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Abstract. We introduce new coupling conditions for isentropic flow on net-

works based on an artificial density at the junction. The new coupling condi-

tions can be derived from a kinetic model by imposing a condition on energy
dissipation. Existence and uniqueness of solutions to the generalized Riemann

and Cauchy problem are proven. The result for the generalized Riemann prob-

lem is globally in state space. Furthermore, non-increasing energy at the junc-
tion and a maximum principle are proven. A numerical example is given in

which the new conditions are the only known conditions leading to the physi-
cally correct wave types. The approach generalizes to full gas dynamics.

1. Introduction. We consider networks modeled by a directed graph where the
dynamics on each edge are described by one-dimensional conservation laws. The
dynamics are coupled at the vertices of the graph, called junctions. We are especially
interested in (isentropic) gas dynamics, but there are many other applications for
example in traffic, supply chains, data networks or blood circulation. This field
became of interest to many researchers in the last two decades, see for example the
overview by Bressan et al. [8]. A main challenge is posed by prescribing suitable
coupling conditions at the junction. We consider novel conditions for the system of
isentropic gas, also referred to as p-system.
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The isentropic gas equations at a junction with k “ 1, . . . , d P N adjacent
pipelines are given by

#

Btρk ` Bxpρkukq “ 0

Btpρkukq ` Bxpρku
2
k ` κρ

γ
kq “ 0

for a.e. t ą 0, x ą 0, (1.1)

where ρk ě 0 denotes the gas density, uk P R the mean velocity, and p “ κργ

the pressure given by the γ-pressure law with κ ą 0 and 1 ă γ ă 3. The equa-
tion is supplemented by an entropy condition, an initial condition pρ̂k, ûkqpxq “
pρk, ukqp0`, xq, x ą 0 and a suitable coupling condition on the traces pρ̄k, ūkqptq “
pρk, ukqpt, 0`q, t ą 0. Furthermore, we are interested in weak solutions to (1.1). For
a general introduction to the theory of conservation laws see the book by Dafermos
[17].

1.1. Previous results. The most challenging problem in modeling (gas) networks
is to find physically correct coupling conditions. A first condition is usually conser-
vation of mass at the junction

d
ÿ

k“1

Akρ̄kūk “ 0, for a.e. t ą 0, (1.2)

where Ak ą 0 denotes the cross-sectional area of the k-th pipeline. To ensure
uniqueness of solutions, we impose more conditions at the junction. The number
of additional conditions depends on the sign of the characteristic speeds at the
junction. Several coupling conditions have been proposed, for example equality of
pressure [1, 2]

κρ̄γk “ Hpptq, for k “ 1, . . . , d, a.e. t ą 0, (1.3)

equality of momentum flux [10, 11]

ρ̄kū
2
k ` κρ̄

γ
k “ HMFptq, for k “ 1, . . . , d, a.e. t ą 0, (1.4)

and equality of stagnation enthalpy/Bernoulli invariant [28]

ū2
k

2
`

κ

γ ´ 1
ρ̄γ´1
k “ HSEptq, for k “ 1, . . . , d, a.e. t ą 0. (1.5)

Notice that the first two conditions are non-physically in the sense that energy may
be produced at the junction [28]. Equality of stagnation enthalpy implies conser-
vation of energy at the junction. We derive a coupling condition with dissipated
energy at the junction. This is consistent with the isentropic gas equations where
energy is also dissipated. The special situation with only two pipelines were studied
in [13, 21]

Usually existence and uniqueness of solutions to a generalization of the Riemann
problem at the junction are studied locally in state space first. Reigstad [27] intro-
duced a method to study existence and uniqueness almost globally in the subsonic
region under a technical assumption. The results for the Riemann problem are
used, to construct approximate solutions to the generalized Cauchy problem, usu-
ally by wave front tracking. See the book by Bressan [7] for a general introduction
to the wave front tracking method. Colombo, Herty and Sachers [12] proved a gen-
eral existence and uniqueness theorem for the generalized Cauchy problem by using
this method. This theorem requires a transversality condition, subsonic data and
sufficiently small total variation of the initial data.

Another approach to prove existence of solutions is the method of compensated
compactness. This has been applied to a scalar traffic model [9] and the isentropic
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gas equations [22]. The method requires less assumptions on the regularity of the
initial data but is restricted to systems with a large class of entropies. Moreover,
less regularity of the solutions is obtained and the traces at the junction have to be
considered carefully, see e.g. [5, 22].

1.2. A new coupling condition. To supplement conservation of mass (1.2), we
use an approach based on the kinetic model for isentropic gas and a maximum
energy/entropy dissipation principle at the junction.

A kinetic model for the isentropic gas equations was introduced by Lions,
Perthame and Tadmor [25]. The corresponding vector-valued BGK model were
introduced by Bouchut [6]. For f “ fpt, x, ξq we impose

Btf
k
ε ` ξBxf

k
ε “

M rfkε s ´ f
k
ε

ε
, for a.e. t ą 0, x ą 0, ξ P R, k “ 1, . . . , d, (1.6)

with Maxwellian M rf s (will be defined later). The half-space solutions are coupled
at the junction by a kinetic coupling condition

Ψkrf1
ε pt, 0, ¨q, . . . , f

d
ε pt, 0, ¨qspξq “ fkε pt, 0, ξq, for a.e. t ą 0, ξ ą 0. (1.7)

To select the function Ψ, we follow an idea of Dafermos [16] and use maximum
entropy/energy dissipation as a selection criteria for the physically correct kinetic
coupling condition. More precisely, we determine Ψk such that as much energy is
dissipated as possible under the condition of conserved mass. We obtain that for
every pipeline the outgoing data is given by a Maxwellian with an artificial density
ρε˚ and zero speed, i.e.

Ψkrf1
ε pt, 0, ¨q, . . . , f

d
ε pt, 0, ¨qspξq “Mpρε˚ptq, 0, ξq, for a.e. t ą 0, ξ ą 0. (1.8)

A formal limit argument leads to the definition of a generalized Riemann problem
for pρk, ukq. As in [20], each half-space solution is given by the restriction of the
solution to a standard Riemann problem. The left Riemann initial state is given
again by an artificial state with a suitable density and zero speed.

Definition 1. Let pρ̂k, ûkq P D, k “ 1, . . . , d. Then, we call pρk, ukq : p0,8qt ˆ
p0,8qx Ñ D a weak solution to the generalized Riemann problem if the following
assertions hold true:

RP0: The solution satisfies the constant initial condition

pρk, ukqp0`, xq “ pρ̂k, ûkq P D, for all x ą 0, k “ 1, . . . , d.

RP1: There exists ρ˚ ě 0 such that pρk, ukq is equal to the restriction to x ą 0 of
the weak entropy solution in the sense of Lax with initial condition

pρk, ukqp0`, xq “

#

pρ̂k, ûkq, x ą 0,

pρ˚, 0q, x ă 0,

for all k “ 1, . . . , d.
RP2: Mass is conserved at the junction

d
ÿ

k“1

Akρ̄kūk “ 0,

where pρ̄k, ūkq “ pρk, ukqpt, 0`q P D, for a.e. t ą 0, k “ 1, . . . , d.
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The set D is the state space and will be defined in Section 2. Notice that the con-
dition RP1 can be reformulated using a Riemann problem formulation for bound-
ary conditions Vpρ˚, 0q. This formulation was used by Dubois and LeFloch [18]
and will be defined later. It is illustrated in Figure 3. The set Vpρ˚, 0q will be used
to define solutions to the generalized Cauchy problem (see Definition 6).

Since the new coupling condition is based on restrictions of standard Riemann
problems, we get a simple wave structure for the solutions in the sense of Defi
nition 1. This structure allows us to prove existence and uniqueness of solutions
globally in state space. We can use techniques by Reigstad [27] in the subsonic
regime and extend them to the full state space. A general local existence and
uniqueness result [12] for the Cauchy problem applies to the new condition. As a
by-product we obtain Lipschitz continuous dependence on the initial data.

The coupling condition satisfies several properties regarding the energy/entropy
dissipation. First, we obtain that entropy is non-increasing at the junction for a large
class of symmetric entropies and in particular for the physical energy. A corollary of
this property is a maximum principle on the Riemann invariants. More precisely, if
the Riemann invariants of the initial data are bounded, then the Riemann invariants
of the solution are bounded for all times. Furthermore, we prove a relation between
the traces of the stagnation enthalpy at the junction.

We present an example in which the new coupling condition is the only condition
leading to the physically correct wave types. The solutions to the generalized Rie-
mann problem are computed numerically by using Newton’s method. Furthermore,
we study level sets associated to different coupling conditions and consider their
geometry.

Our approach can be easily generalized to other hyperbolic systems. We extend
it to full gas dynamics and obtain a similar coupling condition with an artificial
density, zero speed and an artificial temperature at the junction. For more details
and a brief literature overview see Section 8.

1.3. Organization of the paper. In Section 2, we recall several properties of
the isentropic gas equations and the initial boundary value problem. In Section 3,
we give a detailed motivation and a formal derivation of the coupling condition.
Existence and uniqueness of solutions to the generalized Riemann problem will be
proven in Section 4 and the corresponding results for the generalized Cauchy prob-
lem will be proven in Section 5. In Section 6, we derive several physical properties
of the coupling condition, e.g. non-increasing energy, a maximum principle on the
Riemann invariants and a relation for the traces of the stagnation enthalpy. Sec-
tion 7 is devoted to numerical considerations. In Section 8, the extension of our
approach to full gas dynamics is given. In Section 9, we finish with a conclusion.

2. The isentropic gas equations and basic definitions.

2.1. Entropy solutions, Riemann invariants and Lax curves. The isentropic
gas equations in one space dimension are given by

#

Btρ` Bxpρuq “ 0

Btpρuq ` Bxpρu
2 ` κργq “ 0

a.e. t ě 0, x P R. (2.1)

Furthermore, we impose the entropy condition

BtηSpρ, uq ` BxGSpρ, uq ď 0 a.e. t, x, (2.2)
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for all (weak) entropy pairs pηS , GSq, where ηS is a convex function with

G1S “ η1SF
1, ηSpρ “ 0, uq “ 0, η1S,ρpρ “ 0, uq “ Spuq, for all u P R, (2.3)

and a suitable convex function S : RÑ R. The involved derivatives are taken with
respect to the conserved quantities pρ, ρuq. We recall some basic definitions and
notation:

D “ tpx0, x1q P R2|x0 ą 0 or x0 “ x1 “ 0u, (2.4)

χpρ, ξq “ cγ,κpa
2
γρ
γ´1 ´ ξ2qλ`, (2.5)

θ “
γ ´ 1

2
, λ “

1

γ ´ 1
´

1

2
, cγ,κ “

a
2{pγ´1q
γ

Jλ
, (2.6)

Jλ “

ż 1

´1

p1´ z2qλ dz, aγ “
2
?
γκ

γ ´ 1
. (2.7)

The isentropic gas equations admit the Riemann invariants

ω1 “ u´ aγρ
θ, ω2 “ u` aγρ

θ, (2.8)

for pρ, uq P D. The eigenvalues are given by

λ1pρ, uq “ u´
?
κγρθ, λ2pρ, uq “ u`

?
κγρθ, (2.9)

and the eigenvectors by

r1pρ, uq “

ˆ

1
u´

?
κγρθ

˙

, r2pρ, uq “

ˆ

1
u`

?
κγρθ

˙

, (2.10)

for pρ, uq P D. We call a state pρ, uq P D

‚ subsonic if λ1pρ, uq ă 0 ă λ2pρ, uq;
‚ sonic if λ1pρ, uq “ 0 or λ2pρ, uq “ 0;
‚ supersonic if 0 ă λ1pρ, uq ă λ2pρ, uq or λ1pρ, uq ă λ2pρ, uq ă 0.

Next, we define several quantities corresponding to the kinetic (BGK) model for
isentropic gas dynamics (1.6). The vector-valued Maxwellian M rf s for f : R Ñ D
is defined by

M rf spξq “Mpρf , uf , ξq (2.11)

where

ρf “

ż

R
f0pξqdξ, ρfuf “

ż

R
f1pξqdξ (2.12)

and

Mpρ, u, ξq “ pχpρ, ξ ´ uq, pp1´ θqu` θξqχpρ, ξ ´ uqq. (2.13)

The kinetic entropies are defined by

HSpf, ξq “

ż

R
Φpρpf, ξq, upf, ξq, ξ, vqSpvq dv for f P Dzt0u, (2.14)

HSp0, ξq “ 0, (2.15)

where

upf, ξq “
f1{f0 ´ θξ

1´ θ
, (2.16)

ρpf, ξq “ a
´

2
γ´1

γ

˜

ˆ

f1{f0 ´ ξ

1´ θ

˙2

`

ˆ

f0

cγ,κ

˙1{λ
¸

1
γ´1

. (2.17)
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The kernel Φ is defined by

Φpρ, u, ξ, vq “
p1´ θq2

θ

cγ,κ
Jλ

1ω1ăξăω2
1ω1ăvăω2

|ξ ´ v|2λ´1Υλ´1pzq, (2.18)

z “
pξ ` vqpω1 ` ω2q ´ 2pω1ω2 ` ξvq

pω2 ´ ω1q|ξ ´ v|
, (2.19)

Υλ´1pzq “

ż z

1

py2 ´ 1qλ´1 dy, z ě 1. (2.20)

The kinetic Riemann invariants are given by

ω1 “ upf, ξq ´ aγρpf, ξq
θ, ω2 “ upf, ξq ` aγρpf, ξq

θ, (2.21)

for f P Dzt0u. The macroscopic entropy and entropy flux are given by

ηSpρ, uq “

ż

R
χpρ, v ´ uqSpvq dv “

ż

R
HSpMpρ, u, ξq, ξq dξ, (2.22)

GSpρ, uq “

ż

R
rp1´ θqu` θvs χpρ, v ´ uqSpvq dv (2.23)

“

ż

R
ξHSpMpρ, u, ξq, ξq dξ, (2.24)

for pρ, uq P D. If additionally S P C1pR,Rq, then the gradient of η with respect to
the conserved variables is given by

η1Spρ, uq “
1

Jλ

ż 1

´1

p1´ z2qλ
ˆ

Spu` aγρ
θzq ` pθaγρ

θz ´ uqS1pu` aγρ
θzq

S1pu` aγρ
θzq

˙

dz,

(2.25)
for pρ, uq P D. The kinetic entropy parametrized by Spvq “ v2{2 is given by

Hpf, ξq “
θ

1´ θ

ξ2

2
f0 `

θ

2c
1{λ
γ,κ

f
1`1{λ
0

1` 1{λ
`

1

1´ θ

1

2

f2
1

f0
´

θ

1´ θ
ξf1, (2.26)

and the corresponding macroscopic entropy pair is given by the physical energy and
energy flux

ηpρ, uq “
ρu2

2
`

κ

γ ´ 1
ργ , Gpρ, uq “

ρu3

2
`

γκ

γ ´ 1
ργu. (2.27)

To construct solutions to the generalized Riemann problem, we need the (forward)
Lax wave curves W1pρ0, u0q and W2pρ0, u0q which are the composition of the cor-
responding rarefaction and shock curves. The rarefaction curves are given by

R1pρ0, u0q : u “ u0 ` aγρ
θ
0 ´ aγρ

θ, for ρ ă ρ0, (2.28)

R2pρ0, u0q : u “ u0 ´ aγρ
θ
0 ` aγρ

θ, for ρ ą ρ0, (2.29)

and the shock curves are given by

S1pρ0, u0q : u “ u0 ´

d

κpργ ´ ργ0qpρ´ ρ0q

ρρ0
, for ρ ą ρ0, (2.30)

S2pρ0, u0q : u “ u0 ´

d

κpργ ´ ργ0qpρ´ ρ0q

ρρ0
, for ρ ă ρ0. (2.31)

We will use the notation S´2 pρ, uq,R
´
2 pρ, uq, . . . for the reversed wave curves. They

satisfy the same condition as the forward wave curves but the fixed variables are
pρ, uq instead of pρ0, u0q. We always consider the self-similar solutions to Riemann



NEW COUPLING CONDITIONS FOR ISENTROPIC FLOW ON NETWORKS 611

problems in the sense of Lax and denote them by RPpρl, ul, ρr, urqpt{xq for initial
data

#

pρl, ulq, x ă 0,

pρr, urq, x ą 0,
(2.32)

where pρl, ulq, pρr, urq P D.

2.2. The initial boundary value problem. In this subsection, we recall some
basic properties of the initial boundary value problem. The sets Epρb, ubq and
Vpρb, ubq of admissible boundary values were introduced in [18]. We recall their
definitions.

Definition 2. Let pρb, ubq P D. Vpρb, ubq is the set of states pρ, uq P D with

pρ, uq “ RPpρb, ub, ρr, urqp0`q, for a state pρr, urq P D.

Definition 3. Let pρb, ubq P D. Epρb, ubq is the set of states pρ, uq P D with

GSpρ, uq ´GSpρb, ubq ´ η
1
Spρb, ubq pF pρ, uq ´ F pρb, ubqq ď 0

for all entropy pairs pηS , GSq of class C1 (i.e. S P C1pR,R)).

We recall the following result.

Proposition 1 ([23, Theorem 3.4]). Let pρb, ubq P D, then Vpρb, ubq Ă Epρb, ubq.
The reversed set inclusion does not hold true in general.

Next, we define subsets of D to consider different situations in the initial bound-
ary value problem. We are especially interested in the case pρb, ubq “ pρ˚, 0q.

Definition 4. Let pρb, ubq P D. Then,

‚ A is the set of states which are connected to W1pρb, ubq X tλ1 ě 0u by its
reversed 2-wave curve;

‚ B is the set of states which are connected to W1pρb, ubq X tλ1 ă 0 ă λ2u by
its reversed 2-wave curve with positive wave speed;

‚ C is the set of states which are connected to W1pρb, ubq X tλ2 ď 0u by its
reversed 2-wave curve or are connected to W1pρb, ubq X tλ1 ă 0 ă λ2u by its
reversed 2-wave curve with non-positive wave speed;

‚ J is the set of states which are connected to W1pρb, ubq X tλ1 ă 0 ă λ2u by
its reversed 2-wave curve with zero wave speed.

We write A˚, B˚, C˚, J˚ if pρb, ubq “ pρ̃˚, 0q with ρ̃˚ ě 0.

The sets A˚, B˚, C˚, J˚ are shown in Figure 2. The sets A˚ and B˚ are separated
by the 2-wave curve W2pρα, uαq, where pρα, uαq is the unique state in tλ1 “ 0u X
R1pρ̃˚, 0q. The sets B˚ and C˚ are separated by J˚ and R2pρβ , uβq, where pρβ , uβq
is the unique state in tλ2 “ 0u X S1pρ̃˚, 0q. For the construction of pρα, uαq and
pρβ , uβq, we refer to Figure 1.

Next, we construct a solution which satisfies all properties in Definition 1 except
of conservation of mass RP2. They will be used to construct the desired solution
to Definition 1 later. To clarify that RP2 does not necessarily hold true, we denote
the artificial density by ρ̃˚.

Lemma 1. Let pρ̂k, ûkq P D and ρ̃˚ ě 0. Then, there exists a unique function
pρk, ukq : p0,8qt ˆ p0,8qx Ñ D which coincides with the self-similar Lax solution
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Figure 1. Construction of pρα, uαq and pρβ , uβq

Figure 2. The sets A˚, B˚, C˚ and J˚

to the standard Riemann problem with initial condition

pρk, ukqp0, xq “

#

pρ̂k, ûkq, x ą 0,

pρ̃˚, 0q, x ă 0,

for a.e. t ą 0, x ą 0. Furthermore, we have the following properties for the trace
pρ̄k, ūkq “ pρk, ukqpt, 0`q illustrated in Figure 3:

(i) pρ̂k, ûkq “ pρ̄k, ūkq if and only if pρ̂k, ûkq P Vpρ̃˚, 0q.
(ii) pρ̄k, ūkq cannot be supersonic with λ1pρ̄k, ūkq ą 0.

(iii) pρ̄k, ūkq is sonic with λ1pρ̄k, ūkq “ 0 if and only if pρ̂k, ûkq P A. Furthermore,
pρ̄k, ūkq is the unique element in tλ1 “ 0u XR1pρ̃˚, 0q.

(iv) pρ̄k, ūkq is subsonic if and only if pρ̂k, ûkq P B.
(v) pρ̄k, ūkq is sonic with λ2pρ̄k, ūkq “ 0 if and only if pρ̄k, ūkq is connected to

pρ̂k, ûkq by a 2-rarefaction curve and pρ̂k, ûkq P Cztλ2 ě 0u.
(vi) pρ̄k, ūkq is supersonic with λ2pρ̄k, ūkq ă 0 if and only if pρ̂k, ûkq P CXtλ2 ă 0u.
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Figure 3. The boundary Riemann set Vpρ˚, 0q

Proof. The existence and uniqueness of self-similar Lax solutions to Riemann prob-
lems is well-known. For Riemann problems with vacuum initial data see [26]. It
remains to prove the properties for pρ̄k, ūkq. They follow from the considerations in
[18].

3. Motivation and formal derivation. In this section we give a physical mo-
tivation and formal derivation for the new coupling condition. Both are based on
the kinetic model for isentropic gas and a maximum energy/entropy dissipation
principle. First, we specify the kinetic coupling condition which conserves mass
and dissipates as much energy as possible. In the second step, we consider the
macroscopic limit of the kinetic coupling condition. This relaxation works only on
a formal level since the currently available results for passing to the limit at the
junction are not strong enough. Nevertheless, we are able to take the formal limit
towards the macroscopic coupling condition. Finally, we also give an interpretation
of the resulting conditions.

3.1. A maximum energy dissipation principle applied to kinetic coupling
conditions. Since Dafermos [16] introduced the entropy rate admissibility criterion
it is a natural approach to maximize the entropy dissipation in the field of hyperbolic
conservation laws. This technique can be used to single out the physically correct
solutions. We adapt this approach and aim to find the most dissipative kinetic
coupling condition (with the constrained of conservation of mass). Since the physical
energy is an entropy for the system of isentropic gas and is the physically relevant
entropy, we maximize the energy dissipation.

We consider the kinetic BGK model of the isentropic gas equations which is given
by

Btfε ` ξBxfε “
M rfεs ´ fε

ε
, for a.e. t ą 0, x P R, ξ P R, (3.1)

where fε “ fεpt, x, ξq P D.

Remark 1. The BGK model, its relaxation limit and boundary conditions were
studied by Berthelin and Bouchut [3, 4, 5]. These results were extended to networks
in [22]. Notice that our considerations are independent of the right hand side of the
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kinetic equation as long as the kinetic solution converges to an entropy solution of
the macroscopic equation.

To couple the half-space solutions, we have to define a kinetic coupling condition

Ψ: L1
µpp´8, 0qξ, Dq

d Ñ L1
µpp0,8qξ, Dq

d; g ÞÑ Ψrgs. (3.2)

The half-space solutions fkε : p0,8qt ˆ p0,8qx ˆ Rξ Ñ D to the kinetic model are
coupled by

Ψkrf1
ε pt, 0, ¨q, . . . , f

d
ε pt, 0, ¨qspξq “ fkε pt, 0, ξq, for a.e. t ą 0, ξ ą 0. (3.3)

We are interested in kinetic coupling conditions which conserve mass. More pre-
cisely, we require that

d
ÿ

k“1

Ak

ˆ
ż 8

0

ξΨk
0rgspξqdξ `

ż 0

´8

ξgk0 pξqdξ

˙

“ 0, (3.4)

holds for all g P L1
µpp´8, 0qξ, Dq

d. Our aim is to find the coupling condition which
dissipates as much energy as possible and conserves mass. The energy dissipation
at the junction is given by

d
ÿ

k“1

Ak

ˆ
ż 8

0

ξHpΨkrgspξq, ξqdξ `

ż 0

´8

ξHpgkpξq, ξqdξ

˙

. (3.5)

To find the unique minimizer of this functional, we use the convexity of the kinetic
energy. More precisely, we use the sub-differential inequality (see e.g. [4])

Hpg, ξq ě HpMpρ, u, ξq, ξq ` η1pρ, uqpg ´Mpρ, u, ξqq, (3.6)

for every g P D, pρ, uq P D, ξ P R. Applying the sub-differential inequality leads to

d
ÿ

k“1

Ak

ż 8

0

ξHpΨkrgspξq, ξqdξ

ě

d
ÿ

k“1

Ak

ż 8

0

ξHpMpρ˚, 0, ξq, ξqdξ

` η1pρ˚, 0q

«

d
ÿ

k“1

Ak

ˆ
ż 8

0

ξΨk
0rgspξqdξ ´

ż 8

0

ξMpρ˚, 0, ξqdξ

˙

ff

“

d
ÿ

k“1

Ak

ż 8

0

ξHpMpρ˚, 0, ξq, ξqdξ, (3.7)

where ρ˚ ě 0 is uniquely defined by

d
ÿ

k“1

Ak

ˆ
ż 8

0

ξM0pρ˚, 0, ξqdξ `

ż 0

´8

ξgk0 pξqdξ

˙

“ 0. (3.8)

Such an ρ˚ always exists since
ż 8

0

ξM0pρ˚, 0, ξqdξ “ cγ,κ
`

aγρ
θ
˚

˘

γ`1
γ´1

ż 1

0

z p1´ z2qλ dz. (3.9)

The uniqueness follows from the strict convexity of H. We obtain the following
result.
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Theorem 1. The unique kinetic coupling condition

Ψ: L1
µpp´8, 0qξ, Dq

d Ñ L1
µpp0,8qξ, Dq

d; g ÞÑ Ψrgs

which conserves mass (3.4) and minimizes (3.5) is given by

Ψkrgspξq :“Mpρ˚, 0, ξq, (3.10)

where ρ˚ ě 0 is defined by equation (3.8).

According to [22], weak solutions to the kinetic BGK model on networks exist
under suitable conditions on the initial data.

Instead of minimizing the kinetic energy, other kinetic entropies could be con-
sidered. Notice that every kinetic entropy HS parametrized by a strictly convex,
symmetric function S P C1pR,Rq leads to the kinetic coupling condition obtained
in (3.10). This can be proven by applying the sub-differential inequality for HS and
using GSpρ˚, 0q “ BρuηSpρ˚, 0q “ 0.

3.2. Formal relaxation limit. We take the formal limit at the junction with
Ψkrgspξq “ Mpρ˚, 0, ξq. Since (3.6) holds for every convex kinetic entropy HS , we
get

ż

R
ξHSpf

k
ε pt, 0, ξq, ξqdξ ´GSpρ

ε
˚ptq, 0q

´ η1Spρ
ε
˚ptq, 0q

ˆ
ż

R
ξfkε pt, 0, ξqdξ ´ F pρε˚ptq, 0q

˙

ď 0, (3.11)

for t ą 0, k “ 1, . . . , d, where ρε˚ptq ě 0 is defined by (3.8) with gkpξq “ fkε pt, 0, ξq
and fixed ε ą 0. Assuming that ρε˚ Ñ ρ˚ converges strongly in L1

loc as ε Ñ 0 and
using the arguments in [22], we get

GSpρk, ukqptq ´GSpρ˚ptq, 0q ´ η
1
Spρ˚ptq, 0qpF pρk, ukqptq ´ F pρ˚ptq, 0qq ď 0, (3.12)

for a.e. t ą 0, k “ 1, . . . , d and every convex S P C1pR,Rq. Notice that it is open if
the strong limit ρε˚ptq Ñ ρ˚ptq can be justified. Furthermore, (3.12) is the entropy
formulation of boundary conditions induced by Epρ˚ptq, 0q. It was proven in [22],
that mass remains conserved at the junction after taking the limit. More precisely,
we have

d
ÿ

k“1

Akρkukptq “ 0, a.e. t ą 0, (3.13)

for the weak traces ρkuk at x “ 0.
We summarize that after formally taking the (strong) limit, the traces at x “ 0

satisfy the entropy formulation of the boundary condition Epρ˚ptq, 0q with boundary
data pρ˚ptq, 0q and mass is conserved at the junction. Assuming that the stronger
formulation Vpρ˚ptq, 0q of the boundary condition holds true, we obtain immediately
Definition 1 and Definition 6.

3.3. Interpretation of the macroscopic coupling condition and necessary
physical properties. In this subsection, we restrict ourselves to the generalized
Riemann problem since it is a building block for the Cauchy problem.

The new macroscopic coupling condition is an implicit condition compared to the
known coupling conditions in the literature. The idea of the new coupling condition
is to assume the existence of left hand states of zero speed, independent of k and
such that mass is conserved. This is different to the known coupling conditions
which are based on a coupling of traces of physical quantities.
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We made a particular choice by choosing u˚ “ 0 for all left states. This choice can
be interpreted in the following way. On the kinetic level the particles are stopped
immediately after arriving at the junction. Then, the particles are instantaneously
redistributed equally and into all pipelines. This artificial process leads to a coupling
condition which does not prefer any pipeline and ignores the momentum of the
incoming particles.

We interpret the macroscopic coupling condition by gas being stopped at the
junction. Therefore, it is reasonable that we state a relation between the traces of
the stagnation enthalpy at the junction. The stagnation enthalpy determines the
enthalpy at a stagnation point after the gas is brought to a stop. This relation
is given by inequalities depending on the signs of ūk at the junction (see Corol
lary 1). Furthermore, the macroscopic coupling satisfies several properties which
seem to be necessary for a physically correct coupling condition. These properties
are non-increasing energy at the junction and a maximum principle on the Rie-
mann invariants (see Section 6 for more details). Furthermore, the same derivation
technique applied to the full Euler equations leads to very similar results (see Sec
tion 8).

We emphasis that the coupling condition does not coincide with the Rankine-
Hugoniot conditions in the case d “ 2. This can be easily checked since momentum
is not conserved at the junction. Notice that this fact is not a disadvantage of the
coupling condition since we want to model the coupling condition with maximum
energy dissipation and conservation of mass but we neglect conservation of momen-
tum. An interpretation of our coupling condition for d “ 2 can be given by an
infinitesimal small point were turbulence occurs due to a geometric effect at the
junction.

Summarizing, the derivation of the coupling condition by the kinetic model and
the maximum energy dissipation principle at the junction lead to a choice of an
artificial state of zero speed at the junction. Furthermore, the interpretation of
the macroscopic coupling condition by particles stopped at the junction and redis-
tributed is only possible with a state of zero speed. From a formal mathematical
point of view, the proofs of the physical properties in Section 6 work only if the
artificial state has zero speed. This observation is due to the structure of (3.12) and
the fact that η1S,ρupρ˚, 0q “ 0 for symmetric S.

4. The generalized Riemann problem. In this section, we prove existence and
uniqueness of solutions to the generalized Riemann problem. Our strategy is as
follows. Due to Lemma 1, there exists a solution for a fixed artificial density ρ̃˚
but possibly without conservation of mass at the junction. We define the mass
production at the junction as a function of the artificial density ρ̃˚ and prove its
continuity and monotonicity. We conclude with the intermediate value theorem.
The proof is similar to the proof in [27]. Notice that the artificial density is a
monotone momentum related coupling constant in the sense of [27]. The structure
of the generalized Riemann problem allows us to extend the result to the supersonic
region.

Proposition 2. Assume that initial data pρ̂k, ûkq P D are given. Let pρk, ukq be
the function obtained in Lemma 1 with artificial density ρ̃˚ ě 0. Then, the trace
ρ̄kūk “ pρkukqpt, 0`q is continuous with respect to ρ̃˚.

Proof. First, we prove the continuity with respect to the artificial density at fixed
ρ̃˚ ą 0. Let A˚,B˚, C˚,J˚ be as in Definition 4. If pρ̂k, ûkq lies in the interior of
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A˚, B˚ and C˚, the continuity follows from the fact that the wave curves and the
curves defined by λipρ, uq “ 0, i “ 1, 2 are continuous. Therefore, it remains to
prove continuity at the boundaries.

Step 1: First, we consider the boundary between A˚ and B˚. More precisely, the
2-wave curve W2pρα, uαq with tpρα, uαqu “ tλ1 “ 0u XR1pρ̃˚, 0q. We have

lim
ρŒρ̃˚

pρ̄k, ūkq “ pρα, uαq “ lim
ρÕρ̃˚

pρ̄k, ūkq, (4.1)

since the 2-wave curve, the 1-rarefaction curve and the curve defined by tλ1 “ 0u
are continuous.

Step 2: Next, we consider the boundary between B˚ and C˚. The continuity along
R2pρβ , uβq is trivial since all involved curves are continuous. It remains to prove
the continuity on J˚. For ρ ą ρ̃˚, we have

pρ̄k, ūkqpρq “ pρ̂k, ûkq, (4.2)

where pρ̄k, ūkqpρq is the trace at x “ 0 of the function obtained in Lemma 1 with
artificial density ρ. For ρ ă ρ̃˚ and |ρ ´ ρ̃˚| sufficiently small, the state pρ̂k, ûkq is
connected to the boundary state pρ̄k, ūkqpρq P S1pρ̃˚, 0q by a 2-shock with (small)
positive speed. We get

lim
ρÕρ̃˚

ρ̄kūk “ ρ̂kûk, (4.3)

since the speed of the 2-shock tends to zero as ρÕ ρ̃˚. The continuity on J˚ follows
from (4.2 – 4.3). Notice, that ρ̄k and ūk itself are not continuous on J˚.
The continuity at ρ̃˚ “ 0 follows from similar considerations, see also [26].

Lemma 2 ([27, Remark 1]). Along the reversed 2-wave curves monotonicity in ρ0

is equivalent to monotonicity in u0. More precisely,

du0

dρ0

ˇ

ˇ

ˇ

W´
2

ą 0, for all pρ, ρuq P Dzt0u. (4.4)

The subscript denotes differentiation along the reversed 2-wave curve W´
2 pρ, uq.

Proof. By the formula for the reversed 2-rarefaction wave, we have

du0

dρ0

ˇ

ˇ

ˇ

R´2
“
?
κγρ

γ´3
2

0 ą 0.

Along the reversed 2-shock curve, we get

du0

dρ0

ˇ

ˇ

ˇ

S´2
“

κ

2ρ0ρ

p1´ γqργ´1
0 ρ` γργ0 ´

ργ`1

ρ0
b

κpργ0´ρ
γqpρ0´ρq
ρ0ρ

“
κ

2ρ0ρpu0 ´ uq

ˆ

ρ

ρ0
pργ0 ´ ρ

γq ` γργ´1
0 pρ0 ´ ρq

˙

ą 0,

since ρ ă ρ0 and u ă u0.

In the subsonic regime, we can determine the artificial density by a function
ρ̃˚ “ R˚pρ̄k, ūkq.

Definition 5. Let R˚ : D Ñ p0,8q be defined by

R˚pρ, uq “

$

&

%

´

ρθ ` u
aγ

¯1{θ

, if u ě 0,

R˚, with u “ ´
b

κpργ´Rγ˚qpρ´R˚q

ρR˚
, R˚ ă ρ, if u ă 0.

(4.5)
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Notice that R˚ is well-defined, since for fixed ρ ą 0, the function

p0, ρs Ñ p´8, 0s, R˚ ÞÑ ´

d

κpργ ´Rγ˚qpρ´R˚q

ρR˚
,

is bijective. By this definition we can reformulate RP1 in the subsonic regime by

R˚pρ̄k, ūkqptq “ HR˚ptq, for k “ 1, . . . , d, for a.e. t ą 0. (4.6)

Compare the new condition (4.6) with the coupling conditions in (1.3 – 1.5) and
note that they are different even in the subsonic regime.

Lemma 3. We have

dR˚
dρ0

ˇ

ˇ

ˇ

W´
2

ą 0, for all pρ, uq P Dzt0u. (4.7)

The subscript represents the differentiation along the reversed 2-wave curve.

Proof. For u ą 0, differentiation along the 2-wave curve gives

dR˚
dρ0

“

ˆ

ρ
γ´3
2

0 `
1
?
κγ

du0

dρ0

˙ˆ

ρθ0 `
u0

aγ

˙

3´γ
γ´1

ą 0, (4.8)

since du0

dρ0
ą 0. For u ă 0, differentiation of

u0 “ ´

d

κpργ0 ´R
γ
˚qpρ0 ´R˚q

ρ0R˚

along the 2-wave curve gives

du0

dρ0
“

κ

u0

„

γ

ˆ

ργ´1
0 ´Rγ´1

˚

dR˚
dρ0

˙ˆ

1

R˚
´

1

ρ0

˙

` pργ0 ´R
γ
˚q

ˆ

1

ρ2
0

´
1

R2
˚

dR˚
dρ0

˙

,

or equivalently

dR˚
dρ0

“

2u0

κ
du0

dρ0
` γργ´1

0

´

1
ρ0
´ 1

R˚

¯

` 1
ρ20
pRγ˚ ´ ρ

γ
0q

γRγ´1
˚

´

1
ρ0
´ 1

R˚

¯

` 1
R2
˚

pRγ˚ ´ ρ
γ
0q

.

The right hand side is strictly positive, since ρ0 ą R˚, u0 ă 0 and du0

dρ0
ą 0.

Lemma 4. We have
dR˚
dρ

ˇ

ˇ

ˇ

λ1“0
ą 0,

where the subscript denotes the differentiation along the curve tλ1 “ 0u.

Proof. We differentiate u along the curve defined by tλ1 “ 0u and get

du

dρ
“

d

dρ

`?
κγρθ

˘

“
?
κγθρ

γ´3
2 ą 0.

The result follows with (4.8).

Proposition 3. Fix initial data pρ̂k, ûkq P D. Let pρk, ukq be the solution obtained
in Lemma 1 with artificial density ρ̃˚ ě 0. Then, the trace of the momentum ρ̄kūk
is increasing in ρ̃˚. It is strictly increasing if pρ̂k, ûkq P A˚ Y B˚, ρ̃˚ ą 0 and
constant if pρ̂k, ûkq P int C˚.
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Proof. Step 1: We consider the case pρ̂k, ûkq P intA˚, ρ̃˚ ą 0. We already know
that pρ̄k, ūkq P R1pρ̃˚, 0q X tλ1 “ 0u. The formulas for R1pρ̃˚, 0q and λ1 lead to

dpρ̄kūkq

dρ̃˚
“

d

dρ̃˚

˜

?
γκ

ˆ

2

γ ` 1

˙

γ`1
γ´1

ρ̃
γ`1
2
˚

¸

“
?
κγ

ˆ

2

γ ` 1

˙
2
γ´1

ρ̃
γ´1
2
˚ ą 0.

Step 2: Next, we consider the case pρ̂k, ûkq P B˚, ρ̃˚ ą 0. pρ̄k, ūkq is the unique
element in W2pρ̂k, ûkq XW1pρ̃˚, 0q. Since Lemma 3, we have

dR˚
dρ0

ˇ

ˇ

ˇ

W´
2

ą 0,

but this implies

dρ̄k
dρ̃˚

“
dR´1

˚ pρ̃˚q

dρ̃˚
ą 0,

where R´1
˚ pρ̃˚q is the unique element in W1pρ̃˚, 0q XW2pρ̂k, ûkq. By chain rule, we

get

dpρ̄kūkq

dρ̃˚
“

dpρ̄kūkq

dρ̄k
¨

dρ̄k
dρ̃˚

.

Therefore, it remains to prove

dpρ̄kūkq

dρ̄k

ˇ

ˇ

ˇ

W´
2

ą 0.

On R´2 pρ̂k, ûkq, we have

dpρ̄kūkq

dρ̄k
“ūk ` ρ̄k

dūk
dρ̄k

“ ūk `
?
κγρ̄θk “ λ2pρ̄k, ūkq ą 0,

since pρ̄k, ūkq P B˚ and Lemma 1. On S´2 pρ̂k, ûkq, we use the fact that λ2pρ̄k, ūkq ą 0
and get

dpρ̄kūkq

dρ̄k
“ ūk ` ρ̄k

dūk
dρ̄k

“ ūk `

?
κ

2ρ̄kρ̂kpūk ´ ûkq
rγρ̄γkpρ̄k ´ ρ̂kq ` ρ̂kpρ̄

γ
k ´ ρ̂

γ
kqs

“ λ2pρ̄k, ūkq ´
?
κγρ̄θk `

?
κ

2ρ̄kρ̂kpūk ´ ûkq

“

γρ̄γkpρ̄k ´ ρ̂kq ` ρ̂kpρ̄
γ
k ´ ρ̂

γ
kq
‰

“ λ2pρ̄k, ūkq `

?
κ

2ρ̄kρ̂kpūk ´ ûkq

¨

„

γρ̄γkpρ̄k ´ ρ̂kq ` ρ̂kpρ̄
γ
k ´ ρ̂

γ
kq ´ 2

b

γρ̄γkpρ̄k ´ ρ̂kq
b

ρ̂kpρ̄
γ
k ´ ρ̂

γ
kq



“ λ2pρ̄k, ūkq `

?
κ

2ρ̄kρ̂kpūk ´ ûkq

„

b

γρ̄γkpρ̄k ´ ρ̂kq ´
b

ρ̂kpρ̄
γ
k ´ ρ̂

γ
kq

2

ą λ2pρ̄k, ūkq ą 0,

for ρ̄k ‰ ρ̂k. For pρ̄k, ūkq PW1pρ̃˚, 0q the left and right limit of the derivatives along
W´

2 pρ̄k, ūkq are strictly positive and strict monotonicity in B˚ follows.

Step 3: The strict monotonicity at the boundary between A˚ and B˚ can be shown
by taking the left and right limit of the derivatives which are strictly positive.
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Step 4: Finally, we consider the case pρ̂k, ûkq P C˚. In the case λ2pρ̂k, ûkq ď 0, we
have pρ̄k, ūkq “ pρ̂k, ûkq and observe that pρ̄k, ūkq is locally constant as a function
of ρ̃˚. For λ2pρ̂k, ûkq ě 0, we have

tpρ̄k, ūkqu “ R2pρ̂k, ûkq X tλ2 “ 0u.

Therefore, pρ̄k, ūkq is locally constant with respect to ρ̃˚.

Theorem 2. Assume that the initial states pρ̂k, ûkq P D are given. Then, there
exists a unique solution pρk, ukq to the generalized Riemann problem according to
Definition 1 with a unique artificial density ρ˚ ě 0.

Proof. For the solution pρk, ukq obtained in Lemma 1 with artificial density ρ̃˚ ě 0,
the mass production at the junction is given by

mpρ̃˚q “
d
ÿ

k“1

Akρ̄kūk.

Since Proposition 2 and 3, the function m is continuous and increasing in ρ̃˚. We
will use these properties to prove existence and uniqueness by the intermediate value
theorem. We divide the rest of the proof in two steps.

Step 1: We prove that there exist 0 ď ρ´ ă ρ` such that

mpρ´q ď 0 ď mpρ`q.

‚ We set

ρ´ “ argmin tρ ě 0 | pρ, 0q PW´
2 pρ̂k, ûkq for k “ 1, . . . , du.

Then, we have pρ̄k, ūkq P Vpρ´, 0q X tρu ď 0u for all k “ 1, . . . , d, but this
implies mpρ´q ď 0.

‚ We set

ρ` “ argmax tρ ě 0 | pρ, 0q PW´
2 pρ̂k, ûkq for k “ 1, . . . , du.

Then, we have pρ̄k, ūkq P Vpρ`, 0q X tρu ě 0u for all k “ 1, . . . , d, but this
implies mpρ`q ě 0.

By the intermediate value theorem, we conclude that there exists ρ˚ ě 0 such that
mpρ˚q “ 0.

Step 2: We prove that m is strictly increasing at ρ˚. Since mpρ˚q “ 0, there exists
1 ď k0 ď d such that ρ̄k0 ūk0 ě 0. Due to Proposition 3 and pρ̄k0 , ūk0q P A˚ Y B˚,
ρ̄k0 ūk0 is strictly increasing with respect to ρ̃˚. Thus, m is strictly increasing at ρ˚.
This implies the uniqueness of the artificial density ρ˚ ě 0 with mpρ˚q “ 0.

Since Riemann problems admit unique self-similar Lax solutions and ρ˚ is uniquely
defined by pρ̄k, ūkq with ρ̄kūk ě 0, the solution to the generalized Riemann problem
is unique.

5. The generalized Cauchy problem. In this section, we prove existence and
uniqueness of solutions to the Cauchy problem. This result is based on a general
existence theorem by Colombo, Herty and Sachers [12] and holds true in a neigh-
borhood of a subsonic solution. We also obtain Lipschitz continuous dependence
on the initial data.
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Definition 6. Fix pρ̂1, ρ̂1û1, . . . , ρ̂d, ρ̂dûdq P U
0`L1p0,8qx with pρ̂k, ρ̂kûkq P D a.e.

and T P p0,8s. Then, we call pρ1, ρ1u1, . . . , ρd, ρdudq P Cpr0, T st, U
0 ` L1p0,8qxq

a weak solution to the generalized Cauchy problem if pρk, ρkukq, k “ 1, . . . , d are
weak entropy solutions to the isentropic gas equations and the following assertions
hold true:

CP0: The solution satisfies the initial condition

pρk, ukqp0`, xq “ pρ̂k, ûkqpxq P D,

for a.e. x ą 0, k “ 1, . . . , d.
CP1: For a.e. t ą 0, there exists ρ˚ptq ě 0 such that

pρ̄k, ūkqptq P Vpρ˚ptq, 0q
for all k “ 1, . . . , d.

CP2: Mass is conserved at the junction

d
ÿ

k“1

Akρ̄kūk “ 0, for a.e. t ą 0.

Theorem 3. Fix a vector of subsonic states U0 “ pρ0
1, ρ

0
1u

0
1, . . . , ρ

0
d, ρ

0
du

0
dq P D

d such
that the corresponding generalized Riemann problem admits a stationary solution.
Then, there exist δ, L ą 0 and a map S : r0,8q ˆD Ñ D such that

‚ D Ą tU P U0 ` L1pp0,8qx, D
dq ; TV pUq ď δu;

‚ for U P D, S0U “ U and for s, t ě 0, SsStU “ Ss`tU ;
‚ for U, V P D and s, t ě 0, }StU ´ SsV }L1 ď Lp}U ´ V }L1 ` |t´ s|q;
‚ if U P D piecewise constant, then for t ą 0 sufficiently small, StU coincides

with the juxtaposition of the solution to Riemann problems centered at the
points of jumps or at the junction.

Moreover, for every U P D, the map t ÞÑ StU is a solution to the generalized Cauchy
problem.

Proof. Since pρ̂k, ûkq is subsonic, we can choose δ ą 0 sufficiently small such that
D is contained in the subsonic region. Therefore, CP1 is equivalent to

R˚pρ̄k, ūkqptq “ HR˚ptq, for k “ 1, . . . , d,

for a.e. t ą 0. Note that R˚ is defined in Definition 5. Next, we apply Theorem 3.2
in [12]. Therefore, we define the function

ΨpUq “

¨

˚

˚

˚

˝

řd
k“1Akρkuk

R˚pρ1, u1q ´R˚pρ2, u2q

...
R˚pρd´1, ud´1q ´R˚pρd, udq

˛

‹

‹

‹

‚

.

It remains to prove the transversality condition

det
“

D1ΨpU0q ¨ r2pρ
0
1, u

0
1q ¨ ¨ ¨ DdΨpU

0q ¨ rdpρ
0
d, u

0
dq
‰

‰ 0, (5.1)

where Dk “ Dpρk,ρkukq. By Lemma 3 and the proof of Proposition 3, we get

Bρu

Bρ

ˇ

ˇ

ˇ

W´
2

ą 0 and
BR˚
Bρ

ˇ

ˇ

ˇ

W´
2

ą 0

in the subsonic region. We deduce that

Dkpρkukq ¨ r2pρk, ukq ą 0 and DkR˚pρk, ukq ¨ r2pρk, ukq ą 0.
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This implies that the matrix involved in (5.1) has components with fixed sign which
are given by

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

` ` ` ¨ ¨ ¨ ¨ ¨ ¨ `

` ´ 0 ¨ ¨ ¨ ¨ ¨ ¨ 0

0 ` ´
. . .

...
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . . 0
0 . . . . . . 0 ` ´

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

A Laplace expansion implies that the determinant of this matrix has a fixed sign
and is non-zero.

Remark 2. The existence and uniqueness result is restricted to subsonic initial
data with sufficiently small total variation. The global result for the generalized
Riemann problem and the large amount of inequalities for entropy fluxes at the
junction (Propsition 4) motivate to prove a more general result. Notice that the
method in [22] based on compensated compactness can be applied to the kinetic
coupling condition (3.10). This result justifies the relaxation in the interior of the
pipelines. Nevertheless, it is open how the traces relax at the junction and if the
obtained macroscopic solution satisfies the coupling condition in Definition 6.

6. Energy/Entropy dissipation at the junction. In this section, we prove
some physical properties of the coupling condition. In particular, we prove that
energy is non-increasing at the junction, a relation for the stagnation enthalpy and
a maximum principle on the Riemann invariants.

Proposition 4. Assume that initial states pρ̂k, ûkq P D are given. Let pρk, ukq be
the solution to the generalized Riemann or Cauchy problem. Then,

d
ÿ

k“1

AkGSpρ̄k, ūkq ď 0,

for every convex S : RÑ R with Spvq “ Sp´vq.

Proof. The case ρ˚ “ 0 is trivial. For ρ˚ ‰ 0 fix S P C1pR,Rq with Spvq “ Sp´vq.
Since pρ̄k, ūkq P Vpρ˚, 0q Ă Epρ˚, 0q, we have

GSpρ̄k, ūkq ´GSpρ˚, 0q ´ η
1
Spρ˚, 0q pF pρ̄k, ūkq ´ F pρ˚, 0qq ď 0.

Notice that

GSpρ˚, 0q “

ż

R
θvχpρ˚, vqSpvqdv “ 0, and

BρuηSpρ˚, 0q “
1

Jλ

ż 1

´1

p1´ z2qλS1paγρ
θ
˚zqdz “ 0,

since the integrands are anti-symmetric. These observations together with conser-
vation of mass at the junction give

0 ě
d
ÿ

k“1

Ak
“

GSpρ̄k, ūkq ´GSpρ˚, 0q ´ η
1
Spρ˚, 0qpF pρ̄k, ūkq ´ F pρ˚, 0qq

‰

“

d
ÿ

k“1

AkGSpρ̄k, ūkq ´ BρηSpρ˚, 0q

˜

d
ÿ

k“1

Akρ̄kūk

¸



NEW COUPLING CONDITIONS FOR ISENTROPIC FLOW ON NETWORKS 623

“

d
ÿ

k“1

AkGSpρ̄k, ūkq.

An approximation argument leads to the result for general convex functions S.

Corollary 1 (Non-increasing energy). Assume that sufficiently regular initial data
pρ̂k, ûkq are given. Let pρk, ukq be the solution to the generalized Riemann or Cauchy
problem. Then, the following properties hold true:

(i) At the junction energy is non-increasing, i.e.

d
ÿ

k“1

AkGpρ̄k, ūkq ď 0, for a.e. t ą 0.

(ii) At the junction the traces of the stagnation enthalpy

hpρ, uq “
u2

2
`

κγ

γ ´ 1
ργ´1

are related by

hpρ̄k, ūkq ď hpρ˚, 0q ď hpρ̄l, ūlq,

for ūl ď 0 ď ūk, 1 ď k, l ď d, for a.e. t ą 0.

Proof. Applying Proposition 4 to Spvq “ v2{2 gives

d
ÿ

k“1

AkGpρ̄k, ūkq ď 0.

Since pρk, ukq P Vpρ˚, 0q Ă Epρ˚, 0q, we have

Gpρ̄k, ūkq ´ Bρηpρ˚, 0qρ̄kūk ď 0.

The result follows from dividing the inequality by ρ̄kūk ‰ 0 and the fact Bρηpρ˚, 0q “
hpρ˚, 0q. The cases ρ̄kūk “ 0 and ρ˚ “ 0 are trivial.

Corollary 2 (Maximum principle). Let pρk, ukq : p0,8qt ˆ p0,8qx Ñ D be the so-
lution to the generalized Riemann or Cauchy problem with initial condition pρ̂k, ûkq.
Assume that

´ωM ď ω1pρ̂k, ûkqpxq ă ω2pρ̂k, ûkqpxq ď ωM ,

for a.e. x ą 0, k “ 1, . . . , d. Then, we have

´ωM ď ω1pρk, ukqpt, xq ă ω2pρk, ukqpt, xq ď ωM ,

for a.e. t, x ą 0, k “ 1, . . . , d.

Proof. We define the symmetric, positive function

SM pvq “ p´ωM ´ vq2` ` pv ´ ωM q
2
`, v P R.

As proven in [22], the definition of ηSM implies

ηSM pρ, uq “ 0, if and only if ´ ωM ď ω1pρ, uq ă ω2pρ, uq ď ωM . (6.1)

Furthermore, the divergence theorem and the entropy condition give
ż 8

0

ηSM pρk, ukqpT, xqdx´

ż 8

0

ηSM pρk, ukqp0, xqdx

´

ż T

0

GSM pρk, ukqpt, 0qdt ď 0,
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pipeline ρ̂k ρ̂kûk
1 `1.0000 ´1.0000

2 `1.0000 `0.5000

3 `1.0000 `0.5000

Table 1. Initial data

Equal

density

Equal

momentum
flux

Equal

stagnation
enthalpy

Equal

artificial
density

pipeline ρ̄k ρ̄kūk ρ̄k ρ̄kūk ρ̄k ρ̄kūk ρ̄k ρ̄kūk
1 `1.0000 ´1.0000 `0.8964 ´1.1981 `0.8518 ´1.2670 `1.1776 ´0.5417
2 `1.0000 `0.5000 `1.0266 `0.5991 `1.0356 `0.6335 `0.9346 `0.2708
3 `1.0000 `0.5000 `1.0266 `0.5991 `1.0356 `0.6335 `0.9346 `0.2708

Energy

dissipation
´7.5000ˆ 10´2

´1.725ˆ 10´2
« 0 ´1.3852ˆ 10´1

Table 2. Numerical results

for T ą 0. Taking the sum over k, Proposition 4 and (6.1) lead to

0 ď
d
ÿ

k“1

Ak

ż 8

0

ηSM pρk, ukqpT, xqdx ď
d
ÿ

k“1

Ak

ż 8

0

ηSM pρk, ukqp0, xqdx “ 0.

The result follows from (6.1).

7. Numerical results. We give an example in which the new coupling condi-
tion produces the physically correct wave types. This observation is based on the
assumption of the appearance of turbulence at the junction. The other coupling
conditions produce different wave types. Furthermore, we study level sets associated
to unphysical coupling conditions. We will consider the coupling conditions with
equal pressure, equal momentum flux, equal stagnation enthalpy and the artificial
density coupling condition.

7.1. A numerical example. We consider the shallow water equations and set
γ “ 2, κ “ 5. We aim to compute solutions to the gerenalized Riemann problem in
the sense of Lax.

The implementation is based on Newton’s method applied to the coupling con-
dition. The unknowns are the parameter of the reversed 2-wave curve of the initial
data. We will consider examples which can be solved in the subsonic region. There-
fore, we can use the function R˚ (see Definition 5) to implement the artificial density
coupling condition.

We consider a three junction situation with one ingoing and two outgoing pipelines.
The idea of this example is to assume that the sum of the momentum of the initial
states is zero and the initial densities coincide. For this example we clearly get a
stationary solution if we take the coupling condition with equal pressure. To make
the example more concrete, we take the initial data in Table 1. The traces and
energy dissipation of the numerical solutions are given in Table 2. The generalized
Riemann problems are solved by the 2-waves in Table 3.

We make the following observations:
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pipeline
Equal

density

Equal

momentum flux

Equal

stagnation enthalpy

Equal

artificial density

1 no waves rarefaction wave rarefaction wave shock

2 no waves shock shock rarefaction wave

3 no waves shock shock rarefaction wave

Table 3. Wave types

‚ The 2-waves types obtained by solving with the artificial density coupling
condition are different to the other coupling conditions. The wave types of
the artificial density coupling conditions seem to be the physically correct
ones. More precisely, we expect to have a shock in the incoming pipeline and
rarefaction waves in the outgoing pipelines due to turbulence at the junction.

‚ The most energy is dissipated at the junction when the artificial density cou-
pling condition is imposed.

‚ If the artificial density coupling condition is imposed, the momentum traces
at the junction are smaller compared to the other coupling conditions. The
momentum traces for the coupling conditions with equal pressure, equal mo-
mentum flux or equal stagnation enthalpy differ less strongly in comparison
with each other.

7.2. Level sets associated the coupling conditions. In this section we consider
the geometry of level sets corresponding to different coupling conditions. More
precisely, we drop the condition on conservation of mass and compute the sets
in which the attained boundary values may lie. For a solution to the generalized
Riemann problem, the traces tpρ̄k, ρ̄kūkq | k “ 1, . . . , du are contained in one of these
level sets. More precisely, we consider

tpρ, ρuq P D |Hpρ, uq “ Hpρ0, u0qu, (7.1)

where pρ0, ρ0u0q P D is a fixed (subsonic) state and H denotes the pressure, mo-
mentum flux or stagnation enthalpy. For the artificial density coupling condition,
we consider the set

Vpρ˚, 0q, for suitable ρ˚ ě 0,

which coincides with the definition in (7.1) in the subsonic case by taking H “ R˚
(see Definition 5). We set γ “ 1.4, κ “ 1 and pρ0, ρ0u0q “ p1, 0q. This choice leads
to the level sets displayed in Figure 4.
We make the following observations:

‚ The coupling conditions with equal momentum flux and stagnation enthalpy
induce bounded level sets.

‚ The level sets induced by equal pressure, momentum flux and stagnation
enthalpy are symmetric w.r.t. the ρ-axis and have the same tangent at p1, 0q.
This geometric property may lead to asymptotically similar behaviour of the
coupling conditions near a stationary solution.

8. Full gas dynamics. In this section, we apply the derivation technique to full
gas dynamics. We compute the maximum entropy dissipating kinetic coupling con-
dition for kinetic models with the standard Maxwellian, e.g. the Boltzmann equa-
tion, the linear Boltzmann equation or the Boltzmann BGK model. We maximize
the entropy dissipation and not the energy dissipation since energy is conserved.
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(a) Equal pressure

(b) Equal momentum flux

(c) Equal stagnation enthalpy

(d) Artificial density

Figure 4. Level sets for different coupling conditions

Again, we define a macroscopic coupling condition which can be formally obtained
by a macroscopic limit. Notice that the formal macroscopic limit of the kinetic
Boltzmann (type) equations is given by the full compressible Euler equations. The
aim of this section is to underline that the presented approach is quite general and
can be adopted easily to other hyperbolic systems equipped by a kinetic model and
an entropy. Furthermore, the obtained results are very similar to the results for the
isentropic gas equations.

8.1. Derivation of the kinetic coupling condition. First, we recall some ba-
sic definitions and explain the setting. As before, we consider a network of one-
dimensional pipelines. We assume that one of the kinetic equations mentioned
above is satisfied in the interior of the pipelines. The kinetic Boltzmann (type)
equations admit the standard Maxwellian

Mρ,u,θpξq “
ρ

?
2πθ

exp

ˆ

´pu´ ξq2

2θ

˙

, (8.1)

for ρ ě 0, u P R, θ ą 0. Again, we define a kinetic coupling condition at the junction.
Since energy is conserved in full gas dynamics, we obtain a second natural condition
in addition to the conservation of mass. Nevertheless, two conditions are not enough
to select a unique kinetic coupling condition. Therefore, we aim to select the kinetic
coupling condition given by

Ψ: L1
µpp´8, 0qξ, r0,8qq

d Ñ L1
µpp0,8qξ, r0,8qq

d; g ÞÑ Ψrgs, (8.2)

which conserves mass and energy and dissipates as much entropy as possible. More
precisely, we minimize
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d
ÿ

k“1

Ak

ż 8

0

ξΨkrgspξq log Ψkrgspξqdξ, (8.3)

with respect to

d
ÿ

k“1

Ak

ˆ
ż 8

0

ξΨkrgspξqdξ `

ż 0

´8

ξ gkpξqdξ

˙

“ 0, (8.4)

d
ÿ

k“1

Ak

ˆ
ż 8

0

ξ3 Ψkrgspξqdξ `

ż 0

´8

ξ3 gkpξqdξ

˙

“ 0. (8.5)

The unique minimizer of this problem is given by

Ψkrgspξq “Mρ˚,0,θ˚pξq, for ξ ą 0, (8.6)

where ρ˚ ě 0, θ˚ ą 0 are chosen such that (8.4 – 8.5) hold. The proof works similar
to (3.7):

Since v ÞÑ v log v is convex on r0,8q and admits the derivative v ÞÑ log v` 1, we
get

d
ÿ

k“1

Ak

ż 8

0

ξΨkrgspξq log Ψkrgspξqdξ

ě

d
ÿ

k“1

Ak

ˆ
ż 8

0

ξ Mρ˚,0,θ˚pξq logMρ˚,0,θ˚pξqdξ

˙

`

d
ÿ

k“1

Ak

ˆ
ż 8

0

ξ rlogMρ˚,0,θ˚pξq ` 1s
`

Ψkrgspξq ´Mρ˚,0,θ˚pξq
˘

dξ

˙

“

d
ÿ

k“1

Ak

ż 8

0

ξ Mρ˚,0,θ˚pξq logMρ˚,0,θ˚pξqdξ. (8.7)

The last step follows by

logMρ˚,0,θ˚pξq ` 1 “ log
ρ

?
2πθ

` 1´
ξ2

2θ
(8.8)

and (8.4 – 8.5). It can be easily checked that for every g there exists pρ˚, 0, θ˚q such
that (8.4 – 8.5) hold for Ψkrgspξq “ Mρ˚,0,θ˚pξq. By convexity of v ÞÑ v log v, it
follows that entropy is non-increasing at the junction, i.e.

d
ÿ

k“1

Ak

ˆ
ż 8

0

ξ Mρ˚,0,θ˚pξq logMρ˚,0,θ˚pξqdξ `

ż 0

´8

ξ gpξq log gpξqdξ

˙

ď 0. (8.9)

8.2. The full Euler equations on networks and a new coupling condition.
Next, we consider the macroscopic limit. As mentioned above, the kinetic equation
converges formally towards the full Euler equations for ideal polytropic gas given
by

$

’

&

’

%

Btρ` Bxpρuq “ 0,

Btpρuq ` Bxpρu
2 ` ρθq “ 0,

Btp
ρu2

2 `
ρθ
2 q ` Bxp

ρu3

2 ` 3
2ρuθq “ 0,

for a.e. t ą 0, x P R, (8.10)
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with density ρ ě 0, mean velocity u P R, temperature θ ą 0 and adiabatic index
γ “ 3. The equations of full gas dynamics model conservation of mass, momentum
and energy. As usually, we impose the additional entropy condition

Bt

´

ρ log
´ ρ

θ1{2

¯¯

` Bx

´

ρu log
´ ρ

θ1{2

¯¯

ď 0, for a.e. t ą 0, x P R. (8.11)

The full Euler equations on networks were studied before by several authors [14,
15, 19, 24]. We summarize the main ideas of the constructed coupling conditions.
Analogous to isentropic gas dynamics, conservation of mass at the junction is im-
posed

d
ÿ

k“1

Akρ̄kūk “ 0, a.e. t ą 0. (8.12)

Since energy is conserved in full gas dynamics, we additionally assume that energy
is conserved at the junction, i.e.

d
ÿ

k“1

Ak

ˆ

ρu3

2
`

3

2
ρuθ

˙

k

“ 0. (8.13)

There are more conditions needed to single out a unique solution. Most of them
are a straight forward extension of a coupling condition for isentropic gas. We give
a short overview of the coupling conditions in the literature:

Colombo and Mauri [15] introduced equality of momentum flux at the junction

pρu2 ` ρθqk “ HMFptq, for a.e. t ą 0, k “ 1, . . . , d. (8.14)

Herty [19] used equality of pressure

ρ̄kθ̄k “ Hpptq, for a.e. t ą 0, k “ 1, . . . , d. (8.15)

Networks consisting of d “ 2 pipelines with different cross-sectional area were stud-
ied by Colombo and Marcellini [14] with different coupling conditions. One of them
is based on a smooth approximation of the discontinuity in the cross-section. Lang
and Mindt [24] impose equality of stagnation enthalpy

ˆ

u2

2
`

3

2
θ

˙

k

“ HSEptq, for a.e. t ą 0, k “ 1, . . . , d, (8.16)

and equality of entropy for traces with outgoing flow

log
´ ρ

θ1{2

¯

“ HSptq, for a.e. t ą 0, for ūk ą 0, (8.17)

with HSptq “

ř

ūkă0Ak
`

ρu log
`

ρ
θ1{2

˘˘

k
ř

ūkă0Akρ̄kūk
. (8.18)

These two conditions imply conservation of energy and entropy at the junction.
Notice that conservation of entropy at the junction is not consistent with the fact
that entropy can be dissipated in full gas dynamics.

In full gas dynamics an additional phenomena appears since the number of in-
going/outgoing characteristics at the junction can change in the subsonic region.
This fact makes it more complicated to prove existence and uniqueness results.
Nevertheless, we can use the formal arguments in Section 3 and the derivation in
the previous subsection to define the following new coupling condition for full gas
dynamics.
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Definition 7. Fix initial data pρ̂k, ûk, θ̂kq P D3ˆ3 “ tpρ, u, θq | ρ ą 0, u P R, θ ą
0 or ρ “ u “ θ “ 0u, k “ 1, . . . , d. Then, we call pρk, uk, θkq : p0,8qt ˆ p0,8qx Ñ D
a weak solution to the generalized Riemann problem if the following assertions hold
true:

RP0: The solution satisfies the initial condition

pρk, uk, θkqp0`, xq “ pρ̂k, ûk, θ̂kq P D3ˆ3, for x ą 0, k “ 1, . . . , d;

RP1: There exists pρ˚, 0, θ˚q P D3ˆ3 such that pρk, uk, θkq is equal to the restriction
to x ą 0 of the Lax solution to the standard Riemann problem with initial
condition

pρk, uk, θkqp0`, xq “

#

pρ̂k, ûk, θ̂kq, x ą 0,

pρ˚, 0, θ˚q, x ă 0,

for all k “ 1, . . . , d;
RP2: Mass is conserved at the junction

d
ÿ

k“1

Akρ̄kūk “ 0, for all t ą 0;

RP3: Energy is conserved at the junction

d
ÿ

k“1

Ak

ˆ

ρu3

2
`

3

2
ρuθ

˙

k

“ 0, for all t ą 0.

Notice that this condition leads to conservation of mass and energy at the junc-
tion by definition. Furthermore, entropy is non-increasing at the junction by the
entropy formulation of boundary conditions Epρ˚, 0, θ˚q, i.e.

d
ÿ

k“1

Ak

´

ρu log
´ ρ

θ1{2

¯¯

k
ď 0. (8.19)

Therefore, the new coupling condition satisfies some necessary physical properties.

9. Conclusion. We introduced a new coupling condition for isentropic gas and
proved existence and uniqueness of solutions to the generalized Riemann and Cauchy
problem.

The derivation of the coupling condition is based on the kinetic model and the se-
lection of the unique kinetic coupling condition which conserves mass and dissipates
as much energy as possible. The obtained kinetic coupling condition distributes the
incoming kinetic data into all pipelines by the same Maxwellian with suitable artifi-
cial density and zero speed. Formal arguments lead to a corresponding macroscopic
definition to the generalized Riemann problem. In this definition the artificial state
with zero speed appears as the (left) initial state for a standard Riemann problem.

In addition to the derivation, we proved physical properties of the coupling con-
dition. The coupling condition ensures that energy is non-increasing at the junction
and leads to a maximum principle on the Riemann invariants. Furthermore, a rela-
tion of the traces of the stagnation enthalpy at the junction was given. Notice that
these properties hold true due to the choice of an artificial state with zero speed.

We gave an example in which the new coupling condition is the only condition
producing the physically correct wave types. The solutions to the generalized Rie-
mann problems were computed numerically. Furthermore, we studied level sets
related to different coupling conditions and their geometry.
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Finally, we considered the coupling condition in view of the model hierarchy of gas
dynamics by applying the same approach to full gas dynamics and Boltzmann (type)
equations. We took the kinetic coupling conditions with conservation of mass and
energy at the junction and maximize the entropy dissipation. This consideration
leads to very similar results. In particular, we obtained an artificial state with
suitable density and temperature and again with zero speed.

In summary, we defined a new coupling condition, derived several physical and
mathematical properties and gave a motivation. Future research may consider more
detailed numerical aspects and the rigorous justification of the considerations in
Section 3.
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