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ABSTRACT. In [Andreianov, Coclite, Donadello, Discrete Contin. Dyn. Syst.
A, 2017], a finite volume scheme was introduced for computing vanishing vis-
cosity solutions on a single-junction network, and convergence to the vanishing
viscosity solution was proven. This problem models m incoming and n out-
going roads that meet at a single junction. On each road the vehicle density
evolves according to a scalar conservation law, and the requirements for joining
the solutions at the junction are defined via the so-called vanishing viscosity
germ. The algorithm mentioned above processes the junction in an implicit
manner. We propose an explicit version of the algorithm. It differs only in the
way that the junction is processed. We prove that the approximations converge
to the unique entropy solution of the associated Cauchy problem.

1. Introduction. This paper proposes an explicit finite volume scheme for first-
order scalar conservation laws on a network having a single junction. The algorithm
and analysis extend readily to networks with multiple junctions, due to the finite
speed of propagation of the solutions of conservation laws. For the sake of con-
creteness, we view the setup as a model of traffic flow, with the vector of unknowns
representing the vehicle density on each road. A number of such scalar models have
been proposed, mostly differing in how the junction is modeled. An incomplete
list of such models can be found in [4, 5, 6, 8, 7, 12, 11, 13, 14, 15, 16, 18, 19].
In this paper we focus on the so-called vanishing viscosity solution proposed and
analyzed in [7] and [2]. The junction has m incoming and n outgoing roads. With
up, denoting the density of vehicles on road h, and f,(-) denoting the flux on road
h, on each road traffic evolves according to the Lighthill-Witham-Richards model

Oup + Opfr(up) =0, h=1,....m+n. (1.1)

Incoming roads are indexed by i € {1,...,m}, and outgoing roads by j € {m +
1,...m +n}. Each road has a spatial domain denoted by €y, where ; = (—o0,0)
for i € {1,...,m} and Q; = (0,00) for j € {m+1,...m + n}. The symbol T is
used to denote the spatial domain defined by the network of roads, and L (T" x
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R, ; [0, R]™™) denotes the set of vectors @ = (uy, ..., Umin) of functions satisfying
u; € L(R- x Ry;[0,R]), d€{l,...,m},

1.2
uj € LRy xR4;[0,R]), je{m+1,...,m+n}. (12)

Following [2] we make the following assumptions concerning the fluxes fj,.

(A.1): For each h € {1,...,m +n}, fr, € Lip([0, R];R,), and || f; | < Li. Each
fn satisfies fr(0) = fi(R) = 0 and is unimodal (bell-shaped), meaning that for
some ap, € (0,R) f;(u)(up —u) > 0 for a.e. uw € [0, R].
(A.2): Foreach h € {1,...,m+n}, fj is not linearly degenerate, meaning that f;,
is not constant on any nontrivial subinterval of [0, R].

The study of vanishing viscosity solutions on a network was initiated by Coclite
and Garavello [7], who proved that vanishing viscosity solutions converge to weak
solutions if n = m and all of the fluxes f, are the same. Andreianov, Coclite and
Donadello [2] proved well-posedness of the more general problem discussed in this
paper, relying upon a generalization of recent results concerning conservation laws
with discontinuous flux [1, 3].

For the convenience of the reader, and to establish notation, we review some
relevant portions of the theory of network vanishing viscosity solutions, as described
in [2], where we refer the reader for a more complete development. Let Gp(:,-)
denote the Godunov flux associated with f3(-):

Gh(ﬁ,a) — minze[a,ﬁ] fh(z)7 @ SB7 (13)
max:e[g,a] fh(z>7 B < a.

(Compared to [2], we list the arguments «, [ of Gj in reversed order.) Note

that Gy, is consistent, i.e., Gp(a, ) = frp(a). Also, Gp(-,-) is a nonincreasing

(nondecreasing) function of its first (second) argument, is Lipschitz continuous with

respect to each argument, i.e., for o, 8 € [0, R] there exists Lj, > 0 such that

—Lp <O0GL(B,a)/0B <0, 0<IGL(B,a)/0a < Ly, he{l,...,m+n}. (1.4)

Definition 1.1 (Vanishing viscosity germ [2]). The vanishing viscosity germ Gy v
is the subset of [0, R]™"™ consisting of vectors @ = (u1,...,Un+n) such that for
some pg € [0, R] there holds

m—+n

ZGZ puauz = Z Gj(ujapfi)7

o e (1.5)
Gl(p aui) fz(uz) i=l,...,m7

Gj(uj,pz) = fi(u;), j=m+1,...,m+n.

The definition of entropy solution requires one-sided traces along the half-line
r=01in R x R+. Thanks to Assumption A.2, the existence of strong traces at
2 = 01in the L{ _ sense is guaranteed [20]. The traces are denoted

Yiwi(-) = ui(-,07), ie€{l,...,m},
'Yjuj('):Uj(',0+), je{m+1,...7m+n},

loc

(1.6)

Definition 1.2 (Gyy-entropy solution [2]). Define gy, : [0, R]? — R:
gn(v,w) =sign(v — w) (fp(v) — fa(w)), h=1,...,m+n. (1.7)
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Given an initial condition @y € L>(T;[0, R]™"), a vector @ = (u1,...,Unin) in
L>(T x R4;[0, R™*™) is a Gy entropy solution associated with  if it satisfies
the following conditions:

e For each h € {1,...,m + n}, each ¢ € [0,R], and any test function £ €
D(Qh X R1R+>7

/ /Q (\uh —¢| 0¢& + qn(up, c)8m§> dz dt +/Q luno —c|&(x,0)dx > 0. (1.8)
Ry h h

e For a.e. t € Ry, the vector of traces at the junction
~FU(t) := (Mrur(t), .- ., Ymtnmin(t)) belongs to Gyy .

Associated with each k € Gyv, and allowing for a slight abuse of notation, one
defines a road-wise constant stationary solution k(x) via

kn(x) =kn, z€Qn, he{l,...,m+n}. (1.9)

It is readily verified that viewed in this way, kj is a Gyy-entropy solution. In
fact all road-wise constant stationary solutions that are Gy y-entropy solutions are
associated with a k € Gy in this manner.

Definition 1.2 reveals the relationship between the set Gyy and Gyy-entropy
solutions, and is well-suited to proving uniqueness of solutions. On the other hand,
Definition 1.3 below is equivalent (Theorem 2.11 of [2]), and is better suited to
proving that the limit of finite volume approximations is a Gy -entropy solution.

Definition 1.3 (Gyv-entropy solution [2]). Given an initial condition
o € L(T; [0, R™*™), a vector @ = (u1,...,Umtn) in LT x Ry;[0, R]™") is a
Gyv entropy solution associated with wug if it satisfies the following conditions:

e The first item of Definition 1.2 holds.

e For any ke Gvv, u satisfies the following Kruzkov-type entropy inequality:

m—+n

hgl (/R+ /Qh {lun = kn| & + an(un, kn)éa } d:z:dt) >0 (1.10)

for any nonnegative test function £ € D(R x (0, 00)).

Theorem 1.4 (Well posedness [2]). Given any initial datum
’l_j() = (ul,o, ey u7n+n,0) (S LOO(F; [O, R]ern), (111)

there exists one and only one Gy -entropy solution @ € L (T x Ry; [0, R]™™) in
the sense of Definition 1.2.

In addition to the results above, reference [2] also includes a proof of existence
of the associated Riemann problem. Based on the resulting Riemann solver, a
Godunov finite volume algorithm is constructed in [2], which handles the interface
in an implicit manner. This requires the solution of a single nonlinear equation at
each time step. The resulting finite volume scheme generates approximations that
are shown to converge to the unique Gy y-entropy solution. Reference [21] validates
the algorithm by comparing finite volume approximations with exact solutions of a
collection of Riemann problems.

The main contribution of the present paper is an explicit version of the finite
volume scheme of [2]. It differs only in the processing of the junction. We place
an artificial grid point at the junction, which is assigned an artificial density. The
artificial density is evolved from one time level to the next in an explicit manner.
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Thus a nonlinear equation solver is not required. (However, we found that in certain
cases accuracy can be improved by processing the junction implicitly on the first
time step.) Like the finite volume scheme of [2], the new algorithm has the order
preservation property and is well-balanced. This makes it possible to employ the
analytical framework of [2], resulting in a proof that the approximations converge
to the unique entropy solution of the associated Cauchy problem.

In Section 2 we present our explicit finite volume scheme and prove convergence
to a Gyy-entropy solution. In Section 3 we discuss numerical experience with the
new scheme, including one example. Appendix A contains a proof that a fixed point
algorithm introduced in Section 2 converges.

2. The explicit finite volume scheme. For a fixed spatial mesh size Az, define
the grid points zg = 0 and

we=({+1/2)Ax, C(e{... —2,-1},

ve=((—1/2)Az, (€{1,2,. .} (2.1)
Each road €, is discretized according to
Q, = U Iy, Ip:= (g — Az /2,29 + Az /2] for £ < —1,
=t (2.2)

Q; = U Iy, Ip:=[zy— Ax/2,z¢ + Az/2) for £ > 1.
e>1

Our discretization of the spatial domain T is identical to that of [2], but differs
slightly in appearance since we prefer to use whole number indices for cell centers
and fractional indices for cell boundaries. We use the following notation for the
finite volume approximations:

Ul m up(@e, ), €€ Z)\ {0},

(2.3)
P* & prags)-

We are somewhat artificially assigning a density, namely P?, to the single grid point

o = 0 where the junction is located. We view the junction as a grid cell with width

zero. We advance P® from one time level to the next in an explicit manner, without

requiring a nonlinear equation solver. This is the novel aspect of our finite volume

scheme.

Remark 1. We make the association P° = p.¢+) because it is conceptually helpful.
In fact, it is justified in the special case of a stationary solution of the scheme
associated with k € Gy v; see the proof of Lemma 2.3. However, we do not attempt
to prove that P° — p, ) when A — 0. Fortunately, the convergence proof does
not rely on pointwise convergence of P* as A — 0.

The initial data are initialized via

1
Ul = = [ wuoz de, hef{l,....,m+n},
VN ho(@) { ; (2.4)
P%c [0,R).

Note that P° can be any conveniently chosen value lying in [0, R] (but see Remark 3
and Section 3). Recall that (2.3) introduced U,fl’s only for £ € Z\ {0}. We can
simplify some of the formulas that follow by defining USL ' = P for each h €
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{1,...,m + n}. The finite volume scheme then advances the approximations from
time level s to time level s + 1 according to

m—+n m
P =P | D0 GHUPT P = Y Gi(P U |

j=m+1 i=1

Upstt = Ut - A (Gi(Ugfl,Ug’s) - Gi(U;”, Ug'fl)) ,ie{l... m}, £< -1,

UpTt = Ut = (Gj(Uffp Uup) - Gj(UZ’iUZfl)) » je{m+1,.. m+n}
> 1.

(2.5)

Define A = At/Axz. When taking the limit A := (Az, At) — 0, we assume that

A is fixed. Let L = max{Ly|h € {1,...,m +n}}. In what follows we assume that
the following CFL condition is satisfied:

A(m+n)L <1. (2.6)
If all of the f;, are the same, i.e., fr(-) = f(:) for all h € {1,...,m + n}, then (2.6)
can be replaced by the following less restrictive condition (see Remark 6):
Amax(m,n)L < 1. (2.7)
Remark 2. The algorithm (2.5) is an explicit version of the scheme of [2]. To
recover the scheme of [2] from (2.5), one proceeds as follows:

o first substitute P* for P*T1 in the first equation of (2.5), and solve the resulting
equation for P® (the implicit part of the algorithm of [2]),

e then advance each U™* to the next time level using the second and third
equations of (2.5) (recalling the notational convention Ug # = Ps).

The equation mentioned above (after substituting P* for P¥*1) is clearly equivalent
to

m+n } m i
Y GUTE P =) Gi(Pr U, (2.8)
j=m+1 i=1

The implicit portion of the scheme of [2] consists of solving (2.8) for the unknown
Ps. Lemma 2.3 of [2] guarantees that this equation has a solution, which can be
found using, e.g., regula falsi.

Remark 3. The convergence of the scheme (2.5) is unaffected by the choice of
P as long as it lies in [0, R]. However the choice of P does affect accuracy, see
Section 3. We found that accurate results are obtained when P? is a solution to the
s = 0 version of (2.8). We also found this solution can be conveniently approximated
by iterating the first equation of (2.5), i.e.,

m—+n m
Pl =P)—x| > G0 P)-> Gi(PUY) . (2.9)
j=m+1 i=1

Moreover, we found that this same fixed point iteration approach is a convenient
way to solve (2.8) when implementing the implicit scheme of [2]. From this point of
view the algorithm of this paper and the algorithm of [2] only differ in whether the
first equation of (2.5) is iterated once, or iterated to (approximate) convergence.
See Appendix A for a proof that the iterative scheme (2.9) converges to a solution
of (2.8).
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Remark 4. The CFL condition associated with the finite volume scheme of [2] is
AL < 1/2. (2.10)

As soon as there are more than a few roads impinging on the junction, our CFL
condition (2.6) imposes a more severe restriction on the allowable time step, which
becomes increasingly restrictive as more roads are included. One could view this as
the price to be paid for the simplified processing of the junction. On the other hand,
most of the specific examples discussed in the literature are limited to max(m,n) =
2. In that case, if also all of the f, are the same, then (2.7) and (2.10) are equivalent.
Finally, at the cost of some additional complexity, one could use a larger spatial
mesh adjacent to the junction, which would allow for larger time steps. We do not
pursue that here.

Let x¢(z) denote the characteristic function of the spatial interval Iy, and let
Xx°(t) denote the characteristic function of the temporal interval [sAt, (s 4+ 1)At).
We extend the grid functions to functions defined on Q, x R, via

WA =3 ST @)X OU, e {1, m),

s>00<—1

wt = szg(m)xs(t)Ug’s, je{m+1,...,m+n}
s>04>1

(2.11)

The discrete solution operator is denoted by S, which operates according to
S8y = (ui’A, LU A LA um"'”’A) . (2.12)

The symbol Tgiser is used to denote the spatial grid (excluding the artificial grid
point associated with ¢ = 0):

Ticer = ({1,...,m} x {LeZt< 71})U({m+1,...,m+n} x{{eZ,t> 1}),
(2.13)
and with the notation

Ur= (U;VS)(h,l)ede ’ (2.14)

(U, P?) denotes the grid function generated by the scheme at time step s.

Remark 5. In the case where m = n =1, i.e., a one-to-one junction, and f; # fs,
we have the special case of a conservation law with a spatially discontinuous flux
at £ = 0. If we redefine the grid so that z; = jAz, and set U5 = P?, the explicit
finite volume scheme proposed here reduces to the Godunov scheme first proposed
in [10]. In reference [17] it was proven that (for m = n = 1) the scheme converges
to the vanishing viscosity solution under more general assumptions about the flux
than the unimodality condition imposed here.

Lemma 2.1. Fiz a time level s. Assume that P* € [0, R] and Uf’s € [0, R] for

each h € {1,...m +n} . Then each UZI’SH is a nondecreasing function of each
of its three arguments. Likewise, P11 is a nondecreasing function of each of its
m+n+ 1 arguments.

Proof. For h € {1,...,m} and £ < —1,or h € {m+1,...,m+n} and £ > 1, the
assertion about U, eh “*1 g a standard fact about three-point monotone schemes for
scalar conservation laws [9]. For the remaining cases, we show that the relevant

partial derivatives are nonnegative.
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Fix i € {1,...,m}, let £ = —1. The partial derivatives of JU"5™" are

UL JoU™s = NOG, (U5, U™S) jaU™s,

QUST JaUY® = —NOG(UYS, U™S) /oU,*, (2.15)

UL JOUST =1 = NIG;(Uy®, ULT) JOULS + X0G (U3, Uy®*) JoU™S.
That partial derivatives in the first two lines are nonnegative is a well-known prop-
erty of the Godunov numerical flux. The partial derivative on the third line is
nonnegative due to (1.4) and the CFL condition (2.6). ‘

A similar calculation shows that the partial derivatives of Uy “* are nonnegative,
for each j € {m+1,...,m +n}.

It remains to show that the partial derivatives of Pstlare all nonnegative. Note
that P**1 is a function of P*, along with U"] for i € {1,...,m}, and U{*® for
je€{m+1,...,m+n}. The partial derivatives of P**! are

P JoU™T = NOG,(P*,US) /0US,
AP Ul = —\OG,;(UT*, P*)/0UT*,

m—+n m
OP*ToPT =1- X[ > 0G; (U, P*) /0Pt =) 0Gi(P*,U") /0P
j=m+1 =1
m+n m
>1-x( > max(0, f{(P*) = > min(0, f(P*))
j=m+1 =1

(2.16)

The first two partial derivatives are clearly nonnegative. For the third partial de-
rivative we have used the following readily verified fact about the Godunov flux:

. oG 0G
min(0, f7,(8)) < “53(8,0) <0 < 5(80) S max(0, fife),  (217)
and thus the third partial derivative is nonnegative due to (1.4) and the CFL con-
dition (2.6). O

Remark 6. If all of the fluxes f;, = f are the same, then the bound above for
APt /9 P* simplifies to
OP*T1 /9P > 1 — A (nmax(0, f'(P*)) — mmin(0, f'(P?))), (2.18)
from which it is clear that PsT1 /P% > 0 under the less restrictive CFL condition
(2.7).
Lemma 2.2. Assuming that the initial data satisfies iy € L (T'; [0, R]"™t™), the
finite volume approximations satisfy Uél’s € [0,R], P® €[0,R] for s > 0.
Proof. The assertion is true for s = 0, due to our method of discretizing the initial
data. Define a pair of grid functions (U, P) and (U, P):
U=0, P=0,
~p . (2.19)
U/=R, P=R
It is readily verified that (U, P) and (U, P) are stationary solutions of the finite
volume scheme, and we have

Uh <l <0}, P<P°<P. (2.20)
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After an application of a single step of the finite volume scheme, these ordering
relationships are preserved, as a result of Lemma 2.1. Since (U, P) and (U, P)
remain unchanged after applying the finite volume scheme, we have

Uh<u}t <0}, P<P <P, (2.21)
This proves the assertion for s = 1, and makes it clear that the proof can be
completed by continuing this way by induction on s. O

Given k € Gy, we define a discretized version (K, P) with K = (K})
where

(h,l)ET giser

(2.22)

Kél{ki’ ¢<0and he{l,...,m},

B K, >0and he {m+1,...,m+n}.

and P = p;. Here p;: denotes the value of p associated with k whose existence is
stated in Definition 1.1.

Lemma 2.3. The finite volume scheme of Section 2 is well-balanced in the sense
that each (K, P) associated with k € Gyy as above is a stationary solution of the
finite volume scheme.

Proof. For each fixed h, and |[¢| > 1, the scheme reduces to the classical Godunov
scheme without any involvement of the junction, and thus {Kzﬁ}\lbl is clearly
unchanged by application of the scheme in this case.

Fix i € {1,...,m}, and take £ = —1. When the scheme is applied in order to
advance K* | = k' to the next time level, the result is

k' — X (Gi(pp k') — Gi(K' k")) = k' — X (fi(k") — fi(k")) = K" (2.23)

Here we have used the definition of p;;, along with the consistency of the Godunov
flux, Gi(a,a) = fi(«). Similarly, when j € {m + 1,...,m + n} is fixed, and the
scheme is applied at £ = 1, the result is k7. It remains to show that the scheme leaves
P unchanged. The quantity P = p; is advanced to the next time level according to

pp= A D Gilk,pp) =D Gilpp. k) | =pp, (2.24)
j=m+1 i=1
where we have applied the first equation of (1.5). 0

With the notation a V b = max(a,b) and a A b = min(a, b), define

Q11 o[US, U] = Gu(U VUL, UP VO ) =Gr(US AU U AU . (2.25)

Lemma 2.4. Let 0 < & € D(RX(0,00)), and define £ = &(x¢,t°). Given any initial
conditions i,y € L>(T;[0, R™™), the associated finite volume approximations
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satisfy the following discrete Kato inequality:

ZAmAtZZ]UZt

s=14<0

(& —&") /At

+ ZAmAtzz Qe 1/2 s, US} (fz 5571) [Ax
s=0 £<0

m—+n

+ 3 AxAtZZ‘U”

j=m+1 s=14>0

(& &) /At (2.26)

m+n

+ Z AxAtZZ Qe+1/2 [U*,0°] (€311 — &) /A

j=m+1 s=0¢>0

+oo
+ATALY P - P (6 - 67Y) /At = 0,
s=1

Proof. From the monotonicity property (Lemma 2.1), a standard calculation [9]
yields

’Uéi,s—&-l _ Uéi,s—&-l’ < ‘Ug"s _ Ug‘,s
A (Qz+1/2[US,US] - Q271/2[Usv Uq]) ;o 0<-1,
1e{l,...,m},

Jys+1 rdss+1 J)s 13,8
ot - 0| < |ug - 0

M@ olU" 0% = Q1 U™, 07]) €21,
je{m+1,...,m+n},

R R m+n R m ) R
’P8+1_PS+1’ S ‘PS_PS - A Z Ql/g S7US]_ZQZ_1/2[USvUS}
j=m+1 =1

(2.27)

We first multiply each of the first and second set of inequalities indexed by —Az&;.
Likewise, we multiply each of the last set of inequalities by —Az;. Next we sum
the inequalities indexed by ¢ over i € {1,...,m}, s > 0, £ < —1, and then sum
by parts in s and ¢. Similarly, we sum the inequalities indexed by j over j €
{m+1,...,m+mn}, s >0, ¢>1, and then sum by parts in s and £. For the last
set of inequalities we sum over s > 0, and then sum by parts in s. When all of the
sums are combined the result is (2.26). O

Lemma 2.5. Suppose that © is a subsequential limit of the finite volume approx-
imations S™iy generated by the scheme of Section 2. Then i is a Gyy entropy
solution.

Proof. The proof that the first condition of Definition 1.2 holds is a slight adaptation
of a standard fact about monotone schemes for scalar conservation laws [9].

The proof is completed by verifying the second condition of Definition 1.2. Let
ke Gyvy, with k also denoting (by a slight abuse of notation) the associated road-
wise constant Gy solution. Following [2], we invoke Lemma 2.4, with i = E,
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and rely on the fact that S Ak is a stationary solution of the finite volume scheme
(Lemma 2.3). When A — 0 in the resulting version of (2.26), the result is the
desired Kruzkov-type entropy inequality (1.10). The crucial observation here is
that the last sum on the left side of (2.26) vanishes in the limit. O

With Lemmas 2.1 through 2.5 in hand it is possible to repeat the proof of The-
orem 3.3 of [2], which yields Theorem 2.6 below.

Theorem 2.6. For a given initial datum @y € L>(T;[0, R™t™]), the finite volume
scheme of Section 2 converges to the unique Gy v -entropy solution i, i.e., S™iy — @
as A — 0.

3. Numerical experience. We found that if P is initialized carefully the ap-
proximations generated by the explicit scheme of Section 2 differ only slightly from
those generated by the implicit scheme of [2]. This conclusion is based on testing on
the Riemann problems of [21], among others. Thus we limit our discussion to the
initialization of P°, including one numerical example that illustrates the difference
between a bad choice for P° and a good one.

Initialization of P°. As mentioned previously, convergence is guaranteed as
long as PY € [0, R], but the choice of P° can affect accuracy. A bad choice of P° can
result in spurious numerical artifacts, more specifically “bumps” that travel away
from x = 0. These bumps have been noticed before in the case of a one-to-one
junction, see Example 2 of [17]. We have found two approaches that are effective
in initializing P°:

e Initialize P° by solving the nonlinear equation (2.8) (with s = 0). In other
words, the scheme is implicit on the first time step, and explicit on all sub-
sequent time steps. No spurious artifacts were observed with this method of
initialization. For our numerical tests, we solved (2.8) via the iteration (2.9)
purely as a matter of convenience, but regula falsi, as suggested in [2], may
be more efficient.

e Initialize P° by choosing P® = U"Y for some i € {1,...,m} or P® = U}°
for some j € {m +1,...,m + n}. If a spurious bump is observed, try a
different choice from the same finite set. Obviously, this is a trial and error
method, and may require re-running a simulation. Based on a substantial
amount of experience with one-to-one junctions (discontinuous flux problems),
there seems to always be a choice for which no spurious bump appears. This
approach also seems to work for more general junctions (up to and including
two-by-two), but our experience here is more limited.

Example 1. This example demonstrates the appearance of a spurious bump when
PO is initialized with a “bad” value. We emphasize that convergence is not af-
fected, only accuracy. This is a Riemann problem featuring a two-to-one merge
junction. The initial data is (u1,0,u2,0,u3,0) = (3/4,4/5,1/5). See Figure 1. We
used (Az, At) = (.005,.0025), A = 1/2, for 25 time steps. In the left panel, we used
PY = 1/5. In the right panel, we computed PY by the fixed point iteration (2.9),
stopping when the difference was ‘P,? 1 P,g’ < 1075, In the left panel, a spurious
bump in the graph of us left is visible. This numerical artifact is not visible in the
right panel.

One can also get rid of the spurious bump by choosing P® = 4/5. With this
choice we got results that are visually indistinguishable from those obtained when
using (2.9) for P°.
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FIGURE 1. Example 1. Left panel: P° = 1/5. Right panel:
PY computed by the fixed point iteration (2.9), or by choosing
PY = 4/5. Solid line: uj, dashed line: ug, dot-dashed line: ugz. In
the left panel a spurious bump in us is visible, due to a bad choice
of PY (which does not affect convergence). In the right panel there
is no spurious bump.

Acknowledgments. I thank two anonymous referees for their comments and sug-
gestions.

Appendix A. Convergence of the iterative scheme (2.9). In this appendix
we prove that the fixed point iterations (2.9) converge to a solution of the equation
(2.8). Let p = P*, and define the vector @ = (u1, ..., Umtn) by

w=U" fori=1,....m, wu;=U*forj=m+1,...,m+n. (A1)
Then (2.8) takes the form
5" (p) = 27 (p), (A.2)
where
m min
PP(p) = Gilp,w), 5= D Gilusp). (A3)
i=1 j=m+1

This notation agrees with that of [2], where it was shown that ®2(-)—®%"*(-) changes
from nonnegative to nonpositive over the interval [0, R], and thus the intermediate
value theorem guarantees at least one solution of (A.2). Reference [2] suggested
regula falsi as a method of locating such a solution. As an alternative we proposed
the iterative method (2.9) because it clarifies the relationship between the finite
volume algorithm of this paper and that of [2]. Moreover we found that our explicit
finite volume scheme can be improved by using a hybrid method, where the implicit
scheme of [2] is employed on the first time step and our explicit method is used on
all later time steps. In that situation the iterative algorithm (2.9) was found to be a
convenient way to implement the nonlinear equation solver that is required on the
first time step.
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With the simplified notation introduced above, the iterative scheme (2.9) be-
comes

Posr =Py — A (G () — 27 (p0)) o € [0,R]. (A4)

Proposition 1. The sequence {p,} produced by the iterative scheme (A.4) con-
verges to a solution of (A.2).

Proof. Note that p — G;(p,u;) is nonincreasing on [0, R], p — G;(u;,p) is nonde-
creasing on [0, R], and
0< Gz(oa ui)? Gl(R’ U’l) =0,

A.
Gj(Uj,O)ZO, OSG](UJ,R) ( 5)

Thus, p — ®(p) is nonincreasing on [0, R], p — ®%(p) is nondecreasing on [0, R],
and

(A.6)

Define ¥; according to
Wy (p) = 25" (p) — 27 (p), (A7)
and observe that Wz is Lipschitz continuous on [0, R] with Lipschitz constant
bounded by (m + n)L. Also note that ¥z is nondecreasing on [0, R], and
\PE(O) <0< \I/g(R) (AS)
Define
II(p) = p — AVa(p). (A.9)
II is Lipschitz continuous and
II'(p) =1—AV%(p) > 1— X(m+n)L. (A.10)
Thanks to (A.10) and the CFL condition (2.6), it is clear that II is nondecreasing
on [0, R], and recalling (A.8) we have
0 <II(0) <I(p) <II(R) < R for p € [0, R]. (A.11)
Thus II maps [0, R] continuously into [0, R]. In terms of II, the iterative scheme
(A4)is
puv+1 =1I(py), po € [0, R]. (A12)
We can now prove convergence of the sequence {p,}. First take the case where
Duo+1 = Py, for some vy. Then p, = p,, for v > vy, s0 p, = Dy, AlSO Puy+1 = Duy
implies that ¥z(p,,) = 0, and thus p,, is a solution of (A.3).
Now consider the case where p,4+1 # p, for all v > 0. Then
pv+1—pu = H(py) — (py—1)
II bv) — I1 Pv-1 (A13)
= ( ) ( )(pu_pufl)
Pv —Pv-1
Since II is nondecreasing and p, — p,—1 # 0, p41 — py # 0, (A.13) implies that

sign(py41 — pu) = sign(p, — py—1) = ... = sign(p1 — po)- (A.14)

In other words, the sequence {p,} is monotonic. Since we also have {p,} C [0, R],
p,, converges to some p € [0, R], and it follows from continuity of ¥; that the limit
p is a solution of (A.3). O
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