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ABSTRACT. We study the asymptotic behavior of a three-dimensional elastic
material reinforced with highly contrasted thin vertical strips constructed on
horizontal iterated Sierpinski gasket curves. We use I'-convergence methods in
order to study the asymptotic behavior of the composite as the thickness of
the strips vanishes, their Lamé constants tend to infinity, and the sequence of
the iterated curves converges to the Sierpinski gasket in the Hausdorff metric
. We derive the effective energy of the composite. This energy contains new
degrees of freedom implying a nonlocal effect associated with thin boundary
layer phenomena taking place near the fractal strips and a singular energy term
supported on the Sierpinski gasket.

1. Introduction. A Reinforced material is a composite building material consist-
ing of two or more materials with different properties. The main objective of stud-
ies of reinforced materials is the prediction of their macroscopic behavior from the
properties of their individual components as well as from their microstructural char-
acteristics.

The theory of ideal fiber-reinforced composites was initiated by Adkins and Rivlin
[4] who studied the deformation of a structure reinforced with thin, flexible and
inextensible cords, which lie parallel and close together in smooth surfaces. This
theory was further developed by the authors in [44], [1], [2], [3], [45].

The homogenization of elastic materials reinforced with highly contrasted inclu-
sions has been considered by several authors in the two last decades (see for instance
[6], [10], [17], [21], [18], and the references therein). The main result is that the
materials obtained by the homogenization procedure have new elastic properties.

The homogenization of structures reinforced with fractal inclusions has been con-
sidered by various authors, among which [39], [31], [40], [41], [12], [42], [13], and
[14]. Lancia, Mosco and Vivaldi studied in [31] the homogenization of transmission
problems across highly conductive layers of iterated fractal curves. In [40], Mosco
and Vivaldi dealt with the asymptotic behavior of a two-dimensional membrane
reinforced with thin polygonal strips of large conductivity surrounding a pre-fractal
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curve obtained after n-iterations of the contractive similarities of the Sierpinski gas-
ket. In [39], they considered an analogous problem with the Koch curve. The same
authors considered in [41] a two-dimensional domain reinforced by an increasing
number of thin conductive fibers developing a fractal geometry and studied the
spectral asymptotic properties of conductive layered-thin-fibers of fractal nature in
[42]. The homogenization of insulating fractal surfaces of Koch type approximated
by three-dimensional insulating layers has been performed by Capitanelli et al. in
[12], [13], and [14]. Due to the physical characteristics of the inclusions, singular
energy forms containing fractal energies are obtained in these articles as the limit of
non-singular full-dimensional energies. On the other hand, the effective properties
of elastic materials fixed on rigid thin self-similar micro-inclusions disposed along
two and three dimensional Sierpinski carpet fractals have been recently obtained in
[20].

In the present work, we consider the deformation of a three-dimensional elas-
tic material reinforced with highly contrasted thin vertical strips constructed on
horizontal iterated Sierpinski gasket curves. Our main purpose is to describe the
macroscopic behavior of the composite as the width of the strips tends to zero, their
material coefficients tend to infinity, and the sequence of the iterated Sierpinski gas-
ket curves converges to the Sierpinski gasket in the Hausdorfl metric.

The asymptotic analysis of problems of this kind was previousely studied in [11],
[26], [9], and [5], where the authors considered media comprising low dimensional
thin inclusions or thin layers of higher conductivity or higher rigidity. The limit
problems consist in second order transmission problems. Problems involving thin
highly conductive fractal inclusions have been addressed in a series of papers (see
for instance [39], [31], [12], [14], and [19]). The obtained mathematical models are
elliptic or parabolic boundary value problems involving transmission conditions of
order two on the interfaces. The homogenization of three-dimensional elastic ma-
terials reinforced by highly rigid fibers with variable cross-section, which may have
fractal geometry, has been carried out in [21] . The authors showed that the geomet-
rical changes induced by the oscillations along the fiber-cross-sections can provide
jumps of displacement fields or stress fields on interfaces, including fractal ones, due
to local concentrations of elastic rigidities. Note that the numerical approximation
of second order transmission problems across iterated fractal interfaces has been
considered in some few papers among which [32] and [15].

Let us first consider the points A4; = (0,0), Ay = (1,0) and A3 = (1/2,v/3/2)
of the xy-plane. Let Vy = {A;, Aa, A3} be the set of vertices of the equilateral
triangle A; A3 A3 of side one. We define inductively

Vi1 = ViU (27" A+ V) U (27" A5 + V) . (1)

Let us set

Voo = Vi (2)
heN
The Sierpinski gasket, which is denoted here by X, is then defined (see for instance
[30]) as the closure of the set V., that is,

S = Voo (3)

We define the graph X, = (V, Si), where Sy, is the set of edges [p, ¢; p,q € Vn,
such that |p — q| = 27", where |p — ¢| is the Euclidian distance between p and gq.
The graph ¥j is then the standard aproximation of the Sierpinski gasket, which
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means that the sequence (25,), converges, as h tends to oo, to the Sierpinski gasket
3 in the Hausdorff metric.

A3

FiGURE 1. The graph ¥j for h =0,1,2, 3.

The edges which belong to S can be rearranged as S}’f; k =1,2,..., Ny, where
Ny, = 3h+1.

Let w be a bounded domain in R? with Lipschitz continuous boundary dw such
that ¥ C w and

Y Now="YVy. (4)
Let (en),en be a sequence of positive numbers, such that
Jim en2 =0. (5)
We define
TF = (wNSF) x (—en,en) (6)
and set

N
Th = U Th y (7)
kelp

where I, = {1,2, ..., N, }. Denoting |T},| the 2-dimensional measure of T}, one can

see that
5h3h+1
o ®)
Let @ = w x (—1,1). We suppose that Q\T}, is the reference configuration of
a linear, homogeneous and isotropic elastic material with Lamé coefficients p > 0
and A > 0. This means that the deformation tensor e (u) = (e;; (u)) with

|Th| =

i,j=1,2,3

1 (0u; Ou,
eij (u) = = Yi %Y%) for some displacement u, is linked to the stress tensor
2 \0z; Ouw;

o (u) = (0ij (1)) j—; o3 through Hooke’s law
0ij (U) = Aemm (u) 835 + 2pe (u) 54, =1,2,3, (9)

where the summation convention with respect to repeated indices has been used
and will be used in the sequel, and d;; denotes Kronecker’s symbol. We suppose
that T}, is the reference configuration of a linear, homogeneous and isotropic elastic
: : h — (sh :
material with o” (u) = (o7 (u)>i7j:1,2,3'
UZ (w) = Anemm (u) 05 + 2pnes; (u) 54,5 =1,2,3,
with
Ah = nrAo and pp = N o, (10)



50 M. EL JARROUDI, Y. FILALI, A. LAHROUZ, M. ER-RIANI AND A. SETTATI

where \g and po are positive constants and

m== (g)” (11)

The special scaling (10) and (11) of the Lamé-coefficients depend on the struc-
tural constants of Tp. The choice of 7, is dictated by the lower bound inequality
of assertion 3 of Proposition 6, which will play a crucial role in the asymptotic
behavior of the energy Fj,.

We suppose that a perfect adhesion occurs between Q\T}, and T}, along their
common interfaces. We suppose that the material in € is submitted to volumic
forces with density f € L? (Q,R3) and is held fixed on 02 . We define the energy
functional F, on L2 (Q,R3) through

fQ\Th oij (u) €5 (u) do + fTh 01@ (u) ei; (u) dsdxs
Fy (u) = if u e HY (,R?) N H' (T),,R?), (12)
400 otherwise,

where ds is the one-dimensional Lebesgue measure on the line segments S’,j i k=
1,2, ..., Nj. The equilibrium state in Q) is described by the minimization problem

i F -2 adr o . 13
ueLQ(QRr%}‘WHL?(Th,Rf’){ n (1) /qu x} (13)

We use I'-convergence methods (see for instance [5] and [16]) in order to describe
the asymptotic behavior of problem (13) as h goes to co. According to the critical

term
3h+1
7= o <_ 2N 1n6h> ’ (14)

which is associated with the size of the boundary layers taking place in the neigh-
bourhoods of the fractal strips, we prove that if v € (0,+00) then the effective
energy of the composite is given by

Jooij (u)sij (u) dz + po [5 dLs (D)
1n2)’ [ A(s) (u—v). (u—v)dH" (s)

Fyo (u,v) = He(2) (In (15)
if (u,v) € H} (Q,]R3) X Dsy g % L?Hd X)),
400 otherwise,

where 7 = (v1,v2), Ly (V) is a quadratic measure-valued gradient form supported
on ¥ (see Proposition 1 in the next Section), H? is the d-dimensional Hausdorff
measure; d being the fractal dimension of ¥ with

d=1n3/1n2, (16)
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Ds ¢ is the domain of the energy supported on the fractal ¥ (see (27) in the next
Section), and

Diag (17 i (ﬁr@) if n(s) = £ (0,1),
T+k V3(k—1)
4(1+kK 4(1+kK
s  A(1tw) ) 332)>
Als) = 0 0 s (17)

T+k \/5(1—5) 0
4(14k) 4(1+k)

V3(1—k 5 ; — v3 1
4(§+»@)) 4?()11»2) (2) ifn(s) =+ ( 27 2) ’
0 0 T

3p+ A
+ A
The effective energy (15) contains new degrees of freedom implying nonlocal ef-

fects associated with thin boundary layer phenomena taking place near the fractal

strips and a singular energy term supported on the Sierpinski gasket 3. The equilib-
rium of the fractal ¥ is asymptotically described by a generalized Laplace equation
which is related to the discontinuity of the effective stresses through the following

relations (see Corollary 1):

where kK =

and n (s) is the unit normal on s € .

THY d
_ Aus () (Us — V) He on 3,
HO(2) (n2)? 5 (s) (Us — V) H? on

QAa,B (S) (Uﬂ - V,B) = —MOAZV(X in 27 aaﬁ = 1a2a

[003‘13:0]2
Ty
(In2)
where Ay is the Laplace operator on the Sierpinski gasket, that is, the second order
operator in L, (£,R?) defined by the form & in Lemma 2.1 in the next Section

under the Dirichlet condition V,, = 0 on Vy = ¥ N 0w; a = 1,2, pg is the effective
shear modulus of the material occupying the fractal X,

(18)

[0aslzs=0]y, = Taslsx{o+} — Tasluxqo-}; @ = 1,2, (19)

is the jump of o43]zs—0 on XN OTr; {Tm},,cn being the network of the interiors of
the triangles which are contained in the Sierpinski gasket ¥ (see Figure 2).

FIGURE 2. The network {7,},,cn Where oas|sx(o+} is the out-
ward normal stress on ¥ N 07, and —0a3|5x (0~} is the inward
normal stress.
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If v = 400 then, for every (u,v) € Hj (€, R?) x Dy e x L34 (X), Fuo (u,v) <
00 = u = v on X. In this case the energy supported on the structure is given by
Jooij (u) eij (w) dz + po [ dLs (u)
Foo (u) = if ue Hj (QR?) N (Dge x L3, (%)), (20)
+00 otherwise.

If v = 0 the displacements v and v are independent. In this case the effective
energy of the structure turns out to be

Jooij (u) egj (w) da if uw € HY (Q,R3),

Fo (u) = { +00 otherwise. (21)

The paper is organized as follows: in Section 2 we introduce the energy form and
the notion of a measure-valued local energy on the Sierpinski gasket . Section 3
is devoted to compactness results which is useful for the proof of the main result.
In Section 4 we formulate the main result of this work. Section 5 is consacred
to the proof of the main result. This proof is developed in 3 Subsections: in the
first Subsection we study the boundary layers at the interface matrix/strips, in the
second Subsection we establish the first condition of the I'-convergence property,
and in the third Subsection we prove the second condition of the I'-convergence

property.

2. The energy form on the Sierpinski gasket. In this Section we introduce
the energy form and the notion of a measure-valued local energy (or Lagrangian)
on the Sierpinski gasket. For the definition and properties of Dirichlet forms and
measure energies we refer to [24], [35], and [37].

For any function w : Voo — R? we define

h
gw=(3) T we-uwol (22)

P,q€EVh
[p—ql=2—h

Let us define the energy

€ (z) = lim &5 (), (23)

with domain Do, = {z Voo — R%2:E5(2) < oo}. Every function z € Dy, can be
uniquely extended to be an element of C' (Z, RQ), still denoted z. Let us set

D={z€C(%,R?):&x(2) < oo}, (24)

where & (z) = €x (2 |y, ). Then D cC (X,R?) C L3, (X,R?). We define the
space D¢ as

where |[|.[| 5, is the intrinsic norm

5 1/2
l2lp, = {E5 )+ 112l gey ) - (26)

The space Dg is injected in L%d (Z, RQ) and is an Hilbert space with the scalar
product associated to the norm (26). Let us now define the space

Dz’g = {Z € D¢ : Z(A1) = Z(AQ) = Z(Ag) = 0} . (27)
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We denote Es; (.,.) the bilinear form defined on Dy ¢ x Ds ¢ by

Ex (w, 2) = % (Ex (w+2) — Es (w) — s (2)), Y, 2 € Dy e (28)
One can see that
Es (w,z) = hlLrI;OSQ (w, z), (29)
where .
dwa=(3) T wo-v@-Co-:.
P,q€Vh

Ip—ql=2—"

The form & (.,.) is a closed Dirichlet form in the Hilbert space L3, (3,R?)
and, according to [25, Theorem 4.1], s (.,.) is a local regular Dirichlet form in
L%d (E, R2), which means that

1. (local property) w,z € Dy ¢ with supp[w] and supp|z] are disjoint compact

sets = Ex (w,z) =0,

2. (regularity) Ds ¢ N Cy (Z, Rz) is dense both in C (E, Rz) (the space of func-

tions of C' (Z, RQ) with compact support) with respect to the uniform norm
and in Dy, ¢ with respect to the intrinsic norm (26).

The second property implies that Dy, ¢ is not trivial (that is Dy ¢ is not made
by only the constant functions). Moreover, every function of Dy ¢ possesses a
continuous representative. Indeed, according to [36, Theorem 6.3. and example
71], the space Dy ¢ is continuously embedded in the space ch (Z,RQ) of Holder

5
continuous functions with 8 =1n - /In4.

Now, applying [29, Chap. 6], we have the following result:

Lemma 2.1. There exists a unique self-adjoint operator Ay, on L%d (E,R2) with
domain
w1 .
w— ( m ) €2, (T,R?):

Azwl
Avw = ( N ) € 12, (.R?)

Dpy =

b3}

C 'Dz’g

dense in L?_Ld (E,]R2), such that, for every w € Day, and z € Dy ¢,
dH4

Ex (w, 2) z—/E(Agw) s

Let us consider the sequence (vp,), of measures defined by

1
Y, o)
Card (V) vl
3ht 43
where Card (Vy)) = —5 is the number of verticies of V;, and ¢, is the Dirac

measure at the point p. We have the following result:

Lemma 2.2. The sequence (vy,), weakly converges in C (X)" to the measure
dH? (s)

HI(X)’

where C' ()" is the topological dual of the space C (X).

= 12 (8)
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Proof. Let ¢ € C(X). Then, according to the ergodicity result of [22, Theorem
6.1],

: . ¢ (p)
1 d = 1
A e @dn = lim 3 o)
L d
O
We note that the approximating form Eg (.,.) can be written as

El (w,z) = / Viw.Vpz duy, (32)

b

where vy, is the measure defined in (31) and

(w(p) —w(q) (2(p) —2(q))

x/2 |p_q|%/2

Viw.Viz(p) =
q: |p—q|=2"" p =l

where ¢ is the unique positive number for which the sequence (€% (.,.)), has a non
trivial limit (see [38] for more details). We note that, according to equality (22),
»=1n 3 /In2. We have the following result:

Proposition 1. For every w,z € Dx ¢, the sequence of measures (E}ZL (w,z))
defined by

h

LA (w, 2) (A) = . Viw.Vyz dv,, VACY,
n

weakly converges in the topological dual C (E, Rz)* of the space C (E, RQ) to a signed
finite Radon measure Ly, (w,z) on X, called Lagrangian measure on 3. Moreover,

Es (w,2z) = / dLls, (w,z), Yw,z € Dy ¢.
b

Proof. The proof follows the lines of the proof of [23, Proposition 2.3] for the von
Koch snowflake. Let us set, for every w € Ds ¢, L& (w) = L& (w,w). We deduce
from (23), (29), and (32) that (L% (w) (X)), is a uniformly bounded sequence.
Then, observing that, for every w € Dy, ¢ and every pe; € Dy e NC (E, RQ), with
€1 = (1’ 0)7

1
[ el (0) = gk (ow,w) - 38 (ver fuler) (53)
b
we deduce, taking into account the regularity of the form & (.,.), that
1
lim [ pdCh (w) = Es (pw,w) — =Ex (gpel, lw|? 61> . (34)
h—oo J5 2

On the other hand, according to [33, Proposition 1.4.1], the energy form &y, (w),
which is a Dirichlet form of diffusion type, admits the following integral represen-
tation:

Ex (w) = /E dLs (w), (35)

where Ly (w) is a positive Radon measure which is uniquely determined by the
relation

1
/ wdLs (w) = Es (pw,w) — 552 (apeh |w\2 61) Vo eDsenNC(Y).
!
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Thus, combining with (34), the sequence (L% (w))h converges in the sense of
measures to the measure Ly (w). Now, observing that

Cl (w,2) = 1(£ (w+2) — £ (w) — £ (2)) .

2
we deduce that the sequence ( ) weakly converges in C' (E,RQ)* to the
measure Ly, (w, 2). O

3. Compactness results. In this Section we establish the compactness results
which is very useful for the proof of the main homogenization result.

Lemma 3.1. For every sequence (up),,; up € Hg (Q,R?’) NH! (Th,R3), such that
supy, Fp, (up) < 400, we have

1. supy, [lun| g1 o ps) < +00,
h

lup|? dsdzs < C {”“h”i%Q,RS) lnsh}, where C' is a positive

1
2. W fTh 3h+1

constant independent of h.

Proof. 1. Observing that
Fy, (up) > /Qo'ij (un) eij (up) de,
we have, using Korn’s inequality (see for instance [43]), that
sgp/Q [Vup|® de < 4o0. (36)

2. Let n* be the unit normal to SF; k € I,. Then n*F = j:(f\/§/2,1/2)7
n* = +£(v3/2,1/2) or n* = £(0,1). Let us denote s,s* the local coordinates
defined by

( st ) ( 1%2/2 \5/22 ) ( - > if sh L (=v3/2,1/2),  (37)
( : ) (ﬁz 6/22 ) ( ﬁi ) st (Vazaz). o)

<:¢>—<(1) 2)(2)&82L(0,1), (39)

where the symbol L represents the direction normal to the edge S}’f. Let Sﬁ =
(slfh, sgh) denotes the center of S,’f; k € I, in the new coordinates. We define, for
0 € [0,27) and r € (0,e5/2),

uf (x1(s), 22 (s),7,0) = up, (s,7sin6 + sk 1 cos 9) . (40)

by

and by

Then, according to (36), we have, for r; <ry < ep/2 and 0 € [0, 27),

/T

kel

ﬁuh 21 (

r2(s),1,6) ‘ rdrds < C. (41)

Solving the Euler equation of the following one dimensional minimization prob-
lem:

win{ [ @ rar w00 =0, w00 =1},

T1
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we deduce that, for every 6 € [0, 27),
2
T2 rro aulfi (xl (s) , L2 (8) T 9)
In - frl 3 rdr (42)
2
> |uf (21 (s), 22 (), 72,0) — uf (21 (s), 22 (s) ,71,0)| "

Then, using (41) and (42), we obtain that
> fs,k fozﬂ |u§ (z1 (), 22 (8),72,0) — uf (21 (s) , 22 (5), 71,0 | dfds
kel v

(43)
< C’ln 2
1
Let us define
(r,0) Z/ |uh (21 (8),22(s8),7,0 ‘ ds. (44)
kel
We deduce from the inequality (43) that, for r1 < rq < ep,/2,
27 27
/ F(rl,H)d9§C</ F(rg,H)dQ—l—lnTQ). (45)
0 0 1
Observing that, for k € I;, and 6y fixed in [0, 27),
[ o1 ()2 (5) 7, 0) = (1. (5) 2 (5) 7, 60)|
9 OuF
0 2 (4 (5) 22 () .7, daﬁ‘
~ |1 ouk 2
< Cr [y |-t (@1 (s) 22 () 7. 0)| rdo,
we deduce that
2 s do Yo" k@ (), 0) =l (2 (s) 7, 00)|” drdods
< Cep ) fck \Vun|? daydaodas (46)

kel
< Cegy fQ |Vuh\ dzx,

where 2’ (s) = (21 (s), 22 (s)), CF is the cylinder of radius j, around the edge S¥.
This estimate implies that

L (p,0o) drdf < c{ OS"F(T,H)drdG—&—Eh}. (47)

h

Now, using (45) and (47), we deduce, by setting mj, = that, for 6y =0

En 3h+1’

1 /o\ 2
and , and for every rq € [ap,bp]; ap = —= (3) and by, = 2ay,

4V3

mh I, up|* dsdzs = mp [;" F (r,0)dr +mp ;" F (r,7)dr

< th< o OE”’F(T,G)drdGJrgh)

Eh 27 2h
< C’(mhfoh ( 5 F(r2,9)d€+1n—> dr + 3h+1>
2h 2m
< O (o F(rzﬁ)d9+1ngh+1>
2 h/2 2h
< C (3) Tzfo (2,0 d9—|—3h+1( Inep, +1) | .
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Integrating with respect to ro over the interval [ay, by], we obtain that

™ 2h
lup|? dsdzs < C (fab’z 02 F (r,0)rdrdd — 3h+11n£h>

1
TTil /7

2h
2
< itz - grrrinen-
O

Let M (R3) be the space of Radon measures on R3. We have the following result:

Lemma 3.2. Let u, € L? (0, R®) N L2 (T}, R?), such that
1
sup —— lup|? dsdxs < +o0.
no Thl Jr,
Then, there exists a subsequence of (up),,, still denoted (up),,, such that
1y, () * dH (s) ® do (x3)
: dsd — vl
T 2o S v () T
with v (s,0) € L3, (3,R?).

Proof. Let us consider the sequence of Radon measures (J5), on R* defined by
9 = 1p, (x)

|Th|

Let xfl = (x’fh, xlgh) denotes the center of S’}f; k € I, in Cartesian coordinates.
Then, using the ergodicity result of [22, Theorem 6.1], we have, for every ¢ €

Co (R3),

in M (RS) ,

dsdxs.

. . 2,
Jim Jps @ (@) dOy, = hh_{]g%ghﬁ¢ (x,0)
= lim —o(2F,0
hﬁookgh Nh g ( h )
_ d

from which we deduce that ¥, hi ¥, with

— 00

dH? (s) @ o (x3)
HE(E)

Let uj, € L? (Q,R3) N L? (Th,R?’), such that

Y= 12 (S)

1
sup —— lup|? dsdxs < +00.
no|Thl Jz,,

As 9y, (R?) = ﬁ fTh dsdxs = 1, we have

| [ Uhdﬁh‘z s lun|* @y,

IN

lun|? dsdas,

1
m fTh

from which we deduce that the sequence (uj}), is uniformly bounded in vari-
ation, hence x-weakly relatively compact. Possibly passing to a subsequence, we
can suppose that the sequence (u;9}), converges to some y. Let ¢ € Cy (R3,R3).
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Then, using Fenchel’s inequality (also known as the Fenchel-Young inequality, see
for instance [7]), we have

..l 2
lim inf5 Jis funl” 0
. . 1 2
> hhrglorgf <fR3 up,.pddy, — 5 fRs |l dﬂh)
1
> (60 = 5 Jo lpl* do.

As the left hand side of this inequality is bounded, we deduce that

SUP{<X,90>;<P€CO @), [ sa|2<s,o>dﬂd<s><1} < +o0,
>

from which we deduce, according to Riesz’ representation theorem, that there exists
v such that x = v (s,23) ¥ and v (s,0) € L3,, (X, R?). O

Proposition 2. Let (up),; up, € Hg (4, R®)NH! (T},,R?), be a sequence, such that
supy, Fy, (un) < 4+00. There exists a subsequence, still denoted (uy),,, such that
1. up hé u H} (Q,R3)—weak,
—00
2. If v € (0, +00) then
dH? (s)

]'Th (ﬁ) N
] dsdzs LY (s,0) 15 (s) HI(Y)’

Up

with v (s,0) € L2, (3,R?).
3. If v € (0,+00) then, with ny, given in (11), we have T (s,0) € Ds ¢ and

lim inf / O’Zhj (un) €5 (up) dsdzs > poés (0).
h—o0 T
Proof. 1. Thanks to Lemma 3.1, one immediately obtains that, up to some subse-
quence, u, — u Hj (€, R3)-weak.
h—o0
2. If v € (0,400) then, according to Lemma 3.15 and Lemma 3.2, one has, up
to some subsequence,

17, () A dH? (s)
"L dsdxs L (s,0) 15 (s) HID)

with v (s,0) € L3,, (X, R?).
3. One can easily check that

fTh Uzhj (un) €5 (up) dsdxs

= 2 (fTh ((611 (un))? +2 (ex2 (un))? + (e22 (Uh))z) deng) : (48)

Computing the strain tensor in the local coordinates (37) and (38), observing that
k

ou
for SF L (—v/3/2,1/2) or S L (v/3/2,1/2) the covariant derivative 3;1’1 =0on
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S,’j; a = 1,2, we obtain

: (u
2
1 3“1 h 3 h

fsk 4 ( ds ) T3\ 7o ds (49)
2
1 au1 h us j,
> = : .
- 4 ( ( s ds

For S¥ L (0,1), since

fOonSh,afl 2, we have
T2

Jss ((611 (un)? +2 (ex2 (un))” + (e22 (uh))z) ds

2 2
— f au’ih + 1 % ds
Sk 8.’E1 2 (91'1 (50)

Accordlng to 48) and (10), we deduce from (49) and (50) that
up)

(u dsdxs
2

(
h) €
u ouk
fTh ( 1, h) ( a2s7h> dsdxs
> 2hep Z 2t (uan (P*73) = uan (qk,x3))2 dxs

kely 2 (51)

)
=2"epnnpo Y 5 =t (uaon (PF,%3) — tan (¢*,23))” das
keI, “Eh

h 2

5 1

> 4o (3) > (2 (g (9 75) — oo (4:23)) dxg) .
P.gEVH €h

|p—q|=2—h

1
Let us set @y, = (u1p,u,) and Ty = %, feh Uy, (., r3) drs. We introduce the

harmonic extension of iy, |y, obtained by the decimation procedure (see for instance
[30, Proposition 1] and [8, Corollary1]):

We define the function Hjy 1y : Viy1 — R? as the unique minimizer of the
problem

min {SQ‘H (w); w: Vhyr — R% w = Up, on Vh} . (52)

Then 5;“ (Hh+1ih) = Eg (ﬁh) For m > h, we define the function H,, 4y, from
V,n into R? by
H,7in = H,, (Hm,l ( (Hhﬂﬁh))) .

For every m > h we have Hp, Gy, |y, = 4y, |y, and

em ( muh) —¢h (ﬁh) . (53)
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Now we define, for a fixed h € N, the function Hay, on Vs as follows. For p € Voo,
we choose m > h such that p € V,,, and set

Huy, (p) = Hyy, (p) - (54)

As sup fTh O’% (up) €5 (up) dsdzs< 0o, we have, according to (51) and (53),
W T

sup s (Hﬁh) = sup EX (ﬁh> < 400, (55)
R R

from which we deduce, using Section 2, that H7uy, has a unique continuous exten-
sion on X, still denoted Hﬁh, and that the sequence (Hih>h is bounded in Dy ¢.

Therefore, there exists a subsequence, still denoted (Hﬁh)h, weakly converging to

some u* € Dy ¢, with
s (@) < liminfés (Hﬁh) < liminf€! (ﬁh) . (56)
h—o00 h—o00
On the other hand, using Lemma 3.2, we have, for every ¢ € Cy (E, RQ),

. 1 ~ d . _
hILH;oHT(Z) fz Hup.pdH* (s) = hh_)n;()fR3 Up.pduy,

5,0) .odH? (s),

1 _
i) 1=
which implies that @* (s) = v (s,0). Therefore T (s,0) € Dy ¢ and, according to (51)
and (56),

lim inf / U?j (un) eij (up) dsdxs > po€s (V) .
h—o0 T
O

4. The main result. In this Section we state the main result of this work. Ac-
cording to Proposition 2 we introduce the following topology 7:
Definition 4.1. We say that a sequence (us),; un € H} (Q,R?) N H (T),,R?),
T-converges to (u,v) if
up, — u in H! (Q,R?’) -weak,
h— o0 d
, ]'Th (m) dH (S) X (S() (.’Eg)
1) HI(Z)

with v = v (s,0) € L2, (3,R?).

in M (R?’) ,

dsdxs = wvly (s)
h— o0

Our main result in this work reads as follows:

Theorem 4.2. If v € (0,+00) then
1. (limsup inequality) for every (u,v) € H} (Q,R?) x Dy ¢ x L3,, (X) there eists
a sequence (up),; up, € Hj (Q,R3) NH! (Th,R3), such that (up), T-converges
to (u,v) and
limsupFy, (up) < Foo (u,v),

h—o0
where Fo, is the functional defined in (15),
2. (liminf inequality) for every sequence (up),; un € Hg (€, R?) N H' (T, R?),
such that (uy), T-converges to (u,v), we have © € Dx ¢ and

liminf Fy, (up) > Foo (u,v) .
h—o00
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Before proving this Theorem, let us write the homogenized problem obtained at
the limit as h — oo.

Corollary 1. Problem (13) admits a unique solution Uy, which, under the hypothesis
of Theorem /.2, T-converges to (U, V) € H} (Q,R?’) X Dag X L?—Ld (X) solution of
the problem

-0, U) = fi in Q,
b )
—poas (Va) = (ln‘f])QAaﬁ (5)(Us —Vh):a, =12, in%,
Ty
[Ca3]zs=o0]s = W) (IHQ)QAQE (s) (Ug — Vi) H? on ¥, (57)
Us = V3 on %,
U = 0 on 082,
Va = 0,a=1,2, on Vy.

Proof. One can easily check that problem (13) has a unique solution U, € Hg (,R*)N
H' (T»,R?). Now, observing that

Fh (Uh) - Q/QfUhdl' S Fh (0) = 0,

we deduce, using the fact that hlim nn, = +00, the Korn inequality, and the Poincaré
— 00

inequality, that

[o VUL da
< fQ Oij (Uh) €ij (Uh) dx + fTh Uzhj (Uh) €ij (Uh) dsdzxs
< 2[[fll 23y Ukl 2o rsy < ClNIVURI 20 poy »

from which we deduce that supy Fy, (Up) < +0o0. Then, using Proposition 2 and
Theorem 4.2, we deduce, according to [16, Theorem 7.8]), that the sequence (Uy),,
T-converges to the solution (U, V) of the problem

Jaoij (79 eij (&) dx + po [y dLs (C)

e e i
& ¢ s map =A@ E O E- RN B 58)

-2 [, f&dx
where V' = H} (Q,R?) x Dag x L%, (X). On the other hand, according to [27,
Theorem 6], the trace of ¢ € H' (Q,R?) on wN¥ exists for H%-almost-every z € wNX
and belongs to the Besov space B2 (X,R?) of functions ¢ : & — R? such that

/ o (@)]? dH () + / / W@ =0 W a2y apt () < 100, (59)
. 2Za% el

Then, according to Lemma 2.1, we obtain from (58), using for example [46,
Theorems 3.1 and 3.3], that ¥ € Da,, and for every (£,() € H{ (Q,R?) x Dy ¢ x
L%d (),

Iy (—a:,j U) — f;) &uda — Hf—fz) [ (AusV) CadH (s)

1y
Y ) (P Jo A(s) (U =V). (€= ¢)dH (s) (60)

- <[Ui3|x3:0}2 ’€i>BEd(Z,R3),B§(Z,R3) = 07
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B2, (2, R?) being the dual space of B3 (3,R?) (see [28, p. 291]). Since (Vi,V2) €
Ds ¢ C L%_[d (E7R2)7 the trace of U on X belongs to Bﬁ (E,R3) C L?_ld (E,R3),
and, according to Lemma 2.1, A, 5; & = 1,2, is a second order operator in Lid (%)
defined by the form & under the Dirichlet condition V,, = 0 on Vy; o = 1,2, the
transmission condition
A _ Ty - ) _ .
polas (Vo) = 7(111 2)2Aa5 (s) (Ug Vg) sa,0=1,2,in X,

in problem (57) is well posed. O
5. Proof of the main result. The proof of Theorem 4.2 is given in three steps.

5.1. Step 1: Boundary layers. We consider here a local problem associated with
boundary layers in the vicinity of the strips. We denote w™; m = 1, 2, the solution
of the following boundary value problem:

oijj (W) (y) = 0 Vy e R2F: i =1,2,
w™ (y1,0) = en Yy, €1-1,1[,
oiz (W™) (y1,0) = 0 y vy € R\ ]-1,1[, o
m In |y 61
w (y) = "o as |yl — 002, .ny > O71
m p=z2z1um=1,
|wp (y)y < C for{pzlifm:2,

where R?*t = {y: (y1,v2) € R?; yp > 0} and e, = (01m,02m); m = 1,2. The
displacement w™; m = 1, 2, which belongs to the space HlloC (R2+, Rz), is given (see
for instance [34] and [18]) by

—(1+£K)n ( (yr— 1) + (92)2)

1 _ 1 1
wi (y) = I J2. 6 . 2 (y2)° dt,
(11 —6)* + (y2)? (62)
) 1. — (1 — k) arctan ylyi "
wy (y) = m _1 § (t) N 2o (y21 . t) 2 dt
(y1 =) + (y2)
and
(1 — k) arctan Y2
L e R T0] I Syl 2 d,
(yl - t>2 + (y2)2 (63)
2 Co e (V- ot )
wa (y) = m 1 f (t) B ) (y2)2 dt,
(y1 —1)° + (12)
where
Au L ift €]-1,1[,

Et)={ T+rmm2y/i_i2

0 otherwise.



ASYMPTOTIC ANALYSIS OF AN ELASTIC MATERIAL REINFORCED 63

One can check that w™ (y); m = 1,2, is also the solution of problem (61) posed
in the half-plane R%:

R*™ ={y = (y1,92) ER* y2 < 0}.

We introduce the scalar problem

Aw(y) = 0 Yy € R?T: i =1,2,
8w(y170) =1 vyle}_lvlh
Zy,00 = 0 ¥y € R\]-1,1], (65)
= In Jy
n
w(y) = *mg as |y| — oo, ya > 0.

The solution of (65) is given by

0 2 2
w(y) = ﬁInlz /111 ( <yi/%+ (y2)>

Observe that w (y) is also the solution of problem (65) posed in the half-plane
R2~. We now state the following preliminary result in this section:

dt. (66)

Proposition 3. ([18, Proposition 7]). One has
2um )
(1+k)(n2)*’

. 1 T . . .
2. ngnooﬁ fB(&R)ﬁRQi \Vw\Qdy = W, where B (0, R) is a disc of radius

R centred at the origin.

1
. 1 _ _
1. ngn o fB(OvaRQi oy (w™) €55 (W) dy = Sy m,l=1,2,

Let r;, be a positive parameter, such that
lim 2", = lim 2% = 0. (67)

h—o0 h—ooTp,

We define the rotation R (xﬁ), xﬁ = (x’fh, x’ﬁh) being the center of S,’f in Carte-
sian coordinates, by

Idgs if n* =4(0,1),
/2 V3/2 0
e B
R () = —\/03/2 1(/)2 (1) if n* =+ (—v3/2,1/2), (68)
—1/2 V/3/2 0
V3/2 1/2 0 if n* = +(v3/2,1/2),
0 0 1

where n* is the unit normal on Sﬁ and Idgs is the 3 x 3 identity marix. Let go’,?b;
k € I, be the truncation function defined on R? by

4(r2 - B2 (@) )
if rn/2 < R (x) <1y,

k 2
en () = 3rj, (69)
" 1 if R (2) < /2,

0 if RY (z) > rp,
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where RF (z) = \/((x’ — ) .nk)2 + 23 with 2’/ = (21, 22). We define, for k € Iy,

DF (r,) = {((x — :c]fl) .n’“,xg) € R?%; RF (z) <rp, Vo € R3} (70)
and the cylinder
ZF =R (z}) Sf x Dj (1) (71)
We then set
Zn = 25. (72)
kET,

We define, the function whmk (2); k € Iy and m = 1,2, 3, by

1 <x3 (:E’ - mﬁ) .nk>
1 b
w}llk (x) = @Z (x) R (1‘2) e1 — E En . En , (73)
0
0
. | — ! <m3 (x’fxﬁ) nk>
wgk (z) = ‘PZ ()R (xh) ey — e En Eh (74)
Wl 23 (a:’ — mﬁ) nk
2 Eh’ n
and
0
. w3 <x3 (x’ — xﬁ) nk
wit (x) = ¢f (1) R (21)) | es €h €h ., (75)

- hlé‘h
o (a3 (2/—af).n¥
17’[1)2 — -
Eh Eh

where €, = (01m, 02m,03m); m = 1,2,3. We define the local perturbation w;
m=1,2,3, on Q by

wi (x) = wi* (z), Vk € I, Vo € Q. (76)
We have the following result:
Lemma 5.1. If v € (0,+0c0) then, for every ® € C* (ﬁ, R3), we have

i i (wy eii (wh sz s s).P(s d(s
hlingo Zho'zy( }L(I)m) 1]( hq)l)d Hd(z)(IHQ)Q/EA( )(I)( ) (I)( )dH ()7

where A (s) is the material matriz defined in (17).

Proof. Let us introduce the change of variables

€3
vy = 5;
1

B (x’ — xZ) nk

Y2 = )

€h
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on Z}’f; k € Iy. Then, using the smoothness of ® and Proposition 3, we have

lim th Oij ('LUhm(I)m) €ij (’wﬁl(bl) dx

" k Ik
_ AN
= hhm kélh fzf o (wiF) i (wiF) @4, ®yda

3h+1

= lim oij (w™) ei; (w') dyrdys

h—o002h In?e), fD (O,Z—Z)\D(O,l)

<[5 7 R, R 6 9), (st

kely
Ty
= m fg (BR(s)® (S))m (R(s)® (S))l dH* (s)
THY t d
=———— [ R (s) BR(s) P (s).P(s)dH" (s),
,Hd(z)(ln2)2f2 (s) BR (s) @ (s) @ (s) dH" (s)
. 2 2 . . .
where B :Dlag(l, —_— > and R (s) is the rotation matrix defined by
(1+k) Q+k)
R (s) = Idgs on the faces of ¥ which are perpendicular to the vectors + (0,1), by
/2 V3/2 0
R(s)=1| —v3/2 1/2 0 | on the faces of ¥ which are perpendicular to the
0 0 1
-1/2 V/3/2 0
vectors =+ (f\/§/2, 1/2), and Vv3/2 1/2 0 | on the faces of ¥ which are
0 0 1

perpendicular to the vectors + (\/3/2, 1/2). Then observing that
R'(s) BR(s) =R (s) BR(s) = A(s),
we have the result. O

5.2. Step 2: Lim-sup inequality. In this Subsection we prove the lim-sup con-

dition of the I'-convergence property stated in Theorem 4.2. Let pZ = (p’,il,p’fm),

qﬁ = qﬁ,17q2,2> be the extremities of the line segment S}’f. Let v € C!} (w,R3).

Then, we build the following sequence:

B = o () 20 ) o () o (o)
Ug,h (') = vy (afy,,ah,) +2"¢" () |U2 () — v2 (ql’i)l 5 (77)
'Ul?ih (') = w3 (flfhvxlzch) )

for every 2’ € w, where, using the local coordinates (37) for SF L (f\/§/2, 1/2),

CLk (LL'I) — 2\/'[Th5+p;€1,1/27p§,2\/§/2
i (s+p51/2 - ph2v3/2)
n \T = )

V3
using the local coordinates (38) for SF L (\/3/2, 1/2)7

k k
Lk s 5_ph,1/2_ph,2\/§/2
El — 2 ,
G (@) V2 M T 2
V2 (5= pf1/2 - ph2V3/2)

CZJC (x/) = )

V3

(78)
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and, using the local coordinates (39) for SF 1 (0,1),
ey - e Ph1),
2 VAn+2un
2 (1) (xl pﬁ 1)

h

v

Let us now introduce the intervals J,fh and JZ’L centred at the points pf and gF
respectively, such that

k k
Sﬁ N J,I;“ = [p’f”pﬁ + sh) , Sf N JZ" = (qZ — sh,qﬂ , (79)

where s), = ( z: ), such that han;Othh = 0. Let ¥f be a C° (S;f U J,’;I:‘ U Jgﬁ)
test-function, such that
1 on SK\JP U g%
ok = { h\h 2 (80)
0 on Ji" U\ ((pF. ph +8n) U (a; — sn. i) -
We define the test-function v, by
v, = roy, Yk € Ty, (81)
We have the following convergences:
Lemma 5.2. We have

17, (z *
1. vy T%}fl )dsdxg T vly (s)

HE(X)'

5\" 2
lim fT Uh) eij (vp) dsdzs= o ] hm (> ST e (p) —va (@)
h—o0 3 a=1,2
P,qEVR
|p—q|=2—M

Proof. 1. Let ¢ € Cj (R* R?). We have

1T ( ) 2v (xllch7 xlgh)
dsdzz= lim — T2 o (ak 2k 0
|j ‘ s hl Ookgh, 3htt (xlh o )

e o () op (27)

2
O Jim 5 oy [va (o) = ve (ah)] i (o 5,0)
i=1,2,3

kely

where C' is a positive constant independent of h. On the one hand we have

. 2 _ 1
hliﬁkghﬁv (2%, 25,) o (ah,,25,,0) = hl;rr;kg N—hv (z) . (2F,0)
fx (5,0)dH™(s).

On the other hand, since
va (P1) — va (a1)| < C[pf — a7]

and ‘ph—qh’ = 27" we have

_ P
hlinloa; i [V (P1) = v (ah) | 1 (1h, 255, 0) = 0.
i:l,2’,3

kely,
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2. Computing tensors in local coordinates (37) and (38), we obtain, for S¥ L

(—v/3/2,1/2) or SF L (v/3/2,1/2),

2 2
(O + 2un) [ OvF, 3 [ OS5,
o ) en () == % ) * 7 7 )

and if Sk L (0,1),

2 2
ok ok
ho(,k kY _ Lh 2,h
o (vh) €ij (vh) = (An +20p) ( s ) + [n < O > .
Thus, according to (77)-(78), we obtain on each S¥; k € I,

of; (vh) e (v8) = mn2® {Jor (ph) —vu (@) [ + o2 () —v2 (a) [}

which implies that

hli_)ngo fTh afj (vn) €5 (vn) dsdxs

o . h kY _ k
=ro i, 3 g e ) = ()

. 5\" 2
i (3) T o ) - va ()]

2

kEIh,a:I,Q
_(5\" )
= po lim | - > |va(p) —va (@)
h—oo \ 3 a=1,2
P,q€Vh
lp—q|=2—""N

O

We prove here the lim-sup condition of the I'-convergence property stated in
Theorem 4.2;.

Proposition 4. If v € (0,+00) then, for every (u,v) € Hg (,R?) x Dy e x
L3,. (%), there exists a sequence (uy),, such that uy, € Hg (Q,R?*) N H' (T),,R?),
(un), T-converges to (u,v), and

limsupFy, (up) < Foo (u,0) .

h—o0

Proof. Let (u,v) € Hj (€, R?) X Dy ¢ x L3, (X). Let (un,vn), be asequence in the
space CF (Q,R?) x (C} (2, R*) N Dy ¢ x L3, (X)) such that uy, —u H' (Q,R?)-

strong, v, —_ ¥ strongly with respect to the norm (26), and v3 n:; vg strongly

with respect to the norm of L3 , (). We define the sequence (“2vh)h . by

U =t = W5 (), = (Vnn),y,) (82)

where vy, 5, is the test-function (81) associated with v,, and w}"* is the perturbation
defined in (76). Then uf, € Hj (Q,R*) N H' (T,,R?) and, using Lemma 5.1,
Lemma 5.2, and the fact that the measure |Z;| of the set Z;, tends to zero as h

tends to oo, that (ug h) T-converges to (uy,,v,) as h tends to oo.
M) h
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‘We have
F (U%,h) = fQ\Zh Oij (“2 h) €ij (U% h) dx (83)
+ th Oij Ug,h €ij n ) dz + fT (vn,n) €ij (1) dsdzs.

We immediately obtain

lim ij (upp) €ij (ug p) do = /Qoij (un) €ij (up) de.

h—o00 Q\Z}L

Using Lemma 5.1, it follows that

lim fZ oij ( %h) €ij (u%)h> dx

h—o00
= Sz, o (wf! <<Un>m = (Ong))) €5 (f (o) = ©nn)))  (84)
- % J5 A (s) (un = va) - (un = va) dH (5)

and, using Lemma 5.2 and Proposition 1, we obtain

hm fT z] UTL h) €ij (Un h) de.Tg

h
. 5 2
= NOhllm (3> Z |Uo¢,n (p7 0) — Va,n (qv 0)‘
—00 a=1,2
P,9€EVh
[p—q|=2—h

= 1o€s (Un)
= po [5, dLs (Tn) .

This yields

hlinolth ( ) fQ Oij un) €5 (W ( n) dx + Ho fz dﬁZ (En)
* % S5 A(S) (tn = vn) - (= va) dH (s)  (89)
= Foo (Un,vp) .

The continuity of F, implies that lim,, o, limy,_, o F}, <u27h> = F (u,v). Then,
using the diagonalization argument of [5, Corollary 1.18], we prove the existence of

a sequence (up), = (U’?z(h),h)h: hlirgon (h) = 400, such that

limsupFy, (up) < Foo (u,v).

h—o0

O

5.3. Step 3: Lim-inf inequality. In this Subsection we prove the second assertion
of Theorem 4.2.

Proposition 5. If v € (0,4+00), then, for every sequence (up),, such that uy €

H} (Q,R¥) N H (T, R?) and (up),, T-converges to (u,v), we have v € Dy ¢ and
liminf Fy, (up) > Foo (u,v) .
h—o00
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Proof. Let (up),; w, € H (Q,R?) N H' (T),,R3), such that (uy), 7-converges to
(u,v). We suppose that supy Fj, (up) < +o00, otherwise the liminf inequality is
trivial. Then, owing to Proposition 2 and Proposition 1, we have that v € Dy, ¢ and

lihniigf fTh ofj (un) €ij (up) dsdzs > poés ()
= o fE dls (@) .
Let (tn,vn), C CF (U R3) x (C} (Q,R?*) NDy e x L, (X)), such that

(86)

Uy — u H! (Q,RS) — strong,
n—oo

U, — U strongly with respect to the norm (26), and vs,, — v3 strongly with
n—00 n—0o0

respect to the norm of L3, (X). Let (ug’h>h be the corresponding sequence
n

defined in (82). We have from the definition of the subdifferentiability of convex
functionals

Sz, i3 (un) s (wn) da > [, iy () e () do

(87)
+ 2th 0ij u?l,h e (un — ug’h) dx.

Due to the structure of the sequence <“2vh)h’ we have

Iz, oii (U%,h) €ij (Uh - uﬂ,h) de = [y, 0ij (un) €3 (uh - u%) dz (88)
=z, 7isi (Wi (Un = vn.n),,) (Uh - u%,h)i da.
Since |Z},| tends to zero as h tends to oo, it follows that
lim oij (un) ej (up —ul 1) de = 0. (89)

h—o0 Zn

Using the definition of the perturbation w}* and the expressions (62), (63) and
(66), we get

‘fzh 0ijg (Wi (Un = vn.n),,) (Uh - ugyh)i dx‘
2 12 1/2
<oy <fzh ‘(uh — ug’h)‘ dz) (1 + (th |Vw;™ (a:)|2dx) > ,

where C]" is a positive constant which may depend of n. Then, using Lemma 5.1,
we obtain that

(90)

lim oijj (Wit (un —vnp),,) (un —ud ). de = 0. (91)
h— 00 Zn /g

We deduce from (84) that

i . 0 L 0
lim fZ,L Oij (un,h> €ij (un,h) dx

h—o0
Ty
= sy g Jo A () (n = vn) (= vn) dH (s).

(92)

On the other hand, as |Z| tends to zero as h tends to co, we have

lim inf /Q\Zh oij (up) eij (up) de > / oij (u) e;; (u) de. (93)

h—o0 Q
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We deduce from (86)-(93) that
lihrgianh (un) > [qou5 (u) ey (w)de + po [ dLs (0)

+% Js A () (un = vn) - (un = va) dH (s) .

Letting n tend to co in the right hand side of the above inequality, we deduce

that

llhﬂllanh (uh) > fQ Oij (u) €ij (u) dx + o fE dLls (5)

Ty
e iz e A (=) (=) A (s),

which is equivalent to

i
2
3
[4
5
6

7

8

9
[10
[11
12
13
14
15

[16
[17

liminf Fy, (up) > Foo (u, ).
h— o0

This ends the proof of Theorem 4.2.
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