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ABSTRACT. We prove the existence for small times of weak solutions for a class
of non-local systems in one space dimension, arising in traffic modeling. We
approximate the problem by a Godunov type numerical scheme and we pro-
vide uniform L and BV estimates for the sequence of approximate solutions,
locally in time. We finally present some numerical simulations illustrating the
behavior of different classes of vehicles and we analyze two cost functionals
measuring the dependence of congestion on traffic composition.

1. Imtroduction. Macroscopic traffic flow models based on fluid-dynamics equa-
tions have been introduced in the transport engineering literature since the mid-
fifties of last century, with the celebrated Lighthill, Whitham [11] and Richards [13]
(LWR) model. Since then, the engineering and applied mathematical literature
on the subject has considerably grown, addressing the need for more sophisticat-
ed models better capturing traffic flow characteristics. Indeed, the LWR model is
based on the assumption that the mean traffic speed is a function of the traffic
density, which is not experimentally verified in congested regimes. To overcome
this issue, the so-called “second order” models (e.g. Payne-Whitham [12, 15] and
Aw-Rascle-Zhang [3, 16]) consist of a mass conservation equation for the density
and an acceleration balance law for the speed, thus considering the two quantities
as independent.

More recently, “non-local” versions of the LWR model have been proposed in [5,
14], where the speed function depends on a weighted mean of the downstream vehicle
density to better represent the reaction of drivers to downstream traffic conditions.

Another limitation of the standard LWR model is the first-in first-out rule, not
allowing faster vehicles to overtake slower ones. To address this and other traffic
heterogeneities, “multi-class” models consist of a system of conservation equations,
one for each vehicle class, coupled in the speed terms, see [4] and references therein
for more details.

In this paper, we consider the following class of non-local systems of M conser-
vation laws in one space dimension:

Opi(t, ) + 0y (pi(t, )0 ((r * w;)(t,x))) =0, i=1,..., M, (1)
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where
M
r(t,x) = Zpi(t,x), (2)
vi(§) = V" Y(E), (3)

z+n;

(r % wi)(t,2) = / r(t,y)wsly — 2) dy, (4)

x

and we assume:

(H1) The convolution kernels w; € C*([0,n;]; RT), n; > 0, are non-increasing func-
tions such that j;? w;i(y)dy = J;. We set Wy := max;—1,_am wi(0).

(H2) v®* are the maximal velocities, with 0 < v"®* < vg®* < ... < .

(H3) ¢ : RT — RT is a smooth non-increasing function such that (0) = 1 and
P(r) = 0 for r > 1 (for simplicity, we can consider the function ¥(r) =
max{l —r,0}).

We couple (1) with an initial datum

pi(0,2) = pd(x), i=1,...,M. (5)

Model (1) is obtained generalizing the n-populations model for traffic flow described
in [4] and it is a multi-class version of the one dimensional scalar conservation law
with non-local flux proposed in [5], where p; is the density of vehicles belonging
to the ¢-th class, n; is proportional to the look-ahead distance and J; is the inter-
action strength. In our setting, the non-local dependence of the speed functions
v; describes the reaction of drivers that adapt their velocity to the downstream
traffic, assigning greater importance to closer vehicles, see also [7, 9]. We allow
different anisotropic kernels for each equation of the system. The model takes into
account the distribution of heterogeneous drivers and vehicles characterized by their
maximal speeds and look-ahead visibility in a traffic stream.

Due to the possible presence of jump discontinuities, solutions to (1), (5) are
intended in the following weak sense.

Definition 1.1. A function p = (py,..., pa) € (L2 NL2)([0, T[ xR;RM), T > 0,
is a weak solution of (1), (5) if

oo

T poo
[ [ o+ pstr vitug) ey dede s [ sla)ol0.)ds =0
0 —00

— 00

for all ¢ € C(] — 0o, T[xR;R), i =1,..., M.

The main result of this paper is the proof of existence of weak solutions to (1),
(5), locally in time. We remark that, since the convolution kernels w; are not smooth
on R, the results in [1] cannot be applied due to the lack of L*°-bounds on their
derivatives.

Theorem 1.2. Let p{(z) € (BV NL>®) (R;RY), fori=1,..., M, and assumptions
(H1) - (H3) hold. Then the Cauchy problem (1), (5) admits a weak solution on
[0,T] xR, for some T > 0 sufficiently small.

In this work, we do not address the question of uniqueness of the solutions to (1).
Indeed, even if discrete entropy inequalities can be derived as in [5, Proposition 3],
in the case of systems this is in general not sufficient to single out a unique solution.

The paper is organized as follows. Section 2 is devoted to prove uniform L>° and
BV estimates on the approximate solutions obtained through an approximation
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argument based on a Godunov type numerical scheme, see [8]. We have to point
out that these estimates heavily rely on the monotonicity properties of the kernel
functions w;. In Section 3 we prove the existence in finite time of weak solutions
applying Helly’s theorem and a Lax-Wendroff type argument, see [10]. In Section 4
we present some numerical simulations for M = 2. In particular, we consider the
case of a mixed flow of cars and trucks on a stretch of road, and the flow of mixed
autonomous and non-autonomous vehicles on a circular road. In this latter case,
we analyze two cost functionals measuring the traffic congestion, depending on the
penetration ratio of autonomous vehicles. The final Appendix contains alternative
L and BV estimates, based on approximate solutions constructed via a Lax-
Friedrichs type scheme, which is commonly used in the framework of non-local
equations, see [1, 2, 5].

2. Godunov type approximate solutions. First of all, we extend w;(z) = 0
for x > m;. For j € Z and n € N, let z;,1/2 = jAx be the cell interfaces, z; =
(j — 1/2)Ax the cells centers and "™ = nAt the time mesh. We aim at constructing
a finite volume approximate solution p2% = (plAm, . ,pAA/[z), with pR%(t, ) = s
for (t,x) € C} = [t", t"  [x]x;_1/9,2j41/2] and i = 1, ..., M.

To this end, we approximate the initial datum p{ for i = 1,..., M with a piecewise

constant function
1 Tj+1/2
0 0 .
pi,jzi/ pi(z)dz, JEL.
Ax i_1/2

Similarly, for the kernel, we set

. 1 (k+1)Ax 0
£i=— (x)dx, k eN,
w; s /kAx w; (x) dx
so that Az 3,20 wF = [V w;(2) dz = J; (the sum is indeed finite since w¥ = 0 for
M
k > N; sufficiently large). Moreover, we set T = ZPZH"C for £ € N and
i=1

+oo
Vi = oy (szwfry+k> ., i=1,...,M, jeZ. (6)
k=0
We consider the following Godunov-type scheme adapted to (1), which was intro-
duced in [8] in the scalar case:

Pt =0 = X0V — P Vi) (7)

At

where we have set \ = Az

2.1. Compactness estimates. We provide here the necessary estimates to prove
the convergence of the sequence of approximate solutions constructed via the Go-
dunov scheme (7).

Lemma 2.1. (Positivity) For any T > 0, under the CFL condition
1
AL ——— (8)

B v

the scheme (7) is positivity preserving on [0,T] x R.
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Proof. Let us assume that pj'; > 0for all j € Z and ¢ € 1, ..., M. It suffices to prove
that p""'1 (7) is non-negative. We compute

p:ljl Pi ( - AV J+1) +APE; Vi 20 (9)

under assumption (8). O

Corollary 1. (L'-bound) For any n € N, under the CFL condition (8) the ap-
proxzimate solutions constructed via the scheme (7) satisfy

lotly = 1le?ll,,  i=1..,M, (10)
where [|p} ||, == Az ), !pm denotes the LY norm of the i-th component of p™*

Proof. Thanks to Lemma 2.1, for all ¢ € {1,..., M} we have
1], = AmZPnH Az (pr; = Mi Vil + Al Vi) = Ax Yy i,
J J
proving (10). O

Lemma 2.2. (L*-bound) If p{ ; > 0 for all j € Z andi = 1,..., M, and (8) holds,

then the approzimate solution p™ constructed by the algorithm (7) is uniformly

bounded on [0,T] x R for any T such that
T < (M|p°| o' l| o Wo) ™
Proof. Let p =max{p},_1,p};}- Then we get
Piyt = Pl (U= AVT) 000 Vi < p (L A (Vi = Vi) (1)

and
+0oo too
| 1]+1| = v | (Aaxwarﬁ_k> — (Amefr?+k+l> |
k=0 k=0
—+oo
< oY, Az Z wgc(r;erkJrl =)
k=0
= 0" [[¢|| o Az |—wy +Z R
< o | Az M| p" Hoowz‘( ) (12)
where |pll = l(p1,-..,pm)|l. = max;;|p;j|. Let now K > 0 be such that

HpZHOQ <K,¢=0,...,n. From (11) and (12) we get
0" | o < 110"l (1 + MK (|9 [| JWoAt),

which implies

”pnlloo < HPOHOOeCnAt7

with C = MK ||¢'||,,Wo. Therefore we get that ||p(t, )|, < K for

‘< ! | ( K )< !
n
— MEV [ Wo NPl )~ Mellp®ll oo™ [1¢ o

where the maximum is attained for K = erOHoo
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Iterating the procedure, at time t™, m > 1 we set K = emeOHOO and we get
that the solution is bounded by K until t™*! such that
m
Me™[|p° o vrr™ (14"l

Therefore, the approximate solution remains bounded, unlformly in Az, at least for
t < T with

gl < gm o

1 = 1

m
T S S max
T T T 2 o = Moo T

Remark 1. Figure 1 shows that the simplex

M
S = {peRM: Zpigl, p120f0ri—1,...,M}

i=1
is not an invariant domain for (1), unlike the classical multi-population model [4].
Indeed, let us consider the system

Opi(t,x) + 0z (pi(t, x)vi(r(t,2))) =0,  i=1,..,M, (13)
where r and v; are as in (2) and (3), respectively. We have the following;:

Lemma 2.3. Under the CFL condition
1

A< )
— oo (1l + 11971ls)

for any initial datum p, € S the approzimate solutions to (13) computed by the
upwind scheme

P = pj — X[F(p}, pj1) — F(pj_1,0})] (14)
with F(p}, pji1) = piy(rii1), satisfy the following uniform bounds:
p;jeS VjeZ nelN (15)

Proof. Assuming that p7 € S for all j € Z, we want to prove that p?“ e S.
Rewriting (14), we get

piyl = pii = A[ P () = vl ()]
Summing on the index i =1,..., M, glves

it = sz"jl me AZ U () — vl ()]
= =1

M M
N Y M) D e
=1 =1

Defining the following function of p¥

M
q)(p?,jﬂ ce ap]Mj) - T + )\1/) Z,Umaxp;nj 1 Aw(r?-&-l) Z Inaxpzj’
i=1
we observe that

O0,...,0) = Mp(0) > _vf™pr s | < Ayl Lui <1
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densities at time t=1.800000
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FIGURE 1. Numerical simulation illustrating that the simplex
S is not an invariant domain for (1). We take M = 2 and
we consider the initial conditions p;(0,2) = 0.9X[—0.5—0.3 and

p2(0,2) = 0.1X]—o0,0] +X]0,+00[ depicted in (a), the constant kernels
wi(z) = wa(x) = 1/n, n = 0.5, and the speed functions given by
v = 0.2, 05" =1, P(§) = max{1l — £, 0} for £ > 0. The space
and time discretization steps are Az = 0.001 and At = 0.4Azx.
Plots (b) and (c) show the density profiles of p;, ps and their
sum 7 at times ¢t = 1.8, 2.8. The function max,cgr 7(t, ) is plot-
ted in (d), showing that r can take values greater than 1, even if
r(0,2) = p1(0,z) + p2(0,2) < 1.

i A < 1/0 ] and
M
q)(P?,j» '-~,P§\L4,j) =1- M/)(?“}Zrl) szmaxpzrfj <1

i=1

for p? € S such that 17 = Ef\il pi; = 1. Moreover

M
8¢ max max
9 n(P?) =14+ (r}) sz‘ ot = M (ri ) >0
i, i=1

if A < 1/p%ax + [|’ . This proves that 77! < 1. To prove the positivity
M [e] o]

J
of (14), we observe that

PZ;H = P?,j (1 - /\Uzr'naxz/)(rﬁ-l)) + /\Uzr'naXPZj—1¢(7"?) >0
if A < 1/ |19 oo
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Lemma 2.4. (Spatial BV-bound) Let pf € (BVNL*®)(R,RT) for all i =
1,..., M. If (8) holds, then the approzimate solution p“*(t,-) constructed by the
algorithm (7) has uniformly bounded total variation for t € [0,T], for any T such

that

1
T< _—
A H AV )

where H = || pl| o v WoM (6M Jo|[pll o 19" [l + 14]0)-
Proof. Subtracting the identities

n+1 n n n n
Pisin = Prjer = AP Vil = P Vi)

1
pis = pny = MeE Vil — i Vi) s

and setting AT 12 = = pij1 — Pij, We get

n+1 n n
Az J+1/2 T Ai,jJrl/Z (pz ]+1V i,j+2 2pz jv; j+1 + pz J— 1V )

Now, we can write
n+1 n
Al e = (L= AV 0) AT
+ AV AL 1/2
/\pw ( 1,j+2 2V J+1 + VJLJ) :

(16)

(17)
(18)

(19)

(20)

Observe that assumption (8) guarantees the positivity of (19). The term (20) can

be estimated as

Vi =2V + Vi =

+o0 foo Foo
—ymex (w <szwfr;?+k+2> -2 (Achwfr;@kH) + (Amefr?M

k=0 k=0 k=0
—+oo
= maxw (€J+1 YAz (Zwl r]+k+2 Zwl T]+k+1>
k=0
+ ’Uzr'naxw (Z Wi T_]-‘rk Z Wi TJ+1€+1>
+oo
-1 0
max?/’ §g+1 JAx J+k+1 — W 7"?+1>
1
o0
+ oY (&) Ax (Z wh — w qu + w?r?)
k=1
k—1 k 0
=v" (Y (&5 1) — P (§5)) A (Z( Wi = Wi g — Wi 7"?+1>
—+o0
k—1 k 0
+ Y (&) A (Z( i W) (g — i) T () — 7"?+1)>
k=1

+oco M

:Uzmaxqp”(éj—s-lm)(fjﬂ —§)Ax Z Z waZ,j+k+3/z

k=1 8=1

)
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N-1

M
max —1 0OAN
+v; E —wy JAG k12 —WiDG jr1ya | s
B=1 k:l

with§; € Z (Ax oo W j+k,Ax Zk o Wi J+k+1) and Ej+1/2 €Z(&,&41), where
we set Z(a,b) = [min{a, b}, max{a b}]. For some ¥, u € [0, 1], we compute

§iv1 — & ﬁAwa Zpﬁ]+k+2+ (1-7 A:va Zpﬁ]+k+1
k=0  p=1 k=0  B=1
_“A‘TZW Zpﬁy+k+1 (1—p szw Zpﬂj-‘rk
k=0  p=1 k=0  p=1
_ﬂAxZwk 12p571+k+1+ AxZw Zpﬁ,]-‘rk-‘rl
k=0  B=1

k=1 [31
—+oo

— Az Zw Z P8k — (L — p)Az Z wit Z PB k41
k=0  pA=1 h=—1 B=1
M

:sz [Pl + (1 — )wF — pwf — (1 — pwit?] Z PB,j+k+1
- A=1

M

+(1-9 Amw02p6]+1 pAzw! Zpﬁﬁ'l
B=1

- (1=

||M§

1
,J + w; Z pg,jﬂ
B=1

By monotonicity of w; we have

Yo (1 = 9wk — pwlf — (1 — )t >0.
Taking the absolute values we get

—+oo

1&i+1 — &| < Az {Z [19%@4 + (1=l — pwf — (1 - N)Wfﬂ] +4w?} M[p" |
k=2

+oo
< Ax{z WE T ] a0 }anww

k=2
< AxG WM p",

Let now K; > 0 be such that Zj‘Ag,j‘ < Kyforg=1,....,M, £ =0,...,n.

Taking the absolute values and rearranging the indexes, we have
n+1
S [Ar o] < X0 AL | (1= A (Vs = Vi) + AtHE,
J

where H = ||p||, v WoM (6 M Jo|lp|l V" ||l + 11¥']lo) - Therefore, by (12) we
get

‘A”ﬁm‘ <> ‘A?,jﬂ/z‘ (1+ALG) + At HK;,
j
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with G = v™||¢||  WoM]|p|| .- We thus obtain
A 0 HEK nA
Z’AZJ'-H/Q‘ gegn tZ‘Ai,j-H/Q’JF@ in t*l,
J j

that we can rewrite as
TV (pA7)(nAt, ) < eTA TV (pf) 4 HFmat — 1
< eHKlnAt (TV (p?> 4 1) -1,

since ‘H > G and it is not restrictive to assume K; > 1. Therefore, we have that
TV (p27) < K, for

t < In Kl(—)i_l ,
HEK, TV (p?) +1

where the maximum is attained for some K; < e (TV (p?) + 1) — 1 such that

In ( K, +1 ) _ K,
TV (p?) + 1 Ki+1°
Therefore the total variation is uniformly bounded for
t < ! .
= He (TV (p) +1)

Iterating the procedure, at time t™, m > 1 we set K1 = e™ (TV (p9) + 1) —1 and
we get that the solution is bounded by K; until t™+! such that
m

He™ (TV (p) +1) (21)

Therefore, the approximate solution has bounded total variation for ¢ < T with

1
TEamven

tm+1 S tm _|_

O

Corollary 2. Let p! € (BVNL>®)(R;R"). If (8) holds, then the approzimate
solution p™® constructed by the algorithm (7) has uniformly bounded total variation
on [0, T] xR, for any T satisfying (16).

Proof. If T < At, then TV (p2%;[0,T] x R) < T'TV (p). Let us assume now that
T > At. Let np € N\{0} such that npAt < T < (np + 1)At. Then

TV (0% [0,T] x R)

np—1
= > A = o] (T = npA) D [pr T — ppT|
n=0 jeZ JEZ

<T supt€[07T]TV(piA“¢)(t,~)

’ILTfl

+ D> Axlpirt =iyl

n=0 jEZ
‘We then need to bound the term

nT—l

> D Aalpiyt =yl

n=0 ;€7
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From the definition of the numerical scheme (7), we obtain

1
p?j = piy = MRV = Vi)

= Mot (Vi = Vilja) + Vil (051 = piy)) -
Taking the absolute values and using (12) we obtain
o = oy < A ([ | Ml | (0) Az | 7y | + o™ [[0l| | o7 -1 — Pi5]) -
Summing on j, we get
S Al — | = o | Mo cws(0) A S Al |
JEL JEZ

+ UzmaX”wHooAtZ }P?,j—l - P?,j’a

JEL

which yields

nr— 1
> 2 Aaleit =l
n=0 j€EZ
<V ¢l T sup TV (p2)(t, )

t€[0,T]
T o MWOT sup (|05, )| 102 (1)
te[0,T)

that is bounded by Corollary 1, Lemma 2.2 and Lemma 2.4. O

3. Proof of Theorem 1.2. To complete the proof of the existence of solutions to
the problem (1), (5), we follow a Lax-Wendroff type argument as in [5], see also
[10], to show that the approximate solutions constructed by scheme (7) converge
to a weak solution of (1). By Lemma 2.2, Lemma 2.4 and Corollary 2, we can
apply Helly’s theorem, stating that for i = 1,..., M, there exists a subsequence,
still denoted by p®, which converges to some p; € (L' N BV)([0,7] x R;R*) in
the L --norm. Let us fix i € {1,..., M}. Let » € CL([0,T[xR) and multiply (7)
by ¢(t™, ;). Summing over j € Z and n € {0,...,np} we get

nrt 1
> D) (i) = oily)
n=0 j

nr— 1

=-A Z Z@ t ij pl,]‘/’t,j-‘rl pz,] lvn) :
Summing by parts we obtain
= > elnr — DALz )T+ p(0,25)p7
J J
np—1

+ Z Z (")) Pl (22)

nTl

+A Z Z (" zj11) — o(t", 25)) Viipapil; = 0.
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Multiplying by Az we get

- sz @((nT - 1)At’m3)pz N + A‘II"ZW O x] pz] (23)
J J
n 1 _
— (™, x;) — (t" 1, z;))
AzAt ) AP 24
raen S z - o, 24)
nr— 1 n .
+ AzAt Z Z Plt" xﬂ“ ‘p(t ’xj))V”ngw =0. (25)

By Li, . convergence of PRT — py, it is straightforward to see that the terms in (23),
(24) converge to

/ (R(@)p(0.2) — pi(T,2) (T, ) dz + / / pilt,2)Ohplt, z) dzdt,  (26)
R 0 R

as Az — 0. Concerning the last term (25), we can rewrite

e ) — ()
s Lj+1) ™ sy n
O S e
’I’LTfl
@(tn7xj+1) @(tna‘rj) n n
= AzAt Z Z Az (pm g1 = P Vi ]) (27)
n=0 j
el (t™, x; (", x;)
S A A
By (12) we get the estimate
n y/n n max 2
Pi,jVi,jH ,gvzg <y HT/’ I AzMHPHOOWi(O)-
Set R > 0 such that ¢(¢t,z) = 0 for |z| > R and jo, j1 € Z such that —R €
J#j, 1,25, 1] and R €]z, 1,25 1], then

P(t" xj41) — (", x;)
AxAtZZ ! Ax 5 (ij‘/;leJrl_PZjVZLj)

n=0 j
nr  J1 )
< Azt 0zp] g D D ol [l M pll2wi(0) Az
n=0j=jo

< 020l oo 0™ | Ml pl|Zwi(0) Az 2 RT

which goes to zero as Az — 0.
Finally, again by the Ll _ convergence of p* — p;, we have that

loc

nr—1

AzAt Z Z t x]+1 (p(t ,.Tj)) n vr L=

Z] 2,]—

T
/ /%go(t,x)pi(t,x)vi(r *w;) dedt.
0o Jr

4. Numerical tests. In this section we perform some numerical simulations to il-
lustrate the behaviour of solutions to (1) for M = 2 modeling two different scenarios.
In the following, the space mesh is set to Az = 0.001.
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4.1. Cars and trucks mixed traffic. In this example, we consider a stretch of
road populated by cars and trucks. The space domain is given by the interval
[—2, 3] and we impose absorbing conditions at the boundaries, adding Ny = 7, /Ax
ghost cells for the first population and Ny = 13 /Ax for the second one at the right
boundary, and just one ghost cell for both populations at the left boundary, where
we extend the solution constantly equal to the last value inside the domain. The
dynamics is described by the following 2 x 2 system

{atm@, 2)+ 00 (pa (1,20 (5 1) (2))) = O, o
pa(t,z) + Op (p2(t, x)v™P((r x w2)(t, x))) =0,
with
2 T
wi(z) = a (1 - Th) , m = 0.3,
2 T
arle)= 2 (1-2). 1 — 0.,
w(g):max{17§70}7 6207

v =08, vy =1.3.

In this setting, p; represents the density of trucks and ps is the density of cars on
the road. Trucks moves at lower maximal speed than cars and have grater view
horizon, but of the same order of magnitude. Figure 2 describes the evolution in
time of the two population densities, correspondent to the initial configuration

p1(0,2) = 0.5x[-1.1,—1.6],
p2(0,2) = 0.5x|-1.6,—1.9],

in which a platoon of trucks precedes a group of cars. Due to their higher speed,
cars overtake trucks, in accordance with what observed in the local case [4].

4.2. Impact of connected autonomous vehicles. The aim of this test is to s-
tudy the possible impact of the presence of Connected Autonomous Vehicles (CAVs)
on road traffic performances. Let us consider a circular road modeled by the space
interval [—1, 1] with periodic boundary conditions at = 1. In this case, we as-
sume that autonomous and non-autonomous vehicles have the same maximal speed,
but the interaction radius of CAVs is two orders of magnitude grater than the one of
human-driven cars. Moreover, we assume CAVs have constant convolution kernel,
modeling the fact that they have the same degree of accuracy on information about
surrounding traffic, independent from the distance. In this case, model (1) reads

Opr(t, ) + O (pr (t, )" P ((r x wi)(t, 7)) = 0,
Opa(t, ) + O (pa(t, )3 P ((r * w2) (£, 2))) = 0,
p1(0,2) = B (0.5 4+ 0.3sin(57x)),

p2(0,z) = (1 = B8) (0.5 + 0.3sin(57x)),

(29)

with
(@) = 1
wilr) = —, =4
1 m m
2
QJQ(.T) - <1 - x) ) 2 = 0017
2 n2

¢(€):max{1—570}7 §>0,
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FIGURE 2. Density profiles of cars and trucks at increasing times
corresponding to the non-local model (28).

ot =0l = 1.
Above p; represents the density of autonomous vehicles, ps the density of non-
autonomous vehicles and 8 € [0,1] is the penetration rate of autonomous vehicle.
Figure 3 displays the traffic dynamics in the case § = 0.9.

As a metric of traffic congestion, given a time horizon T' > 0, we consider the
two following functionals:
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T
J(8) = / d|d,r|dt, (30)
0

T
‘1’(5)=/ [ (£, Z)oT" ™ P((r o+ wi) (8, 7)) + p2(t, T)oy™ b ((r + wo) (¢, 7)) dt, (31)

0

where T = ¢ ~ 0. The functional J measures the integral with respect to time of the
spatial total variation of the total traffic density, see [6]. The functional ¥ measures
the integral with respect to time of the traffic flow at a given point Z, corresponding
to the number of cars that have passed through Z in the studied time interval.
Figure 4 displays the values of the functionals J and ¥ for different values of 8 =
0, 0.1, 0.2,..., 1. We can notice that the functionals are not monotone and present
minimum and maximum values. The traffic evolution patterns corresponding these
stationary values are reported in Figure 5, showing the (¢, z)-plots of the total traffic
density r(t,x) corresponding to these values of 3.

Acknowledgments. The authors are grateful to Luis M. Villada for suggesting
the non-local multi-class traffic model studied in this paper.

Appendix A. Lax-Friedrichs numerical scheme. We provide here alternative
estimates for (1), based on approximate solutions constructed via the following
adapted Lax-Friedrichs scheme:

p?jl Pij = A (Fi7}j+1/2 - Ffj—yg) ; (32)
with )
Fijiay2 = 5pi Vil + psz - +3 SO = Pl) - (33)

where a > 1 is the viscosity coefficient and \ = Tx' The proofs are very similar to
those exposed for Godunov approximations.
Lemma A.1. For any T > 0, under the CFL conditions
Aa <1, (34)
a 2 Vi [¢]l o (35)
the scheme (33)-(32) is positivity preserving on [0,T] x R.
Lemma A.2. (L°°-bound) If p?’j >0 forallj€eZandi = 1,....M, and the
CFL conditions (34)-(35) hold, the approzimate solution p™* constructed by the
algorithm (33)-(32) is uniformly bounded on [0,T] x R for any T such that
T < (MO om0 Wo) (36)
Lemma A.3. (BV estimates) Let p € (BVNL>®) (R,R") for alli=1,..., M.
If (35) holds and
2
At < Az, 37
%0+ Aa 0T, Wo v P e

then the solution constructed by the algorithm (33)-(32) has uniformly bounded total
variation for any T such that

1
Ts=, i ml .M D(TV(p)+1)’ (38)

where D = ||p|| o, vaf™*WoM (?JWJoH/Dlloo||w”||oo +2[¢ll o)
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FIGURE 3. Density profiles corresponding to the non-local problem
(29) with 8 = 0.9 at different times.

385



386

FELISIA ANGELA CHIARELLO AND PAOLA GOATIN

0.48

0.478

0.476

0.474

0.472

047}

0.468

0.466

0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
B B

FIGURE 4. Functional J (left) and ¥ (right)

i

!

|

1\ {
8

(c) B=03 (D) B=10.9

FIGURE 5. (t,x)-plots of the total traffic density r (¢, z) = p1(t, )+
po(t,x) in (29) corresponding to different values of 5: (a) no au-
tonomous vehicles are present; (b) point of minimum for ¥; (c)
point of minimum for J; (d) point of maximum for J.



NON-LOCAL MULTI-CLASS TRAFFIC FLOW MODELS 387

REFERENCES

[1] A. Aggarwal, R. M. Colombo and P. Goatin, Nonlocal systems of conservation laws in several
space dimensions, SIAM J. Numer. Anal., 53 (2015), 963-983.

[2] P. Amorim, R. Colombo and A. Teixeira, On the numerical integration of scalar nonlocal
conservation laws, ESAIM M2AN, 49 (2015), 19-37.

[3] A. Aw and M. Rascle, Resurrection of “second order” models of traffic flow, SIAM
J. Appl. Math., 60 (2000), 916-938 (electronic), URL http://dx.doi.org/10.1137/
S0036139997332099.

[4] S. Benzoni-Gavage and R. M. Colombo, An n-populations model for traffic flow, European J.
Appl. Math., 14 (2003), 587—612, URL https://doi.org/10.1017/S0956792503005266.

[5] S. Blandin and P. Goatin, Well-posedness of a conservation law with non-local flux arising
in traffic flow modeling, Numer. Math., 132 (2016), 217241, URL http://dx.doi.org/10.
1007/s00211-015-0717-6.

[6] R. M. Colombo and A. Groli, Minimising stop and go waves to optimise traffic flow, Appl.
Math. Lett., 17 (2004), 697-701.

[7] F. A. Chiarello and P. Goatin, Global entropy weak solutions for general non-local traffic flow
models with anisotropic kernel, ESAIM: M2AN, 52 (2018), 163-180, URL https://doi.org/
10.1051/m2an/2017066.

[8] J. Friedrich, O. Kolb and S. Géttlich, A Godunov type scheme for a class of scalar conservation
laws with non-local flux, Netw. Heterog. Media, 13 (2018), 531-547, URL http://dx.doi.
org/10.3934/nhm.2018024.

[9] P. Goatin and S. Scialanga, Well-posedness and finite volume approximations of the LWR
traffic flow model with non-local velocity, Netw. Heterog. Media, 11 (2016), 107-121, URL
http://dx.doi.org/10.3934/nhm.2016.11.107.

[10] R. J. LeVeque, Finite Volume Methods for Hyperbolic Problems, Cambridge Texts in Applied
Mathematics, Cambridge University Press, Cambridge, 2002.

[11] M. J. Lighthill and G. B. Whitham, On kinematic waves. II. A theory of traffic flow on long
crowded roads, Proc. Roy. Soc. London. Ser. A., 229 (1955), 317-345.

[12] H. Payne, Models of Freeway Traffic and Control, Simulation Councils, Incorporated, 1971.

[13] P. I. Richards, Shock waves on the highway, Operations Res., 4 (1956), 42-51.

[14] A. Sopasakis and M. A. Katsoulakis, Stochastic modeling and simulation of traffic flow: Asym-
metric single exclusion process with Arrhenius look-ahead dynamics, SIAM J. Appl. Math.,
66 (2006), 921-944 (electronic).

[15] G. Whitham, Linear and Nonlinear Waves, Pure and applied mathematics, Wiley, 1974.

[16] H. Zhang, A non-equilibrium traffic model devoid of gas-like behavior, Transportation Re-
search Part B: Methodological, 36 (2002), 275-290, URL http://www.sciencedirect.com/
science/article/pii/S0191261500000503.

Received August 2018; revised October 2018.

FE-mail address: felisia.chiarello@inria.fr
E-mail address: paola.goatin@inria.fr


http://www.ams.org/mathscinet-getitem?mr=MR3332915&return=pdf
http://dx.doi.org/10.1137/140975255
http://dx.doi.org/10.1137/140975255
http://www.ams.org/mathscinet-getitem?mr=MR3342191&return=pdf
http://dx.doi.org/10.1051/m2an/2014023
http://dx.doi.org/10.1051/m2an/2014023
http://www.ams.org/mathscinet-getitem?mr=MR1750085&return=pdf
http://dx.doi.org/10.1137/S0036139997332099
http://dx.doi.org/10.1137/S0036139997332099
http://dx.doi.org/10.1137/S0036139997332099
http://www.ams.org/mathscinet-getitem?mr=MR2020123&return=pdf
http://dx.doi.org/10.1017/S0956792503005266
https://doi.org/10.1017/S0956792503005266
http://www.ams.org/mathscinet-getitem?mr=MR3447130&return=pdf
http://dx.doi.org/10.1007/s00211-015-0717-6
http://dx.doi.org/10.1007/s00211-015-0717-6
http://dx.doi.org/10.1007/s00211-015-0717-6
http://dx.doi.org/10.1007/s00211-015-0717-6
http://www.ams.org/mathscinet-getitem?mr=MR2064183&return=pdf
http://dx.doi.org/10.1016/S0893-9659(04)90107-3
http://www.ams.org/mathscinet-getitem?mr=MR3808157&return=pdf
http://dx.doi.org/10.1051/m2an/2017066
http://dx.doi.org/10.1051/m2an/2017066
https://doi.org/10.1051/m2an/2017066
https://doi.org/10.1051/m2an/2017066
http://dx.doi.org/10.3934/nhm.2018024
http://dx.doi.org/10.3934/nhm.2018024
http://www.ams.org/mathscinet-getitem?mr=MR3461737&return=pdf
http://dx.doi.org/10.3934/nhm.2016.11.107
http://dx.doi.org/10.3934/nhm.2016.11.107
http://dx.doi.org/10.3934/nhm.2016.11.107
http://www.ams.org/mathscinet-getitem?mr=MR1925043&return=pdf
http://dx.doi.org/10.1017/CBO9780511791253
http://www.ams.org/mathscinet-getitem?mr=MR0072606&return=pdf
http://dx.doi.org/10.1098/rspa.1955.0089
http://dx.doi.org/10.1098/rspa.1955.0089
http://www.ams.org/mathscinet-getitem?mr=MR0075522&return=pdf
http://dx.doi.org/10.1287/opre.4.1.42
http://www.ams.org/mathscinet-getitem?mr=MR2216726&return=pdf
http://dx.doi.org/10.1137/040617790
http://dx.doi.org/10.1137/040617790
http://www.ams.org/mathscinet-getitem?mr=MR0483954&return=pdf
http://dx.doi.org/10.1016/S0191-2615(00)00050-3
http://www.sciencedirect.com/science/article/pii/S0191261500000503
http://www.sciencedirect.com/science/article/pii/S0191261500000503
mailto:felisia.chiarello@inria.fr
mailto:paola.goatin@inria.fr

	1. Introduction
	2. Godunov type approximate solutions
	2.1. Compactness estimates

	3. Proof of Theorem 1.2
	4. Numerical tests
	4.1. Cars and trucks mixed traffic
	4.2. Impact of connected autonomous vehicles

	Acknowledgments
	Appendix A. Lax-Friedrichs numerical scheme
	REFERENCES

