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ABSTRACT. In this work, we study Bloch wave homogenization of periodically
heterogeneous media with fourth order singular perturbations. We recover
different homogenization regimes depending on the relative strength of the
singular perturbation and length scale of the periodic heterogeneity. The ho-
mogenized tensor is obtained in terms of the first Bloch eigenvalue. The higher
Bloch modes do not contribute to the homogenization limit. The main diffi-
culty is the presence of two parameters which requires us to obtain uniform
bounds on the Bloch spectral data in various regimes of the parameter.

1. Introduction. The formation of shear bands in elasticity is described by a de-
generate operator of elliptic-hyperbolic type [1, 23, 4]. The shear bands that are
mathematically obtained in this model are infinitesimally thin. To overcome this
non-physical description, it is customary to penalize the elasticity operator by a
fourth-order singular perturbation [18]. Subsequently, it was suggested that the
penalization should be followed by a homogenization procedure, which results in
different regimes depending on the order of penalization as compared to the length-
scale of the periodic heterogeneities. This was first carried out in [6, 18]. Similar
problems in the framework of I'-convergence have been studied in [32, 8, 39]. A
quantitative analysis of this problem appeared in [27, 26, 29]. The aim of the
present work is to revisit this problem by employing the homogenization framework
developed by Conca and Vanninathan [13]. Bloch wave method in homogenization
is a spectral method of homogenization. It also offers an alternative approximation
scheme in the form of Bloch approximation [11, 12] which provides sharp conver-
gence estimates in homogenization under minimal regularity requirements. In this
paper, we shall establish new characterizations of homogenized tensor for the singu-
larly perturbed problem in terms of the first Bloch eigenvalue and use Bloch wave
method to recover the homogenization result for singularly perturbed periodic ho-
mogenization problem.

1.1. Notation and definitions. We will study the simultaneous homogenization
and singular perturbation limits of the following operator

AR = 2A2 VA (g) v, (1.1)
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where 0 < k,e < 1, and A(y) = (ajk)?,k;ﬂ is a matrix whose entries are real,

bounded, measurable functions of y € RY. Further, the matrix A satisfies the
following hypotheses:

Al. A is elliptic, i.e., there exists o > 0 such that for all £ € R? and a.e. y € R,
A(y)E € > alel’.

A2. Ais Y-periodic, i.e., A(y + 27p) = A(y) for all p € Z%, a.e. y € R%. The set
Y = [0,27)¢ is called a basic periodicity cell and may also be interpreted as
a parametrization of the d-dimensional torus T%.

A3. The matrix A is symmetric.

‘We mention briefly the function spaces that make an appearance in this problem.
The solutions of the cell problem associated with homogenization of (1.1), as well
as Bloch eigenfunctions, are sought in the space Hﬁz(Y), which is the space of all

periodic distributions u for which the norm ||ul|g2 = (3°,czq4(1 + |n|2)2|ﬁ(n)|2)%
is finite. The space H7(Y)) may be identified with H?(T¢). The spaces Hj(Y') for
s € R are similarly defined. For s > 0, Hy (Y) forms a subspace of the space of
all periodic L? functions in R¢, denoted by Lg (Y) or L?*(T?). We shall denote the
mean value or average of a periodic function u on the basic periodicity cell Y by
My (u) = ﬁ Jy u(y) dy. Averaged integrals such as ﬁ Jy u(y) dy are sometimes
denoted as f, u(y) dy.

1.2. The method of Bloch wave homogenization. The method of Bloch waves
rests on decomposition of a periodic operator in terms of Bloch waves which may
be thought of as a periodic analogue of plane waves. As plane waves decompose a
linear operator with constant coefficients by means of the Fourier transform, Bloch
waves diagonalize a linear operator with periodic coefficients. This decomposition
begins with a direct integral decomposition of a periodic operator 2 in R?.

S5
A — /91(77) dn.
Td

The fiber operator 2(n) has compact resolvent for each fixed n € T¢. The eigen-
functions viewed as functions of 7 are called Bloch waves. Finally, the operator
2(n) is diagonalized by means of Bloch waves.

The homogenization limits for a highly oscillating scalar periodic operator are
obtained from its first Bloch mode. The rest of the Bloch modes do not con-
tribute to the homogenization limit. This is a consequence of the separation of
the first Bloch eigenvalue from the rest of the spectrum. Such an interpretation of
homogenization is also called spectral threshold effect [7]. Moreover, the homoge-
nized tensor is obtained from Hessian of the first Bloch eigenvalue. Therefore, the
second-order nature of the differential operator is reflected in the quadratic nature
of the first Bloch eigenvalue near the bottom of the spectrum. Indeed, homoge-
nization of higher-even-order periodic operators can also be obtained by the Bloch
wave method, where the first Bloch eigenvalue behaves like a polynomial of the
corresponding order near the bottom of the spectrum [37, 36].

The homogenization result in Theorem 8.1 exhibits three different regimes de-
pending on the ratio of k and e, where & is to be interpreted as a function of ¢
satisfying 3133) k = 0. Define p := £. The three different regimes correspond to
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e lim p =0,
e—0
e 0 < lim p < o0, and
e—0
e lim p = oco.
e—0
In the first regime, the subcritical case, that is, lim._,¢ p = 0, homogenization
dominates over the singular perturbation. Hence, it may be thought of as taking
the homogenization limit followed by the singular perturbation limit. In the critical
regime, that is, 0 < lim._,¢ p < 00, we can see the combined effects of singular per-
turbation and homogenization. The cell functions are solutions to a fourth order
operator. On the other hand, in the supercritical regime, that is, lir% p = 00, singu-
E—r

lar perturbation dominates the homogenization limit and homogenized coefficients
are given by the average of the periodic coefficients.

The approach is to treat p as a fixed number and obtain Bloch wave decompo-
sition for the unscaled operator A? = p?A% — V - A(y)V. This decomposition is
employed to obtain the homogenization limit as €, x — 0. While the qualitative ho-
mogenization result is not new, the presentation is original. Some novel features of
the proof are characterization of homogenized tensor and cell functions in terms of
derivatives of the first Bloch eigenvalue and eigenfunctions. This requires us to prove
analyticity of the first Bloch eigenvalue and eigenfunction in a neighbourhood of
zero in the dual parameter. Interestingly, the region of analyticity does not depend
on the singular perturbation, which plays an important role in the simultaneous
passage to 0 of k¥ and . In order to study the stability of the homogenized tensor
in the different regimes, we obtain uniform in p estimates for Bloch eigenvalues,
eigenfunctions and their derivatives of all orders in the dual parameter. We also
prove that only the first Bloch mode contributes to homogenization and the higher
modes are negligible. The analysis of three separate regimes provides considerable
challenges in the Bloch wave method, particularly in obtaining uniform estimates
in these regimes.

While the motivation for the problem (1.1) comes from the theory of elasticity,
it is for the sake of simplicity that we only study the scalar operator. However,
it must be noted that Bloch wave homogenization of systems carries some unique
difficulties, such as the presence of multiplicity at the bottom of the spectrum.
Indeed, these challenges have been surmounted by the use of directional analyticity
of Bloch eigenvalues in [35, 7, 3]. Further, the assumption of symmetry, while
customary in elasticity, is made for a simplified presentation. A Bloch wave analysis
of homogenization of non-selfadjoint operators may be found in [19].

In a forthcoming work, we will obtain quantitative estimates for the combined
effects of singular perturbation and homogenization through the notion of Bloch
approximation, which was introduced in [11]. Higher order estimates in homoge-
nization have been obtained by these methods, particularly for the dispersive wave
equation [14, 15, 2, 22].

1.3. Plan of the paper. The plan of the paper is as follows: In Section 2, we
obtain Bloch waves for the singularly perturbed operator A”. In Section 3, we
prove that the first Bloch eigenpair are analytic functions of the dual parameter in
aneighbourhood of 0. In Section 4, we prove that the neighbourhood of analyticity is
independent of p. In Section 5, we recall the cell problem for the operator A” and the
estimates associated with it. In Section 6, we characterize the homogenized tensor
in the three regimes by way of Bloch method. In Section 7, we shall define the first
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Bloch transform and analyze its asymptotic properties. In Section 8, we obtain the
qualitative homogenization theorem by means of the first Bloch transform, which
is the periodic analogue of Fourier transform. Finally, in Section 9, we quantify the
contribution of the higher Bloch transforms towards the homogenization limit.

2. Bloch waves for the singularly perturbed operator. In this section, we
will prove the existence of Bloch waves for the singular operator given by

AP = p*A? —V - A(y)V. (2.1)

Recall that p was earlier set as £, however in this section, p will be assumed to

be a fixed positive number. Bloch waves for (2.1) refers to eigenfunctions of (2.1)
satisfying the so-called (n — Y')-periodicity condition, that is, we look for functions
1) satisfying the following eigenvalue problem:

pPA%) =V - A(y) V) = A
Yy + 2mp) = > Py (y),p € Z,n € R

The above problem is invariant under Z?-shifts of 7, hence it suffices to restrict 7 to

’

Y = [f%, %)d. Now, if we set 1(y) = e®¥"¢(y) where ¢ is a Y-periodic function,

then the above eigenvalue problem is transformed into:

{ A(m)é = p*(V +in)'6 — (V +in) - A)(V +in) = Ao 22)

oy +2mp) = ¢(y).p € ZLneY .

The operator A”(n) is often called the shifted operator associated with A? where
the shift in appears as a magnetic potential. In order to prove the existence of
eigenvalues for (2.2), we shall begin by proving that a zeroth-order perturbation
of A”(n) is elliptic on HﬁQ(Y). This amounts to a Garding type inequality for the
operator A”(n). Combined with Rellich compactness theorem, this will allow us to
prove compactness of the inverse in Lg(Y). Then, a standard application of the
spectral theorem for compact self-adjoint operators will guarantee the existence of
eigenvalues for each fixed p and 7.

The bilinear form a?[n](-,-) defined on HF(Y) x HZ(Y) by

@[, 0) = /Y A +inu- (V5 iody + p? /Y (V -+ in)2ul¥ F )P0 dy, (2.3)

is associated to the operator A”(n). We shall prove the following Géarding-type
inequality for a”[n].

Lemma 2.1. There exists a positive real number C, not depending on n but de-
pending on p such that for all u € HﬁQ(Y) and alln €Y , we have

2
2 P 2 @
Wl w) + Collulliyry > N8l + Sullag (24)
Proof. We have

a’[n)(u,u) :/YA(V+2'77)u-(V—l—in)udy—l—pQ/Y(V+in)2u(V+in)2udy. (2.5)

I II
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We shall estimate the two summands separately. For the first summand, observe

that

I:/ AV +in)u - (V +in)udy
Y

:/AVu-Vudy—i—2Re{/ Ainu-Wdy}+/ Anu - nu dy,
% Y %

(2.6)

where Re denotes the real part. Now we shall estimate each term on the RHS above.

The first term of I is estimated as follows:

/AVu~Vﬁdy:/AVu~Vﬂdy
Y Y

> a/ |Vul? dy.
Y
For the second term of I, observe that
’2Re {/ Anu - Vudy}‘ < 2/ |Anu - V| dy
Y Y
<Cy / Inu - Vul dy
Y

< Cilmullzz )1 Vull 2,

Cy
< 0102HU||%§(Y) + @HVUHLg(Y)-

Finally, the third term of I is dominated by Lj? (Y) norm of u as follows:

/ Anu - nudy‘ < Cg/ |nu - nu| dy < C’4||u||L§(y).
Y Y
Now, we may choose Cs so that % = 5, then

(6% (6% (0%
I'> Sz vy + §|WUHL§(Y) - (5 +C1Csy + C4> \|U||2L§(y)~

For the second summand, observe that
1= [ (9 +infuldy
Y
:pQ/ IAUIzdyﬂ)z/ |77|4IUI2dy+4p2/ - Vul* dy
Y Y Y
+ 2p%iIm {/ 77|2uAudy} + 4ip°Re {/ (n- Vu)Audy}.
Y Y
+ 4ip°Re {/ In2u(n - V) dy}
Y

We estimate the last three terms as follows.

mm{ / |n|2uAudyH <2 [ Plullau dy
Y Y

< 2070 ?[ul| 2 || Aul| 2

P

2
p
< 480% nl*JullZz + g Il AullZ:.

(2.9)

(2.10)

(2.11)

(2.12)
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2 42'Re{/ (77~V)uAudyH §4p2/ |(n - V)u||Au| dy
1% Y

< 4p%(|(n - V)ul|p2||Aul |2

16p 3p?
- Dyl + ol AulBe (213)

2 4z'Re{ / 77|2U(77-V)udy}'§4p2 [ -yl ay

< 4p?|nP[lull 2| (n - v)u||L2

< 1920°n|*||ul |7 + ||(77 Vyullfz.  (2.14)

The previous threee estimate use Cauchy-Schwarz inequahty for the second step and
Young’s inequality for the third step. Substituting the inequalities (2.12), (2.13)
and (2.14) into (2.11), we get

11p 65,0
11> =1 Aullfa vy = 240p% | lul La vy — ==l - V)ullieiy) (215)
Since || < 1, we get
11p2 65p
112 ) Al )~ 1507 0l — [Vl gy
Now, notice that
12
IValfe = [ 19y =~ /Y ubudy < ollulfls + ollAule (216)
Substituting (2.16) in (2.15), we get
2
p
Combining (2.10) and (2.17), we obtain (2.4) with
C, = (% +C1Cy + Ca + 1607 (2.18)

O

Remark 2.2. In the Garding type inequality for the operator .4”(n), the pertur-
bation C,I in zeroth term depends on the parameter p. It is possible to avoid
the dependence of C, on p by forgoing the shift in in the biharmonic term. This
simplification was employed in [34].

Now that we have the coercivity estimate (2.4), we can prove the existence of
Bloch eigenvalues and eigenfunctions for the operator A”.

Theorem 2.3. For each n € Y’ and p > 0, the singularly perturbed Bloch eigen-
value problem (2.2) admits a countable sequence of eigenvalues and corresponding
etgenfunctions in the space HﬁQ(Q)

Proof. Lemma 2.1 shows that for every n € Y the operator A? (n) + C.I is elliptic
on HE(Y) Hence, for f € Lg(Y), this shows that A”(n)u + C,u = f is solvable
and the solution is in H, ﬁz(Y) As a result, the solution operator S”(n) is continuous
from L3(Y) to HF(Y). Since the space H7(Y) is compactly embedded in L3(Y),
SP(n) is a self-adjoint compact operator on L?(Y). Therefore, by an application
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of the spectral theorem for self-adjoint compact operators, for every n € Y we
obtain an increasing sequence of eigenvalues of A”(n) 4+ C.I and the corresponding
eigenfunctions form an orthonormal basis of Lf(Y). However, note that both the
operators A”(n) and A”(n) 4+ C, I have the same eigenfunctions but each eigenvalue
of the two operators differ by C,. We shall denote the eigenvalues and eigenfunctions
of the operator A?(1) by 11 = (A, (n), ¢4, (-, ). =

Remark 2.4. We can prove the existence of Bloch eigenvalues and eigenfunctions
for the case p = 0 by a similar method. This corresponds to the standard Bloch
eigenvalue problem considered in [13].

2.1. Bloch decomposition of L2(R?). Now that we have proved the existence of
Bloch eigenvalues and eigenfunctions, we can state the Bloch Decomposition Theo-
rem which offers a partial diagonalization of the operator A” in terms of its Bloch
eigenvalues. This is facilitated by the Bloch transform which is a mapping from
L2(R%) to 2(N; L2(Y")). The proof is similar to the one in [6] and is therefore
omitted. Note that the proof relies on a measurable selection of the Bloch eigen-
functions with respect to . A measurable selection of Bloch eigenfunctions for the
Schrodinger operator was first demonstrated in [38]. In contrast, the Bloch eigen-
values are Lipschitz continuous in the dual parameter 1. We will prove this fact
in Section 4.

Theorem 2.5. Let p > 0. Let g € L?(R?). Define the m*" Bloch coefficient of g
as

Bh.g(n) = /Rd 9()e" ¥ oh(yin)dy, meN, neY. (2.19)

1. The following inverse formula holds

o) = [ 3 Braerme dn (2.20)

m=1

2. Parseval’s identity

||g\|L2<Rd)—Z / 1B2,9(m) 2 dn. (2.21)

3. Plancherel formula For f,g € L*(R%), we have

/f dy— /BP (7)Bhng(n) dn. (2.22)

4. Bloch Decomposition in H_I(Rd) For an element F = ug(y )—l—Z;V auj(y
of H-X(RY), the following limit exists in L2(Y):

By F(n) :/Rd e & g (y) i (y; 1) +ZZ77JU7 )om(yin) ¢ dy

Jj=1

—/ ””Zu S (yimdy.  (2.23)

The definition above is independent of the partzcular representative of F.
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5. Finally, for g € D(AP),

Br,(A?g)(n) = A, (n)Br,g(n)- (2.24)
O

3. Regularity of the ground state. The Bloch wave method of homogenization
requires differentiability of the Bloch eigenvalues and eigenfunctions in a neighbour-
hood of n = 0. In this section, we will prove the following theorem. As before, p > 0
will be treated as a fixed number.

Theorem 3.1. For every p > 0, there exists 6, > 0 and a ball U? := B;, (0) =
{(neY :|n <d,} such that

1. The first Bloch eigenvalue n — M\P(n) of AP is analytic for n € UP.
2. There is a choice of corresponding eigenfunctions ¢4 (-,n) such that n € UP —
P1(-,m) € H(Y) is analytic.

For the proof, we will make use of Kato-Rellich theorem which establishes the ex-
istence of a sequence of eigenvalues and eigenfunctions associated with a selfadjoint
holomorphic family of type (B). The definition of selfadjoint holomorphic family of
type (B) and other related notions may be found in Kato [21]. Nevertheless, they
are stated below for completeness. We begin with the definition of a holomorphic
family of forms of type (a).

Definition 3.2.

1. The numerical range of a form a is defined as
©(a) = {a(u,u) : u € D(a), |[ul| =1}

where D(a) denotes the domain of the form a. Here, D(a) is a subspace of a
Hilbert space H .

2. The form a is called sectorial if there are numbers ¢ € R and 6 € [0,7/2)
such that

O(a) CScp={NeC:|arg(A—c¢)| <)}

3. A sectorial form a is said to be closed if given a sequence u, € D(a) with
Up — uw in H and a(u, — um) — 0 as n,m — oo, we have u € D(a) and
a(u, —u) = 0 as n — oo.

Definition 3.3. [Kato] A family of forms a(z),2 € Dy C CM is called a holomor-
phic family of type (a) if
1. each a(z) is sectorial and closed with domain D C H independent of z and
dense in H,
2. a(2)[u,u] is holomorphic for z € Dy C CM for each u € D.

A family of operators is called a holomorphic family of type (B) if it generates
a holomorphic family of forms of type (a).

In [21, 31], Kato-Rellich theorem is stated only for a single parameter family.
In [5], one can find the proof of Kato-Rellich theorem for multiple parameters with
the added assumption of simplicity for the eigenvalue at n = 0.

Theorem 3.4. (Kato-Rellich) Let D(7}) be a self-adjoint holomorphic family of type
(B) defined for 7j in an open set in CM. Further let Ao = 0 be an isolated eigenvalue
of D(0) that is algebraically simple. Then there exists a neighborhood Ry C CM
containing 0 such that for 11 € Ry, the following holds:
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1. There is exactly one point A() of a(D(7)) near \g = 0. Also, A(77) is isolated
and algebraically simple. Moreover, \(7) is an analytic function of 7.

2. There is an associated eigenfunction ¢(7) depending analytically on 7 with
values in H.

The proof of Theorem 3.1 proceeds by complexifying the shifted operator A”(n)
before verifying the hypothesis of Kato-Rellich Theorem.

Proof. (Proof of Theorem 3.1)
(i) Complexification of .A”(n): The form a”[n](-, -) is associated with the operator
AP (n). We define its complexification as

t(n) = / AV +ioc—7)u-(V—ioc+1)udy + p2/ |(V +io + 7)%ul® dy
Y Y
for 77 € R where

R={icC” :fj=0+ir,o,r eRM |o| < 1/2,|7| < 1/2}.

(ii) the form ¢(7) is sectorial: We have
t(ﬁ):/ A(V+i077)u~(V7i0+7)ﬂdy+p2/ |(V +io + 7)%ul* dy
Y Y
:/ A(V+ia)u'(V—ia)ﬂdy—/ A(Tu)~Vﬂdy+/ AVu - (1) dy
Y Y Y
—/ATu-Tﬂdy+i/Aau~Tﬁdy+i/ATu-Jﬂdy
Y Y Y
07 [ (Ao + 17P) u (A= lof +[+?) wdy
+2,02/ (A=|oP+|r*)u(r -V —ioc-V —ioc-T)udy
Y
+2p2/(i0~V—T-V—i0~T)u(A—|0|2+|T|2)ﬂdy
Y
+4p2/(i0~V—T-V—i0~T)u(T-V—iU-V—z’a-T)ﬂdy.
Y

From above, it is easy to write separately the real and imaginary parts of the
form (7).

8%(ﬁ)[u]:/ A(V+ia)“'(V—iU)ﬂdy—/ Atu - Tudy
v Y
7 [ (Ao +1rP) (&~ lof + 1) way
— 4p? |(T~V)u|2dy—|—4p2/ ‘(U'V)U|2dy—4p2/ |(T'O’)u|2dy
Y v v
+8p2Re{/ ’i(T~ V)u(a~7)udy} +4p2Re{/ i(g. V)uAudy}
v Y
+4p2Re{/ i|a|2u(g.v)udy}_
Y
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() [u] :/ Aau-7ﬂdy+/ ATu-Uudy+2%{/ AVu-Tudy}
Yy Yy Yy

+8p21m{/yi(7 : a)u(a.V)udy} +8p21m{/yi(0 : V)u(0~7)udy}

+4p21m{ /Y Au(T-V)udy} —4p21m{ /Y iAu(o*-T)udy}
+4p21m{/y(7'-V)u|U|2udy}—|—4p21m{/yia|2u(a-7')udy}

+ 4p°Tm {/ 17 2u(T - V)udy} — 4p’Tm {/ i|72u(o - T)udy} .
% Y

The following coercivity estimate can be easily found for the real part:

2
~ 2 o 2 2 P 2
Re()[u] + Os|lullzz vy 2 <||U||L3(Y) + HVUHLg(Y)) + FHAUHLg(yy (3.1)

-2
Let us define the new form £(7}) by (7)[u, v] = t(7})[u,v] + (C5 + C@)(U,’U)L’E’(y).
Then it holds that

2
~ « P
REA) = 5 (Il Bz + 1IVul 230 ) + S 180l ) + Collull3 -

Also, the imaginary part of £(7]) can be estimated as follows:

St(i)[u) < Crllullzz ey + CslIVul 2 ) + CollAull7s

Cho :max{%,%} 9 « 2 p2 2
o ::%170 Cio <C6||U||L§(Y) + §||vu||L§(Y) T 6||Au||L§(Y)>

~ (0%
< Cio (é)%t(n)[u] - §HU||2L§(Y)) .

This shows that #(7j) is sectorial. However, sectoriality is invariant under trans-
lations by scalar multiple of identity operator in L?(Y), therefore the form ¢(7) is
also sectorial.

(iii) The form ¢(7) is closed: Suppose that u, % u. This means that u, — u in
L3(Q) and #(7)[un — um] — 0. As a consequence, Rt(77)[un — um] — 0. By (3.1),
| — um||an(y) — 0, i.e., (u,) is Cauchy in HZ(Y). Therefore, there exists v €
Hﬁz(Y) such that w, — v in HﬁQ(Y). Due to uniqueness of limit in Lf(Y), v = u.
Therefore, the form is closed.

(iv) The form ¢(77) is holomorphic: The holomorphy of ¢ follows as a consequence
of t being a quartic polynomial in 7.

(v) 0 is an isolated eigenvalue: Zero is an eigenvalue because constants are
eigenfunctions of A?(0) = —V - AV + p?A2. As a result, C, is an eigenvalue of
AP(0)+ C.I. We proved using Lemma 2.1 that A”(0) + C. 1 has compact resolvent.
Therefore, C;! is an eigenvalue of (A”(0) + C.I)~! and C ! is isolated. Hence,
zero is an isolated point of the spectrum of A”(0).

(vi) 0 is a geometrically simple eigenvalue: Denote by ker A”(0) the kernel
of operator A?(0). Let v € ker A?(0), then [, AVv - Vody + p? [, |[Av|? = 0.
Due to the coercivity of the matrix A, we obtain ||Vv|\L§(y) = 0. Hence, v is a
constant. This shows that the eigenspace corresponding to eigenvalue 0 is spanned
by constants, therefore, it is one-dimensional.
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(vii) 0 is an algebraically simple eigenvalue: Suppose that v € HﬁZ(Y) such
that A”(0)%v = 0, i.e., A?(0)v € ker A”(0). This implies that A”(0)v = C for some
generic constant C'. However, by the compatibility condition for the solvability of
this equation, we obtain C = 0. Therefore, v € ker A?(0). This shows that the
eigenvalue 0 is algebraically simple. O

4. Neighbourhood of analyticity. In Section 3, we have proved that the first
Bloch eigenvalue and eigenfunction is analytic in a neighbourhood of n = 0. How-
ever, a priori, this neighbourhood depends on the parameter p. In this section, we
will prove that the neighbourhood is, in fact, independent of p. This requirement
is essential for problems where simultaneous limits with respect to two parameters
are studied, such as [28, 16]; as well as for quantitative estimates, such as [10].

We begin by proving that Bloch eigenvalues are Lipschitz continuous in the dual
parameter.

Lemma 4.1. For all m € N and p > 0, A, is a Lipschitz continuous function of
ne Y’

Proof. The following form is associated with A”(n):

folu,n) = [

A(Y + inyu- (V T inyudy + 0 / (V + in)*ul¥ T inZady. (4.1)
Y Y

Hence, for 17,7/ € Y, we have

a’[n] — a’[n'] = 2Re {/Y Ai(n—n")u - Vudy} + /Y Anu - nudy + /Y An'u - n'udy
7 [ = B dy 407 [ oSl =o' Tl dy
wagtitn{ [ (= P uauan
+ 4p*iRe {/Y(n —n')- VuAudy}
wagtine{ [ ituty - 9w Puty - yuay

< Cly=nlllully iy +C'ln =10 {18l sy + ulzy b

where C' and C’ are generic constants independent of p. By the Courant-Fischer
minmax characterization of eigenvalues, we obtain

Ao () S M (0) + Cln =11 |t + C'p% |1 — 1 v, (4.2)
where i, is the m!" eigenvalue of the following spectral problem:

=AUy + Uy, = Pyl In Y
Uy 18 Y — periodic,

and v, is the m*" eigenvalue of the following spectral problem:

2 _ .
A%V + Uy = UppUp, in Y
U 18 Y — periodic.
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By interchanging the role of 7 and 7', we obtain
(AL () = Mo ()] < C(pm + pPvm) I — 17| (4.3)

Here, C is a generic constant independent of p. O

Now, we will prove a spectral gap result, viz. the second Bloch eigenvalue is
bounded below.

Lemma 4.2. For all m > 2 and for alln € Y,, we have
X0, (1) = Ay, (4.4)
where Y is the second Neumann eigenvalue of the operator —A in'Y .

Proof. Notice that A2 (n) > A5(n) for all m > 2 and for all n € Y. Next, observe
that

M) = inf max AV VTG dy + g7 [y [A(TVG)P dy

WCH2(Y) ¢EW fy|¢‘2dy
dim(V[u/):Q ¢70

Av Vid 2 A 2d
> inf maxfy Y- VY y";fl Jy 1Ay dy
dvivnf(lééﬁfz %E;évg fy |¢| Y
AVY - Vi d
> inf Inaxigiggg%ng;égg
aremio welt Jy [P dy
AV - Vipd
> inf e Sy AVY - Vi dy
WcHl(Y) vew fY ]2 dy

dim(W)=2 %70
V| d
> inf max M

2d
d”fr&’évlﬁ‘;z w20 Jy 11 dy

ary.

O

The bound obtained in Lemma 4.2 will be useful for the small p regime, however,
for the large p regime, that is, for p — oo, we need a different lower bound.

Lemma 4.3. For all m > 2 and for alln € Y, we have
Xoy(n) = CpPry — C (4.5)

where kg is the 2" eigenvalue of periodic bilaplacian on'Y, where C' and C' are
generic constants independent of p and 7.

Proof. Recall the following Garding type estimate (2.4) for the form a”[n] associated
with the operator A”(n):

2
P «
a?[n) (u, u) + C*||u||i§(y) 2 FHAUHQLg(Y) + §||U||H;(Q)~

The inequality in Lemma 4.3 follows readily from above by applying the minmax
characterization. O
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Remark 4.4. In Lemma 4.2 and Lemma 4.3, we have avoided estimating the
second Bloch eigenvalue by using the spectral problem associated with Neumann
bilaplacian as it is known to be ill-posed [30]. Moreover, polyharmonic Neumann
eigenvalue problems on polygonal domains (such as Y) are less well understood [20,
17]. However, suitable natural boundary conditions associated with the operator
A? — 7A are obtained in [9].

We are finally in a position to prove that the neighbourhood of analyticity of the
first Bloch eigenvalue does not depend on the parameter p.

Theorem 4.5. There exists a neighbourhood U = Bs(0) of n = 0 , not depending
on p, such that \{(n) is analytic on Bs(0).

Proof. Tt was proved in Theorem 3.1 that the first Bloch eigenvalue is analytic in a
neighbourhood of n = 0. However, a priori it is not clear whether this neighbour-
hood is independent of p. To prove this, it suffices to prove that the first Bloch
eigenvalue is simple in a neighbourhood of n = 0 independently of p. Observe that

(M (n) = A5 ()] = A5(n) — M (n) = A (0)] — [A5(n) — A5(0)]

(4.3)
> M(n) = 2(C +p?)nl, (4.6)
where C' is a generic constant independent of p and 7.
e For sufficiently large p,
IA7(n) = As(m) = X5 () = 2(C + p*) I

Lemma 4.3 "9 7 2
(Cp"=C ) =2(C+p7)In|
large p =,

> C p*P=2p°In| >0

for |n| < CT Here, C, C,,C’” and O are all generic constants independent
of p and 7.
e For remaining values of p,

INT(n) = A5 ()] = A5(n) = 2(C + p?)In]
Lemma 4.2

aXy —2(C+ p?)n|
> a\y —2C|n| >0

ary
for |n] < &
O

Remark 4.6. In the papers [33, 34], an additional artificial parameter is intro-
duced in the Bloch eigenvalue problem to facilitate the homogenization method.
Unlike (1.1), these papers employ successive limits of the two parameters instead
of simultaneous limits. Therefore, the non-dependence of the neighbourhood of
analyticity on the second parameter is not required in [33, 34].

5. Cell problem and estimates. In this section, we will consider the classical cell
problem associated with (1.1) and the estimates for the corrector field. This section
will allow us to characterize the homogenized tensor for (1.1) and the corrector field
in terms of Bloch eigenvalues and eigenfunctions.
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For 1 < j < d, consider the following cell problem associated with the opera-
tor (1.1):
P2 A%XS — div A(y)(e; + Vx4) = 0 in R
X is Y — periodic (5.1)
My (X5) = £y X (y) dy = 0.
By a simple application of Lax-Milgram lemma on HﬂQ (Y), we obtain solution to
above for every p > 0 (For p = 0, Lax-Milgram lemma is applied for Hﬁ1 (Y)).
Further, since the equation is also satisfied in the sense of distributions, we conclude

that x; € H}(Y) for p > 0. By using x/ as a test function, we obtain the following
bound: '

P||AX§HL§(Y) + HX?HH;(Y) <C. (5.2)
If we use AX? as a test function, we obtain
p*|IV? XJHLQ(Y) <C (5.3)

We also collect below a few estimates which will be required later. Similar esti-
mates have been proved in [26] to which we refer for more details.

Lemma 5.1. Let py,pa > 0. Let xPt, x"? € HﬁQ(Y) be solutions to (5.1) for p = py
and p = po respectively, then the following estimate holds.

IVx? = Vx| 2(v) < C[1 = (p1/p2)?]. (5.4)
Proof. Define z = Xgl — X§2, then z satisfies the following equation

piA%z —div A(y)Vz = (p3 — p}) A%x". (5.5)
Now, the quoted estimate readily follows by taking z as the test function, applying
uniform ellipticity of A, (5.3) and an application of Poincaré inequality. O

Lemma 5.2. Let p > 0. Let x* € HE(Y) be the solution to (5.1) and let X° €
Hﬁl(Y) solve
—divA(y)(e; + VX9) = 0 in R?
X? 18 Y — periodic (5.6)
My (x7) = fy X5 (y) dy = 0.
Then, there is q € (1,00) such that for every s > 0 there exists a matriz B with
entries in Cf°(Y') such that ||A — BHL;Z(Y) < s and the following estimates hold.
IVX] = VP2 vy < O (5.7)
VX = VXPll2r) < C{plIXP w2y + 2} (5.8)
where xP € Hul(Y) solve
—divB(y)(e; + VxP) =0 in R?
Xf 18 Y — periodic (5.9)
My (xP) = fy xFy) dy = 0.

Proof. Observe that given any ¢ € (1,00) and 3 > 0, we can find a smooth periodic
matrix B with the same ellipticity constant and upper bound as A such that

|IA = Bllrsv) < 2.
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For example, this can be achieved by a standard smoothing by convolution. Now,
by regularity theory, Xf eH uz(Y) Define z = X? — Xf , then z satisfies the following
equation

p?A*z — div B(y)Vz = —p? A7 + div(A — B)Vx/. (5.10)

We test this equation against z to obtain:
p2/ |Az|? dy + / A(y)Vz-Vzdy
Y Y
<o [ 1axplasldy+ [ 1A= BIVfIIVeldy.

This leads to

Pl|Az][Za + al|Vzl[12
1/2
< P°)|lAXF (2|1 A2] |2 + |V 2]l 2 (/Y | A — BI*|Vx[? dy) :

By Young’s inequality,

1/2
IVzll- <C {pIAX}BIILz + </Y |A - BIQIVX§|2dy) } :

On the last term, we apply a form of Meyers estimate for the LP integrability of
fo proved in [26, Page 7, Theorem 2.3]. This fixes the choice of ¢. This finishes
the proof of the estimate (5.8). The proof of (5.7) is similar and simpler and hence
omitted. O

For every fixed 0 < p < oo, the homogenized tensor for the operator A7 =
p?A? —divA (f) V is given by

APBom .— Ay (A4 AVYP) (5.11)
Definition 5.3 (Homogenized Tensor for A"*).

-MY(A-i-AVx(’) for 0 < 6 < co where p= % — 0,

€

Ahem — My (A+ AVX") when p= % — 0, (5.12)
My (A) when p =% — oco.

6. Bloch characterization of homogenized tensor. In this section, we will
give a new characterization of the homogenized tensor (see Definition 5.3), and
corrector field (5.1) in terms of the first Bloch eigenvalue and eigenfunction. These
characterizations are obtained by differentiating the Bloch spectral problem (2.2)
with respect to the dual parameter 1. Indeed, this is possible since we proved the
analyticity of the first Bloch eigenvalue and eigenfunction with respect to 1 in a
neighbourhood of 7 = 0 in Theorem 3.1. Moreover we will use the properties of the
first Bloch eigenvalue to prove the stability of the homogenized tensor with respect
to the limits p — 0 and p — oc.
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6.1. Derivatives of Bloch eigenvalues and eigenfunctions. We recall the
Bloch eigenvalue problem for the operator A” here:

P*(V +in) ¢ (y;n) — (V +in) - A)(V +in)ef (y;n) = M(n)él(y;n).  (6.1)

We know that A?(0) = 0. For n € Y, recall that A (1) = p*(V +in)* — (V +in) -
A(y)(V+in). In this section, for notational convenience we will hide the dependence
on y.

We shall normalize the average value of the first Bloch eigenfunction ¢f(-;n) to
be (27)~%2, that is,

My (@5, m) = (2m) =2 (6.2)
for all n in the neighbourhood of analyticity. We shall use 8 to denote a multiindex,
such as B = (B1, Ba, ..., B4) € NYU{0} and |B] == |B1| + |B2| + -+ + |Ba]- We will

use the shorthand 8,/,3 to denote (“)g = {;9/3;1 e 6‘37%. For simplicity, we will also use
un d
the notation 8gu = 252? e gZ—dﬁ;‘ . Differentiating (6.2), we obtain
m d _

n=0

My (85 ¢7) =0 (6.3)
for all |3] > 0. Later on, we will see this as the compatibility condition associated
with the equation satisfied by 95 ¢?. Denote by 5 A° = %ﬁTg‘ . Then, it holds

n=0
true that
O A =0 for all |B| > 4, (6.4)

since A”(n) is a fourth order polynomial in 1. Direct calculation shows that
AP(0) = p*V* =V - A(y)V
0y AP = dip’e; - VV? —iej - AV — iV - Ae;
0y’ AP = —4p%0;,V? — 8%, 0y, + 2a;1
Oy AP = —8ip? (S0 0y, + 610y, + 6uDy,)
0 T AP = 8p2(8401m + 6710km + OjmOk1), (6.5)

where e; denotes the standard Euclidean unit vector with 1 in the j** place and
0 elsewhere. Now, we are in a position to write down the differential equations
satisfied by the derivatives of ¢} of all orders. To this end, we recall the Leibniz’s
formula for the derivatives of product of functions, viz.,

P(fg)= 3 (5 ) o f0° 7y, (6.6)
yENIU{0} v
where (f) = (51) e (fj) and the sum is always finite since (fj) = 0 whenever

Y1
Bi < ;-

Cell problems for 85(#{. On differentiating (6.1) with respect to n and apply-
ing (6.6) we obtain

d
AP(O)F]07 + 3 505 A2 050 + 3 ( ; ek>38"+ekAp 9% T h
Jj=1 4.k J
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+ Z ( ' 5 >8gj+ek+elAp 8g—ej—ek—el¢f1)

ﬂ ejt+erte +e B—e;j—er—e;—e,
geitentertem 1p g j—€k—el—€m ,p
- Z (ej+ek+el+e 0 0 o

_ (5)83%85%5. 6.7)
~yeNeU{0} v

Substituting (6.5) in (6.7), we obtain
(PPV* =V - A(y)V) I ¢

d
Z (—dipe; - VV2 +ie; - AV +iV - Ae;) 9 "
(—4p%0,5 V2 — 802Dy, 0y, + 2a5) By h

8ip? (8,50, + 010y, + Owidy,)) OF TP

+Z<6]+6k+

B—ej—er—ej—em
6m 0510 m 6m6 0 J 7
(ej+ek+el+em (0580t + 0510km + djmdia)) 0 4

7,k,l,m

)
)
) e
> (7)o (68)

'yEN'i

Expression for aé’Af. It is easy to see that A[(0) = 0 since 0 is the first eigen-

value of the operator A”(0). On the other hand, A} is an even function of 1 since
a’[=n)(¢,¢) = a’[n](¢,¢) and ¢ € HF(Y) if and only if ¢ € HF(Y) (see also [15,
Page 41, Lemma 4.4]) .

Rearranging (6.8), we get

RN (0) = (0*V* = V- A(y)V) 85 o}

d
+Zﬁj (*42'/)26]- AvAve +iej - AV 4 iV - Aej) a([)i—ejd);l;
B*ejfe,
- Z <6J + ek) 4p26jkVQ N 8p28yj Oy, + 2ajk) 9, o

Jrz <€] + ey, +el> (8iﬂ ( ]kayl +5]l(9yk +5kla )) 33 ej—ep— el(ﬁf

7.k,
P (8p2(5» 810 = 051000 4+ 04,0 )) 65*6.1*6k*ezfem¢p
e ej+erte+en jkOlm jl0km im0kl 0 1
Jsrst,m
+30 (D)opxgepan. (69
yend
viéﬁ

Integrating (6.9) over Y, using (6.2) and (6.3) and the fact that integrals over YV
of derivatives of periodic functions vanish due to Green’s identity, we obtain the
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following formula for the derivatives of the first Bloch eigenvalue at n = 0:

255 (o, L) My (a0 08

~i 0 BiMy (e AV 6)

when |5| # 4.

AN =1 25, (L) My (a0 6f) (6.10)
—i 3 BiMy (ej WA ¢’f)

=i ketm 307 (0jk0tm 4 8j10km + Ijm k1) ¢7(0)
when || = 4.

N}
We specialize to 3 = ¢; in (6.10) to get 6—771(0) =0foralll=1,2,....d.
I

On the other hand, if we set 8 = ¢; in (6.8), we obtain
9o
(-7 AV +9*8%) FL0) = V - Al)eieh 0)

109
ip?1(0) Omy
We also specialize to 8 = e; + ¢j in (6.10) to get

1 9%\ 1 1 1

- 0) =— <A e - AVX) 4+ e - AVX? | dy. 6.11

st = i [ (e et Jou AVN + Je AV ) @ (621

On comparing (6.11) with (5.11), we obtain the following theorem:

Comparing with (5.1), we conclude that x7 — (0) is a constant.

Theorem 6.1. The first Bloch eigenvalue and eigenfunction satisfy:

1. X7(0) =0.

2. The eigenvalue \{(n) has a critical point at n = 0, i.e.,
%(O)—OVZ—IQ d (6.12)
o , 2,0 ,d. .

3. Forl=1,2,...,d, the derivative of the eigenvector (0¢Y/Om)(0) satisfies:
(09 /0m)(y; 0) — id} (y; 0)x7 (y) is a constant in y where x| solves the cell
problem (5.1).
4. The Hessian of the first Bloch eigenvalue at n = 0 is twice the homogenized
matriz AP as defined in (5.11), i.e.,
1 0%\
2 Ony,ony
6.2. Stability of homogenized tensor. Now, we will prove the stability of ho-
mogenized tensor in the limits p — 0 and p — oo.

Lemma 6.2. Let 0 < 6 < oo such that p | 0 then M (n) — N(n) uniformly on
compact sets K contained in their common domain of definition.

(0) = ey, - APhome,, (6.13)

Proof. The fact that the first Bloch eigenvalues {\{(1)},>0 are analytic on a com-
mon domain in Y has been proved in Theorem 4.5. Since p | 6 where 6 is finite,
the sequence p is bounded, that is, 0 < p < pg for some 0 < py < co. We will
prove that the family {\}(7)}o<,<p, is locally uniformly bounded, that is, for every
compact set K,

(4.3) ,
X ()] < [N (n) — AL (0] < C(ur+11p®)n| < C for all n € K,
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where C” is independent of p and 5. It is an easy consequence of Montel’s Theo-
rem [25, Page 9, Prop. 7] that pointwise convergence implies uniform convergence for
locally uniformly bounded sequences. We will show that A} () converges pointwise
to A{(n). Applying minmax characterization to the form below

a’[n)(u,u) = /Y AV +in)u- (V +in)udy + p* /Y(V +in)?u(V +in)2u dy

= () + (F =) | (7 +in)*ulT = TnPudy
we obtain the following inequality:

() = A () < (p* = %) 91 (n),

where ¥1(n) is the first Bloch eigenvalue of the bilaplacian and \{(n) is the first
Bloch eigenvalue of the operator —div(AV) + 62A2 for § € [0,00). On the other
hand, we also have

a’ ) (u, u) > a’[n] (u,u) for p > 6,
so that an application of minmax characterization yields:
M () = X{(n) for p > 6.
Thus, we obtain
0 <A (n) = A{ (1) < (p° = 62) V() for p > 6.
As a consequence, for each n € Y, X(n) — A\ (n) as p | 6. O
Theorem 6.3. Let 0 < 0 < oo such that p — 0 then Ap-hom - phom it Ahom

as in Definition 5.3.
Proof.

Case 1. 6 € [0,00): By the characterization in Theorem 6.1, APom =
$V2X7(0). In Lemma 6.2, we have proved that A conveges uniformly to A
when p | 6 for 6 € [0,00). By Theorem of Weierstrass [25, Page 7, Prop. 5],
derivatives of all orders of A\](n) converge uniformly on compact sets to cor-
responding derivatives of A{(n). In particular, V%)\’f converges uniformly on
compact sets to VZ\/. As a consequence,

om 1 1 om
AP = SVIN(0) = S VAT (0) = AM™ as p |6 € [0, 00).
Case 2. 0 = oo: Observe that
AP _ py (A)] = /Y A(y) VP (y) dy

where the last inequality follows from Poincaré inequality and (5.3). There-
fore, as p — o0,

C
POR

< C||VXPHL§(Y) <

s

APhem s My (A) = A"™ as p 1t oco.
O

Remark 6.4. As a consequence of Lemma 6.2 and the discussion in Case 1 of The-
orem 6.3, for any R > 0, and 0 < p < R, the first Bloch eigenvalue and all its
derivatives are bounded uniformly in their domain of analyticity independent of p.
We may also conclude from the same that the corresponding (suitably normalized)
Bloch eigenfunction and all their derivatives with respect to dual parameter are
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bounded in Hﬁ1 independent of p. For the first Bloch eigenfunction, the bounded-
ness is a consequence of the following calculation, which is a consequence of (2.4):

N ()] + Cx = N (n) + Cs = a”[n)(¢7 (n), ¢7 (n)) + C > %IIQST(W)H%;(w

Recall that the number C, is explicitly given in (2.18). The boundedness in Hﬁ1 (Y)
of the derivatives of the first Bloch eigenfunction in the dual parameter is a con-
sequence of its analyticity [25, Page 5, Prop. 3]. This precludes the case p — oo
which is covered in Theorem 6.5.

We end this section by finding boundedness estimates for higher order derivatives
of the first Bloch eigenvalue and eigenfunction in the dual parameter in the regime
p — 0.

Theorem 6.5. For 1 < p < oo,
1. ‘|88j¢p||Hl<% Oy N =

21105 Sl S 2 05N — My (e - Aen)| S b
8 105 T S s 5T =0,

4. 10588 | S 1 for all |B] > 4.

e

Proof. The estimates are computed in tandem from the equations (6.8) and (6.10).
One begins by proving the estimate on the derivative of the first Bloch eigenfunction
at n = 0, followed by the estimate on the corresponding derivative of the first Bloch
eigenvalue. The solvability of (6.8) in Hﬁz(Y) follows from a standard application
of Lax-Milgram lemma. On the other hand, one can also read off from (6.8) that
the solution 805 P e H;’(Y) As a consequence, the estimate on the derivatives of
the first Bloch eigenfunction are obtained by employing the test function Aya{f Y
in (6.8) and repeated applications of Poincaré inequality. The computations are
standard and therefore, omitted. O

7. Bloch transform and its properties. In this section, we will relate the Bloch
spectral problem (2.2) to the Bloch spectral problem at the e-scale:

AR )ge = RV €)1 (2) = (V +i) - A (2) (V + €)™ ()
= )\H,E(é‘)(bfi,e(x) / (71)
¢ (x4 2mpe) = ¢f(x),pe 2, € € Y?

Comparing to (2.2), by homothety and k = pe, we conclude that
NE(E) = e 72N (e€) and 677 () = ¢ (Ti<€) (7.2)

Now, we can state the Bloch decomposition theorem of L?(RY) at e-scale. We
shall normalize ¢f(y;0) to be (27)~%/2.

Theorem 7.1. Let p > 0. Let g € L?>(R?). Define the m*" Bloch coefficient of g
at e-scale as

’

Bito©) = [ o@e T mEdn meN, e — (13
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1. The following inverse formula holds

o(z) = / S B g()0n (w; €)ei S de. (7.4)

e m=1

2. Parseval’s identity

lolfEeeoy = 3 [, 189 ds. (75)
m=1" "

3. Plancherel formula For f,g € L*(R?), we have

[l =Y [, BrerOBRSE) de (76)
m=1" "
4. Bloch Decomposition in H~!(R?) For an element F = uo(aj)+2;y:1 61520(3-%)

_ d . Lo . . v\ .
of H=Y(RY), the following limit exists in L? (?)

N
BEF(©) = [ e ua(a)dh @) 413 (@ @ d) | de

Rd

j=1

7/ 671‘1{%%(@@(%;5) dz. (7.7)
R4 =1 8.’1/']

The definition above is independent of the particular representative of F.
5. Finally, for g € D(A%®),

B (A™g)(€) = A5 (B g(8)- (7.8)
O

7.1. First Bloch transform goes to Fourier transform. In order to compute
the homogenization limit, we need to know the limit of Bloch Transform of a se-
quence of functions. The following theorem proves that for a sequence of functions
convergent in a suitable way, the first Bloch transform converges to the Fourier
transform of the limit.

Theorem 7.2. Let K C R be a compact set and (g°) be a sequence of functions in
L?(RY) such that g° = 0 outside K. Suppose that g° — g in L?(R?)-weak for some
function g € L*(R?). Then it holds that

]16*1U81H7Eg€ - /g\

mn L%OC(Rg)—weak, where g denotes the Fourier transform of g and 1.-1y denotes

the characteristic function of the set e 1U.

Proof. In Theorem 4.5, the existence of the set U indepedent of p was proved. The
function B} *°¢° is defined for £ € e71Y . However, we shall treat it as a function
on R? by extending it outside e~ 'U by zero. We can write

Br g (©) = [ a(w)e O (wi0) da

[t (7 () ()

Now, we need to distinguish between the regimes:
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Case 1. 0 € [0,00): The first term above converges to the Fourier transform
of g on account of the normalization of ¢;(y;0) whereas the second term goes
to zero since it is O(g€) due to the Lipschitz continuity of the first regularized
Bloch eigenfunction which follows from (4.3).

Case 2. 6 = oco: In this case, again, the first term converges to the Fourier
transform of g on account of the normalization of ¢;(y;0). However, for the
second term, we make use of the analyticity of ¢7°° in e 71U and the estimates
in Theorem 6.5 to conclude that the second term is O(e€) independent of p.

O

8. Qualitative homogenization. In this section, we will prove the qualitative
homogenization result for the singularly perturbed homogenization problem. There
are three regimes according to convergence of p = £, viz., p — 0, p — 6 € (0, 00)
and p — oo.

Theorem 8.1. Let 2 be an arbitrary domain in R? and f € L*(Q). Let u® € H?(S)
be such that u® converges weakly to u* in HY(Q), kAu® is uniformly bounded in
L3(2), and

AREUE = fin Q, (8.1)

where k — 0 as € — 0 and lim._,0 % = 0 € [0,00]. Let Ahom = (azl)g,Z:1 be as
defined in Definition 5.3. Then

1. Forallk=1,2,...,d, we have the following convergence of fluzes:
A (g) V() — AMMu (2) in (L2(Q))%-weak. (8.2)
2. The limit u* satisfies the homogenized equation:
Ahemyx — v . Ahemyyt = f in Q. (8.3)

Remark 8.2. In the spirit of H-convergence [24], we do not impose any bound-
ary condition on the equation. The H-convergence compactness theorem concerns
convergence of sequences on which certain differential constraints have been im-
posed. In homogenization, the weak convergence of solutions is a consequence of
uniform bounds on them, which follow from boundary conditions imposed on the
equation. In the theorem quoted above, the uniform boundedness on kAu® would
have followed if appropriate boundary conditions were imposed.

The proof of Theorem 8.1 is divided into the following steps. We begin by
localizing the equation (8.1) which is posed on 2, so that it is posed on RZ. We
take the first Bloch transform B;° of this equation and pass to the limit x,e — 0.
The proof relies on the analyticity of the first Bloch eigenvalue and eigenfunction
in a neighborhood of 0 € Y'. The limiting equation is an equation in Fourier space.
The homogenized equation is obtained by taking the inverse Fourier transform. We
will use the notation af;(x) to denote ay (%) Further, we will assume the Einstein
convention of summing over repeated indices. The proof has been divided into
separate cases for the regimes p — 6 € (0,00), p — 00, and p = 0.

8.1. Localization. Let 1y be a fixed smooth function supported in a compact set
K c R?. Since uf satisfies A"*u® = f, 1ou® satisfies
4
A% (ou) () = o f (@) + g% () + b (x) + D I3 () in RY, (8.4)

m=1
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where
@) = =520 (@)af (@) S (1), (85)
(@) =~ o (G @i ) (5.6)
15 (x) = K* ‘9;;20 (z)uf (). (8.7)
15 (2) = 42 6;;”; (z gzz (2). (8.8)
15 (z) = 2k %2;[; () %2;{ (). (8.9)
15 () = 4&2233(3;)8;;{(9[;) +dx 6;;”; (x)%?{(x) - 4&2% (‘;Zf‘; %?{) .
(8.10)

While the sequence g° is bounded in L?(R?), the sequence h¢ is bounded in
H~Y(R%). Taking the first Bloch transform of both sides of the equation (8.4), we
obtain for ¢ € 71U a.e.

4
APE(€)BYE (thous) (€) = By (tho ) (&) + By =g=(§) + BYh=(§) + Y BYEIme(€).
m=1
(8.11)

We shall now pass to the limit x,e — 0 in the equation (8.11).

82. Case1: p— 0 e (0,00).

8.2.1. Limit of \{"*(§)BY"* (vou®). We expand the first Bloch eigenvalue about n = 0
in ATF(&)BYF (You) to write

(1 92\

2 K,€ €
3 (005 + O()) B (o),

The higher order derivatives of A\7(n) are bounded uniformly in p (see Remark 6.4).
Hence, their contribution is O(¢?). Now, we can pass to the limit x,e — 0 in
L? (Rg)—weak by applying Lemma 7.2 to obtain:

loc

es - AP e, 0,0, (0)EsErbou™ (€). (8.12)

8.2.2. Limit of BY"*(of). An application of Lemma 7.2 yields the convergence of
By (¢of) to (¢of) in L, (RE)-weak.

8.2.3. Limit of By'°g°. The sequence g° as defined in (8.5) is bounded in L?(R?) and
hence has a weakly convergent subsequence with limit g* € L?(R%). This sequence

8 €
is supported in a fixed set K. Also, note that the sequence of () := ail(x)al(x)
z;

is bounded in L?(f2), hence has a weakly convergent subsequence whose limit is
denoted by o} for k = 1,2,...,d. Extend o} by zero outside {2 and continue to
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denote the extension by o};. Thus, g* is given by f%ak Therefore, by Lemma 7.2,

we obtain the following convergence in Lloc(Rd) weak:

K,E & a .
@B O = - (FR @i ) ©. (5.13)
k
8.2.4. Limit of B"*h. We have the following weak convergence in L, (R).
) i
iy xe o (OB () =~y (Gl @) (@ 14)
e— l

We shall prove this in the following steps.
Step 1. By the definition of the Bloch transform (7.7) for elements of H~!(R?), we
have

O — T N
BIehe(€) = —igy / d e—mfa%(w)ailw)uf(xw;’ (f; €) de

t [ I w02 (L) ar s15)

Step 2 The first term on RHS of (8.15) is the Bloch transform of the expression
—ig 2o s (2)ag, (z)u® (x) which converges weakly to —i€x My (ar) (%(m)u* (x))
Step 3. Now, we analyze the second term on RHS of (8.15). To this end, we make
use of analyticity of first Bloch eigenfunction with respect to the dual parameter
7 near 0. We have the following power series expansion in Hul(Y) for ¢f(n) about
n=20:
P p At P
Pilyin) = ¢1(y; 0) + ms 5, =(50) + 97 (yim). (8.16)

S

We know that v”(y;0) = 0 and (0v”/0ns)(y;0) = 0, therefore, v*(- ,77) O(n|*)
in L°(U; H; (Y)). We also have (97*/dy)(;;n) = O(|n|?) in L‘X’( ; L7(Y)). These
orders are uniform in p by Remark 6.4. Now,

V(@) = of (2;65) :¢§’( )+ £sa¢: (E 0)+79 <§;5£>. (8.17)

Differentiating the last equation with respect to xj, we obtain

d (T .0 09 OV o
aIk¢l <578§) N fsayk s ( 0) te Oy (E’Eé) ‘ (8.18)
For £ belonging to the set {£: e € U and |¢] < M}, we have
P
Gy (56) = 0e€) = SO(6P) < oM (8.19)
As a consequence,
Yok o0
€ 2%(95/5;55) € Lis. (R L (eY)). (8.20)

The second term on the RHS of (8.15) is given by

8.
w0 [ o (2) @y (F (L)) a2
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Substituting (8.18) in (8.21), we obtain

0 91 5_1% (m;af)} dx.
€

reowt® oo () e G (o) + 5
(8.22)

In the last expression, the term involving +* goes to zero as ¢ — 0 in view
of (8.19), whereas the other term has the following limit as p — 0 € (0, 00):

axg —ix-& 81100 *
My (akz(y) o (y)> €s /IR L€ a—xl(az)u () d. (8.23)
To see this, we write the second term as
—iz.e 00 x 0 ¢ sz
iz 2P0 e e o 1 (2.
/Ke 9, (x)ag <€) u®(x)Es Dur O, <5’0) dx
e O x ox? rx
_ ix-§ X0 e € s (<2
/Ke o, (x)ak (5) u®(x)&s o (5) dx
ox? rx ox? (x ox? rx

6Il

The first term in parantheses goes to (8.23) due to strong convergence of u® in

ax? L
L?(K) and weak convergence of akla—:; (%)7 whereas the expression in the square

brackets goes to zero due to Lemma 5.1.
Step 4. By Theorem 6.1 and Remark 6.2, it follows that

B /K e_iwf%(x)akl (g) ut ()¢5 <3yk

My (a0 (G2 050)) ) = =itom)2aty () 520) . 529

Therefore, we have the following convergence in L120C (Rg)—weak:

Xem10()BFhE(€)
‘ X 0 .
~ =it Myt + My (a0 Z2 ) } (G20 @) (0
(0 Y
——igais (G0 @) © (5.25)
8.2.5. Limit of By*°17"°. We shall prove that
lim BYEle = 0. (8.26)
Observe that
K,E1K,E —ix- 84 0 5 ke (m C)
Brep(e) =2 [ e a;é () ()5 (2, ) . (8.27)

99 (z)us () which converges to the Fourier

10
Oz}

The integral is the Bloch transform of
y? (x)u*(x). However, since k — 0, the whole expression goes to

transform of &%
oxy,
Zero.
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8.2.6. Limit of By**l5>°. We shall prove that

gig% By €l = 0. (8.28)
Observe that
K,ETR,E 2 —ix-§ 631/10 u® kel )
BIUI5E(€) = / " @G T . (329)

(x) o ~ () which converges to the Fourier

a 2 (m)g%(x) However7 since kK — 0, the whole expression goes to
Zero.

8.2.7. Limit of By**l5"°. We shall prove that

lim B°15° = 0. (8.30)
e—0
Observe that
. EaQwO 82
K,E TK,E -9 —ix- K,E 31
BEEIE(€) K/Rde T @G @F O (83

9240 9%u® .
727 (z)k 922 () which converges for a sub-

sequence since li?;;; (x) is bounded in L?(2) (and hence converges weakly in L?(Q)
k

for a subsequence). However, since x — 0, the whole expression goes to zero.
8.2.8. Limit of By*°l}°. We shall prove that
&11_1}(1) Byl =0. (8.32)

Observe that

1% () = 4r 9 (MH32“6>

Oz, \ Oxy,  Oxi

belongs to H~'(R?), hence the Bloch trasform for H~!(R?), that is, (7.7) applies.
Hence,

K,E7K,E . 7196 a —
—ix. 8¢0 a¢p
+4k /Rd ¢ 7% oo (x)/-e 8xk (x)T% ( ; 5) (8.33)

The analysis of the first term is the same as that of By"*15"°. For the second term,
%2:5 (x) is bounded in L?(£2) and (%1 (%;55) is bounded in LF(Y)
k
uniformly in p (see Remark 6.4). Hence, their product is bounded in L'(K). As
a result, the integral is a Fourier transform of a sequence bounded in p and e.
However, the presence of k in front of the integral causes the expression to go to
Zero.
Finally, passing to the limit in (8.11) as ¢ — 0 by applying equations (8.12),
(8.13), (8.14), (8.26), (8.28), (8.30), and (8.32), we get:

il = ol ~ (G2 (@0i(0)) (©) - i6ais (G (o' (@)) (O (530
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8.3. Case 2 : p % oo. In this regime, the convergence proofs for By*°17°°, By *°15°
Byels e, By cge are the same as in the earlier regime. Therefore we w111
3 » P g, 0 g )
only look at the remaining convergences.

8.3.1. Limit of \7"° (&) BY"* (¢ou®). We expand the first Bloch eigenvalue about = 0
in A7°(&)BYF (You) to write
102N
2 OnsOny

2
(00661 + 5505 NG, + O ) BY (o),

The fourth order derivative is of order p? by Theorem 6.5. The derivatives of A](n)
of order greater than 4 are bounded uniformly in p (see Theorem 6.5). Hence, their
contribution is O(e%). Hence, we can write the above as

LA (0)e6, + O(20) + O() ) BE (wou)
23%8% o5t P ! 0

(1 PN
- 287%6 Tt

(0)6.6 + O(n?) + 0<a4>) By (o)

Now, we can pass to the limit kK, — 0 in LIOC(Rg)—Weak by applying Lemma 7.2 to
obtain:

ey - AP e, 0,0 (0)EoErbou (£).

8.3.2. Limit of By **h®.

lim .o (OBFRE () = —ituaiy (?fc’jmu*(z)) ©

We shall prove this in the following steps.
Step 1. As before, we have

Y —
BIhe(€) = —ity / d e-”fa—qﬁj@)ail(muﬁxw (Siet) o

t [ g @2 (L) ar

Step 2. As before, the first term on RHS of (8.35) is the Bloch transform of the
expression —i&y, %ﬁ? (x)af,(x)u®(z) which converges weakly to

ity (o) (G2 @) ) = sy (G )

where the last equality is due to Definition 5.3.

Step 3. Now we shall prove that the second term on RHS of (8.35) goes to zero. As
before, we make use of analyticity of first Bloch eigenfunction with respect to the
dual parameter 1 near 0. We have the following power series expansion in Hﬁl (Y)
for ¢7(n) about n = 0:

Pl — AP (o). 3(;5;1) . Pl
o (y3n) = 7 (y;0) + 15 . (y;0) + 97 (y; m)-

We know that v”(y;0) = 0 and (0v”/0n,)(y;0) = 0, therefore, v*(- ,77) O(n|?)
in LOO(U;Hﬁl(Y)). We also have (977 /0yx)(-;n) = O(|n|?) in L°°( ,L (Y)). These
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orders are uniform in p by Theorem 6.5. Now,
p
0= () -0t () s 0 () o (G
P8 = 0 (Tiz€) = of (5:0) et (50) +v (Do)
Differentiating the last equation with respect to xj, we obtain
d ,(T 9 Oy (x L0 s
gt (Lie6) = €y — 201 (L:0) S (Lie). 8.36
axk¢1 (5 65) £ Oy, Ons \ e te Oy \¢ e (8.36)
For ¢ belonging to the set {{ : €€ € U and |£| < M}, we have
Ll
Yk

As a consequence,

(1e€) = O(|e€]?) = €20(I¢*) < CM*e?. (8.37)

_o OV
e 22 (z/e;e) € L (RYE:; L2(eY)).
ayk( / 6) loc( 13 ﬁ( ))

The second term on the RHS of (8.35) is given by
—ize 00 x 9 [—(x
) iz-¢ O%0 N e 9 (75 (2.
Xe- U(f)/Ke 02, (x)ak <€) u (m)axk (qﬁl (6,55)) dx. (8.38)
Substituting (8.36) in (8.38), we obtain

@ [ G (2) o |eg g (50) + <7 (B o
(8.39)

In the last expression, the term involving * goes to zero as ¢ — 0 in view
of (8.37).
The other term also goes to zero as p — oo due to strong convergence of u® and

the fact that 5 96"
A W e o
s (Frer=0) =0

as shown in Theorem 6.5.

8.3.3. Limit of BY"°l}"°. The analysis is the same as before, however the uniform-
in-p boundedness of % (%;€¢) in Lg (€Y) is due to Theorem 6.5.
Hence, for the regime p — oo, we also recover (8.34).

8.4. Case 3 : p — 0. In this regime, all the convergence proofs are the same as in
the regime p — 6 € (0,00) except for the convergence of By*“h¢, which we prove
below.

8.4.1. Limit of By"*h¢. For this limit, all steps except the third are the same, hence
we only explain the part of Step 3 which differs from the regime p — 6 € (0, 0).
We begin with the following equation which was earlier labelled as (8.22).

wwl® [ e 0w () ) [%jfj (Zi0)+e50 (j_f;ag)} d.
(8.40)

In the last expression, the term involving 7* goes to zero as ¢ — 0 in view
of (8.19), whereas the other term has the following limit as p — 0:

0
My () FEw) & [ =<0 @) (5.41)
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To see this, we write

e o (20) = 3, (2)

B Oy

0 B 0 B
=5 O+ [ O -5, O[5, 5.0
(o)

I 11 117

The first term I is responsible for (8.41) due to strong convergence of u° in L?(K)

and weak convergence of aklg—ﬁ (f)
For the expressions I1 and 111, we make use of Lemma 5.2. Indeed, we obtain
IT = O(p)+ O(5) and III = O(3¢). Hence, their contribution to the limit in (8.40)
as p — 0is O(»).
This completes the modification required for the regime p — 0. Instead of (8.34),
we obtain

AT (€) = Do — (Zf}jmoz(m) (6) — igualy (Zﬁ(xn*(x)) (©) + 069).

However, since s > 0 is an arbitrary positive number in Lemma 5.2, we also re-
cover (8.34) for the regime p — 0.

8.5. Proof of the homogenization result. Taking the inverse Fourier transform
in the equation (8.34), we obtain the following;:

(A" (o) (2)) = o — 52 (@) (2) o 9 (3% .

- (G @), a2

where the operator A™™ is defined in (8.3). At the same time, calculating using
Leibniz rule, we have:

o [0
(A ) o)) = (A0 ) = a (G ))
0 ou*
g @) (543)
Using equations (8.42) and (8.43), we obtain
0 ou*
ole) (Ao = ) (0) = 0 |GG o) i) s

Let w be a unit vector in R, then 1y(x)e®* € D(Q). On substituting in the
above equation, we get, for all k =1,2,...,d and for all ¢y € D(),

*
. Ou

bolz) [aklaxlm i, <x>} 0. (8.45)

Let 29 be an arbitrary point in Q and let ¥o(x) be equal to 1 near xg, then for
a small neighbourhood of zg:

for k=1,2,....d, [a}zlau(m) - g;;(z)] =0 (8.46)
8:51
However, xg € € is arbitrary, so that

Ahemy* — f and o (z) = a;l%(x). (8.47)
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Thus,we have obtained the limit equation in the physical space. This finishes the
proof of Theorem 8.1.

9. Contribution of higher modes. The proof of the qualitative homogenization
theorem only requires the first Bloch transform. It is not clear whether the higher
Bloch modes make any contribution to the homogenization limit. In this section,
we show that they do not. We know that Bloch decomposition is the isomorphism
L2(R%) = L2(Y' /e; £2(N)) which is reflected in the inverse identity (7.4). For sim-
plicity, take © = R? and consider the equation A®°u® = f in R? which is equivalent
to

B AU (&) = BECf(E) Vm>1,VEece Y.
We claim that one can neglect all the equations corresponding to m > 2.
Proposition 9.1. Let

@)= [ Y B 0 e e

m=2

then ||v"*

|2 (re) < ce, where ¢ does not depend on p and €.

Proof. Due to boundedness of the sequence (u) in H?(R?), we have
AFfufuf < C. (9.1)
R4
However, by Plancherel Theorem (7.6), we have

aeci =30 [ A O B < €
Rd e-1y’

m=1
Using (7.8), we have

> [ @@ e
m=1 ey’
Now, by Lemma 4.2
M) =aX) >0 Ym>2 VneY, (9.2)

where A\ is the second eigenvalue of Laplacian on Y with Neumann boundary
condition on JY. Since A% (&) = e72\?, (£), we obtain

S / BEeut (6)2 de < Ce2.
m=2 ey’

By Parseval’s identity (7.5), the LHS equals ||v"’5||%2(Rd). This completes the

proof. O
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