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ABSTRACT. We study emergent behaviors of the Lohe Hermitian sphere(LHS)
model with a time-delay for a homogeneous and heterogeneous ensemble. The
LHS model is a complex counterpart of the Lohe sphere(LS) aggregation model
on the unit sphere in Euclidean space, and it describes the aggregation of
particles on the unit Hermitian sphere in C? with d > 2. Recently it has been
introduced by two authors of this work as a special case of the Lohe tensor
model. When the coupling gain pair satisfies a specific linear relation, namely
the Stuart-Landau(SL) coupling gain pair, it can be embedded into the LS
model on R2¢. In this work, we show that if the coupling gain pair is close to
the SL coupling pair case, the dynamics of the LHS model exhibits an emergent
aggregate phenomenon via the interplay between time-delayed interactions and
nonlinear coupling between states. For this, we present several frameworks for
complete aggregation and practical aggregation in terms of initial data and
system parameters using the Lyapunov functional approach.

1. Introduction. Emergent dynamics of a many-body system is ubiquitous in clas-
sical and quantum systems, e.g., aggregation of bacteria [38, 39], flocking of birds
[2], schooling of fish, synchronization of fireflies and neurons [7, 34, 41, 42] and
hand clapping of people in a concert hall, etc. For surveys and books, we refer to
[1, 2,4, 16, 19, 35, 36, 40, 42]. In this paper, we continue studies begun in [8, 24] on
the emergent dynamics of the LHS model. The LHS model corresponds to the com-
plex counterpart of the Lohe sphere(LS) model which has been extensively studied in
previous literature [11, 26, 32, 33, 37, 43]. The LHS model is the first-order aggrega-
tion model describing continuous-time dynamics of particle’s position on the Hermit-

ian unit sphere HS* ' := {z = ([, . [2]la) €CL: 2] == Eizl I[#]al? = 1}

with d > 1. Here we denote the a-th component of the complex vector z € C? as
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[2]o Which is consistent with earlier notation in [23]. As a warmup for our discussion,
we briefly introduce the LHS model with time-delayed interactions.

Let zj = ([2]1,+ - ,[2]a) € C? be a position of the j-th Hermitian Lohe particle
on the Hermitian unit sphere, and interaction weight between the j-th and k-th
particle is denoted by the real value aj; € R. Then, the temporal dynamics of z;
is governed by the Cauchy problem to the LHS model with a uniform time-delay
T>0:

3 Ko T T
2 =Qz + N Zajk(<zj,zj>zk — (25, 2j)%j)
ki
K1 T T
+ﬁZa’jk(<zjazk>7<Zlcazj>)zjv t>0, (1)
k#j

zj(t) = p;(t) e HST™, —7<t<0, jeN:={1,---,N},

where 2] (t) := zx(t — 7), ¢; = ¢;(t) is a bounded continuous function of ¢, ; is
a d x d skew-Hermitian matrix and (a;;) € RV*¥ is a symmetric matrix whose
components are all positive. Before we continue further, we introduce

(w,z) == Z[w]a[z]m 2] := V{2,2), w= (W? o vm)

A global well-posedness of system (1) can be done by combining a local well-
posedness from the standard Cauchy-Lipschitz theory in [25, 28] and a priori uni-
form bound in Lemma 2.1. In the absence of time-delay with 7 = 0, emergent
dynamics of the LHS model was investigated in [8, 24] in which several sufficient
frameworks were proposed for complete and practical aggregations. In this paper,
we are interested in the following simple question:

“Under what conditions on system parameters kg, k1, 7, network topol-
ogy (a;;) and initial data set {¢,}, can we verify the emergence of col-
lective behaviors of the LHS with time-delay?”

This question has been already addressed for other low-rank aggregation models
(rank-1: vectors or rank-2: matrices), to name a few, the Lohe sphere model [9, 10],
the Lohe matrix model [18]. Throughout the paper, we set

Z:: (Zl,.” ;ZN), D(Z) = 12’??/2(1\[”21_2]”

Next, we recall several induced concepts on the emergent dynamics of tensors [23, 24]
in the following definition.
Definition 1.1. Let {z;} be a global solution to (1).

1. Complete aggregation occurs asymptotically if the ensemble diameter D(Z)
tends to zero asymptotically:

lim D(Z(t)) = 0.

t—o0

2. Practical aggregation (with respect to time-delay) occurs asymptotically if the
ensemble diameter D(Z) satisfies

lim limsup D(Z(t)) = 0.

T=04+ 500
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3. Practical aggregation (with respect to time-delay and coupling strength rg)
occurs asymptotically if the ensemble diameter D(Z) satisfies

li lim i D(Z(t)) = 0.

moll)noo T—lgl—l— 1?15)313 ( ( )) 0
Then, it is easy to see that complete aggregation implies practical aggregation.
In the absence of time-delay 7 = 0, emergent dynamics for (1) has been extensively
studied in [24] (see Section 2.3). Thus, main point of this paper is to analyze the
effect of time-delayed interactions in the emergent dynamics of (1). For notational

simplicity, we set

N
max := max , min:= min |, E = E .
i\ 1<ij<N’ Tig | 1<ij<N _ -
k#j k,j=1
k#j

The main results of this paper are threefold. First, we consider the following setting:
aikzl, Qj:(), Vuke]\/
In this case, system (1) becomes
. Ko K1
4= Dz, 2028 — (20, 25)25) + N >z, 20) = (27, 2))7, >0,
k] iy (2)
zj(t) = p;(t) e HST™, —7 <t<0.
When the coupling gain pair (ko, k1) is close to the SL coupling gain pair, i.e.,

Ki
fio= ?O—i-m, 7| < 1,

system (2) can be rewritten as follows (see Section 3):
5= 03 (i 2)2 = Re((ef, 200 ) + 0 2 ({200 20) = (5200 2, 1> 0,
ey oy
zi(t) = p;(t) e HS™™, -7 <t <0,
(3)
Our first set of results is concerned with the complete aggregation of (3) (see The-

orem 3.1 and Theorem 3.6). We assume that system parameters and initial data
satisfy

Ko >0, [R[ <Ko, 71, N2>3, sup D(Z(t) <1
—7<t<0

For the complete aggregation, we introduce a Lyapunov functional:

Eij(t) = |lz:(t) — 2 (D)2 +7/t7 1z:(s) = 2;(s)]|*ds,

where v is a constant to be determined later. Then, in Section 3, we show that
&i;(t) satisfies the energy estimate (see Section 3.2.2):

t
E5(t) + 8 / l2(s) — 25(s)[2ds < £;(0), ¥t >0,

for some positive constant 3. By Barbalat’s lemma [3], the above estimate leads to
the complete aggregation (see Theorem 3.6):

Jim [[zi(t) — (1) = 0.
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Now, our second set of result deals with the practical aggregation with respect to
time-delay (Theorem 4.1). We assume that system parameters and initial data
satisfy

2|r1]

ai; =1, Q; =0, 2|k| < Ko, H}E}X(17<Z?,Z?>)<1* P

Then, the practical aggregation (with respect to the size of time-delay) emerges:
lim lim sup max (1 — (%), zj(t)>) =0.
™O t—oo 6

Our final set of result is concerned with the practical aggregation with respect to

both time-delay and free flow matrix ©; (Theorem 4.7). For system (1), we assume
that system parameters satisfy

N N
o 1 9 o
L=t |0 = a1 and max|1 — (22,29 <1 — k=1 ik a]k|.
N 2 o 177 N
> r=1(aik + ajk) & 2op—1 (@i + ajr)

Note that for any unit complex vectors z¥ and z?, we have

<

1
1= (0,200 = o120 = 2P,

Thus, relations (4) implies restriction on initial diameter and network structure:

4300 laik — ajil
Tt ag)
For all-to-all network structure with a;; = 1, the R.H.S. of (5) becomes

D(2°) < V2,

which is true for any initial data. Then, the practical aggregation (with respect to
time-delay and coupling strength x¢) emerges:

D(ZO) = Z‘?gf\‘/w — z?\ <.|2

()

lim lim lim sup ma. (17 (1), 2 (t ):o.
(Jim T Tim sup max (2:(t), 2 (1))
Note that although we imposed the initial condition on ¢;(t) for a time-strip —7 <
t < 0, we require that the initial condition depends on the initial data at ¢ = 0 for
practical aggregation estimate in Theorem 4.7.

The rest of paper is organized as follows. In Section 2, we present conservation
laws for the LHS model with time-delay, its reduction to other aggregation models,
and review previous results on the emergent dynamics for the LHS model without
time-delay and LS model with a time-delay. In Section 3, we provide a sufficient
framework for the complete aggregation when the coupling gain pair is close to that
of SL coupling gain pair. In Section 4, we provide a sufficient framework leading to
the practical aggregation under a general setting. Finally, Section 5 is devoted to a
brief summary of main results and some open problems.

2. Preliminaries. In this section, we discuss two conservation laws of the LHS
model with time-delay and its reduction to other aggregation models, and review
previous results on the emergent dynamics for the LHS model.
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2.1. Conservation laws. In this subsection, we study conservation laws associated
with (1).

Lemma 2.1. (Conservation of modulus) Let {z;} be a global solution to (1) with
initial data satisfying ||¢;(t)|| =1 for —7 <t <0, j € N. Then, the modulus of z;
satisfies
;=1 t>0, jeN.
e., the Hermitian sphere HS? ™! is a positively invariant set for (1).

Proof. We use (a;i) € RY*N and sesquilinearity of the inner product to find

d . .
2zl = (34, 23) + (24 2)

Ko
= <szj + NZ%‘k((ZﬁZj) — 2k, 2)%)) Z%k zj 2k ) — %k %)) % Zj>

k#j ksé/

Ko

+<zj, Qi+ 57 2 age((z ) = (e, 2)20) + 5 D am (2, 28) = (. 23)% >
= NiZ

= (Qyzj,2) + (2, Q;2;)

PO ik (G 2o 23) = (o 2020 20)) + o2 S agie(24, 23) (25, 25) — (s i) (23 23))
N N

k#j k#j
+ 2 Y (e 23 = G2z 2i)) + o0 D age (2, 20 (35 2) = (38 23023, 23)

k] k#j

= ZB:IM
(6)

Below, we estimate the terms Z;; with 1 <4 < 6 one by one.

e Case A (Estimates on Zy1 + Z;2): Since € is skew-Hermitian, we have

Tiy+Thz = (25, 25) + (25, Q25) = (2, 2) + (25, 25) = (25, 25) — (25, 2) = 0.

e Case B (Estimates on 73 + Z14): We use (2, 2]) = (2], 2;) to see that
Zis+Ti4 = 0.

e Case C (Estimates on Zy5 + Z316): Similar to Case B, one has
Ti5 +Z16 = 0.

Finally we combine all the estimates in Cases A, B, and C to obtain
d
Zlz@IF =0, ¥t>0, jeN.

This yields
1z @1 = 11z )] = ll;(0)]] = 1.
O

Remark 1. Note that the symmetry of a;; plays no role in the conservation of
modulus.
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Lemma 2.2. (Propagation of real-valuedness) Suppose that {€2;} and initial data
set {¢;} satisfy the relations:

Q; e R, Qf =-Q;, ¢;(t) €RY, lg;(1)] =1
forall j € N and —1 <t <0, and let {z;} be a solution to system (1). Then z; is
a real-valued state, i.e.,

Im([z;(H)]a) =0, Vt>0, a€{l,--,d}, jeN.

Proof. This follows from the standard uniqueness theory of time-delayed ordinary
differential equations [25, 28] O

2.2. Reduction to aggregation models. In this subsection, we discuss the re-
ductions of (1) to the Lohe sphere model and the Kuramoto model. Suppose that
initial data set {¢;} satisfy

ei(t) €RY )]l =1,
for all j € N and —7 < t < 0. Then, it follows from Lemma 2.1 and Lemma 2.2
that
zj(t) € STt C RY
In this case, the coupling terms in the R.H.S. of (1) become

(2, 20)2% = (o, 225 = \zslPek = (2L, 2025, (25, 28) = (o, 25)) 2 = 0.
We set
zj(t) = z;(t), jeN,t>0.
Then the real-valued state z; € R? satisfies the LS model with time-delay [10]:

- Ko T T
iy = Qs + 7 > (laslaf = (oF 2)2),

k#j (7)
zi(t) = p;(t) € ST CRY, 7 <t <0,

where Q); is a d x d skew-symmetric matrix for all j. Emergent dynamics of system
(7) has been studied in [9]. To see the reduction to the Kuramoto model, we also

set
_ . |cosb; . |cosa; 10 =y _
d=2, z;:= Lin@] , pji= LinaJ , Q4= [l/j o |+ fo=h (8)
Again, we substitute the ansatz (8) into (6) to derive the Kuramoto model with
time-delay [21, 22]:

éj:I/j%*%ZSin(e]:*ej)v t>0,
k] 9)
0;(t) = aj(t), —T<t<0, jeN.

The emergent dynamics of (9) has been extensively studied in literature, for exam-
ple, complete synchronization for the mean-field model [5], complete synchroniza-
tion [12, 15, 29], critical coupling strength for complete synchronization [17]. In
summary, one has the following diagram:

rca(li initial dirélcns_ion
LHS model % Lohe sphere model % Kuramoto model.
23 €sd—1 =2

On the other hand, the emergent dynamics of Lohe type matrix models has also
been investigated in literature, e.g., sufficient conditions for complete aggregations
[6, 14], mean-field approach for quaternion’s collective dynamics [13], generalized
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Lohe sphere model on Riemannian manifolds [20], a gradient flow approach for the
Lohe matrix model [27], conserved quantities and non-abelian generalization of the
Kuramoto model [30, 31, 32] etc.

2.3. Previous results. In this subsection, we present two results on the emergent
dynamics of the LHS model without a time-delay and the Lohe sphere model with
time-delay which correspond to the special cases for (1).

First, we consider the LHS model with zero time-delay case with 7 = 0 over the
complete network with a;; = 1 for all 4 and k. Under these setting, system (1)
becomes

N N
Zj = Qij + % E (<Zj,Zj>Zk — <Zk,Zj>Zj) + % Z ((Zj,Zk> - <Zk,Zj>)Zj, t> 0,
k=1 k=1

2(0) = zin e HS™!, jeN.
(10)
For emergent dynamics of (10), we introduce an order parameter as a modulus
of z. and state diameter:

pi= el D(Z) = maxiz; — ], (11)

where z. is the centroid of all z;:

1 N
Ze = — Zk-
N;k

On the other hand, we consider (11) with a zero free flow:
w; = Ko (wc(wj,wj> — wj(wc.wj>) + K1 ((wj,wc> - (wc,wj>)wj, t>0,

w;(0) = Z" € HS™™', jeN,
(12)

L XN
where w, := N Zwk.
k=1

Then the emergence of complete aggregation and solution splitting property of
(10) can be summarized in the following proposition.

Proposition 1. [24] Suppose that coupling gains, free flows and initial data satisfy

1 . N -2
N > 3, 0<I€1<1F&0, P> N Q,=Q, j=1,---,N,

where  is a skew-Hermitian matriz with size (d+1) x (d+1). Let {z;} be a global
solution to (10). Then, the following assertions hold.

1. Complete aggregation emerges asymptotically:
tlirgo D(Z(t)) = 0.
2. Solution splitting property holds:
zi =eMwj, jEN,
where w; is a solution to (12).

Proof. For a detailed proof, we refer to Theorem 4.1 of [24]. O
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Second, we consider the Lohe sphere model on the unit sphere in R? under the
influence of time-delay:

. K T T .
J:j:Qazj—i—ﬁz(||xj||2xk—(xk,xj>xj), t>0,jEN,

k#j (13)
zi(t) = @;(t) €S¥H, —7<t<0, jEN,

Proposition 2. [10] Suppose that the system parameters and initial data satisfy

1
N>3, k>0 7<—7———,
B 8(d[|2| oo + 25)
. 1
le;OI =1, jeN, te[-7,0], sup D(pt)) < g
—7<t<0

where || - [|oo is defined by ||Qc := max;,; [Q5], and ¢(t) := (p1(t),- - on (1))
Also, let {z;} be a global solution to (13). Then, we have
lim D(X(t)) =0.

t—o0

Proof. For a proof, we refer to Theorem 3.1 of [10]. O

3. Emergence of complete aggregation. In this section, we provide an emer-
gent dynamics of (1) under the following setting:

axr=1, i,keN and Q=0.

Note that this case corresponds to the same free flow and complete network topology.
Then system (1) becomes

s Ko T T K1 T T
Zj = NZ((%%‘M@ = (2 z)2) + >z, 28) = (2, 2)) %,

py py (14)
zi(t) = p;(t) e HST™, —r <t <.

In the following two subsections, we study complete aggregation in which coupling
gains satisfy the following relations:

K1+ % =0 (Stuart-Landau(SL) coupling gain pair),
0< ‘/ﬁ + %‘ < 1 (Close-to-SL coupling gain pair).

In Section 2.3 of [8], the authors reduced the vector version of the Stuart-Landau
model to the LHS model with the special pair of coupling gains. From this process,
Stuart-Landau(SL) coupling gain pair and close-to SL coupling gain pair were nat-
urally obtained. For the convenience of the reader who wants to know how the SL
coupling appears from the generalized Stuart-Landau model in C4*!, we added a
brief explanation in Appendix A.

3.1. SL coupling gain pair. In this subsection, we consider the emergent behavior
of (14) for the Stuart-Landau gain pair. In this case, the coupling term can be
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simplified as follows: on HSdil,

ko((25, 25) 2 — 2y 25)25) + w1 ((25, 28) — (215 25)) 25
1

= ko |2f — (21, 2502 — = ({2, 2L) — (2F, 2)) %
| ; |

T 1 T T
= Ko |:Zk - §(<2k7zj> + <zj,zk))zj}
= ro (2 — Re((2f, 2)) %)
Finally, we combine (14) and (15) to get

2 K'/O T T

N (2k — Re((2f,2))z), t>0,

k73 (16)
zi(t) =p;(t) €Cl, -1 <t<O.

=

Theorem 3.1. Suppose system parameters and initial data set ¢; satisfy

1 1

>0, N>3, jeN, < —, =1, D(e@k) < =,

o >3, jeN, <= el (p0) < ¢

and let {z;} be a global solution to (16). Then, the complete aggregation emerges
asymptotically:

te[-m,0],

lim D(Z(t)) = 0.

t—o0

Proof. We leave its proof in Section 3.1.2. O

Remark 2. (1) The SL coupling gain pair case can be reduced to the Lohe sphere
model with time-delay treated in [9, 10].

(2) Due to technical difficulties, we can not obtain analytical results for the expo-
nential decay of the LHS model with 7 > 0, however, numerical simulations seem to
suggest an exponential aggregation as in the Lohe sphere case without time-delay
(see Figure 3.1).

log(1-Order parameter)

. I . . I
0 05 1 15 2 25 3
Time

F1cURE 1. Exponential aggregation for 7 > 0, N =4 and d = 2
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3.1.1. A priori estimates. In the part, we provide four lemmas for the emergent
dynamics of (16) following the strategy in [10].

Lemma 3.2. Let {z;} be a global solution to (16). Then we have

d
ol — 27 < 2moRe(a] — 27+, 5 — 25) — rolli — | (Re(27, ) + Re(aT+*, 23))

2/1()

2 (Re( 2] — 278 — ||z — Z;Hz) ,

257 2
foralli,je N andt>s+T.

Proof. We set

Then, it satisfies

5= MUY (T - Re((E 7, 20))). 1

It follows from (16); and (17) that

@ a2 = 0 [ ST~ Re((of, 2)z) — S — Re((2 ™, 20))23)
ki ey
— ko (27 = Rel(e7, 20))20) — (= — Re((z7+, 22))22))

— 7 (& =Re((z], 2:))zi) — (5] 7" — Re((2] 7, 2§))2})) -

[} J

(18)

This yields

d S s d S
%Hzl — z].HQ = 2Re <zZ -z, E(ZI - zj)>

= 2koRe (2 — zj, 27 — Re((2], 2i))zi) — 2koRe (z; — 25,207 — Re((z s zj})z;>
QH 2"{/ S 7‘ S T+S8 s S
— WORe (zi — 25, 2] —Re((2], 2i))zi) + —ORe <zl z], 7+ — Re({(z] T 28))25)
= 2koRe (— z;, 7. — Re((zz ,%i))7i) — 2/{0Re (2,20 7° — Re((2]**, ENE >
250

Re< 25,27 — Re((2],2:))2 >+ﬂRe (2, ;+S Re((2] 7T 2802

= ZNO(Re(zZ, z;)Re(z}, 2;) + Re(z] T+s, zi)Re(z;, 2) — Re(z}, 20) — Re(z;, 2715))

— 2Nﬂ(Re<z s zi)Re(2], 2i) + Re(z;, 25)Re(2] 7o, 25) — Re(2}, 2]) — Re(zi,Z]TH)).
(19)

On the other hand, we have

S S : S 1 S
Ilz: — 2; 12 =2(1— Re(zi,zj))7 ie., Re(zi,zj> =1- §||zZ - 2; 2. (20)
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We combine (19) and (20) to obtain

d
||z1 — z‘"‘||2 = 2ro(Re(z], z;) + Re(z] 15, 25) — Re(z], z;) — Re(z;, 275

J
— kiollzi — 25 [P (Re(2l, 2i) + Re(217*, 27))

’ J

— Lj’?(Re(zl ,zi) + Re(2] %, 27) — Re(25, 27) — Re(z;, 2] 7)) (21)

+ ﬁ”zi — 25|I(Re(z], zi) + Re(z]*°, 25))

= 2roRe(z] — 271% 2 — Z;> — kollzi — z$||2(Re<z ,2i) + Re(2I 7%, 23))

— 2Rtz — 25,7 — 55 + 2|z — IP(Re(e] 1) + Re(z] ™, 23).
Finally, relation (21) and |(z,w)| < ||z|| - [Jw|| yield desired estimate. O

Lemma 3.3. Let {z;} be a global solution to (16). Then we have following relation
for suitable positive numbers s, u,t:

26(0) = 25 ()2 = Re(z(6) = 24 (8), 26(t) — 2 ()]
<2umo sup_ (|lz:(0) = @+ 127 0) = T @) 120) ~ 0]

t—u<v<
2ukg

sup (IIZi(v)—zi(v)ll+||ZZ( v) — 2 (v )II)HZi(t)—Zf(t)N

N t_u<v<t
Proof. Note that
[ll2:(t) — 25 ()]1> — Re(zi(t) — 2°(1), 2:(t) — 25 (1))
= |Re ([l2:(t) — 25 ()1> = (z§(t) — 2F°(8), 2:(8) — 25 (1)) -

We integrate (18) on the interval [t —wu, t] and take the inner product of the resulting
relation and z;(t) — 2§ (¢) as in [10] to find
Re ([|zi(t) = 25 ()17 = (25:(8) — 277°(1), 2:(t) — 23 (1))

<llzt) = 25 O = (z(8) — 277°(8), z:(t) — 25 (1)

<2ukg suwp (Jlz:(v) = @)+ 22 (0) = 2 @) I12:(8) - 2 (1)

t—u<v<t

+

=5 sup (o) = @)+ 1570) = @) () - 5O

O

For an emergent dynamics, we introduce a modified ensemble diameter as follows:

DO7(t) = max [|2;(t) — 2; ()] (22)

Lemma 3.4. Let {z;} be a global solution to (16). Then, the functional (22)
satisfies
d

ORI CA

Ko DO (t) - DOT(t)>  DOT(t—1)*
2 2 2

sup D7 (v)) .
t—2T<v<t

43T (N +1)
+ T
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Proof. In Lemma 3.3, we set s = 7 and take s,u = 7. Since inequalities in Lemma
3.3 and Lemma 3.4 are similar to estimates in Lemma 4.1 and 4.2 in [10], we can
derive the same result. The only difference is that we have terms involving real
parts, but it can be estimated in the same way as [10] since

1 —Re((z,22)) = Re(1 — (2, 2]) ZRG (21, 2%))

lezz | DOT()
2

We set
AT () = llz;(t) — 27 @)]I.

In order to control the term ||z7 — 227|
following estimate for A;

appearing in Lemma 3.4, we give the

Lemma 3.5. Let {z;} be a global solution to (16). Then, the functional AT satisfies

N -1
A‘Iz—j (t) S 2:‘{07'( N )

Proof. Note that

This yields

1 -

Re((zf,2))z;) | ds
k#j

IN

E

—Re((2],2)))7) | ds

IN

(I=E 0 + [Re((=, 2] - l125]1) ds

N -1
2ds =2 — .
s /-@07'< N >

/
|5
/5

2\0

2\0
™ *LM #M 2§

Now we are ready to provide a proof of our first main result.

3.1.2. Proof of Theorem 3.1. In this part, we present our first result on the complete
aggregation by combining all the estimates in Lemma 3.2 - Lemma 3.5 in two steps.
We will briefly sketch the proof, since in the next section, we will provide more
general statement and its proof.

e Step A (Existence of a trapping set): First, we claim
1

D7 (t) < 3 20
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Proof. We first estimate D%7(t) in an interval [—7,27]. Next, we define a set
1
T = {t € (27,00) : D7 (t) < 2} )

and proceed the proof using Lipschitz continuity of D%7(¢) in order to show sup 7 =
00.

Note that

Ko

d \T s T
G0 <2 - 2o (2

4 N+1
+ ”07( )

DO,T(t)Q B DO’T(t _ 7_)2
2 2

su D% (v
N2 t—27'<pv<t )
Ko TKo 0 Ko Ko Ko 0
< —=—=—D""(t)+ — < — — —D"7(t).
8 8 () + 18 4 8 *)

This yields

50 1
D7 (t) < max (DO’T(O)7 ! ) <3

e Step B (Key step): We claim
Tim [5() — 5 (0] = 0.

For this, we define a Lyapunov functional &£: for Z = (21, -+, zn),

£(0) = ) = 5O+ [l = 20,

where v is a positive constant. Then, one has
d d o
28 ®) = —ll2:() =z, O +llz(8) — 2O =1l (&) — 27 @I

7/@0 2K, Ko

<= i zl* + il

v 1z = 2l - ll=f = 2
2Ko
Wllzz' —zl* + 'YHZi(t) = 2 (®)I* = ll=7 (1) = 2 O]

d
Here, for the computation of ﬁﬂzl — z;||?, we used Lemma 3.2 with s = 0, and the

fact that Re(z; + 2;,27) > 7 when D% (t) < i(see the proof of Lemma 3.4).
By applying Young’s inequality, we have
d 7/60

() < -2

Ko Ro
de, ot 1+ 2=zl 4 T 5

2/‘% r T
17 = 2P+l @) — @1 =712 @) -z @1

Now we set v = % to get

d 7/1() 4/1() 5/’120
e < [~ 20 s - 51 < - Tl 5l <0,
since N > 3. This leads to

5I€0

- | =)= zj(s)[*ds < €;(0).
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Using the boundedness of ||2;|| for all j, we can apply Barbalat’s lemma to obtain
the desired result. O

3.2. Close-to-SL coupling gain pair. In this subsection, we consider the situa-
tion in which the coupling gain pair is close to Stuart-Landau coupling gain pair:

K .
= =2 4 gy, |7 < 1.

2
Note that
; ko T T k1 T T
4= 2z 2iak — (=, 25)25) + NZ(%AZQ — {2k, %)%
oy kg
Ko T T K1 T T
= 2z z)2h — (2 250 2) + > (=, 28) = (2, 2))%
oy =y
23)
Ko T T Ko T T (
— o 2z 2) = (=, 2)) 2 + o > (2,28 — (2% 2)) 7
oy oy
Ko T T K T T
=N > (28 — Re((2],25))25) + N > (2, 28) = (27, 2)) %
poy Py

K
We substitute k1 = & — ?O into (23) to get

5 ro T T k T T

BTN Z(<Zjvzj>zk —Re((z1, 7)) 7)) + i Z(<Zj72k> — {25, 2i))zj, t>0,
k73 =y

2j(t) = p;(t) e HS™!, —r<t<0.

By straightforward calculation, one has

Sl = 2117 <G = 5%z = )+ (5 — 25, 2 = 45%) = 2Reléi — 457, 2 - 25)
= 2koRe(2] — 2715 2 — 2;) — rollz — zSH (Re(zl, z;) + Re(2I1*, 23))

(Re(2], 2;) + Re(2] zj>))

2&
i) (Re( —zl,2 fz.TJrS) ||z fz;HQ 3

‘N

-~ S T T8 S 4K S T+S8
+ 4RIm(z;, 25)Im((2], z) — (2I7°, 25)) + WIm(z“zj)Im ((zi, 27) — (23, zj+ ))

< 2koRe(z] — 27 °, 2 — ) — kollzi — 25| (Re(2, i) + Re (2] %, 2))

2/{0

= (Re(ei = 25,27 = 277) = [l2i = 511%) + 4IA] - 126 = 251(112 = 221 + 112 = 251I)

4 s s T T+s
+ 5 lEl -z = 212 = 25+ ll2f = 2D
(25)

For the second inequality (25), we use the triangle inequality,

Izl = llwl =1 = [ m(z,w)| = [Im((z,w) = 1| = [Im(z,w = 2)| <[]z = w],



THE LOHE HERMITIAN SPHERE MODEL WITH TIME DELAY 473

and similar arguments in the proof of Lemma 3.3 to derive
lz:(t) — 25 (D)II* — Re(zi*(t) — 257 (t), 2:(t) — 25 (1))
<2usy swp (lla0) = 25 @) + 127 (0) = 27 @) 12:(0) — 2 0]

t—u<v<t
2ukg

+

5w (l0) = @I+ 17 ) = @) 1) = 5O (26)

2] sup_(2z(v) = 25 @) + 1) @) :(6) = 250
2u|R]|

sup_(2zi(v) = @)+ 127 () = 27 @) 12:(8) - @)l

t—u<v<t

Theorem 3.6. Suppose system parameters and initial data satisfy

9 1
ko > 0, |I-€| < —=RKo, CiTt < g, N >3,

256
1 .
les@I =1, sup D(Z(t) <o, =0, jeN,
—7<t<0
N-—-1 - .
where Cy := 2 ) (ko + |R|), and let {z;} be a global solution to (24). Then

complete aggregation emerges asymptotically:
Jim [lz:(t) — 2 (1) =0, i.j €N
Proof. We leave its detailed proof in Section 3.2.2. O

3.2.1. Basic estimates. In this part, we provide several a priori estimates.

Lemma 3.7. Let {z;} be a global solution to (24). For t > 27, we have following
inequality:

DO (1) B DO (t — T)2>
2 2
N 2K0T sup DO’T(v) (QHO (N]:[_l) + 3|&| <N]jf_1>> (27)

Nt _orcu<t

d
GD070) < mallf — 21 - L0070 (2

N +1
+ 4|/%|T+ sup D% (v).

t—2T7<v<t
Proof. We set s = 7 in the inequality (25) to find

d
Tl = 27117 < 2moRelal — 227, 25 — 27) = kollzi — ] [*(Re(el, 2:) + Re (27, 27))

A (Re(z; — 2], 2] — zj27> — ||z — zJT||2)
+Allllz; — 27 (127 = 2271 + llzi = 2] 1I)
+ %valllzz‘ — 27 (llzi = 27 1+ [l2F — 2371
In the inequality (26), we set

u=7 and s=7
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260) = 2 (DI = Re(z] (1) = 277 (1), 5(t) - 2] (1)
<2mry s (1) = 5 )] + 22 (0) = 22 @)1 |a(0) - 2 ()]

t—T<v<t
2TKg

sup_ (l12:(v) = 2 @) + 127 () = 22 @)]]) (8) = 2 (1)

+
N t—rT<v<t

27l swp (2n(0) = @ + 127 (0) — 227 @) 4(0) - 5 (0)]

t—r<v<t

sup_(2l|z:(v) = 2 )| + 127 (v) = 227 )]]) 24() = 2] (1)

N i rcu<t

27|R|

For a fixed ¢, there exist i; and j; such that

DO (t) = |lzi, — 23,II

Then, for ¢ > 27, one has
d o 2_ d 2
p (t) %Hzit -z |l
< 2kl — 227DV () — ko D7 (t)*(Re(2], i) + Re(27, 2]))
2/%07' 0 0 ( 4%0 - 6/23|)
——D"7(t) su DV (v) | 4kg + — + 6|R| + —
N ()t727<pv<t ) °TN 1~ N
8
FREDOT(E) sup DOT() + S poTy sup DO ().
t—27<v<t N t—27<v<t
Hence, one has
d 0,7 2T Ko 0,7 T
707 () < rollzd — 2Tl = S DRT(8)(Re(2 ,zi) + Re(227, 2]))
KoT 0,7 4k 6‘“‘) 4JR|(N +1) 0,7
+ 50 qup DO () (4o + —2 + 6|7 + + BT qp DO
t—2b7}l<pv<t (v )( TN & N N t—;ugq v
DO,T(t)Z DO,T (t _ 7_)2
< 2T Ko 0,7 _ —
wllz == 000 (2- 2 )
4K 6
+ BT sup D% (v )(4no+f+6\ | + i ‘>+4|i<b| sup D% (v)
N t—2T7<v<t N t—21<v<t

Al
—O—M sup D% (v)
t—27<v<t

— rallsZ 227 - "2 D0 () (27

DO,T(t)2 B DO,T (t _ 7_)2
2 2

2KoT N+1 . L (N+1
]\(; sup DO-,T(U) (T) (2k0 + 3|&|) + 4|R]| (T) sup DOJ(’L})'
t—27<v<t t—2r<v<t

Lemma 3.8. Let {z;} be a global solution to (24). Then, one has

||Zi(t) — Z:(t)” < ClT.
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3.2.2. Proof of Theorem 5.6. Suppose system parameters and initial data satisfy

9 1
Al < — . N>
Ko > 0, |/<c|<256n0, ClT<8’ > 3,

1 .
les@I =1, sup D(Z(t) <g, =0, jeN,
—7<t<0

and let {z;} be a solution of system (24). Then, the proof consists of two steps.

e Step A (Existence of a trapping set): We claim
1
D7 (t) < 3 1= 0. (28)
Proof of (28): We follow the same arguments as in [10]. For this, we divide the
estimate into three time intervals:

0<t<7, 7<t<27 and t>2T.

o Step A.1 (Estimate in the time-interval [0, 7]): By triangle inequality, we have

12i(8) = 27 D] < 12:(t) = 2] (O] + 112] (8) = 27 (O] < 7 + D(Z(t = 7)) < i

o Step A.2 (Estimate in the time-interval [, 27]): Similar to Step A, we use trian-
gular inequality to get

12:(8) — 2§ (DI < l2:(t) = 27 DN + 1|2 (¢) = 27 ()| < Ca7 + D(Z(t — 7).
However, since

le(®) — 2500 < lzs(0) = O+ 116 — 5O <+ 3 < o,

one has

Therefore, we give

o Step A.3 (Estimate in the time-interval [27,00)): By (27), one has
B DO,T(t)2 B DO,r(t_ 7_)2)

dt 2 2

D7) < mllz 271 - 5200 (2
N+1 N +1
sup D% (v) <T+> (2ro + 3|R|) + 4|&] <T+> sup D% (v)

N —or<u<t t—2r<v<t
DO,T(t)Z B DU,T(t _ 7_)2) N %

Ko Ko Ho,r
<———D""(t)2—
- 8 2 ()< 2 2

2K0T

0,7
sup D7 (v
AN t—2r<u<t ®)

N+1
+ 4\/’%\T+ sup  D%7(v).

t—27<v<t

Here, we used

27 — 22| < Cir < &, (L) (4mo + 6]R]) < S8 (ko + [R]) < 20 e, <60y

for N > 3.

Next we claim:

DYT(t) < =, Yit>2r

N =
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For a proof, we define a set T as
1
T = {t € (27,00) : D7 (t) < 2},

and proceed the proof using Lipschitz continuity of D%7(¢) as in [10]. The only
difference is the estimate of %DO’T(t). By direct estimates, one has

DO,T (t)Z DO,T (t _ 7_)2>

GDOT(0 < 2 - o) (2-

dt 2 2 2
3ko 4|&|
—|—— su D% (v)+ su Do <4 + >
AN 4— 27—<pu<t () t— 27—<pu<t (v) | 417 N
Ko 7K)0 7KZO -
< - TR+ 0 Jla = (5 GlA) - TP

Hence, it follows from |i| < 520 that

s SRl 1 , N LA
4 3 ho?’ <§, DO () Smax{Dm (0), 23— hj‘ } <§.
8 8
In this way, we verified claim (28).
e Step B (Zero convergence of modified diameter): We claim
Jin 123(t) = 2 (t)]] = 0. (29)

The proof is similar to Theorem 3.1 of [10] with a slight difference. We present
main steps that involve such differences. We put s = 0 in (25) to get

d T T
17 = #ll* < —rollzi — 2P (Re(z7, 2) + Re(27, 25))
— = Re(zi =z, 2] = 27) = |1z — 2 1%) + 4I&] - |z — 2]
+ IRl llzi = 25l llzs = 21l + [l=7 = 271)-
Next, we define a Lyapunov functional &;; for Z = (z1,--- ,2n) and ¢,j € N:
t
Eij(t) = |lzi(t) — 2 (®)]? +”r/ lzi(s) = 2;(s)II*ds,
t—T1

where « is a positive constant. Then, one has

d d T T
260 = Z120) =z O +ll2:() — 2 OI* =117 () — 27 O)II*
7%0 2K Ko -
< =l =zl Sl = 2l Dl = A
2/<L()
+ Sl = 2l + 41 - |z - 1P
4

+ 5 IRl Hlzi = 2gllCllzi = 250+ 1127 = 2F1)

+llzi(t) = 2 (O = yll2T (1) = 2F (B,
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By Young’s inequality, we have

d 7K K K 2K
2E5(0) < =222 — 21 + T2l — 217 + 2212 = 271+ SR —
. & ||
+ 4Rz — z1* + A =i = 2% + 2 (llze = 211> + 127 = 27 11%)

+llzi(t) = 2O = Y127 () = 2] @)1

—fn0+—+—+4|k\+%+%+v 1z — z]I?
N "N 7

Now, we set

_ o 2[R]
TTNTN
Then, we have
d 7 Ko | 2Ko o AR 2]R| 2
—&:(t)< | —= -0 4 i el Il i P — 2
650 < (ot 524 2w B A ) -
7 dwg . 8|A
= (=m0t 2+ 5 ) i - 12
For N >3 and |R| < %/{0, we have
7 4:‘4',0 - 8|I~€‘
Lo+ Oy g+ 2,
4I<Lo+ N + ‘li|+ N <
Here we set 7
7 4K - 8|k
ﬂ—_<—4f€0+N+4’f|+N>
to obtain
d

63 (8) < =Bl — 2%
This yields

t
E(t) — £;(0) < B / 24(5) — 2 (s)||%ds
which is equivalent to
t
E(t) + B / (s) — 2i(s)[2ds < &;(0).
0
It follows from definition of &;; that

Finally, we have \

8 [ Nato) = 20l < £500)
By letting ¢ — oo, one has

8 [ ) = z(0) s < £,00).
It follows from the boundedness of ;]| for all j that

d
sup ‘ﬁﬂzz(t) — zj(t)||2 < 00.
0<t<o0o
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This means ||z;(s) —z;(s)]| is uniformly continuous. Hence, we can apply Barbalat’s
lemma to obtain the desired estimate (29).

4. Emergence of practical aggregation. In this section, we study the practical
aggregation of the LHS model.

4.1. Complete network topology. In this subsection, we set
aijzl, QjEO, Z,jEN

In this case, system (1) becomes

3 Ko T T K1 T T
TN Z ({25, 22 — (2, 25)25) + N Z ((z7520) = (2 2))25, >0,
k#j k#j
zj(t) = p;(t) €C?,  —7<t<0, jEN.
(30)
For handy notation, we set

Gij = <Zi,Zj>7 GZT] = <Z;F,Zj>, Lij =1 Gij7 LZTJ =1 GZJ (31)
Our third main result is concerned with the practical aggregation. Recall that

L(t) = max |1 — (2(t), 2(t))]-

2,]

Theorem 4.1. Suppose coupling gains and initial data satisfy

2
S| < ro,  L(0) < 1— AEl
Ko

and let {z;} be a global solution to (24). Then, system (24) exhibits the practical
synchronization:

lim limsup L(t) = 0.
7\0 t—)oop ()

Proof. We leave its proof in Section 4.1.2. O

4.1.1. Basic estimates. In this part, we provide several lemmas to be crucially used
in the proof of Theorem 4.1.

Lemma 4.2. Let {z;} be a global solution to (31). Then, G;; satisfies

d a¥y) T —T Ko —T r
@Gij - N (GEj — GrGig) + N Z(Gki - GE;Gij)
ki ktj
K1 T =T K1 —T r
+ N ( ki — Gri)Gig + N Z(ij - G1;)Gij.
k#i k#j
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Proof. By direct calculation, one has

d . .
—Gij = (%, 25) + (2, %)

dt
= </;\(; Z (<Z7,7 ziyzp — {zf, zi)zi) + % Z ((zi, 25) — (25, zi)) Zis Zj>

ki ki

+ <Zz % > (z 2z — (25, 23)%) + % > (= 20) - <2272j>)zj>

k#j k#j
Ko T T L\ K1 T T
=N (28, 25) = (25, 220, 25)) + ~ > (2 = (L2 (i 25)
ki ki
K T T K T T
+ 57 2 (2l = (e 2 2) + 55 D (20 — (ol )i )
k#j k#j
Ko T —T Ko —T p K1 T —T
=N Z( ki — GriGij) + N Z(Gki - Gp;Giy) + N Z( ki — Gri)Gij
ki kAj kAi
K1 —T T
+ N Z(ij — G;)Gij-
k#j

O

Lemma 4.3. Let A € C¥*? and v € C? be given matriz and vector, respectively.
Then, one has

[Av[| < [|AllF - [lo]l,

where || - || is a vector norm in C? and || - || is the Frobenius norm defined by
|Al|F := /tr(ATA).

Proof. We set the componentwise form of A and v as follows:
A:=[Alap and v:=[v],,

where 1 < «, 8,7 < d. By the Cauchy-Schwarz inequality, we have

d d
[40)al = > [Alaglvls| < 4| D [AlaslAlap - 4| > _[Flslvls,
p=1

Thus, one has

d d d
1Av]? = Y N[Avlal? < | D7 [AlaslAlag | - | Do Wlslels | = 1AIF - [lvll,
a=1 a,f=1 B=1
and this yields the desired result. O

Lemma 4.4. Let {z;} be a global solution to (30). Then L;; in (31) satisfies
|Lij (t) — Li; ()] < 7Cs,
where the positive constant Co is given by

Cyim Q(NT‘”(HOHM\).
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Proof. By the Cauchy-Schwarz inequality, we have
| Lij (8) — Li; (D) = [z — 2], 2z5)| <z = 2] - llzl-
Note that ||z;|| = 1. By Lemma 3.8, we have

N -1
Iz = 27 < 7 (275 (k0 + k)

Lemma 4.5. Let {z;} be a global solution to (30). Then, |L;;| satisfies

d 2/@
=20 S L P(Re((oF 2+ 23+ Al gl (] + Loyl +2Car)
k=1
8Cor 4koCot
+ |LZJ| 27 (ko + |k1]) + |Lij|2 ?V2 )
Proof. We use ('30) to get
d Ko - K1 p —T
5Gii = N (G — GriGig) + 2 N 2N (G - GGy + ~ 2(GkiGij = GriGij)
#i k#j k#1
N Z Gk] i T GZ])
k?fj
NOZ — GiGij + Gy — GL,Gy) Z GriGij — GGy + Gy Gy — GE,Giy)

NO(G” GLGiy + G — GL,Gij) — N(G;GU ~ GG + GGy — G3,Gig)

N N
Ko —r 2iKkq
=¥ > (@-Li; - Ly)Lij + ~ > (ImLj; — ImL,)(1 — Ly;)
k=1 k=1
K 2iK
- NO(ZLM L, ~ L+ L7, +L;—L;Ly—L7;Li;) — 71(1 — L;;)(ImL7; — ImL,)
Thus, we have
d _ . -
|Lu|2 g LiaLig) = LijLij + LijLij = dt<zlvz]>(1 = (2, 2:)) + (1 = (2, 25)) (= dt<2172z>)
N N
— L (SN @ L, — I)Ly + 2y 3 (mLj,; — ImLf;)(1 - L)
- Jt N kj ki)t N kj ki ]
k=1 k=1
=T 2i
_ %(QLU - LT L i+ LT + L — Ly Lij — L]T-jLU) — ;1 (1- LU)(ImLJT-]- — ImL%))
N N
K 2ik
—Lij(]\(; Z(Q Li; — ka)ng‘i‘ Nl Z(Imin—Ingj)(l—Lji)
k=1 k=1
_ %(uﬁ L5, L+ L, +L}, ~L;Lj—LjLj;) — 217;1(1 — L;j)(ImL}, — ImL;.j)>
N .
K T T T T 21% T T
= ﬁo Z LisLji(Li; + Ly + Ly + Ly —4) + Nl (Lij = Lyi)(ImLy; — ImL;)

k=1
ALijLji+ (=LY — Ly, + LT, + Li)Lji + (=L7, — Li; + LT, + L) Ly
2151
N

+ 5
— (L5 + Ly + L3 + L) Lij Lys) + = (Lij — L) (ImLf; — ImL7).
Note that

LijLj; = (1 = (2i,2;))(1 — (2, 2:)) = |Li;|* and L;; = Lj;.
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So we have
d, o 2o 4k & .
Ll = Z|L”| (ReLf,; + ReL}; —2) + WZ Lij(ImL}; — ImL])
k=1

+ —(4|Lij\2 +2Re((~L, ~ Ty + Ly + T, Liy) — 2ARe(L], + L) Ly )
4
Ly Im(L] — L)

Note that the last two terms of the right hand side in above equation goes to zero
as 7 goes to 0.

e Step A: Note that
20 = 2l* = 12(1 = Re((zs, 2))| < 2|Ly],

By Lemma 4.4, we have for any 1,

|L |< 7Cs.
Since L;; = 0, one has
4k T T 4|H1| T T
NImL Im(L7; — L7)| = N |Lijtm({z;, 27 ) — (25, 2))]
4|k
= A (= 2,20 + (57— )
4|k 8Cs|r1|T
< i) + 1) < 2T L

e Step B: Next, we analyze the term
A= D (4ILy [+ 2Re((=L}; = L], + L + L) Liy) — 2(Re(L]; + L7,)| L)
= ﬁo (4‘LLJ‘2 -+ QRE((fL;LU - fZTJL”) +2R6(L: ij -+ L LU) (Re(LT + LT )|L“| )

=:A =:As

(32)

In the sequel, we estimate A;, i = 1,2 as follows.

o (Estimate of As): By direct estimate, one has
A < 2|L7;Lij| + 2/L3; Lij| + 2((1LT] + |13, )| Lij )
< 20y (LT + [Z5;1) + 20 P LT + L) (33)
< 4Co7|Lyj| + 4Co7|Lij 2.
On the other hand, note that
|Lij|> = ReL},Li; = Re|Lyj|* = ReL7,Lij = Re((Lj; — L};)Li;)
<|((Lji = L} Lij)| = |Lji — L},||Lij| < Car|Lij

o (Estimate of A;): Similarly, by Lemma 4.4, one has

*T

< |Lajl| Ly _Z;rj| < Cot|Lyjl.
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Thus, we have

A1 = 4|Lij|2 + QRG((—L;L” - ZZL”) (34)
= 2(‘[’1]‘2 + |Lij‘2 - RGL;ZL” - RGZZJLZJ) S 4C2T‘L”‘
In (32), we combine all the estimate (33) and (34) to find

4/@0627’

A= T (A1+4) < (1L |+ 1L ),

and
K —-—T T T
NO (4/Lij| + 2Re((~L7;, — Lj; + LT, + L};) Ly;)
T T 4K1 T T

8C2|I€1|7’ + 8CokoT 4/€0ch
< | Lyl N +|Lij|? N
e Step C: Finally, we analyze the term
2/€0 r 4;‘%21 T
Z |Li;|>(ReLj,; + ReLj; — ZImLU (ImL},; — ImL7,).
k=1

By direct calculation, we have

2 4
mal Z |Lij|2(ReLf; + ReL], — 2) + —+ ZImL” TmLj, — TmL,)
k=1

2
”°Z|1 2,2 P(Re(l = (., 20) +1 = (o, ) — 2)
4
i Zlm (zi,2))Am(1 — (2, z:) — 1+ (2], 2;))

N
=~ D 1=z )P (Re((2], 2 + 25)) + L]’:; > Im((zi, 2)) (Im((2F., i — 23))-

k=1 k=1

Note that

4Ky Zlm (21, 2))) (I (21, 20 = 25)) = 4ralm((zi, ;) (Im((27, i — 25))

k=1
< dlra] - |Lajl - (L&) + [Lg5]) < 4lkal - [Liz| - (|Leil + [Lej| + 2Co7),
and so
% N N
0 T T
7WZH7<Ziazj>|2(Re(<Zkvzi+Z] Z Zlvzj (<Zkvzifzj>)
k=1 Pt

"Zu 22 P(Re({F, 2 + 7)) + 4l - |Lij - (Leal + | Les] + 2Ca7).
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e Step D: We collect all the estimates in Step A - Step C to find
d 20 4k &
0 T T 1 T T
a\LUP =5 > " |Lij*(ReLy; + ReLj; — 2) + ~ > ImLg;(ImLj, — ImL))
k=1 k=1
Ko T T7 T T7 T T
+ N(4|Lij|2 + 2Re((*Lji — L+ Lj; + ij)Lij) — 2(Re(Lj; + ij)‘Lij‘Q)

41 r_ 7

N
2:‘60 T
TN DL P(Re((=F, zi + 25)) + 4l - |Ligl - (|Leil + | Leg| + 2Co7)
k=1
8CQ|K1‘T + SCQK()T 4/@0627'

We set
L(t) = Irilz;x |Lij|.
Then, for each time ¢, there exists i; and j; by which the maximum is attained, i.e.
L(t) = 1 = (zi,, ;)| (35)
Now we want to obtain the dynamics of L(t).

Lemma 4.6. Let {z;} be a global solution to (24). Then, the functional L(t) in
(35) satisfies

2C
(t) < ZHoL(t)2 + <—2f€0 + 2CokoT + 4|I€1| + 3(;()7')

—L L
p (t)
4627'

+ (402IK1IT+ N (%0+H1|))-

Proof. Tt follows from Lemma 4.5 and the fact that |L.;| < L(t), we have

d
%L(t)2 < —2koL(t)*(Re({(2], z; + z;)) + 4|k1| - L(t) - (2L(t) + 2Co7)
802|I€1|7’ + 8CokoT 2 4koCoT
L L
1ol (12
- 4CQI£0T 2
= | —2koRe((2], 2 + 2;)) + 8|k1| + i L(t)
+ <8CQ|m|T + Xl d 8‘72”07) L(t).

Note that
Re((z;, 2 + 2;)) = —Re(L; + Li;) + 2.
Since |L7,| < |Lei| + Com < L(t) + Co7, we have

d 4
L < ( — 2KoRe(2 — LT, — L7,) + 8|k | + CQZ\I;OT)L(t)z

dt
8C2|I€1|7'];7F 8C2H07‘> L(t)

+ <8C2|I£1|T+
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4
< droL(t)? + (—450 + 4CokoT + 8|K1| + Cj\’;”) L(t)?

+ (8C2|/<;1|T + 802\/€1|TA-[|- 862%07—) L(t).

Hence we obtain the desired estimate:

d 2C
—L(t) < 2roL()* + (—250 + 2CokoT + 4|k1| + 3507> L(t)

dt

CQT

4
+ (1l + 50+ 1))

4.1.2. Proof of Theorem 4.1. Consider a quadratic polynomial

2CokoT 4CoT
%) T+ (402|H1|T + 72(%0 + ‘K1|))

2‘H1| N+1 2|I€1‘ 1 2
— 2 _ _ _ _ —_
= 2K (x (1 o Cor ( )> x + Cor ( . 1+ + .

Now we study the practical aggregation as 7\, 0. Here we fix the other variables.
Let us assume that 2|k1| < ko. Then for a sufficiently small 7, there are two roots

of f(z) =0.

f(a:) = 2/6()1’2 + (—2,"{[) + 202:"{[)7’ + 4|I€1| +

Note that the discriminant D, of f(x) is given explicitly as

N+1)\? 2m|\ N+1 4 201\
D,:==C3(—— | 72 —-2C (1 — = 1- :
2(N)T 2<(+/-@0 N TwN)7T o
2
7‘51‘ )? is positive by the assumption so that
Ko

Dy >0,
so D, is positive as 7 tends to 0. Now, for 7 < 1, we denote two roots by x_(7)

and x4 (1) with z_(7) < 24 (7). Then we have following property from the phase
portrait:

Note that the constant term (1 —

L(0) < zy(r) = limsupL(t) < x_(7).

t—00
‘We also obtain

li _ =0 li =1- .
lima(7) =0, Lz, (r) -

4.2. General network topology. In this subsection, we will study practical ag-
gregation of the system (1). Here we set network topology as {a;;} with a;; > 0,
for all 7,7 € N.

s Ko T T K1 T T
Zj = Qij + ﬁ Zajk«zj, Zj>Zk — <Zka Zj)Zj) + ﬁ Zajk.«zj, Zk> — <Zk,2j>)2j,
ki ki
zj(t) = p;(t) € C%, —1 <t <0,
(36)

Theorem 4.7. Let {z;} be a global solution to (36) with the following initial con-
dition: N
2% =1 laix — aji]

L — .
O <= N e+ an)
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Then, system (36) exhibits the practical aggregation:

lim lim limsup L(¢) = 0.

Ko—=0 TNO0 ¢t—00

Proof. We leave its proof in Section 4.2.2 O

4.2.1. Basic estimates. In this part, we provide several a priori estimates to be used
in the proof of Theorem 4.7.

Lemma 4.8. Let {z;} be a global solution to (36). Then G;; in (31) satisfies

d
5 G = (i = D)z, 25) + Zazk Grj — GrGij) o Z%k Gy — G1,Gij)
k;éz k;éj
K - —T K —r -
+ Nl Zaik(Gm‘ - G,;)Gij + Nl Z ajx(Gr; — Gi;)Gij-
ki oy

Proof. By definition of G;; = (;, 2;), one has

Gz] <szzj> <Z“ZJ>

<Qz Zalk — (2, 2i)2i) + N Zazk (2i, 21,) — (25, 1)) 71 z]>

k;h k#i

Ko
+<21 Qjzj + E ajk (25, 25)%5) E ajk (2,21, 7k7zj>)z]>

k#g k#]
Q Z“ZJ Za7k Zk7zj> zk,zl)(z, z] Zawk Z“Zk Zk Z7>)<Z7;,Zj>
k;ﬁt k;éz
+ (2, Q525) Za]k ziy 25) — (2F, 2i) (205 25)) Za]k 25, 25) — (25, 25) )% 25)
k#a k#J
= (2 = )21, 7) + 50 S (o 20) — (o 2o 20) + e S e (G 20 — (o 2o )
k#i k?fl
+*Za1k ziy 21) — (25, 220, %)) +7Zalk zj,21) — (2% 25) )70, 25)
k#j k#j
Ko T rail Ko —T -
= (% = )z, 2j) + > an(Gy — GuGiy) + N > (G — Gy Gy)
ki k#j
K1 T —=T K1 —T T
N > ai(Ghi — Gr)Gij + N > ak(Ghy — Giy)Gij.
ki k#j
which yields the desired estimate. O

Lemma 4.9. Let {z;} be a global solution to (36). Then, one has
|Lij(t) — Li; ()| < 7Cs,
where the positive constant Cs is given by

2||Afloo (N = 1) (ko + [1])
¥ :

C3 = max 1€2:]] 0o
Proof. By the Cauchy-Schwarz inequality, we have

|Lij () = Li; ()] = [(zi = 27, 20 < Nz = 2] M- 17511 = Nz = 2]
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On the other hand, we have

5 =0 = | [ s(as

t
K
S/FT Qizi-i-NOZaik((zi,zi)zk (21, zi)zi)

§ azk Zuzk

ki k;é;
2a;, (Ko +
(ol + 30 Zelet il )
ki
Now, we set
[Allso := max ai;.
i,

Then, we have

2[| Ao (N

Zk;7z7,>) Zi

25(0) - Z50] < 7 (max e +

We set

D(R) = max |2 — 2.
2y

Then by direct calculation, we get the following lemma.

Do+l

Lemma 4.10. Let {z;} be a global solution to (36). Then |L;;| satisfies

d 2}1
Z 1Lyl < 2Ly | D) + 2 Z laie = azul (|Luil + [Lig| +27C5) Ly

43|k |7 ol
31 0
+ (@i +ag)[Lij| — WZ agk + ai)| Lij|?
k=1
2K, N
20 (a7 + a1+ 7)) |2
k=1
203%07’ 263%&07’
t—5 (@ii + a;;)| Lij| + ——(aii + a;;) (| Li; |* + | Lij|)
N
4|k1]

Proof. We use (36) to find
d

dt<zhz]> (% = Qj)z,25) + Zazk Grj — sz ij)
k:;éz

*Z’hk Gri— GG ij + Z%k Gry = Giy)Gij
ki k#a

5 12 (0Bl +7€3) + asellag| + 7€) ).
k=1

Z Ajk sz

k#J

N
= (% — )z, 25) NO Z (‘hk Gr; — GrGij) + an(Gr, — GZjGij)>

N

2\5

k=1

ai (G ij - ii Gij) + a‘jj(Gji - GJT'jGij)>

=

~o
N

Z (azk G]mGz] 67' Gzy) + a]k(Gk]GU GE]GZJ)>

kiGij)

ds
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K1
N
= (% — )2, 25)

(aii(G;sz - G;,Gij) + a;;(G;Gij — G]T'sz'j))

N
N DM [ ajk — aik) Ly + (ain — @)Ly + (ain + aje — awLy; — ajkLZj)Lij]
k=1

N

2 K1 - 21K1 T
+ 5 Zl ajelmLE; — agImLi)(1 = Lij)) = =5 (ag;ImLY; — almLE) (1~ Lij)
K —T —

— NO (aij;j — aiiLz—j + aiiL CL]]L + (a“ + ajj)Lij — aiiL;L a]]L L; ) .

Thus, we have

d d
| 1]|2 dt (LHLH) = ZRe(LHLH) —2Re (dt (zis25) (1 — (Z7Z,>)>

= —QRG(L]-,; {((97 —Qj)zi, zj) N Z { Ajk — Qik Lk]

+ (aik — aji)Ly; + (ain + ajx — aiLy; — ajiLi;) i}

N
2ik 2ik
+ Tl (ajxImLY; — agImLE,)(1 — Lij)) — N1 (aj;ImL7; — azImL7%)(1 — Lij)
k=1
K T
- o (aJ]L“ aiL; + aiiLy; — aj; L + (ai + aj5)Lij — ai L Lij — aj; LT, L, ) D
N
< 2|Li;|D(2 ﬁo > { aik + ajr — aiLy; — aje L) | Lij |* + (air — agi)(Ly; — LZJ)Lﬂ}
k=1
QH T T T
+ ReW((am +aj; — aiiLi; — aj; L) | Lij | + (aj;L3; — aiiLf; + aiLi; — azL3;) Lys)
L a . 4k
+ N Z: (Im(ain L, — ajiLi;)mLi; = — I (ag Ll — ajiL3;)ImLy;.

In the sequel, we prove each term in the R.H.S. of the above relation.

e Step A: By direct calculation, one has

4Kq . 4‘“1‘ T
WIm(a“L —aj; L) ImL;;| = N |Lij|[Tm(az; Lj; — aj;L7;)]
4|/€1| 463|I€1|T
< | Lijl @i L] + aj;|Lj;1) < —7(as + ajs)|Lij].

e Step B: We set

2KO —T T
A= NRe<(aii+aN a“L —aj; ]J)|L”| —&-(a]ij aiiLij+aiL;; aj]L]Z)Lji).

Then, one has

2C3/€07‘
T ) (aii+ajj)(|Lij|2+ [Lis])

— Lji)Lji N

(aii + a;;)(|Lij|* + | Lij ).

A< WRG (an( ij LZj)Lji + a]']'(LU
< 2C3I§07’
- N

203:‘{07’

(@ii + aj;)| Lij| +
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e Step C: We set

N
> {(aik +aji — aiLy; — ajeLf;) | Lij| + (ai — aji) (Ly; - LZ,,-)Lji}

ol
Il
_

N
2K
(@i + azu)|Lig* + 57 > <aik(|Lki| +7C3) + ajk (| Lij| + Tcg)> |Li; 2
k=1

ik — @jr|(|Li| + [Lij| + 27C3)| Lij.

2|

e Step D: Note that
4k al

Wl (Im(a Lf; — ajuLf;) ImLy; <
k=1

N
4| K
1) S L s (1l +7Cs) + agi(Lag| + 7C5)).
k=1

e Step E: We collect all the estimates in Step A - Step D to get

2/{
|Lm|2 < 2|Ly;|D(Q) + =2 Z lair — aji|(| L] + |Lij| + 27C3)|Lij|
k=1

N
2/‘%0

4Cs|k1|T
Jr3|1| 2o

N (i + ajk)|Lij|?

k=1

(aii + a]])‘Lw‘

( (1Lii] + 7€) + agi(| L | + Tc?,)) L2

== (aqi + aji) (| Li|? + | Lig|)

N
4|k
1 S s asa (L] + 7C3) + agi(|Zag | + 7C)).
k=1

4.2.2. Proof of Theorem 4.7. Recall that
L(t) := max L;;.
0,J

Then, for each time ¢, there exists i; and j; by which the maximum is attained:

L(t) = |1 = (zi5 230) |-

Then by Lemma 4.10, one has

d 4 4C.
4102 <2nmpo) + M0 Z Jase — (L) + 7€) L) + T 04 a0
20 20 o
— WO (@i + ajr)L(t)* + WO (aik(L(t) +7C3) + a;,(L(t) + TC3)) L(t)*
k=1 k=1
2C 2C
+ 20 4 a3 L) + 25 s+ a3 (L + L(2)
4/r1]

N
N Z L(t) <alk(L(t) + TCS) -+ ajk(L(t) + TC3)>

k=
2K N
<20 Z(aik + a;)L(t)?
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20 o al 4CskoT
0 3K0
+ < N ;(%k + aji) W kg A — aji| + N k:1(aik + aji)

2

2C; RoT
+ ;VO (aii + a“ A ) f)z

4C3koT 4C37 4C|/€\TN
3~0 37 311
+(yx9y+477722mm7aﬂy+wﬁ+qm ~ (o +\\)‘—jf—;;wﬁ+aMOL@)

Then, we have

N
iMﬂg

7 (air + ajr) L(t)*

=|3
kol
Il
I

N
Z alk + a]k

2|K§1‘
N

al 2Csk0T

3K0
Z lair = ajel + —4 > (aix + ajk)
k=1 k=1

o /\
2\9

3koT
N

MZ%“

+ (aii + a‘jj) + (aik + ajk')) L(t)

=
Il
—-

N N

2CakoT 2CaT Qc|K|TN
+ <D(52) + % E |k — ajkl + 73((1“ + (ij)(lio + |k1]) + ikl E (au + ajk)) .
k=1 k=1

Now, we set

L&
Ap = N Z( air + ajr),
k=1
N N N
2 CsT C3T 2|1
Ag = N Z laik — aji]| + Z aik + aji) N — (ai; + a;j5) + Nro (aik + aji),
k=1 k=1 k=1
N N
D(& 2C3 ‘Hl‘ QC-;|I<61|T
Ay = y (1 : ) ).
3 ~ (@i + aj5) < + = . + Nro Z(am + aji)

—1 k=1

This yields

d
aL < Ko (./41 (.Al — AQ)L + Ag) .

If we impose following conditions:

7N\ 0 and after that kg — oo, (38)
we obtain
9 XN

Since the roots of
Ajz? — (A — Az + A3 =0

can be expressed as

Ay — Ay £ /(A = A)? — 14, As
24, '

If we combine this expression, under the condition (38) we have

2 fo_l |air — ajil . .
lim limz, =1- == ,  lim limz_ =0.
Ko—00 7\,0 Zk:l(aik + ajk) Ko—+00 7N\,0

r+ =

By similar arguments with previous result, we have desired estimate. O
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5. Conclusion. In this paper, we have proposed several sufficient frameworks lead-
ing to complete aggregation and practical aggregation in terms of initial data, cou-
pling gains and size of time-delay for the LHS model with time-delayed interac-
tions. The LHS model is a complex counterpart of the LS model, and it describes
the continuous-time dynamics of the Lohe Hermitian sphere particles on the unit
Hermitian sphere. For the SL coupling gain pair with x; = —%, the LHS model
on C¢ can be rewritten as the LS model on R??. When the coupling gain pair is
close to that of the SL coupling gain pair and the corresponding linear flows are the
same, we show that the LHS flow with a time-delay tends to complete aggregation
asymptotically for some admissible class of initial data and system parameters. For
a general network, we also provided a sufficient framework for practical aggregation
to the LHS model with respect to time-delay. Even for the LS model on the unit
sphere in Euclidean space, the complete aggregation is not known in previous liter-
ature, except some weak aggregation estimates such as practical aggregation. We
leave this interesting issue for a future work.

Appendix A. Derivation of the SL coupling. We begin with the generalized
Stuart-Landau model on C4*1:

N
= (1= ) v +9) 25 + = 2 — ), (39)
k=1

dz
dt

where z; € C4*! for all j € N, Q is a skew-Hermitian matrix with the size (d +
1) x (d+ 1) and Iz41 is the identity matrix with the size (d+ 1) x (d+ 1). Now, we
substitute the ansatz:

2 ,
zj =rjw;, r; =z and w;= m7 VieN
J
into (39) to see
o N
riw; +rjw; = (1 — r?)rjwj +r;Quw; + i Z(mwk —rjw;). (40)
k=1

Then, (w;, (40)) implies

iy 4wy, ig) = (1—rd)ry 47wy, Qu;) + (riwy, we) —rj),  (41)

2| =
] =

b
Il

1
where we used the fact that |Jw;|| = 1.

If we take the real part of (41), one has

iy =(1—7r)r; +

2=

N
Z(WRG(@U, wg)) — 13, (42)
k=1
where we used the relations:

0 = (wj,w;) + (W5, w;) = (wj,w;) + (wj, w;) = 2Re (wj,w;), (w;, Qw;) = 0.
Now, we combine (40) and (42) to get

N
. R Tk
iy = Quy + 1 ;ﬂ: - (wk - Re(<wk,wj>)wj). (43)
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Similarly, we impose r; = 1 on (43) to obtain

= Quw; + N Z wy, — Re((wg, wj))w;)

k=1
N
K 1
:Q’LU]'+N [wk*§<<wk7wj>+<wj7wk>)wj]
k=1
el [
= Quw; + i Z(wk (Wp, wj)w;) Z wj, wi) — (W, wj))w;.
k=1 k:l
If we put ko = k and k1 = —5 into the LHS model, then we get the above system.

K

Therefore, the SL coupling gain pair (kg, k1) = (K:, 77) can be obtained by the
generalized Stuart-Landau model.
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