, we will always assume the
existence of a spanning tree throughout the paper. Now we recall the concepts of
root and general root introduced in [25]. Let I,k € N with 1 <1 <k < N, and let
Cir = (c1,¢41, - - -, ck) be a vector in R¥=+1 such that

k
¢ >0, [<i<k and Zcizl.
i=l
For an ensembel of N-oscillators with phases {6;}¥ ,, we set LF(C} x) to be a convex
combination of {;}*_, with the coefficient Cj :

k
,C;C(Cl’k) = Z 0191
=l

Note that each 6; is a convex combination of itself, and particularly 6y = L3 (1)
and 6; = L}(1).

Definition 2.3. (Root and general root)

1. We say 0y, is a root if it is not affected by the rest oscillators, i.e., j ¢ Ny for
any j € {1,2,...,N}\ {k}.

2. We say LF(Cy 1) is a general root if LF(C) ) is not affected by the rest oscil-
lators, i.e., forany i € {{,i+1,...,k}and j € {1,2,...,N}\{[,I+1,... ,k},
we have j ¢ Nj.

Lemma 2.4. [25] The following assertions hold.

1. If the network contains a spanning tree, then there is at most one root.
2. Assume the network contains a spanning tree. If ££](Ck7N) is a general root,
then L(C1,) is not a general root for each l € {1,2,...,k —1}.

2.2. Node decomposition. In this part, we will recall the concept of maximum
node introduced in [25]. Then, we can follow node decomposition introduced in [25]
to represent the whole graph G (or say vertex set V) as a disjoint union of a se-
quence of nodes. The key point is that the node decomposition shows a hierarchical
structure, then we can exploit this advantage to apply the induction principle. Let
G=(,&),V1 CV, and a subgraph G; = (V1,&1) is the digraph with vertex set V;
and arc set £ which consists of the arcs in G connecting agents in V;. For a given
digraph G = (V, £), we will identify a subgraph G; = (V1,&1) with its vertex set V;
for convenience. Now we first present the definition of nodes below.

Definition 2.5. [25] (Node) Let G be a digraph. A subset Gy of vertices is called
a node if it is strongly connected, i.e., for any subset Gs of Gi, G5 is affected by
G1 \ Ga2. Moreover, if G; is not affected by G \ G1, we say G; is a maximum node.

Intuitively, a node can be understood through a way that a set of oscillators can
be viewed as a “large” oscillator. The concept of node can be exploited to simplify
the structure of the digraph, which indeed helps us to catch the attraction effect
more clearly in the network topology.

Lemma 2.6. [25] Any digraph G contains at least one mazimum node. A digraph
G contains a unique mazximum node if and only if G has a spanning tree.

Lemma 2.7. [25](Node decomposition) Let G be any digraph. Then we can decom-
pose G to be a union as G = U?:O(U?i:l G!) such that
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1. gg are the mazximum nodes of G, where 1 < j < kg.
2. For any p,q where 1 < p <d and 1 < q < ky, GI are the mazimum nodes of

G\ (UiS (U5, 60))-

Proof. As G is assumed to be any digraph, from Lemma 2.2, we see that G contains
at least one maximum node. Therefore, we can find all maximum nodes of G and
denote them by (](jJ with 1 < j < kg, where kg is the number of maximum nodes.
Next, we get rid of U;%:l G} and collect all maximum nodes in the remaiping digraph
g\ (U]?O GJ). Denote all maximum nodes of the remainder G\ (U;CO 1 G}) by G{ with
1 < j < ky, provided that there are k1 maximum nodes for G\ (U L G3). Then we
can repeat the same process and find the maximum nodes G of Q\(Ui:0 (Uf:1 G7))
with 1 < g < k,. After d steps, we can construct G = (U?:o (Uf:1 G7)) as G consists
of finite IV oscillators. O

Remark 3. Lemma 2.7 shows a clear hierarchical structure on a general digraph.
For the convenience of later analysis, we make some comments on important nota-
tions and properties that are used throughout the paper.

1. From the definition of maximum node, for 1 < ¢ # ¢’ < k,, we see that o
and gg’ do not affect each other. Actually, G will only be affected by Go and

7, where 1 <i<p-—1, 1 <j <k Thus in the proof of our main theorem
(see Theorem 1.1), without loss of generality, we may assume k; = 1 for all
1 <4 < d. Hence, the decomposition can be further simplified and expressed
by

d
G= U g,
=0

where G, is a maximum node of G\ ("~ Gi).
2. For a given oscillator 057 € Gj..1, we denote by UkJr1 NFTL(4) the set of

neighbors of 0¥ where N¥¥1(j) represents the neighbors of 4™ in G;.
Note that the node decomposition and spanning tree structure in G guarantee

that U5_o MF1(5) # 0.

2.3. Notations and local estimates. In this part, for notational simplicity, we
introduce some notations, such as the extreme phase, phase diameter of G and the
first £k 4+ 1 nodes, natural frequency diameter, and cardinality of subdigraph:

9:(91,62,... 9]\7) w:(wl,wg,... wN), Q:(Ql,QQ,... QN)

Oy = max {6;} = max max {9} 0 = min {6x} = min min {9 }

1<k<N 0<i<d 1<j<N; 1<k<N 0<i<d 1<j<N;
DO) =0 = b, Di0) = oo o, (6)) = 2l i, 1630,
Qp = max max {Q }, Qpn= min min {QZ} D(Q) = Qpr — O,
0<i<d 1<5<N; 0<i<d 1<]<N
k
Ni=|Gil, Sk=> Ni, 0<k<d, ZNi:N.
=0 i =

Finally, we provide a priori local-in-time estimate on the phase diameter to finish
this section, which states that all oscillators can be confined in half circle in short
time.
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Lemma 2.8. Let 0; be a solution to system (1) and suppose the initial phase di-
ameter satisfies

D(0(0)) < ¢ <~y <,

where ¢ and 7y are positive constants less than w. Then there exists a finite time
t > 0 such that the phase diameter of whole ensemble remains less than ¢ before t,
i.e.,

¢ —D(60(0))

D(0(t)) <¢, te[0,t) where T= D(Q) + 2NKsina’

Proof. From system (1), we see that the dynamics of extreme phases is given by
the following equations

Orr(t) = Qu+K Y sin(0;(t)—0ar(t)+a), Om(t) = Qut+K D sin(6;(t)—0m(t)+a),
JENM JENm

where 6, and 6,, denote the maximum and minimum phases. We combine the
above equations to estimate the dynamics of phase diameter

D(0(1)) = Oar(t) — Om (1)
= —Qu+K D sin(0; — 0y +a) — K Y sin(0; — 0 + )

JENM FENm
<DQ)+K Z [sin(0; — Oar) cos o+ cos(6; — Oar) sin o
JENM
- K Z [sin(é; — 0,,) cos a + cos(8; — 0,,) sin o]
JEN (4)

=D(Q) + K cosa Z sin(0; — Oar) — Z sin(0; — 0,,)

JEN M JENm

+ Ksina Z cos(0; — Onr) — Z cos(0; —6m) |,

JENM JENm

where Qj; and §2,,, are the natural frequencies of the extreme phases 8, and 6,,
respectively, and we use the formula

sin(x 4+ y) = sinz cosy + cosxsiny
When the phase diameter satisfies D(0(t)) < ¢ < m, it is obvious that
sin(0; — 0a) <0, j €Ny and  sin(0; — 6,,) > 0, j € Np.
Then we see from (4) that

D(9) < D(R2) + 2N K sin av. (5)

That is to say, when D(0(t)) < ¢ < 7, the growth of phase diameter is no greater
than the linear growth with positive slope D(2) + 2N K sin a. Now we integrate on
both sides of (5) from 0 to ¢ to have

D(0(t)) < D(6(0)) + (D(Q) + 2N K sin a)t.
Therefore, it yields that there exists a finite time ¢ > 0 such that
D(0(t)) < ¢, VYtelo,t),
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where ¢ is given as below

¢ = D(6(0))

t= .
D(Q) +2NKsina

O

3. Strongly connected case. We will first study the special case, i.e., the net-
work is strongly connected. Without loss of generality, we denote by Gy the strongly
connected digraph. According to Definition 2.5, Lemma 2.6 and Lemma 2.7, the
strongly connected network consists of only one maximum node. Then in the present
special case, according to Remark 2, we only need to show that the phase diameter
is uniformly bounded by a value less than § after some finite time, which ultimately
yields the emergence of frequency synchronization. We now introduce an algorithm
to construct a proper convex combination of oscillators, which can involve the dis-
sipation from interaction of general network. More precisely, the algorithm for Gy
consists of the following three steps:

Step 1. For any given time t, we reorder the oscillator indexes to make the oscillator
phases from minimum to maximum. More specifically, by relabeling the agents at
time ¢, we set

(1) <O9(t) < ... <O, (). (6)

In order to introduce the following steps, we first provide the process of iterations
for £N°(Cy.n,) and L} (C4,) as follows:

o(Ay): If £7Y°(Cy n,) is not a general root, then we construct

&kflﬁ_llﬂvo (ék,No) + 62—1

LN (O =
ko1 (Cr—1,n,) R

o(Ap): Tf £} (Cy ) is not a general root, then we construct

Ql+1§l1 (Cy) + 00,

LN (C ) =
~1 (—1,l+1) Ql+1 + 1

Step 2. According to the strong connectivity of Gy, we immediately know that
LY(Cy n,) is a general root, and £1°(Cy x, ) is not a general root for k > 1. There-

fore, we may start from 9?\,0 and follow the process A; to construct Eiv °(Ck.n,) until
k=1

Step 3. Similarly, we know that £N° (C4 n,) s a general root and L (Cy,) is not
a general root for [ < Ny. Therefore, we may start from 69 and follow the process
Ao until I = Ny.

It is worth emphasizing that the order of the oscillators may change along time ¢,
but at each time ¢, the above algorithm does work. For convenience, the algorithm
from Step 1 to Step 3 will be referred to as Algorithm A. Then, based on Algorithm
A, we will provide a priori estimates on a monotone property about the sine function,
which will be crucially used later.
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Lemma 3.1. Let {09} be a solution to system (1) with strongly connected network
Go. Moreover at time t, we also assume that the oscillators are well-ordered as (6),
and the phase diameter and quantity n satisfty the following conditions:

1 2
Do(0(t)) < v < m, 77>max{. ’C}’
siny 17;

where ¢, are given in the condition (3). Then at time t, the following assertions
hold

No

=" min sin(0Y — 62)) <sin(62 —6%), kn, = min i, 1 <n< Ny,
Z(n JENP(0) (05 = 05)) < sin(f, = Ox.) jeuj@ﬂwm)] ==
=n j§1 i=n’Vi

"=t max sin(0? —0°)) >sin(0) —69), k, = max i, 1<n < Ng.
;(77 jGN;J(O) ( J z)) = ( k, 1) 2n jGU;‘ZlNiO(O)j = >~ 4Vo
a j>i

Proof. For the proof of this lemma, please see [45] for details. O

Recall the strongly connected ensemble Gy, and denote by 69 (i = 1,2,..., Np)
the members in Gy. For the oscillators in Gy, based on a priori estimates in Lemma
3.1, we will design proper coefficients of convex combination which helps us to
capture the dissipation structure. Now we assume that at time t, the oscillators in
Go are well-ordered as follows,

09(t) < 03(t) < ... < 6%, (1)

Then we apply the process A; from 9?\,0 to 69 and the process Ay from 69 to 9?\,0
to respectively construct

Eivgl(c_(’f—LNo) with a‘(])\fo = Ov &2—1 = 77(2N0 —k + 2)(62 + 1)7 2 S k S NOa
LYTNC yr) with @) =0, @y =n(k+ 1+ No)(ap +1), 1<k <No—1,

where Ny is the cardinality of Gy and 7 is given in the condition (3). By induction
criteria, we can deduce explict expressions about the constructed coefficients:
No—k+1
= Y WAQNy—k+2.j), 2<k<N,
j=1
k
adyr =Y WAk +14No,j), 1<k<Ny—1.
j=1
Note that a%,,,_; =af, i=1,2..., No. And we set

0 = L)0(Crny), 82 = LH(Cy), 1<k < No. (8)

We define a non-negative quantity Q° = y — 0, where 6y = 69 and §, = Q?VO.
Note that Q(¢) is Lipschitz continuous with respect to t. We then establish the
comparison relation between Q° and the phase diameter Dy () of Gy in the following
lemma.

Lemma 3.2. Let {69} be a solution to system (1) with strongly connected digraph
Go. Assume that for the group Gy, the coefficients dg ’s and Qg ’s satisfy the scheme
(7). Then at each time t, we have the following relation

BDo(0(1)) < Q°(t) < Do(0(t)), B=1- %
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where n satisfies the condition (3).

Proof. As we choose the same design for coefficients of convex combination as that
in [45], the proof of this lemma is same as that in [45], please see [45] for details. O

From Lemma 3.2, we see that the quantity Q° can control the phase diameter
Dy(0), which play a key role in analysing the bound of phase diameter. Based
on Algorithm A and Lemma 3.1, we first study the dynamics of the constructed
quantity Q.

Lemma 3.3. Let {09} be the solution to system (1) with strongly connected digraph
Go. Moreover, for a given positive constant D> < min {%, C}, assume the following
conditions hold,

1 2
Dy(0(0)) < (< vy <m, n>max{‘. 7})
1
tan a < c 5DOO, (9)
(1 + 7@0(9(0))) 2Noc

D°°+oz<g, K>(1+

¢ (D(Q)+2NgK sina)e 1

¢ = Do(6(0) cosa D’

ot njA(2N0,j)+1)’Y
sin '

where ¢, are constants, B is given in Lemma 3.2 and ¢ = (Z
Then the phase diameter of the graph Go is uniformly bounded by ~y:

DO(G(t)) <7, te€ [07 +OO)1
and the dynamics of Q°(t) is controlled by the following differential inequality

. K
Q°(t) < D(Q) + 2NoK sina — — =2

Q°(t), tel0,+00).

Proof. The proof is similar to [45] under the assumption that the frustration « is
sufficiently small. However, due to the presence of frustration, there are some slight
differences in the process of analysis, thus we put the detailed proof in the Appendix

A. O

Lemma 3.3 states that the phase diameter of the digraph Gy remains less than 7
and provides the dynamics of Q°. We next exploit the dynamics of Q¥ and find some
finite time such that all oscillators in Gy will be trapped into a region of quarter
circle after the time.

Lemma 3.4. Let {09} be a solution to system (1) with strongly connected digraph
Go, and suppose the assumptions in Lemma 3.3 hold. Then there exists time tg > 0
such that

Dy(6(t)) < D*°, fort € [ty, +0),
where tg can be estimated as below and bounded by t given in Lemma 2.8

¢
b < <t 10
0 @ﬁDm_(D(Q)_FQNOKSina) 1o

Remark 4. According to Lemma 2.8, we see that Dy(6(t)) < ¢ for ¢ € [0, ) since
tg < t.
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Proof. From Lemma 3.3, we see that the dynamics of quantity Q°(¢) is governed
by the following inequality

K cosa

Q°(t) < D(Q) + 2N K sina — Q(t), te€0,+00). (11)

Cc

We next show that there exists some time tq such that the quantity Q° in (11) is
uniformly bounded after ty. There are two cases we consider separately.

o Case 1. We first consider the case that Q°(0) > D>. When Q°(¢) € [3D>, Q°(0)],

from (66), we have

K cosa
080 g0

KcosozﬁDOO <o. (12)

Q°(t) < D(Q) + 2NoK sina —

< D(Q) +2NoK sina —

That is to say, when Q°(t) is located in the interval [3D>, Q%(0)], Q°(t) will keep
decreasing with a rate bounded by a uniform slope. Then we can define a stopping
time tq as follows,
to = inf{t > 0| Q°(t) < BD>}.
And based on the definition of tg, we see that Q° will decrease before ¢y, and has
the following property at tg,
Q°(to) = BD*. (13)

Moerover, from (12), it is easy to see that the stopping time ¢¢ satisfies the following
upper bound estimate,

. Q(0) - 5D |

— Keosagpeo — (D(Q) + 2N K sin )

(14)

Now we study the upper bound of Q° on [tg, +00). In fact, we can apply (12), (13)
and the same arguments in (64) to derive

Q"(t) < BD™, t € [to, +0o0). (15)
o Case 2. For another case that Q°(0) < 8D>°. We can apply the similar analysis
in (64) to obtain

Q"(t) < BD>, te0,+00). (16)

Then in this case, we directly set ty = 0.

Therefore, from (15), (16), and Lemma 3.2, we derive the upper bound of Dg(0)
on [tg, +00) as below

Do(6(t)) < Q;(t) < D>, for t € [to, +00). (17)

On the other hand, in order to verify (10), we further study ¢ in (17). Combining
(14) in Case 1 and to = 0 in Case 2, we see that

¢
@ﬁDO{J _ (D(Q) + 2N0K SiIlOé) '

Here, we use the truth that Q°(0) < Dy(0(0)) < ¢. Then from the assumption
about K in (9), i.e.,

ty < (18)

K > (1 + ¢ ) (D(R) + 2Ny K sina)e 1

¢ — Dqo(6(0) cos BD>’
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it yields the following estimate about ¢y,
¢
(14 m=pawy) (P(Q) + 2NoK sina) — (D(Q) + 2NoK sin )

- Dy(6(0))
D(Q) + 2Ny K sina

to <
(19)

:E7

where in this special strongly connected case, it’s clear that No = N and Dy(6) =
D(#) in Lemma 2.8.
Thus, combining (17), (18) and (19), we derive the desired results. O

4. General network. In this section, we investigate the general network with a
spanning tree structure, and prove our main result Theorem 1.1, which state that
synchronization will emerge for Kuramoto model with frustration. According to
Definition 2.5 and Lemma 2.6, we see that the digraph G associated to system (1)
has a unique maximum node if it contains a spanning tree structure. And From
Remark 3, without loss of generality, we assume G is decomposed into a union as
g = U?:o Gi, where G, is a maximum node of G \ (U*Z) Gi).

We have studied the situation d = 0 in Section 3, and we showed that the phase
diameter of the digraph Gy is uniformly bounded by a value less than 7 after some
finite time, i.e., the oscillators of Gy will concentrate into a region of quarter circle.
However, for the case that d > 0, Gi’s are not maximum nodes in G for k£ > 1.
Hence, the methods in Lemma 3.3 and Lemma 3.4 can not be directly exploited for
the situation d > 0. More precisely, the oscillators in G; with ¢ < k perform as an
attraction source and affect the agents in Gx. Thus when we study the behavior of
agents in Gy, the information from G; with i < k can not be ignored.

From Remark 3 and node decomposition, the graph G can be represented as

d
G = U Gk, |Gk| = Nk,

k=0

and we denote the oscillators in Gy by Qf with 1 <4 < Nj. Then we assume that
at time ¢, the oscillators in each G are well-ordered as below:

Or(t) <05(t) <...<0% (t), 0<k<d

For each subdigraph Gj with k& > 0 which is strongly connected, we follow the
process in Algorithm A; and Ay to construct £l]\i’“1(C’l,17Nk) and élﬁl(QU_H) by
redesigning the coefficients af and af of convex combination as below:

{E{V_kl(cl_wk) with a, =0, a;_; =n(2N —1+2)(af +1), 2<1< Ny,
LYNCy ) with af =0, af,; =n(l+1+2N — Np)(af +1), 1<I< N, —L
(20)
By induction principle, we deduce that
Np—I+1
aj = Yy, WARN —1+2,j), 2<I< N,
j=1

l
afiy =Y WA(l+142N - Ny, j), 1<I<Np—1.
j=1
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Note that &?Vk-i-l—i =aFf i=1,2..., Ny. By simple calculation, we have

Y

Ny —1 N—

ay = Y (WA(2N,j), af< Z WA@2N,j), 0<k<d (21)
=1 =1

And we further introduce the following notations,
0 =L (Ciny), 0 =Li(Cyy), 1<I<N,, 0<k<d, (22)
b= LY (Crw), O = LY(Cy ), 0<k<d, (23)
k() = 9;} — min {6, <k<d.
Q"(t) == max {6;} — min {0;}, 0<k<d (24)

Due to the analyticity of the solution, Q*(t) is Lipschitz continuous. Similar to
Section 3, we will first establish the comparison between the quantity Q*(¢) and

phase diameter Dy (0(t)) of Uf:o G;, which plays a crucial role in later analysis.

Lemma 4.1. Let § = {6;} be a solution to system (1), and assume that the network
contains a spanning tree and for each subdigraph Gy, the coefficients af and a¥ of
convex combination in Algorithm A satisfy the scheme (20). Then at each time t,
we have the following relation

2
BD(6(t) < Q¥(t) < Dp(6(t)), 0<k<d, B=1- e
where Dy(0) = Joax. 122}}(\, {05} - Oglllgk 1<11]11<I}V {05} and n satisfies the condition

3).

Proof. As we adopt the same construction of coefficients of convex combination in
[45] which deals with the Kuramoto model without frustration on a general network,
thus for the detailed proof of this lemma, please see [45]. O

Now we are ready to prove our main Theorem 1.1. To this end, we will follow
similar arguments in Section 3 to complete the proof. Actually, we will investigate
the dynamics of the constructed quantity Q*(¢) that involves the influences from
G; with i < k, which yields the hypo-coercivity of the phase diameter. Applying
similar arguments in Lemma 3.3 and Lemma 3.4, we have the following estimates
for Gg.

Lemma 4.2. Suppose that the network topology contains a spanning tree, and let
= {0;} be a solution to (1). Moreover, assume that the initial data and the
quantity n satisfy

1 2
where ,y are positive constants. And for a given sufficiently small D> < min{%,(},
assume the frustration o and coupling strength x satisfy
1 5d+1 D>

T
tana < D¥ +a< -,

(1+<(d+(1)( )))2Nc[ (2N + 1)’ 2
(d+1)¢ (D(R) + 2N K sina)c [4(2N + 1)c]?
K>< <—Dwm0 cosa FIFiDe

(26)
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(NS AN, 5)+1)y
sin~y

. Then the

where d is the number of general nodes and ¢ =
following two assertions hold for the mazimum node Gy:

1. The dynamics of Q°(t) is governed by the following equation

K cosa

Q°(t) < D() 4+ 2NK sina — Q°(t), tel0,+00),

c
2. there exists time tog > 0 such that
ﬁdDOO

Do(0(t)) < AEN + 1)t

for t € [tg, +00),

where tg can be estimated as below and bounded by t given in Lemma 2.8

¢ _

Ccos o d+1 oo . <t
K cor [4?2]\[3)6][1 —(D(Q) +2NK sina)

to <

Next, inspiring from Lemma 4.2, we make the following reasonable ansatz for
QF(t) with 0 < k < d.

Ansatz:
1. The dynamics of quantity Q*(¢) in time interval [0,00) is governed by the
following differential inequality,

K cosa

Q*(t) < D(Q) + 2NK sina + (2N + 1)K cos aDy_1(0(t)) — Q (1),

c
(27)

where we assume D_1(6(¢)) = 0.
2. There exists a finite time ¢; > 0 such that, the phase diameter Dy (6(t)) of

Uf:o G, is uniformly bounded after ¢, i.e.,

ﬂdkaoo

D00 < T T

Yt € [tg, +00), (28)

where tj, subjects to the following estimate,
¢ — D(6(0))

(k+1)¢ . (29)

Keosa 570D —(D(Q) + 2N K sina) D(Q) +2NK sina’

tr <

In the subsequence, we will split the proof of the ansatz into two lemmas by
induction criteria. More precisely, based on the results in Lemma 4.2 as the initial
step, we suppose the ansatz holds for Q% and Dy (6) with 0 < k < d — 1, and then
prove that the ansatz also holds for Q**! and Dy, (6).

Lemma 4.3. Suppose the assumptions in Lemma 4.2 are fulfilled, and the ansatz
in (27), (28) and (29) holds for some k with 0 < k < d —1. Then the ansatz (27)
holds for k + 1.

Proof. We will use proof by contradiction criteria to verify the ansatz for Q**1. To
this end, define a set

Bii1={T>0 : Dp1(0(t)) <~v, Vtel[0,T)}.
From Lemma 2.8, we see that

D1 (0(2)) < D(O(t)) < ¢ <7, Vtel0,i)
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It is clear that ¢ € Byy1. Thus the set Bgy1 is not empty. Define T* = sup By .
We will prove by contradiction that 7% = 4+o00. Suppose not, i.e., T* < 4o0. It is
obvious that

[<T, Den(0(t) <7 Ve 0.T7), Dun(0(T) =7 (30)

As the solution to system (1) is analytic, in the finite time interval [0,7*), 6;
and éj either collide finite times or always stay together. Similar to the analysis in
Lemma 3.3, without loss of generality, we only consider the situation that there is
no pair of §; and §j staying together through all period [0,77*). That means the
order of {éi}f:& will only exchange finite times in [0,7*), so does {Ql}fiol . Thus,
we divide the time interval [0,7*) into a finite union as below

.
0,7)=J 7, Ji=[ti1,t).
=1

such that in each interval J, the orders of both {6;}¥%! and {8,}% are preseved,
and the order of oscillators in each subdigraph G; with 0 < ¢ < k + 1 does not
change. In the following, we will show the contradiction via two steps.

x Step 1. In this step, we first verify the Ansatz (27) holds for Q**! on [0,T™),
ie.,

Q" (t) < D(Q) + 2NK sina + (2N + 1)K cos aDg(0(t)) — ———QF 1 (¢).
(31)
As the proof is slightly different from that in [45] and rather lengthy, we put the
detailed proof in Appendix B.

% Step 2. In this step, we will study the upper bound of Q¥*! in (31) in time
interval [tg,T*), where t; is given in Ansatz (28) for Dy (#). For the purposes of
discussion, we rewrite the equation (31) in the interval [0, T*) as below

. K cosa (D(2) + 2N K sina)c
k+1 < k+1 — (2N VeD _
Q0 < T2 (@0 - (2N + 1)eD(000) F 2R sma)ey,
(32)
where c is expressed by the following equation
N-1pi A(2N, ) + 1
_ Sy WAERN, )+ 1)y (33)

sin 7y
For the term Dy (0) in (32), under the assumption of induction criteria, the Ansatz
(28) holds for Dg(0), i.e., there exists time t; such that
,Bd_kDOO

[4(2N + 1)c]d=F’
And from the condition (26), it is obvious that

(d+1)¢ (D(Q) + 2N K sina)c [4(2N + 1)cJ¢
¢ — D(6(0)) cos « Bd+1 Do
S (D(Q) + 2N K sina)c [4(2N + 1)c]?

cos a Bd+1 oo

Dk(ﬁ(t)) < te [tk, —|—OO), t, < t. (34)

K>(1+
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This directly yields that
(D(R2) + 2N K sina)c g1 pee - =k poo
K cosa 42N +1)c]? ~ 47F[2N + 1) =k

where 0 < k <d—1,8 < 1,c¢ > 1. Then for the purposes of analysing the last two
terms in the bracket of (32), we add the esimates in (34) and (35) to get

(D(Q) +2NK sina)c

(35)

(2N + 1)eDr(0(t)) +

K cosa
Bd_kDoo ﬁd_kDoo
<
< CN VN s ngis T i en + i (36)
Bd—kDoo Bd—kDoo

< < , t € [tg, .
= 3[AEN 1 1)dd—*—1 ~ 42N 1 1)di-r1 (b +0)
From Lemma 2.8, we have t; < t < T*, thus it makes sense when we consider
the time interval [t;, T*). Now based on the above estiamte (36), we apply the
differential equation (32) and study the upper bound of Q**! on [t;, T*). We claim
that
d—k 1yco
k1 k1 p"D
t) < t
@) <max{ QM ), o s

Suppose not, then there exists some ¢ € (t,T*) such that Q*+'(f) > My ;. We
construct a set

} = Mk+1, te [tk,T*). (37)

Chpr = {tr <t <1: Q" (t) < Myya}

Since Q1 (1) < Mjyy1, the set Cxy1 is not empty. Define * = supCry1. Then it
is easy to see that

t* <t QFTN(t*) = Myi1, Q") > My, fort e (t*,1]. (38)
From the construction of M1, (36) and (38), it is clear that for t € (t*,¢

]
(D(Q) + 2N K sin a)c
Kcosa )

K cosa

== (Qkﬂ(t) — (2N + 1)eDy(6(1)) —

K cosa B4k D>
- M1 — <0.
< c ( ht [4(2N+1)c]d—"~‘—1> =

Wen apply the above inequality and integrate on both sides of (32) from t* to ¢ to
get

Q"1 (#) = Myta
_ Qk+1(£) _ Qk-‘rl(t*)

<- [ Hee (Q’““(t) — (2N + 1)eDy(0(1)) -

(D(Q) 4+ 2NK sin a)c) it < 0,
K cos

which contradicts to the truth Q¥*1(#) — M4, > 0. Thus we complete the proof
of (37).

* Step 3. In this step, we will construct a contradiction to (30). From (37), Lemma
2.8 and the fact that

ﬁd—kDoo
[4(2N + 1)dd—F1

<D™, tp<t, Q")) < Drpw1(6(tr)) < D(O(t)) < ¢,
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we directly obtain

5d7kDoo
[4(2N + 1)c]d—F-1
From Lemma 4.1 and the condition (25), it yields that

k+1
e 3 ®) < % <7, telty,TT).

Since Dy41(6(t)) is continuous, we have

QF(t) < maX{QkH(tk), } <max{(,D>*}=¢, tety,T").

Dy (0(1)) <

D (0(T*)) = lim  Dyyq(0(1)) <

¢
= < ,
t—(T*)~ B 7

which obviously contradicts to the assumption Dyy1(0(T*)) = v in (30).

Thus, we combine all above analysis to conclude that T* = 400, that is to say,
Di1(0(t)) <, Vtel0,+00). (39)

Then for any finite time 7' > 0, we apply (39) and repeat the analysis in Step 1 to
obtain that the differential inequality (27) holds for Q**! on [0, 7). Thus we obtain
the dynamics of Q**! in whole time interval [0, +00) as below:

. K

QF1(t) < D(Q) + 2NK sina + (2N + 1)K cos aDg(0(t)) — —— QM L(1).
(40)

Therefore, we complete the proof of the Ansatz (27) for Q¥+ O

c

Lemma 4.4. Suppose the conditions in Lemma 4.2 are fulfilled, and the ansatz in
(27), (28) and (29) holds for some k with 0 < k < d—1. Then the ansatz (28) and
(29) holds for k + 1.

Proof. From Lemma 4.3, we know the dynamic of Q**! is governed by (40). For
the purposes of discussion, we rewrite the differential equation (40) as below and
discuss it on [tg, +00), i.e.,

_ Kcosa < (D(2) + 2N K sina)c

QFL(t) — (2N + 1)eDy(0(t)) — K cosa

QkJrl (t)

(41)
where ¢ is given in (33). In the subsequence, we will apply (41) to find a finite time

tr41 such that the quantity Q**1 in (41) is uniformly bounded by some value less
than 7 after tx41. We split into two cases to discuss.

: k+1 BI=* D> .
e Case 1. We first consider the case that Q" (¢;) > [AENTT) =T In this case,

When QF+1(t) € [%,Qk L(t)], we combine (36) and (41) to have

QM () < -

[4(2N + 1)cld=F=1  2[4(2N + 1)c|d—F-1
K cosa Bk poe

=TT N+ giET <Y

K cosa ( Bd=kp> Bd—kp> )

c

(42)

That is to say, when Q**1(¢) is located in the interval [%, QF (1)),

QF1(t) will keep decreasing with a rate bounded by a uniform slope. Therefore,
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we can define a stopping time tx41 as follows,

dkaoo
thy1 = inf {t >t | QM1 < p }

[4(2N + 1)qd—F—1

Then, based on (42) and the definition of ¢ 1, we see that Q*T' will decrease before
tr+1 and has the following property at tx1,

/Bd—kDoo

Q¥ (tygr) = AEN £ 1)1 (43)

Moreover, from (42), it yields that the stopping time tj11 satisfies the following
upper bound estimate,

k+1 ﬂd*kDoo
b Q" () — pENTDgEET . "
k+1 = K cos Bd—k Doo + k- ( )

c 2[4(2N+1)c]d=F-1

Now we study the upper bound of Q¥+ on [t 1, +0o0). In fact, we can apply (42),
(43) and the same arguments in (37) to derive
d—k oo
k41 B D
t) <
@) < [4(2N + 1)gd*—1’

On the other hand, in order to verify (29), we further study t;4+1 in (44). For the
first part on the right-hand side of (44), from Lemma 2.8 and the fact that

6d_kDOO ﬁd+1Doo
[N 1 1)dd—*1 ~ 42N + 1)’

t € [th+1,+00). (45)

Q¥ (tr) < Diya(0(tr)) < D(O(tr)) < ¢,

we have the following estimates

d—kDoo
QM (ty,) — W ¢ "
cos a d—k oo cos d+1 oo X y
= c 2[4(2N+1)lz]d—k71 o - [4?2N+Li)c]d —(D() + 2NK sin )

where the denominator on the right-hand side of above inequality is positive from
the conditions about K and « in (26). For the term ¢ in (44), based on the
assumption (29) for tx, we have

¢ — D(6(0))

(k+1)¢ _
cos o d > . <t= 0 . (47)
Ko [4f2;jfi)dd — (D(Q) 4 2NK sina) D() + 2N K sina
Thus it yields from (44), (46) and (47) that the time t;; satisfies

(k+2)¢

chsaﬂ%f(D(Q)ﬁ»QNKSina).

tr <

ey < (48)

Moreover, from (26), it is easy to see that the coupling strength K satisfies the
following inequality

(D(R2) + 2N K sina)c [4(2N + 1)c]d

))) cos v Bd+1poe
(D(Q) + 2N K sina)c [4(2N + 1)c]?
> COS «x ﬁd—i—lDoo ) nggd—]_

(49)
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Thus we combine (48) and (49) to verify the Ansatz (29) for k + 1 in the first case,
i.e., the time 41 subjects to the following estimate,

¢ = D(0(0))

tperr <t= .
h D(Q) + 2NK sin o

(50)
e Case 2. For another case that Q**1(¢;,) < "> 2l

<S W . Slmllar to the analySiS
in (37), we apply (42) to conclude that

Qk+1 (t) < ﬂdkaoo

S [EN £ DT t € [tg, +00). (51)

In this case, we directly set tx11 = tx. Then, from (47), it yields that the inequali-
ties (48) and (50) also hold, which finish the verification of the Ansatz (29) in the
second case.

Finally, we are ready to verify the ansatz (28) for k + 1. Actually, we can apply
(45), (51) and Lemma 4.1 to have the upper bound of Dy1(6) on [tr11,+00) as
below

Qk+1(t) ﬁd—k—lDoo

Dk+1(9(t)) < B < [4(2N+ 1)C]d7k71’

L ftrat +oo).  (52)

Then we combine (48), (50) and (52) in Case 1 and similar analysis in Case 2 to
conclude that the Ansatz (28) and (29) is true for D*+1(9). O

Now, we are ready to prove our main result.

Lemma 4.5. Let 0 = (01,0s,...,0n) be a solution to system (1), and suppose
that the network contains a spanning tree and the assumptions in Lemma 4.2 are
fulfilled. Then there exists a finite time t, > 0 such that

D(0(t)) < D>, fort € [ty, +00),
where t, <t and t is given in Lemma 2.8.

Proof. Combining Lemma 4.2, Lemma 4.3 and Lemma 4.4, we apply inductive
criteria to conclude that the Ansatz (27) —(29) hold for all 0 < k < d. Then, it
yields from (28) and (29) that there exists a finite time 0 < ¢4 < t such that

D(0(t)) = Dg(0(t)) < D™, for t € [tg, +00).
Thus we set t, = t4 and derive the desired result. O

Remark 5. For the Kuramoto model with frustration, in Lemma 4.5, we show
the phase diameter of whole ensemble will be uniformly bounded by a value D>
less than 5 after some finite time. Under the assumption that « is sufficiently
small such that D> + «a < 7, the interaction function cosx in the dynamics of
frequency is positive after the finite time. Thus, we can lift system (1) to the
second-order formulation, which enjoys the similar form to Cucker-Smale model
with the interaction function cosz.

More precisely, we can introduce phase velocity or frequency w;(t) := 6, (t) for
each oscillator, and directly differentiate (1) with respect to time ¢ to derive the
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equivalent second-order Cucker-Smale type model as below
0;(t) =w;(t), t>0, i=1,2,...,N,
Wit) = K Y cos(0;(t) — 0i(t) + a)(w; () — wi(t)), (53)
JEN;

(6:(0),w;(0)) = (6;(0),6;(0)).

Now for the second-order system (53), we apply the results in [9] for Kuramoto
model without frustration on a general digraph and present the frequency synchro-
nization for Kuramoto model with frustrations.

Lemma 4.6. Let (0(t),w(t)) be a solution to system (53), and suppose the network
contains a spanning tree and the assumptions in Lemma 4.2 are fulfilled. Then there
exist positive constants Cy and Co such that

D(w(t)) < Cre~ @2ttt >1¢,
where D(w(t)) = maxi<j<n{w;(t)} —mini<;<n{w;(t)} is the diameter of frequency.

Proof. According to Lemma 4.5 and the condition D>+« < 7 in (26), we see that
there exists time ¢, > 0 such that

D) +a <D +a< g t € [t.,+00).

Therefore, we can apply the methods and results in the work of Dong et al. [9]
for Kuramoto model without frustration to yield the emergence of exponentially
fast synchronization. As the proof is almost the same as that in [9], we omit its
details. O

Proof of Theorem 1.1: Combining Lemma 4.5 and Lemma 4.6, we ultimately
derive the desired result in Theorem 1.1.

5. Numerical simulations. In this section, we present several numerical simula-
tions to illustrate the main results in Theorem 1.1, which state that in sufficiently
large coupling strength and small frustration regimes, synchronous behavior will
emerge for the Kuramoto model with frustration in half circle case.

For the simulation, we use the fourth-order Runge-Kutta method and employ
the parameter N = 10. The natural frequencies €); are randomly chosen from
the interval (—1,1), and the initial configuration ;9 are randomly chosen from
the interval (0, ‘%’T) which are confined in half circle. The interaction network we
exploit are presented in Figure 1, which contains a spanning tree structure. And
the corresponding (0, 1)-adjacency matrix (x;;) is given as below:

—
o
—
o
o
o
o

(Xij) =

DO OO, H OO OO
OO O R P OO OOO
OO OO, OOO

OO DODDODOD O OO
S OO OO O =
OO OO0 o —~O
OO O RO F=FEOO
O == OO0 oo
_H R, OO0 OoOOoOo
HO P OO0 OoO OO
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FIGURE 1. The interaction network
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(a) Dynamics of phase diameter (b) Dynamics of frequency diameter

FIGURE 2. Frequency synchronization with K = 20, a = 0.01

For the fixed digraph in Figure 1, we choose large K = 20 and small o = 0.01
in Figure 2. Figure 2(a) shows that the phase diameter is uniformly bounded by a
value less than 7 after some finite time, and we observe that the frequency diameter
D(w(t)) decays to zero exponentially fast in Figure 2(b). This is consistent with
the analytical results in Theorem 1.1.

In Figure 3, we fix the coupling strength K = 1, and respectively employ o =
0,0.01,0.1,0.3 to observe the effects of frustration. Figure 3(a)-3(d) shows the
dynamics of frequencies and we observe that in small frustration regime (i.e., a =
0,0.01), the asymptotic behavior evolves to frequency synchronization, while the
state of desynchronization occurs for large frustration value (i.e., o = 0.1,0.3).
Figure 3(e) displays the dynamics of frequency diameter for two cases ae = 0.01,0.3.

In Figure 4, we fix the frustration o = 0.1 and respectively choose K = 0.8,1,1.2,1.4
for simulation. Figure 4(a)—4(d) presents that the state of desynchronization occurs
when K is small (i.e., K = 0.8,1), while frequency synchronization asymptotically
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F1GURE 3. Asymptotic behavior for K =1 when a = 0,0.01,0.1,0.3

emerges for large K (i.e., K = 1.2,1.4). For comparison, the dynamics of frequency
diameter when K = 0.8,1.4 is displayed in Figure 4(e).

Moreover, for K = 1, we observe in Figure 3(a) that frequency synchroniza-
tion emerges asymptotically with zero frustration (i.e., « = 0), whereas desynchro-

nization occurs when o = 0.1 in Figure 3(c).

This implies that the frustration

hinders synchronization. And in Figure 4(c)—4(d), synchronization emerges when
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(e) Dynamics of frequency diameter

FI1GURE 4. Asymptotic behavior for « = 0.1 when K =0.8,1,1.2,1.4

K =1.2,1.4 for a = 0.1. This indicates that a larger coupling strength K is needed
to guarantee the emergence of synchronization than that in zero frustration case.

6. Summary. In this paper, under the effect of frustration, we provide sufficient
frameworks leading to the complete synchronization for the Kuramoto model with
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general network containing a spanning tree. To this end, we follow a node decom-
position introduced in [25] and construct hypo-coercive inequalities through which
we can study the upper bounds of phase diameters. When the initial configuration
is confined in a half circle, for sufficiently small frustration and sufficiently large
coupling strength, we show that the relative differences of Kuramoto oscillators
adding a phase shift will be confined into a region of quarter circle in finite time,
thus we can directly apply the methods and results in [9] to prove that the com-
plete frequency synchronization emerges exponentially fast. And we provide some
numerical simulations to illustrate the main results.

Acknowledgments. We really appreciate the editors and reviewers for their thor-
ough reviews and insightful suggestions.

Appendix A. Proof of Lemma 3.3. We will split the proof into six steps. In
the first step, we suppose by contrary that the phase diameter of Gy is bounded by
v in a finite time interval. In the second, third and forth steps, we use induction
criteria to construct the differential inequality of Q°(t) in the finite time interval. In
the last two steps, we exploit the derived differential inequality of Q°(¢) to conclude
that phase diameter of Gy is bounded by v on [0,+00), and thus the differential
inequality of Q°(t) obtained in the forth step also holds on [0, +00).

e Step 1. Define a set
Bo:={T>0: Do(8(t)) <~, Vtel0,T)}

From Lemma 2.8 where N = Ny in the present section, the set By is non-empty
since

Do(0(t)) = D(6(t)) < <7, Vitelo,i),

which directly yields that ¢ € By. Define T* = sup By. And we claim that T* = +oo.
Suppose not, i.e., T* < 400, then we apply the continuity of Dy(6(t)) to have

Do(8(t) <, Vte[0,T%), Do(6(I") = 7. (54)

In particular, we have ¢ < T*. The analyticity of the solution to system (1) is
guaranteed by the standard Cauchy-Lipschitz theory. Therefore, in the finite time
interval [0, 7*), any two oscillators either collide finite times or always stay together.
If there are some 6; and 0; always staying together in [0,77*], we can view them
as one oscillator and thus the total number of oscillators that we need to study
can be reduced. This is a more simpler situation, and we can similarly deal with
it. Therefore, we only consider the case that there is no pair of oscillators staying
together in [0,7*). For this case, there are only finite many collisions occurring
through [0,7*). Thus, we divide the time interval [0,7*) into a finite union as
below

0,7%)=J 7, Ji=[ti-1,t),
=1

where the end point ¢; denotes the collision instant. It is easy to see that there is
no collision in the interior of J;. Now we pick out any time interval J; and assume
that

09(t) < O9(t) <...< 0% (t), te.
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e Step 2. According to the notations in (8), we follow the process A; and As
to construct 0% and Q?L, 1 < n < Ny, respecively. We first study the dynamics of
0%, = 0%, i-e.,
é?vo (t) =%, + K Z sin(6 — 6%, + )
FENR, (0)
<Qu+K Z [sin(@? —0%,) cosa + COS(@? —0%,)sina] (55)
FENR, (0)

< Qu+ NoKsina+ Kcosa min  sin(69 — 6% ).
M 0 JENBL () (J No)

For the dynamics of (‘7?\,0_1, according to the process A; and d?vo_l =1n(No +2) in
(7), we apply (55) and estimate the derivative of 90N0—1 as follows,

5 d [ aR,—10%, + 0%, -1 aNg-1 0 1 20
90 == 0 0 0 — 0 0 + O~
No=t ™ gt ( A%,y +1 Qg +1 0 Al 1 et
-0
< ﬁ# Qu + NoKsina+ K cosae min_ sin(6; — 6%,)
apg—1 T1 FENT, (0)
1 0 . p0 0
"Fm QN071+K Z s1n(9j —91\1071—}—01)

JENY,1(0)

(No+2) min sin(6; —63,)

< Qu + Kcosa— n
a, -1 +1 JENG, (0
aN,-1 NoK si K 1 n(6° — 6°
+(,_l7-i-1 oK sino + COSO(C_Li_’_1 Z sm( i~ Nofl)
No—1 No—1 JENG L (0)
. 1
+ Ksin = —— Z cos(0) — 0%, 1)
No=1 07 jeng, 10
~0
. . ANG—1 .
< Qum+ Kcosa————2 min  sin(#° — 6% + —=0 NoK sin o
S Vg a(l)\]071+1 njeNR,O(o) (] No) 119\10,14—1 0
1
+Kcosa67+1 Z sin(G? - 9?\70_1) +Sin(0?\,0 —0?\10_1)
No—t JENG 1 (0)
J<No—1
—— NoK si
+C_1(1)v0_1+1 o€ SIn &

< Qup + K cos a— 7 min sin(@q—ﬁ?\; )
A 1 jent @

+ Kcosa———  min sin(0% — 0% _
aONO_lJrljeNJOVO_l(o) (0; No-1)

J<No-—1

1 . . . .
+ K cos am (njeﬁgl,?m) sin(6; — 0%,) + sin(0, — 9?\/01)) +NoK sin a,

I

(56)
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where we use

1
| Z cos(0) — 0%, 1)| < No, K cos a———nNo min sin(09 — 0%,) <0,
o Ang—1 T 17 jeny, ©
JENNU—I(O) 0 0
Z sin(ﬁ? — 0?\,0,1) <  min sin(@? - 00N0,1).
JEN, 4 (0) ©

Jj<No—1

Next we show the term Z; is non-positive. We only consider the situation v > 7,
and the case v < 5 can be similarly dealt with. It is clear that

min sin(#? — 6% ) <sin(62  — 6% where ky, = min j.
€N, (0) (05 = O) = sinlOhy, = o) P NS,

Note that ky, < Ng — 1 since /j%g (C_’NO, No) is not a general root. Therefore, if

0<%, (t) — 9%% (t) < 5, we immediately obtain that

0.< 0%, (1) = 0,1 (1) < 0, (1) — 00, () < .

kNO
which implies that

T, < nsm(e,%No —0%,) +sin(0%, —0%,_1) < sm(e,%NO —0%,) +sin(0%, —0%,-1) <0

On the other hand, if 5 < 6% (t) — QgNO (t) <=, we use the fact

n > and  sin(6%, (t) — O%NO (t)) > sinvy,

sin vy
to conclude that nsin(H%N = 9?\,0) < —1. Hence, in this case, we still obtain that
0
7, < nsin(egNO —0%,) +sin(6%, — 0%,_1) < —-1+1<0.
Thus, for t € J;, we combine above analysis to conclude that

Iy =1 Arr/lgn(o) sin(ﬂ? —0%,) +sin(6%, —6%,_1) <0 (57)

J No
Then combining (56) and (57), we derive that

é?\;o_l < Qum + NoK sin«

1
+ Kcosa—g———

. . 0 0 . . 0 0
n min sin(d; —0y,)+ min  sin(0; —Oy,_1)
ay,—1+ 1| jeng, © ! O GENG 1 ) ! 0
J<No—1

(58)

e Step 3. Now we apply the induction principle to cope with A% in (8), which is
construced in the iteration process A;. We will prove for 1 < n < Ny that,

No

K3 1 .
0 : i—n : : 0 0
0, (t) < Qp + NoK sina + K cos ar% 1 i:Enn jGIJr\lf?%O) sin(0;(t) — 0; (). (59)
J<i

In fact, it is known that (59) already holds for n = Ng, Ny — 1 from (55) and (58).
Then by induction criteria, suppose (59) holds for n. Next we verify that (59) still
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holds for n — 1. According to the Algorithm A; and similar calculations in (56),
the dynamics of the quantity 82 _,(¢) subjects to the following estimates

n—1
GLEL_I < Qp + NoK sina
+ K cosq——— ~" min_sin(4) — 6}
ap_ 1+1 Z JEND(0) ( )
- j<i
LK L ' (69— 6%
cosa————— min sin(67 —
a5y + 15eNt o) o
j<n—1
1
—|—Kcosa07
n 1<|71
No
X No—n+1 =" min s1n0 —09) + sm@ —0°_
WNo—m ) i sine —60) s 65_)
i=n JENO_(0)
71<i n
j>n—1

I
(60)
Moreover, we can prove the term Zs is non-positive. As the proof is very similar as
that in the previous step, we omit the details and directly claim that Z, < 0, which
together with (60) verifies (59).

e Step 4. Now, we set n =1 in (59) and apply Lemma 3.1 to have

No

- 1 .
09 < Qu + NoKsina+ Kcosa——— » 0! 69 — 67
1< Qu oK sin « cosaa(l)_’_lZn jen./\lflol}o)&n( )
7<i
1 61
SQM+N0Ksina+Kcosaao+1sin(@%l—9?\,0) (61)
1
1
=Qu + NoK sina + Kcosoz_oi_’_1 sin(69 — 6%, ),
a

1
where k; = nflinjeulgv:01 NP(O)j = 1 due to the strong connectivity of Gy. Similarly,

we can follow the process Ay to construct @) in (8) until & = Ny. Then, we can
apply the similar argument in (59) to obtain that,

d 1
dt* No (1) > Qm — NoK sina + K cos am sin(@?vo —09). (62)
Then we recall the notations 0y = 69 and 6, = Q?VU, and combine (61) and (62) to
obtain that

d —(0p — 8,y) < D(R) + 2N, Ksina—KcosaL
a0 ’ aj +1

1
> i A(2No, §) + 1

Q(t) = sin(6y, — 67)

< D(Q)+2NoK sina — K cosa sin(@?\,o —69),
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where we use the property

al = Z 7’ A(2Ny, 7)

As the function is monotonically decreasing in (0, 7], we apply (54) to obtain

that

sinx
T

Sln(QNO 6%) > (9?\70 —09).

Moreover, due to the fact Q°(t) < 6% (t) — 69(t), we have

. . 1 siny , g 0
Q°(t) < D(Q) + 2NyK sina — K cos a — 0% —0
)= D S AN+ e
. 1 siny g
< D(Q) +2NoK sina — K cos a —— Q°(), ted.
S AN, )+ 1
(63)

Note that the constructed quantity Q°(t) = 0o(t) — 8,(¢) is Lipschitz continuous
n [0,7%). Moreover, the above analysis does not depend on the time interval
Ji, 1=1,2,... r, thus the differential inequality (63) holds almost everywhere on
[0,T%).

e Step 5. Next we study the upper bound of QY(¢) in the period [0, 7*). Define
My = max {Q°(0), BD>} .
We claim that
Q°(t) < My for all t € [0,T%). (64)

Suppose not, then there exists some ¢ € [0, T*) such that Q°() > My. We construct
a set

Co:={t<t]|Q"t) < My}.
Since 0 € Cy, the set Cy is not empty. Then we denote t* = sup Cy. It is easy to see
that
t* <t, Q(t*) =My, Q°) > M, forte (t*1. (65)
For the given constant D < min{%,(}, based on the assumptions about the
frustration and the coupling strength in (9), it is clear that

K> <1 n ¢ ) (D(Q) + 2NoK sina)e 1 S (D(Q) + 2NoK sina)e 1

¢ — D(6(0) cos a BD> cos @ LD’
(66)

. (00" w7 AN g)+1)y
whnere ¢ = Siny ~

(66), we obtain that for ¢ € (t*,¢], the following estimate holds ,

. Thus combing the construction of My, (65) and

1 sin vy

St ANy, j) +1 Y

D(Q) + 2N K sina — K cosa Q1)

1 sin 7y
S i A(2Ny, j) +1 Y

j=1

< D(Q) + 2Ny K sina — K cos BD> < 0.
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Then, we apply the above inequality and integrate on the both sides of (63) from
t* to ¢ to get
Q°(#) — Mo

= Q"(f) - Q°(t")

7 .
1
< / <D(Q) +2NoK sina — K cos MY
¢

SNl i ANy, j) +1 Y

j=1

*

Q%)) dt <0,
which obviously contradicts to the fact Q°(f) — My > 0, and verifies (64).

e Step 6. Now we are ready to show the contradiction to (54), which implies that
T* = +oo. In fact, from the fact that 8 < 1,D> < ¢ and Q°(0) < Dy(6(0)) < ¢,
we see
Q"(t) < My = max {Q°(0), BD™} < ¢, te[0,T7).
Then we apply the relation 3Dg(6(t)) < Q°(¢) given in Lemma 3.2 and the assump-
tion n > 1_% in (9) to obtain that
Y

Dy(6(t)) < Qoﬂ(t) < % <7, te€[0,T*) wheref=1-— %
As Dy(6(t)) is continuous, we have
Do(O(T")) = _lim Da(6(t)) < 5 <,

which contradicts to the situation that Dg(6(T*)) = ~ in (54). Therefore, we
conclude that T* = +oco, which implies that
Do(0(t)) <7, foralltel0,+00). (67)

Then for any finite time 7' > 0, we apply (67) and repeat the same argument in the
second, third, forth steps to obtain the dynamics of Q°(¢) in (63) holds on [0,T).
Thus we obtain the following differential inequality of Q° on the whole time interval:
1 sin vy

St ANy, §) +1

Q°(t) < D(Q)4+2NyK sin a—K cos Q°(t), t € [0, 400).

O

Appendix B. Proof of Step 1 in Lemma 4.3. We will show the detailed proof
of Step 1 in Lemma 4.3. Now we pick out any interval J; with 1 <[ < r, where the
orders of both {0;}¥*! and {6,}*} are preseved and the order of oscillators in each
subdigraph G; with 0 < ¢ < k 4 1 will not change in each time interval. Then, we
consider four cases depending on the possibility of relative position between Uf:o g
and Gyy1.

Figure 5 shows the four possible relations between U?:o G and G4 at any time
t. Case 1 and Case 4 are similar and relative simple, while the analysis on Case 2
and Case 3 are similar but much more complicated. Therefore, we will only show
the detailed proof of Case 2 for simplicity. In this case, we have from Figure 5 that

max {0} =10 min {0.} =6 fort e J.
O§i§k+1{ z} k+1, 0§i§k+1{4} Yk+1 1

Without loss of generality, we assume that

Ot <ozt <. <Oy, forte
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- _Dpp(f) <v<m = - — — Dps1(0) <y<m -
— | I L I , _— | | L | .
R . i . A ax {0 ax  max {0 . i i max {0 a max  max {6
o im0} in (0 By Oern ) s, mac O} mn omin (6) 0, min(e) B Gy JE, 250
(a) Case 1 (b) Case 2
-~ — Dpi(f) <y<m - > — — Dpa(0)<y<n — >
o | | 1 I R o | | 1 I R
i i in {6 max {0 0 max max {f : i i D ax {0, max max {6
”;2121" lglllllgl‘l\’{ﬁ‘} nl/ll’lilk{l;} O nll,“\){ i} Ori1 (B85 lgg,\',{ i} [ygl:;l;x‘x‘llglx;g}\’{ﬁ‘} 041 nn/u’npk{y,} Orin []1})::‘\{/),} o \fl/h;\( Al

(c) Case 3 (d) Case 4

FIGURE 5. The four cases

e Step 1. Similar to (59), we claim that for 1 < n < N1, the following inequalities
hold

d -
a&ﬁ“(t) < Qu + Spp1Ksina + Sy K cos aDy(6(t))
N
+ K cos a% il ™" min  sin(@5T(t) — 05TH() |
ant+1 = JENF ety
i<i

(68)
where Si = Zf:o N;. In the following, we will prove the claim (68) via induction
principle.

e Step 1.1. As an initial step, we first verify that (68) holds for n = Nyy1. In fact,
we have

4 grs1
dt Ve

_ k1 Z okl pktl
=Q%,, + Kcosa sin(0;] O yy)
FENFTL (k41)

N1
k k+1
+ Kcosa Z Z sin(é‘é - 49]]‘{,111) + Ksina Z Z COS(@; - vatil)
=0 jenirt () =0 jenit! (1)

N1

< Qun + Sk_HKSiIlOL

N1

k
+ K cosa Z sin(@é”‘1 — 0% Y 4K cosa Z Z sin(fL — A5 ),

Ng41 J Ni41

jeN};:il (k+1) =0 jeNJ’f,:il )

Ill IlZ
(69)
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where we use

k+1 k+1

| Z Z cos(0 — ORI ) < Z Ny = Sk1.
1=0

1=0 jeprk+?
JENN, ;D

o Estimates on Z;7 in (69). We know that Hjli,til is the largest phase among Gy 1,

and all the oscillators in Uf:ol G; are confined in half circle before T*. Therefore, it
is clear that

sin(05T1 — 03! ) <0, for j e NI (k+1).

Ni41 Ni41

Then we immediately have

_ okl gkl : k4l gkl
In = Z sin(07"" — 0y, ,,) < Nkrflmk X sin(07"" —0x,,,).  (70)
JeNsEE e SN ()

o Estimates on Zj in (69). For 9;- which is the neighbor of Hjli,til in G; with

0<lI< ke, je€ Nﬁ:jl (1), we consider two possible orderings between 05 and
0k+1 .
Ng41®

If 0; < Ofv':il, we immediately have

sin(@é— - Hﬁ,ﬂrl) <0.

If 6. > )" | from the fact that
k+1
O, >0; >0, >6], 0<i<d,
we immediately obtain

k+1 5 g g1 > IS mi 1S m . i
Wirs 2 O = {00} 2 guax {0} 2 min, 163 2 jmin, | min, {053 (7)

Thus we use the property of sinz <z, x > 0 and (71) to get

ol _ phtl I _ pk+l ! : . ;
sin(0; — QNJI:H) <0; - HNtH <0 - [, 1g1énNi{9;} < Dy (0(1)).

Therefore, combining the above discussion, we have

k
To=Y Y sin(0l - 057)) < SuD(0(1)). (72)
=0 ey O

From (69), (70) and (72), it yields that (68) holds for n = Nj1.

e Step 1.2. Next, we assume that (68) holds for n with 2 < n < Niy1, and we
will show that (68) holds for n — 1. Following the process A; and similar analysis
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n (69), we have
€k+1

ak+1 k+1 1
<Q +LS Ksmoz—i—iS K cosaDg(0(t)) + K sinaa————5
S Vv (_litll 1 k+1 n,l 1 k k( ( )) C_lﬁtll 1 k+1

Npt1
1 i—n . k4l k41
+ K cosa————n(Nk41 —n+ 2+ Sk) n min sin(0;"" —60;"7)
artl 41 Z FENFF (k1) ’ ’
Jj<i

i=n

1 .
+ K cos O‘W min s1n(0f+1 — 65t
1+ LjenF+igt)
j<n-—1

1
gt 1 > i@y - 0pt)
ny + FENFT (k41)

j>n—1
I21
+ Kcosa Z Z sm(@l — 0y,
JENTELO
Ia2

(73)
Next we do some estimates about the terms Zy; and Zay in (73) seperately.

o Estimates on Zp; in (73). Without loss of generality, we only deal with Zo;

under the situation v > 5. We first apply the strong connectivity of Gi,1 and
Lemma 3.1 to obtain that

Nit1
| im0 =0 0) | < s -0k, ()
i=n J i

J<t

where k, = minjeUN"“N’““(k-s-l)j < n —1. According to (74), we consider two
cases depending on comparison between Gk'H — 9;“ and 7.
(i) For the first case that 0 < Gjli,tll 9k+ 2, we immediately obtain that for

o S 2
JeENTHE+1), j>n—1,

m
0< 05 (1) — 053 (0) < o4 () - 050 < 05 0 - < 2. (1)
Then it yieldst from (74), (75) and n > 2 that
Nyt
Niy1—n+1 =" min sin(051(t) — Gfﬂ t + 7
N(Nes1 ) g . 05+ (t) 1) | +Zm
J<i
<(Npg1 —n+1) sin(ﬁgjl - vatil) + Z sin(f5+! — 68F1)
FENF L (k+1)
j>n—1
< (Ngg1 —n+ 1)sin(@F " — 0y ) + (N —n 4+ 1) sin(031 - 6:77)

IN

0.
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(ii) For the second case that T < - 92"’1 < 7, it is known that

Ni41
1 . .
n > e and sm(HfV:L - 02:1) > sin v, (76)
which yields nsin(ﬂllff'1 - 9%;;) < —1. Thus we immediately derive that
N1
Nit1—n+1 T min sin(@FT(t) — 05“ t + I
N(Nk+1 ) ; L - (057°(t) (t)) 21
J<i
<(Nky1—n+1) sin(@,lgjl - 9?,‘:;) + Z sin(Gf‘Irl — ot
FENLT(k+1)

j>n—1
< —(Ngg1—n+1) + (Nyp1 —n+1)=0.

Then, we combine the above arguments in (i) and (ii) to obtain

Ng41
N(Ngs1 —n+1) Z N ENgilr(lkH) sin(051 — 08T | + 0 <0 (77)
i=n J @
Jj<i

o Estimates on Zp3 in (73). For the term Zss, there are three possible relations
between Gf:i and 9;- with 0 <[ < k:

(i) If 0% < 0k +1 | we immediately have sin(6', — okt <o.

(i) If Gﬁfi < Qé < 9%‘:;, we consider two cases separately:

(a) For the case that 0 < Gf\,ﬁrl — 9;—:“ < 3, it is clear that

0<0h— 0kt <oh okt <okt —artt < T
Thus from the above inequality and (74), we have
Nea
D3| SO 0 0) | sinGd; — 01
J<i
< nsin(tﬁ)g:l - Hﬁ,til) +sin(0} — 0877)
<sin(0FFt — Ot ) +sin(O}) — 07 = 0.
(b) For another case that 5 < Gf\;’:}rl - 9]’—:1 < 7, it is yields from (76) that
Nega
w3 e s = 67 0) | +sind] - 01
j<i

ook k . k
nsm(@kjl - GNJ;L) + s1n(9§- — 0k
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Hence, combining the above arguments in (a) and (b), we obtain that

Ni41
n Z n" ENgilr(lkH)Sin(HfH(t) — 0" ) | + 5111(9 — 0 <o.
X i i
j<i

(iii) If 95- > Hf\,ﬁl, we exploit the concave property of sine function in [0, 7] to get

sm(9 -0 < sm(@é— - 9’16\;:1) +sin(P5 Tt — gkt (78)

N1

For the second part on the right-hand side of above inequality (78), we apply the
same analysis in (ii) to obtain

Ny
i — . : k+1 k+1 : k+1 k+1
nyo | n-e/\/gll?kmsm(eﬁ =077 | +sin(0x], —0.51) <0
j<i

For the first part on the right-hand side of (78), the calculation is the same as (72),
thus we have

(pl _ kTl < k+1 1 <
sin(0; — 0y, ,,) < 9 —Oxs, <9 Or<nll£1k 1<r511<nN {0 } < Dp(6(2)).

Therefore, we combine the above estimates to obtain

Niy1
NSk 77" min  sin(@¥TH(t) — 05T (1)) | 4 Tao
; FENFT (k41) (657 () (t))
J<i
k (79)
R SR ED DD SR )
=0 GeNTH M
< SDL(0(1)).
Then from (73), (77), and (79) , it yields that
9k+1
—k+1
< Qa4 S Kosine+ WSkK cos aDy(6(t)) + +K cos a—7 - 1Ska(0(t))
an—l

Ni1

+ Kcosa———n ™™  min sin(@5T1 — gF
k+1 _|_ 1 Z jGNik+1(k+1) J

Jj<i
1 .
+ K cos aki min sin(@5 T — oh Tl
R 7] ekl 3
1T lient i k+1)
JSn 1

< Qup + Spr1 K sina + SpK cos aDy (0(t))

N1
+ Kcosa—g—— Z =Y min sin(b?;vCJrl — 6
a 1 FJENFT (k+1)
J<i

-1 i=n—1
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This means that the claim (68) does hold for n — 1. Therefore, we apply the induc-
tive criteria to complete the proof of the claim (68).

e Step 2. Now we are ready to prove (27) on J; for Case 2. In fact, we apply
Lemma 3.1 and the strong connectivity of Gr41 to have

Niy1
i—1 : «pk+l _ gkl skl _ gkl
n' min sin(0;7" — 6 <sin(f7" —0 .
; jeNka+1(k+1) ( i ) ( 1 Nk+1)
Jj<i
From the notations in (22) and (23), it is known that

k+1

nk+1 _ p —
91 - 9k+17 QNk+1 - Qk+1~

Thus, we exploit the above inequality and set n = 1 in (68) to obtain

d - d -
iy’ _ 79k+1
dt "t ar
< Qu + S K sina + Sy K cosaDy(6(t))
Ni41

+ K cosa————— =1 min  sin(g¥T! - gF !

a1 ; ! FENTF (k1) ( i)

J<i
< Qum + Spp1Ksina + S K cosaDy(6(t)) + K cos QW sin(@F ! — vatil)
1
(80)

We further apply the similar arguments in (80) to derive the differential inequality
of 0., as below
d

. 1 .kl k1
%Qkﬂ > Qm — Sp+1 K sina — Sp K cos aDi(0(t)) + K cos QW sin(fy, ., — 01" ).

. (81)
Due to the monotone decreasing property of *2-* in (0, 7] and from (30), it is obvious

that

.k k siny k
sin(Ox; !, — 07) > » (ONEL, — 7).

Then we combine the above inequality, (80), (81) and (21) to get

. d -
QF(t) = @(9%1 —0p41)

< D(0) + 2Sk+1 K sina 4 25, K cos aDy (6(t))

9k+1 _ 0116+1)

2
— K cosa—————sin(0y
+ 1 k+1

—kt1
ay

< D(Q) +2Sp1 K sina + 25, K cos aDy (0(t))

1 SinV( K1 gty
dllc+1+1 7y Niya 1

< D(Q)+2NKsina+ (2N + 1)K cosaDg(0(t))

— Kcosa

1 siny i1
— K cosa — Q" (1), t e J,
SYTWARN, ) +1 Y
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where we use the fact that Q¥ (¢) < Gf\,ﬁrl (t) — %1 (t) and (21). Eventually, for
Case 2, we obtain the dynamics for Q**1(¢) in (27) on J;, i.e.,

. K

OFHL(t) < D(Q) + 2NK sina + (2N + 1)K cos aDg(0(t)) — ———QF+1(1).
(82)
As our analysis does not depend on the choice of 7;, the differential inequality

(82) holds on the interval [0,7™).

c
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