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ABSTRACT. We investigate the simultaneous observability of infinite systems of
vibrating strings or beams having a common endpoint where the observation is
taking place. Our results are new even for finite systems because we allow the
vibrations to take place in independent directions. Our main tool is a vectorial
generalization of some classical theorems of Ingham, Beurling and Kahane in
nonharmonic analysis.

1. Introduction. In this paper we are investigating finite and infinite systems of
strings or beams having a common endpoint, whose transversal vibrations may take
place in different planes. We are interested in conditions ensuring their simultaneous
observability and in estimating the sufficient observability time.

There have been many results during the last twenty years on the simultaneous
observability and controllability of systems of strings and beams, see e.g., [1]-[6],
[11]-[12], [20], [25]. In all earlier papers the vibrations were assumed to take place
in a common vertical plane. Here, we still assume that each string or beam is
vibrating in some plane, but these planes may differ from one another. This leads
to important new difficulties, requiring vectorial generalizations of clasical Ingham
type theorems. Our approach also allows us to consider infinite systems of strings
or beams, which requires a deeper study of the overall density of the union of all
corresponding eigenfrequencies.
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For a general introduction to the controllability of PDE’s we refer to [22, 23]
or [18]. The approach of the present paper is based on some classical results of
Ingham [14], Beurling [9] and Kahane [17] on nonharmonic analysis. Some of the
first applications to control thery were given in the papers of Ball and Slemrod [7]
and Haraux [13]. We refer to [19] for a general introduction.

The paper is organized as follows. Section 2 is devoted to the statement of our
main results. In Section 3 we briefly recall out harmonic analysis tools on which
the proofs of our main theorems are based. The remaining part of the paper is
devoted to the proofs of the results. In particular, the theorems concerning the
observability of string systems (Theorems 2.1, 2.2 and 2.3) are proved in Sections
4 and 5. In Section 6 we prove Theorem 2.4 on the observability of infinite beam
systems under some algebraic conditions on the lengths of the beams. Finally in
Section 7 we prove Proposition 1 providing many examples where the hypotheses
of Theorem 2.4 are satisfied.

2. Main results. In what follows we state our main results on the simultaneous
observability of string and beam systems.

2.1. Simultaneous observability of string systems. We consider a system of
J < oo vibrating strings of length ¢;, 1 < j < J. The problem is set in the spherical
coordinate system (r, p, ) € [0,00) x R x (=7, 7]. The direction of the j-th string
is dj := ({;,p;,0;): this, together with an unit vector v; in R3 orthogonal to dj, is
fixed by initial data. The transversal displacement of the j-th string at time ¢ and
at the point (7, p;,0;) for r € [0,4;] is denoted by u;(t, 7, ¢;,0;)v;.

We consider the following uncoupled system:

Uj tt — Ujrr = 0 in Rx (0,£]>7
uj(tv())@j:ej):uj(t7£ja<pja9j):O for tER,
u;j(0,7,05,0;) = wjo(r) and w;e(0,7,05,0;) =uj(r)  for re(0,4;),
G=1,..

(1)
(As usual, the subscripts ¢ and r denote differentiations with respect to these vari-
ables.) It is well-known that the system is well posed for

Ujo € H&(O,fj) and Uj1 € LQ(O,EJ‘), j=1.. o,

and the corresponding functions ¢ — u;»(¢,0,¢;,60;) are locally square integrable
(“hidden regularity”).
We seek conditions ensuring that the linear map

J

(U107U11; cee auJOaqu) = Zuj,r('v Oa Pjs aj)vj (2)
j=1

2 (R;R3) is one-to-one.
If this is so, then we would also like to obtain more precise, quantitative norm
estimates.

Setting

of the Hilbert space H := [[_; H}(0,;) x L*(0,¢;) into L3
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for brevity, the solutions of (1) are given by the formulas

o0
uj(t,r,p;,0;) = (b p€*t +bj e i Y sin(w;r), j=1,...,J
k=1

with suitable complex coefficients b; 4+, and
J J o'}
Z Uj’T(t, 0, Pjs Gj)vj = Z (Z Wi k (bjﬁkele’kt + bj’ke_zwj’kt)> Vyj.
j=1 j=1 \k=1

The linear map (2) is not always one-to-one. Indeed, if there exists a real number
w such that the set of vectors

{vj : there exists a kj; satisfying w; ., = w}

is linearly dependent, then denoting by J’ the set of the corresponding indices j
and choosing a nontrivial (finite) linear combination

> =0
JjeJ’
the functions
ajetsin(wr) if j e J,
uj(t,r,p;,0;) = {0] ifje{l,... T\ J

define a non-trivial solution of (1) satisfying
J

Zujm(t,o, @;,0;)v; =0 forall teR,

j=1
so that the linear map (2) on H is not one-to-one.

A positive observability result is the following:
Theorem 2.1. Assume that
li [l s irrational for all j # m. (3)

Then there exists a number

Ty € [2max{€1,...,€J},2(€1 ++1€J)]

such that the restricted linear map

J
(u107 Ur1,---,UJjo, u.]l) — Z uj,?"('7 07 Pjy GJ)U]‘I
j=1
where uq,...,uy are solutions of (1), is one-to-one for every interval I of length

> Ty, and for no interval I of length < Tjy.

Remark 1. The proof of Theorem 2.1 yields a more precise estimation of Ty in
some special cases (see Remark 7 below). We give three examples.

(i) If J = 3 and vy, v9,v3 are mutually orthogonal, then Ty = 2max {¢1, {2, {3},
see Figure 1-(i).
(ii) If J =3 and vy L vg = vz, then Ty = 2max {¢1 + f2, 43} , see Figure 1-(ii).
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d3 P3 P1 = p3 pP3
P1 P1 P2

d
ds dy da /\ ’

d1 dl d2

P2 P2
0 (i) (i)

FIGURE 1. A system of three strings with vibration planes p;
spanned by d; := (¢;,¢;,6;) and v; L d;, 7 =1,2,3. In (i) 41 =
ly = l3 = 1, the v;’s are pairwise orthogonal, and v, = d3, v2 = di,
vy = da. We have Ty = 2max {{1,02,¢3} = 2. In (ii), we have
él :Eg = 1, 52 = 2/(2+\ﬁ) andvl :dg 1 d1 = V2 — Vs.
Then Ty = 2max {{1 + 2,03} =~ 3.1715. In the planar case (iii)
we have f; = 1, f5 = 2/(2 ++/2) and f3 = 2/(4 4+ V/2), so that
/T() = 2max {gl + 62 + 83} ~ 3.9103.

(iii) If all vectors v; are equal (we call this the planar case), then Ty = 2(¢1 +
-+ 4 Ly)— see Figure 1-(iii). Thus we recover an earlier theorem in [5, 6]
by using Fourier series. It was also proved in [11] by a method based on
d’Alembert’s formula. The method of Fourier series enables us to consider
more general equations of the type w; 1 — ;- +aju; = 0in (1) with arbitrary
nonnegative constants (d’Alembert’s formulas cannot be generalized to the
case where a; # 0). Moreover, we may even consider infinitely many strings.

Incidentally note that if the vectors v; are linearly independent then we do not need
the assumption (3). But this may only happen if we have at most three vectors,
while the interest of the present paper is to have many, maybe even infinitely many
strings or beams, and thus many vectors v;.

Under some further assumptions on the lengths of the strings we may also get
explicit norm estimates. We adopt the following notations. For each fixed j > 1,

let
krx
ej k() :=14/2/¢;sin () , k=1,2,...
J J Ej

be the usual orthonormal basis of L?(0,¢;). We denote by D*(0,¢;) the Hilbert
spaces obtained by completion of the linear hull of (e; ) with respect to the Eu-

clidean norm
[e%e] 2s
k=1 J

1/2

oo
E Ck€j k
k=1

DS(O,fj)



SIMULTANEOUS OBSERVABILITY OF INFINITELY MANY STRINGS AND BEAMS 637

Note that, identifying L*(0, ¢;) with its dual, we have
DY(0,4;) = L*(0,¢4;), D' (0,¢;) = H}(0,¢;) and D~(0,¢;) = H'(0,¢;)
with equivalent norms.

Theorem 2.2. Consider the system (1). Assume that all ratios ¢; /¢, with j # m
are quadratic irrational numbers. Then there exists a constant ¢ > 0 such that the
solutions of (4) satisfy estimates

J J
> (ol s,y + st sor,)) < / S s (t,0,05,0,)v;| dt
_ 2

j=1
. J
for every bounded interval I of length |I| > 2375, {;

Next we consider a more general system with given real numbers a; > 0, and
;> 0:
J

Uj,tt - uj,rr + ajuj == O n R X (O,éj),
u;(t,0,04,05) = u;(t, £, ¢;,0;) =0 for teR,
u;(0,7,9;5,0;) =ujo(r) and w;(0,7,¢;5,0;) =uji(r) for re(0,¢),
j=1,2,...,J.

(4)

For any given initial data

(w10, w11, - - w0, ug1) € H (5)

the system has a unique solution, given by the formula

o0

. ) k
u; (t,r, ;) 93’) _ § : (bj’kezwj,kt + bj’,ke_wj’kt) sin (7) , J=12...
k=1 J

where now we use the notation

<1m)2+
Wik = —_— a;.
J Ej J

Theorem 2.3. Assume that
(J1, k1) # (J2, k2) = W), ky 7 Wia ks (6)

Then the restricted linear map

J
(u10,u11, - - Ugo, Ug1) Zuj,r(',()y%? )il (7)
j=1
where uy,...,uy are solutions of (4), is well defined and continuous from H into

L2(I;R3) for every bounded interval I.
Moreover, there exists a number

Ty € [Qmax{ﬁl,...,&]}ﬂ(fl+-~-—|—€J)]

such that the map (7) is one-to-one for every interval I of length > To, and for no
interval of length < Tj.

Remark 2.
(i) If a; = 0 for all j, then the condition (6) is equivalent to (3).
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(ii) We may wonder whether Theorems 2.1, 2.2 and 2.3 remain valid for infinite
string systems having a finite total length if the observability time is greater
than 22;’11 ¢;. we will show in Remark 8 below that our proofs cannot be
adapted to prove such results.

2.2. Simultaneous observability of beam systems. Our approach may be
adapted to systems of hinged beams. Moreover, we may even consider systems
of infinitely many beams. We consider the following system:

Ujtt + Ujprrr =0 in Rx(0,¢),
u;(t,0,0;5,05) = u;(t, £;,05,0;) =0 for tecR,
uj,rr(tv 0, ¢5, aj) = uj,rr(ta ¢, @j?ej) =0 for teR,
u;(0,7,05,0;) = ujo(r) and u;+(0,r,¢;,6;) = uji(r) for r€(0,¢),
i=1,2,....

(8)

For any given initial data

(u10, w11, u20, 21, - ..) € H(H(}(anj) x H1(0,45)) (9)
j=1

the system has a unique solution, given by the formula

o0

. , k
uj(t,r,pj,0;) = (bj,ke“"j’kt + b',,ke_wmt) sin (W) , j=12,...,

k=1 b
. (kw)Q
ik = —_— .
J gj

Let us denote by H the vector space of those sequences (9) that satisfy the condition

where now we use the notation

o

1 2 2
> (Mo ll33 0.,y + s 10, ) < -
j=1

The formula

o0

1

2 2 2

| (w10, w11, u20, u21, - - )|y = z; E (”UjOHHg(o,ej) + Huﬂ”Hfl(O,fj))
j:

defines a Euclidean norm on H for which H becomes a Hilbert space.
Henceforth we consider the solutions of (8) for initial data belonging to H.

Theorem 2.4. Assume that

(€;/tm)?* s irrational for all j # m. (10)
Furthermore, assume that there exists a constant A > 0 such that
L, Al )
dist (kg’Z> > |;€\ for all nonzero integers k (11)
J

whenever j # m.
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Then there exist a number Ty > 0 and a constant ¢ > 0 such that the solutions
of (8) satisfy the relation

2
o'}

1 2 2 -
Z 7. (HUJ'O”H(}(O,@.) + ”uleH—l(o,ej)) < C/I Zuj,r(taOaQOjaaj)vj dt
J j=1

Jj=1

for every bounded interval I of length > Ty, where u; with j = 1,2,... are the
solutions of (8).

It is not obvious that there exist infinite sequences (¢;) satisfying (10) and (11).
We give three different examples.

We recall that a Perron number is a real algebraic integer ¢ of degree > 2 whose
conjugates are all smaller than ¢ in absolute value. For example, the Golden Ratio
q ~ 1.618 and more generally the Pisot and Salem numbers are Perron numbers.
In what follows we use the symbol [z] to denote the lower integer part of x.
Proposition 1. The sequence ({;)52, satisfies (10) and (11) in the following three
cases:

(i) q is a quadratic Perron number and {; = q~7;

.. o 1 .

(ii) ¢; = TRk

T

(i) £; = TAvE
Remark 3.

(i) The conclusion of Theorem 2.4 remains valid for systems of Schrdinger equa-
tions of the form

Uj.t + inJ-,- =0 in Rx (O,Kj),
uj(t,O,goj,Hj) :uj(t,éj,gpj,ej) =0 for tGR, (12)
u;(0,7,5,05) = wjo(r) for 7 €(0,4;),

j=1,2,...

(we may also change some Uji + tUjrr = 0 to ujy — iU, = 0 for some or
all indices j) because every solution of (12) also satisfies (8): see, e.g., [18,
Section 6.4, p. 82].

(ii) The beams in Proposition 1 (iii) have an infinite total length. Since we have
an infinite propagation speed for beams (see [18, Theorem 6.7]), this does not
exclude the observability of the system.

(iii) We conjecture that Tp = 0 in all cases covered by Proposition 1.

3. Review of some Ingham type theorems. We recall some tools we need in
this paper. We refer to [19] for more details and proofs. Every increasing sequence
(wk)kez of real numbers has an upper density

+ + . nt(r)
DT =D"({wg : k€Z}):= lim ——= € [0,00],
T—00 T
where n™ (1) denotes the largest number of terms of the sequence (wy)xez contained
in an interval of length r. It is shown in [6, Proposition 1.4] that the upper density
is finite if and only if the following weakened gap condition is satisfied: there exists
an integer M > 1 and a real number v > 0 such that

WM — wg > M~ for all k€ Z. (13)
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(This proposition is crucial for enabling us to consider infinite string and beam
systems.)

If the sequence is uniformly separated, i.e., if (13) is satisfied with M = 1 (uniform
gap condition), then Dt < %

First we state a vectorial generalization of Parseval’s formula. Given two ex-
pressions A(u) and B(u) depending on the solutions henceforth we write A < B
or B> Aif A< c¢B with some constant ¢ > 0, independent of the choice of the
particular solution. Furthermore, we write A < Bif A< B and A = B.

Theorem 3.1. Let (wg)kez be a uniformly separated increasing sequence with upper
density DV, (Uy)kez a sequence of unit vectors in some complex Hilbert space G,
and I a bounded interval of length |I|.

(i) The functions
z(t) = ZwkUkei“’“t
keZ
are well defined in L?(I; G) for all square summable sequences (xy) of complex

numbers, and
2 2
JACCIEREED S
I keZ

(i) If |I| > 2rn D™, then the inverse inequality also holds:
2 2
JACCIRTED S
I kEZ

Proof. The scalar case G = C is classical, due to Ingham [14] and Beurling [9];
see also [17] for higher-dimensional generalizations. In the general case we choose
an orthonormal basis (E,)nen of the linear hull of (Uy) in G, and we write Uy =
Zne N Uk,nTon with suitable complex numbers uy, ,,. Then we have

[1enz a= [ |Satie=| a= Y [ e
I I I

keZ neN /1 |kez
Applying the scalar case of the theorem to each integral on rifght hand side, and
using the Bessel equality

> lentwal = lea UGN = foil®

nenN

2
dt =
G

2
dt

for every k, the theorem follows. O

Remark 4. In the scalar case Beurling proved that the value 27 D™ is the best
possible. In the vectorial case the best possible value may be smaller: see [8].

Next we recall from [6] (see also [19, Theorem 9.4]) a generalization of the scalar
case of Theorem 3.1 for arbitrary increasing sequences (wy)rez having a finite upper
density:

Theorem 3.2. Let (wi)kez be an increasing sequence with a finite upper density
DT, and I a bounded interval of length |I|.
(i) The functions
x(t) = kaei‘“kt

kEZ
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are well defined in L*(I) for all square summable sequences (x) of complex

numbers, and
[leoF a5yl
1 kEZ

(ii) There exists another basis (fi(t)) of the linear span of the functions (e'“+?)
such that if we rewrite the functions x(t) in this basis:

z(t) = Zxkew’“t = Zykfk(t)a

kEZ kez
then
yp =0 forall k<= x,=0 forall k,

/I 2@ dt 2 S gl

keZ

and

whenever |I| > 2rD™T.
Remark 5. The value 2r D™ is still the best possible: see [25].

Remark 6. In fact, the theorem in [6] is more precise because the new basis
is explicitly defined by Newton’s formula of divided differences. Hence there is
an estimate between the coefficients x; and yi. To explain this, let (wg)rez be
an increasing sequence satisfying the weakened gap condition (13), and fix v €
(0,~] arbitrarily. Then we may partition the sequence (w,) into disjoint finite
subsequences wj1,...,Wjtm with 1 <m < M, such that

wi—wi1 <y for i=j5+2,...,5+m,
but
Wit1 —w; > and  wjpme1 — Witm >
For each such group we define the divided differences ej41,...,€j4m of the ex-

ponential functions e®wi+1t . ewi+mt by the formula

-1
k k

ek(t)::H H (wp — wy) e“rt forall k=j+1,...,5+m.

p=J \4=J,9#p
Then we have

o0 o0
> mpert = N yren(t)

k=—00 k=—c0
with an invertible linear transformation
(Tt s Tjpm) = (Yj+1,- - Yjrm)-

Furthermore, we may infer from the structure of the divided differences that ;1 =
241 whenever m = 1, and there exists a constant ¢ > 0 such that

jtm Jj+m
min {|wp — wg| : j—|—1§p<q§j—|—m}2M_2 Z |$n|2§c Z |yn|2
k=j+1 k=j+1

for all 7 with m > 2.

We end this section by stating a consequence of Theorem 3.2 for vector valued
functions.
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Corollary 1. Let (wi)kez be an increasing sequence with a finite upper density
DT, (Ug)kez a sequence of unit vectors in some complex Hilbert space G, and I a
bounded interval of length |I|.

(i) The functions
z(t) = ZwkUkei“’“t
kEZ

are well defined in L*(I; G) for all square summable sequences (zy) of complex
numbers, and

JACCIFRED ST
I ke
(ii) If z(t) = 0 for all t € I for some interval I of length > 2x D™, then all

coefficients xy, vanish.

Proof. Choosing an orthonormal basis (E,,)nen of the linear hull of (Uy), and writ-
ing Uy = ZneN ug oy with suitable complex numbers uy , as in the proof of
Theorem 3.1, we have

2 2
/||x(t)||?; dt:/ > mpUpe™ || dt = Z/ > wpup et dt o (14)
I Tlkez a nenN 7! |kez
and
7 lznugnl* = |z U] = Jaxl? (15)
neN
for every k.

(i) Applying Theorem 3.2 (i) to each integral on the right hand side of (14), and
using (15), we have

JACCIERT=D ) SIETTIES SIET

neEN k€Z keZ

We have used here the fact that the hidden constants in the relations < do not
depend on n € N because we apply Theorem 3.2 for the same exponent sequence

(wk)-

(ii) Applying Theorem 3.2 (ii) to each integral on the right hand side of (14) we
obtain that zjug,, = 0 for all £ and n. Since ) 5 lugnl® = ||UL|I> = 1 for all k,
for each k there exists n such that uy , # 0, and therefore 3, = 0.

Remark 7. Let us introduce the sets
Q, ={wg : ugn #0}, neN.
The proof of Corollary 1 (see (14)) shows that we may replace DT by

min {D"(Q,) : ne N}.
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4. Proof of Theorems 2.1 and 2.3. We only prove Theorem 2.3 because The-
orem 2.1 is similar and simpler. It follows by an elementary consideration using
translation invariance that there exists a value Tj € [0, 00] such that the uniqueness
property in Theorem 2.3 holds on every interval of length > T}, and it fails on every
interval of length < Tj.

We recall that the solution of (4) have the form

w;i(t, 7, 05,05) = Y (bjpe " + bj e 5+) sin <kﬂm) . i=1,2,...,J
k=1 J
with
kr\?
Wy k= (EJ) + a;.
Hence

J J oo
Zujxr<'7 7()0]’ ZZ(kjﬂ-> i ke e“"J kt+bj, Le —iw, kt) (16)
j=1

j=1k=1

Furthermore,we obtain by a direct computation that

km
|wﬂmmff§j( )@k+@%|
.7

and
2 ej Nt 2 2
||uj1HL2(o,ej) ) ij,k 105,k = bj—k|
k=1
whence
1 J oo 2
2 2 2 2
Z;mew+mmmm ZZ()Q%H&H)wm

j=1 j=1k=1

(We have an equality if a; = 0 for all j.) Thanks to assumption (6) we may combine
all exponents w; ;s into a unique increasing sequence (wy). Setting Uy, := v, if
wi = Fwj pr, the theorem will follow from (16) and (17) with some Ty < 2 Z'j]:l ¢
by applying Corollary 1 and the following

Lemma 4.1. The sequence (wg) has a finite upper density DV = %Z;’Zl 4
Proof. Since wj ) — %_T — 0 as k — o0, each set

Aj=A{w;r : k=1,2,...}
has the upper density ¢;/m. Moreover, every interval of length 7 contains

% +0(1) (r— o0)

elements of A;. Therefore

+ Oy 4ot ¥ O 4ot 0
Dt :hmsupn (r) = limsup (M +O(1/r)> _hterh 4
™

r—00 r r—00
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It remains to show that Ty > 24, for every m. For any fixed m, given an arbitrary
interval I of length < 2¢,,, by a well-known classical result (see for instance [18,
Ch. 3]) on the one-dimensional wave equation there exists a non-trivial solution of
the problem

Um,tt — Um,rr T QmUm = 0 in Rx(0,%,),
U (t, 0, ©m, Om) = Um (£, by Pm, O) =0 for t € R,
U (0,7, Oy Om) = Umo(r)  and  wm (0,7, m, Om) = Ui () for r € (0,4,,)
such that
U (8,0, @, 0p) =0 forall t el

Choosing u; to be identically zero for all j # m, we obtain a non-trivial solution of
the system (4) for which the right hand side of (7) vanishes on I.

5. Proof of Theorem 2.2. Instead of (17) now we have for every real number s
the following equality by a direct computation:

J

1 km 2 2
5L (ol + il riony) =303 ()" (a1
j=1 J j=1k=1

We used the assumption a; = 0 implying that w;, = kn/¢;. In view of (16) we
have to find a real number s such that

J oo kr 2s
2 2
ZZ(Z) <|b‘, +‘b’,7k|)
j=1k=1 J
2
J [e%s) kﬂ'
S == ) (b ekt b _pem ikt )|l dt
B (B () o).

whenever |I| > 22;-]:1 ;. Setting x; 11 := %b]‘,ik we may rewrite it in the form

J oo J [eS) ] ) 2
ZZUJ?S 2 |xj,k|2 + |xj,7k|2) ,S/ Z <Z(xjykele,kt+xj‘k@—l“’j,kt)) v; dt.

j=1k=1 I'llj=1 \k=1

Choosing an orthonormal basis (Ey,)nen of the linear hull of (Uy) as in the proof
of Theorem 3.1 and writing v; = Y vj,nEy, this is equivalent to

J oo
3D Wi (Iﬂﬂj,k|2 + |9Uj,—k|2)
j=1k=1
2

hS Z / (Z zjpe it o "*’jﬂ’“t) vin| dt. (18)

neN

Now we need a lemma.
Lemma 5.1. Assume (11), and let 0 <" < min; 7. Then
J
0 < |wjym = win| <9 = j #F,

and there exists a positive constant B such that
B

|wj,m - wk,n‘ Z
| J}m|
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whenever (j,m) # (k,n).

Proof. If |wjm —wjn| < +" for some j,m,n, then, since the sequence (wjm)mezx =
(mm/€;)mez~ has a uniform gap 7/¢; > +", we have m = n, and therefore |w; m — wjn| =
0. This proves the first implication.

Next we have

m n T
— = — m— —n

™ ék
= — > — dist — 7.
R R =70 <mfj’ >

Thanks to the quadratic irrationality assumption and the corresponding Diophan-
tine approximation property, with suitable constants Ay ; we have

Ary  mAiy
~ dist (mgk,Z> > kg T Dy

Oy,

|wj,m — Wk,n| =m

by Kj s |m| o ékgj‘Wj7m|7
and the lemma follows with
. 7T2Ak 7
B := min : O
i#k Ll

Proof of (18). Introducing the sequence (wy) as in the preceding section, it suffices

to show that
oo
Z xkeiwkt

k=—o0

00 2

S w2 el < /

k=—oc0 I
Indeed, applying for each fixed n € NN this estimate with xy = x; £1/v;, Where

dt. (20)

wr = Fwjxr, (18) will follow because ), -y \fuj7n|2 =1.
Applying Theorem 3.2 we obtain for every bounded interval of length > 2 Z;’szoo 12

the relation
o0
/ z it
I

k=—0o0

Using Remark 6 hence we infer that
o0
/ S et
I

k=—o0
O :=min{lwp —we| : jH1<p<g<j+m}
if j4+1 <k < j+ m for some finite sequence j + 1,...,7 +m of length m > 2 in
the partition of Remark 6, and d := 1 otherwise.

s

If we choose 0 < 7" < min; 77~ in Remark 6, and then we apply Lemma 5.1
J

2 o0
dtz Y lul”

k=—0o0

2 o0
dt Z Z 61@ |{,Ck‘2

k=—o0

with
2M -2

with 4" := M~’, then we get

T
whenever j +1 < k < j 4+ m for some finite sequence j + 1,...,j + m of length
m > 2. Since M > 1 and |wg| — oo as |k| — oo, this remains valid also by including
the values of k for which 6, = 1, so that
2

dt.

oo
>l s
k=—o00 I
This proves (20) with s =2 — M.

We complete the proof by observing that, since (wy) is the union of J uniformly
separated sequences, we may choose M = J in the application of Remark 6: if 7/ is

o)
2 xkeiwkt

k=—oc0
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chosen small enough, then no chain of close exponents can contain more than one
exponent corresponding to each string, so that it contains at most J elements. [
2
6. Proof of Theorem 2.4. In this section we set w;; = (’z—’r) for brevity, and
J
we denote by (wy)72 ., the increasing enumeration of the elements of the set
{xw;r : 5,k >1}
We need a variant of Lemma 5.1.

Lemma 6.1. Under the conditions of Theorem 2.4 we have
(4;m) # (k,n) = wjm # Wk.n, (21)

and the combined sequence (wy)7 is uniformly separated.

— 00

Proof. The condition (10) implies (21). Since wj,—m = —wj m, and

2
inf {w;m : j,le}—inf{(Z) :j21}>0
J

because 72 /€3 — 400, it suffices to show that

2 2 2
mry_(nE > min< 2B, min SLQ whenever mr > n > 0,

where B is the positive constant in Lemma 5.1. If j = k, then this follows from the

inequality
m? —n?=(m+n)(m—-n)>m+n>3.

If j # k, then applying Lemma 5.1 we have

mm 2 nm 2 mm nmw mm nm 2mm  BY;
— ) =) ==+ ) (——-F)= =2 =9B. O
éj gk Ej Ek fj fk Ej mm

Proof of Theorem 2.J. We proceed as in the proof of Theorem 2.2, by taking

km
0

k)2
Wik = (€> instead of wj =
J

Then (16) remains valid by replacing the sums Z}]:1 by Z;‘;p while (17) is replaced
by the equality

o] 1 oo 00 kn 2

2 2 2 2

3= 7 (liolgo + it r0) = -3 (é) (Iba il + 1oy %)

j=1" j=1k=1 J
Since the combined sequence (wg) _ ., is uniformly separated by Lemma 6.1, it
has a finite upper density D+. Therefore the theorem follows by applying Corollary
1 with T := 2nDT. O

Remark 8. We show that the crucial Lemma 6.1 and Theorem 2.4 have no counter-
parts for infinite string systems. For this we show that if (¢;) is an infinite sequence
of positive numbers such that £;/¢,, is irrational for all j # m, then the sequence
formed by the numbers kr/¢; with k € Z* and j = 1,2,... is not uniformly sepa-
rated, and it even has an infinite upper density. We need the following theorem of
Minkowski [10, Corollary 3, p. 151] concerning a system of inequalities

Zaijkj <c¢, t=1,....m (22)
j=1
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for given positive integers m < n, and real numbers a;;, c; with ¢; > 0: if m < n, or
m = n and det(a;;) = 0, then there are integers ki, ..., ky, not all zero, such that
(22) is satisfied.

Fix an arbitrarily large positive integer n, and a positive number

€ < min x 1
T [

Applying Minkowski’s theorem with m =n—1,¢; =--- =¢,_1 = ¢ and
z if j =1,
aij = _5:-1 lfj :Z+1,
0 otherwise
fori=1,...,n—1, we obtain that there exist integers k1, ..., kp,, not all zero, such
that
k ki
AT FHT o for i=1,...,n— 1. (23)
2 litq
Now it follows from the choice of ¢ that all integers ki, ..., k,, are different from

zero. Indeed, if k1 = 0, then

k; k k;
i4+170 _ I <e<
liva 4 lita lita
for every ¢ = 1,...,n — 1, so that all integers ks, ..., k, also vanish, contradicting
our choice.
Next, if k;+1 =0 for some i = 1,...,n — 1, then
k k k;
kam| _\kaw ki) T
4 4y liv1 0
and therefore k; = 0. This leads to the contradiction k1 = ... = k,, = 0 as before.
Since ki, ...,k, € Z*, we infer from (23) that n*(r) > n for all » > 2¢, and

a fortiori for all » > 27 /¢;. Since n was arbitrary, hence n*(r) = +oo for all
r > 2w /¢y, and therefore DT = +cc.

7. Proof of Proposition 1. A classical result of Liouville (1844) on Diophantine
approximation states that if p is an algebraic number of degree n > 2, then there
exists a constant A(p) > 0 such that

. A(p)
S 7) >
dist(kp, Z) > o1

for all nonzero integers k. We shall need an explicit value of A(p) in case n = 2.

Lemma 7.1. Let p be a non purely quadratic irrational number, i.e., having as
minimal polynomial f(x) = ax? — bx + ¢, with a,b,c € Z, a,c # 0. Set A :=
b2 — dac > 0 and

Aw) = g0 (VAFF - VA)

2
/A +8a[+ VA

dist(kp,Z) > ITI(;T)

Then

for all nonzero integers k.
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Proof. We have to prove the inequality
n|_ Ap)
2>
’p k= k2
for all n,k € Z, k # 0. The inequality is obvious if the left hand side is > A(p).
Henceforth we assume that ’p — %’ < A(p). First we observe that, since f has

integer coefficients, |f(n/k)| > 1/k%. Next, by the mean value theorem there exists
a real number £ between p and n/k such that

’p_ Q‘ _ [f(n/k)]
k Pl
and therefore
31 s
k1 B2 (8]
We conclude the proof by showing that m > A(p). We have

b b
701 =2l - 5| <200l (le=sl+|p - 3]

n b

< 2]a| (\k |+ ‘p— %D
VA

< 2|a (A(p) + M )

and therefore
1 1

2
F@~ 2aAp) VA JATSa+ VA

Proof of Proposition 1 (i). Since the set of Perron numbers is closed for multipli-
cations [27], ¢" is irrational for every positive integer n, and hence also for every
nonzero integer n. Therefore, fixing j # m arbitrarily, p := £,,,/¢; = ¢"™ is a
non purely quadratic irrational number as well, thus it satisfies the assumptions of
Lemma 7.1. Since

A(p)- O

A(qj—rn)qj+m7

its suffices to show that

inf A(¢Z~™)g'T™ > 0.
Jj#Fm

Since ¢/T™ > ¢/=™ and ¢/T™ > ¢™ 7/, setting n := |j — m]| is suffices to show that

Tgfl A(g")¢" >0 and Tllréfl A(g~™)¢" > 0. (24)

Let us recall that Perron numbers are closed under multiplication, see for instance
[27]. Therefore ¢ is a quadratic Perron number and, consequently, its minimal
polynomial has the form x? — bz + ¢ with integers b > 1 and ¢ # 0 satisfying
A := b — 4¢ > 0. Therefore we have ¢" = (b++/A)/2 and

b+ VA

I e Ty
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Next we remark that the minimal polynomial of ¢~ is cx? — bz + 1 and it has
the same discriminant A > 0. Therefore

Cnyn b+ VA
Alg™")q" = :
VA T+ 8+ VA
Setting t := A/b? we have 8|c|/b? = 2|t — 1], so that
3 1+ Vi
VE+2[t—1]+ vt
The relations (24) follow by observing that the functions
b+ VA 1+t
A —— and t+—
VAF8+VA t+2ft— 1]+t

are continuous in [0, 00), positive, and have positive limits at co, and hence they
are bounded from below by some positive constants. O

Alg™")q"

Proof of Proposition 1 (ii). First we show that x := (¢;/{,,)? is irrational for all
j # m. We may asume that m > j. A straightforward computation yields the
equality
(2mF — 27 g) V2 = (2% +2) 2 — (2°™ + 2)
If = were rational, then the irrationality of v/2 would imply the equalities
2t — 27ty =0 and (2% 4+2)z— (2°" +2) =0.
Eliminating « hence we would infer that
2m 4 217m = 27 4 9177,
However, since m > j > 1, we have
2M 4 217 s om > 90t > 97 9 > 97 4 217,
Now we prove (11). If j # m, then p := £; /{,, satisfies the relations
(2 +V2)p =27+ V2 = 2/p - 2" = V2(1 - p)
= 2% p? —itmALy 4 92 — 9p?  dp 42
= (M - 2)pt - (2 - ) (277 - 2) =,
so that the minimal polynomial of p is
fim(x) = (2% —2)z? — (27T — )z + (22 - 2).

Hence

Ap) = 2 > .

P = A T8 —2) + VA JA 182 —2)
A = (27T 4)2 _4(2% —2)(22™ - 2).
This implies the inequality

A+ 8(2% — 2) < 2204 4 g2mA4,

with

and therefore
A(l; /) - (27 +2)(2™ +V2) N 9j+m
Ejﬁm \/W 2j+2 + om-+2 :
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We conclude by observing that the last expression is > 1/4 for all j # m. Indeed,
assuming by symmetry that j > m, we have
9j+m 9J+1
242 | gm+2 ~ 2542 | 2i+2

=1/4. O

Proof of Proposition 1 (iii). Let p := £;_1/ly,_1 for some j # m, j,m > 2. First
we prove (10). We have

2
) <m+\/§>  m2+2+2V2m

J+V2 32424 2v2)
_(mP+2+ 2v/2m) (52 + 2 — 2v/29)
(72 +2) — 872
_ (m® +2)(j% +2) — 8mj + 2v2(mj — 2)(j —m)
(72 + 2 872 ‘
Since (mj — 2)(j —m) # 0 by our assumptions on j and m, we conclude that p? is

irrational.
Next we prove (11). First we observe the following imoplications:

(j+\/§)p:m+\/§=>jp—m:\/§(1—p)
— j%p? — 2jmp+m? =2p® —4p + 2
— (j° = 2)p* — 2(jm — 2)p + (m* — 2) = 0.

Since p is irrational by the first part of the proof, it follows that the minimal
polynomial of p is

fim(z) = (5% = 2)2% — 2(jm — 2)z + (m? — 2).

Hence 9 1
Alp) = >
VAF8(2-2)+VA  JAF8(j2-2)
with
A =4(jm —2)* —4(5% = 2)(m? — 2) = 8(j —m)? < 852 + 8m?.
Hence,

A +8(5% - 2) < 1652 + 16m?
and therefore (we recall that j,m > 2)

Alj—1/tm-1) _ U+ V2)(m + V2) - V2(j+m) 1
éj—lgm—l RV 16]2 + 16m2 4(.] + TTL) 2\/§

Since the last positive lower bound is independent of the choice of j and m, the
condition (11) follows by Lemma 7.1.

Applying Theorem 2.4 we conclude the observability relations for some Ty <
0. O
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