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ABSTRACT. We investigate existence of stationary solutions to an aggrega-
tion/diffusion system of PDEs, modelling a two species predator-prey interac-
tion. In the model this interaction is described by non-local potentials that are
mutually proportional by a negative constant —a, with a > 0. Each species is
also subject to non-local self-attraction forces together with quadratic diffusion
effects. The competition between the aforementioned mechanisms produce a
rich asymptotic behavior, namely the formation of steady states that are com-
posed of multiple bumps, i.e. sums of Barenblatt-type profiles. The existence
of such stationary states, under some conditions on the positions of the bumps
and the proportionality constant «, is showed for small diffusion, by using
the functional version of the Implicit Function Theorem. We complement our
results with some numerical simulations, that suggest a large variety in the
possible strategies the two species use in order to interact each other.

1. Introduction. The mathematical modelling of the collective motion through
aggregation/diffusion phenomena has raised a lot of interest in the recent years
and it has been deeply studied for its application in several areas, such as biology
[9, 39, 47, 48], ecology [35, 42, 43|, animal swarming [3, 4, 40, 46] sociology and
economics, [18, 49, 50, 51]. One of the common idea in this modelling approach
is that a certain population composed by agents evolves according to long-range
attraction and short-range repulsion forces between agents. We are interested in
modelling the problem of predator-prey interactions, namely we consider two popu-
lations that attract (prey) and repel (predators) each others. The pioneering works
for this problem are the ones by Lotka, [36] and Volterra[54], which describe the
predator-prey interaction via reaction terms in a set of differential equations, pos-
sibly combined with diffusion terms, see [41] and the references therein.

As in [21], in this paper we model predator-prey interactions via a transport
terms rather than a reaction ones as follows: consider N predators located at
X1,...,Xy € R?, and M prey at Yy,...,Yy € R™ with masses m% > 0 and
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mi > 0 respectively. We assume that each agent of the same species interacts
under the effect of a radial non-local force that is attractive in the long range and
repulsive in the short range. Moreover, predators are attracted by the prey, while
the latter are subject to a repulsive force from the predators, that is proportional to
the previous one. This set of modelling assumptions leads to the following system
of ODEs:

Xi(t) = =) mk (VS{(Xi(t) = Xi(t) + VSF(Xi(t) — Xk (1))
k=1

M
=Y " mb VE(X(t) - Ya(1),
h=1

M
Yj(t) == mi (VS5(Xi(t) — Xu(t) + ViS5 (Y;(t) = Ya(1)))
h=1
M

+a Y mh VE(Y;(t) — Xi(1)),
k=1

with ¢ = 1,...,N and j = 1,..., M. The potentials S{ and S§ are called self-
interaction and model the long-range attraction among agents of the same species.
The potential K is responsible for the predator-prey interaction, and it is called
cross-interaction potential. The coefficient o > 0 models the escape propensity of
prey from the predators. The short-range repulsion among particles of the same
species is modelled by the non-local forces S and S5, and we can assume that it
scales with the number of particles, S7(z) = N8S(N?/"z) for a smooth functional
S, see [40].

The formal limit when the number of particles tends to infinity leads to the
following system of partial differential equations

Op = div(pV (dip — S¢ % p— K % 1)), @
O = div(nV (don — S§ xn+ aK * p)),
where p and n are the densities of predators and prey respectively. Through this
limit the (non-local) short-range repulsion formally turns to a (local) nonlinear
diffusion terms, being d; and ds positive constants modelling the spreading velocity,
while the long-range attraction takes into account the non-local self-interactions.
We can therefore lighten the notation by calling S = S, and S35 = S,,.

The goal of this paper is to show that the model above catches one of the main
features that occur in nature, namely the formation of spatial patterns where the
predators are surrounded of empty zones and the prey aggregates around, that
is usually observed in fish schools or in flock of sheeps, see [32, 38]. In the fully
aggregative case, namely system (2) with dy = ds = 0, the formation of these types
of patterns has been studied in several papers, see [15, 27, 21, 46] and references
therein.

Existence theory for solutions to system of the form (2) can be performed in the
spirit of [10, 20]. In particular, system (2) should be framed in the context of non
symmetrizable systems, for which the Wasserstein gradient flow theory developed
in [1] and adapted to systems in [22] does not work. In [10, 20, 22], the authors
consider different choices for the diffusion part (no diffusion in [22], diagonal non-
linear diffusion in [10] and cross-diffusion with dominant diagonal in [20]), and the
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existence of solutions is proved via an implicit-explicit version of the JKO scheme
[33].
In the following, we reduce our analysis to the one-dimensional setting

{615,0 = 04 (p0x(dip— Sp % p— K % 1))

3
8t77:aw(naw(dgn—Sn*n—i—aK*p)). ®)

We are interested in the existence of stationary solutions to (3), which are solutions
to the following system

{0 (p(dip—S,xp—Kxn),) ., (4)

0= (n(dan — Syxn+akKxp) ).,

as well as their properties, e.g., symmetry, compact support, etc. We shall assume
throughout the paper that d; = do = 6 for simplicity. Note that we can always
assume this by a simple scaling argument. Indeed, it is enough to multiply the first
equation in (4) by do/dy, and setting dy = 6, §p = %Sp, K = %K and @ = j—;a
to get

{OZ (PO = Spxp—Kx1),),.
0= (77(677—5’77*77—&—&[?*/))36)1.
The stationary equation for the one species case, i.e.,

Orp = 0y (P&c (9p — S« P))

is studied several papers, see [2, 7, 11, 16] and therein references. In [7] the Krein-
Rutman theorem is used in order to characterise the steady states as eigenvectors
of a certain non-local operator. The authors prove that a unique steady state with
given mass and centre of mass exists provided that 6 < ||K||z1, and it exhibits a
shape similar to a Barenblatt profile for the porous medium equation; see [52] and
[24] for the local stability analysis. Similar techniques are used in [8] in order to
partly extend the result to more general nonlinear diffusion, see also [34]. This
approach is used in [6] in order to explore the formation of segregated stationary
states for a system similar to (3) but in presence of cross-diffusion. Unfortunately,
when dealing with systems, it is not possible to reproduce one of the major issues
solved in [7], namely the one-to-one correspondence between the diffusion constant
(eigenvalue) and the support of the steady state. A support-independent existence
result for small diffusion coefficient € is obtained in [6] by using the generalised
version of the implicit function theorem, see also [5] where this approach is used in
the one species case.

In this paper we apply the aforementioned approach in order to show that station-
ary solutions to (3) are composed of multiple Barenblatt profiles. Let us introduce,
for fixed z,, 2, > 0, the following space

M={(p,n) € (L®NLR)*:p,n >0, [lpller = zp, M2 =2y} -

Definition 1.1. We say that a pair (p,n) € M is a multiple bumps steady state
to (3) if the pair (p,7n) solves (4) weakly and there exist two numbers N,, N, € N,

and two families of intervals I; = [l;,r;], for¢=1,...,N,, and If; = [lf;,rm, for
h=1,..., N, such that

. I;OIZ =0, fori,j =1,..,N,, i # j and I#ﬂ],’f =0, for h,k =1,...,N,,
h+ k.
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e p and 7 are supported on

supp(p) = |J I, and  supp(n) = J I}

respectively and

Zp ]lp and n(z Zn ]lpL

where, for¢ =1,..., N,and h =1,..., Ny, p' and n" are even w.r.t the centres
of I; and I,’; respectively, non-negative and C'! functions supported on that
intervals.

Example 1.1. A possible example of steady states as defined above is a steady
state (p, n) consisting of three bumps for each one of the pair (p,n) (N, = N,, = 3),

namely, o, p%, p% and nt, n?, 7] respectively, with centers of masses {cm =T, =
I} "1 and {em], =71, =11} "1 as solutions to system (17). A plot is carried out in

Flgure 1 which shows all the properties stated in Definition 1.1.
Remark 1.1. We remark that one should be careful with finding a shape of steady
state. More precisely, one should choose the numbers N,, N, and the centers of

masses {cm)}; ”1 and {cm! } 1 such that all the conditions required for the exis-
tence of steady states are satlsﬁed, see Theorem 1.1.

2 52 |, 2
l77 lp T,

FIGURE 1. A possible example of a stationary solution to (3) with
N, = N, = 3 is plotted as described in Definition 1.1.

In order to simplify the notations, in the following we will denote with I € {p,n}
a generic index that recognise one of the two families. Throughout the paper we
shall assume that the kernels satisfy the following:

(A1) S,, S, and K are C*(R) functions.
(A2) S,, S, and K are radially symmetric and decreasing w.r.t. the radial variable.
(A3) S,, S and K are non-negative, with finite L'-norm supported on the whole
real line R.
Note that assumption (A2) together with the sign in front of the nonlocal terms

S, and K (in the first equation) and S, in system (3), give the effect of an attractive
potential, i.e. a radial interaction potential G(z) = g(|x|) for some g : [0, +00) — R,
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such that ¢’(r) > 0 for r > 0. For K in the second equation we obtain the effect of
a repulsive potential, i.e. ¢'(r) < 0 for r > 0.
The main result of the paper is the following

Theorem 1.1. Assume that S,, S, and K are interaction kernels are under the
assumptions (A1), (A2) and (A3). Consider N,, N, € N and let z} be fized positive
numbers for i =1,2,--- Ny, and | € {p,n}. Consider two families of real numbers

{em], }fvlﬁ and {cm}, }Z]-V"l such that

(i) {cmz} ) and {cmz} " are stationary solutions of the purely non-local par-
ticle system, that is, fori=1,2,--- ,N;, for l,h € {p,n} and |l # h,

NL Nh
B} = ZS{(cmf —em))z] + ZK'(cmf —cm))zl =0, (5)
j=1 j=1

(ii) the following quantities

Ny
Z S (emi —emi)zl — oy Z K" (em} — em3) 21, (6)
j=1
are strictly posmve, foralli=1,2,--- /N;, l,h € {p,n} and | # h.
where a, = 1 and o, = —a. Then, there exists a constant 0y such that for

all 8 € (0,0q) the stationary equation (4) admits a unique solution in the sense of
Definition 1.1 of the form

N”
Zp Mpi(z) and  n(z) =Y n"@)ln(e)
h=1
where
) each interval I} is symmetric around cm; for all i =1,2,---  N;, L € {p,n},

o pl and 1’ are Cl, non-negative and even w.r.t the centres of IZ and I] respec-
tively, with masses zp and 23 fori=1,..,N, and j =1,. N
e the solutions p and n have ﬁmed masses

N, N,
— i _ %
p—g zpandz,,—g Zp,
i=1 i=1
respectively.

The paper is structured as follows. In Section 2 we recall the basics notions on
optimal transport and we introduce the p-Wasserstein distances in spaces of proba-
bility measures. Then, we recall the strategy for proving existence to systems of the
form (2). The remaining part of the Section is devoted to a preliminary and partial
existence analysis of steady states via the Krein-Rutman theorem of a particular
type of stationary solutions that we call mized steady state. Section 3 is devoted
to the proof of Theorem 1.1 in which existence and uniqueness results for multiple
bumps stationary solutions are proved in case of small diffusion coefficient using the
Implicit Function Theorem. We conclude the paper with Section 4, complementing
our results with numerical simulations that also show interesting stability issues of
the stationary states, namely transitions between states and others effects such as
traveling waves profiles.
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2. Preliminary results.

2.1. Tools in optimal transport. We start collecting preliminary concepts on
the Wasserstein distance. Let &?(R™) be the space of probability measures on R"
and fix p € [1,+00). The space of probability measures with finite p-moment is
defined by

2@) = {ue 2@ im0 = [ ol duto) < o0}

For a measure y € Z(R") and a Borel map 7 : R® — R*, denote with Ty €
Z(R"™) the push-forward of p through T', defined by

/ Fy)dTgp(y) / f(r (2) for all f Borel functions on R¥.

We endow the space &7,(R™) with the Wasserstein distance, see for instance [1, 45,
53]

wpn = it L e ypasen). ™

YEL (1,v) ([ JRn xR

where T'(u1, o) is the class of transport plans between p and v, that is the class of
measures v € Z(R" x R") such that, denoting by 7 the projection operator on the
i-th component of the product space, the marginality condition 71';#’}/ =p;t=1,2
is satisfied.

Since we are working in a ‘multi-species’ structure, we consider the product space
Zp(R™) x Z,(R™) endowed with a product structure. In the following we shall use
bold symbols to denote elements in a product space. For a p € [1,+00], we use the
notation

WE(p,v) = Wh(p,v1) + Wh(ue, v2),
with g = (1, po), v = (v1,10) € ZH(R™) x Z,(R"). In the one-dimensional case,
given 1 € Z(R), we introduce the pseudo-inverse variable u,, € L*([0,1];R) as

u,(z) = inf{z € R: p((—o0,2]) > 2}, z€0,1], (8)
see [14].
2.2. Weak solutions for the time-dependent system. In the Section 1 we
mentioned that the well-posedness of (3) can be stated according to the results in
[10, 20] in an arbitrary space dimension n. In these papers, the existence of weak
solutions is provided using an implicit-explicit version of the Jordan-Kinderlehrer-

Otto (JKO) scheme [33, 22|, that we will sketch in the following. A key point in
this approach is to associate to (3) a relative energy functional

0 1 1
?[HW](p’n)zi/ P2+772d$—§/R pSp*pdx—i/R NSy * ndx

—/ pK*udm—l—a/ nK x vdx,

for a fixed reference couple of measures (u,v). We state our definition of weak
measure solution for (3), in the space %5(R")? := 2,(R") x Z,(R").

Definition 2.1. A curve g = (p(-),7(-)) : [0, +00) — P5(R™)? is a weak solution
o (3) if
(i) p,n € L*([0,T] x R™) for all T > 0, and Vp, Vi € L?([0,+0c0) x R™) for
i=1,2,
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(ii) for almost every t € [0,400) and for all ¢, p € C°(R™), we have

d
a /. gbpdx:—@/R pr~V¢dx+/R p(VS,*p+ VK xn)Vodz,
a ). @ndx:—H/R nVn-V@da:—i—/R n(VS, xn—aVK xp)Vodz.

Theorem 2.1. Assume that (A1)-(A3) are satisfied. Let po = (p1,0,p20) €
P5(R™)? such that
?[Ho] ([,I,()) < +00.

Then, there exists a weak solution to (3) in the sense of Definition 2.1 with p(0) =
Ho-

As already mentioned the proof of Theorem 2.1 is a special case of the results in
[10, 20] and consists in the following main steps:

1. Let 7 > 0 be a fixed time step and consider the initial datum po € Z5(R™)?,

such that Fp,.) (o) < +00. Define a sequence {u’ﬁ}keN recursively: pd = pg

and, for a given pu* € 2, (R")2 with k& > 0, we choose u**! as follows:
. 1
pirt e angmin { WG )+ S0} ©
pey(R)? L =T

For a fixed T' > 0, set N := [%}, and
pe(t) = (pr(t),0-(1)) =z te((k—1rkr], keN,
with p® defined in (9).

2. There exists an absolutely continuous curve fi : [0,T] — Z5(R™)? such that
the piecewise constant interpolation p, admits a sub-sequence p,, narrowly
converging to @ uniformly in ¢ € [0, 7] as h — +oo. This is a standard result
coming from the minimising condition (9).

3. There exist a constant C' > 0 such that

T
L 0o i + e ] < T ), (10)

and the sequence gy, : [0,4+00) — Z5(R™)* converges to fu strongly in
L*((0,T) x R™) x L*((0,T) x R™).

The estimate in (10) can be deduced by using the so called Flow-interchange
Lemma introduced in [37], see also [25]. In order to deduce the strong con-
vergence we use the extended version of the Aubin-Lions Lemma in [44].

4. The approximating sequence p,, converges to a weak solution & to (3). This
can be showed considering two consecutive steps in the semi-implicit JKO

scheme (9), i.e. u® pb*! and perturbing in the following way
e = (%) = (Pt nk), (11)
where P¢ = id+e¢(, for some ¢ € C°(R™;R"™) and € > 0. From the minimizing

property of pu**! we have

1 € € €
0< - (W3 (ST, ) = WE (R, )]+ Ty (1) = Fpang (). (12)

After some manipulations, sending first ¢ — 0 and then 7 — 0 the inequality
(12) leads to the first weak formulation in Definition 2.1. Perturbing now on
n and repeating the same procedure we get the required convergence.
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2.3. Stationary states for purely non-local systems. The existence of weak
solutions to the purely non-local systems, i.e.,

{5'tp = div(pV (S, * p+ K, % 1)),

13
o = div(nV (S, xn + K, % p)), (13)

with generic cross-interaction kernels K, and K, is investigated in [22], whereas
studies on the shape of stationary states can be found in [17, 27]. Concerning the
predator-prey modelling and patterns formation, in [15, 46] a minimal version of
(1) has been considered with only one predator and arbitrarily many prey subject
to (different) singular potentials. This model induces the formation of nontrivial
patterns in some way to prevent the action of the predators. In [21] the authors
study existence and stability of stationary states for the purely aggregative version
of system (3), namely equation (3) with § = 0,

&,p:div(pV(S,,*erK*n)), (14)
o = div(nV(S77 xn—aK * p)),
and its relation with the particle system
. N M
Xi(t) = =Y mk VS,(Xi(t) = Xx(1)) = D my VE(Xi(t) = Yi(D)),
k=1 k=1 (15)
’ M N
Yi(t) = =) myVS,(Y;(t) - Yi(t) + @Y mik VK (Y;(t) — Xi(t).
k=1 k=1

It is proved that stationary states of system (14) are linear combinations of Dirac’s
deltas, namely p,77 € Z(R"), with

N M
(P, ) = (Z mhdx, (2), Y midy, (x)> : (16)
k=1 h=1

where {Xk}k’ {Yh}h are stationary solutions of system (15), i.e.,

N M
0="> VS,(Xp— Xi)mhk + > _ VE(Y, — X;)m},
h=1

k=1 ~ . (17)
0= VS, (¥ — V))mh —a > VK(X; — Vy)mk
h=1 k=1

fori =1,..,N and j = 1,..., M, see also [29, 30] for a symilar result in the one-
species case. As pointed out in [21], system (17) is not enough to determine a unique
steady state, since the linear combination of the first N equations, weighted with
amb;, and the final M equations weighted with coefficients —mj, get the trivial
identity 0 = 0. System (17) should be coupled with the quantity

N M
Co=a) myxX;—Y m}Y; (18)
i=1 j=1

that is a conserved quantities, and therefore one would like to produce a unique
steady state once the quantity C,, is prescribed. Solutions to system (17) will play
a crucial role in the proof of the main Theorem 1.1.
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2.4. Existence of mixed steady state via Krein-Rutman theorem. As a
preliminary result, we now prove the existence of one possible shape of steady
state, that will be a prototype example for the general case. The steady state is
what we can call a mized steady state, that identifies the case in which the predators
can catch the prey, see Figure 2.

L, L, R, Ry

FI1GURE 2. Example of mixed stationary state. Note that by sym-
metry L, = —R, and L, = —R,,.

The proof of the existence of such steady state follows by using the strong version
of the Krein-Rutman theorem, see [26].

Theorem 2.2 (Krein-Rutman). Let X be a Banach space, K C X be a solid cone,
such that A\K C K for all A\ > 0 and K has a nonempty interior K°. Let T be
a compact linear operator on X, which is strongly positive with respect to K, i.e.

Tlu] € K° ifu € K\ {0}. Then,
(i) the spectral radius r(T) is strictly positive and r(T) is a simple eigenvalue with
an eigenvector v € K°. There is no other eigenvalue with a corresponding

etgenvector v € K.
(i) |A| < r(T) for all other eigenvalues A # r(T).

As pointed out in [6], using this strategy we can only obtain existence of station-
ary states for a diffusion coefficient that depends on the support, without providing
any one-to-one correspondence between the diffusion constant (eigenvalue) and the
support. Even if non completely satisfactory, the following results give a useful
insight on the possible conditions we can expect in order to get existence of steady
states, see Remark 3.1.

Let us first introduce a proper definition for mixed steady states as in Figure 2.

Definition 2.2. Let 0 < R, < R, be fixed. We call a pair (p,n) a mized steady

state a solution to system (3) with p and 5 in L' N L°°(R), non-negative, symmetric
and radially decreasing functions with supports

I, :==supp(p) = [-R,, Ry},  and I, :=supp(n) = [-Ry, Ry).

Let us now assume that (p,n) is a steady state to system (3) as in Definition 2.2,
then (4) can be rephrased as

{9,0(96) — Sy xp(x) — K xn(x) = C, zel,

On(xz) — Sy *n(z) + oK x p(x) = C, zel, (19)
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where C,, C,, > 0 are two constants. Differentiating the two equations in (19) w.r.t.
x € supp(p) and = € supp(n) respectively, we obtain

R, Ry
Op, = /R Sp(x —y)py(y)dy +/R K(x —y)ny(y)dy rel,
(20)
Rn R/’
O, = Spl@—y)ny(y)dy —a [ K(z—y)py(y)dy v €l
-R, —R

P

By symmetry properties of the kernels S,, S, and K and the steady states p and
n, for z > 0, we get

Op. = v Sp(x —y) = Sp(z +y) ) py(y)dy
L )

. + " (Ko=) - K@+ ))n )i, o
O, = Sp(x = y) = Sy(x +y) )y (y)dy
[ )

~a / N (K@ —y) - K@ +9))py(n)dy.

In order to simplify the notations, we set

G(z,y) =Gl —y)—Gx+y), for G=25,285,K.

Notice that G, under assumptions (A1)-(A3), is a nonnegative function for z,y > 0.
We also set p(z) = —pg(x) for x € (—R,, R,) and ¢(x) = —n,(z) for x € (—R,, Ry).
Hence, (21) is rewritten simply as

R

R, _ no_
Op(z) = /0 S, p)dy + | K(e.y)aly)dy

’ : (22)
R, Ry, _
Oq(x) = /O Sy, y)q(y)dy — a /0 K(z,y)p(y)dy

Proposition 2.1. Assume that S,, S,, K satisfy (A1), (A2) and (A8) and fiz 0 <
R, < R, and 0 < z,,z,. Assume that S, and K are strictly concave on [—R,, Ry)
and [—R,, R,] respectively. Assume that there exists a constant C' such that

Jo'" Su(@, y)h(y)dy
Iy K 9)k(y)dy
for any (k,h) € C'([0,R,]) x C*([0,R,]) with k(0) = h(0) = 0 and k'(0) > 0,
k(z) > 0 for all z € (0,R,), and h'(0) > 0, h(z) > 0 for all z € (0, R,). Then,

there exists a unique mized steady state (p,n) in the sense of Definition 2.2 to system
(3) with @ = 0(R,, R,)) > 0, provided that

C < (23)

-S'(R
a<min{C n( 1) }7

" —RZK"(0)z,

where z, and z, are masses of p and 1 respectively.
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Proof. Let us first introduce the following Banach space
Xr,.r, = {(p,q) € C([0, Ry]) x C([0, By]) : p(0) = ¢(0) = 0},

endowed with the W1 >°-norm for the two components p and g. Define the operator
Tr,.r,[P] on the Banach space Xg, g, as

Tr,r,[P] = (f,9) € C'([0,R,]) x C'([0, Ry)),
where P denotes the elements P = (p,q) € Xg,,r,, and (f, g) are given by

R, _
ﬂ@:/ 5,(x, u)p( @+/ Rayawdy  for ze[0,R,)

/ S (z,y)q dy—a/ K(z,y)p(y)dy for x€[0,R,).

The assumptions on the kernels ensure that the operator Tr, g, is compact on the
Banach space Xg, r,. Indeed, as the operator Tg, g, is defined on a space of Ct
functions defined on compact intervals, and since the kernels S,, S, K are all in C2,
which is from assumption (B1), defined in the operator on compact intervals, then
using Arzeld’s theorem, it is easy to prove that Tr, r, maps bounded sequences in
XR,,r, into pre-compact ones. Now, consider the subset Xr, r, C Xg, r, defined
as
KRpaRn = {P S xRp,R?7 :p>0,q9 > O}

It can be shown that this set is indeed a solid cone in Kr, r,. Moreover, we have
that

Hr,.r, = {P € Kn,,r, :0'(0) >0, p(x) >0 forall z € (0,R,), and

¢ (0) >0, g(x) >0 forall z € (O,Rn)} C Xr, R,

o
where Kpg, r, denotes the interior of Xr, r,. We now show that the operator
TR, R, is strongly positive on the solid cone Xg, r, in the sense of Theorem 2.2.
Let (p,q) € Xg, r, With p,q # 0, then by the definition of the operator Tr, g, ,
it is easy to see that the first component is non-negative. Concerning the second
component, we have

R, _ R, _
[ i atidn—a [ Rty > o (29
0 0
if and only if @ < C with C as in (23). Next, it is easy to show that the derivative

at x = 0 of the first component is strictly positive. The derivative of the second
component is given by

Ry _ Ry,
_0< ; Sn(x,y)q(y)dy—a/o K(x,y)p(y)dy>

R, _ Ry, _
= / Sy (0,9)q(y)dy — a/ K. (0,y)p(y)dy
0 0

4
drlz

RV? Rp
= [ i - siatds—a [ () - K)plolay

0

:—2/ Sy (y dy+2a/ K'(y)p(y)dy := A.
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Now, we need to find the condition on a such that A > 0. Chebyshev’s inequality in
the first integral of A and the concavity assumption of S, on the interval [-R,, R,]
yields the bound

2

‘2/Rn5’<><>d B LAY
R, J, SWawdy=—z- | Syunly)dy

R, R,
> (Rln/o —S,’{(y)dy> (Fi/o n(y)dy>

*S%(Rn)zn
—
i
Using the concavity assumption of K on the interval [-R,, R,], the other integral
can be easily bounded by

R, R,
—2/0 K'(y)p(y)dy = —2/0 K" (y)p(y)dy < —=K"(0)z,.

Thus, A > 0 holds under the condition
—S!(Ry)z
Q< —R;I((”Z()))Z . (25)
n P
As a consequence, Tg, g, [P] belongs to H R,,R,» Which implies that the operator
TR, R, is strongly positive on the solid cone Xg, r,. Then, the Krein-Rutman
theorem applies and guarantees the existence of an eigenvalue § = §(R,, R,)) such
that
TR,J,RT, [P] = GP’
with an eigenspace generated by one given nontrivial element (p, ) in the interior
of the solid cone Kg, r,. Moreover, by (i) of Theorem 2.2, there exists no other
eigenvalues to Tg, g, with corresponding eigenvectors in Xg, r, besides the one

with eigenfunction (p,q), and by (ii) of Theorem 2.2 all other eigenvalues 6 with

eigenfunctions in Xg, g, satisfy 6] < 6. O
p

n n
! !
! !
| |
| |

1 1 1 2 2 2

L, cmy, R, L, cmyp R, L; cmy, R;

FIGURE 3. An example of a separated stationary state.

Remark 2.1. Motivated from the purely aggregative case (13), we actually expect
a more rich behavior for the possible steady states configurations, such as the sep-
arated stationary state in Figure 3. This is expected as a possible winning strategy



MULTIPLE PATTERNS FORMATION FOR A PREDATOR-PREY SYSTEM 389

for the prey, since it corresponds to prey finding a safe distance from the predators.
Unfortunately, the symmetrization argument used in the previous proof seems to
fail, since in this case we need to require the symmetry around cmf7 for the convo-
lutions. In the next section we prove the existence and uniqueness for the multiple
bumps stationary state in the sense of Definition 1.1, that includes the mixed and
the separated one, using a completely different approach.

3. Existence for Multiple Bumps Steady States. In this Section we prove the
existence and uniqueness of a multiple bumps steady state in the sense of Definition
1.1 fixing masses and a small diffusion coefficient. Following the approach in [5, 6],
we first formulate the problem in terms of the pseudo-inverse functions and then
we use the Implicit Function Theorem (cf. [19, Theorem 15.1]).

We start rewriting our stationary system in terms of pseudo-inverse functions.
Let (p,n) be a solution to the stationary system

0= (p(@p— Sp *p— aPK*n)m)m’
0= (77(977_ Sn *n_aﬂK*p)z)z'

where o, = 1 and «, = —«. Assume that (p,n) have masses z, and z, respectively
and denote by cmy, 1 € {p,n}, the centres of masses

(26)

/ zp(z)de = cm,, / an(z)dx = cmy,.
R R

Remember that the only conserved quantity in the evolution, together with the
masses, is the joint centre of mass

CM, = acm, — cmy,, (27)

that we can consider fixed. Define the cumulative distribution functions of p and n
as

Fy(x) = / Cp@)de,  Fyr) = / " ()da.

— 00 — 00

Let u; : [0,2;] = R, I € {p,n}, be the pseudo-inverse of F;, namely
w(z) =inf{z e R: Fi(z) >z}, 1€{p,n},
supported on

Supp(ul) = [07'2[] = ‘]la le {p7 77}

For p and n multiple bumps in the sense of Definition 1.1 we can denote the mass
of each bump as

/pi(a:)dx:z;, /nj(x)dxzz%, i=1,2,...,N,, j=12,...,N,,
and the centres of masses accordingly,
/a:pi(x)dx:cmf), /znj(x)daszcm%, i=1,2,...,N,, j=12,...,N,,

and we can always assume that the centres of masses are ordered species by species,
ie. em) > emj if i > j. Let us consider the case of centres of masses that are
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stationary solutions of the purely non-local particle system (17), that we recall for
the reader convenience,

N, N,
ZS:)(cmlp—cmf))zf)—FZK’(cm emy)zh =0, i=1,...,Np,
N, N, (28)
ZS’ cm —cmj —aZK’ em! —cm;)zz 0, i=1,...,N,,
j=1

coupled with the conservation of the joint centre of mass CM, in (27), see the
discussion in Section 2. For such a density the pseudo-inverse u; reads as

Zul ]IJ‘ 7 l € {Pﬂ?}a

where

i i N N
supp(u;) = [0, 2] U [Zz ,Zzlk] = U %,%] = U Ji e {p,n},
k=1 i=1

i=1 Lk=1

with z) = 0 and z; = ZQL zF. We are now in the position of reformulating (26) in
terms of the pseudo-inverse functions as follows:

30 (00 ) = [ Sy~ ()

"‘0‘9/ K’(up(z) - un(g))d& z € Jp,
6 > " (29)
50-((0:0(2) ) = |8} (ugfo) = ol

n

—|—oz,7/ K (uy(z) — u,(€))dg, z € Jy.

P

The restriction to z € Jli, i=1,2,---,N;, and | € {p,n}, allow us to rephrase (29)
in the compact form

50-(0-0i() ) =3 | situite) - wi©)ae
. (30)
vy [ Ko - @) ze

Similar to [5, 6], we suggest the linearization
up =cmj +ov] i=1,2,...,N;, and I € {p,n},

with v}, being odd functions defined on .J;. Using this ansatz in (30), with the
scaling 0 = 6% we have

30 (001 Z St {emi = em{ +6(:i(2) = v/ (©) ) de

(31)
+alZ/ K’ cml—cmh+5(vl( )—vi(f)))df.



MULTIPLE PATTERNS FORMATION FOR A PREDATOR-PREY SYSTEM 391

Multiplying (31) by 60,0}, and taking the primitives w.r.t. z, we obtain

52 Al . : . :
azvli(z) :;/Jl] Si (Cm; - Cmg + 6(”11(2) - Ulj(f)))df

(32)
Ny,
+ Z/ K(cmf — cmi + 5(vf(z) — U{L(g)))df + Al z e Jj,
=177,

where A are the integration constants. In order to recover the constants A}, we
substitute Z/ into equation (32). Denoting by v}(z}) = A!, we obtain

Ny . ) )
Al = — Z/J, S (cm?—cm{ + (A — Uf(§))>df
Jj=1 l
(33)

Np, ) . )
- Z /Ja‘ K(cm% —cemj 4+ 0(N — vi({“)))df.
J=1 h

Next, we set G; and H such that G) = S; and H' = K, with G;, H to be odd and
satisfy G;(0) = H(0) = 0. Then, multiplying (32) again by 60,v; and taking the
primitives w.r.t. z € Jli, we obtain

53z ;/J{ Gy (cmf — cm{ + 5(1);(2) — vj(ﬁ)))df
N}L . .
+ o Z/ H(cmf —cmj, + 5(1);(2) - vi({)))df + Ajdvi(2) + Bf, =z € J].
j=17Ji

(34)
Let us denote with Zli the middle point of each interval J;. Then, in order to recover
the integration constants 3, we substitute z; in (34) which yields

N;
Gi= 85— /J Gu(em] — emf — 5v](€))de
j=1""1

Nh . . .
—q Z / “H(cmj — emj, — 0vj,(€))d€.
=177
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As a consequence of all above computations, we get the following relation for z € J;,

= / Gy (cm} — cmg + 5(1}1’(2) — vj(é))> -G (cmf — cm{ — (51}{(5)) d¢
=17}
— i)Y /ﬂ Si(emi = em + (N — v} (©)) ) d
=1 1
Ny, ’ ‘ _ ‘ _
+ g Z / v H(cmf —cm) + (5(1);(2) — vl (5))) — H(cmf —cmj, — 51}%(5)) d¢
=177

Nh . . .
— i (2)ay Z/ﬂ K (emj = emi, + 5(A = v}(6)) ) de.
j=1 h

(36)
If we define, for p = (v;,...,v,ﬂv”m}?,...,v,]]v")
Filp; 0(=)
. N[ . . . .
=z —z2+63 Z/ ' Gl(cm} —cem] +6(vj(z) — vf(f)))
=177
— Giemj —em] — 6v](€)) dé

N;
— 6vi(2) Z/ S (cmf —cm] +6(\ — vf(f))) d¢

j=17J1 (37)

Np,
oS [ (omf - o) +0(1i(:) ~ (6)
J=1 h
— H(cem] — cm{t — 51}{;({)) d¢

Np,
— v} (2)qy Z/ K(cmli —emi 4+ 0\ — vi(g))) df] , 2z € Ji
=17

we have that (30) reduces to the equation Fi[p;d](z) = 0. In the following we
compute the Taylor expansion of F¢[p;§](z) around § = 0. Let us begin with the
first integral on the r.h.s. of (37), i.e.,

/_ Gy (cmf — cm{ + 5(1}}(2) - v{(&))) -G (cmf — cm{ — 51}{(5)) d€
J

7
, o 52 , o
= [Sitemi — em)di (=) + T Si(emi — em]) (vi(2))?
5 o 4 (38)
+ 57 (emj — em]) (v} (2))° 17|

53 . o _
+ [t emd — ) (41(9)vi () de + R(S{". 07,
JJ

1
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where we used the fact that [, v(£)d¢ = 0 and R(S]”,6%) is a remainder term.
l
For the second integral we have

—1i(2) [ (omi = em{ +5(3f —of <§>)) ¢

= | = Silemi — em)ovi (2) — 6°S{(em} — em])\jui (2)
53 ) (39)
= 55V (emi = emd) )i ()] 7]

3 . .
— [ S Sitemi = em)((€) i) de + R(S{".5).

Summing up the contributions in (38) to (39), we get that the self-interaction part
n (37) reduces to
Y S o ‘ ‘
6% | 25 Sh(em] — emi i (:)(vf (2) = 2A) o)
1 i N i
+ 587 emi — em])((44(2))° — 301 () D)1 + B(SY", 0%)

Similarly, for the cross-interaction part we obtain
51 , o , ,
6* | 25K (emf — emi o (2) (v (=) — 2X))

1 ) ) ) ) , .
+ g K" (emi — emy, ) ((v](2))° = 301’(2)(/\?)2)} | Jh] + R(K™,6%).
Putting together the contributions of (40) and (41) in the functional equation (37),

we get

(41)

F11p:0)() = (o — 2) + 2L (3002 ) — (4 (2))?)

B
+ S () (vi(2) = 20) + RS, K, %),

where we used the notations mtroduced in (6) and (5), namely

(42)

=S (emj —em))|Jf | — au Yy K" (emj — emj,)| ],

j=1
and
Ny o Nb _ o
Bi =Y 8j(emj — em))|Jj | + Y K (emj — em))| 3.
=1 7=1

Note that since the values cm! satisfy (28) we have that Bf = 0. After the manip-
ulations above, equation F;[p; 0](z) = 0 reads as

(3 = 2) + L (3 ()N~ 0 (2)°) =0, =€ Ji. (43)

that gives a unique solution once the value of A} is determined. In order to do that,
we evaluate the functional J} in the end point Z] of the corresponding interval

Ailp; 8] = Fi[p: 0)(2)). (44)

Performing Taylor expansions similar to the ones in (38) and (39) we get that

Ailp;0) = (2 — 2) + %m (45)
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and we are now in the position to solve
=i D, i i
(5 —2)+ < (?wl(z)(Al)? - (i())*) =0,

(46)
(5~ 30) + () =

The second equation in (46) admits a solution once we have that Dj > 0, and A{ is

uniquely determined by
1/3
; 3(z -z
A= (== 47
l ( Dj > o
By construction A} > )\{ if ¢ > j, and this implies that equation (46) admits the
unique solution z_)f which can be recovered as the pseudo inverse of the following

Barenblatt type profiles
DZ

) =<7 (V) = (@—emp)’) Iy (@), i=1,...,N,,
(48)
_ Dh h h\2
(z) = =2 (()\ )2 —(z — cmy) )]llh(ac), h=1,...,N,,
where the intervals I; = [lz, 7“;] and If; [127 Z] are determined imposing
l};’“ = cmi’“ —)\Zk, ri’“ zcmﬁc’c —|-/\k , xg=1,....,Ng, k=p,m.

We are now ready to reformulate (36) as a functional equation on a proper Banach
space. Consider the spaces

= {v e L*™ ([2},2})) |v increasing, v(%}) = O} ,i=1,...,N, L€ {p,n}, (49)
endowed with the L°° norm and take the product spaces
N; X
O =XQ, forle{pn}
i=1
We now introduce the space €2 defined by

Q=0, xRY x Q, x RV, (50)
with elements w = (v},..., v, " AL .. A7, 0l Lo 7 AL L A)") endowed with
the norm

N, N,
lwlll = 3 (ophee +1051) + 3 (el + 1251 (51)
i=1 i=1

For v > 0, calling j} = [2}, 2}) we consider the norm

el = e+ 33" s P (52)

1e{p.n} i=1 #€J;

and set Q0 :={w € @ : [[lwl|l[y < 4oo}. For a given w € Oy, we define the
operator 7T : Q% — O
Fplw; 0](2)
Ap[‘”?(S]
Tw; 0](z) := ) (53)
Fnlws 6](2)

Ay lw; 4]
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where for [ € {p,n} we have shorted the notation introducing

Filw; 0)(2) = (T [wi 3)(2); -, T s 0](2) )
(54)
A[w; 8)(z) = (A}[w;é], AN [w;(ﬂ) :

The operator T is a bounded operator for any fixed § > 0 and can be continuously
extended at § = 0 to (43) and (45). In order to prove existence of stationary
solutions for small § > 0 using the Implicit Function Theorem, we need to prove
that the Jacobian matrix of T is a bounded linear operator form /5 to §2; with
bounded inverse. The Jacobian of T has the following structure

D,,F,(5) D, F,(5) D, F,(5) Dy F,()

I Dy, Ap(8) DaA,(5) Dy Ay(8) Dy, A(0) | 55)
Dy, Fy(8) Dr,Fy(8) Dy Fy(6) Da,Fy(0)
Dy, Ay(6) D, Ay(5) Dy Ay(8) Dy, Ay(0)

where the components are actually matrices defined by

. Ni,Np, ) Ni,Np
9F}[w; 4] j 95} [w; 0] J
Dvhfﬂ(é) = P 3 (Vh) ’ D/\;Lgfl((s) = T(ah)
Uh i,j=1 h i,j=1
onjlwra], o\ onjlwia], 5\
w; ; w; ;
Dthl(é) = é 5 (Ui) ’ D)\hAl((S) = L 3 (ai) )
vy, i1 oXj, o
i,j i,

where I/Z and a{b are generic directions. We first compute the diagonal terms in the
matrix D,,F;(5). We have

0F}w; 4]

avli (Vl )

=02 [ vt [Sl (5(vi(2) = vi(©)) — dui()5] (3N — vi(©)))

-5 M(s))] dé

Ny

+52y;(z)z/ﬁ

j=1

S, (cmf —emi +6(vi(2) — ’Uzj(ﬁ)))

-5 (cmf - cm{ +0(\ — vf(f)))] d¢
Nn . .
+ 62 (2) oy Z: /Jj lK(cmZi —emj +6(vj(2) — Ui(f)))

- K(cmf —em] + SN — U%(ﬁ)))] dg.



396 SIMONE FAGIOLI AND YAHYA JAAFRA

A Taylor expansion around ¢ = 0 similar to the ones in (38) - (41) easily gives that
in the limit § — O we obtain

oo = (00 - Gl

Concerning the other terms in D,,J;(0) we get

OFw: 8],
Hil )
v

=0 i / v () [Sz (cmi — emi +6(vi(2) i (©)))
=17l

-5 ((cmf - cm{ - 51}?(5)) — v} (2)S] (cmf - cm{ +5(\ — vlj(f))) de,

that all vanish in the limit § — 0. Let us now focus on the matrix Dy, F;(d). By
(37) it is easy to see that the only non-zero terms in Dy, F;(0) are the diagonal ones
that are given by

OFjw; ], ; IR AL o , .
(19[;](&?) = 5 Wi(z)al L;/J,J S, (cml —em] +5(N — v} (g))) e

Np,
toar ) /Jj K’(cmf —em) + 6\ — ui(g))) dg] .
j=1 h

Then, Taylor expansion w.r.t. ¢ yields

9T} [w; 0], iy i i
é[)\;-](az) = DiAjvi(2)aj.

Since all the entrances in the matrix Dy, F;(J) are zero, the last matrix that concerns
F} is Dy, F1(6). The elements of this matrix are given by

0F}[w; 4] (Vfl)

81}%
Ny, _ _ , ; j
=62 Z/JJ A lK(Cm; —emy, + 6 (v (2) — Ui(g»)
i=1""n
~ K (om — e}, = 50}(€)) = i ()" (e — e + 6( - “ﬂf”ﬂ b

that vanish in the limit § — 0. We now start in computing the functional derivatives
for A} in (44). Again we should consider the four matrices in (55), and we start
from D,,A;(6). Note that the terms in the diagonal are zero in this case and the
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others are given by
il
OA}|w; 9] (l/j)
1

o)
l N . . . . .
=573 [ | - e + 000 4(0)

= i((emi — emf = 60](€)) = o7i8] (emi — em] + 6() — o] (g)))] de.

The terms in D,, A;(d) are
O} {w; ]

TZ(V%)
= 52 ; /J Vi (€) [K(cm} —emj, +6(N — 0},(€)))

- K(cmf —em] — 51}{;(5)) — ONK' (cmf —cem, + (N — vfl(f)))l de,
and the usual Taylor expansions around 4 = 0, show that both the matrices

D,,Ai(0) = D, A;(0) = 0. Since Dy, A;(d) is trivially a zero matrix, only remains
to compute the diagonal terms in Dy, A;(d). We have

0N [w; 0] ol
1% i —1 i ial i J i J
—L2 2 (af) = —6q E / A Si(em) —em] + (5()\l — v (f)) dg

Np
— o Y /,7 MK (emf = emi, + 35X — v} (€)) ) de.
j=1"Jn

The last Taylor expansion gives

8Ai[W§0] i i(\iN2, 0
#(al) = Dl()‘l)zal'
l
We have proved that
FEly dg (D;)\ZvZaf)) 0 0
0 dg(Di(X))%dl) 0 0
DT[w; 0] = e ], (56)
0 0 El, dg (D%)\ﬁlv%a;)
0 0 0 dg(Dj(\)%al)

where

Dt . , Dl , ,
Ely = ds ( (0 - <vz>2)v;> Bl = (2 (002 - <v:7>2)v;) |
and dg(4;) is a diagonal matrix with elements A;. Let us denote by wp the unique

solution to (46), we have the following lemma:

Lemma 3.1. For 6 > 0 small enough, the operator DT |wg;d] is a bounded linear
operator from €y /5 to Q.
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Proof. Thanks to the previous computations it is easy to see that DT is a bounded
linear operator from (2 into itself and it is continuous at 6 = 0. The definition of
the norm in (52) implies that for z € J} we need to control only that

+ gif -, 8)(al) — g[;g[ﬁ](ai) - <g§f [ 0)(ai) - gﬁg“““”)
+ o) St - (Gsoied) - S0l
+ St altd) - Ssaled) - (SH0ie) - Tlsoli )| o

as 0 \(0. We start estimating the third row in (57),

L |99 sy OAL j_(afﬂi,. jy_ OAL j)
(’glz — Z) 8’1}%[ va](”h) avi [ vé](”h) 8’1}2[ 70](Vh) 81}{% [ ,0](I/h)
ENGOEPY . / K" (em} = em, + 5\ = A ()A(©)
Z -z = Ji 2
ENCIOEPHIE Wi UGN
Z;—z prllS 6

_ (W (2) = M2 A [ K" (@) — vh(©)a(©)
_ 50” l l /J l2 h h df

- J
j=1 h

(0i(2) = XD & [ K"(#(€)v)(€)
M) A /J PO g

o (DA G

P 3t _
i z 2] z

- J
j=1 h

) o)

where in the first equality we did a Taylor expansion around the point zg = cmf —
em], 4+ 8(N; — v (€)) for the kernel K (cmi — emd, + 6(vj(2) — v](€))), while in the
second equality we did a Taylor expansion around the point zg = cmf — cmfl for
the kernel K" (cmj — em) 4+ (N — vfl(ﬁ))) Similarly, we can show that

1 o9} o 0N N 97 . . o OA} )| =
G [ ) g ) — (ol — S0l m)]—o.
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The first two rows in (57) can be treated as follows,

1 |oF o 0N oF) o 0N
= ot ) = Sotsali) — (Gibtsoied) - Goltaolo)
# Gaclalal) = Gitsaltah) — (Gitola) - Gt raol(ap )
N; . . .
- T [Z [ 57200(2) = M) (44(2) = a)Si(om] = ] + 60 = 11 (9)
1 i

F67 L) — AP () — o (€)Y (em — em] -+ 5(3 — 27 (€)

+ () = NP0A() — (€)1 (1)) e

Np,
tard | 870i() = A () — a) K (emi — emi, + 60N - 3(£))

5720 (2) — N 04(2) — i (€) K (em] — em, + 53 — v](€))

2 00() = N W ) — 7 (€) K" (32(6)) dg]

(3 —2)
+(2vi(2) — 1) ( (vf((;)_—;)%)?’ N (vf((;)_—;)i)z ) ) 0(5).
Since the functions v} are components of a vector w belonging to €, /2, the quantities
AL =i (2)
G )2
are uniformly bounded in J/, that gives (57). O

Lemma 3.2. For any 0 > 0 small enough, DT[wo;0] : Qy/5 — Qi is a linear
isomorphism.

Proof. Given w € €7, we have to prove that

DT [wo; 0w = w, (58)
admits a unique solution w € €/, with the property

llwll1/2 < Cllwl]x-

The determinant of the matrix in (56) is given by

No (i2 No (piy2
det DT = (]‘[1 B (i - <v2>2)<xz>2) ~ (ng)(umz - <v:;>2)<A:;>2) ,
(59)
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that is always different from zero under the condition D} > 0 and since ( ( )— )\2)
0 on z € [z}, Z]). Thanks to the structure in (56) and denoting with v}, a} and o}, k]
the generic entrances in w and w respectively, we easily get that

l/i(Z) _ —20Z(Z) 2)\;’0;(2’)0,;
: Di((0i(2))2 — (A)2) " (vj(2))2 = (\)*’
i ki
D)

that implies |[f]]1/2 < Cl|o}||oo for i = 1,2,--- ,N;, and I € {p,n}. In order to
close the argument, it is enough to note that the ratio

aj — v()

Gi— o7
is uniformly bounded since (A\i —vi(2))/(Z} — z) is uniformly bounded, see [5, Lemma
4.4]. O

We are now in the position of proving the main result of the paper, namely
Theorem 1.1, that we recall below for convenience.

Theorem 3.1. Assume that S,, S, and K are interaction kernels are under the
assumptions (A1), (A2) and (A3). Consider N,, N,y € N and let z} be fized positive
numbers for i =1,2,--- Ny, and l € {p,n}. Consider two families of real numbers
{cmﬁ)}i-v:"l and {cm%}fi”l such that

(i) {cmﬁ,}i-v:”l and {cm;}fvz"l are stationary solutions of the purely non-local par-
ticle system, that is, fori=1,2,--- Ny, forl,h € {p,n} andl # h,

N Np,
B = Z Si(emj — em))2] + oy ZK’(cmf —em})z], =0, (60)
j=1 j=1

(ii) the following quantities
Np,

Z Sy (emf — em)zl — ay ZK"(cmf —cmi)z], (61)
j=1
are strictly posztwe, foralli=1,2,--- ,N;, l,h € {p,n} and ] # h.
where ay, = 1 and oy, = —a. Then, there exists a constant 0y such that for

all 6 € (0,00) the stationary equation (4) admits a unique solution in the sense of
Definition 1.1 of the form

NT/
Zp Mpi(z) and  n(x) =) n"@)lp(z)
h=1
where
e each interval I} is symmetric around em} for alli=1,2,--- ,N;, L € {p,n},

e pl and ) are O, non- negatwe and even w.r.t the centres of I’ and IJ respec-
tively, with masses zp and z}, fori=1,...,N, and j =1,. Nn,
e the solutions p and n have fized masses
N, N,
Zp = zf) and zn:sz],
i=1 i=1
respectively.
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Proof. Consider z, and z, fixed masses and a set of points cm] for i = 1,2,--- | N,
and ! € {p,n} that satisfy (i) and (ii). The results in Lemma 3.1 and Lemma 3.2
imply that given T defined in (53), the functional equation

Tlw; d](z) =0,
admits a unique solution
w= (v;(z)7...,vévp(z),/\;,...,Agp,v%(z),...,vg"(z),)\}],...,)\y”),

for § > 0 small enough. The entrances v}(z) are solutions to (36) for z € J;.
Consider now u! defined for z € J} as ui(z) = em! + §vi(z). Differentiating (36)
twice w.r.t z we get that v} is differentiable and strictly increasing for z € J; and
that u! is a solution to (30). Moreover v is also strictly increasing and we can define
the inverse F} that and its spatial derivative pi = 0, F} is a solution to (4). O

Remark 3.1. Note that conditions (ii) in Theorem 3.1 turn to be conditions on
the positions of the centres of masses and on the value of a. Indeed, as a sufficient
condition for Df, > 0 we can assume that all the differences between the centres of
masses are in the range of concavity of the kernels. Moreover, Df, > 0 is satisfied if

N, i j ]
X Siem el
i=1,...,Ny, Z;,V:f’l K”(cmf7 — ijp)|Jg|

Note that the above conditions are comparable to the one we got in the proof of
Section 2 using the Krein-Rutman approach.

4. Numerics and perspectives. In this section, we study numerically solutions
to system (3) using two different methods, the finite volume method introduced in
[12, 13] and the particles method studied in [23, 28]. We validate the results about
the existence of the mixed steady state and the multiple bumps steady states.
Moreover, we perform some examples to show the variation in the behaviour of the
solution to system (3) under different choices of initial data and the parameter a,
which, in turn, suggests future work on the stability of the solutions to system (3).
Finally, travelling waves are detected under a special choice of initial data and value
for the parameter . We begin by sketching the particles method. This method
essentially consists in a finite difference discretization in space to the pseudo inverse
version of system (3)

O, (z) = —gaz((azup(z))”ﬁ [, S (up(2) = u,p(€))d€

+ap/J K'(up(2) — uy(€))dE, z € J,
0 ’ -2 (62)
8tun(z) = _§az((azun(z>) ) +/J S;(un(z) - Un(§>)d§

—l—an/ K (uy(2) — uy(€))dg, z € Jy,
'JP

as the following: Let N € N, let {2*}¥, be a sequence of points that partition the
interval [0, 1] uniformly. Denote by X/(t) := w,(t,2") the approximating particles
of the pseudo inverse at each point z° of the partition. Assuming that the densities
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p and 7 are of unit masses, then we have the following approximating system of
ODEs

0 ) 2 . —2 1
s () 7 = (') ) + ¥ 2 S0 - X 0)as

8th(t) =
N
FPZ:: XJ(t))de, i=1,---N,

axy 1) = 5 (1)

N
+ﬁnzl’f’()ﬁﬁ(t) —Xi(t)de,  i=1,---N,
j=1
where the densities are reconstructed as

MO N & - X))

p’(t) =0,
pN(t) =0,

and the same for the n*(t). To this end, we are ready to solve this particle system by
applying the Runge-Kutta MATLAB solver ODE23, with initial positions X;(0) =
Xio= {X})O}ZNZI, [ = p,n determined by solving

(64)

X1+1

p;0 1

/} plt=0)dX = 7—, i=1-- ,N-L
0.0 N

The second method we use is the finite volume method which introduced in [12]
and extended to systems in [13], that consists in a 1D positive preserving finite-
volume method for system (3). To do so, we first partition the computational
domain into finite-volume cells U; = [z;_1, %, 1] of a uniform size Az with z; =

iAz, i € {—s, ...,s}. Define

- 1
pi(t) : = Az / (z,t)d 1i(t) == AJU/U n(z,t)dx

the averages of the solutions p,7n computed at each cell U;. Then we integrate
each equation in system (3) over each cell U;, and so we obtain a semi-discrete
finite-volume scheme described by the following system of ODEs for p* and 7*

dt Az ’
(65)
din(t)  FrLaO—-FLL(@)
dt B AIIZ I

where the numerical flux F* il

continuous fluxes —p(0p + S, * p + a,K * 1), and —n(0n + S, * 7 + a, K * p)y
respectively. More precisely, the expression for Fﬁ; is given by
2

l = p,n, is considered as an approximation for the

; . Az i . Az i
Fp . = max(ﬁ:,"'l,()) Pi + 7(pm)i + mln(ﬁp+1,0) Pi — T(MC) :|7

+3 (66)
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Mixed steady state Evolution of the solution
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FIGURE 4. In this figure, a mixed steady state is plotted by using
initial data given by (70), a = 0.1, § = 0.4. Number of particles
are chosen equal to number of cells in the finite volume method,
which is N = T71.
where
9t — 9(~, _~,)_ ~,(5(. — ;) — S,(x; — ))
P - Ax Pi+1 Pi Pj\Pp Tit1 €T p\T; €
J
—Oép E nj(K(a:H_l —l‘j) —K(a:i—xj)),
J
and

Pit1 = Pi Pi+1 — Pi-1 2,51 — pi-1

£ f= i 2 5
(p) minmod Ax 2Ax Az
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(68)
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14 Separated steady state 14 Evolution of the solution
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u @)

FIGURE 5. A separated steady state is presented in this figure.
Initial data are given by (71). The parameters are « = 0.2 and
0 = 0.4 with N = 91.

The minmod limiter in (68) has the following definition

min(ay,as, ...), ifa; >0 Vi
minmod (a1, as, ...) := < max(ay,as, ...), ifa; <0 Vi (69)

0, otherwise.

We have the same as the above expresions for 1. Finally, we integrate the semi-
discrete scheme (65) numerically using the third-order strong preserving Runge-
Kutta (SSP-RK) ODE solver used in [31].
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Separated steady state Evolution of the solution
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FIGURE 6. This figure shows how from the initial densities pg, 19
and 6, as in Figure 4, a transition between mixed and a sort of
separated steady state appears by choosing the value of o = 6.
This large value of a suggests an unstable behavior in the profile,
see Remark 3.1.

In all the simulations below, we will fix the kernels as a normalised Gaussian
potentials

Sp(x) = Sy(2) = K(z) = ﬁe‘“ ;
that are under the assumptions on the kernels (A1), (A2) and (A3). This choice
helps us in better understanding the variation in the behavior of the solutions w.r.t.

the change in the initial data and the parameter «. In the first five examples, see
Figures 4, 5, 6, 7 and 8 we show:
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e in the first row steady states are plotted at the level of density, on the Lh.s.
we compare the two methods illustrated above, while on the r.h.s. we show
the evolution by the finite volume method,

e in the second row we plot the particles paths for both species obtained with
the particles method,

e in the last row we show the pseudo inverse functions corresponding to the
steady state densities.

The last example we present shows an interesting traveling waves-type evolution.

SIMONE FAGIOLI AND

Multiple bumps steady state
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FIGURE 7. A steady state of four bumps is showed in this figure
starting from initial data as in (72) with o = 0.05 and 6 = 0.3.
The number of particles N = 181, which is the same as number of
cells.
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08 Multiple bumps steady state 08 Evolution of the solution
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FIGURE 8. Starting from initial data as in (73) with & = 1 and
0 = 0.3, we get a five bumps steady state.

The first example is devoted to validating existence of mixed steady state and
separated steady state. By choosing the initial data (pg,no) as

po(x) = no(x) = gﬂ[—o.m.?] (z), (70)

and fixing = 0.1 and 6 = 0.4, we obtain a mixed steady state as plotted in Figure
4. Note that, the small value of a allows the predators to dominate the prey which
results in the shape shown in Figure 4. Next, we take the initial data as

po(z) =051y 11(z),  mo(x) = 0514 3034 (), (71)
with the same 6 as above and o = 0.2. This choice of the initial data, actually,

introduce two equal attractive forces on the right and left hand sides of the predators
which, in turn, fix the predators at the centre and gives the required shape of the
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Traveling Wave
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FIGURE 9. This last figure shows a possible existence of traveling
waves by choosing initial data as in (74), « = 1 and 6 = 0.2. The
first two plots are performed by particles method, while the third
one is done by finite volume method. Here we fix N = 101.

separated steady state as shown in Figure 5. Finally, a sort of separated steady
state can also be obtained starting from the same initial data as in (70) and same
diffusion parameter . If we choose a = 6, the prey n will have enough speed to get
out of the predators region, producing a transition between the mixed state to the
separated one, this is illustrated in Figure 6.

We then, test two cases where we validate the existence of steady states of more
bumps. Let us fix § = 0.3. Then, a four-bumps steady state is performed and
plotted in Figure 7, where we consider

5 1
po(r) = —1_o.7,0.7(x), no(w) = ﬁ]l[—o.zo.ﬂ (z) + gll[—G,—5]u[5,6] (z), (72)

as initial data and we take o = 0.05. This way of choosing initial data produces a
balanced attractive forces which in turn form the required steady state. Similarly,
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we can obtain a steady state of five bumps by using initial data

1 1

po(x) = 511[75,—4]u[4,5] (), no(x) = gﬂ[79,78]U[7O‘5,0.5]U[8,9] (x), (73)

and a = 1, see Figure 8.
Finally, in this example, we detect existence of traveling waves. Indeed, by
choosing initial data as

10 10
po(x) = ﬁﬂ[—0.6,0.6] (), no(x) = 51[1.7,2.9] (z), (74)

a =1 and 6 = 0.2, we obtain a traveling wave that is shown in Figure 9. Once
the initial data and the value of 6 are fixed, if « is taken as a small value, then we
will come out with a mixed steady state. If we take a larger value for o then the
prey will be fast escaping from the predators. Therefore, the proper value for a will
produce a situation where the attack speed of the predators is equal to the escape
speed of the prey, which results in a traveling wave of both the densities p and 7.
All the simulations above motivate further studies on stability vs. instability for
such a system, together with the possible existence on traveling wave type solutions.
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