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ABSTRACT. The first aim of this paper is to study, by means of the peri-
odic unfolding method, the homogenization of elliptic problems with source
terms converging in a space of functions less regular than the usual L2, in
an e-periodic two component composite with an imperfect transmission condi-
tion on the interface. Then we exploit this result to describe the asymptotic
behaviour of the exact controls and the corresponding states of hyperbolic
problems set in composites with the same structure and presenting the same
condition on the interface. The exact controllability is developed by applying
the Hilbert Uniqueness Method, introduced by J. -L. Lions, which leads us
to the construction of the exact controls as solutions of suitable transposed
problem.

1. Introduction. Let © be a domain of R”, n > 2, made up of a connected set
Q7 and a disconnected one, 25, consisting of e-periodic connected inclusions of size
e. Let I'® = 095 denote the interface separating the two sub-domains of {2 and
suppose that 0Q N T, = () (see Figure 1).

In the first part of the paper, we consider the stationary heat equation in the two
component composite modelized by €2, assuming that on the interface I'* the heat
flux is proportional to the jump of the temperature field, by means of a function of
order € (see Section 3, problem (3.1)). The order of magnitude of the parameter
v, with respect to the period ¢, determines the influence of the thermal resistance
in the heat exchange between the two materials (see [5] for the physical justification
of the model). As observed by H.C. Hummel in [41], it is natural to suppose v < 1,
otherwise one cannot expect to have boundedness of the solutions.

This interface problem was studied in [28, 49, 50] in the case of fixed source term
in L? by the classical method of oscillating test functions due to L. Tartar (see
also [9], Section 8.5). The authors proved that, as long as the interfacial resistance
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increases, one gets, at the limit, a composite where the two components become
more and more isolated. More precisely, asymptotically, the composite behaves as in
presence of just one temperature field. However, the effective thermal conductivity
of the homogenized material changes according to . Indeed,

- for v < —1, it is the one obtained in the case of a classical composite without
barrier resistance;

- for v = —1, it also takes into account the contact barrier;

- for —1 < < 1, it is the one obtained in the case of a perforated composite with
no material occupying the inclusions;

- for v = 1, it is the same of the previous case, but an additional term depending on
the interface resistance appears in the limit behaviour of the solution. This means
that the heat exchange is not sufficient to spread out the interfacial contribution
and the heat source inside the inclusions.

Later on, in [26], the above results were recovered and completed by specifying
the convergences of the flux by means of the periodic unfolding method, introduced
for the first time by D. Cioranescu, A. Damlamian and G. Griso in [6].

In [35], with the further assumption of symmetry of the coefficients’ matrix, these
results were extended, only for —1 < v < 1, to the case of source terms converging in
a space of functions less regular than the usual L2, by using the classical method of
oscillating test functions due to L. Tartar (see also [9], Section 8.5). Some difficulties
arose when considering the remaining values of ~.

In this paper, our first aim is to overcome these difficulties by means of the
periodic unfolding method and to conclude the asymptotic analysis started in [35]
by considering the remaining cases v < —1 and v = —1.

More precisely, in Theorems 3.14 and 3.18 (see also Corollaries 3.15 and 3.19), we
prove that also in this framework, at the limit one gets the same effective thermal
conductivities of [26, 49]. Nevertheless, due to the less regularity of the source terms,
a relevant difference appears. Indeed, here the heat source in the limit problem
depends on subsequences of the heat sources at e-level (see Remarks 3.16 and 3.20).
We remark that, if fixed right-hand members are considered, the homogenization
results of this paper exacltly recover the ones of [26, 49]. Moreover, we point out that
the arguments used in this work can be easily adapted to the cases —1 < v < 1 and
~v = 1. In fact we improve the results of [35] since we don’t require the coefficients’
matrix to be symmetric anymore.

Physically speaking, the weak data may model two different wiry heat sources
positioned in the two components of the material, for n = 2, or two heat sources
that can be represented as n — 1-dimensional varieties, for n > 3.

The above mentioned homogenization results with less regular source terms, in-
teresting in itself, have as relevant application the study of the exact controllability
of hyperbolic problems set in composites with the same structure and presenting
the same jump condition on the interface, that cannot be performed at all using
the results of [26, 49].

For an evolution problem, given a time interval [0,T], the exact controllability
issue consists in asking if it is possible to act on the solutions, by means of a suitable
control, in order to drive the system to a desired state at time T, for all initial
data. When homogenization processes are involved, a further interesting question
arises: provided the exact controllabilities of the e-problems and of the homogenized
one, do the exact controls and the corresponding states at e-level converge to the
ones of the homogenized problem? Having in mind this question, the second aim



HOMOGENIZATION AND EXACT CONTROLLABILITY... 413

of this paper is to study the asymptotic behaviour of the exact controls and the
corresponding states of the wave equation in a medium made up of two components
with very different coefficients of propagation, giving rise to the jump condition on
the interface depending on 7 (see Section 4, problem (4.1)). Taking into account
the homogenization results of Section 3, in Theorem 4.3 we give a positive answer
to the above question, for v < —1. For the remaining cases of v we refer the reader
to [36].

The plan of the paper is the following one. In Section 2, we describe in details the
two component domain 2. In Section 3, at first, we recall the definitions and the
properties of specific functional spaces, suitable for the solutions of these kinds of
interface problems, introduced in [21, 23, 28, 49]. Then, we remind the definitions
and the main properties of two unfolding operators for the two component domain
Q, defined for the first time in [7, 26]. Finally, we develop the homogenization of the
stationary imperfect transmission problem with less regular source term, by means
of the periodic unfolding method. Section 4, is devoted to the study of the exact
controllability of the hyperbolic imperfect transmission problem. Here we use a
constructive method, known as Hilbert Uniqueness Method, introduced for the first
time by Lions in [44, 45]. The idea is to build the exact controls as the solutions of
transposed problems associated to suitable initial conditions obtained by calculating
at zero time the solutions of related backward problems. These controls, obtained
by HUM, are also energy minimizing controls. More precisely, in Theorem 4.3, we
describe the asymptotic behavior of the e-controllability problem. To this aim, at
first, we recall the homogenization results of [21] for the wave equation in the same
two component domain €2 (cf. Theorem 4.5). Then, having in mind the transposed
problem at e-level given by HUM method, we prove a homogenization result for
the wave equation but with less regular initial data and zero right-hand member
(cf. Theorem 4.7). This requires the asymptotic analysis of a stationary e-problem,
with right-hand member converging in a space of functions less regular than the
usual L2, which is possible thanks to the results of Section 3. Finally we prove that
the exact control of the problem at e-level and the corresponding state, converge,
as € — 0, to the exact control and to the solution of the homogenized problem
respectively.

Similar elliptic homogenization problems and corrector results can be found in [1,
3, 19, 20, 28, 41, 47, 48, 49, 50, 51]. Different homogenization results for stationary
problems in e-periodic perforated domains have been studied in [4, 29, 37]. For
previous homogenization results in the case of weakly converging data, we quote
Tartar (see [9], Proposition 8.17, Remark 8.18 and Theorem 8.19) and [13, 52].
As regards evolution problems in domains with imperfect interface, we refer to
[21, 22, 23, 54, 55].

The exact controllability of hyperbolic problems with oscillating coefficients in
fixed domains is treated in [44] and, in the case of perforated domains, in [8, 11].
In [14]=[18], [31]+[33] and [53], the authors study the optimal control and exact
controllability problems in domains with highly oscillating boundary. We refer the
reader to [38, 39] for the optimal control of hyperbolic problems in composites with
imperfect interface and to [42] for the optimal control of rigidity parameters of thin
inclusions in composite materials. We quote [23]+[25] and [34] for the correctors
and the approximate control for a class of parabolic equations with interfacial con-
tact resistance. In [30], the approximate controllability of linear parabolic equations
in perforated domains is considered. In [57, 58], the author treats the approximate
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controllability of a parabolic problem with highly oscillating coefficients in a fixed
domain. Null controllability results for semilinear heat equations in a fixed domain
can be found in [40], while the exact internal controllability and exact boundary
controllability for semilinear wave equations are considered in [43] and [56], respec-
tively.

2. The e-periodic two component domain. Let YV := []"_,]0,/;[, n > 2, be
the reference cell, where [;, for i = 1,...,n, are positive real numbers. Then, let Y;
and Y5 be two nonempty open and disjoint subsets of Y such that

YQCY Y2:Y1U?2.

Moreover we suppose that Y7 is connected and I' := 9Y5 is Lipschitz continuous.
For any k € Z", we denote by Y;* and 'y the following translated sets

YFi= k+Y,i=1,2, Iy := k +7T,

K2

where k; = (k1l4, ..., knl,). Moreover, for any given ¢, we set
K= {keZ" ey NQ#0},

where ¢ is a sequence of positive real numbers converging to zero.
Let © be a connected open bounded subset of R™, we define

Qs = sm{ U gyi’f}, i=1,2,  TI%:=005

keKe

and assume that

o | | (e | =0. (2.1)

kezn

We explicitly observe that, by construction, the set €2 is decomposed into two com-
ponents 2 = Q5 UQS5 with Qf connected and Q5 a disconnected union of e-periodic
disjoint translated sets of eY3. In view of (2.1), the interface separating the two
components, I'*, is such that 90 N T = (see Figure 1).

Throughout the paper we denote by

e u: the zero extension to the whole €2 of a function u defined on Qf or Q5,

e Yp: the characteristic function of any measurable set £ C R"™,

1
o Mg(f):= E/ f dz, the average on E of any function f € L' (E).
E
Let us recall (see for istance [9]) that, as ¢ — 0,
g . 1Yl o .
Xa: — 0; = v weakly in L=(€2), for i = 1,2, (2.2)

f; being the proportion of the material occupying 2.

3. Homogenization of an elliptic imperfect transmission problem with
weakly converging data. Our first goal is to describe, for v < —1, the asymp-
totic behavior, as ¢ — 0, of the following stationary problem
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—div (A*Vusi.) = fie in Qf,
—div (AEVUQE) = f25 in Qg,
AEVulg *N1e = —AEVUQE *Noe on Fs, (31)
AVure - nie = —Vh® (U1 — uae) on I'¢,
ue =0 on 012,
where n;. is the unitary outward normal to 5, i=1,2.
We suppose that
AeM(a,3,Y) (3.2)

for some «, 8 € R, 0 < a < 3, where M («, 3,Y) is the set of the n x n Y —periodic
matrix-valued functions with bounded coefficients such that, for any A € R",

{ (AN A) > a|A® ae. inY, (33)
[AN < B A a.e. inY.
We assume that
{ h is a Y —periodic function in L* (T") and (3.4)
3 ho € R such that 0 < hg < h(y) a.e. in T
Moreover, for any fixed e, A%, h® are given by
A (x)=A (g) a.e. in €, (3.5)
h®(z)=h (g) a.e. on I'°. (3.6)

3.1. The functional space H: and its dual (H3)'. In this subsection, we recall
the definition and some useful properties of a class of functional spaces introduced
for the first time in [49], and successively in [28], when studying the analogous
stationary problem but with regular data (see also [19, 23]). These spaces take into
account the geometry of the domain where the material is confined as well as the
boundary and interfacial conditions, hence they are suitable for the solutions of this
particular kind of interface problems.

Definition 3.1. [[49]] For every v € R, the Banach space HS is defined by
H = {u=(u1,u2)| ug €V°, us € H' (95)} (3.7)
equipped with the norm
2 2 2 2
e N A e A T S G
where
Ve :={ve H" (Qf)] v=0on0Q}
is a Banach space endowed with the norm
[vllye = ||Vv||L2(Q§)7 (3.9)
see [12].
The condition on 9 in the definition of V¢ has to be understood in a density
sense, since we don’t require any regularity on 0€2. Namely, V¢ is the closure, with

respect to the H'(Q5)-norm, of the set of the functions in C°°(£)5) with a compact
support contained in §2. This can be done in view of (2.1).
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Proposition 3.2 ([23, 26]). There exists a positive constant Cy, independent of €,
such that

lullfe < CL(L+ e DullVe oz ¥y € R, Vu € HS. (3.10)

If v < 1, then there exists another positive constant Cso, independent of €, such that

Callull?e sz < Nullfe < Co(1+ Ul pproy) Yue HE.  (3.11)

Corollary 3.3 ([20]). Let u. = (u1c,uz:) be a bounded sequence of HS. Then, if
v < 1, there exists a positive constant C, independent of €, such that

||U2e||H1(QS) <C. (3.12)

We denote by (H5)" the dual of HS. As proved in [23], for any fixed ¢, the
norms of (HS)" and (V)" x (H'(£25))" are equivalent. Moreover, if v = (v1,v2) €
(Ve) x (HY(Q5)) and u = (u1,uz) € VE x HY(Q5), then

<U’u>(H§)’,H§ = <vlvu1>(VE)/,VE + <U27u2>(H1(Q§))/,H1(Q§) : (3.13)

For sake of simplicity, throughout this paper, we denote by L%(Q) := L? (Q5) x
L? (95). The space L2(2) will be equipped with the usual product norm, that is,

I wr,w2) 20 = Nonl 2oy + w2y ¥ (w1, w2) € 2.

Since the homogenization results proved in this section will be applied to study the
exact controllability of the wave equation in composites with the same structure,
we need to recall some further properties of the space HY.

Remark 3.4. We point out that HS is a separable and reflexive Hilbert space
dense in L2(2). Furthermore, H: C L2(2) with continuous imbedding. On the

other hand, one has that L2(Q) C (H,i)/7 where L2((2) is a separable Hilbert space.

This means that the triple (HS, L2(£2), (Hi)/) is an evolution triple. We refer the
reader to [21, 22] for an in-depth analysis on this aspect.

3.2. Periodic unfolding operators in two-component domains. In this sub-
section, we recall the definitions and the main properties of two unfolding operators.
The first one, 777, concerning functions defined in 3, is exactly that introduced in
[7] for perforated domains. The second one, 75, acts on functions defined in Q§
and was defined for the first time in [26]. These operators map functions defined on
the oscillating domains 7, Q5 into functions defined on the fixed domains 2 x Y3
and € x Y3, respectively. Consequently, there is no need to introduce extension
operators to pass to the limit in the problem.
Using the notations of Section 2, let us introduce the following sets (see Figure 2)

o Ke={kezZ" eY* c Q}

o =int U e(+Y), A°=0Q\O,

kEK.
e 5= U e¥h  AT=00\05, =12 =005
keKe

In the sequel, for z € R", we use [z]y to denote its integer part k;, such that

z —[z]y € Y and set

{z}y =2—[2]y €Y ae inR"™
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Then, for a.e. x € R", one has

==l +E0)

Definition 3.5. [[7, 26]] For any Lebesgue-measurable function ¢ on Q5, i = 1,2,

the periodic unfolding operator 7 is defined by
x ~
_ .e. , c 0° Yi7
T (¢) (x,y) = ¢(€[5:|y+€y> a.e. (z,y) X
0 a.e. (z,y) € A° XY

Remark 3.6. In order to simplify the presentation, in the sequel if ® is a function
defined in , we simply denote 7;* ((I)|Q¢> by 72 (®), for i =1, 2.

Let us collect the following results which are proved in [7, 10, 26].

Proposition 3.7 ([7, 10, 26]). Let p € [1,4o0[ and i = 1,2. The operators T are
linear and continuous from LP () to LP (2 x Y;). Moreover,

i) TE (pv) = TE () TE (), for every p, ¢ Lebesgue-measurable on §25.
ii) For every o € L' (), one has

1

vl T@ e = [ e o= [ o@ do- [ p@ .
Y] Jaxy, Qs Qs AS

iii) For every ¢ € LP (Q), one has

i
172 ()l oy < Y177 el ogar) -
iv) For every ¢ € L? (), one has
T (@) — @ strongly in LP (2 x Y;) .
v) Let p. be a sequence in LP (Q) such that . — @ strongly in LP (). Then,
TE (we) — @ strongly in LP (Q x Y;) .
vi) Let ¢ € LP(Y;) be a Y -periodic function and set ¢*(x) = ¢(Z). Then
T )@ y) =¢ly)  ae inQxY
vii) Let o € WP (QF). Then
Vy [T ()] = €75 (Vo) and T (¢) € L (Q WP (V7)) .
The following convergence result holds:

Proposition 3.8 ([6, 7, 10, 26]). Let p €]1,+o0] and i = 1,2.
If . € LP () satisfies ||<p5||Lp(Q7§) < C and TE (p:) = @ weakly in LP (Q x Y;),
then
Y — O, My, (p) weakly in LP (),
where 0; is given in (2.2).

We now give a result concerning the jump on the interface proved in [26].

Lemma 3.9 ([26]). Let p € D (), h satisfy (3.4) and ue = (uie,uz:) € HS. Then,
for e small enough, we have

1
e / B (w1 — uze) p dog = = / h () (75 (ure) — T5 (uze)) T () der dory,
I'e |Y‘ QxTD

with h® given by (3.6)
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Let us finally recall a known result about the convergences of the unfolding
operators, previously introduced, applied to bounded sequences in HS. We restrict
our attention to the case we are interested in, v < —1.

Theorem 3.10 ([26, 27]). Let v < —1 and u. = (u1e,u2:) be a bounded se-
quence in HZ, then there exist a subsequence, still denoted e, u € H} (), uy €

L? (Q, H),, (Y1)) with Mrp (@1) =0 a.e. in Q and Uy € L*(Q, H'(Y2)) such that

per
{ TE (u1e) — u strongly in L (Q, H! (Yl)) , (3.14)
T (Vuie) = Vu+ Vyuy  weakly in - L* (2 x Y7),
{ Ts (u2e) = u weakly in  L? (Q, H' (Y2)) , (3.15)
T5 (Vuse) = Vu+ Vs weakly in  L? (2 x Ya).
Furthermore,

i) if v < —1, we have
Uy =Us+& onQxT,

for some function & € L?(Q);
it) if v = —1, the following convergence holds

ToCne) =75 (ee) o G ety in L2 (Q % T).

3

3.3. Homogenization with weakly converging data. Let f. € (H)', by (3.13),
the variational formulation of problem (3.1) is the following

Find (uge,u2:) € HS 8. t.
A*Vu .V dx + A*Vuo. Vg dx
01 Q3
(3.16)
+& h® (u1e — uge) (V1 — v2) doy
FE

= (fie, v1)(vey ve + (fae, v2) () iy Y (v1,02) € HE.

The existence and uniqueness of a solution wu. := (u1e,us:) of (3.1), for every

fixed ¢, is a result of the Lax-Milgram theorem, together with Proposition 3.2.

In order to describe the asymptotic behaviour, as € tends to zero, of the solution
ue of problem (3.1), we suppose that there exists a positive constant C, independent
of €, such that

[ fellarey < C. (3.17)
Remark 3.11. Let us observe that, if (uy,us) € H(Q) x HY(R), then the couple

(ullni YU ie) € Ve x H'(Q5). Then it is easily seen that the functionals
?15 : H&(Q) - Ra
foe 1 HY(Q) = R
defined as
fls(ul) = <f16) u1\52§> (318)

(VE)/7V6

Fae(uz) = <f25’“2IQ§>(H1(Q§))’,H1(QE) ’ (3.19)
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are linear and continuous. Therefore (3.18) and (3.19) can be rewritten as

<f1€’u1>H71(Q),Hé(Q) = <f1€,U1‘Q§ >(V5)’,V5 (320)

<f257u2>(H1(Q))’,H1(Q) = <f2€’u2|51§ >(H1(Q;))’,H1(Q§) . (321)

Moreover, due to (3.17), one has
Fre—fi in HL(Q),
foe = fo in (HY(Q)),
up to a subsequence, still denoted «.
In the sequel, for sake of simplicity and where no ambiguity arises, in view of

(3.20) and (3.21) we will still denote by fi. and fo. the functionals f;. and f,,
respectively.

(3.22)

Let us first recall an a priori estimate proved in [28, 49] in the case of fixed datum
in L2(Q) and extended in [35] to the case of weakly converging ones.

Proposition 3.12. Let u. be the solution of problem (3.1). Then, under assump-
tions (3.2)+(3.6) and (3.17), u. is a bounded sequence in HS.

We describe the homogenized problems for every v < —1 by treating separately
the two cases v < —1, v = —1. In the case v = —1, when passing to the limit
in problem (3.16), we meet an additional difficulty to treat the integral over the
interface. In order to overcome that, we use Theorem 3.10 ii).

Now, let us consider an auxiliary problem related to problem (3.1), already in-
troduced in [35], i.e.

_Aple = fle in Q?,
_APZE = f25 in 957
Vpie - n1e = —Vpae - Nae on I'%, (323)

Vpie - nie = —€7h° (pla - 025) on I'®,
p1e =0 on 0f),

where f., h® and n;, i = 1,2, are the same of problem (3.1). The variational
formulation of (3.23) is

Find (p157p25) € H,‘i s. t.

VpieVur do + V p2e Vg dx
Qs 05 (3.24)

JrEV/ h® (p1e — p2e) (v1 — v2) doy

T
= (fie;v1)(vey ve + (fae, v2) (i (ag)y,miog) YV (vi,v2) € HS.

Observe that, clearly, also for the solution p. := (pie, p2c) of problem (3.23),
under assumptions (3.4), (3.6) and (3.17), the same result as in Proposition 3.12
hold as well as those in Theorem 3.10.
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3.3.1. Homogenization results by periodic unfolding method for v < —1. Let us
start by using the unfolding method to prove a preliminary convergence result for
a subsequence of the solutions of problem (3.23).

Lemma 3.13. Let v < —1 and p. be the solution of problem (3.23). Then, under

the assumptions (3.4), (3.6) and (3.17), there exist a subsequence, still denoted e,
p € HE(Q) and p € L2(; HL,,.(Y)) with Mr (p) =0 a.e. in Q such that

per
TE(p1e) — p strongly in  L? (Q,H' (Y1)) ,
TE (Vpie) = Vp+ Vyplaxy, weakly in  L? (Q x Y1), (3.25)
TE (p2e) — weakly in  L? (Q,H" (Y2)) ,
T5 (Vpae) = Vp +Vyplaxy, weaklyin L (Qx Yz)
and
L/ (Vp+Vyup)V,® do dy
Y1) axy (3.26)
:nggloo<hm(<flsa5wn¢ YE-1(9),HL(Q) T (foes EWnR) (m1 () 1 (Q)>,
for every ® € L* (Q,H},, (Y)) and where w, € D(Q) and ¥5(x) = tn(x/e), with
VYn € H), . (Y), for any n € N, are such that
Wy, — © strongly in L* (€2, H;er (Y)). (3.27)

Proof. From Theorem 3.10 and Proposition 3.12 we deduce there exist a subse-
quence, still denoted ¢, p € H} (), p1 € L3(Q, HL,,.(Y1)) with Mr(p1) =0 a.e. in

per

Q and pp € L3(Q2, H(Y2)) such that the convergences (3.25), 5 hold and
TE (Vpie) = Vp+ Vyp1  weakly in L2 (Q x Y7),
{ T5 (Vpae) = Vp+ Vyp2 weakly in L (Q x V).
Let us take v1 = vo = v, = ewy® as test functions in (3.24), where w € D (Q),
¥ € Hl, () and v# (2) = v (2).

€
The term concerning the interface vanishes and, in view of Remark 3.11, we get

/ Vp1:Vo. dx +/ V2V, dx
Qs Q3

= (f1e,ve) m-1(),m1 (@) T (f2e, Vo) (11 () H1(0) -

(3.28)

(3.29)

In view of the definitions of Af, ¢ = 1,2, and v, by Proposition 3.7 ii), via
unfolding, we get that, for e sufficiently small, (3.29) can be rewritten as

T T (Vo) de dy
|Y| OxY,

+7 T5 (Vpae) TE (Vo) dx dy (330)
‘Y| QxYs
= (f1e,ve) m-1(Q),m3 (@) T (f2e, Vo) (1 () H1()

where we also used Proposition 3.7 i).
Since Vv, (z) = ey (g) Vw (z) +w(x) Vyo (g) , by Proposition 3.7 i), 4v) and

vi), it is easily seen that, for i = 1,2,
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TE (Vo.) = e YT (Vw) + V,0TF (w) — Vy(wip) strongly in L? (Q x Y;).
(3.31)
From (3.28) and (3.31), passing to the limit as ¢ — 0 in (3.30) we obtain, up to a
subsequence, still denoted &,

i () ) dody
|Y| QXY

|Y| oy, (VO F Vi) Vy (i) de dy (3.32)

= limg_)0(<f15, eww€>H71(Q),Hé Q) + <f25, €w¢€>(H1(Q))/,H1(Q).
According to Theorem 3.10 i) we have p1 = pa + &r on Q x T' for some function
&r € L3(9).
Thus, if we set

>5(. — b\l (.7 y) Yy € }/17

p(’y) { ﬁZ(ay)+§F yeyéa
a.e. in §2, and extend this function by periodicity to a function still denoted by p,
we get that

peL?(QHY,, (V)

and mrp(p) =0 for a.e. z € Q. Also note that
yp|Q><Y1 = vyﬁ17 3.33
{ Viblawy, = VyP2. (3:33)
Therefore (3.28) and (3.33) give us (3.25)2,4 and (3.32) can be rewritten as

1 ~
[ (D V) dody
. |Y| QxYy
= lim. 0 ((f1e, ew¥®) 1), m1 () + (f2e, EWV°) (11 (), 11 () -

Now let us take ® € L? (2, H},,. (Y)). By density there exist w, € D(Q) and

per

Yn € H),,.(Y), for any n € N, such that
Wpt, — @ strongly in L? (Q H! (Y)) .

per

(3.34)

Hence, (3.34) gives, for any fixed n € N,

1 ~
T [ (D V) do dy
. | | QxY
= lime0((f1e, ewnty) H-1(),HE (@) T (foe €wnty) (1 (Q)) B ()

where 5 (x) = ¥, (z/¢€), for any n € N. Passing to the limit as n — +o00, we get
(3.26). O

Now we are able to prove the homogenization result for problem (3.1) when
v < —1.

Theorem 3.14. Let v < —1 and u. be the solution of problem (3.1). Then, under
the assumptions (3.2)+(3.6) and (3.17), there exist a subsequence, still denoted e,
uwe Hi (Q) and @ e L? (Q, H,, (Y)), with Mp (W) =0 a.e. in Q, such that

per
ﬂze O;u weakly in L2 (), i=1,2,
TE (u1e) — strongly in (Q H1 Y1) )
TE (Vuye) — Vu + Vyilaoxy, weakly in  L* (2 x Y7), (3.35)
T5 (uge) — weakly in  L? (Q,H' (Y2)) ,
T5 (Vug:) — Vu + Vyilaxy, weaklyin  L*(2xYs),
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where the pair (u, ) is the unique solution of the following problem

Find v € H} (Q), u € L* (Q, H}.,. (Y)),

per

with Mp (@) =0 a.e. z € Q,s.t.

A(y) (Vu+ V) (Ve + V@) dx dy
|Y| QxY
= (fr.o)m-1).m1 (@) + (2, 0) (11 (), 11 ()

1

+7/ (Vp+Vyp)V,® do dy
‘Y‘ QOxY

Vo € Hy (), VO € L? (Q,H],,. (Y)),

per

(3.36)

where p and p are as in Lemma 3.13, hence the term / (Vp+V,y0)Vy® dxdy
QxY
depends only on a subsequence of f..

Proof. Arguing as in the proof of Lemma 3.13, we get that there exist a subsequence,
still denoted e, u € Hg (Q), Uy € L*(Q, H),,.(Y1)) with Mp(t1) = 0 a.e. in Q and

Us € L2(Q, H'(Y3)) such that the convergences (3.35), 4 hold and
_ (3.37)
T5 (Vuge) = Vu+ Vs weakly in - L? (Q x Ya).

Then, from (3.12) of Corollary 3.3, (3.35)2,4 and Proposition 3.8 we obtain that, for
i=1,2,

{ TE (Vuie) = Vu+ V,u;  weakly in - L2 (2 x Y7),

Uie — 0; My, (u) weakly in L? ()
and, since u is constant with respect to y, we deduce (3.35);.
In order to get the limit problem, let v. = ewy*® as in the proof of Lemma 3.13
and ¢ € D(Q). If we take v; = vy = ¢ + v, as test functions in (3.16), in view of
Remark 3.11, we get

/ AVu1V(p + ve) doe + / AV us V(p + v )dx
Qf

% 3.38
= (f1es V) 1), HE () T (foes @) (11 () HY () (3.38)

+(f1e, V) -1(),HE () T (foes ve) (1 () HY ()

Then if we take v; = vy = v, as test functions in (3.24), (3.38) can be rewritten as

/ AVu1V(p + ve) doe + / AV us . V(p + v )dx
Qf Q3

= (f1e; V) 1), HL () T (foes @) (11 () HY () (3.39)
+/ Vp1e Ve dx + V2V, dx.
o: o3

In view of the definitions of AS, i = 1,2, and v, by Proposition 3.7 i7), via unfolding,
we get that, for ¢ sufficiently small, (3.39) can be rewritten as

" i [ AT (V) TE (T ) da dy
XYy

\Y| /Q Y, Y)Ts (Vuze) T3 (Vo + Vue) dx dy
XYz
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= (f1es ¢>H—1(Q),H01(Q) + (f2e, <P>(H1(Q))’,H1(Q)

1 € €
™ [ T T (V) ddy 10

eyl Ts (Vp2e) Ty (Vve) dx dy,
|Y‘ Q><Y2

where we also used Proposition 3.7 i) and vi).
From (3.22), (3.25), 4, (3.31) and (3.37), passing to the limit as ¢ — 0 in the
previous identity we obtain, up to a subsequence,

\Y| /Q y ) (Vu+Vyur) (Vo + Vy(wy)) do dy
X Y3
\Y\ oy A(y) (Vu+ Vyia) (Vo + Vy(wy)) dx dy (3.41)
X Yo .
= <f117 )i, t (2, 0) (@), 1)

t5 (Vp+Vyp) Vy(wip) d dy.
Y| y

Arguing as in Lemma 3.13, by Theorem 3.10 i), if we set

~ _ a1 (73/) JAS Y17
u(’y) - { /7.22 (’y) + CF y € }/2, (342)

where (r € L?(€2), and extend it by periodicity to a function still denoted by @ , we
get
ueL®(QH,,, (Y))

per
and mr(u) =0 a.e. in Q. Moreover,
VUU|Q><Y2 = Vyu2
Therefore, (3.37) and (3.43) give us (3.35)3 5 and (3.41) can be rewritten as
/ ) (Vu+ V,u) (Vo + Vy(wy)) de dy
|Y| Q><Y
(f1, > ~1), Q) T (f2, 0) (1 (), () (3.44)
1
+7/ (Vp+Vyp) Vy(wi) dz dy,
|Y| QxY
for every ¢,w € D(Q) and ¢ € H),,. (V).
Finally, by density we get (3.36). O

In the following result we point out that the limit problem (3.36) is equivalent
to an elliptic problem set in the fixed domain €2 whose homogenized matrix is the
same obtained in [49] for v < —1, i.e. that of the classical elliptic homogenization
in the fixed domain Q (see [2]).

Corollary 3.15. Let v < —1 and uc be the solution of problem (3.1). Then, under
the assumptions (3.2)+(3.6) and (3.17), there exist a subsequence, still denoted ¢,
and u € H} (Q) such that

Uie — O;u  weakly in L? (Q),i=1,2,
A*Vui. = ALVu + 6, My, (AV,X |Y1) weakly in L* (Q), (3.45)
AfVug, — AgVu + 63 My, (AVy)? \Y2) weakly in L* (Q) .
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In (3.45) the constant matrices Afy = (aﬁj)nxn, Il =1,2, are defined by

al; = 0 My, <aij - k; a““ayk> , (3.46)
where the functions X7, j = 1,...,n, are the unique solutions of the cell problems
—div (AV (X] - yj)) =0 mY, (3.47)
X! Y — periodic, My (x; ) =0

and the function X, for a.e. x € Q, is the unique solution of the following problem

Find ¥ € L2(Q; HY, (Y)) s. t.

per

3.48
/Y A (y) vaiﬂ/’ dy = /Y(vp+ vyp) ’l/w dy7 Vw € per(Y)a ( )
where p and p are the same functions as in Lemma 3.13.
Moreover the limit function u is the unique solution of the problem
—div (AOVu) = fi+ fo+diviMy (A(y) VX)) in 9,
gt (3.49)
u=0 on 012,
where the homogenized matriz is given by
0._ 4l 2
A=A+ AL (3.50)
Proof. Choosing ¢ = 0 in (3.36), we get
/ ) (Vu+ Vyu) V,ededy = / (Vp+ Vyp)V,@dxdy,
|Y| QxYy |Y| QxY

for all ® € L? (Q,H},,. (Y)) .

per
By following some classical arguments as in the two-scale method (see [9], ch.

9), this gives
u(z,y) Z 7 , (3.51)

where x7, j = 1,...,n are the solutions of the cell problems (3.47) and Y satisfies
(3.48).
We now choose ® =0 in (3.36), obtaining

/ ) (Vu+ Vyu) Vo dz dy = (f1,9) g—1(),m11 Q)+ {(f2: ©) (11 (0)) 11 (9)»
‘Y‘ QxY

for all ¢ € H} (Q).
Replacing @, given by (3.51), in the previous equality we obtain

n o’ ) ) ou Oy
Q5 — a; - d d
Q ZZ:I jzl (|Y| / ( ! (y) k:zzjl r (y) 8yk (y) ax] axl
<fw7> i) mi) T (fos 9) @)y 1 @)

> (Y/ i (y)gz(y) dy) g: d,

Qi=1j=
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(©2) which means that u satisfies the following problem

Hy
0 o[ 1 n o’ > > ou
T ij - i a5 dy | =—
i=1 Ox; j=1 (|Y| /Y (a ! (y) k§1a ¥ (y) Oyx (y) 4 axj

no /1 ox ) .
— a;i = d in 0,
i=1 0x; le (|Y| /Y i) 9y, (v) dy
u=20 on 0f2.

This implies that u is the unique solution of problem (3.49) where Ag is the matrix
defined by (3.50).
From (3.42) and (3.51), we have
Uy = gy, = Xloxy, = 22 887“ Xj|y17
= (3.52)
Uy = a‘ﬂx& —(r= 5(\|Q><Y2 Z X]‘y2 qr,

where (r is a function in L*(Q2). On the other hand, from Proposition 3.7 i) and

vi) and convergences (3.37), we have

TE (A*Vuie) = A(y) (Vu+ V1) weakly in L2 (2 x Y7),
Ty (A*Vug) = A(y) (Vu+ Vyia) weakly in L% (2 x Ya).

Then, using Proposition 3.8, we deduce that

A=Vuy. — 0, My, [A(y) (Vu+ Vyi1)] weakly in L2 (), (3:53)
AfVug: — oMy, [A(y) (Vu + V,iiz)] weakly in L2 (). '
After some computations, by using (3.52), convergences (3.53) give (3.45)23. O

Remark 3.16. Let us observe that in problem (3.49) the right-hand side of the
limit equation is not exactly the sum of the weak limits of fi. and f;. as in the
case of more regular data, but it is a more complicated function depending on a
subsequence of f;., i = 1,2 (see Lemma 3.13 and (3.48) of Corollary 3.15) .

3.3.2. Homogenization results by periodic unfolding method for v = —1. As in the
previous case, let us start by using the unfolding method to prove a preliminary
convergence result for a subsequence of the solutions of problem (3.23).

Lemma 3.17. Let v = —1 and p° be the solution of problem (3.23). Then, under
the assumptions (3.4), (3.6) and (3.17), there exist a subsequence, still denoted ¢,
p € Hj(Q), ;€ L*( H,,, (Y1), with Mp (p1) = 0 a.e. inQ, po € L*(Q; H'(Y2))
such that

TE (p1e) — p strongly in L? (Q, H* (Y1)) ,

TE (Vpie) — Vp + Vo1 weakly in  L* (Q x Y1), (3.54)
T3 (p2e) — weakly in  L* (Q, H' (Ya))

T$ (Vpoe) — Vp +Vyp2 weakly in  L? (Q x Ya),

and
1 R 1 R
m /Q v (Vp+ vyﬂl) V@ dx dy + m /Q v (Vp+ vypg) Vy P dr dy
XYy <Y,

+57 h(y) (p1 — p2) (1 — @) dx doy
|Y| QxT

(3.55)
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= lim (hm(<f1875w1nw§n>H*1(Q)7Hé(Q) + <f267Eanw§n>(H1(Q))’,H1(Q))a

n——+oo \ e—0

for every ®1 € L? (Q, H},, (Y1)),®2 € L? (Q,H' (Y2)) and where, for i = 1,2,

win € D(Q), Y5, (x) = in(z/e), with 1, € Hp,,.(Y1) and V5, (x) = o, (x/€), with
o, € HY(Y:), for any n € N, are such that

WinYin — 1 strongly in L* (Q,H1 (Yl)) ,

per
Wantan — Do strongly in L* (Q, H! (Yz)) .

Proof. Arguing as in Lemma 3.13, we deduce there exist a subsequence, still de-
noted ¢, p € HE(Q), p1 € L*(Q,H.., (1)) with Mr(p1) = 0 a.e. in Q and

per

P2 € L2(Q, H'(Y3)) such that the convergences (3.54) hold.
For i = 1,2, let us take v; = v;c = ew;¥f as test functions in (3.24), where

wi € D (), ¥n € Hlp (Y1), 05 (0) = 1 (2), v € HY (v2) and 5 (2) = vz (2.

In view of Remark 3.11, we get

Vp1e Vo dx + Vp2eVuoe dx
Qs Qs
+e! / he (p1e — p2e) (Vie — vac) doy (8.56)
= <f157U15>H1:€1(Q),H(}(Q) + (fae, V2e) (H1 () HY ()
Following the same argument as in Lemma 3.13, we have that, for i = 1,2,
T (Vi) — Vy(with;)  strongly in L* (2 x Y;). (3.57)

In view of the definitions of A§ and v;., @ = 1,2, by Proposition 3.7 i7), via unfolding,
we get that, for e sufficiently small, (3.56) can be rewritten as

€ 1
|Y| /Q v 7-15 (VP15) 7—15 (Vvls) dz dy+ —|Y| /Q . 7'26 (VPQE) 7-25 (V’Ugs) dx dy
XY7 “Ys

+—= h(y) (75 (p1e) = T3 (p2e)) (1 (y) T (w1) — Y2 (y) T3 (w2)) da doy
elYl ) axr

= (f1e, ew1¥7) m-1(),m1 () T (foe, €w2t5) (1 () 11 ()
(3.58)
where we also used Proposition 3.7 i), vi) and Lemma 3.9.
From (3.54), 4, (3.57), Proposition 3.7 iv) and Theorem 3.10 7i) passing to the
limit as € — 0 in the previous identity we obtain, up to as subsequence, still denoted
&€,

1 o~
|Y|/Q v (Vp+ Vyp1) Vy(wihr) dx dy
XYy

1
— Vp+Vyp)V dx d
+ |Y| OxY, ( P+ pr) y(wziﬁz) T ay (359)

5 h(y) (p1 — p2) (w191 — watpe) dx doy
. ‘Y| QxT
= 11m5—>0(<f167€w1w§>H*1(Q)7Hé(Q) + <f25,€w2¢§>(H1(Q))/)H1(Q),

Now let us take ®; € L2 (Q,H;ET (Y1)),®2 € L? (0, H' (Y2)). By density there
exist, for i = 1,2, win, € D(Q), Y1 € H),,. (Y1), 2, € H'(Y2), for any n € N, such
that

WinYin — P strongly in L2 (Q, H;er (Yl)) ,

Wanan — P strongly in L2 (Q, H! (Yg)) )
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Hence, (3.59) gives, for any fixed n € N,

1 ~
m /Q Y, (Vp + vypl) vy (wlnwln) d$ dy
XY

(3.60)
1 ~
7 (Vp+ Vyp2) Vy(wanthan) dr dy
|Y‘ QXY
+7 h (y) (Z)\l - Z)\Q) (wlnwln - w2n’¢2n) dz day
. ‘Y‘ QxT
= lime0((fie, ew1n¥5n) H-1 (), H2 () T+ (foes EW2n V5, ) (11 (00)) 11 ()
where, for i = 1,2, 5, () = Vin(z/e).
Passing to the limit as n — +oo in (3.60) we get (3.55). O

Now we are able to prove the homogenization result for problem (3.1) when
v=-—1.
Theorem 3.18. Let v = —1 and u. be the solution of problem (3.1). Then, under

the assumptions (3.2)+(3.6) and (3.17), there exist a subsequence, still denoted e,
ue Hg (Q), ty € L* (Q, Wper (Y1)) and Up € L? (Q, H' (Y2)) such that

ﬂw O;u weakly in  L*(Q),i=1,2,
77 (wie) — strongly in  L? (9, H (1)),
TE (Vuie) — Vu + Vi1 weakly in  L* (2 x V), (3.61)
T5 (uge) — weakly in  L? (Q,H' (Y2)) ,

7'2 (Vuge) — Vu + Vs  weakly in  L* (2 x Ya),
where (u, Uy, Us) is the unique solution of the following problem
Find u € H} (),4;, € L? (Q H}.,. (Y1)) with Mp (u1) =0 a.e. 2 €Q,
Uy € L? (Q,I‘I1 (Yg)) ,

— A(y) (Vu+ Vyup) (Ve + V@) do dy
|Y| QXY

— A(y) (Vu+ Vyus) (Vo + Vy®2) do dy
|Y| QxYs

1 —~ —~
+m h (y) (U1 — uz) (®1 — P2) dz do,

= (f1, ap) 1(Q)7H5(Q) + {(f2,0) () 11 () (3.62)

1/ ouy (Vp+Vyp1)Vy @1 dz dy
XYy

1 ~
_~_7/ (Vp+ Vyp2)Vy®s dz dy
‘Y| QXYQ

Ml h(y) (b1 — p2) (®1 — ®2) dx doy,
‘Y| QxT

Vo € HY (Q),®, € L* (Q,HL,, (V1)) , @2 € L? (Q, H' (V2))

per

where the functions p, p1 and py are as in Lemma 3.17, hence the term

/ (Vp+Vyp1)Vy®: do dy + / (Vp+ Vyp2)Vy®s dz dy
QXYl QXY2

+ h (y) (ﬁl - 52) ((I)l — @2) dx doy
QxT
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depends only on a subsequence of f-.

Proof. Convergences (3.61) hold as in the proof of Theorem 3.14.

In order to get the limit problem satisfied by (u,us,us), for i = 1,2, let v;. =
ew;¥¢ be as in the proof of Lemma 3.17 and ¢ € D (). If we take v; = ¢ + v as
test functions in (3.16), in view of Remark 3.11, we get

/ A*Vu1.V(p + vy.) dx + / AV usV(p + v9.) dz
Q1 Q3

V( )
+€71 / h® (ulg — UQE) (Uls — ’1125) dog (363)
FE
= <f167 @)H—l(ﬂ)ﬂg(ﬂ) + <f2e, (P>(H1(Q))’,H1(Q)

+{(f1e,v1e) m-1(Q),m1 Q) T (f2e, V22) (11 () 1 ()

Then if we take v; = v;e, @ = 1,2, as test functions in (3.24), (3.63) can be rewritten
as

/ AV u1V(p + vie) de + AV UV (p + voe) dx
Q3

1/ ha uls - u26) (Uls - UZE) dow
FE
= (fie; P) (@), m @) T (foes @) (11 () 11 () (3.64)

+/ Vp1eVuie dx+/ V2 Vg dx
Q5 Q3

+e1 / h® (pls - p25) ('Ula - UQE) do,.

Te

In view of the definitions of AS and v, ¢ = 1,2, by Proposition 3.7 i), via
unfolding, we get that, for e sufficiently small, (3.64) can be rewritten as

|Y| /Q Y, Y)TE (Vuie) ¢ (Vo + Vuie) dz dy
XYy

A()Ts (Vuge) T3 (Vo + Vuae) dz dy

. |Y| QxYa
g /Q£yr) (T2 (u1e)=T5 (uze)) (W1 () Ty (w1)—v2 () T3 (w2)) dadoy
= <f151» ya-1(),mi@) + (foe, @) (1)), 11 (9) (3.65)
71/ v T (Vpie) Ti (Voie) da dy
s [ T (T TE (Vo) ey

+ h(y) (T (p1e)=T5 (p22)) (W1 (v) 75 (wi) =42 (y) T (w2)) dadoy.

w1/
elY] ) axr

where we also used Proposition 3.7 i), vi) and Lemma 3.9.
From (3.22), (3.61)35, (3.54), 4, (3.57), Proposition 3.7 iv) and Theorem 3.10
i1), passing to the limit as € — 0 in (3.65), we obtain

/ ) (Vu+ V) (Ve + Vy(withr)) de dy
‘Y| Q><Y1

‘*‘* A(y) (Vu+ Vyuz) (Vo + Vy (w2th2)) dr dy
‘Y| QxYs
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[ ) @ - Ba) i — ) do o,
|Y| Q><F
f17 -1, 2, 0) @)y o)

|Y| oy (Vp+ Vyp1) Vy(wiyn) dz dy
XYy

[ o V)V, (wnta) do dy
1 QXYQ
+—/ h(y) (Pr — p2) (W11 — watp2) da doy,.
|Y‘ QxT
Then, by density we get the limit problem (3.62).
Let us finally show that (3.62) admits a unique solution (u,y,us) € Hg (Q) x
L2 (Q, Wyer (V1)) x L2 (Q, H' (Y2)).
To this aim, let

B = Hj (Q) x L* (2, Wper (Y1)) x L? (Q, H' (Y2)) ,
where the space Wy, (Y1) is defined by

Wer (Y1) := {g € H,,, (Y1)| Mr (9) =0} .
For V = (v1,va,v3) € B, we define
iz = / Vo1 + Vo) da dy +/ Vo1 + Vs da dy
QxYy QxYs

—|—/ lug — v3)* dx: doy.
QxT

As proved in [27], this last application is a norm on B.
Now, for any V = (v1,v9,v3), W = (w1, we,w3) € B, consider the bilinear form
on B defined by

a(V,W) = / ) (Vu1 4+ Vyue) (Vwy + Vyws) dz dy
|Y| Q><Y1

A(y) (Vv + Vyuz) (Vwr + Vyws) dx dy
|Y| QxYs

+7/ h(y) (v2 —v3) (we —w3) dx doy,
|Y| QxI
and the map
F:V (U17U27U3) EB%<JC17’U1 I(Q)H Q)+<f2,'l]1> Hl(Q)) 7H1(Q)+
/ (Vp+Vyp1)Vyve dz dy + / (Vp+ Vyp2)Vyvs da dy
QxYy QxYs

+/mr<>< — 2) (02— v3) dz do,

It is easily seen that a is continuous and coercive, and F' is linear and continuous
on B. Hence, applying the Lax-Milgram theorem, we obtain that problem (3.62)
has a unique solution. O

As for the previous case, in the following result we point out that the limit
problem (3.62) is equivalent to an elliptic problem set in the fixed domain € whose
homogenized matrix is the same obtained in [49] for v = —1.
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Corollary 3.19. Let v = —1 and uc be the solution of problem (3.1). Then, under
the assumptions (3.2)+(3.6) and (3.17), there exist a subsequence, still denoted ¢,
and u € H} (Q) such that

Uie — O;u weakly in L? (Q),i=1,2,
A*Vui. = ALVu+ 0, My, (AV,X1)  weakly in L* (Q), (3.66)
A*Vuge = AZVu + 02 My, (AV,X2)  weakly in L* (Q).

In (3.66), the constant matrices AlV = (aéj)nxn, l=1,2, are defined by

n a J
azlj = 01MY1 Q5 Z aiki y
k=1 Oy
. (3.67)
a2, =0, My, | a iak%
* S =TT

where the couples (X{, X%); j=1,...,n, are the unique solutions of the cell problems,

—div (AV (x] —y;)) =0 in Y1,

—div ( AV X% —y;)) =0 in Ya,

AV (x] —y;) -n1 = —AV (xé — yj) ‘ng onT, (3.68)
AV (xd = y5) - = —h (] =) onT,

X{ Y — periodic, My, (le) =0.

The couple (X1,X2), for a.e. x € Q, is the unique solution of the following problem

Find (5(\1,)/(\2) S L2(Q,H;6T(Y1) X HI(YQ)) s. t.
[ AWVRT o dy+ [ AG) VR0 dy
Y Yo
~ - ~ 3.69
+j h(y) (R — R2) (1 — v2) dor, =/Y (Vo+ Vyp)Vyin dy (309
N 1
[ ot VpVidyt [ h) G- o) (01 - v) doy,
Ya r
V@Plﬂfb) € H;er(yl) X HI(YQ)ﬂ
where p and p;, i = 1,2, are the same functions as in Lemma 3.17.
Moreover, the limit function u is the unique solution of the problem
—div (AgVu) = fi + fo + 01div(My, (AVyX1))
+92div(./\/ly2 (AV,,QQ)) in €, (370)

u=0 on 012,
where the homogenized matrix is defined by

0._ gl 2
A% = ALy A2, (3.71)
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Proof. Choosing ¢ =0 in (3.62) yields

/ A(y) (Vu+ Vyuq) V@ dz dy + / A(y) (Vu+ V,ia) V, 0y dz dy
QXYl

QXY:
+ h (y) (al - ag) (@1 - (I)Q) dx dO'y = j (Vp—l— Vyﬁl)vy@l dx dy
QxI QxY;
b Ve dedy+ [ ) (B ) (81— #2) do do,
QOxYs QxT
for all ®; € L*(Q, H),,.(Y1)), @2 € L*(Q, H' (Y2)).
By standard arguments, as in the two scale method (see [9], ch. 9), this gives
=R =R n Ou .
u(@,y) = Xu(z,y) = 2 5= (@) x1 (),
j=1 % (3.72)
U (2,y) = Xao(z,y) — 2° 75— (@) x2(y),
i=10;

where X{» X%» j =1,...,n, are the solutions of the cell problems (3.68) and Y1, X2
satisfy (3.69).
We now choose &1 = &5 =0 in (3.62) obtaining

/ ) (Vu+ Vyu,) Vo dz dy
|Y‘ Q><Y1

A(y) (Vu+ V,biz) Vo dz dy (3.73)
|Y| QAxYs

= (fr.o)m-1(),m1 (@) + (2, 0) (=1 (), 11 () »

for all p € H}(Q).
Replacing (3.72) in (3.73), we easily deduce, after some computations,

n o n 1 N _ n o % 8u 3@
/Q Z; JZ (l /Y1 <azj (y) kX::I ik (y) Ak (y)> d > axj o, dzx

=1\ Y]
noano (1 n X, ou By
+ — Qi — a; == d dz
/912321 |Y| /Y2 ( ! (y) k§1 g (y) Oy (y)) y> Oz al"z
@) T (f2,0) )y, 11 ()

-5~ (L X Op
2 <Y| /Yl aij (y) By, (v) dy) o da

ii(&/ o <>§§§f<>dy)§§2 4,

for all ¢ € H} () which means that u satisfies the following problem

_ézl aii é:l ﬁ /Y1 aj (y) — kzijl aix (y) Zﬁ W) | dy 88;]

_Z;"l 5(1@' gé %/ b, \ %)~ él aik (y) gﬁ ()] dy 88;;
=fh+/ +ZZ::1 81 JZ: (|}1,|/Yia” (y) ayj (y) d )

+§1 aii Jétl (|51/| /Yz aij (y) 8;5]2 (v) dy> in Q,

u=20 on 0N.



432 SARA MONSURRO AND CARMEN PERUGIA

This implies that u is the unique solution of problem (3.70) where Af’Y is the matrix
defined by (3.71).

Arguing as in the last part of the proof of Corollary 3.15, when proving (3.53),
but taking into account that in this case u; and uy are given by (3.72), we get
(3.66)2.5. m

Remark 3.20. As in the previous case, in problem (3.70) the right-hand side of
the limit equation is not exactly the sum of the weak limits of fi. and fo. as in
the case of more regular data, but it is a more complicated function depending on
a subsequence of f;., i = 1,2 (see Lemma 3.17 and (3.69) of Corollary 3.19).

4. Exact controllability of an imperfect transmission problem. The second
issue we deal with concerns the study of the exact controllability of a hyperbolic
imperfect transmission problem posed in the domain €2 described in Section 2. More
precisely, let (. := (Cie,G1e) € L? (0,75 L2(2)) be a control. For any fixed T' > 0
and v < —1, let us consider the following problem

uf, — div (A*Vuie) = (e in Q5x]0,T7,

uly, — div (A*Vug:) = (ac in Q5x]0,T7,

A*Vuye - e = —AVuge - noc on FEX]O,T[,

A*Vuye - nye = —€Vh%(uge —uz:) on I'°x]0,T7, (4.1)
ue =0 on 0010, T7,

ulE(O) = U{)m ulls(o) = Ulls in Qi

u28(0) = Uga) UIQE(O) = U215 in €5,

where n;. is the unitary outward normal to Q;., i = 1,2, and
i) U o= (UL UL) € L9, '

Moreover A¢ and h€ are as in (3.2)+(3.6) but, as usual when dealing with hyperbolic
problems; in this section we require the additional symmetry assumption on A

Qi = G4, Z,] = 1, NN (43)
For clearness sake, throughout the paper, we denote by u. (¢) := (u1c (¢c) ,u2e (¢c))
the solution of problem (4.1) and where no ambiguity arises, we omit the explicit
dependence on the control.
Definition 4.1. System (4.1) is exactly controllable at time 7' > 0, if for every
(v2,u}l), (US,Ui) in HE x LZ(Q), there exists a control (¢ := ({{Z, (5¥) belonging
to L? (0,7 L2(€2)) such that the corresponding solution u. of problem (4.1) satisfies

1
e*

S W) =T

Ue (T) = Uev e
Remark 4.2. It is well known that for a linear system, driving it to any state is
equivalent to driving it to the null state and this is known as null controllability.

Hence, in the sequel we study the null controllability of the considered systems,
namely we take (US,Ui) = (0,0).

We will prove that the system (4.1) is null controllable. We use a constructive
method known as the Hilbert Uniqueness Method introduced by Lions (see [44, 45]).
The idea is to build a control as the solution of a transposed problem associated to
some suitable initial conditions. These initial conditions are obtained by calculating
at zero time the solution of a backward problem. Let us underline that the control
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obtained by HUM is unique being the one minimizing the norm in L?(0,T; L2(2)).
In [21], the asymptotic behaviour, as € — 0, of the solutions of problem (4.1) has
already been studied. Whence, a natural question arises: provided the exact con-
trollability of the homogenized problem, do the exact control and its corresponding
solution converge, as € goes to zero, to the exact control of the homogenized problem
and to the corresponding solution, respectively?

We give a positive answer to this question by proving the following main result:

Theorem 4.3. Let T >0, v < —1 and (U?,U}) € HS x L2(2) satisfy

0) U9 — U := (U, UY) weakly in [L*(Q)]°, with U € HE(%),
i) Ul — U = (U}, U}) weakly in [L*(Q)]?, (4.4)
iii) U2 < C,

with C positive constant independent of €. Further, assume that (3.2) = (3.6) and
(4.3) hold.

Let &% = ((§2,¢5%) € L2(0,T; L2(Q2)) be the exact control of problem (4.1) min-
imizing the norm in L?(0,T; LQ( )). Then

SE ’ (4.5)

Cf” — 0:¢8%  weakly in L*(0,T; L?(2))
(5% — 02(§®  weakly in L2(0,T; L*(Q)),

where 0;, 1 = 1,2, is given in (2.2) and (§* is the exact control, minimizing the
norm in L*(0,T; L?(2)), of the homogenized system

uf —div (A9Vui) = ¢f* in Qx]0,T7,

up =0 on 002x]0,T7, (4.6)
uy(0) = UY + UY in Q, '
uy(0) = Ul + U in Q.

The homogenized matriz A is given by (3.46) and (3.50), for v < —1, while, for
v = —1, is given by (3.67) and (3.71).

Moreover denoted by uy = ui((f®) € L2(0,T; HY(Q)), with v} = v ((f®) €
L? (07T; LQ(Q)) the unique solution of problem (4.6), there exists an extension op-
erator

PP € L(L>(0,T; H*(Q7)); L(0,T; H*(2))),
for k =1,2, such that
PRurc(GE7) — wn(GF7)  weakly* in L (0.T; H ().
ulg(Cew) = 1wy (¢F%)  weakly* in L™ (0,T; L*(Q)) , (4.7
u%(gew) — Ooup (C5%)  weakly™ in L™ (O,T; LQ(Q)) ,
and
PEuf (C87) = wf (¢§")  weakly™ in L™ (0,T; L*(9)),
uy (%) = 01u) (CF*)  weakly* in L™ (0,T; L*()), (4.8)
uh, (&) = Oul (CF*)  weakly* in L™ (0,T; L*(9)).

Let us observe that by (4.4), U} is in fact in H}(Q) (see [21], Remark 2.7 for
details).
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4.1. Asymptotic behaviour of two types of evolution imperfect transmis-
sion problems. In this subsection, for reader’s convenience, we start by recalling
some properties of the solution of the evolution imperfect transmission problem
already studied in [21]. Although these results hold for v < 1, we restrict our
attention to the case we are interested in.

Hence, for T > 0 and v < —1, let z. := (21¢, 22¢) satisfy

2 — div(A°Vz1e) = g1e in Q5 x]0, T,

2l — div(A*Vza.) = gae in Q5x]0, T,

AV 21 N1 = —A°V2o, - Nog on I'*x]0, T,

AV z1e - nye = —€Vh®(21e — 22¢) on I'x]0, T, (4.9)
z1e =0 on 00x]0,T7,

216(0) = Z(ljaa Zie(o) = lee in Qf,

225(0) = nga ZéE(O) = 2215 in ng

where n;. is the unitary outward normal to 5, ¢ = 1,2 and
i) ge == (912, g2c)€ L? (0,73 L2(%2)) ,
ii) 20 = (29.,23.) € H, (4.10)
i) Z! .= (Z1.,Z},) € Lé(Q).
For any € > 0, we set
We = {v=(v1,v2) € L* (0, T; H) s. t. v' = (v],v5) € L* (0,75 L2()) }, (4.11)
which is a Hilbert space if equipped with the norm

o]l

= ||U1||L2(0,T;vs) + ||”2HL2(0,T;H1(Q;)) + ||”1HL2(0,T;L2(Q§)) + ||Ué||L2(o,T;L2(Q;)) )
(see [21]).

Thanks to Remark 3.4, by using an approach to evolutionary problems based on

evolution triples, we assume as variational formulation of the formal problem (4.9)
the following one

Find z. = (21, 22:) € W¢ s. t.
(#1es 01)(vey,ve + (206, v2) (1 (05)) 1 (95)

“
ot

25 (4.12)
+57/ h®(z1e — 22¢)(v1 — v2) doy, = / g1ev1 do +/ G2ev2 d,
re Qs Q

V(vi,v2) € HS in D'(0,T),

215(0) = Z?s’ Zis(o) = les in Qi’

226(0) = de’ Zés(o) = Z22€ in Q%

As observed in [21], an abstract Galerkin’s method provides the existence and u-

niqueness result for the solution of problem (4.9) and also some a priori estimates
for any € > 0.

A®Vz1. V1 do +/ A®V29. Vg do

€
1 2

Theorem 4.4 ([21]). Under the assumptions (3.2)+(3.6), (4.3) and (4.10), problem
(4.9) admits a unique weak solution z. € W,.. Moreover, there exists a positive
constant C, independent of €, such that

||Z€||L°°(O,T;H§)+||Zé||L°°(O,T;L§(Q)) <cC (HZQHH; + HZ€1HL§(Q) + HgsHL?(O»T;LE(Q))) )
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Let us point out that, for any fixed £, the solution of problem (4.9) has some
further regularity properties (see [46], Chapter 3, Theorem 8.2). In fact, under the
same hypotheses of Theorem 4.4, the unique solution z. of problem (4.9) is such
that

2. € C([0,T); H) , 2L € C([0,T]; LZ(2)) -
Now, let us recall the homogenization result for problem (4.9), proved in [21].
Theorem 4.5 ([21]). Let (22, Z}) € HS x L2(2) satisfy
0) 20 = 20 := (20, Z39) weakly in [LX(Q)]*, with Z§ € H}(),

ii) EE — 7V = (Z}, Z2) weakly in [LQ(Q)]Q, (4.13)
iii) |Z2]|n: < C,

with C positive constant independent of €, and g. € L? (O, T;L? (Q)) be such that
— . 2
(9125 92e) = (91, 92) weakly in L* (O,T; (L2 ()] ) : (4.14)
Under the assumptions (3.2) + (3.6) and (4.3), there exists an extension operator
P € L(L>(0,T; H*(Q1)); L<(0,T; HM(Q))),

for k = 1,2, such that the solution z. of problem (4.9) satisfies the following con-
vergences

Pfze — 2z weakly* in L™ (0,T; H} (),
21e — 6121 weakly® in L™ (O,T; L2(Q)),
Zae — 0221 weakly* in L* (0,T; L*()),

Pgz. — 20 weakly* in L> (0,T; L*()

2. = 612]  weakly* in L> (0,T; L*(Q2)

zh, — 022]  weakly* in L> (0,T; L*()
where 0;, i=1,2, is given in (2.2) and z1€L?(0,T; H}(Q)), with z{€ L*(0,T; L*(Q)),
is the unique solution of the following homogenized problem

2 —div (ASVz1) = g1+ g2 in Qx]0, T,

z1=0 on 9Qx]0, T,
21(0) = 2V + Z9 in Q,
24(0) =21 + 7} in Q.

Moreover

AE@/M + Agag/g — Aszl weakly™ in L™ (O,T; LQ(Q)).
The homogenized matriz Ag is giwen by (3.46) and (3.50), for v < —1, while, for
v = —1, is given by (3.67) and (3.71).

Remark 4.6. Let us observe that (see for instance [9]) AY is a symmetric constant
matrix such that

0
49 € M (a,8,9), (4.15)

where o and § are defined in (3.3).
In order to prove Theorem 4.3, we need to study the homogenization of an-

other evolution imperfect transmission problem with less regular initial data (see
Subsection 4.2).
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More precisely, for T > 0 and v < —1, let ¢, := (¢1¢, p2:) be the solution of the
following problem

¢, —div(A*Vepi) =0 in Q5 x]0, T,
p5e — div(A"Vipae) =0 in Q5x]0, 77,
AEVgols N1 = 7AEVC)025 * Noe on FEX}O,T[,
AV @1 - n1e = —€7h%(p1e — @2:) on I'¥x]0,T7, (4.16)
w1e =0 on 00210, T7,
9015(0) = 90(1)57 L)OIIE(O) = @%5 in Q?a
3028(0) = 90(2)5’ <)0/28(0) = 90%5 in Qs:
where n;. is the unitary outward normal to QF, ¢ =1,2 and
1) @2 = (‘p(l)m(pga) € Lg(Q)v
{ii) 0L = (Ples p3.) € (HS) (4.17)

Since the initial data are in a weak space, in order to give an appropriate definition
of weak solution of problem (4.16), one needs to apply the so called transposition
method (see [46], Chapter 3, Section 9, Theorems 9.3 and 9.4) to obtain a unique

solution ¢. € C ([0,7]; L3(2)) N C* ([O,T]; (H,Ey)/> satisfying the estimate

e o (0, 7:22(02)) + H@é”Lw(o,T;(Hg)') < O(H‘PS”LE(Q) + ||%02||(H§)')’ (4.18)

with C' positive constant independent of ¢.
Assume that the initial data satisfy

{i) 90— ¢ = (o, p3) weakly in (L?(Q2))?,
i) (192 ey < C,
with C positive constant independent of e.

The results of Theorem 4.5 can’t be applied directly to problem (4.16), hypothe-

ses (4.17) and (4.19) being too weak, but, thanks to the homogenization results of
Section 3, we overcome the difficulty and prove the following new result.

Theorem 4.7. Let (¢2,l) € L2(2) x (HS)' satisfy (4.19). Under the assumptions
(3.2) = (3.6) and (4.3), there exist a subsequence, still denoted €, and a function
©* € H=1(Q) such that for the solution ¢, of problem (4.16) it holds

Q1 = 11 inL? (0,T; L3(Q))
QfD\Qz — 02@1 Z’ILL2 (O,T, L2(Q)) s
where 0;, i=1,2, is given in (2.2) and the function o1 € L2(0,T; L?(Q)), with ¢} €
L?(0,T; L?(Q)), is the unique solution of the following homogenized problem
@ —div (A9Ve1) =0 in Qx]0,TT,
p1 =0 on 002x]0,T7,
©1(0) = ¢ + 5 in Q,
©1(0) = * in Q.
The homogenized matriz A is given by (3.46) and (3.50), for v < —1, while, for
v = —1, is given by (3.67) and (3.71).

(4.19)

(4.20)

(4.21)

Proof. Estimate (4.18) and hypothesis (4.19) provide the existence of two functions
¢ € L? (O,T;Lz(Q)) and @y € L2 (O,T; L2(Q)) such that in particular, up to a
subsequence,

P1c = ¢ InL? (0,75 L())

Fo — pa L2 (0,5 L2(2)) - (4.22)



HOMOGENIZATION AND EXACT CONTROLLABILITY... 437

Let & := (&16,&2¢) be the unique solution of the following system

—div(A°VE) = —pl, in Qf,
—div(A5Vér.) = —pl. in 93,
AsVE . - n1e = —A*VE: - Noe on I'¢, (4.23)
A*VE e -n1e = —eVh®(&1e — &) on TF,
gle =0 on Jf).

By hypotheses (3.2)+(3.6) and estimate (4.19) ii) the results of Corollary 3.15 and
Corollary 3.19 apply obtaining that there exists a function ¢* € H~1(Q) sucht that,
up to a subsequence, still denoted ¢,

i) & = 0161 weakly in L%(Q), (4.24)
i) fo- — 6261 weakly in L*(9), .
with 0; i=1,2 given in (2.2) and & € HE () unique solution of

—div (Agvgl) =—¢* in,
{fl =0 on 0, (4.25)

where A9 is the matrix defined in (3.46) and (3.50) if v < —1 or (3.67) and (3.71)
if v = —1. Denote

t
oie(x,t) = /0 ic(z, 8)ds + & (), i=1,2. (4.26)

We do observe that this transformation leads to a system whose initial data are
more regular than (902, @;) Indeed, o, := (01., 09 ) satisfies

of. —div(A°Voi.) =0 in Qfx]0,T7,

ol — div(A*Voge.) =0 in Q5x]0, T,

A®Vo1e - nie = —AVooe - nge on I'*x]0, T7,

AVoi. - ne = —"h (01 — 02.) on I'*x]0,T7, (4.27)
o1e =0 on 90x]0,T7,

01:(0) = &1, 01.(0) = 4,095 in QF,

02:(0) = &, 05.(0) = Y, in Q5.

Since ¢! € (H3)', one has & € H, hence the initial data (§5,4p2) € H: x L2(Q).
Moreover, by (4.19) ii) and (4.23) we get

el < C (4.28)

with C' positive constant independent of e.
By (4.19) i), (4.24) and (4.28) we can apply Theorem 4.5 to system (4.27) ob-
taining in particular
i) 01 — 6101 weakly in L?(0,T; L?(Q2)),
ii) o} — 610) weakly in L?(0,T; L?(Q
iii) 09 — Oo01  weakly in L2(0,T; L*(Q
iv) ob_ — a0  weakly in L?(0,T; L?(12)),
where o7 is the unique solution of the homogenized system
of —div (A9Vey) =0 in Qx]0,T7,
o1=0 on 9010, T7,
o1 (0) = fl in Q,
o4(0) = ¢ + o3 in Q.

)
);
\ (4.29)
)

(4.30)
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By (4.26) it results

ol =G, i=1,2. (4.31)
Hence (4.22), (4.29) ii) and (4.29) iv), by passing to the limit in (4.31), provide
@ = 0107 and w2 = Oa07.
By classical regularity results for hyperbolic equations we have

o1 € C([0,T); Hy(Q2)) nC* ([0,T]; L*(Q)) N C* ([0, T); H'()) .
Hence, by (4.25) and (4.30)
ot (0) = div (AJVo1(0)) = div (AJVE) = ™.

Therefore, the function ¢ := o] = 92 is the unique solution in the sense of trans-

1
position of system (4.21) and @y = 021 .
Now the proof is complete. O

4.2. Proof of Theorem 4.3. The proof of the main result of this section developes
into two steps. At first we prove the null controllability (or equivalently the exact
controllability, see Remark 4.2) of problem (4.1), by using HUM (Hilbert Unique-
ness Method), a constructive method introduced by Lions in [44, 45]. As already
observed, the idea is to build a control as the solution of a transposed problem
associated to some suitable initial conditions. These initial conditions are obtained
by calculating at zero time the solution of a backward problem. The crucial point
is constructing an isomorphism between L2(€2) x (HS)’ and its dual with constants
independent of . This result was already proved in [36], Theorem 3.1, for the case
—1 < v < 1. The proof for the case v < —1 is exactly the same, hence here, for the
reader’s convenience, we detail only the noteworthy points.

In the second step, having in mind the homogenization result of the previous
subsection (see Theorem 4.5), we show that the exact control of the problem at
e-level, found in the first step, and the corresponding state, converge, as ¢ — 0, to
the exact control and to the solution of the homogenized problem, respectively. To
this aim, we need to apply the homogenization result stated in Theorem 4.7 to the
transposed problem at e-level.

Stepl. Let us start by proving that there exists a control (¢* € L2 (O,T; L? (Q))
driving the corresponding solution of problem (4.1) to the null state, i.e.

ue(T) =ul(T) =0, (4.32)
see Definition 4.1 and Remark 4.2. To this aim, let (¢0,¢!) € L2(Q) x (HS)  and
let p. € C ([0, T]; L2(Q)) NC? ([0, TY; (Hi)/) be the unique solution in the sense of
transposition of problem (4.16). Consider the backward problem

9. — div(A*Vie) = —p1. in Q5 x]0,T7,
é,a - diV(AsvaE) = —P2e in QEX]O T[,
A5V1/115 TN1e = 7A€V’(/J25 * Noe on FEX]O,T[,
AEV¢15 *N1e = _57}7}6('(/)15 - 1/)28) on FEX]()’ T[7 (433)
Y1e =0 on 90 x]0, T,
U1(T) = ¥1(T) =0 in QF,
V2 (T) = ¥5.(T) = 0 in 5,

where n;. is the unitary outward normal to QF, i =1, 2.
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As previously, for clearness sake, we denote by

we((pe) = (w16(¢6)7¢26(9@6)) eC ([O7T];Hf;) N Cl ([OvT]aLz(Q>)

the unique solution of problem (4.33) and, where no ambiguity arises, we omit
the explicit dependence on the right hand member. Then we introduce the linear
operator

Lo:L2(Q) x (HS) — L2(Q) x HE (4.34)
by setting for all (2, l) € L2(2) x (Hi)/,

£5 (‘Pg, 90;) = (1/12(0)7 77;[}6(0)) . (4.35)

Following exactly the same argument as in [36] for the case —1 < v < 1, the operator
L. is an isomorphism with constants independent of ¢ and its inverse operator £2!
satisfies the following uniform estimate

[res <c, (4.36)

1
||L(Lg(Q)ng;Lg(Q)x(Hg)/) =
with C' positive constant independent of €.
Let now (U2,U}) € HS x LZ(Q) be the initial conditions of problem (4.1) and
(<I>2, @g) € L2(Q) x (H:?)I the unique couple satisfying the equation

(®2,0}) =2t (UL, -U?). (4.37)

Denote
= D, (4.38)

€
where @, is the unique solution of problem (4.16) with initial data (®2, ®L) given
by (4.37). If U, is the solution of problem (4.33) with the choice p. = ®., by (4.35)
and (4.37), we get (¥2(0), —¥.(0)) = (U}, —U?) and by uniqueness it results

u-(¢£*) = Ve, (4.39)

which implies (4.32). Hence (£7 is the null (or equivalently exact) control at time
T for system (4.1). Moreover, this control, deriving from HUM method, minimizes
the norm in L2(0, T; L2(12)).

Step2. Let now ¢ tend to zero. As a consequence of (4.4) ii), (4.4) iii), (4.36) and
(4.37), we get

||((I)g7 ¢;)||L§(Q)X(H’ey)/ <C, (4.40)
with C positive constant independent of €, hence we deduce the existence of ®° :=

(@7, ®9) € [L*(2)]* such that, up to a subsequence, still denoted e,
D0 — 30 weakly in [L2(Q)]2. (4.41)

Now we can apply Theorem 4.7 to system (4.16) for the choice ¢¥ = @9, pl = &1
¥ = ®°, and get that there exist a subsequence, still denoted ¢, and a function
®* € H~1(Q) such that

Dy — 010y in L2 (0,T; L3(Q))

4.42
Py — 0oP1 in L? (O,T, L2(Q)) s ( )
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where 6;, i=1,2, is given in (2.2) and the function ®; € L2(0,T; L*(f2)), with & €
L?(0,T; L?(2)), is the unique solution of the following homogenized problem

Y —div (AIV®;) =0 in 2x]0,T7,

d; =0 on 002x]0,T7,

(4.43)
®1(0) = Y + 9 in 0,
o(0) = @* in Q.

The homogenized matrix A9 is still given by (3.46) and (3.50) for v < —1, while,
for v = —1, is given by (3.67) and (3.71).

Observe that, as a result of (4.38) and (4.42), we get, up to a subsequence, still
denoted ¢,

(67 s —0,®;  weakly in L2(0,T; L3()), (4.44)
;g — —0,®;  weakly in L?(0,T; L*(Q)). '

Let now pass to the limit, as € tends to zero, in system (4.1) with ¢¢* in place

of (.. In view of (4.4) and (4.44), Theorem 4.5 applies to problem (4.1), for the

choice 20 = U?, z} = U}, 72° = U°, Z! = U' and g. = (&* giving the following
convergences,

Pfuic(¢87) = ui(®1)  weakly* in L (0,T; Hj(Q)),

w1 (%) = G1ur (P1)  weakly* in L™ (0,T; L*(Q)) , (4.45)
U2e (€€%) — Ouq (P1)  weakly™ in L™ (O,T; Lz(Q)) ,
Puf (CE%) = uf(®1) weakly* in L™ (0,T; L*(9)),
uh (Ce%) — 01uf(®1)  weakly* in L™ (0,T; L*(9)), (4.46)
wh (CEm) — Opu (1) weakly* in L (0,T; L2(€2)),

where uy 1= u1(®1) € L?(0,T; H} (Q)), with v} := v} (®1) € L? (0,T; L*()), is the

unique solution of the homogenized problem

—div (A?YVul) = 7(1)1 in QX]O,T[,

up =0 on 9010, T7,
u1(0) = UY + UY in Q, (4.47)
uy (0) = Ul + U} in Q.

On the other hand, by (4.42) and Theorem 4.5, we can pass to the limit in the
backward problem (4.33) with ¢. = ®., and obtain the following convergences

Pf\plg((l)g) — Wy (®1) weakly* in L™ (0,7 H (),
\1115( ) = 0191 (®1)  weakly* in L™ (0,7 L*(Q)) , (4.48)
‘1’25( ) = 02101 (®1)  weakly* in L™ (0,7 L*()) ,

PLUL(D.) = yi(B) skl n 1~ (0,7 12()),
\Il’ls(q) ) — 0191 (Pq)  weakly* in L (O,T; Lz(Q)), (4.49)
\If’zs( ) — 021/}1( 1) weakly® in L*° (O,T; LQ(Q)),
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where Wy := Wy (@) € L2(0,T; Hg(Q)), with ¥} := ¥} (1) € L? (0,T; L*(Q2)), is
the unique solution of the homogenized backward problem

W) — div(AOVT,) = =B, in Qx]0, T,
U, =0 on 002x]0,T7, (4.50)
Uy(T) = W/ (T) =0 in Q.
By (4.39), (4.45) and (4.48), we get
\111 = Uz (451)

and, since both ¥ and u; belong to C([0,T]; HE(Q)) N C*([0, T]; L2(2))) (see [46],
Chapter 3, Theorem 8.2), it holds

u (T) = vy (T) = 0. (4.52)

Therefore
leac = —(I)l (453)

is an exact control for problem (4.47). On the other hand, if we apply HUM method
directly to problem (4.47), in view of classical arguments about exact controllability
of hyperbolic problem in fixed domains, (see [44, 45]), by considering problems (4.43)
and (4.50), we construct an isomorphism £ between L?(Q) x H~ () and its dual
such that

L (P} + D3, 0%) = (¥1(0), ~¥{(0)).
By (4.51) we get
(@) + @9, %) =L (U} + U3, —(UY + 1)) .

This identifies ({* in a unique way as the energy minimizing control of problem
(4.47). Hence convergences (4.44), (4.45) and (4.46) hold for the whole sequences
and by (4.53), we get (4.5), (4.7) and (4.8).

Theorem 4.3 is now completely proved.

Acknowledgments. The authors warmly thank Patrizia Donato for helpful sug-
gestions and comments.
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