NETWORKS AND HETEROGENEOUS MEDIA d0i:10.3934/nhm.2019018
(©American Institute of Mathematical Sciences
Volume 14, Number 3, September 2019 pp. 445-469

LOCAL WEAK SOLVABILITY OF A MOVING BOUNDARY
PROBLEM DESCRIBING SWELLING ALONG A HALFLINE

KotrAa KUMAZAKI

Nagasaki University
Department of Education
1-14, Bunkyo-cho, Nagasaki, 852-8521, Japan

ADRIAN MUNTEAN

Karlstad University
Department of Mathematics and Computer Science
Universitetsgatan 2, 651 88 Karlstad, Sweden

(Communicated by Benedetto Piccoli)

ABSTRACT. We obtain the local well-posedness of a moving boundary prob-
lem that describes the swelling of a pocket of water within an infinitely thin
elongated pore (i.e. on [a,+00), a > 0). Our result involves fine a prior:
estimates of the moving boundary evolution, Banach fixed point arguments as
well as an application of the general theory of evolution equations governed by
subdifferentials.

1. Introduction. We wish to understand which effect the water-triggered micro-
swelling of pores can have at observable scales of concrete-based materials. Such
topic is especially relevant in cold regions, where buildings exposed to extremely low
temperatures undergo freezing and build microscopic ice lenses that ultimately lead
to the mechanical damage of the material; see, for instance, [19]. One way to tackle
this issue from a theoretical point of view is to get a better picture of the transport of
moisture. Our long-term goal is to build a macro-micro model for moisture transport
suitable for cementitious mixtures, where at the macroscopic scale the transport of
moisture follows a porous-media-like equation, while at the microscopic scale the
moisture is involved in an adsorption-desorption process leading to a strong local
swelling of the pores. Such a perspective would lead to a system of partial differential
equations with distributed microstructures, see [8, 10] for related settings. In this
paper, we propose a one-dimensional microscopic problem posed on a halfline with
a moving boundary at one of the ends. The moving boundary conditions encode
the swelling mechanism, while a diffusion equation is responsible to providing water
content for the swelling to take place.

Since we are interested in how far the water content can actually push the a
priori unknown moving boundary of swelling, we assume that pore depth is infinite
although the actual physical length is finite. Our target here is to show the well-
posedness of the pore-level model.
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Let us now describe briefly the setting of our equations. The timespan is [0, T]
while the pore is [a,4+00), with a,T € (0,400). The variables are ¢ € [0,T] and
z € [a,4+00). The boundary z = a denotes the edge of the pore in contact with
wetness. The interval [a, s(¢)] indicates the region of diffusion of the water content
u(t, z), where s(t) is the moving interface of the water region. The function u(t, z)
acts in the non-cylindrical region Q4(T") defined by

Qs(T) ={(t,2)|[0 <t <T, a<z<s(t)}

Our free boundary problem, which we denote by (P)y, s,,1, reads:
Find the pair (u(t, 2), s(t)) satisfying

up — ku,, =0 for (¢,2) € Qs(T), (1.1)
— ku,(t,a) = B(h(t) — Hu(t,a)) for t € (0,T), (1.2)
— ku,(t, s(t)) = ul(t, s(t))s:(t) for t € (0,7), (1.3)
s¢(t) = ag(u(t, s(t)) — p(s(t))) for ¢t € (0,T), (1.4)
5(0) = sg,u(0, 2) = ug(z) for z € [a, sg]. (1.5)

Here k is a diffusion constant, £ is a given adsorption function on R that is equal to 0
for negative input and takes a positive value for positive input, A is a given moisture
threshold function on [0,7], H and ag are further given (positive) constants, ¢ is
our swelling function defined on R, while sy and ug are the initial data.

From the physical perspective, (1.1) is the diffusion equation displacing u in the
unknown region |[a, s]; the boundary condition (1.2), imposed at z = a, implies that
the moisture content h inflows if i is present at z = a in a larger amount than wu.
The boundary condition (1.3) at z = s(¢) describes the mass conservation at the
moving boundary. Indeed, if the flux u,(t,a) at z = a is active on the time interval
[t,t + At] for ¢ > 0, namely, s;(t) > 0, then, it holds that

s(t) s(t+At)
/ u(t, z)dz — ku,(t,a) At = / u(t + At, 2)dz.

a

Hence, by dividing At in both side and letting At — 0 we formally obtain that

s(t)
— ku,(t,a) = / ug(t, 2)dz + spu(t, s(t)).

By uy = ku,, in (1.1), we derive that

s(t)
—ku,(t,a) = / ku,,(t,z)dz + syul(t, s(t))
= ku,(t,s(t)) — ku.(t,a) + spu(t, s(t)).

This formal argument motivates the structure of the moving boundary condition
(1.3). The ordinary differential equation (1.4) describes the growth rate of the free
boundary s and it is determined by the balance between the water content u(t, s(t))
at z = s(t) and the swelling expression (s(t)). It is worth mentioning at this stage
that the function ¢(s(t)) limits the growth of the moving boundary.

From the mathematical point of view, our free boundary problem resembles re-
motely the classical one phase Stefan problem and its variations for handling su-
perheating, phase transitions, evaporation; compare [9, 16, 17, 20] and references
cited therein. Our work contributes to the existing mathematical modeling work of
swelling by Fasano and collaborators (see [6, 7], e.g.) as well as other authors cf.
e.g. [21]. The main difference between these papers and our formulation lies in the
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choice of the boundary conditions (1.2) and (1.3). Most of the cited settings impose
an homogeneous Dirichlet boundary condition at one of the boundaries, while we
impose flux boundary conditions at both boundaries. Relation (1.2) will be used in
a forthcoming work to connect the microscopic moving boundary discussed here to
a macroscopic transport equation.

It is worth mentioning that the literature contains already a number of free
boundary problems posed for the corrosion of porous materials. We review here the
closest contributions to our setting. For instance, we refer to Muntean and Bohm
[14] who proposed a well-posed free boundary problem as mathematical model for
the concrete carbonation process in one space dimension; Aiki and Muntean [3, 4, 5]
proved the existence and uniqueness of a solution for a simplified Muntean-Béhm-
model and obtained the large-time behavior of the free boundary as t — oo. Also,
in [1, 18], Sato et al. proposed a free boundary problem as a mathematical model
of single pore adsorption, a setting very close to ours, and showed the existence of a
solution locally in time; Aiki and Murase guaranteed in [3] the existence of a solution
globally in time and established the large time behaviour of this solution. Recently,
based on the results of Sato et al. [18] and Aiki and Murase [2], Kumazaki et al.
proposed in [12] a multiscale model of moisture transport with adsorption, coupling
in a particular fashion a macroscopic diffusion equation with the microscopic picture
of the model proposed by Sato et al. in [18] and ensured the local existence of a
solution of this two-scale problem. We refer the reader to [8, 10, 15] and references
cited therein for comprehensive descriptions of modeling, mathematical analysis
and numerical approximation of reaction-diffusion systems posed on multiple space
scales in the absence of free or moving boundaries.

It is worth mentioning that the main reason why we are handling the one-
dimensional case only is that we do not know how the sharp interface moves in
higher dimensions; hence, we are unable to write down the proper boundary con-
ditions to close the model formulation. A similar issue is present in the case of
the concrete carbonation problem mentioned above or in settings involving freely
moving redox fronts in porous materials. To be more precise, it is not at all clear
how the sharp interface behaves close to corners, e.g.

The paper is organized as follows: In Section 2, we state the used notation and
assumptions as well as our main theorem concerning the existence and uniqueness of
a solution for the moving boundary problem. In Section 3, we consider an auxiliary
problem focused on finding u for given s and prove the existence of a solution of this
problem by relying on the abstract theory of evolution equations governed by time-
dependent subdifferentials. By using the result of Section 4, we finally prove our
main theorem by suitably applying Banach’s fixed point theorem and the maximum
principle.

2. Notation and assumptions. In this framework, we use the following basic
notations. We denote by |- |x the norm for a Banach space X. The norm and the
inner product of a Hilbert space H are denoted by |- |g and (-,-)q, respectively.
Particularly, for Q C R, we use the standard notation of the usual Hilbert spaces
L%(Q), HY(Q2) and H?(Q).

Throughout this paper, we assume the following restrictions on the model pa-
rameters and functions:

(Al) a, ag, H, k and T are positive constants.

(A2) h € WH2(0,T) N L*>°(0,T) with h > 0 on (0,7).
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(A3) B € CH(R) N Wh*(R) such that 8 =0 on (—oc,0], and there exists rg > 0
such that 5” > 0 on (0,rg) and 3 = ko on [rg, +00), where ky is a positive constant.
Also, we put cg = ko + sup,cpf’ (7).

(A4) ¢ € CYR) N WH*(R) such that ¢ = 0 on (—00,0], and there exists
r, > 0 such that ¢’ > 0 on (0,7,) and ¢ = ¢y on [ry,+00), where 0 < ¢y <
min{2¢(a), |h| o, H '} Also, we put ¢, = sup,cpe(r) + sup,.cp’ (r).

(AB) so > a and ug € H'(a,so) such that ¢(a) < ug(z) < |h|pe@orH " on
[a, so]-

For T' > 0, let s be a function on [0, 7] and u be a function on Qs(T) := {(¢,2)|0 <
t<T,a<s(t)}.

Next, we define our concept of solution to (P)y, s,,» on [0,7] in the following
way:

Definition 2.1. We call that pair (s,u) a solution to (P)y,,s,,» on [0,T] if the
following conditions (S1)-(S6) hold:
(S1) s, 8, € L®(0,T), a < s on [0,T], u € L=(Qs(T)), ut, u.. € L*(Q4(T)) and
t € [0,T] = |uz(t,-)|2(a,s(t)) is bounded;
S2) uy — ku,, =0 on Q4(T);
3) —ku,(t,a) = B(h(t) — Hu(t,a)) for a.e. t € [0,T7;
4) —ku,(t,s(t)) = u(t, s(t))s:(t) for a.e. t € [0,T];
5) s¢(t) = ap(u(t, s(t)) — ¢(s(t))) for a.e. t € [0,T7;
6) s(0) = sp and u(0,z) = ug(z) for z € [a, so].

The main result of this paper is concerned with the existence and uniqueness of
a locally in time solution in the sense of Definition 2.1 to the problem (P)y, sq.h-
This result is stated in the next Theorem.

Theorem 2.2. Let T > 0. If (A1)-(A5) hold, then there exists T* < T such that
(P)ug,so,n has a unique solution (s, w) on [0, T*] satisfying p(a) < u < |h|per)H !

on Qu(T*).

To be able to prove Theorem 2.2, we transform (P),,, s, 1, initially posed in a non-
cylindrical domain, to a cylindrical domain. Let T > 0. For given s € W12(0,T)
with a < s(t) on [0,T], we introduce the following new function obtained by the
indicated change of variables, ”freezing” the moving domain:

a(t,y) = ult, (1 = y)a +ys(t)) for (t,y) € Q(T) := (0,T) x (0,1).

Such a change of variable fixing the moving a priori unknown sharp interface is
sometimes referred as Landau transformation. By using the function @, (P)y, son
becomes the following problem (P)a, s0,n°

~ k _ oyse(t)

U (t,y) — W%y(t,y) = muy(tay) for (t,y) € Q(T), (2.1)
— S o (t:0) = B(h(0) — Ha(t,0)) for 1 € (0,7), (2.2)
— s(t)k—aay(t’ 1) = a(t, 1)s4(t) for t € (0,T), (2.3)
st(t) = ap(u(t, 1) — p(s(t))) for t € (0,T), (2.4)
5(0) = so, (2.5)
(0, y) = uo(1 — y)a+ys(0))(:= to(y)) for y € [0,1]. (2.6)
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Definition 2.3. For T > 0, let s be functions on [0,7] and @ be a function on
Q(T), respectively. We call that a pair (s, @) is a solution of (P)g,,s.» on [0, 7] if
the conditions (S’1)-(S’2) hold:

(S'1) s, 84 € L*°(0,T), a < s on [0,T], & € WH2(Q(T)) N L>(0,T; H'(0,1)) N
L2(0,T; H*(0,1)) N L*(Q(T)).

(S'2) (2.1)—(2.6) hold.

To prove the existence of a solution of (P)g, s,.n, We consider now the following

problem (P);ZLO’SO,h;
it ) — iy () = 2 (1) for (.0) € QD)
COEDE prr
- S(t)k, —iiy (1,0) = B(h(t) — Ha(t,0)) for t € (0,T),
k

_ mﬂy(t, 1) = o(a(t,1))s(t) for t € (0,7),

si(t) = ao(a(a(t, 1)) — ¢(s(t))) for t € (0,T),
5(0) = so, u(0,y) = to(y) for y € [0,1],

where o is a lower cut-off function on R given by

o(r) = rifr>e(a),
o(a) if r < p(a).

The definition of a solution of (P)¢ is Definition 2.3 replaced (¢, 1) by

Ug,80,h

o(u(t,1)). Now, we state the existence and uniqueness of a solution of (P)Z

Uo,80,h"

Theorem 2.4. Let T > 0. If (A1)-(A5) hold, then there exists T* < T such that

(P)2, so.n has a unique solution (s,u) on [0,T"].

By Theorem 2.4, we see that for a solution (s, @) of (P)g . , on [0,7], a pair
of the function (s,u) with the variable

u(t,z) =1 (t, s(t)—a> for z € [a, s(t)] (2.7)
is a solution of (P)] ., = (P)ug,s0,n replaced u(t, s(t)) by o(u(t,s(t))) on [0, T*].

Finally, by proving that (s,u) satisfies p(a) < u < |h|Loo(07T)H71 on Qs(T*), the
pair (s,u) is the desired solution satisfying Theorem 2.2. Therefore, in the rest of
the paper, we focus on proving Theorem 2.4 and the boundedness of a solution of

(P)Uo,so’h'

Remark 1. Theorem 2.2 is proven here by Banach’s fixed point theorem, and hence,
the existence and uniqueness of a locally in time solution is a direct consequence.
To reach a globally in time solution of (P)y,.s,.n, We attempted to extend the
existing locally in time solution to (P)g . ,. However, as seen (P)7 _ ;. if the
free boundary s equals to a, then degeneracies occur (i.e. there is no domain to
find a solution). Therefore, we have to ensure that s is strictly grater than a at the
maximal existence time. Since the free boundary s is not always monotone with
respect to time %, it is not easy to prove such a strict lower bound on the sharp
interface position. In the forthcoming paper [13], we will show the existence and
uniqueness of a globally in time solution of (P)y,, sq.h-
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Remark 2. It is worth noting the similarities and differences between our setting
and the one in Ref. [18]. In both works the mathematical approach in handling the
well-posedness of the FBP is similar in spirit, i.e. in both cases the free boundary
is fixed by Landau-like transformations and weak solutions are searched by using
Banach’s fixed point argument. However, differences exist and are major. In our
work, we require flux boundary conditions at both sides of the one-dimensional
interval, thus very different ad hoc estimates have now to be built to ensure a weak
maximum principle. As mentioned in the introduction, our motivation to work
with our "flux” formulation of the FBP is mainly because we wish to couple our
FBP to another PDE posed at a second (macro) spatial scale in an eventually fixed
domain, the FBP staying then at a micro spatial level. The structure of the flux
boundary conditions is motivated by what we expect from the way the mathematical
theory of homogenization applies to such reaction-diffusion set-up with one slowly
moving free boundary. These are prerequisites needed to build so-called distributed-
microstructure (or two-scale, or micro-macro) models for swelling.

3. Auxiliary Problem. In this section, for T > 0, L > a and given s € W12(0,T)
with a < s < L on [0, T], we devote our attention to show the existence of a solution
to the following auxiliary problem (AP)Z _,:

~ k ~ _ yst(t) ~

(t,y) — Wuyy(uy) = muy(uy) for (t,y) € Q(T), (3.1)
- s(t)k— aﬂy(t, 0) = B(h(t) — Hu(t,0)) for t € (0,T), (3.2)
— s(t)k— aﬂy(t, 1) = ago(u(t, 1)) (o (a(t, 1)) — p(s(t))) for t € (0,T), (3.3)
ﬂ(oay) = ﬁO(y) for ye [Ov 1]7 (34)

In the proof of the existence of solutions, we use the abstract theory of evolution
equations in Hilbert spaces governed by time-dependent subdifferentials which is
characterized by the following form (cf. [11] and references cited therein):

ug(t) + 09" (u(t)) 2 1(t) in H for ¢ € [0, 7],

where ¢! is a proper, lower semi-continuous, convex function on Hilbert spaces H
for t € [0,7T], and 9¢® is the subdifferential of ¢’ defined by

0p(u) :=={z* € H |(z*,v —u)g < ¢'(v) — ¢'(u) for v € H},

and [ is a given H-valued function on [0,7]. For (AP)Z we set o' on H =

Ug,s,h?

L?(0, 1) suitably such that its subdifferential realizes the second term in the left hand

side of (3.1) with the boundary conditions (3.2) and (3.3), and consider Sy(stt)(fl Uy ()
as [(t). To guarantee that | € L?(Q(T)), we first deal with the case that s €
W1°(0,T) (Lemmas 3.1, 3.2 and 3.3).

For s € Wb2(0,T), we take a sequence {s,} C W1>°(0,T) such that s, — s in
Wh2(0,T) as n — 0o, and prove that (AP)g, 5 has a solution @ on [0,7] by the
limiting process with respect to n using some energy estimates of w, independent
of n, where 1, is a solution on [0, 7] of (AP)Z _ , for each n (Lemma 3.4).

First of all, to solve (AP)Z for given s € W*°(0,T) with a < s < L and

Uo,s,h?

feWh(Q(T)) N L*(0,T; H'(0,1)), we consider the problem (AP)7

s,h*
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U — Lﬁ 2) = yse(t) 2\ for B

e (t, 2) (s(t) — a)2 yy(t, 2) 5() — afy(t, ) for (t,2) € Q(T),

- s(t)k— —y(1,0) = B(h(t) — Ha(t, 0)) for t € (0,T),

_ S(t)]f_ aﬂy(t, 1) = apo(a(t,1))(o(a(t,1)) — (s(t))) for t € (0,T),

u(0,y) = to(y) for y € [0, 1].

Now, we define a family {1’ },c[o 1) of time-dependent functionals ¥* : L?(0,1) —
R U {400} for t € [0,T] as follows:

u(1)
/|uy Wy + () / a0 () (0(€) — o (s(t)))de
i / B(ht) — HEE if u € D),

400 if otherwise,

Ui (u) =

where D(y!) = {z € H*(0,1)]z > 0 on [0,1]} for t € [0,T]. What concerns the
function 9!, we prove a number of structural properties (as they are stated in the
following Lemmas).

Lemma 3.1. Let s € WH2(0,T) with a < s(t) < L on [0,T). Assuming (A1)-(A5),
then the following statements hold:

(1) There exists positive constant Coy and Cy such that the following inequalities
hold:

(i) [u(0)]* < Cot'(u) + Cy for u € D(Y')
(i1) [u(1)]* < Cov'(u) + Cy for u € D(v")

k
(i) m\“yﬁ?(o,n < Cot'(u) + C1 for u € D(¥")

(2) Fort e [0,T), the functional ¥ is proper, lower semi-continuous, and convex
on L?(0,1).

Proof. First, we note that for ¢ € [0,T] if u € D(2)*) then, u(0) and u(1) are non
negative. Let ¢ € [0,7] and u € D(¢*). Then, if u(1) > ¢(a), then

u(1)
/0 a0 (€) () — p(s(1)))de

o(a) u(1)
_ / 000 (€)(0(€) — p(s(£)))dé + / 000 (€)(0(€) — p(s(t)))de
0 v(a)
w(a) u(1)
_ / a0p(a)((a) — p(s(t)))dé + / a0 (€ — p(s()))de

(@)
=aop?(a)(p(a) — @(s(t))

)
ud w2 3(a 2(q
+ a0 o) S - (a0~ anpts) 2L )
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u(1) 0 (o200

=qay 3 —app(s(t)) B a T—GOW(S(t))

a q a C 3 3 a 2 a)c
Zgou?’(l)(l —2?/?) — 30 <22) + <a0 2¢3( ) _ aogp (2) W), (3.5)

where 7 is arbitrary positive constant. By taking n suitably in (3.5) and putting
0s < s(t) —a for t € [0,T], we see that there exists ¢y = co(n), c1 = c1(n) such that

u(1)
! / a0 (€) (0(€) — p(s(1)))de

s(t)—a

3 2
1 ap s 32 ap (¢ p*(a)cy
> — (D31 -23) - (L2
s(t)—a<3u()( = \F g, T
o 5 a1 _ copla) c1

> 1) — — > —"/—2u*(1) — —. .

2w ) 5S_L—au() 5 (3.6)
In the case u(1) < ¢(a), then o(u(1l)) = ¢(a) so that we have the similarly

inequality (3.6). Also, we have that

-1 u(0) —cp e - 1
o [ s - med > a0 = = (u) - [ ()

a 0
_wopl@) oy L—a e\ ke G
~ 2(L-a) ' 2cop(a) (55) 4(s(t)fa)2/0 [y W)y = 7

copa) k ! 2 L—a [c3\° ¢
> 5ty = T e, M- <200<P(a) () + 5) ’

(3.7)
where cg is the same constant as in (A3). By adding (3.6) and (3.7), it yields
i 1
t > 2d
0w > s [ )Py
2 2
cop(a) o c L—a (cp s
0P 2y~ & B 42, .
+ 2(L—a)u (1) s <2c0<p(a) s * k (38)
Also, it holds that
1 2 1
P =| [y +uw)| <2( [ P+ )
0 0
1

20L—a)?®  k ) 2
SZ( k 2(s(t)_a)2/0 luy (y)[*dy + [u(1)] )

Therefore, by (3.8) and the estimate of u(0) we see that the statement (1) of Lemma
3.1 holds.

We now prove statement (2). For r € R, put

nls(0:7) = 5= [ @) - wls(o))ds.

) -
a(s0).1(0).7) = =5 [ () — m e

Then, by a < s(t), 8/ > 0 in (A3) and (A4) we see that r — ago(r)(o(r) — ¢(s(t)))
and 7 — —B(h(t) — Hr) are also monotone increasing. This means that ¢! is
convex on L2(0,1). Also, the lower semi-continuity of 1 is enough to prove that
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the level set of 1! is closed in L?(0,1). This is easy to prove by using Lemma 3.1
and the Sobolev’s embedding H'(0,1) <+ C([0,1]) in one dimensional case. Thus,
we see that for ¢t > 0, v’ is a proper, lower semi-continuous, convex function on
L2(0,1). O

By Lemma 3.1 we obtain the following existence result concerning the solutions
to problem (AP)g ;.

Lemma 3.2. Let T > 0 and L > a. If (A1)-(A5) hold, then, for given s €
W2(0,T) with a < s < L on [0,T] and f € WH2(Q(T)) N L>(0,T; H*(0,1)), the
problem (AP)g ¢, admits a unique solution @ on [0,T] such thatw € W(Q(T))N
L*(0,T; HY(0,1)). Moreover, the function t — (u(t)) is absolutely continuous
on [0,T].

Proof. By Lemma 3.1, for t € [0,7] 9! is a proper lower semi-continuous convex
function on L?(0,1). By the definition of the subdifferential in the first of section
3, we see that for ¢t € [0,T], z* € 9¢'(u) is characterized by

Y= *#u on
z = (S(t) _ a)z vy (07 1)7
k
- s(t) — a“Z(O) = B(h(t) — Hu(0)),
_ s(t)L—auz(l) = ago(u(1))(a(u(l)) — o(s(t))).

Also, there exists a positive constant C' such that for each 1, t2 € [0,T] with t; < to,
and for any u € D(¢""), there exists u € D(¢'?) such that

@~ ulzz(0,1) < [s(ta) = s(t2) (1 + " (w)[V/2), (3.9)
9" (@) — 9" (u)] < C(ls(tr) = s(t2)] + [h(tr) — () ) (1 + [¥" (w)]).  (3.10)
Indeed, by taking @ := wu it is easy to prove that (3.9) and (3.10) holds. Now, we
consider the following Cauchy problem (CP):
{at + 0t (a(t)) = S £, (¢) in L2(0,1)
u(0,y) = to(y) for y € [0,1].

Here, we notice that since f € L2(0,T; H(0,1)) and s € W12(0,T) then %)f'a(t) €
L?(0,T;L?(0,1)). Then, by the general theory of evolution equations governed by
time dependent subdifferentials (see [11] and references cited therein), we conclude
that (CP) has a solution @ on [0, 7] such that & € W12(Q(T)), ¢! (a(t)) € L>=(0,T)
and t — ¢! (u(t)) is absolutely continuous on [0, 7). This implies that @ is a unique
solution of (AP)7 ., on [0,T]. O
Lemma 3.3. Let T > 0, L > a and s € WH*(0,T) with a < s < L on [0,T].
If (A1)-(A5) hold, then, (AP)g ., has a unique solution @ on [0,T] such that

@€ Wh2(Q(T)) N L>(0,T; H'(0,1)).

Proof. By Lemma 3.2, we can define the solution operator I'r(f) = 4, where @ is
a unique solution of (AP)g . , for given f € W2(Q(T)) N L>=(0,T; H*(0,1)).
Now, for i = 1,2 we put I'(f;) = @; and f = f; — fo and @& = @3 — G. Then, we
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have

1d 1 k N Loys,
oy~ || Ga=apte ™= ), sy sahi G0

Using the structure of the boundary conditions, we obtain

1 k? ~ _
"fg (5(0) a2 iy

_<s(t)k—a)2( S )@t 1) + @y (1, 0)(2,0) + / 1, (2)] dy>

- s(tt)zo— 0
(ot D) o8, 1)) = pls(00) = oia(t. D)ot 1)) — (60 )t 1)
_ s(t)l_ —(B(h(t) — Hia(¢,0)) - B(h(t) - Hiia(t, 0))>ﬁ(t’o)
b e | O

> —S(t;m_ ~p(s(t)a(t, 1) ~ s(i?’}f la(t, 0)? + M /01 iy (8) 2dy.

Combining this mequahty with (3.11), it follows that
1d
§$| ()|L2(o 1)Jr / [y (1) dy

1 ySt() 2 cﬁH ~ )
SA 0= OTOAy + Ol D + a0 (3.12)

Here, we use the Sobolev’s embedding theorem in one dimensional case:

|u(y)\2 < Celulpro,1y|ulz2(0,1) for v € H'(0,1) and y € [0, 1], (3.13)
where C., is a positive constant in Sobolev’s embedding. By using (3.13), we have

1d k !
2dt| @(t)72(0,1) + W/o |uy (t) P dy

' yst(t) apc cgH _ B
S/O s() — fy( )i(t)dy + C. <s(t§fa + 5(t) —a) Iu(t”Hl(O’l)|u<t)|L2(O(’;).l4)

Taking Cy = Ce(aoc, + cgH) and using Young’s inequality leads to

b oysi(t)
| 0oy
1/2

! 1
<Istzo0,1)|@(t)|L2(0,1) (/0 ny@)ﬁ@) ;

Cy . . < Cs . . 19
m|U|H1(0,1)|U|L2(O,1) O Iyl 20|l z20.1) + [l72(0,1)

<7k liyl2200.1) + G, G 1|2
_2(S(t) — ) y1L2(0,1) 2% ( ) —a L2(0,1)*
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Now, we put d5 such that s(t) —a > 05 for t € [0,T]. By (3.14), we obtain

1d
a0+ gy [ 10y
[fy )] 72001 |5t|L°o0T C3 Gy .
S G e o LG e (3.15)

Now, by setting

1
I(t) == Sla(t )‘L2 0,1) + |Uy |L2 0, 1)d7'
2

for ¢ € [0,T], we have

| fu(t )|%2(0 1) |5t|%oo(o,T) C: Oy
dt (t) < 5 + 252 + % + 3. I(t). (3.16)

Denote by Cj5 the coefficient of I(t) arising in the right-hand side. Using Gronwall’s
inequality to (3.16) gives

1 t
I(t) S (2/ |fy(’7—)|%2(071)d’7—> eCST for t € [O7T]
0

This implies that that there exists a small 77 < T such that I'r, is a contraction
mapping on W12(Q(T)) N L>(0,T; H*(0,1)). Therefore, by Banach’s fixed point
theorem we can find @ € W12(Q(T))N L>(0,T; H(0,1)) such that I'r, (7) = @. In
other words, we can find a solution @ of (AP)g _; on [0, T1]. Since T is independent
of the choice of initial value, by repeating the argument of the local existence result,
we can extend the solution @ beyond T37. This argument completes the proof of the
Lemma. 0

As next step, for given s € W2(0,T) with a < s < L on [0,7], we construct a
solution to problem (AP)Z

To,s,h"

Lemma 3.4. Let T > 0 and L > a. If (A1)-(A5) hold, then, for given s €
W12(0,T) with a < s < L on [0,T), the problem (AP)2 ., has a unique solution
@ on [0,T).

UoS

Proof. We choose a sequence {s,} C W1>°(0,T) and a < § < L satisfying s, (t) —
a >34 on [0,7T) for each n € N, s, — s in WH2(0,7T) as n — co. By Lemma 3.3 we
can take a sequence {1y} of solutions to (AP)Z . , on [0,7]. Then, we see that
t — (1, (t)) is absolutely continuous on [0, 7] so that ¢ — WMW (t>|2L2(0,1)
is continuous on [0, T]. First, we have

3l Oon — [ st @@y = [ 25O 0 0y,

sn(t) —a
For the second term in the left hand side, it holds that

1 L ] )
R /0 munyy(t)un(t)dy
1

— maoa(ﬂn(t, ) (o(tn(t,1)) — (80 () n(t, 1)

1 i ) . -
=g ) = Hin (0.0 (4.0) + sz [ fiy (O



456 KOTA KUMAZAKI AND ADRIAN MUNTEAN

Accordingly, by ag(o (i, (t,1)))%an(t,1) > 0 we obtain that

3 31l Oxon + o= / iy ()
b ysmlt) o
S/o muny( ) ( )dy + maow(sn(t))a(un(t7 1))Un(t, 1)
+ ﬁﬁ(h(t) — Hiin(t,0))iin (¢, 0) fort € [0, 7). (3.17)

Using (3.13) it follows that

/0 volt). iy ()iin (1)dy

sn(t)
Sn 2
/|uny (1) 2dy + 122D '/u (t)[2dy,

. aocw
D —a POt )i (1) < —7eE

<% (Janenp + 210

sn(t) —a

and

(1t D2 + 20, Dp(o)

3aoc¢Ce - - ~ 2 aoCyp 902(67’)
U] G IR L) R s

k ~ 2
<— 2
_4(Sn(t) — a)g ‘uny(t)‘L (0,1)

(3apc,Ce)?  Bapcy,Ce | - 9 aocy 9% (a)
(sl 208G 0y + 252 4,

and
U Bt — Hiin(t,0))in(t,0) < — (£, 0)]
sn(t) —a e = s () —a ™
Cgce . - - 2 (&%}
SiZ(sn(t) — (|Uny(t)|L2(o,1)Un(t)|L2(o,1) + |un(t)|L2(O,1)) + 2nlt) —a)
k ~ 2 (csCe)? | cpCe |- 2 s

<~ . NOIES B
_4(Sn(t) _ a)z |uny(t)|L (0,1) + ( Ak 25 |u (t)|L (0,1) + 29

As a consequence, we see from the above two estimates and (3.17) that

L ®) o) + /1|~ (H)2d
2 dt B0 (s, (t) — a)? Sy Y Y

EGIE (Saocg,C'e)2 3apcgCe (c5Ce)?  c5Ce) |- 5
<
—( T A iy R QU AN
2
+7aoc¢<p (a) Cﬂ for t € [0,T7.

0 2 25

We denote now the coefficient of |a,|2, (0,1) in the above inequality by F'(t). Then,
F € L'(0,T) and Gronwall’s inequality yields that
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L. 2 ' k - 2
§|Un(t)|L2(o,1) +/0 m|uﬂy(t)|L2(0,l)dT

1, aocy ¢*(a) s L F(r)dr
< (2|U(0)|L2(0,1) + ( 5 5 % T ) elo for t € [0, 7). (3.18)

Next, for each n € N and h > 0, we can write

TN Rk Gl Y (R N 1 ) Rl 1 Gl )
/0 Ut (1) 5 dy /0 (nt) —a)? nyy (1) ; dy
[ sal®) it = n(t = B)
7/0 sn(t) —a ny(?) B dy. (3.19)

For the second term of (3.19), we obtain

! k. T (t) — Tn(t — h)
|, G —att w

h
Ky (8 1) Gn(t 1) — a4, (t — A1) N Kiny (t,0) @i (t,0) — @y (t — h,0)
(5n(t) — a)? h (sn(t) — a)? h
Y iy () Ty (t) — Giny (t — B)
+/o (5(0) — a)? h .

We name as I, Is and I3 the three terms in the last identity. We proceed with
estimating them from bellow. For the first term I, using the same notation g; and
go cf. the proof of Lemma 3.1, it holds that

1 1

_91(3n(8), @n(t,1)) = g1(sn(t = h), tn(t — h, 1))

h
Up (t—h,1)
- % (sn(t —1h) —a sn@ﬁ _ a) /0 apo (€)(a(€) — w(sn(t — h)))dg
1 1
+ h sn(t) —a
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The term I3 can be dealt with as follows

1
I>E PROED (/ |y (1)) dy — /|unyt— |2dy>

1 v )
‘h( S = Jy o0 gy | it

1 k k 1 ) ,
i (2(sn(t —h)—a)?  2(sn(t) — a)2) /0 |y (t = )| dy

Combining all these lower bounds and using the fact that ¢t — k/ (s, (t) —a)?|tn, (t)|?
is continuous on [0, T], we obtain

lim inf(Il + IQ + 13)

. St (t) U, (t,1) B
> Gt ®) + 0 [ a6 — el

ag’ (s St in(t,1) Snt in(5:0)
I 0<P( n(t)) n (t)/o U(§)d£+u))2/0 ﬁ(h(t)—HS)di

sp(t) —a (sn(t) —a
ap (t,0) . 1 N )
i [ ke - O+ O [ 0Py

Applying this result to (3.19) and letting h — 0, we observe
- d -
|t (8)[Z 20,1 + £¢t(un(t))
1
t t
0

sn(t) —a (sn(t) — a)?

|<P sp(t \Sm (t)] “"(“) su®)] i (,0)
MG L s / B(h(t) — HE)d

(sn(t) —
k|snt /|ny 1) 2dy.

an (t,0)
/ B (h(t) — HEOM(t)ds| +
0
Using Lemma 3.1, we estimate now from above each of the terms J; for 1 <7 < 6
that pinpoint each term from the the right-hand side of the above inequality. By
using o(r) < |r| + ¢(a) for r € R the following upper bounds hold true:

L. 2 L su(t)? 2
Ji < §|Unt(t)\L2(o,1) + *WWW( Nzz0,1)

Un (t,1)
/0 00 (€)(p(sn(t)) — o(€))dé

1

+ sn(t) —a

< L a0 + 22O (ot o) + 1)

sl Qo) (BB 5, 1))

ao|Snt(t Sp(t - 9 2(a
olenll(en (1) (|un<t,1>| +“’2”)

Jo <

IN

a < 202 o] (G20 4 e 06t

aoc 20
06‘P|Snt(t)| <|ﬂn(t,1)|2 + gDQ()) ’

IN
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J, < |Snt(§i)|cﬂ|an(t70)‘ < % (|5nt2(t) + ‘an(z;a 0)| ) ’
7y < Lineeiane o) < 2 (P 4 GO0,
Jﬁ < k‘|3nt_ a / | ny | d < ‘Snt( )| ( t(~n(t)) + Cl) )

Finally, by combmlng all these estimates, we obtain that
1, . d -
§\Unt(t>|%2(o,1) + gwt(un(t))

< ('5“5) + 2|5"g(t)> (Cov*(un(t) + C1)
+ 7%'5;2(;)'% (Ian(t, 1))+ “02(@)
+ 67’6 |S"t(t)|2 + aOCW‘Snt(t)| <|ﬂn(t, 1)|2 4 (,02(&))

602 2 4] 2

Co | s\ |un(t, 00> s |ha(t)?
+<5+52) 5 Ty fort€ (0.7,

Therefore, by setting
1) = EGIE N 2|8t (1] N aolsnt(t)|cy . @pCy|Snt(t)] N % (Qp n %)

k ) 262 0 ) 02
2
©?(a) (ao|sne(t)lce  aocy|snt(t)]
T ( 252 T

and using Gronwall’s lemma, we have that

1 t
3 |l () aydr + 04 )

t t
- (&%} Cp
<|00@)+ 5% [ Istolar+ 3 [ iopar
t
+(Cy +1) / l(T)dT} Co Jo LN g1 ¢ € [0, T). (3.20)
0

Therefore, by [ € L?(0,T) and combining the latter inequality with (A2) we see
that the right hand side of (3.20) is bounded. From this result, we infer that the
sequence {i,} is bounded in W'2(0,T;L?(0,1)) and the sequence {1®) (7, (-))}
is bounded in L°°(0,7). Finally, this result in combination with Lemma 3.1,
(3.18) and (3.20) means that the sequence {,, } is bounded in W2(0, T; L?(0,1))N
L*>(0,T; H'(0,1)). Therefore, we can take a sequence {ny} C {n} such that for
some @ € V(T) = Wl’Z(O,T; L2(0,1)) N L>(0,T; H'(0,1)), @,, — 4 weakly in
W12(0,T; L?(0,1)), weakly -* in L>°(0,T; H'(0,1)) and in C(Q(T)) as k — oco. By
letting k — oo, we get that @ is a solution of (AP)Z _, on [0,T]. O

UQ,S,

4. Local existence. In this section, using the results obtained in Section 3, we
establish the existence of a solution (P)ZO,SO,h which leads to clarifying Theorem
2.4. Throughout the rest of this section, we assume (A1)-(A5). For T > 0 and
L > sg, we define the set

M(T, sp,d') == {s € W"2(0,T)|a’ < s < L on [0,T],5(0) = s0}.
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Also, for given s € M(T, sg,a’), we define the operator ® : M (T, sg,a’) — V(T) by
®(s) = 1, where @ is a solution of (AP)Z _,, and the operator I'r : M (T, s0,a") —
W2(0,T) by I (s) = so—l—fg ap(o(®(s)(1,1))—p(s(r)))dr for t € [0, T]. Moreover,
for any K > 0 we put

MK(T) = {8 € M(T, So,a/)‘ |S|W1~2(0,T) < K}

The construction of a solution of (P)g . , is done in a couple of steps: First,

by the continuous dependence of a solution @ of (AP)%O’& ,, for given s in a suitable
subspace of W12(0,T) we show that ', is a contraction mapping on My (T1) in
W12(0,Ty) for some Ty < T. Next, by Banach’s fixed point theorem, we prove the

existence of a locally in time solution of (P)g . ; (Lemma 4.2). The above setting

is constructed such that, relying on (3.18) and (3.20) in Lemma 3.4, the inequality
in the next Lemma holds true.

Finally, by using (2.7), the solution of (P)g . , is a solution of (P)7 . ,, and
by the maximum principle, we observe that a solution (s,u) of (P)7 . ; on [0,T]
satisfies p(a) < u < |h| g, ryH ' on Q(T) (Lemma 4.3), and remove o.

Now, we start this section from noting the following estimates, which is already
obtained in Section 3:

Lemma 4.1. Let T > 0 and K > 0. It holds that
|P(s)lw12(0,1522(0,1)) + |P(8)| Lo 0,155 (0,1)) < C for s € Mg(T),
where C = C(T,ug, K, L, h) depending on T, 1y, K, L and h.

By using Lemma 4.1 we show that for some T' > 0, the mapping I'r is a contrac-
tion mapping on the closed set of My (T') for any K > 0.

Lemma 4.2. Let a < a' < sg and K > 0. There exists a positive constant Ty < T
such that the mapping Ty, : Mg (Th) — Mg (Ty) is well defined. Furthermore, the
mapping U'r, is a contraction on the closed set My (Ty) in W12(0,T).

Proof. For T > 0 and L > sg, let s € M(T,sp,a’) and & = ®(s). Then, @ is a
solution of (AP)Z ., so that o(®(s)(t,1)) > ¢(a) for t € [0,T], and

Pr(s)(0) = s+ | anfo(@(s)(r1) = pls(r)dr
> sg + ag(p(a) — c,)t for t € [0, 7). (4.1)
Here, by (3.13) and Lemma 4.1, it follows that

t t
(AWMWWSQAWMWM%mmHﬁmNW

t 1/2
<Ce <|ﬂ|L°°(0,T;L2(o,1))\/£ (/0 |ﬂy%2(o,1)d7) + t|ﬂ|%°°(0,T;L2(O,1))>
<VIC.(1+VT)C2.

Then, we have that

Ir(s) <so+ aox/i(/ot 1 (s)(r, 1)2d7> 3

< 50+ apt(Ce(1 +VT)C?)3. (4.2)
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Hence, we obtain that

t -
/ ITr(s)2dr < 252t + 2a24T'3 (06(1 + \/T)CQ) (4.3)
0

and

/ ) (s)Pdr < a? / B(s)(r, 1)) Pdr
0 0
<a2VtC,(1+ VT)C?.

(
Therefore, by (4.1)-(4.4) we see that there exists Ty < T such that I', (s) € Mgk (Tp).
Next, let 41 and g for s1 and sy € Mg(Tp), respectively, and set @ = 2
s =81 — 89 and d = @’ — a. Then, we have that

Yo - [ (—F -k i
5108 = [ (= aein® ~ o —agetan(®) 10
[T wse® o s L

7/0 (Sl(t)_a ) = S —a 2y(t)> (t)dy. (4.5)

Regarding the second term of the left hand side of (4.5), we write

1 i ) . N ~
_ A (Wulyy(t) - w’[myy(t)) U(t)dy
k

1 i ~ ) )
:/0 (Wuly(t) - WWMO) Uy (t)dy

- ((sl(t)k—aﬂaly(t)(t’ 1) - M@y(ﬂ(t 1)) a(t, 1)

k . k _ B
(G et 0 - g —aeinle ) 0
=+ I + I5.
For the term I, it holds that
k 1 k k
I =  |u 22 _ ~ ~
1 (51() —a)? |ty ()]Z2(0,1) +/0 ((sl(t) T (D) = a)2> Uay () Uy (t)dy
~ 2 2Lk|5(t)‘ - ~
> = Ol = 505 = P2 Ol B (Ol z0.)
U k e k(20N o
= (1 - 5) 0 = w00 ~ 5, (53 [s(8) 2y |22 (0,1);

where 7 is arbitrary positive number. The term Is is handled as follows:

k k } )
B ((Sl(t)_)2u1y(t’ 1) - WUQy(t, 1)) u(t, 1)
1(t

=a M olu — (s _ MO’ i — (s i
_ ( T (1) o (1) — T o1 1) — o 2(t)))) 1)
:81(75)711)(
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1 1 - . -
o= =) ot D)ol ) - el

ao

- <a<a1<t, 1) — o, 1))) (o (1, 1)) — o(s1(6))it, 1)

s1(t) —a

ag
s1(t) —a
(5= - =) ot D)ol 1) - el
=:1Is1 + Izo + Ia3.

_|_

o(ua(t,1)) <U(ﬂ1(t, 1) = ¢(s1(t)) — o(az(t, 1)) + @(Sz(t)))ﬂ(t, 1)

By using (3.13) and (A4), the following inequalities hold:

Il < 0o (4.1)) — s O[O0 O 220
Fal £ 8 ora(t, ) 1 D + o1 () = ploatelae 1)
ol D)0 0 0 0.
+ 2(81??)06 B (o (2 (t,1))2[@(t) 1 0,1y [@(t) L2(0,1) + %p\s(t)|2
1l = (oo =) 207 Bt Do) = a0l 1)
C: (avaiate, D) (o a(t, 1)) - ple2(0)) )
< 252(51(t) _ a)2 |a(t)|H1(0,1)|7-‘(t)‘L2(0,1)
+ 5l

Accordingly, by adding the above three estimates, for ¢ € [0, Tp] we obtain:

Ll(t) Lg(t) ~ - (C?p + 1)
< (B PO 0lnonlalees + 5 ls0F,  (00)

where Li(t) = aoCe(|1(t,1)| + ¢(a) + ¢,) + aoCe(|ta(t, 1)| + p(a)) and Lo(t) =
a2C.(Jua(t,1)|* + ¢%(a)) + Ce(ad(Jui(t, 1)| + ¢(a))*)/26%. As for I, we split the
term I3 as follows:

(Mmy(tﬂ) - mﬂQy(t, 0)) a(t,0)

1 - 1 5 .
- (sl(t)—ozﬁ(h(t) — Hiy(,0)) — mﬂ(h(@ - HUz(t,O))) a(t,0)
1

~ i (B0 a0 300) (0 e
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1 1 i ]
_ <S1(t) —a so(t) — a) B(h(t) — Huso(t,0))u(t,0)

=:I31 + I3s.

Then, by using (3.13) and (A3), we notice that

2

Z L35

k=1

CﬁCeH C%Ce
< +
s1(t) —a = 262%(s1(t) —

a)2> @) 1 0,1)|@(t) [ £2(0,1) + 1| (t)|? for t € [0, Ty).
(4.7)

What concerns the right-hand side of (4.5), we obtain that

/01 <ysu(t)ﬁ1y(t) - ys?t(t)ﬂzy(t)) ii(t)dy

si(t) —a s2(t) —a
_ [ g byst) s
_/O s —av® (t)dy+/0 )t (Dat)dy

[ (=~ =) s

while the three terms are controlled from above in the following way:

nk

1
Iy < me( )‘Lz 0,1) T 2 k\Su( )% a(t )‘LZ 0,1)

I A

1
Tia < 55 (IO + i, (00 1O ).

1 - -
12 < g (ORI 0. + PO ).

Then, by (4.6) and (4.7) we have

1d, ko
§@|u(t>|L2(0,1) +(1- U)m@y(ﬂ\m(o,n

1 - -
< (La(t) + csCeH) m@(tﬂm(o,m\U(t)|L2(o,1)

CBC

1 7 ~
L 202 ) (s1(t) — a)? [@(t)] mrr 0,0y @(t) | 20,1

_|_

2 ko (2L\° _ 1
?Lp—Fl—‘r 252|U,2( )|L2(O 1)+ (5?)) |U2y|%2(071) |S(t)|2—|—%|3t(t)|2

(4.8)

anu (O + g5l 00 + 553 (0P ) 1) oy
+<
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Young’s inequality together with (3.13) ensure

1
Sl(t)f
: u U = (1) (2
7 —a Uiz ]l o + @O

1 1

<(L1(t) + csC.H) (%Sl(gk_a)ﬂﬁy(tﬂizm,n + (2777 + 5)|ﬂ(t)%2(o,1)>

(L1(t) + cgCeH) aW(t)|H1(o,1)|a(t)|L2(0,1)

<(L1(t) + cgCeH)

and

<L2(t) + 0552 ) (Sl(t)l— CL)2 ‘ﬂ(t”Hl(O,l)|ﬂ’<t)|L2(0,1)

< (Lz(t) + 0252 > (sl(t)l— e (lay (8)| 22 0.1y [@(8) L2 (0,1) + [@(8)[72(0,1)

A0, 1 nkz 1. 1
<L b . — (= + D]a(t)|2»
= Q(t) + 262 ) (Sl(t) — CL)2 ) ‘ ( )|L (0,1) 52(27]k + )‘u(t”L (0,1)»

Here, by (3.13) and Lemma 4.1, we have that

i (t, 1)[* < Ce|iy ()| £20,1) | () £2(0,1) + |az‘(t)\2L2(o,1))
< 20.C? for t € [0, Tyl (4.9)
where C' is the same constant as in Lemma 4.1. Then, by (4.9) we notice that L,

and Lo are bounded in L*°(0,Tp). Accordingly, by applying these results to (4.8)
and taking a suitable n = 79, we have

1d Lk,
5 U2 0,1) + §m\uy(t)|m(o,1)

1 1\ .
Ll(t + CBC H) (2770]{; + (5) |u(t)‘%2(0,1)

cﬁC' 1 1 9
+ <L2 252 ) 52 m +1 |u(t)‘L2(0,1)

1 1 ~
+ (gl + 5l 00 + g 2O ) 13O0
k [20\? _ 1
N ( 2+ 14 glalon + 5 (2) |uzy<t>|%2<o,1>) S+ gl

(4.10)

Now, we put the summation of all coefficient of |11|2LQ(071) by Ls(t) for t € [0,To],
and take La(t) = ¢, /2 + 1+ |G2(t)[72 (g 1)/20% + k(AL a2y (1)[7 2 1)) /2100° +1/26.
Then, we have

1d 1k I
2 dt| a(t )|L2 on T 2m|uy(7)|m(o,1)

§L3(t)|ﬂ(t)|Lz(071) + La(t)(|5())? + |s¢(t)|?) for t € [0, Tp). (4.11)
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Here, using Lemma 4.1, (4.2) and s; € Mg (Tp) for ¢ = 1,2, we see that Ly €
LY(0,Ty) and Ly € L>(0,Tp). Therefore, Gronwall’s inequality guarantees that

Lo, 1 k b e
§\U(t)|L2(o,1)+§W/O |ty (T)|72(0,1ydT
< (124l |sFina ) ) o 207 for t € 0, Ty, (4.12)

By using (4.12) we show that there exists T* < T such that I'r« is a contraction
mapping on the closed subset of Mg (T*). To do so, from the subtraction of the
time derivatives of I'; (s1) and I'r, (s2) and relying on (3.13) and (4.12), we have
for T1 < Ty the following estimate:

[Tz (s1))e = (Tm (52))¢] L2 0.11)
=ao|o(tn (-, 1)) = ¢(s1(-)) — o ((d2(, 1)) — ¢(s2(:))|z2(0,1)

<ag <ﬂ1('7 1) —aa(-, 1)|z2(0,1) + C¢|3|L2(O,T1))

- 1/2
<aoe,Tilsel L2 0.1y) + ao\/@</ (|ty| L2 0,1yl 2(0,1) + |ﬂ|%2(0,1))dt)
0
<aocy,Ti|st|L2(0,my)
1
+C;3 <6ls|W1,z(o,T1) + g\/ﬁ‘s‘wl’Q(O,Tl) + ﬁ|5|wl’2(0’Tl)>’ o)

where Cj3 is a positive constant and ¢ is an arbitrary positive number. We obtain

Uz, (s1) — 'y (s2)|220,m)
1
<T <QOC¢T1|St|L2(07T1) + C5 <5|5|W1’2(0,T1) + (g + l)\/T71|S|W1,2(0’T1)>>. (4.14)

Therefore, by (4.13) and (4.14) and taking a sufficiently small number ¢ we see that

there exists T* < T such that I'p« is a contraction mapping on a closed subset of
Mg (T™). O

From Lemma 4.2, by applying Banach’s fixed point theorem, there exists s €
My (T*), where T* is the same as in Lemma 4.2 such that T'r-(s) = s. This

implies that (P)go,SQ,h has a unique solution (s, @) on [0,7*]. Thus, we can prove
the existence and uniqueness of a locally in time solution of (P)Z . and see that

Theorem 2.4 holds. Moreover, this shows that by the change of variable (2.7) a pair
of the function (s, u) is a solution of (P)7 on [0,7™].
At the end of this section, we still must ensure the boundedness of a solution to

(P)7, so.ns Which leads to Theorem 2.2.

Lemma 4.3. Let T > 0, and (s,u) be a solution of (P)
o(a) < u(t) < |hlpsomH ™" on la,s(t)] forte[0,T].

, on [0,T]. Then,

o
U0,50,

Proof. First, from (1.1), we have
1d [*® s
- [~u(t) + ¢(a)]Pdz — §t|[—u(t’ s(t)) + p(a)]*?

a

s(t)
+ k/ Uz ()[—u(t) + ¢(a)]Tdz = 0 for a.e.t € [0,T). (4.15)
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By a < s on [0,7] and ¢’ > 0 in (A4), we note that ¢(s(t)) — ¢(a) on
[0,T]. Hence, for the second term in the left hand side, if u(t, s(t)) < ¢(a), t hen
—o(u(t, () + ¢(s(t)) = —p(a) + ¢(s(t)) > 0 so that

*%I[*U(t, s(1) + p(@)] [ = 2 (o (ult, 5(1))) + o (s()|[—ult, 5(t)) + p(a)] "2
> 0.

2

%

Also, by the boundary conditions (1.2) and (1.3) it follows that

kus(t, (1) [—u(t, s(t)) + (a)]*
= — o(ult, s(t)))se(t)[—u(t, s(t)) + @(a)] "
=ago(u(t, 5(t)))(—o(u(t, 5(t)) + @(s(t)[-u(t, s(t) + ()] *

and
= kuz(t, a)[—u(t,a) + @(s()]" = B(h(t) — Hu(t, a))[—u(t, a) + ¢(s(t))] .

Since o > 0, ¢(s(t)) — ¢(a) > 0 and 8 > 0 we note that both expressions are

positive. Therefore, we obtain that

d s(t)

s(t)
T j I[—u(t) + ¢(a)] T |dz + k/a I[—u(t) + ¢(a)]f |Pdz < 0 for a.e. t € [0,T).

(4.16)
Integrating (4.16) over [0, T, we see that |[—u(?) —i—ap(a)]ﬂ%z(a’s(t)) =0forte0,T]

which implies u(t) > ¢(a) on [a,s(t)] for t € [0,T]. Next, we show that u(t) <

|h| Lo (o,mH ™" on [a,s(t)] for t € [0,T]. From (1.1), we first obtain

1d 1
5 U sy + 55 OluCt, (1)

s(t)
+ k/ lu. (t)|?dz — B(h(t) — Hu(t,a))u(t,a) = 0 for a.e. t € [0,T].  (4.17)

Here, by u(t, s(t)) = St(t) + ¢(s(t)) and u(t, s(t)) > ¢(a) on [0,T] it holds that

utr sl = 5 (2225 4 p(st0)st)) uttsto)
> 2 (0 = s (0utt (1)
> #0220
and
— B(h(t) — Hu(t, a))u(t, a)
=(0(1) ~ Hruft,a)) "D 00) g "D
10

> — B(h(t) - Hu(t,a) 5
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Hence, the above two results and (4.17) leads to

1d s(t)
SOy + B ssOF 4 [ 0z
aocy h(t)
< 4(p(a)u (t,s(t)) + B(h(t) — Hu(t,a))? for a.e. t € [0,T7. (4.18)

By Sobolev’s embedding theorem in one dimension, it follows that

2
aocw

Y 2 < /
To(a)" (t,s(t)) < To(a) Colu(t) 1 (a,s(6)) [0 ()| L2 (a,5(0))

|z (6)| 22 (a,s(e)) | 4(8) | L2 (a5 (0)) + [0 F2 (0, 500)))

k 5 1 (aocCy aocs,C )
< §|uz(t)|L2(a,s(t)) + % < 490(01) + 490(01) |u(t)|L2(a,s(t))’ (419)

where C! is a positive constant in Sobolev’s embedding theorem in one dimension.
Therefore, by (4.19), (4.18) becomes

1d o(a) ko[s®
5 F OBy + Sl OF + 5 [ (o)
2
1 CL()C?DCé aociCé 9 |h|Loo(0 T)
— _—. 4.2
2% ( 4(,0(04) + 4(,0((1) ‘u(t)|L2(a,s(t)) +CB H ( 0)

Integrating (4.20) over [0,T] we see that s, € L?(0,T). Now, using a similar ar-
gument as in the proof for the lower bound and o(u(t, s(t))) = u(t, s(t)) we have
that

1d

s(t)
5§/ [u(t) = |hl Lo 0.0y H 1 F Pz — 2|[ u(t,s(t)) — |h| o H H?

- k:/ Uz (t — k| (o, ryH "]Tdz =0 for ae. t € [0,T]. (4.21)

By noting from sup,.cg ¢(r) < || o,ryH " in (A4) that

— ku(t, 5(t))[u(t, s(t) = |hl Lo H T
=u(t, s(t))s:[u(t, s(t)) = |hlLee 0.0y H]F
=aou(t, s(t)) (u(t, s(t)) — @(s(®)[ult, 5(t)) = bl H T
>ag|h| e, ryH " (|h| 0.0 H ' — fgg@(’“))[u(tvs(t)) — |hlL~mH T >0,

and

ku,(t,a)u(t,a) — |h/|L(x>(07T)H71]+
= — B(h(t) = Hu(t,a))[u(t,a) = [h|L=@mH " =0,
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we can write (4.21) as follows:

1d s(t) B s(t) B
BYT [[u(t) — |h|po 0,y H TPz + k/ [u(t) — |h| ooy H '] Pd2
t
< St; )|[u(t7s(t)) — |h| o o.myH ] T|? for ae. t € [0,T]. (4.22)

Similarly to (4.19), we obtain

s¢(t) _
t2 |[u(t, 5(t)) = |h| Lo o, H '] ?
si(6)C!
StT(|Uz(t)|L2(a,s(t))|U(t)\L2(a,s(t)) F U7 20,507
k ) 1 (s:()C\? s, (t)C! )
§§|Uz(t)|L2(a,s(t))+ %< 5 <)+ 5 S UDL2(a,50))

where U(t, z) = [u(t, z) = |h| oo (o, H ] for (¢, 2) € Qs(T). We put the coefficient
of |U(t)|%2(a’s(t)) by G(t). Then, s; € L?(0,T) so that we see that G € L'(0,T).
Therefore, by applying the above to (4.22) and using Gronwall’s inequality we get

1 _ k[t _

2 u®) = [hlzeomH 1]+|%2(a,s(t))+§/0 [u(®) = [Bloe 0.0y H T 220,500 A1
1 — tG(r)dr

< (1100 = lemqoiry H 1 ) 6 €097 = 0 for t € 0,71,

This means that u(t) < |h|p=(o,mH ' on [a,s(t)] for t € [0,T]. Thus, we see that
Lemma 4.3 holds. O

By Lemma 4.3, we can remove ¢ from (P)7 _ , and conclude that the solution

(s,u) of (P)7 on [0, T*] is a solution of (P)y, s,,» on [0, 7*]. Finally, by Theorem

uo,s0,h
2.4 and Lemma 4.3, Theorem 2.2 is proven.
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