NETWORKS AND HETEROGENEOUS MEDIA d0i:10.3934/nhm.2021022
(©American Institute of Mathematical Sciences
Volume 17, Number 1, February 2022 pp. 15-45

I'-CONVERGENCE OF QUADRATIC FUNCTIONALS WITH NON
UNIFORMLY ELLIPTIC CONDUCTIVITY MATRICES

LORENZA D’ELIA*

Dipartimento di Matematica, Universita di Roma Tor Vergata
via della ricerca scientifica 1
Roma, 00133, Italy

(Communicated by Andrea Braides)

ABSTRACT. We investigate the homogenization through I'-convergence for the
L?(Q)-weak topology of the conductivity functional with a zero-order term
where the matrix-valued conductivity is assumed to be non strongly elliptic.
Under proper assumptions, we show that the homogenized matrix A* is pro-
vided by the classical homogenization formula. We also give algebraic condi-
tions for two and three dimensional 1-periodic rank-one laminates such that the
homogenization result holds. For this class of laminates, an explicit expression
of A* is provided which is a generalization of the classical laminate formula.
We construct a two-dimensional counter-example which shows an anomalous
asymptotic behaviour of the conductivity functional.

1. Introduction. In this paper, for a bounded domain © of R%, we study the
homogenization through I'-convergence of the conductivity energy with a zero-order
term of the type

/Q{A(?)W'Wﬂuf}dwa it w € HY (),
Fe(u) == O

00, if u e L2(Q)\ Hi ().

The conductivity A is a Yy-periodic, symmetric and non-negative matrix-valued

function in L>°(R%)¥*4 denoted by Lgoer(Yd)dXd, which is not strongly elliptic, i.e.

ess&i/gf (min {A(y)-€: €€ RY, €| = 1}) >o. (2)

This condition holds true when the conductivity energy density has missing deriva-
tives. This occurs, for example, when the quadratic form associated to A is given
by

Ag- = A ¢ for £=(¢,8a) eRI XR,
where A’ € Lgocr(Yd)(dfl)X(dfl) is symmetric and non-negative matrix. It is known
(see e.g. [13, Chapters 24 and 25]) that the strongly ellipticity of the matrix A, i.e.

. . . d N
ejz—ﬁl/nf (min {A(y)€-&: € R, €] =1}) >0, (3)
d
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combined with the boundedness implies a compactness result of the conductivity
functional

ue HH(Q) / A (f) Vu - Vuda
Q 3
for the L?(€2)-strong topology. The I'-limit is given by
/ A*Vu - Vudx,
Q

where the matrix-valued function A* is defined by the classical homogenization
formula

axexmmin{ [ A@O+Tu0) - O+ Vol 0 € B} @)

The I'-convergence for the LP(Q)-strong topology, for p > 1, for the class of integral
functionals F. of the form

F.(u) = /Qf (gDu) dz, for u € WHP(Q;R™), (5)

where f : QxR™*? — R is a Borel function, 1-periodic in the first variable satisfying
the standard growth conditions of order p, namely ¢;|M|P < f(x, M) < co(|M|P+1)
for any x € Q and for any real (m x d)-matrix M, has been widely studied and it is
a classical subject (see e.g. [4, Chapter 12] and [13, Chapter 24]). On the contrary,
the I'-convergence of oscillating functionals for the weak topology on bounded sets of
L?(Q) has been very few analysed. An example of the study of I'-convergence for the
LP(Q)-weak topology can be found in the paper [6] where, in the context of double-
porosity, the authors compare the I'-limit for non-linear functionals analogous to
5 computed with respect to different topologies and in particular with respect to
L?(Q)-weak topology.

In this paper, we investigate the I'-convergence for the weak topology on bounded
sets (a metrizable topology) of L?(€2) of the conductivity functional under condition
2. In this case, one has no a priori L?(2)-bound on the sequence of gradients, which
implies a loss of coerciveness of the investigated energy. To overcome this difficulty,
we add a quadratic zeroth-order term of the form ||u||%2(9), so that we immediately

obtain the coerciveness in the weak topology of L?(2) of .Z., namely, for u € HE(Q),

ﬁs(u)Z/ lul?dz.
Q

This estimate guarantees that I'-limit for the weak topology on bounded sets of
L?() is characterized by conditions (i) and (ii) of the Definition 1.1 below (see
[13, Proposition 8.10]), as well as, thanks to a compactness result (see [13, Corollary
8.12]), Z. I'-converges for the weak topology of L?(£2), up to subsequences, to some
functional. We will show that, under the following assumptions:

(H1) any two-scale limit wug(z,y) of a sequence u. of functions in L?(Q) with
bounded energy %, (u.) does not depend on y (see [1, Theorem 1.2]);
(H2) the space V defined by
V= {/ A2 (y)@(y)dy @ € L}, (Ya; RY)
Ya

with div (Al/g(y)q)(y)) —0 in @’(Rd)}
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agrees with the space R,

the I'-limit is given by

/Q {A*Vu-Vu+ |[u*}dz, if ue H(Q),
Fo(u) := (6)

00, if ue L2(Q)\ H (D),

where the homogenized matrix A* is given through the expected homogenization
formula

A*X- X :=inf {/Y A(y) AN+ Vo(y)) - (A + Vo(y))dy : v € Héer(Yd)} . (D

We need to make assumption (H1) since for any sequence u. with bounded energy,
i.e. Sup.q Fe(ue) < 0o, the sequence Vu, in L2(Q; RY) is not bounded due to the
lack of ellipticity of the matrix-valued conductivity A(y). Assumption (H2) turns
out to be equivalent to the positive definiteness of the homogenized matrix (see
Proposition 1).

In the 2D isotropic elasticity setting of [11], the authors make use of similar
conditions as (H1) and (H2) in the proof of the main results (see [11, Theorems 3.3
and 3.4]). They investigate the limit in the sense of I'-convergence for the L?()-
weak topology of the elasticity functional with a zeroth-order term in the case of
two-phase isotropic laminate materials where the phase 1 is very strongly elliptic,
while the phase 2 is only strongly elliptic. The strong ellipticity of the effective
tensor is preserved through a homogenization process expect in the case when the
volume fraction of each phase is 1/2, as first evidenced by Gutiérrez [14]. Indeed,
Gutiérrez has provided two and three dimensional examples of 1-periodic rank-one
laminates such that the homogenized tensor induced by a homogenization process,
labelled 1*-convergence, is not strongly elliptic. These examples have been revisited
by means of a homogenization process using I'-convergence in the two-dimensional
case of [10] and in the three-dimensional case of [12].

In the present scalar case, we enlighten assumptions (H1) and (H2) which are
the key ingredients to obtain the general I'-convergence result Theorem 2.1. Using
Nguetseng-Allaire [1, 16] two-scale convergence, we prove that for any dimension
d > 2, the I-limit .%; 6 for the weak topology of L?(Q) actually agrees with the one
obtained for the L?(Q)-strong topology under uniformly ellipticity 3, replacing the
minimum in 4 by the infimum in 7. Assumption (H2) implies the coerciveness of the
functional .%, showing that its domain is Hg () and that the homogenized matrix
A* is positive definite. More precisely, the positive definiteness of A* turns out
to be equivalent to assumption (H2) (see Proposition 1). We also provide two and
three dimensional 1-periodic rank-one laminates which satisfy assumptions (H1) and
(H2) (see Proposition 2 for the two-dimensional case and Proposition 3 for the three-
dimensional case). Thanks to Theorem 2.1, the corresponding homogenized matrix
A* is positive definite. For this class of laminates, an alternative and independent
proof of positive definiteness of A* is performed using an explicit expression of
A* (see Proposition 5). This expression generalizes the classical laminate formula
for non-degenerate phases (see [17] and also [2, Lemma 1.3.32], [8]) to the case of
two-phase rank-one laminates with degenerate and anisotropic phases.

The lack of assumption (H1) may induce a degenerate asymptotic behaviour of
the functional %, 1. We provide a two-dimensional rank-one laminate with two
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degenerate phases for which the functional .Z. does I'-converge for the L?(2)-weak
topology to a functional .% which differs from the one given by 6 (see Proposition
4). In this example, any two-scale limit ug(z, y) of a sequence with bounded energy
F.(ue), depends on the variable y. Moreover, we give two quite different expres-
sions of the I'-limit .% which seem to be original up to the best of our knowledge.
The energy density of the first expression is written with Fourier transform of the
target function. The second expression appears as a non-local functional due to
the presence of a convolution term. However, we do not know if the I'-limit % is
a Dirichlet form in the sense of Beurling-Deny [3], since the Markovian property is
not stable by the L?(Q)-weak topology (see Remark 2).

The paper is organized as follows. In Section 2, we prove a general I'-convergence
result (see Theorem 2.1) for the functional %, 1 with any non-uniformly elliptic
matrix-valued function A, under assumptions (H1) and (H2). In Section 3 we
illustrate the general result of Section 2 by periodic two-phase rank-one laminates
with two (possibly) degenerate and anisotropic phases in dimension two and three.
We provide algebraic conditions so that assumptions (H1) and (H2) are satisfied (see
Propositions 2 and 3). In Section 4 we exhibit a two-dimensional counter-example
where assumption (H1) fails, which leads us to a degenerate I'-limit .% involving a
convolution term (see Proposition 4). Finally, in the Appendix we give an explicit
formula for the homogenized matrix A* for any two-phase rank-one laminates with
(possibly) degenerate phases. We also provide an alternative proof of the positive
definiteness of A* using an explicit expression of A* for the class of two-phase
rank-one laminates introduced in Section 3 (see Proposition 5).

Notation.

e Fori=1,...,d, e; denotes the i-th vector of the canonical basis in R%;

o I, denotes the unit matrix of R4*¢;

o H! (Ys;R") (vesp. L2 (Yg;R™), C22.(Ya; R™)) is the space of those functions
in HL (RGR™) (resp. L (REGR™), C2 (R4 R™)) that are Yy-periodic;

e Throughout, the variable z will refer to running point in a bounded open
domain Q C R%, while the variable y will refer to a running point in Yy (or
k+Yy ke Zd);

o We write
U = U

with u. € L2(Q2) and ug € L*(Q x Yy) if u. two-scale converges to u° in the
sense of Nguetseng-Allaire (see [1, 16])

e F; and F, denote the Fourier transform defined on L!'(R) and L?(R) respec-
tively. For f € L*(R) N L?(R), the Fourier transform F; of f is defined by

FHN) = /R N f () do.
Definition 1.1. Let X be a reflexive and separable Banach space endowed with
the weak topology o(X,X’), and let %#. : X — R be a e-indexed sequence of

functionals. The sequence .%. I'-converges to the functional %y : X — R for the

N(X)—
weak topology of X, and we write .7, XX wﬁo, if for any v € X,

i) Yue = u, Fo(u) < liminf. 0. Zc(ue),
ii) Ju. — w such that lim._,¢ % (u:) = Fo(u).

Such a sequence u. is called a recovery sequence.
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Recall that the weak topology of L?(Q) is metrizable on bounded sets, i.e. there
exists a metric d on L?(Q) such that on every norm bounded subset B of L?(Q2) the
weak topology coincides with the topology induced on B by the metric d (see e.g.
[13, Proposition 8.7]).

2. A preliminary general I'-result. In this section, we will prove the main result
of this paper. As previously announced, up to a subsequence, the sequence of func-
tionals %, given by 1 with non-uniformly elliptic matrix-valued conductivity A(y),
I-converges for the weak topology on bounded sets of L?(Q2) to some functional.
Our aim is to show that I-limit is exactly %, when u € Hg ().

Theorem 2.1. Let .7, be functionals given by 1 with A(y) a Yy-periodic, symmet-

ric, non-negative matriz-valued function in L>=(R?)¥*4 satisfying 2. Assume the

following assumptions

(H1) any two-scale limit ug(x,y) of a sequence u. of functions in L*(Q2) with bounded
enerqy F.(ue) does not depend on y;

(H2) the space V' defined by

Vo= { A1/2(y)q>(y)dy :® e L?,er(Yd; Rd)
Yy

(8)
with div (A1/2(y)<1>(y)) -0 in @’(Rd)}

agrees with the space RY.
Then, .Z. T'-converges for the weak topology of L*(Q) to Fo, i.e.
QEF(Lﬁ—wyo

)

where Fy is defined by 6 and A* is given by 7.

Proof. We split the proof into two steps which are an adaptation of [11, Theorem
3.3] using the sole assumptions (H1) and (H2) in the general setting of conductivity.
Step 1 - I'-liminf inequality.
Consider a sequence {u.}. converging weakly in L?(2) to u € L?(). We want
to prove that
lim inf 7, (u.) > Fo(u). (9)
e—0

If the lower limit is co then 9 is trivial. Up to a subsequence, still indexed by ¢, we
may assume that liminf %, (u.) is a limit and we can also assume henceforth that,
for some 0 < C' < o0,
As wu. is bounded in L?(f2), there exists a subsequence, still indexed by e, which
two-scale converges to a function ug(x,y) € L2(2 x Yy) (see e.g. [1, Theorem 1.2]).
In other words,
ue = up. (11)

Assumption (H1) ensures that

uo(z,y) = u(x) is independent of y, (12)

where, according to the link between two-scale and weak L?(Q)-convergences (see
[1, Proposition 1.6]), w is the weak limit of wu,, i.e.

u. —u weakly in L*(Q).
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Since all the components of the matrix A(y) are bounded and A(y) is non-negative
as a quadratic form, in view of 10, for another subsequence (not relabeled), we have

A (g) Vue = op(z,y) with oo € L?(Q x Yg; RY),
and also
AL/ (g) Vu. = Og(z,y)  with Oy € L*(Q x Yy RY). (13)
In particular
x LN
cA (g) Vu. = 0. (14)
Consider ® € L2, (Yy;R?) such that
div (Al/z(y)cp(y)) =0 in Z'(RY), (15)

or equivalently,
| A0 Vi =0 o e 1Y)
d

Take also ¢ € C>(Q2). Since u. € H}(Q) and in view of 15, an integration by parts
yields

/QAl/2 (g)Vu8 - P (g) o(x)dr = —/QuEAl/2 (g) @ (g) -V(x)d.

By using [1, Lemma 5.7], AY2(y)®(y) - Vio(x) is an admissible test function for
the two-scale convergence. Then, we can pass to the two-scale limit in the previous
expression with the help of the convergences 11 and 13 along with 12, and we obtain

/ O0(z,y) - D(y)p(z)dady = —/ u(x)AY2(y)@(y) - Vip(a)dady.  (16)
QxYy QxYy
We prove that the target function u is in H'(Q2). Setting

N:= [ AY2(y)®(y)dy, (17)
Yq

and varying ¢ in CS°(Q), the equality 16 reads as

/ O0(z,y) - B(y)p(x)drdy = — / w(@)N - Vp()da
OxYy Q

Since the integral in the left-hand side is bounded by a constant times ||¢l/z2(q),

the right-hand side is a linear and continuous map in ¢ € L%*(Q). By the Riesz
representation theorem, there exists g € L?(2) such that, for any ¢ € C°(Q),

| @ -ot@yte = [ s@)pla)da.

Q
which implies that
N - Vu e L*(Q). (18)
In view of assumption (H2), N is an arbitrary vector in R? so that we infer from
18 that
u € HY(Q). (19)
This combined with equality 16 leads us to

/ @o(w»y)*@(y)@(ﬂﬁ)dwdy:/ A2 (y)Vu(z) - ®(y)p(x)dady.  (20)
QxYy QxYqy
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By density, the last equality holds if the test functions ®(y)¢(x) are replaced by
the set of ¥(z,y) € L?(; L2, (Y4; R?)) such that

per
div, (A1/2(y)w(x,y)) =0 in 2'(RY),

or equivalently,
/ Oy - AV V(e y)dedy =0 Vo € L3(Q; Hly (Ya)).
QXYd

The L2(Q; L2, (Yy;RY))-orthogonal to that set is the L2-closure of

per
A = { A2 ()T (@) o € LA e (Ya)) |
Thus, the equality 20 yields
Oo(z,y) = AV*(y)Vu(w) + S(,y)

for some S in the closure of ¢, i.e. there exists a sequence v, € L*(Q; H,.,(Yq))
such that

Al/z(y)vyvn(x,y) — S(x,y) strongly in  L%(€; L2, (Yg; RY)).

per
Due to the lower semi-continuity property of two-scale convergence (see [1, Propo-
sition 1.6]), we get
o 1/2 2 2
hin_)%lf A / (m/f)VUeHH(Q;Rd) 2 H@0||L2(Q><Yd;Rd)

2

A2(y) (Vou(@) + V,00)

= lim .
n L2(QxYy;Re)

Then, by the weak L2-lower semi-continuity of l|uell22(), we have
lim inf %, (u.)
e—0

>lim [ AW)(Vau(@) + Voo (e.y)) - (Vau(@) + Vyoa(@,y)dady + / ul?da
n QXYd Q

> [ inf{ | AG(Tsu(@) + 9,00) - (Voulo) + 9 yula)dy s v e H;ede)}dx

d
+/ |u|?dz.
Q

Recalling the definition 7, we immediately conclude that
. % 2
hren_}(r)ﬂ Feue) > /Q {A*Vu - Vu+ |[u*} da,

provided that u € H}(Q).

It remains to prove that the target function u is actually in H{(Q), giving a
complete characterization of I'-limit. To this end, take zy € 92 a Lebesgue point
for u|9Q and for v(zg), the exterior normal to © at point xzg. Thanks to 19, we
know that u € H'(Q), hence, after an integration by parts of the right-hand side of
16, we obtain, for ¢ € C°°(Q),

| ) 2wplaitsdy = [ N-Vua)p(a)ds
QAxYy Q

— N -v(z)u(z)p(x)ds, (21)
o0
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where N is given by 17. Varying ¢ in C2°(Q2), the first two integrals in 21 are equal
and bounded by a constant times [|p||z2(q). It follows that, for any ¢ € C°°(£2),

N -v(z)u(z)p(x)ds =0,
o0
which leads to N - v(z)u(z) = 0 s-a.e. on 9. Since zg is a Lebesgue point, we
have

N - v(zg)u(xg) = 0. (22)

In view of assumption (H2) and the arbitrariness of N, we can choose N such that
N = v(zg) so that from 22 we get u(zo) = 0. Hence,

u € Hy(Q).
This concludes the proof of the I'-lim inf inequality.
Step 2 - I'-lim sup inequality.

We use the same arguments of [12, Theorem 2.4] which can easily extend to
the conductivity setting. We just give an idea of the proof, which is based on a
perturbation argument. For § > 0, let A be the perturbed matrix of R%*? defined
by

As = A+ 01y,

where I is the unit matrix of R?X¢. Since the matrix A is non-negative, As turns
out to be positive definite, hence, the functional .Z2, defined by 1 with As in place
of A, T-converges to the functional .%#° given by

AiVu - Vu+ |ul?Yde, if ue HHQ),
o |40 ul?) {@
00, if uwe L*(Q)\ H(Q),

for the strong topology of L?(Q2) (see e.g. [13, Corollary 24.5]). Thanks to the
compactness result of I'-convergence (see e.g. [4, Proposition 1.42]), there exists a
subsequence ¢; such that .7, I'-converges for the L?(Q)-strong topology to some
functional F°. Let u € Hg(Q) and let u., be a recovery sequence for .#., which
converges to u for the H!(f2)-weak topology on bounded sets. Since Fe; < ﬁfj

and since u.; belongs to some bounded set of H L(Q), from [13, Propositions 6.7
and 8.10] we deduce that

FOu) < .Z°(u)

< liminf/ {A(; (a:) Vu, - Vue, + |u8j2} dx
6]‘4)0 Q E]

< liminf/ {A (1:) Vue, - Vue, + |u5j|2} dx + O(9)
Q

g;—0 €j

= FOu) + O(9).

It follows that .Z° converges to F° as § — 0. Then, the I'-limit F° of e, is inde-
pendent on the subsequence ¢;. Repeating the same arguments, any subsequence of
7. has a further subsequence which I'-converges for the strong topology of L?(Q) to
F9 =lims_,0.%#°%. Thanks to the Urysohn property (see e.g. [4, Proposition 1.44]),
the whole sequence .%. I'-converges to the functional F° for the strong topology



I'-CONVERGENCE OF QUADRATIC FUNCTIONALS 23

of L?(€2). On the other hand, in light of the definition 7 of A*, we get that A}
converges to A* as d — 0, i.e.

Thanks to the Lebesgue dominated convergence theorem and in view of 23, we get
that FO = lims_o.%? is exactly .%, given by 6. Therefore, .#. I'-converges to %
for the L?(£2)-strong topology.

Now, let us show that .Z. T'-converges to %, for the weak topology of L?(Q).
Recall that the L?(2)-weak topology is metrizable on the closed ball of L?(€2). Fix
n € N and let dp, be any metric inducing the L?(£2)-weak topology on the ball B,
centered on 0 and of radius n. Let u € Hg () and let T, be a recovery sequence for
Z. for the L*(Q)-strong topology. Since the topology induced by the metric dp,
on B, is weaker than the L?(Q2)-strong topology, u. is also a recovery sequence for
F. for the L?(Q))-weak topology on B,,. Hence,

lim .Z. (@) = .Z
EI_I}(I)JE(UE) J()(’LL),

which proves the I'-lim sup inequality in B,,. Finally, since any sequence converging
weakly in L2(£2) belongs to some ball B,, C L%(Q), as well as its limit, it follows that
the T-lim sup inequality holds true for .Z. for L?(§2)-weak topology, which concludes
the proof. O

The next proposition provides a characterization of Assumption (H2) in terms
of homogenized matrix A*.

Proposition 1. Assumption (H2) is equivalent to the positive definiteness of A*,
or equivalently,

Ker(A*) = V*.
Proof. Consider A € Ker(A*). Define

H;(Yy) = {u € HL (RY) : Vu is Yg-periodic and Vu(y)dy = )\} .

Ya

Recall that v € H,(Yy) if and only if there exists v € H].,(Yq) such that u(y) =
v(y) + Ay (see e.g. [13, Lemma 25.2]). Since A* is non-negative and symmetric,
from 7 it follows that

0=A"A- A= inf{ A(y)Vu(y) - Vu(y)dy : u € H/{(Yd)} .

Ya

Then, there exists a sequence u,, of functions in H; (Y,) such that

lim A(y)Vun(y) - Vun(y)dy =0,

n— oo Yd
which implies that
AY2y, — 0 strongly in L*(Yy; RY). (24)

Now, take ® € L2 (Yy; R?) such that AY/2® is a divergence free field in R?. Recall

per

that, since u, € H}\(Yd), we have that Vu,(y) = Vu,(y) + A, for some v, €
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H! (Yy). This implies that

per

/y AYV2()Vu,(y) - @(y)dy = | Vun(y) - A2 (y)@(y)dy

Ya

=\ /Yd AV2(y)®(y)dy + /Yd Voa(y) - AV (y)®(y)dy

=A- | AV (y)D(y)dy, (25)
Yq
where the last equality is obtained by integrating by parts the second integral com-
bined with the fact that A/2® is a divergence free field in R%. In view of convergence
24, the integral on the left-hand side of 25 converges to 0. Hence, passing to the
limit as n — oo in 25 yields

0= ( / A1/2<y><1><y>dy) |

for any ® € L2, (Yq; R?) such that A'/2® is a divergence free field in R?. Therefore
X\ € V+ which implies that
Ker(A*) C V*.
Conversely, by 23 we already know that
lim A = A*,
0—0

where A3 is the homogenized matrix associated with As = A + §14. Since As is
strongly elliptic, the homogenized matrix Aj is given by
AN A= min{ As(y)Vus(y) - Vus(y)dy : us € H/{(Yd)} . (26)
Yy
Let us be the minimizer of problem 26. Therefore, there exists a constant C' > 0
such that

ANA= | Asy)Vas(y) - Vasi)dy = | 1457 @) Vas(y)Pdy < C,
d d
which implies that the sequence ®5(y) := A};/Q (y)Vs(y) is bounded in L2 (Yy; RY).

Then, up to extract a subsequence, we can assume that ®s5 converges weakly to some
@ in L2, (Y4 RY).

per

Now, we show that A};/2 converges strongly to A'/2 in L33, (Y,)?*?. Since A(y)
is a symmetric matrix, there exists an orthogonal matrix-valued function R in
L2, (V)™ such that

A(y) = R(y)D(y)RT (y) for a.e. y € Yy,

where D is a diagonal non-negative matrix-valued function in Lg‘c’r(Yd)dXd and RT
denotes the transpose of R. It follows that As;(y) = A(y) + 614 = R(y)(D(y) +
0I4)RT (y), for a.e. y € Y. Hence,

Aé/Z(y) = R(y)(D(y) + §Id)1/2RT(y) for a.e. y € Yy,

which implies that A(ls/2 converges strongly to A/2 = RD'/2RT in L2, (Yq) e,
Now, passing to the limit as 6 — 0 in

div(AY?®;) = div(AsVas) =0 in 2'(RY),
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we have
div(AY2®) =0  in 2'(R%).

This along with ® € L2 (Y4;R?) implies that ® is a test function for the set V/

given by 8. From 26 it follows that

A3 = /Y As(y) Vs (y)dy = / AY?(5)5(y)dy.

Yq

Hence, taking into account the strong convergence of Aé/ % in L2, (Yg)™4 and the

weak convergence of @5 in L2, (Yq; R?), we have

AA =l 453 =l [ 205wy = [ AV)0(0)dy,
5—0 d—0 Yd Yd

which implies that A*A € V since ® is a suitable test function for the set V.
Therefore, for A € V-,

AN A =0,
so that, since A* is a non-negative matrix, we deduce that A € Ker(A*). In other
words,

V+ C Ker(A"),
which concludes the proof. O

3. Two-dimensional and three-dimensional examples. In this section we
provide a geometric setting for which assumptions (H1) and (H2) are fulfilled. We
focus on a l-periodic rank-one laminates of direction e; with two phases in R?,
d = 2, 3. Specifically, we assume the existence of two anisotropic phases Z; and Z»
of Yy given by

Z1 =(0,0) x (0,1)%1 and Z, = (0,1) x (0,1)47,

where 6 denotes the volume fraction of the phase Z;. Let Zf’£ and ZQ# be the
associated subsets of R, i.e. the open periodic sets

z7¥ = Int< U (Z¢+k:)) for i =1,2.

kezd
Let X7 and X5 be unbounded connected components of Zf& and ZQ# in R? given by
X;:=(0,0) xR and X, :=(0,1) x R

and we denote by 0Z the interface {y; = 0}.
The anisotropic phases are described by two constant, symmetric and non-
negative matrices A; and Ay of R%*? which are possibly not positive definite. Hence,

the conductivity matrix-valued function A € L2, (Y4)**¢, given by

A(yr) == x(w1) A1 + (1 = x(y1))A2  fory €R, (27)

where x is the 1-periodic characteristic function of the phase Z;, is not strongly
elliptic, i.e. 2 is satisfied.
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3.1. The two-dimensional case with one degenerate phase. We are inter-
ested in two-phase mixtures in R? with one degenerate phase. We specialize to the
case where the non-negative and symmetric matrices A; and A, of R2*2 are such
that

A =€E®¢ and As is positive definite, (28)
for some & € R%2. The next proposition establishes the algebraic conditions which
provide assumptions (H1) and (H2) of Theorem 2.1.

Proposition 2. Let Ay and Ay be the matrices defined by 28. Assume that -1 # 0
and the vectors € and Asei are linearly independent in R2. Then, assumptions
(H1) and (H2) are satisfied. In particular, the homogenized matriz A*, given by 7,
associated to the matriz A defined by 27 and 28 is positive definite.

From Theorem 2.1, we easily deduce that the energy .%. defined by 1 with A
given by 27 and 28 I'-converges to the functional %, given by 6 with conductivity
matrix A* defined by 7. In the present case, the homogenized matrix A* has an
explicit expression given in Proposition 5 in the Appendix.

Proof. Firstly, let us prove assumption (H1). We adapt the proof of Step 1 of [11,
Theorem 3.3] to two-dimensional laminates. In our context, the algebra involved is
different due to the scalar setting.

Denote by uf the restriction of the two-scale limit uy in phase Z; or Zi# for
i=1,2. In view of 14, for any ®(z,y) € C°(Q x R?; R?) with compact support in
Q x Zf&, or due to periodicity in Q x X7, we deduce that

Oz—Eliir(l)e/QA(g)Vug-é(x,g)dx

. : x
=lim [ w.divy(412(z,y)) (a:, g) dzx

e—0 Q

:/ﬂ » ué(x,y)divy(Alé(x,y))dxdy
X4y

= —/ A1Vyug(z,y) - ©(z, y)dady,
axz¥
so that
AVyub(z,y) =0 in Qx ZF. (29)

Similarly, taking ®(z,y) € C°(Q x R?; R?) with compact support in Q x Z;’&, or
equivalently in 2 x Xo, as test function and repeating the same arguments, we
obtain

AoV ud(z,y) =0 in QxZ7. (30)
Due to 29, in phase Zi# we have
V,up € Ker(A;) = Span(¢+),
where ¢+ = (=&, &) € R? is perpendicular to & = (£1,&). Hence, uj reads as
ud(z,y) = 0 (x, £+ - 9) a.e. (z,y) € Q x Xy, (31)

for some function #* € L?(Q x R). On the other hand, since the matrix Ay is
positive definite, in phase Zf the relation 30 implies that

ud(z,y) = 6%(x) a.e. (z,y) € Q x Xo, (32)
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for some function 62 € L%(2). Now, consider a constant vector-valued function ®
defined on Y5 such that

(A]_ - Ag)@ ce1 = 0 on 82# (33)

Note that condition 33 is necessary for div, (A(y)®) to be an admissible test function
for two-scale convergence. In view of 14 and 32, for any ¢ € C°(Q; Cpe,(Yz)), we
obtain

. x
0=—lim E/QA(y)VuE - Oy (x, g) dx

e—=0

. . x
= ;gr%) A uedivy (A(y)Po(x,y)) (x, g> dz

= / u(l)(m,y)divy(Alq)go(x, y))dzdy
QOXZ4

+ / 0%(z)div, (A2 ®p(z, y))dxdy.
QX Zo
Take now ¢ € C2°(Q x R?) and use the periodized function
o (2,y) =Y elw,y+k)

kez?
as new test function. Then, we obtain

0 :/ u(l)(x,y)divy(Alégp#(x,y))dxdy+/ 0%(x)div, (A2 ¥ (2, y))dxdy
QXZl QXZZ

= Z / ug(x, y)divy (A1 @p(z, y))dzdy
keZ2 QX(Zl-'rk)

+ > / 02 (z)div, (Ax®p(z, y))dady
kez? QX (Z2+k)
= / ug(x, y)divy (A1 @p(z, y))drdy +/ 02 (z)divy, (A2 @p(z, y))dxdy.

Qxzf QxzZ
(34)
Recall that A7 = £ ® &, where £ is such that £ - e; # 0. This combined with the
linear independence of the vectors £ and Ase; implies that the linear map
® e R? > (Aje; - @, Age; - @) € R?
is one-to-one. Hence, for any f € R, there exists a unique ® € R? such that
Alq)~€1 =A2@~€1 == f (35)
In view of the arbitrariness of f in 35, we can choose ® such that
Aje; - ® = Age; - ®=1  on 9ZF. (36)

Since A1Vyuy = 0 in the distributional sense and 4; = £ ® &, we deduce that
ud is constant along the direction &. Using Fubini’s theorem, we may integrate
along straight lines parallel to the vector £ where integration by parts is allowed.
Therefore, performing an integration by parts in 34 combined with 36, it follows

that for any ¢ € C>°(Q x R?),

0= / vo(x, y)p(x,y)ded s,
OxozZ
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where we have set vo(z,y) 1= u}(z,y) —0%(z). We conclude that vo(z, -) has a trace
on 07 for a.e. z € ) satisfying

vo(z,) =0 on 0Z. (37)

Recall that 0Z = {y; = 0}. Fix z € Q. Taking into account 31 and 32, the equality
37 reads as
0 (xz, £1y0) = 02(x) on 0Z.

Since £ - e # 0, it follows that ' only depends on z so that u}(z,y) agrees with
6?(x). Finally, we conclude that ug(z,y) = x(y1)ud(z,y) + (1 — x(y1))ud(z,y) is
independent of y and hence (H1) is satisfied.

We prove assumption (H2). The proof is a variant of the Step 2 of [11, Theorem
3.4]. For arbitrary «, 8 € R, let ® be a vector-valued function given by

AV2()®(y) == x(y1)o€ + (1 — x(y1)) (€ + Bez)  for ae. y € R? (38)

Such a vector field ® does exist, since £ is in the range of A; and thus the right-hand
side of 38 belongs pointwise to the range of A, or equivalently to the range of A'/2.
Moreover, the difference of two constant phases in 38 is orthogonal to the laminate
direction e, so that A'/2® is a laminate divergence free periodic field in R2. Tts
average value is given by

Ni= | AY2(y)®(y)dy = ot + (1 - 0)Bes.
Y
Hence, due to £ -e; # 0 and the arbitrariness of «, 3, the set of the vectors N spans
R?, which yields assumption (H2).
From Proposition 1, it immediately follows that the homogenized matrix A* is
positive definite. For the reader’s convenience, the proof of explicit formula of A*
is postponed to Proposition 5 in the Appendix. O

3.2. The three-dimensional case with both degenerate phases. We are go-
ing to deal with three-dimensional laminates where both phases are degenerate. We
assume that the symmetric and non-negative matrices A; and A, of R3*3 have rank
two, hence, there exist 71,7, € R? such that

Ker(A;) = Span(n;) fori=1,2. (39)

The following proposition gives the algebraic conditions so that assumptions re-
quired by Theorem 2.1 are satisfied.

Proposition 3. Let n; and 12 be the vectors in R? defined by 39. Assume that the
vectors {e1,n1,n2} as well as {Ajer, Ager} are linearly independent in R®. Then,
assumptions (H1) and (H2) are satisfied. In particular, the homogenized matriz A*
giwven by 7 and associated to the conductivity matriz A given by 27 and 39 is positive
definite.

Invoking again Theorem 2.1, the energy %, defined by 1 with A given by 27
and 39, I-converges for the weak topology of L?(Q) to %, where the effective
conductivity A* is given by 7. As in two-dimensional laminate materials, A* has
an explicit expression (see Proposition 5 in the Appendix).

Proof. We first show assumption (H1). The proof is an adaptation of the first step
of [11, Theorem 3.3]. Same arguments as in the proof of Proposition 2 show that

AVyub(z,y) =0 inQxZF fori=1,2. (40)
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In view of 39 and 40, in phase Z7, uf reads as
up(z,y) =0 (z,mi-y)  ae (r,y) € QX X, (41)

for some function ¢ € L?(Q x R) and i = 1,2. Now, consider a constant vector-
valued function ® on Y3 such that the transmission condition 33 holds. In view of
14, for any ¢ € C°(Q, C2.(Y3)), we obtain

per

. x
0=—lim s/QA(y)VuE - Dy (x, g) dx

e—0

= / ug(z, y)divy (A1 Pp(z, y))dedy
QXZl

+ / ud(z, y)divy (A2 ®p(z, y))drdy. (42)
QXZQ
Take p € C°(Q x R?). Putting the periodized function

(@)= ola,y+k)
keZ3

as test function in 42, we get

/ ug(z, y)divy (A1 @p(z, y))dzdy + / ud(z,y)divy (A2 ®p(z,y))dzdy = 0.
Oxz¥ Oxz¥
(43)
Since the vectors Aje; and Ase; are independent in R3, the linear map
P e RS g (Alel . (I>, A2€1 . q)) € RQ
is surjective. In particular, for any f € R, there exists ® € R? such that
A1®~el :A2q>'€1 = f (44)
In view of the arbitrariness of f in 44, we can choose ® such that 36 is satisfied. Due
to 40 and 39, we deduce that u}, is constant along the plane II; perpendicular to 7,
for ¢+ = 1,2. This implies that, thanks to Fubini’s theorem, we may integrate along

the plane II; where an integration by part may be performed. Hence, an integration
by parts in 43 combined with 36, yields for any ¢ € C°(Q x R?),

/ [ub(z,y) — wd(a,y)] ol y)ded A, =0,
Oxo0Z

which implies that

up(z, ) = ud(z, ) on 0Z. (45)
Fix z € Q and recall that 0Z = {y; = 0}. In view of 41, the relation 45 reads as
0 (, biys + crys) = 0%(x, boys +c2y3)  on 97, (46)

with n; = (a;, b;, ¢;) for i = 1,2. Due to the independence of {e1,n;, 72} in R3, the
linear map (y2,%3) € R? +— (21, 22) € R? defined by

21 1= biys + c1ys, 22 1= bays + oy,
is a change of variables so that 46 becomes
0 (z, 21) = 0% (x, 20) a.e. 21,22 €R.

This implies that #* and 6? depend only on z and thus u} and u3 agree with some
function v € L2(2). Finally, we conclude that ug(z,y) = x(y1)ud(z,y) + (1 —
X(y1))ud(z,y) is independent of y and hence (H1) is satisfied.
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It remains to prove assumption (H2). To this end, let E be the subset of R? x R3
defined by

E:={(,&)eR* xR : (4 -&)-e1 =0, &-m=0, &L-mp=0}.  (47)
For (£1,&2) € E, let @ be the vector-valued function defined by

A2 (B (y) = x(y1)ér + (1 — x(1))é2  ae.y € R (48)

The existence of such a vector field ® is guaranteed by the conditions &; - n; = 0, for
1 = 1,2, which imply that & belongs to the range of A; and hence the right-hand
side of 48 belongs pointwise to the range of A, or equivalently to the range of A'/2.
Moreover, since the difference of the phases & and &5 is orthogonal to the laminate
direction e;, AY/2® is a laminate divergence free periodic field in R3. Its average
value is given by

Ni= | A2 (y)®(y)dy = 0¢1 + (1 — 0)éa.

Note that E is a linear subspace of R? x R3 whose dimension is three. Indeed, let
f be the linear map defined by

(£,6) ER*xR¥ = (&4 — &) -e1, & mi, Lo -mp) € R

If we identify the pair (£1,&:) € R3 x R3 with the vector (z1,y1, 21, T2, Y2, 22) € R,
with & = (z;, s, 2:), for i = 1,2, the associated matrix My € R3*6 of f is given by

1 0 0 -1 0 0

Mf = aq b1 C1 0 0 0 s

0 0 0 as b2 Co
with n; = (a;,bi,¢;), © = 1,2. In view of the linear independence of {e1,n1,7m2},
the rank of My is three, which implies that the dimension of kernel Ker(f) is also
three. Since the kernel Ker(f) agrees with E, we conclude that the dimension of E
is three.

Now, let g be the linear map defined by

(&1,&) € E— 06 + (1 - 0)& € RP.

Let us show that ¢ is invertible. To this end, consider (£1,&3) € Ker(g). From the
definition of the map g, Ker(g) consists of all vectors (£1,&2) € E of the form

<§1, 9101§1> : (49)

In view of the definition of F given by 47, the vector 49 satisfies the conditions

0 0
(51—0_1§1>'61=07 §&1-m =0, ﬁgl'n2:0~

This combined with the linear independence of {e1, 71,72} implies that

& € {er,m, 2} = {0}.

Hence, Ker(g) = {(0,0)} which implies along with the fact that the dimension of E
is three that g is invertible. This proves that all the vectors of R? can be attained
through the map g so that assumption (H2) is satisfied.

Thanks to Proposition 1, the homogenized matrix A* turns out to be positive
definite. The proof of the explicit expression of A* is given in Proposition 5 in the
Appendix. O
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4. A two-dimensional counter-example. In this section we are going to con-
struct a counter-example of two-dimensional laminates with two degenerate phases,
where the lack of assumption (H1) provides an anomalous asymptotic behaviour of
the functional %, 1.

Let Q := (0,1)? and let ez be the laminate direction. We assume that the non-
negative and symmetric matrices A; and Ay of R2%2 are given by

Al =e;®e; and Ay = ce; R ey,

for some positive constant ¢ > 1. The presence of ¢ # 1 is essential to have oscillation
in the conductivity matrix A. In the present case, the matrix-valued conductivity
A is given by

Aly2) = x(y2)A1 + (1 — x(y2)) A2 = a(y2)er ®er  foryz €R,  (50)
with
a(yz2) := x(y2) + (1 = x(y2)) = 1. (51)
Thus, the energy .%#., defined by 1 with A(y) given by 50 and 51 becomes

Ll (@) o

o0, if u € L2(Q) \ Hg((0,1)a,; L*(0, 1))
(52)

d(ﬂ, ifue H&((Ovl)zlyLQ(Oal)m2)7

e(u) =

We denote by *; the convolution with respect to the variable x1, i.e. for f € L1(R?)
and g € L*(R?)

(f %1 9)(w1,72) = / f(x1 —t,22)g(t, x2)dt.
R
Throughout this section, ¢y denotes the positive constant given by
cp:=ch+1-0, (53)

where 6 € (0,1) is the volume fraction of the phase Z; in Y3. The following result
proves the I'-convergence of .%. for the weak topology of L?(2) and provides two
alternative expressions of the I'-limit, one of that seems nonlocal due to presence of
convolution term (see Remark 2 below).

Proposition 4. Let Z. be the functional defined by 52. Then, . T'-converges for
the weak topology of L*(2) to the functional defined by

/1d;v2/ ;|f2(u)()\1,x2)|2d)\1, ifu € HE((0,1)4,; L2(0,1)4,),
F () = 0 R ko(A1)

00, ifue L)\ Hg((0,1)0,; L*(0,1)z,),

where Fa(u)(M1,-) denotes the Fourier transform on L*(R) of parameter \; with
respect to the variable x1 of the function x1 — u(xy,-) extended by zero outside
(0,1) and

1
N 1

= —_— . 4
Fo(M) /0 dm2a(y2) A3 + 1dy2 (54)
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The I-limit % can be also expressed as

/ dwg/{ce <8x1> (z1,22) + [Wou(z1,z2) + (h*1 u)(ml,mg)ﬁ}dxh

gz(u) qu € Hﬂl((()? 1)11;L2(03 1)12)7

00, if u€ L*(Q)\ Ho((0,1)e,3 L*(0,1)a,),
(55)

where cq is given by 53 and h is a real-valued function in L?(R) defined by means
of its Fourier transform Fa on L*(R)

=Vea+ f(M) -V, (56)

where a and f are given by

AA0+1-46 (c—1)%0(0 — 1) 1
= —a >0, f(A) = 2 N T (57)

Moreover, any two-scale limit ug(x,y) of a sequence u. with bounded energy F.
depends on the variable y, € Y.

Remark 1. From 57, we can deduce that

1
I = ST )

for any A; € R, so that the Fourier transform of h is well-defined.

{(®0+1 — 0)codr®\] + [(c— 1)0 + 1]*} > 0,

Proof. We divide the proof into three steps.

Step 1 - I'-liminf inequality.
Consider a sequence {u.}. converging weakly in L?(Q2) to u € L?(2). Our aim
is to prove that

lim inf 7 (uc) > 7 (u). (58)

If the lower limit is co then 58 is trivial. Up to a subsequence, still indexed by &,
we may assume that liminf.%,(u.) is a limit and we may assume henceforth that,
for some 0 < C' < o0,

Fe(ue) < C. (59)
It follows that the sequence u. is bounded in L?() and according to [I, Theorem
1.2], a subsequence, still indexed by ¢, of that sequence two-scale converges to some
ug(w,y) € L?(Q x Ya). In other words,

Ue = Ug. (60)

In view of 51, we know that a > 1 so that, thanks to 59, for another subsequence
(not relabeled) we have

—< = O'Q(ZL',y) with o¢ € L2(Q X YQ) (61)
81)1
In particular,
5u5
= 62
©ons (62)
Take ¢ € C°(€2; Cpe,(Y2)). By integration by parts, we obtain

f S 2= [ (B () 22 (e 2))
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Passing to the limit in both terms with the help of 60 and 62 leads to

0
0=~ [ (.5 (w.y)dudy,
QXYo 1

which implies that

uo(z,y) is independent of y;. (63)
Due to the link between two-scale and weak L?-convergences (see [1, Proposition
1.6]), we have

ue — u(x) = / uo(z, y2)dys weakly in L?(Q). (64)
Y1
Now consider ¢ € C*°(Q; C,(Y2)) such that
Iy
—(xz,y) = 0. 65
5o (@) (65)

Since ue € H}((0,1)4,; L?(0,1),,), an integration by parts leads us to

Oue B Oy
/anlw(x,y) dr = —/Que e (z,y)dz.

In view of the convergences 60 and 61 together with 63, we can pass to the two-scale
limit in the previous expression and we obtain

0
[ oewepddy == [ wlen) gt @deds. (60)
QXYQ QXYQ xl
Varying ¢ € C°(€2; Cpe,(Y2)), the left-hand side of 66 is bounded by a constant

times |||/ L2(ax[0,1)) SO that the right-hand side is a linear and continuous form in
¢ € L*(Q2 x Ya). By the Riesz representation theorem, there exists g € L*(Q x Ya)
such that, for any ¢ € C(Q; C3e,(Y2)),

B
/ uo(x,yz)ai(x,y)dxdyZ/ 9(z,y)p(z, y)drdy,
QOxYs T QxYs

which yields
0
0 (2,40) € L2(Q x V7). (67)
al‘l
Then, an integration by parts with respect to z1 of the right-hand side of 66 yields,
for any ¢ € C*°(Q; C22,(Y2)) satisfying 65,

per
auo

/ oo(x,y)@(w,y)dwdy=/ T(x,yz)w(m,y)dwdy
QxYs QxY, 071

1
_ / ds / o (L, 22, y2) (L, 22, ) — o 0, 22, 12)2(0, 2, )] dy.
0 Y>

Since for any ¢ € C(; C5e,(Y2)) the first two integrals are equal and bounded

by a constant times ||¢|z2(qx[0,1), we conclude that, for any ¢ € C(Q; Cg,(Y2))
satisfying 65,

1
/ d.’IIg/ [U0(1a$27y2)§0(17$27 ZU) - U0(07$2ay2)¢(0a$27y)] dy = 0)
0 Ys

which implies that
uo (1, x2,y2) = uo(0,x2,92) =0 ae. (r2,y2) € (0,1) x Y7.
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This combined with 67 yields
uo (21,22, y2) € Hy((0,1)0,; L2((0,1)0, X Y1)).

Finally, an integration by parts with respect to x; of the right-hand side of 66

implies that, for any ¢ € C*°(Q; C32,(Y2)) satisfying 65,

ou
[ (e = 2w ) o ody .
QxYs L1

Since the orthogonal of divergence-free functions is the gradients, from the previous
equality we deduce that there exists @ € H!, (Y1; L2(Q x Y7)) such that

per

6u0

amm=%@m+%ww (65)

Now, we show that

2 ~ 2
. T2 Ou, dug o
11§nglf/§2a <?> <8m1) dx > /Qxyz a(y2) (%(z’y2)+ %(x,y)> dudy.

(69)
To this end, set
Oou,
O¢ := .
c 8:01
Since a € Lg2, (Y1) C L2 (Y1), there exists a sequence aj of functions in C52, (Y1)
such that
lla = arllr2(v;) = 0 as k — oo, (70)
hence, by periodicity, we also have
X9 i)
=) - —= <Cl|la— 71
Ha( € ) @k ( € )’ L2(Q) la CLk”LQ(Yl), (71)

for some positive constant C' > 0. On the other hand, since oy given by 68 is in
L?(Q x Y3), there exists a sequence 1, of functions in C2°(£2; C (Y2)) such that

per

Yn(x,y) = oo(z,y) strongly in L?(Q x Y3). (72)
To T\ \ 2
/Qa (?) (05 - 1/1n (.’)37 E)) dl’ Z 07
we get

[ () etz [a(Z) o ()i [ 0(2) 8 ()
o2 [ (0(2) o (2)) o (e 42 f ()t ()
— /Qa (%) 2 (m, g) dz. (73)

In view of 71, the first integral on the right-hand side of 73 can be estimated as

[ @(2) - 0 (22)) ot (%) o

From the inequality

<Clla— @k||L2(Y1)||¢n \Loo(Q)HUsHL?(Q)

S CHCL — ak||Lz(y1).
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Hence, passing to the limit as ¢ — 0 in 73 with the help of 61 leads to
liminf/ a <E> oZdr > —Clla — ag|z2(vy) + 2 lim/ ag (ﬂ) Oethn (x, E) dz
Q £ e—0 Q e £

e—0
— lim ; a (%) 1/)2 (1:, g) dxdy

e—0

i / ar(y2)00(@, y)bn (2, y)dzdy — Clla — axll 2wy
QXYQ

- / a(y2) Vs (x,y)dxdy.
QAxYs

Thanks to 70, we take the limit as k — oo in the previous inequality and we obtain

liminf [ a <Q) oldr > 2/ a(ya2)oo(x, y)n(z, y)dzdy
=0 Jo 2 QxYa

- / a(y2) v} (z, y)dady,
QAxYs

so that in view of 72, passing to the limit as n — oo leads to

liminf/ a (B) o?dx 2/ a(y2)od(z,y)dxdy.
Q € QXY

e—0

This combined with 68 proves 69.
By 63, we already know that uy does not depend on y;. In view of the periodicity
of w with respect to y1, an application of Jensen’s inequality leads us to

Ao il 2
|t (52w + o)) sy
X Y2
Auo o1 >2
= d d - 5 +7 9 d
[ [ ot [ (G + g ) ) s
Ao i ] )2
> [ d d —(z,y2) + —(x,y)| d
_/Q m/yla(yg) yz(/y1 [(%I(l‘yz) ayl(ﬂfy) Y1
8UQ)2
— [ 4 ZU0) (2 ) dys.
[t [ atwn) (F22) i

This combined with 69 implies that

2 2
.. T3 Ou, Oug
hrsrbltr)lf/ﬂa (?) <8x1> dx > /Qda: /Y1 a(ysz) (8961> (z,y2)dys.  (74)

Now, we extend the functions in L2(2) by zero with respect to z; outside
(0,1) so that functions in H}((0,1),,;L?(0,1),,) can be regarded as functions in
H'(Ry,;L*(0,1)s,). Due to the weak L?-lower semi-continuity of ||uc|;2(q) along
with 74, we have

lim inf %, (u)
e—0

1 8 2
Z/ d332/ dy2/ {a(ya) (E)uo) (21, %2,92) + [uo|* (21, 22, y2) | dz1.  (75)
0 vi R 1

We minimize the right-hand side with respect to ug(z1, 72, y2) € H'(Ry,; L2((0,1) 4,
x Y7)) satisfying 64 where the weak limit u of u. in L?(f2) is fixed. The minimizer,
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still denoted by wug, satisfies the Euler equation

1
6u0 ov
d d —_— —
/o T2 /Yl yzé{a(yz)axl (171,9527y2)8$1 (Ihxz,yz)

+ uo (21, T2, y2)v(x1, 22, y2) [dx1 =0

for any v(xy,w2,92) € H'(R,,; L?((0,1),, x Y7)) such that le v(z,y2)dys = 0.
Then, there exists b(z1,72) € H '(R,,; L?(R),,) independent of ys such that in
distributions sense with respect to the variable x1,

0%y

- a(y2)8720(x1,x2,y2) +uo (21,22, y2) = b(21,22) in Z'(R) (76)
1
for a.e. (w2,y2) € (0,1)xY;. Taking the Fourier transform F, on L?(R) of parameter

A1 with respect to the variables x1, the equation 76 becomes
Fa(b) (A1, 22)
A =— " e (A R 1) x Y;.
Fa(uo)(A1, T2, Y2) a1 (A1, @2,92) € R x (0,1) x Y1.  (77)

Note that 77 proves in particular that the two-scale limit ug does depend on the
variable yo, since its Fourier transform with respect to the variable z; depends on
yo through the function a(ys).
In light of the definition 54 of ko and due to 64, integrating 77 with respect to
Yo € Y7 yields
fg(’ll,)()\hl'g) = ko()\l)fg(b)()\l,l'g) a.e. ()\1,392) € R x (0, 1) (78)

By using Plancherel’s identity with respect to the variable 1 in the right-hand side
of 75 and in view of 77 and 78, we obtain

1
lim inf .7, (u.) 2/ d$2/ dyz/(4ﬂ2a(y2))\%+1)|]:2(U0)(>\1,$2,y2)|2d>\1
e—0 0 Yy R

1
1
= | day | ———|Fao(u)(\1,22)|%dN1,
/O 2/Rko()\1)| 2(u)(A1, 22)["d\

which proves the I'-lim inf inequality.

Step 2- I'-lim sup inequality.
For the proof of the I'-limsup inequality, we need the following lemma whose
proof will be given later.

Lemma 4.1. Let u € C°(Q). For fized zo € (0,1) and yo € Y1, let b(-, x2) be the
distribution (parameterized by x2) defined by
1
ko(M)
where u(-,x2) is extended by zero outside (0,1). Let ug(-,x2,y2) be the unique

solution to problem

8%u
—a(y2)8720($1,9627y2) + ug(w1, 22, y2) = b(w1,22), 21 € (0,1),
1

Fao(b)(A1,22) := Fa(u)(A1, z2), (79)

(80)
uo(0,22,y2) = uo(1l, x2,92) =0,

with a(yz) given by 51. Then b(z1,x2) is in C([0,1]4,; L*(0,1)s,) and ug(z1, va,y2)
is in C1([0, 1% L, (Y1)).

per
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Let u € C°(2). Thanks to Lemma 4.1, there exists a unique solution
ug(1, T2, 12) € C1([0,1]%; Lo (Y1)) (81)
to the problem 80. Taking the Fourier transform F, on L?(R) of parameter \; with
respect to x1 of the equation in 80 and taking into account 79, we get
Fa(u)(Ar, 72)

2(UW >\1,$27 2) = <
Faluo)( b2) (472a(y2) 2 + k(M)

for (/\1,%‘2,3/2) e R x [0, 1] X Yl,

(82)
where ug (-, 2, y2) and u(-, x2) are extended by zero outside (0,1). Integrating 82
over Yo € Y7, we obtain

u(xy,x9) = / uo(x1, T2, Y2 )dys for (z1,22) € R x (0,1). (83)
Y1
Let {u.} be the sequence in L?(§2) defined by
€2
ue (1, T2) := ug ($1,$27 ?> .

Recall that rapidly oscillating Y;-periodic function u. weakly converges in L?((2)
to the mean value of u. over Y;. This combined with 83 implies that u. weakly
converges in L?(2) to u. In other words,

ue. — u  weakly in L*(Q).

0
Due to 81, we can apply [1, Lemma 5.5] so that ug(z1, x2, y2) and Zto are admissible

83;1

test functions for the two-scale convergence. Hence,

2
. T To auo X9 i) 2
lim 7 (ue) = lim | [ (2) (52) (s 22) + o (100,22 1 o
(9’11{) 2
:/dx/ la(yz) (6 ) (371796273/2)-1-u0($1,$2,y2)|21 dy2
Q Y; L1

1 Sue\ 2
=/ dévz/ dyz/ [a(yz) <5’uo) (1,20, y2) + [uo(z1,22,52)|° | dz1, (84)
0 Y1 R Tl

where the function zy — ug(z1,-,-) is extended by zero outside (0,1). In view of
the definition 54 of ky and due to 82, the Plancherel identity with respect to the
variable 7 and the Fubini theorem yield

! Oup \ 2
/ dﬂﬁz/ dyz/ [a(yz) (ao> (1, 22,y2) + |u0(x17x2,y2)|2 dxy
0 v, R 1

1
_ / da / dys / (4n2a(ya) 2 + 1)|Fa(u0) O, 22, y5) Pds
0 Yy R

1
1
= d.’l?g/ A7|]:2(u>()\17.’172)|2d)\1.
/0 R kO()\l)
This together with 84 implies that, for u € C°(Q),

1
1
limfeuaz/dx/A Fo(u)( A1, z2)[2dA1,
lim 7 (u.) | v Rko()q)' 2(w) (A1, @2)["dAy

which proves the I'-lim sup inequality on CZ°(€).
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Now, we extend the previous result to any u € H}((0,1),,; L?(0,1),,). To this
end, we use a density argument (see e.g. [5, Remark 2.8]). Recall that the weak
topology of L?(£2) is metrizable on the closed balls of L?(Q). Fix n € N and denote
dp, any metric inducing the L?(£2)-weak topology on the ball B,, centered on 0
and of radius n. Then, Hg((0,1),,;L?*(0,1),,) can be regarded as a subspace of
L?(Q) endowed with the metric dg,. On the other hand, H}((0,1),,; L*(0,1),,) is

a Hilbert space endowed with the norm
1/2
3 0.1, 220000) = (H . ||u||%2<m) -

The associated metric dy on H((0,1)4,;L?(0,1),,) induces a topology which is
not weaker than that induced by dp, , i.e.

L2 (Q)

dpa (uk,u) — 0 implies  dp, (u,u) = 0. (85)

Recall that C2°(€2) is a dense subspace of Hg ((0,1)4,; L%(0,1),,) for the metric d
and that the I-lim sup inequality holds on C2°(Q) for the L?(2)-weak topology, i.e.
for any u € CZ°(Q),

I-limsup % (u) < % (u). (86)

e—=0
A direct computation of ko, given by 54, shows that
codm?A\? + 1

ko(M\) =
0(M) (47222 + 1) (cAm2A2 4+ 1)
which implies that
1 c
. = —A1 N2 + f(\) + @, 87
oOw) o 1+ () (87)

where f(A1) and « are given by 57. Hence, there exists a positive constant C' such
that

< C(Ar*M\2 +1). (88)

ko (A1)
This combined with the Plancherel identity yields

Z(u) < C’/l de/(zm?)\% + 1) Fo(u) (A1, 22)[2d\

—C/ dm/ K@ml) (z1,22) + |u(xy, 22)|? | day

= C”“HH&((OJ)‘_”;L2(071)m2)7 (89)

where u(-, z2) is extended by zero outside (0,1). Since .Z is a non-negative quadratic
form, from 89 we conclude that .% is continuous with respect to the metric d HY
Now, take u € HE((0,1).,; L?(0,1),,). By density, there exists a sequence uy, in
C(9) such that
Ay (ug,u) = 0 as k — oo. (90)
In particular, due to 85, we also have that dp, (ug,u) — 0 as k — co. In view of
the weakly lower semi-continuity of I'-limsup and the continuity of .%, we deduce
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from 86 that
I-limsup % (u) < likm inf(I- limsup % (ug))
—00

e—0 e—0
< liminf % (uy)
k—o0
=7 (u),

which proves the I-limsup inequality in B,. Since for any u € Hg((0,1)s,;
L?(0,1),,) the sequence uy, of functions in C°(€) satisfying 90 belongs to some
ball B, of L?(f2), as well as its limit, the I-limsup property holds true for the
sequence .#. on H}((0,1),,;L%(0,1),,), which concludes the proof of I'-lim sup in-
equality.

Step 3 - Alternative expression of I'-limit.
The proof of the equality between the two expressions of the I'-limit .% relies on
the following lemma whose proof will be given later.

Lemma 4.2. Let h € L?*(R) and u € L*(R) N L*(R). Then, h xu € L*(R) and
Folhxu) = Fo(h)Fa(u) a.e. inR. (91)

By applying Plancherel’s identity with respect to z1, for any u € HE(Ry,;
L?(0,1),,) extended by zero with respect to the variable x; outside (0, 1), we get

/R |Vau(wy,z2) + (h* u)(xl,x2)|2 dzy
_ /R VaFa(u) Ay z2) + Falh w1 ) (hr, o) dAy
_ /R{a | Fa(u)(Ar, 22)|* + 2¢/aRe (]:g(u)()\l, 2) Fa(h 1 u)()\l,xg))

+ | Fa(h % u)()\l,xg)z] ;. (92)

Recall that the Fourier transform of h, given by 56, is real. From 92, an application
of Lemma 4.2 leads us to

Ll

= [ [+ 28R m00) + E 00 1P )

2
Folw) (M, a2)| +2v/aRe (.Fg(u)()\l, 22) Fa(h #1 0) (M1, xz))

Bl u)(Al,m)F] in,

= /R [\/a‘f' ]:2(}1)()\1)]2 |.F2(U)()\1,$2)|2d/\1

- / [+ FOW)] [ P2 () A, 2) P (93)

On the other hand, by applying Plancherel’s identity with respect to x1, we obtain

c ¢ [ Ou\?
R0—04772)\%|.7-'2(u)()\1,a:2)|2d)\1 :/R;Q (%) ($17.’1?2)d.’1?1.

In view of the expansion of 1/ ffo(h) given by 87, the previous equality combined
with 92 and 93 implies that, for u € H}((0,1),,; L?*(0,1),,) extended by zero with
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respect to 7 outside (0, 1),

1 S ) "
/0 dx2/Rk0(>\1)|}—2( Y1y 22)[*dA

= /01 day /R {; (88;)2 (z1,22) + [Vou(zr, z2) + (h* U)(xhxz)]Q} dry,

which concludes the proof. O

Proof of Lemma 4.1. In view of 87, the equality 79 becomes

Fg(b)()\l,iEg) = <CCO47T2)\% + a4+ f()\1)> .FQ(U)()\l,IQ)

c 2’1.L
= ‘/.'.2 ( a + au> ()\1, Iz) + f()\l)fg(u)(Al, 12). (94)

e 07
Since
(c— 1)29(9 -1 1

_ —2 1
c it 11~ O € GoR)N LIR),

f()\l) =

the right-hand side of 94 belongs to L?(R) with respect to A1, which implies that
Fa(b)(,x2) € L(R).

Applying the Plancherel identity, we obtain that b(-,22) € L?(R) with respect to
x1. Since u(-,z2) is extended by zero outside (0,1), b(-,x2) is also equal to zero
outside (0, 1) so that
b(-,z2) € L*(0,1). (95)
We show that b(x1,+) is a continuous function with respect to zo € [0, 1]. Recall
that the continuity of x5 € [0,1] + b(x1,22) € L?*(0,1),, is equivalent to

lim [[b(, 22 +1) = (-, 22) [ L2 (0,1)., = 0-
Thanks to Plancherel’s identity, we infer from 79 that
1b( 22 +8)=b(-, 22) [ T2(0,1),, = IF2(b) (s 22 + 1) = Fa(b) (-, 22) |72y,
1

:/R ko(M1)

dX1.
In view of 88 and thanks to the Plancherel identity, we obtain
16(, 22 + 1) = b(- 22) [ 2201y,

[Fo(u) (A1, 22 + 1) — Fa(u)(A1, 72)]

< / | (47202 + 1)(Fa(u) (A1, w2 + £) — Folu) (A, 2)|* d

ou ou
< (2 7). _ = ).
<C f2(8x1>(,$2+t) f2(6$1>(,x2)
+ CQHJ:Q(U)(~,372 +t) — fg(u)(-,l‘g)”QLz(oJ)Al

ou ou 2
= 02 871'1(',552 +t> - %('7-’1)2)

+ Ol 2 + ) = ul,22)l|72(0,1),, -

2

L2(0,1)x,

L2(0,1)a,
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By the Lebesgue dominated convergence theorem and since u € C°([0,1]?), from
the previous inequality we conclude that the map zo € [0,1] = b(z1,22) € L?(0,1),,
is continuous. Hence,

b(x1,72) € C([0,1]4,; L*(0,1),,). (96)

To conclude the proof, it remains to show the regularity of ug. Note that 80
is a Sturm-Liouville problem with constant coefficient with respect to xy, since
29 € (0,1) and yo € Y7 play the role of parameters. By 95, we already know that
b(-,x2) € L*(0,1), so that thanks to a classical regularity result (see e.g. [7] pp.
223-224), the problem 80 admits a unique solution ug (-, z2,y2) in H?(0,1). Since
H?(0,1) is embedding into C'*(]0,1]), we have

UO(',J?Q,yQ) S Cl([O, 1]) a.e. (xg,yg) S (0, 1) X Y.

On the other hand, the solution ug(z1, z2,y2) to the Sturm-Liouville problem 80 is
explicitly given by

1
uo(x1,T2,y2) 1= / Gy, (x1,5)b(s, x2)ds, (97)
0
where b(z1,22) is defined by 79 and 96 and the kernel Gy, (21, s) is given by
1 A 1—21V
Gy, (21,8) = sinh <$cl(s)> sinh (W) .

o [ a(yz a(ys

va(yz) sin < r(yz))

This combined with 96 and 97 proves that
uO(xla T2, y2) € Cl([o’ 1]27 ngr(yl))a
which concludes the proof. O

We prove now the Lemma 4.2 that we used in Step 3 of Proposition 4.

Proof of Lemma 4.2. By the convolution property of the Fourier transform on
L?(R), we have

hxw = Fp(Fa(h)) * Fa(F2(h)) = Fi(F2(h) F2(u)), (98)
where F; denotes the conjugate Fourier transform for i = 1,2. On the other hand,
since u € L'(R) N L?(R) and due to Riemann-Lebesgue’s lemma, we deduce that
Fo(u) = Fi(u) € Co(R) N L3(R). This combined with F2(h) € L*(R) implies that

Fo(h)Fo(u) = Fo(h)Fi(u) € L*(R) N L' (R).
Since F; = F» on L'(R) N L?(R), from 98 we deduce that
h*xu= fg(]:g(h)}—g(u)) S L2(R),
which yields 91. This concludes the proof. O
Remark 2. Thanks to the Beurling-Deny theory of Dirichlet forms [3], Mosco [15,
Theorem 4.1.2] has proved that the T-limit F of a family of Markovian form for the
L?(Q)-strong topology is a Dirichlet form which can be split into a sum of three

forms: a strongly local form Fy, a local form and nonlocal one. More precisely, for
u € L*(Q) with F(u) < oo, we have

F(u) = Fau) + / Wk(de) + / (u(x) — u(y))2i(de,dy),  (99)

Q (2xQ)\diag
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where Fy is called the diffusion part of F', k is a positive Radon measure on 2,
called the killing measure, and j is a positive Radon measure on (2 x Q) \ diag,
called the jumping measure. Recall that a Dirichlet form F' is a closed form which
satisfies the Markovian property, i.e. for any contraction 7' : R — R, such that

T(0)=0, and VzyeR, [T(z)-T(y)|<|z—yl

we have FoT < F. A I-limit form obtained with the L?(Q)-weak topology does not
a priori satisfy the Markovian property, since the L?(2)-weak convergence does not
commute with all contractions 7. An example of a sequence of Markovian forms
whose I-limit for the L?(2)-weak topology does not satisfy the Markovian property
is provided in [9, Theorem 3.1]. Hence, the representation formula 99 does not hold
in general when the L?(£2)-strong topology is replaced by the L?(Q)-weak topology.

In the present context, we do not know if the I'-limit .% 55 is a Dirichlet form
since the presence of the convolution term makes difficult to prove the Markovian
property.

Appendix A. Homogenized formula for a rank-one laminate. We are going
to give an explicit expression of the homogenized matrix A* defined by 7, which
extends the rank-one laminate formula in the case of a rank-one laminates with
degenerate phases. We will recover directly from this expression the positive defi-
niteness of A* for the class of rank-one laminates introduced in Section 3. Indeed,
by virtue of Theorem 2.1 the positive definiteness of A* also follows from assump-
tion (H2) which is established in Proposition 2 and Proposition 3.

Set

a:=(1-0)Arer - er +0Aze; - €1, (100)
with 6 € (0, 1) being the volume fraction of phase Z;.

Proposition 5. Let Ay and Ay be two symmetric and non-negative matrices of
R4 d > 2. If a given by 100 is positive, the homogenized matriz A* is given by

o(1 — 0)

A = 0A1 + (1 — 0)142 — (A2 — A1)61 ® (A2 — Al)el. (101)

If a = 0, the homogenized matriz A* is the arithmetic average of the matrices Ay
and As, i.e.

A" =0A;+ (1 —6)As. (102)
Furthermore, if one of the following conditions is satisfied:

i) n two dimensions, a > 0 and the matrices Ay and As are given by 28 with
f T €1 7é 07

it) in three dimensions, a > 0, the matrices A1 and Ay are given by 39 and the
vectors {e1,m,m2} are independent in R3,

then A* is positive definite.

Remark 3. The condition a > 0 agrees with the I'-convergence results of Propo-
sitions 2 and 3. In the two-dimensional framework, the degenerate case a = 0 does
not agree with Propositions 2. Indeed, a = 0 implies that Aje; - e = Ase; -e3 =0
in contradiction to positive definiteness of As. Similar in the three-dimensional set-
ting, where the independence of {e1, 71,72} is not compatible with ¢ = 0. Indeed,
a = 0 implies that A;e; = A;m; = 0, for i = 1,2, which contradicts the fact that A
and As have rank two.
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Proof. Assume that a > 0. In view of the convergence 23, we already know that
lim A5 = A* 103
61—>I% 4 ) ( )

where, for § > 0, Aj is the homogenized matrix associated to conductivity matrix
As given by

As() = x(w)A] + (1 — x(y1))A;  for y; € R,

with Af = A; + 6I;. Since A; and Ay are non-negative matrices, Ay is positive
definite and thus the homogenized matrix Aj is given by the lamination formula
(see [17] and also [2, Lemma 1.3.32])

0(1—6)
(1 — Q)A‘lsel -e1 + 914381 - el
If a > 0, we easily infer from the convergence 103 combined with the lamination
formula 104 the expression 101 for A*.

We prove that A*z -z > 0 for any « € R?. From the Cauchy-Schwarz inequality,
we deduce that

Ar = 0AS+(1-60)AS— (A3—A)e1@(AS—AS)ey. (104)

[(As — Ar)er - x| < |Azeq - x| + |Arer - zf
< (Agey - e)2(Agz - )% 4 (Avey - e)V2(Ayz - )2 (105)
This combined with the definition 101 of A* implies that, for any = € R?,
Az -z =0(A1z-2)+ (1 —0)(Agz - 2) — O(1 — O)a~ " |(As — Ay)ey - x|
>0(A1z-z)+ (1—0)(Asz - )
—0(1 — 0)a"[(Ager - €)YV (Agz - )2 + (Arey - e1) V2 (A - 2)Y/?)?
=a ab(A1z - )+ a(l — 0)(Ayx - x) — O(1 — 0)(Ager - €1)(Apz - )
—0(1—0)(Arer - e1)(Arx - x)
—20(1 — 0)(Agey - e1)?(Agz - 2) Y% (Aver - e1)V? (A - 2)V/?). (106)
In view of definition 100 of a, we have that
afd(Arz - z) + a(l — 0)(Aszx - x)
=01 —0)(Arer - e1)(A1x - x) + 0% (Agey - e1)(Arz - 2)
+ (1 —0)*(Aser - e1)(Asz - 2)
+6(1 — 0)(Azer - e1)(Asz - x).
Plugging this equality in 106, we deduce that
Az x> a 02 (Ager - 1) (A1 - x) + (1 — 0)%(Arer - e1)(Asz - x)
—20(1 — 0)(Agey - e1) 2 (Arz - )2 (Arer - )V ?(Agz - 1)1/

= a7 0(Azey - e1) V2 (Ayz - 2)Y? — (1 — 0)(Arey - e1) /(A - 2)Y/?)? > 0,
(107)

which proves that A* is a non-negative definite matrix.
Now, assume a = 0. Since A; and A, are non-negative matrices, the condition
a = 0 implies Ayeq - e = Aseq - e = 0 or equivalently Aje; = Ase; = 0. Hence,

(A5 — Aer = (As — Ay)er = 0,
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which implies that the lamination formula 104 becomes
Ay =0A5 + (1—0)A5.

This combined with the convergence 103 yields to the expression 102 for A*.
To conclude the proof, it remains to prove the positive definiteness of A* under
the above conditions i) and ii).

Case (i). d =2, a > 0 and A;, A2 given by 28.
Assume A*x-x = 0. Then, the inequality 107 is an equality, which yields in turn
equalities in 105. In particular, we have

|Azer - x| = (Ager - 1) /2 (Agz - 2)/2 = || Ay %€ ||| 4522, (108)

Recall that the Cauchy-Schwarz inequality is an equality if and only if one of vectors
is a scalar multiple of the other. This combined with 108 leads to Aé/zx = aAé/Qel
for some « € R, so that, since As is positive definite or equivalently Aé/ 2, we have

T = ae; for some o € R. (109)

From the definition 101 of A* and due to the assumption & - e; # 0, we get
1
A*Gl cep = a(Agel . 61)(€ . 61)2 > 0. (110)

Recall that A*x -z = 0. This combined with 109 and 110 implies that x = 0, which
proves that A* is positive definite.

Case (ii). d =3, a > 0 and A;, A5 given by 39.
Assume that A*x -z = 0. As in Case (i), we have equalities in 105. In other
words,

|Ajer - x| = (Arer - )Y ?(Arz - x)V/?, (111)

|[Ager - x| = (Agey - 1)V ?(Agz - ) V/2. (112)
Let p;(t) be the non-negative polynomials of degree 2 defined by
pi(t) = A;j(x +tey) - (z + teq) fori=1,2.

In view of 111, the discriminant of p;(¢) is zero, so that there exists t; € R such
that

pl(tl) :Al(x+t1€1) . ($+t1€1) =0. (113)
Recall that Ker(A;) = Span(n;). Since A; is non-negative matrix, we deduce from
113 that x + t1eq belongs to Ker(A;), so that

x € Span(e1,n1). (114)
Similarly, recalling that Ker(As) = Span(ns) and using 112, we have
x € Span(ey,n2). (115)
Since the vectors {e1, 71,72} are independent in R, 114 and 115 imply that
T = ae for some o € R.

In light of definition 101 of A*, we have
1
A*el ce1 = E(Alel . 61)(A261 . 61) > 0,

which implies that © = 0, since A*x - = 0. This establishes that A* is positive
definite and concludes the proof. O
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Note that when d = 2 and a > 0 the assumption & - e; # 0 is essential to obtain
that A* is positive definite. Otherwise, the homogenized matrix A* is just non-
negative definite as shown by the following counter-example. Let A; and Ay be
symmetric and non-negative matrices of R?*? defined by

Al =ea®ey and Ag = Is.
Then, it is easy to check that a =6 > 0 and A*e; -e; = 0.
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