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ABSTRACT. We discuss the complete synchronization for a Kuramoto-like model
for power grids with frustration. For identical oscillators without frustration,
it will converge to complete phase and frequency synchronization exponentially
fast if the initial phases are distributed in a half circle. For nonidentical oscil-
lators with frustration, we present a framework leading to complete frequency
synchronization where the initial phase configurations are located inside the
half of a circle. Our estimates are based on the monotonicity arguments of
extremal phase and frequency.

1. Introduction. Synchronization in complex networks has been a focus of interest
for researchers from different disciplines[l, 2, 4, 8, 15]. In this paper, we investi-
gate synchronous phenomena in an ensemble of Kuramoto-like oscillators which is
regarded as a model for power grid. In [9], a mathematical model for power grid is
given by

N
Plpuree = 10:0; + Kp(6:)® = > ausin(0, —60;), i=1,2,...,N, (1)
=1
where P! ... > 0 is power source (the energy feeding rate) of the ith node, I >0

is the moment of inertia, Kp > 0 is the ratio between the dissipated energy by
the turbine and the square of the angular velocity, and a;; > 0 is the maximum
transmitted power between the ith and /th nodes. The phase angle 0; of ith node
is given by 0;(t) = Qt + 0;(t) with a standard frequency Q (50 or 60 Hz) and small
deviations 6; (t). Power plants in a big connected network should be synchronized
to the same frequency. If loads are too strong and unevenly distributed or if some
major fault or a lightening occurs, an oscillator (power plant) may lose synchro-
nization. In that situation the synchronization landscape may change drastically
and a blackout may occur. The transient stability of power grids can be regarded
as a synchronization problem for nonstationary generator rotor angles aiming to
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restore synchronism subject to local excitations. Therefore, the region of attraction
of synchronized states is a central problem for the transient stability.

By denoting w; = P“’I"('i“;“ and assuming it = E(vi,le{1,2,...,N})and I =0
in (1), Choi et. al derived a Kuramoto-like model for the power grid as follows [5]:

N
. K .
2 _ . .
(6;) _Wi+ﬁl§_1 sin(0; —0;), 6;,>0, i=1,2,...,N. (2)

Here, the setting §; > 0 was made in accordance to the observation in system (1)
that the grid is operating at a frequency close to the standard frequency with small
deviations. In order to ensure that the right-hand side of (2) is positive, it is reason-
able to assume that w; > K, ¢ = 1,2,..., N. This model can be used to understand
the emergence of synchronization in networks of oscillators. As far as the authors
know, there are few analytical results. In [5], the authors considered this model
with identical natural frequencies and prove that complete phase synchronization
occurs if the initial phases are distributed inside an arc with geodesic length less
than /2.

If (6;)2 in (2) is replaced by 6;, the model is the famous Kuramoto model [13]; for
its synchronization analysis we refer to [3, 6, 10], etc. Sakaguchi and Kuramoto [16]
proposed a variant of the Kuramoto model to describe richer dynamical phenomena
by introducing a phase shift (frustration) in the coupling function, i.e., by replacing
sin(f; — 6;) with sin(6; — 0; + «). They inferred the need of « from the empirical
fact that a pair of oscillators coupled strongly begin to oscillate with a common
frequency deviating from the simple average of their natural frequencies. Some
physicists also realized via many experiments that the emergence of the phase shift
term requires larger coupling strength K and longer relaxation time to exhibit
mutual synchronization compared to the zero phase shift case. This is why we
call the phase shift a frustration. The effect of frustration has been intensively
studied, for example, [11, 12, 14]. In power grid model using Kuramoto oscillators,
people use the phase shift to depict the energy loss due to the transfer conductance
[7]. In this paper, we will incorporate the phase shift term in (2) and study the

Kuramoto-like model with frustration o € (=%, §):

N
. K .
2 _ : _
(0;) —wi—i—ﬁlgl sin(0; —0; + ), 60, >0, i=1,2,...,N. (3)

We will find a trapping region such that any nonstationary state located in this
region will evolve to a synchronous state.

The contributions of this paper are twofold: First, for identical oscillators without
frustration, we show that the initial phase configurations located in the half circle
will converge to complete phase and frequency synchronization. This extends the
analytical results in [5] in which the initial phase configuration for synchronization
needs to be confined in a quarter of circle. Second, we consider the nonidentical
oscillators with frustration and present a framework leading to the boundness of
the phase diameter and complete frequency synchronization. To the best of our
knowledge, this is the first result for the synchronization of (3) with nonidentical
oscillators and frustration.

The rest of this paper is organized as follows. In Section 2, we recall the defi-
nitions for synchronization and summarize our main results. In Section 3, we give
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synchronization analysis and prove the main results. Finally, Section 4 is devoted
to a concluding summary.

Notations. We use the following simplified notations throughout this paper:

vii=40;,1=1,2....N, w:=(wy,ws,...,wN),
@:= max w;, w:= min w;, D(w) =& — w,
1<i<N 1<i<N
Or = max 6;, 0, := min 6;, D(0) : =0y — O,,,
1<i<N 1<i<N
Vp i= max V;, Vp, = min v;, D) :=vpy — v
1<i<N (2 m 1<i<N (2 () ms

eij S {0j|l/j = V]\/[}7 671;1 S {9j|Vj = I/m}.

2. Preliminaries. In this paper, we consider the system
~ K & .
(92')2:w1-+ﬁ;sin(91—9i+a), 0; >0, ac(—=,=),

0;(0) = 67, i=1,2,...,N.

Next we introduce the concepts of complete synchronization and conclude this in-
troductory section with the main result of this paper.

Definition 2.1. Let 6 := (61,0s,...,0n) be a dynamical solution to the system
(4). We say
1. it exhibits asymptotically complete phase synchronization if
Jim (6,(1) — 0,(1)) = 0, Vi # j.
2. it exhibits asymptotically complete frequency synchronization if
Jim (6,(t) — 0,(1)) = 0, Vi # j.
For identical oscillators without frustration, we have the following result.

Theorem 2.2. Let 0 := (61,60s,...,0n) be a solution to the coupled system (4) with
a=0,w; =wg,i=1,2,...,N and wyg > K. If the initial configuration

0°c A:={0c[0,2m)N : D) <7},
then there exits A1, Ao > 0 and tg > 0 such that

D(O(t)) < D(%)e Mt t>0. (5)
and
D(v(t)) < D(v(tg))e 22(t) ¢ > ¢, (6)
Next we introduce the main result for nonidentical oscillators with frustration.
For w < m, we set

D 200
K, = DLV
1 —V2wsin |af

For suitable parameters, we denote by D and D2° the two angles as follows:

Vo + K(D(w) + K sin |«|)
Kyw—-K ’

0<Df°<g<D:O<7r.

sin D7° = sin DJ° :=
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Theorem 2.3. Let 0 := (61,60s,...,0n) be a solution to the coupled system (4) with
K> K, and [w,®] C |K + 1, Qszla\> If

0° € B:={0c[0,2m)N | D(0) < DX — |a},
then for any small € > 0 with DI° +¢ < 5, there exists A\3 > 0 and T' > 0 such that
D(v(t)) < Dw(T))e 1 ¢ > T, (7)

Remark 1. If the parametric conditions in Theorem 2.3 are fulfilled, the reference
angles D{° and DS° are well-defined. Indeed, because K > K. and @ <

we have
D —
(w)v/2w - K
1 —2wsin |«

V2w(D(w) + K sin |a)
K
Then, by w > K + 1 and K < & we obtain
Vo + K(D(w) + K sin |al) < V2w(D(w) + K sin |af)
Kyvw— K - K
Remark 2. In order to make 1 < K +1 < m,

a € (_Z= Z) This is the reason for the setting o € (_Z’ %)

251112 || ?

1 —+V2wsin |af > 0.
This implies
<1

<1

sin DI° = sin DY° =

it is necessary to assume

3. Synchronization analysis.

3.1. Synchronization estimates: Identical oscillators without frustration.
In this subsection we consider the system (4) with identical natural frequencies and
zero frustration:

N
. K .
2 . ) ) .
(0;)* =wo + N lg_l sin(¢; —0;), 6;>0, i=1,2,...,N. ()

To obtain the complete synchronization, we need to derive a trapping region. We
start with two elementary estimates for the transient frequencies.

Lemma 3.1. Suppose 6 := (01,02, ...,0n) be a solution to the coupled system (8),
then for any i,j € {1,2,..., N}, we have

(6:; — 6;)(0; +6;) Zcos (0, — 0 )smajiei.

Proof. It is immediately obtained by (8). O

Lemma 3.2. Suppose 0 := (61,0s,...,0n) be a solution to the coupled system (8)

and Q > K, then we have
éi <+Vwo+ K.

Proof. Tt follows from (8) and 6; > 0 that we have

N
(0:)? = wo + K > “sin(f) — 6;) < wo + K.
N =1 B
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Next we give an estimate for trapping region and prove Theorem 2.2. For this
aim, we will use the time derivative of D(6(t)) and D(v(t)). Note that D(6(t))
is Lipschitz continuous and differentiable except at times of collision between the
extremal phases and their neighboring phases. Therefore, for the collision time ¢
at which D(6(t)) is not differentiable, we can use the so-called Dini derivative to
replace the classic derivative. In this manner, we can proceed the analysis with
differential inequality for D(0(t)). For D(v(t)) we can proceed in the similar way.
In the following context, we will always use the notation of classic derivative for
D(0(t)) and D(v(t)).

Lemma 3.3. Let 0 := (61,02,...,0N) be a solution to the coupled system (8) and
Q> K. If the initial configuration 0(0) € A, then 0(t) € A, t > 0.

Proof. For any §° € A, there exists D> € (0,7) such that D(0°) < D*. Let
T = {T € [0,+00) | D(O()) < D=, vVt e [o,:r)}.

Since D(6°) < D>, and D(6(t)) is a continuous function of ¢, there exists n > 0
such that

D(0(t)) < D*°, t € [0,n).
Therefore, the set T is not empty. Let T := sup 7. We claim that
T = o0. (9)

Suppose to the contrary that 7% < oo. Then from the continuity of D(6(t)), we
have

D(6(t)) < D=, t € [0,T*), D(O(T*)) = D*.

We use Lemma 3.1 and Lemma 3.2 to obtain

1d d . .
——D(0(t))* = D(0(t))—D(0(t)) = (Orr — Om) (Ors — Om
57 DOW)? = DO(®) T D(O) = Oar = 0r) (6r — b1
N
= (01 — 01 ;% oS <91 _ M) <in <97"9M)
Ort + O N = 2 2
N
1 2K Sl Gm—9M>
< (0 O —— cos —— sin
Ore = m) G G N 223 ( 2
N
1 K D> O — Ot
< (Om em)mNZCos2sm( 5 )
2K cos 2= D(6) u DO)
= - in
\/CUO+K 2 2
Kcos%
————2_D)?> telo, T
T kO e 0T
Here we used the relations
D> D) 6, — 6 6,—6,, D) D>
< < <0< -
2 < 2 = 2 s0s< 2 - 2 < 2
and
. 2, T
> 2 -
xsmm_ﬂx,xe{ 2,2}
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Therefore, we have

d K cos 22
—D(#) < ————2_D(6), t €]0,T),
T N TES SR

which implies that

oo
K cos D

D(O(T*)) < D(°)e ~V=oiF | < D(¢°) < D>

This is contradictory to D(0(T*)) = D*°. The claim (9) is proved, which yields the

desired result.

Now we can give a proof for Theorem 2.2.

O

Proof of Theorem 2.2. According to Lemma 3.3, we substitute T* = oo into (10),

oo
KcosDT

then (5) is proved with A; = e
On the other hand, by (5) there exist to and §(0 < § < 7) such that D(60(t))
for t > tyo. Now we differentiate (8) to find

b =

K X
Z cos(0; — 0;) (v — vy).
2NI/Z' =

Using Lemma 3.2, we now consider the temporal evolution of D(v(t)):

d . .
dtD( V) =Un — U

K Kk
" 2Nwy ;COS(GZ —On) (v —var) = 2Nv,, ;COS(@ -0V ) (v — vm)

N N
K cosd K cosd
< E — — E _
— 2Nvy 71(” V) 2Nv,, 71(” Ym)
N
cos cos 0
< v — Vv v —Vm
- Vwo + K zz: L= ) 2N Vwo + K Z :
N
KCOS(5
= vV —Up — V) +VUn
VT Ez 1 M 1 )
K cosé

=————0D t > to.
NS

This implies that

K cosé ( 0)

D(u(t)) < D((to))e 2eore " 4>,

and proves (6) with Ag = 2§%~

<4

O

Remark 3. Theorem 2.2 shows, as long as the initial phases are confined inside an
arc with geodesic length strictly less than 7, complete phase synchronization occurs
exponentially fast. This extends the main result in [5] where the initial phases for
synchronization need to be confined in an arc with geodesic length less than 7/2.



POWER GRIDS WITH FRUSTRATION 549

3.2. Synchronization estimates: Nonidentical oscillators with frustration.
In this subsection, we prove the main result for nonidentical oscillators with frus-
tration.

Lemma 3.4. Let 0 := (01,02,...,0n) be a solution to the coupled system (4), then
forany i,j € {1,2,..., N}, we have

(6; — 0;)(6; + 6,) < D(w) +

==

N
> [sin(0, — 0; + a) — sin(6, — 0, + a)].
=1

Proof. By (4) and for any 4,5 € {1,2,...,N}
(0: = 0;)(0: + 0;) = (6:)* — (6)7,
the result is immediately obtained. O

Lemma 3.5. Let 0 := (61,02,...,0Nn) be a solution to the coupled system (4) and
w> K+ 1, then we have

bie|[Va-KVoTK|, Vi=12,..,N.
Proof. From (4), we have
w-K<()?<w+K, Vi=12,...,N,
and also because GZ > 0. O

The following lemma gives a trapping region for nonidentical oscillators.

Lemma 3.6. Let 0 := (61,02,...,0n) be a solution to the coupled system (4) with
K > K, and [w,&] C [K +1, m) If the initial configuration 8° € B, then
0(t) € B fort > 0.

Proof. We define the set 7 and its supremum:
T .= {T € [0, +00) | D(B(1)) < DX — |al, Vi € [o,T)} . T :=supT.

Since #° € B, and note that D((t)) is a continuous function of ¢, we see that the
set T is not empty and T™ is well-defined. We now claim that

T = 0.

Suppose to the contrary that T* < co. Then from the continuity of D(6(t)), we
have

D(O(t)) < D® — |al, t € [0,T%), D(O(T*)) = D= — |al.

We use Lemma 3.4 to obtain

1d d .
55 D(0)* = D(9) 2 D(6) = D(6) (eM - 9m)
D)~ | D) + & ENJ (sin(6 — 1 + @) — sin(6 — O + )

I
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For I, we have

N
K
I=D(w)+ 2% [sin(6; — Oar) — sin(6; — 0,,)]
=1
. N
+ K?{na [cos(6; — Oprr) — cos(6; — 6.,)] -

=1
We now consider two cases according to the sign of «.
(1) a € [0, 7). In this case, we have

A N
WZW —6ar) = (60— 0)]

=1

. N
+ Kjifna Z [1 — cos D(6)]
=1
= D(w) — K [sin(D(f) + ) — sin ]
= D(w) — K [sin(D(#) + |«|) — sin |«]] .

(2) @ € (—7%,0). In this case, we have

I <D(w)+

D
D

. N
1< D)+ KN%(I;)D(” S 16— ) — (61— 6u0)]
=1

K sina o
~ > [eos D(0) — 1]
=1

= D(w) — K [sin(D(0) — «) + sin ¢
= D(w) — K [sin(D(0) + |a|) — sin |a]] .

Here we used the relations

sin(0; — Opr)  sin(0; — 0,n) S sin D(9)
0, — 0 0, — 0., - D(G) ’

+

and
cos D(0) < cos(6; — Oar), cos(0; — 0,,) <1, 1=1,2,...,N.
Since D(0(t)) + |o| < D < =« for t € [0,T™), we obtain

I < D(w) — K [sin(D(0) + |a|) — sin |«|]
1 Do
< D(w) + Ksin|a| — KSHI;OO* (D(6) + |a]).
By (12) and Lemma 3.5 we have
1d
Z 2 D(6)?
2dt ()
sin Dg°
<DO)——— | D(w) + Ksi -K *(D(0) +
< D6 (D) + Ksinal - K525 (D(6) + o))
D(w) + K sin |« K sin D
= (?—.HD(Q)—f 0)(D(0) + |a])
D(w) + K sin |«| K sin Dg°
< ZWTE AN Kgy - Y pgy(D(s tel0,T).
< 2D - ST DODO) + ). te0.T7)
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Then we obtain
d D(w) + K sin |« K sin D$°

Zpe) < D(0 L te 0,7,

dt (6) < 2yw—K 2D§:°\/m( () +lal) | )
i.e.,

d D(w) + K sin|«| K sin Dg°

—(D(6 < — D(6

a PO <=5 =% “eva g PO Tl

K sin D° K'sin D°
= = “_(D(0) + |a]), t € [0,T7).
TR T S AR

Here we used the definition of sin D2°. By Gronwall’s inequality, we obtain

K sin DS°

D(8(1)) + || < D + (D(6°) + |a| — DX)e PPEVEE" | e [0,T),
Thus

K sin DJ°

D(8(1)) < (D(8°) + |a| — D)e PEVaE' 4 DX |, t € [0,T").

Let ¢t — T*~ and we have

K sin DJ°

D(B(T™)) < (D(8°) + |a| = DF)e” PFV=7"" 4 DF —Ja| < DX~ al,
which is contradictory to D(6(T*)) = DS° — |a|. Therefore, we have
T = o0.
That is,
D(0(t)) < D —lal, Vt>0.

O

Lemma 3.7. Let 6 := (01,04,...,0xn) be a solution to the coupled system (4) with
K > K. and [w,0] C [K + 1, 5=—=). If the initial configuration 0(0) € B, then

’ 2sin? [of

d D(w) + K sin |« K .
—D(0(1)) < — D(0 t>0.
Proof. Tt follows from (11) and Lemma 3.5, Lemma 3.6 and that we have
1d d
~—D(6)* = D(0)—-D(0
L2 D(0)? = D() D)
1
< D(#)——— [D(w) — K (sin(D(0) + |a) — sin |a|)]
O + 60,
_ D(w? + K§1n |a|D(9) B KSIII.(D(Q).-F |a\)D(9)
Orr + O, O + O
D(w) + K sin |« K sin(D(0) + |«])
<———D(0) - D), t>0.
STk PO Tk PO 12
The proof is completed. O

Lemma 3.8. Let 6 := (01,04,...,0n) be a solution to the coupled system (4) with
K > K. and [w, @] C [K + 1, m) If the initial configuration 6(0) € B, then
for any small e > 0 with DY° +¢ < 3, there exists some time T > 0 such that

D@t) < DY — |la|+e, t>T.
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Proof. Consider the ordinary differential equation:

. D(w)+ Ksin | K ) 0
= — sin v, 0)=y" €[0,D). 13
It is easy to find that y, = D$° is a locally stable equilibrium of (13), while y.. =
D is unstable. Therefore, for any initial data y° with 0 < y° < D2, the trajectory
y(t) monotonically approaches y.. Then, for any ¢ > 0 with D® +¢ < 7, there
exists some time T" > 0 such that

ly(t) =yl <e, t=>T.

In particular, y(t) < y. +¢ for t > T. By Lemma 3.7 and the comparison principle,
we have

D)+ |a| < DY +¢e, t>T,
which is the desired result. O

Remark 4. Since
sin D7° > % + sin|a| > sin|al,
we have D{° > |a.
Proof of Theorem 2.3. It follows from Lemma 3.8 that for any small € > 0, there
exists some time T' > 0 such that

sup D(O(t)) < D — |a] +¢ < —.
t>T 2

We differentiate the equation ( ) to find

K
Zcos(@l —0;+a)(vi—v;), v;>D0.
QNI/i =1

b =

We now consider the temporal evolution of D(v(t)):
d
%D(V) =Un — U

K V K
=N Zcos(@l -0+ o) (v —vam) — 2N 2

-0V +a)(v — vm)

K E
QNVM Zcos (DY +¢e)(v —vm) — INvL ;COS(D?O +e) v —vm)

N
K (D$e
cos +z—: ZVZ*VM*VerVm)
2NV + K Py
~ Kcos(DS® +¢) 5)
- 5 t> Ta
Tajork W12

where we used
cos(0; — Oy + ), cos(0; — 0y, + ) > cos(D° +¢), and vy, vy < Vo + K.

Thus we obtain
_ K cos(D§°+e) (t )
D) < Dw(T))e” wverr Ty,
K cos(D7" +e¢) 0

and proves (7) with A3 = SToiT
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Conclusions. In this paper, we presented synchronization estimates for the

Kuramoto-like model. We show that for identical oscillators with zero frustration,
complete phase synchronization occurs exponentially fast if the initial phases are
confined inside an arc with geodesic length strictly less than w. For nonidentical
oscillators with frustration, we present a framework to guarantee the emergence of
frequency synchronization.
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