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ABSTRACT. In this paper we deal with the homogenization of stochastic non-
linear hyperbolic equations with periodically oscillating coefficients involving
nonlinear damping and forcing driven by a multi-dimensional Wiener process.
Using the two-scale convergence method and crucial probabilistic compactness
results due to Prokhorov and Skorokhod, we show that the sequence of solu-
tions of the original problem converges in suitable topologies to the solution
of a homogenized problem, which is a nonlinear damped stochastic hyperbolic
partial differential equation. More importantly, we also prove the convergence
of the associated energies and establish a crucial corrector result.

1. Introduction and setting of the problem. Homogenization theory has be-
come an important tool in the investigation of processes taking place in highly het-
erogenous media ranging from soil to the most advanced aircraft the construction
of which uses composite materials. So far, the problems solved by means of homog-
enization have mainly involved deterministic partial differential equations (PDEs)
and the homogenization of PDEs with randomly oscillating coefficients; the great
wealth of results obtained over several decades on problems of diverse classes and
methodologies can be found for instance in [9, 6, 40, 41, 23, 34, 22, 49, 31, 17, 4,
32, 36, 46, 50, 33], for the deterministic case and [13, 14, 18, 20, 24, 37, 19, 47, 48].
for the random case. Fundamental methods were subsequently developed such as
the method of asymptotic expansions ([9], [6], [40], [41]), the two scale-convergence
([4], [32]), Tartar method of oscillating test functions and H-convergence ([49]),
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the asymptotic method for non periodically perforated domains ([23], [46]), G-
convergence ([36]) and I'-convergence developed by De Giorgi and his students;
relevant extensions of some of these methods, including their random counterparts,
have also emerged in recent times. One rapidly developping important branch of
homogenization is that of numerical homogenization; see [1], [2].

However physical processes under random fluctuations are better modelled by
stochastic partial differential equations (SPDEs). It was therefore natural to con-
sider homogenization of this very important class of PDEs. Research in this direction
is still at its infancy, despite the importance of such problems in both applied and
fundamental sciences. Some relevant interesting work have recently been undertak-
en, mainly for parabolic SPDEs; see for instance [3, 8, 10, 11, 21, 43, 44]. We also
note the closely related work [3, 25, 15, 16] dealing with stochastic homogenization
for SPDEs with small parameters. The list of references is of course not exhaustive,
but a representation of the main trends in the field.

The homogenization of hyperbolic SPDEs was initiated in [27], [28, 29], [30] where
the authors studied the homogenization of Dirichlet problems for linear hyperbol-
ic equation with rapidly oscillating coefficients using the method of the two-scale
convergence pioneered by Nguetseng in [32] and developed by Allaire in [4] and [5];
they also dealt with the linear Neumann problem by means of Tartar’s method and
obtained the corresponding corrector results within these settings; [30] deals with a
semilinear hyperbolic SPDE by Tartar’s method.

In the present work, following the two-scale convergence method, we investigate
the homogenization of a non-linear hyperbolic equation with nonlinear damping,
where the intensity of the noise is also nonlinear and is assumed to satisfy Lips-
chitz’s condition. Our investigation relies on crucial compactness results of analytic
(Aubin-Lions-Simon’s type) and probabilistic (Prokhorov and Skorokhod funda-
mental theorems) nature. It should be noted that these methods extend readily to
the case when Lipschitz condition on the intensity of the noise is replaced by a mere
continuity. In contrast to the linear and the semilinear cases considered in previous
papers, the type of nonlinear damping and nonlinear noise in the present paper
leads to new challenges in obtaining uniform a priori estimates as well as in the
passage to the limit. It should be noted that the process of damping in mechanical
systems is a crucial stabilizing factor when the system is subjected to very extreme
tasks; mathematically this translates in some regularizing effects on the solution of
the governing equations.

We are concerned with the homogenization of the initial boundary value problem
with oscillating data, referred to throughout the paper as problem (P.):

duj—div (Ae (x) Vu®) dt + B(t, ug)dt
= f(t,x,x/e,Vu)dt + g(t,z,x/e,uf)dW in (0,T) x Q
u®=0o0n(0,T) x 0Q,
u®(0,z) = a®(z), u;(0,z) = b° (x) in Q,

where u§ denotes the partial derivative Ou®/0t of u¢ with respect to ¢, € > 0 is a
sufficiently small parameter which ultimately tends to zero, T' > 0, () is an open and
bounded (at least Lipschitz) subset of R, W = (W (t)) (¢ € [0,T]) an m-dimensional
standard Wiener process defined on a given filtered complete probability space
(Q,F,P,(Fi)g<i<r); E denotes the corresponding mathematical expectation. For
a physical motivation, we refer to [27, 28], where the authors discussed real life
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processes of vibrational nature subjected to random fluctuations; for instance the
nonlinear term B(¢, u$) stands for damping effects, the term f(t,z,z/e, Vu©) is the
oscillating regular part of the force acting on the system and depending linearly on
Vu€, while the term g(t, x, 2 /e, u§)dW represents the oscillating random component
of the force; it depends on u;. More precise assumptions on the data will be provided
shortly.

Few words about the difference between the current work and previous works by
the authors on homogenization of SPDEs. Compared to [27, 28, 29, 30], the struc-
ture of problem (P.) is dominated by nonlinear terms such as the damping B(¢, uS),
leading to LP (Q)-like norms whose combination with the predominently L2-like
norms coming from the other terms requires special care, both in the derivation of
the a priori estimates, as well as in the passage to the limit. Though, two-scale
convergence method is also used in the paper [27], the model there is essentially
linear. The works [43, 44] deal with stochastic parabolic equations in domains with
fine grained boundaries, where no conditions of periodicity hold and the methodol-
ogy implemented there is a stochastic counterpart of Kruslov-Marchenko’s [23] and
Skrypnik’s [46] homogenization theories based on potiential theory; for instance the
homogenized problems in [43, 44] involve an additional term of capacitary type.
The investigation of a hyperbolic counterpart of these works has still not been un-
dertaken and is somehow overdue. Finally, compared with the above mentioned
works, the current paper involves a simpler proof of the convergence of the stochas-
tic nonlinear term (its integral) thanks to a blending of two-scale convergence with
a regularizing argument and a result on convergence of stochastic integrals due to
Rozovskii [39, Theorem 4, P 63].

We now introduce some functions spaces needed in the sequel.

For 2 < p < oo, we define the Sobolev space

Wi = {o: 0 (@ 32 €@, i = Lwn ),

J
where the derivatives exist in the weak sense, and LP(Q) is the usual Lebesgue
space. For p =2, W2(Q) is denoted by H'(Q). By Wol’p(Q) we denote the space
of elements 1 € W1P(Q) such that 1|9 = 0 with the W?(Q)-norm. By (¢,) we
denote the inner product in L?(Q) and by (., .) we denote the duality pairing between
Wy (Q) and W17 (Q) (% Jr§:1). We also consider the following spaces, H(Q) =
{u e H'(Q)|Mg(u) = 0} where Mq(u) is the mean value of u over Q, C32,(Y)
the subspace of C*°(R"™) of Y- periodic functions where Y = (0,11) X ... x (0,1,).
Let H!,.(Y) be the closure of C3,.(Y) in the H'-norm, and Hpe(Y) the subspace

per per

of H},.(Y) with zero mean on Y.
For a Banach space X, and 1 < p < oo, we denote by LP(0,T; X) the space of

measurable functions ¢ : t € [0,7] — ¢(t) € X and p-integrable with the norm

T v
||¢|LP(O,T;X)_<A |¢||§(dt> , 0<p<oo.

When p = oo, L*>(0,T; X) is the space of all essentially bounded functions on the
closed interval [0, T] with values in X equipped with the norm

||l Loe (0, 17;x) = ess sup [|¢]|x < oo.
[0,T]
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For 1 < ¢,p < oo, L1(Q, F,P,LP(0,T; X)) ((Q,F,P) is a probability space with
a filtration {Fi},c(q 7)) consists of all random functions ¢ : (w,t) € @ x [0,T] —
d(w,t,-) € X such that ¢(w,t,x) is progressively measurable with respect to (w,t).
We endow this space with the norm

1/q
16]] oo pizm o) = (EN9G0rx) -
When p = oo, the norm in the space L4(2, F,P, L>°(0,T; X)) is given by

1/q
||¢||Lq(9,f,ﬂ:>;Loo(o,T;X)) = (EH‘bH%‘X’(O,T;X)) :

It is well known that under the above norms, L4(Q, F, P, LP(0,T; X)) is a Banach
space.
We now impose the following hypotheses on the data.

(A1) Ac(z) = A(2) = (ai;(%))1<ij<n is an n X n symmetric matrix, the compo-

nents a; ;, are Y —periodic and there exists a constant o > 0 such that

n n
D & = a)y € for, €RY,
ij=1 i=1

Q; 5 S LOO(]Rn)7 Z,] — 1,“.’77“

(A2) B(t,-):u e WyP(Q) — W1 (Q) such that
i) B(t,-) is a hemicontinuous operator, i.e. A\ — (B(t,u + \v),w) is a
continuous operator for all ¢ € (0,7) and all u, v,w € Wy ?(Q);
(ii) There exists a constant v > 0 such that
(B(t,u),u)y > 7”“”@[/3*"(@) for a.e. t € (0,T) and all u € Wy (Q);

(iii) There exists a positive constant 5 such that

IB(t,w)llyy 1. () < 5||u||§v—&%p(@ for a.e. t € (0,T) and all u € W, ?(Q);

(iv) (B(t,u) — B(t,v),u —v) >0, for a.e. t € (0,T) and all u,v € W) *(Q);
(v) The map t — B(t,u) is Lebesgue measurable in (0,7") with values in
WL (Q) for all u € W, P(Q).

(A3) We assume that f(t,z,y,w) is measurable with respect to (z,y) for any
(t,w) € (0,T) x R™, continuous with respect to (¢,w) for almost every (z,y) €
Q@ x Y, and Y-periodic with respect to y. Also there exists an R"-valued func-
tion F' = (F; (t,2,Y)),<;<, such that f(t,z,y,w) = F(t,z,y)-w. Furthermore,

<C HwHL2(Q) )

I )]
€ L2(Q)

for any (t,w,e) € (0,T) x L?(Q) x (0,00), with the constant C' independent
of ¢ and ¢. A sufficient requirement for this condition to hold is that F; (¢,-) €
L>*(Q xY) for any t € (0,T).
(A4) a(z) € H} (Q), b¢(x) € L? (Q), for any € > 0.
(A5) g(t,z,y,¢) is an m-dimensional vector-function whose components g; (¢, z,
y, @) satisfy the following conditions:
o g, (t,z,y, @) is Y-periodic with respect to y, measurable with respect to x and
y for almost all t € (0,T) and for all ¢ € L?(Q),
o g; (t,z,y, @) is continuous with respect to ¢ for almost all (¢,z,y) € (0,T) x
Q@ x Y, and there exists a positive constant C' independent of ¢, x and y, such
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that
lgs (& 2,9, D)l gy < C (14 1ll12(0)) (1)

and
e g, (t,z,y,-) satisfies Lipschitz’s condition

|gj (t7xvyasl)_gj (tvxayaSQ)‘ SL‘51_82|7 (2)
with the constant L independent of ¢, z and y.
If ||g; (t,x,y,0)||L2(QXy) < oo for any ¢ = 1,...,m and any ¢t € (0,T'), the condi-

tion (1) is redundant since it follows from the Lipschitz condition (2).
From now on we use the following oscillating functions

fet,z,w)=f (t,x, g,w) , g5 (6,7, 0) = gi (t,x, ;qﬁ) .

We now introduce our notion of solution; namely the strong probabilistic one.
Definition 1.1. We define the strong probabilistic solution of the problem (P,) on
the prescribed filtered probability space (Q, F.,P, {]:t}te[O,T]) as a process

ut: Qx [0,T] — HH(Q),

satisfying the following conditions:
(1) uf, uf are Fy—measurable,
(2)
ut € L (Q,F,B;0(0,T; Hy (Q)))
ui € L2 (2. F, B C(0.T5 L*(Q))) N ¥ (. FLB L (0. Ts Wa (Q)) )

(3) Vt €[0,T], uc(t,.) satisfies the identity
t t
(05 (,.6) — 500,,6) + [ (AT (5,0, Vos + [ (s, u), s
0 0

= /Ot (f<(s,., Vu©), ¢) ds + (/Otge(s7.7u§)dW(8),¢> :
Vo € C(Q).

The problem of existence and uniqueness of a strong probabilistic solution of (P)
was dealt with in [38]. The relevant result is

Theorem 1.2. Suppose that the assumptions (A1) — (A5) hold and let p > 2. Then
for fized € > 0, the problem (P.) has a unique strong probabilistic solution u€ in the
sense of Definition 1.1.

Our goal is to show that as € tends to zero the sequence of solutions (u€) converge
in a suitable sense to a solution w of the following SPDE

duy — divAgVudt + B(t,uy)dt = f(t,z, Vu)dt + §(t, z,u,)dW in Q x (0,T),
(P) u=0o0ndQ x (0,T),
u(0,2) = a(z) € Hy(Q),u:(0,2) = b(x) € L*(Q),

where Ag is a constant elliptic matrix defined by

Ao = |—j,| /Y (A(y) — AW)x())dy,



346 MOGTABA MOHAMMED AND MAMADOU SANGO

X(y) € Hper(Y) is the unique solution of the following boundary value problem:

divy (A(y)Vyx(y)) = Vy - A(y) n Y
x is Y periodic,

forany A € R and Y = (0,11) x ... x (0,1,),

f(t“%‘,vu) = % A F(t,x,y) : [v$u(t’$) + vyul(tv‘%y)}dya

- 1
g(t,x,ut) = M/Yg(t’xyy,Ut) dy7

a and b are suitable limits of the oscillating initial conditions a“ and b°, respectively,
W is an m-dimensional Wiener process

2. A priori estimates. Here and in the sequel, C' will denote a constant inde-
pendent of €. In the following lemma, we obtain the energy estimates associated to
problem (P.).

Lemma 2.1. Under the assumptions (Al)-(Ab), the solution u of (P:) satisfies
the following estimates:

E sup |uc(t)|? <C,E sup ||us(t)|? <C, 3
S [0 Oyg) < O s 5(0]Ea(o) < 3)
and
T
€ p
B[ 1000 ) < C (1)

Proof. The following arguments are used modulo appropriate stopping times. 1t6’s
formula and the symmetry of A give

dll[ull72(q) + (AcVus, Vu)] + 2(B(t, uj), uj) )t

= 2(f°(t, @, Vu)), ug)dt + 2(g° (¢, x,uf), uf)dW + > ||g5 (£, 2, uf) 132 () dt-

Jj=0

Integrating over (0,t), t < T, we get

luf (D)172(q) + (AeVuﬁ(t)’Vuﬁ(t))Jr?/O (B(s, uy(s)), uy(s)))ds

= [Jug[|72(q) + (AcVuf, Vug)
t t

—|—2/ (fe(s,x,VuE),ui)d5+2/ (9°(s, z,ug), uy)dW
0 0

mo ot
s / 195 (5, 2, ) |2 5.
3=0

Using the assumptions (A1), (A2)(é), (A5) and taking the supremum over ¢ € [0, T
and the expectation on both sides of the resulting relation, we have

t
E| sup [[us(t)]|2200 + sup [u(t)|? +2/uespp ds 5
[ogthH t Oz () ogthH O3 @) + 27 ; g ()0 ) (5)

t t
oo [ IuiOlagd+2 [ 10 enu) i
0 0
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+2 sup
0<s<t

/ (9°(o, z,us), ui)dWH ,
0

where
O = C(T) + [ B0 + lubls o)
Using assumptions (A3), thanks to Cauchy-Schwarz’s and Young’s inequalities,

we have
T

T
E / (7 (s, 2, V), uf)|dt < E / IVl 2y 6l 2@yt

T
<E sup [l (¢ )||L2(Q)/O |Vus| L2ydt (6)

0<t<

T
€ 2 €12
< o sy (1) ) + Clo)T < | v ||L2(Q>dt> ,

where ¢ > 0. Thanks to Burkholder-Davis-Gundy’s inequality, followed by Cauchy-
Schwarz’s inequality, the last term in 5 can be estimated as

/0 (g% (0,21 (0)), u(0)) W (o)

E sup
0<s<t

2

<ce([ t(gf(o—,x,uxo)),u;(a))?do)

1
t 2
SCE<SHP i)l [ ||g€<a,x,u:<a>>||%z<@da)

0<s<t

Again using Young’s inequality and the assumptions (A5), we get

22 sup | [ S(gf(o,x,uz<a>>,u:<a>>dw\

0<s<t

T
< 6B sup [ (9)aig) + Clo) [ °(0,ui(0)) (o
0<s<t 0

T
< ¢E sup. 14 ()1 72 (@) + C(o)(T) + C(Q)/O 14 (0) 172 do, (7)

for o > 0. Combining the estimates 6, 7, 5 and assumption (A5) and taking o
sufficiently small, we infer that

E sup IIUt()\|L2<Q)+]E Sup Il ()1 @ +0E/ [CHO s

t
< C(T.C1.02)+ CE | [Hui(s)\l%z@) () By gy ®)
Using Gronwall’s inequality, we have
E| sup |lus(t)|? + sup |luc(d)|? }<C’7
s Ol + s [ Ol <

and subsequently

B [ 160 g5 <
The proof is complete. O
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The following lemma will be of great importance in proving the tightness of prob-
ability measures generated by the solution of problem (P.) and its time derivative.
Lemma 2.2. Let the conditions of Lemma 2.1 be satisfied and let p > 2. Then

there exists a constant C > 0 such that

T
€ € p’ < p'/p
E s@rgpé/0 |lug (t + 0) ut(t)||W71,p,(Q)dt < C6P /P

foranye>0and0<§<1.

Proof. . We consider that div (A:V¢) has been restricted to the space W*Lpl(Q)
and that the restriction induces a bounded mapping from Wol’p(Q) to W‘l’p/(Q).

Assume that u§ is extended by zero outside the interval [0,7] and that 6 > 0.
We write

t+0 t+6
uj(t+6) —ug(t) = / div(AVuc)ds — / B(s,ui(s))ds
t t
t+60 t+0
+ / fé(s,z, Vu)ds + / (s, ug(s))dW (s).
t t
Then

t+0
[ug(t +0) — ug (D) lyy-107 (@) < /t div(A.Vuc)ds

()

t+6
+ /t B(s,u;(s))ds

W-2'(Q)

t+6
+ fe(s,x, Vu)ds
t

w=tr'(Q)

t4-60
4 / 6 (s, uS(5))dW (s)

WL (Q)

Firstly, thanks to assumption (A1), we have

< sup
PEWSP(Q):[|9ll=1

t+6
= sup // A VuVeodxds
PEW P (Q):|gll=17Q /¢
t+6

< sw / IV @ IVl oy s
PEW, P(Q):||pll=1 ¢

t+6
/ div(A.Vuc)ds
t

w-'(Q)

t+0
<[ diV(AEVUE)dS,¢>W711p/(Q)’WOLP(Q)

t+6 t+6 1/2
< [ IVl < oV (/ |W|%2<Q>ds> . o)
t t

where we have used the fact that p’ < 2.
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Secondly, we use assumption (A2)(7i7), estimate 4 and Holder’s inequality to get

/tt+9 B(s,us(s))ds

WL (Q)
t+6
< sup </ B(s,u,f(s))ds,(b)W,LP/(Q)’WOl,p(Q)
SEW, P (Q):llell=1] Jt
t+6
< s B ) o o)l s
$EW; (Q):]|¢ll=1
(11)
1/ e "
< P €||P
<o /t ||utHW01,,,(Q)ds .
Thirdly,
t+6
H fe(s,x, Vu)ds
W12 (Q)
(s,x, Vu)ds
L2(Q)
t+6 46 1/2
<c / IVuliag <02 ([ 190 s (2
¢ t
where we have used assumption (A3).
Using 10, 11 and 12 in 9 raised to the power p’, for fixed § > 0, we get
E(g;gg/ s (¢ + 6) = w DI,y gyt (13)
, T t+6 p'/2
< CE sup (91’/2/ </ [IVue ||L2 ) dt
0<6<6
t+6
+ CE sup 6P /p/ / l[ugll5, 1 dsdt
0<0<5 (@)
T t+0
+E sup / / (s, uz(s)dW (s ) dt.
0<6<s Jo t w12 (Q)
We now estimate the term involving the stochastic integral.
We use the embedding
Wo(@Q) = L2 (@) = W' (Q)
to get the estimate
T t+6 3
E sup / / 9¢(s,us(s)dW(s) dt
0<6<s Jo t —
T t+6 3
<E sup / / 9 (s, us(s)dW(s) dt. (14)
0<6<s Jo ¢ £2(Q)

Thanks to Fubini’s theorem and Holder’s inequality, we have
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’
p

dt

T
IE/ sup
0 0<6<6 L2(Q)
T 40 2
/ /E sup (/ g° (s,ui(s))dW(s)) dx dt (15)
0 Q 0<0<s \Jt

T t+5 ) /2
/ (E J A RCCT ds> i,
t

where we have used Burkholder-Davis-Gundys inequality. We now invoke assump-
tion (A5) and estimate 3 to deduce from 14 and 15 that

T
E sup /
0<0<s5J0

T
= /
0

For the first term in the right-hand side of 13, we use Fubini’s theorem, Hélder’s
inequality and estimate 3 to get

t+4+6
/t 4 (s, u(5)dW (s)

IA

IN

’

p

t+0
/t 9 (s, ug(s)dW(s) dt (16)

w-1.p’

t+6 P/
E/ (1 + HUE(S)\Iiz(Q)) d‘s} dt < CTs" /2
t

’ T t4+0 e P//2
B sup o7 /2 Jo (0 170 g )
/ T t+o . p'/2
<oV ) (B 0 IVl gds) (17)
< CTé .

The second term on the right hand side of 13 is estimated using 4 and we get

// T t+6
E s or /P |k dsdt

T T
< §v'/p €||p < csP'/P.
< /0 E/O 05110 sl < 5 (18)

Combining 13, 16, 17 and 18, and taking into account the fact that the similar
estimates hold for # < 0, we conclude that

T
e —uS NP < CgP /P
Ez}g/o i (¢ 40) = g (DI, et < C8777.

This completes the proof. O

3. Tightness property of probability measures. The following Lemmas are
needed in the proof of the tightness and the study of the properties of the probability
measures generated by the sequence (W, u¢, ug).

We have from [45]

Lemma 3.1. Let By, B and By be some Banach spaces such that By C B C B
and the injection By C B is compact. For any 1 < p,q < oo, and 0 < s <1 let £
be a set bounded in L9(0,T; By) N N*P(0,T; By), where

N*P(0,T; By) = {v € LP(0,T; By) : suph™*|Ju(t + h) — v(t)|| v (0,7—0,B,) < oo}.
h>0
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Then E is relatively compact in LP(0,T; B)

The following two lemmas are collected from [12]. Let S be a separable Banach
space and consider its Borel o-field to be B(S). We have

Lemma 3.2. (Prokhorov) A sequence of probability measures (Il,), .y on (S,
B(S)) is tight if and only if it is relatively compact.

Lemma 3.3. (Skorokhod) Suppose that the probability measures (jin),cn 0n (S,
B(S)) weakly converge to a probability measure p. Then there exist random variables
&&,...&n,y ..., defined on a common probability space (2, F, P), such that L(§,,) =
tn and L(E) = p and

lim ¢, =¢, P —a.s;

n—oo

the symbol L () stands for the law of -.

Let us introduce the space Z = Z; x Zy, where
Zy=4¢: su )3 <Ci, su (D)2 <Oy,
(= {05 s IOl < O s 10l <

and

T
= : 2 < p <
Zs {¢ ozltlgT M’(t)”Lz(Q) < Cs, /0 ”d’(t)”ww(@dt <0y,

0

T
|1t 0) = w0l g < csal/p} .

We endow Z with the norm

1@, V)2 = 9llz, + Y]z, = sup [|6')llz2@) + sup [16llaa o)
0<t<T 0<t<T

1
T P

)12 P, dt
+0;1§T||w( iz + (/0 ll( )IIWU,p(Q) )

1 T , y 4
+ (s g [ 1040 = 00Ol g )

0>0
Lemma 3.4. The above constructed space Z is a compact subset of L*(0,T; L*(Q)) %
L*(0,T5 L*(Q)).

Proof. Lemma 3.1 together with suitable arguments due to Bensoussan [7] give the
compactness of Z; and Zs in L?(0,T; L?(Q)). O

We now consider the space X = C(0,T;R™) x L?(0,T; L*(Q)) x L*(0,T; L*(Q))
and B(X) the o—algebra of its Borel sets. Let U, be the (X, B(X))-valued measur-
able map defined on (Q, F,P) by

Ve:w (W(w), u(w), ug(w)).
Define on (X, B(X)) the family of probability measures (II¢) by
M (A) = P(U_1(A)) for all A€ B(X).

Lemma 3.5. The family of probability measures {Il. : € > 0} is tight in (X, B(X)).
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Proof. We carry out the proof following a long the lines of the proof of [27, lemma
7]. For 6 > 0, we look for compact subsets

Ws C C(0,T;R™), Ds C L*(0,T;L*(Q)), Es C L*(0,T;L*(Q))
such that
Hg{(VV,ue,u:) € Ws x Dg x E(;} >1-6.
This is equivalent to
P{w W(,w) € Ws,u(,w) € Ds,us)(-,w) € E(;} >1-9,
which can be proved if we can show that
Plw: W(w) & Ws} <6, P{u(w) ¢ Ds} <46, P{us)(-w). € By} <.
Let Ls be a positive constant and n € N. Then we deal with the set

Ws = {W(-) € C(0,T;R™): sup n|W(s)—W(t)]| <Ls:|s—t| <Tn '}
t,s€[0,T

Using Arzela’s theorem and the fact that Ws is closed in C'(0,T;R™), we ensure
the compactness of Wy in C(0,T;R™). From Markov’s inequality

Eln(w)|*

P(w:n(w) 2 a) < L0

; (19)

where 7 is a nonnegative random variable and k a positive real number, we have

P{”:W("“)¢W5}<P[G< sup |W(5)—W(t)>l;518—t|<Tn1)]

n=1 \t,s€[0,T]

giﬂ@( L CEUE ]

n—0 Tjn—6<t<T(j+1)n—
But
E (W;(t) — Wi(s))*" = (2k — 1)1t — )", k=1,2,3,...,
where (2k — 1) =1-3-.-(2k — 1) and W; denotes the i-th component of W.

For k = 4, we have

P{w: W(.,w) ¢ Ws}

oo nb 4
< Z Z (;) E ( sup |W(t) - W(an6)|4>

Tijn=6<t<T(j+1)n—"6

n=0 j=1
S <;)4 (=) = CT2 $° 2,
n=0j=1 \'79 (Lo)* 2=
CnH)t

Plw: W(,w) ¢ Ws} < g

Now, let K5, Mj be positive constants. We define
2 1|2
z: su z < Kj, su 2 (t < Mst.
{ P || )||H5(Q) ogtgzr [ )HL2(Q) }
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Lemma 3.4 shows that Ds is compact subset of L?(0,T; L?(Q)), for any § > 0. It
is therefore easy to see that

B{uf ¢ D5} <P{ sup |[u()l% g > Ko} +B{ sup [uf(t)lZa0) > Ms}.
0<t<T 0<t<T

Markov’s inequality 19 gives

1 1 c C )
P{u¢ ¢ Ds} < —E sup |u(®)|* +—F sup |Jus(d)|]? < — 4 — = —,
{u® ¢ Ds} < Ky ogthH ()”Hg(Q) M; ogth” i )||L2(Q) =K, M; 3

fOI‘K(;:M(;:f

Similarly, we let fins Vm be sequences of positive real numbers such that u,,, v, —

v’ /p .
Oasn — o0, Y., “" < oo (for the series to converge we can choose v, = 1/n?,

=1/n%, with ap /p > 4) and define

T
Bs=<v: sup v(t)|? SK’,/ v(t oodt < Lk,
{ s Ol < K [ o010 gt < 2

T
sup / lo(t +8) — 0@, gyt < unMs} .

0<pin
Owing to Proposition 3.1 in [7], Bs is a compact subset of L?(0,T; L?(Q)) for any
6 > 0. We have

T
Plu ¢ B5) < P{ sup i)l > K5 +P{/ 5Oy dt>L'}
0<t<T 0

T
+P< su / ws(t+60) —us(t pl_p dt > v, M; » .
{egﬁ, ; l[ug (£ 4 6) — ut (O)%y-10 () 5

Again thanks to 19, we obtain
P{ui ¢ Bs}
< K%;ESUPOQST [Jug (t )HLZ(Q) + 7 Efo [Jug (¢ ||W1 P (
0 B supacs, S uie-+6) - u;<t>|’;vl,p@)dt}

»'/p

w s
_K/+L/+M/E §67
Z wlr
for K§ = %, L = % and Mj = ———""—_ This completes the proof. O

From Lemmas 3.2 and 3.5, there exist a subsequence {Il,} and a measure II
such that
o, =11

weakly. From lemma 3.3, there exist a probability space (Q, F, ]}N") and X-valued ran-
dom variables (W,,u, uy’), (W,u,u;) such that the probability law of (W, u,
uy’) is I, and that of (W, u,uy) is II. Furthermore, we have

(We,,u,uy’) — (W,u,ug) in X, P—a.s.. (20)
Let us define the filtration

Fi = o{W(s), uls), ur(s) bozszt-
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We show that W (t) is an F;-wiener process following [7] and [42]. Arguing as in
[42], we get that (W,,u%,u;") satisfies P — a.s. the problem (P,) in the sense of

distributions.

4. Two-scale convergence. In this section, we state some key facts about the
powerful two-scale convergence invented by Nguetseng [32].

Definition 4.1. A sequence {v¢} in LP(0,T;LP(Q))(1 < p < o0) is said to be
two-scale converge to v = v(t,x y) v E LP(0,T; LP(Q x Y)), as e — 0 if for any
=yt x,y) € LP((0,T) x Q;C , one has

per

lim/ / vydxdt = / / v(t, z, y)¥(t, z,y)dydzdt, (21)
e—0 |Y| QXY
where (¢, z) = 9 (t,z, Z). We denote this by {v} — v 2-sin LP(0,T; LP(Q)).

The following result deals with some of the properties of the test functions which
we are considering; it is a modification of Lemma 9.1 from [17, p.174].

Lemma 4.2. (i) Let ¢ € LP((0,T) x Q;Cper(Y)), 1 < p < 00. Then (-,-,2) €
LP(0,T; LP(Q)) with

Hw,-, 2

S UG ) er0,1)%x @5 (v) (22)
Lr(0,T;L7(Q))

and

Bl D) = ﬁ /Y O y)dy weakly in LP(0,T; LP(Q)).

€
Furthermore if ¥ € L2((0,T) x Q; Cper(Y)), then

lii%/OT/Q [w(t,x,f)rdxdt: }1/|/0T/Qxy[w(t,x,y)]2dtdxdy. (23)

(”’) If’l/)(t,I,’y) = wl(tvx)wQ(y)v 1/)1 € LP(O,T,LS(Q)) 11}2 S Lper(Y)’ 1 S s, T < o0
are such that

1 1 1
Pty
then ¥(-,-,2) € L”(O,T'L”(Q)) and
w('mé) |Y\ / Yo (y)dy weakly in LP(0,T; LP(Q)).

The following theorems are of great importance in obtaining the homogenization
result; for their proofs, we refer to [4], [17] and [26].

Theorem 4.3. Let {u} be a sequence of functions in L> (O,T; Lz(Q)) such that
lull L2 (0,7522(q)) < oo- (24)
Then up to a subsequence u¢ is two-scale convergent in L? (O7T; LQ(Q)).

Theorem 4.4. Let {u} be a sequence satisfying the assumptions of Theorem 4.3.
Furthermore, let {u} C L* (0, T; H(Q)) be such that

14l 2 0,7, m2 ) < ©©

Then, up to a subsequence, there exists a couple of functions (u,u;) with u €
L%*(0,T; HY(Q)) and uy € L*((0,T) X Q; Hper(Y)) such that

ut = u 2-sin L*(0,T; L*(Q)), (25)
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Vu® — Vou+ Vyuy 2-sin L2(0,T; L*(Q)). (26)

The following lemma is crucial in obtaining the convergence of the stochastic
integral in the next section

Lemma 4.5. The oscillating data given in (A5) satisfies the following convergence
g (ta z, E7“?) - g (t7 x,Ut)
5

= le/ g (t,z,y,up) dy weakly in L ((0,T) x Q), P —a.s..
Y
(27)
Proof. Test with 4 (t,, £), where ¥ (t,2,y) € L*((0,T) x Q,C3, (V) , as fol-

) e
lows:

/ / , T, — ut w(t,x,£> dxdt = IT + I35,
€

[ L lolon 2y~ (en Zod] o o2
/oT/Qg (t’x’ gw) ¥ (t»fm g) dzdt.
Then

I <l (e D) aorywa 19 (62 2u) =g (62, 2 ue) || 2 0.0
< Cllug = well 20, 1)x @) »

where

I

13

thanks to the Lipschitz condition on g (¢, ,-). Now due to the strong convergence
20 of u§ — uy to zero in L? ((0,T) x Q), P-a.s., we get that IT — 0, P — a.s.
Now we can apply 2-scale convergence for the limit of IS and indeed

T
lim I5 = / / / g (t,z,y,u) Y (L, z,y) dedt, P—a.s.
e—0 0 QJy
Therefore .
g(t,x,g,@) 2;Sg(tam7y7ut)7 P_a's' (28)
and this implies the result. O

Remark 1. From the assumption (A5), 28 and 23, we have the following strong
convergence

ggr(l)/ / ut)} dxdt = |Y|/ /QXY (t,z,y,u)) dtdzdy.  (29)

5. The homogenization result. We will now study the asymptotic behaviour of
the problem (P, ), when ¢; — 0.

Theorem 5.1. Suppose that the assumptions on the data are satisfied. Let
a“ — a, weakly in Hy(Q), (30)
b9 — b, weakly in L*(Q). (31)
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Then there exist a probability space (Q,]ﬁ P, (ﬁt)0< <T> and random variables
<t<
(u,ug’ , We,) and (u, uy, W) such that the convergences 20 and 26 hold. Further-

more (u,u, W) satisfies the homogenized problem (P).

Proof. From estimates 3 and 4 and assumption (A2)(iii), we have the following
convergences

u — u weakly in L=(0,T; HL(Q)) P —a.s, (32)

uf — uy weakly in L®(0,T;L*(Q)) P—a.s (33)

uf’ — uy weakly in LP(0, T; W P(Q)) P —a.s, (34)

B(t,uy’) — x weakly in ¥ (0,T; W_l’p/(Q)) P-a.s. (35)
8,

)

Now let us identify the limit in 35. By arguing as in [38, Lemma 2.6, p. 51|, we get

t t
/ (B(s,uy’),ug’ )y ds — / (x,us)ds, weakly in L*(Q), Vt € [0,T]. (36)
0 0

Having this in hand, let v € LP(0,T; W, ?(Q)) and define

T
Xe, = E/ (B(t,uy’) — B(t,v),uy’ —v)dt. (37)
0

From the monotonicity assumption (A2)(iv), we have x., > 0. Now using 34, 35
and 36 to pass to the limit in 37, we get

-~

T
E/ (x — B(t,v),us —v)dt > 0.
0

For A > 0 and w € LP(0,T; Wy (Q)), we can chose v(t) = u(t) — Aw(t). Hence

~

]E/O (x — B(t,u(t) — Aw(t)), w(t)) dt > 0. (38)
Using the hemicontinuty assumption (A2)(7), we have
(x = B(t,us(t) — dw(t)), w(t)) — (x — B(t,u:(t)),w(t)), as A — 0, P—a.s.

Now, from assumptions (A2)(i7) and (A2)(v), we use the Lebesgue dominated con-
vergence theorem to pass to the limit in 38. This implies

~

E/O (x — B(t, us(t)), w(t)) dt > 0. (39)

But the inequality 39 is true for all w(t) € LP(0,T; WOLP(Q))). Therefore
X = B(t,u(t), P—as.

Testing problem (P;) by the function ® € C°((0,T) x Q) and integrating the first
term in the right-hand side by parts, we have

T T T
—/ /u:jq)t(t,x)dxdt—i—/ /AejVuequ)da:dt—i—/ /(BEJ' (t,uy’), ®)dxdt
0 Q 0 Q 0 Q

(40)
T T
:/ /ffi(t,LVqu)(I)dxdtJr/ /gej(t,z,u?)q)d:rdWEj,
0 J@ 0 JaQ
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Using estimate 3, the convergence 20 and Theorems 4.3 and 4.4, we show the two-
scale convergence

Vu = Vyu+ Vyuy 2-s in, L*(0,7; L*(Q)).

Let ®% (t,z) = ¢(t,z) + €;01(t, x, %), where ¢ € C°((0,T) x Q) and ¢1 € C((0,
T) x Q; C3e,(Y)). Then we can still consider @< as test function in 40. Thus

/ [ ) ou.2) + (v, 5 ot

+ / / Ae (x)Vus (x,1) [vmqs(t,x)mvm(t,z,jj>+vy¢1<t,x,j’) davdt

//< (t,us) {¢t(t,x)+ej¢1t(t,x,”;)Ddxdt (41)

/ / [tz V'uf])|:¢<t z) + et )} dedt

+/0 /Qgej(t7utj)[¢(t,x)+ejq51(t,x,Ej)}dxdWEj.

Let us deal with these terms one by one, when €; — 0. Thanks to estimate 22 and
convergence 33, we have

A, / / {dntw)ﬂmu( ¥ )}dazdt

= lim/ /u?(t,z)d)t(t,x)d:ﬂdt—k lim ej/ /ut (t, z)p1e(t )da:dt
EJHO 0 Q

T
/ /ut(t,x)qﬁt(t,x)dxdt, P—a.s..
0 JQ

The second term can be written as follows,

T
lim / /QVuEJ' (z,1) A, [Vz¢(t, x) + Vyoi(t, z, :)] dzdt (42)

€j—)0 0

+ lim ej/ /A NVu(x, ) Va1 (t,x )d:L'dt

€;—0

Since A.; € L>®(Y) and V,¢(t,z) + Vyé1(t,z,y) € Lger(Y;C’(Q x (0,7))), we
regard A, [V, o(t, z) + Vo1 (t, z, %)] as a test function in the two-scale limit of the
gradient in the first term in 42. Therefore

T
lim / / Vu (z,t) A, [quﬁ(t,x) + Vo1 (t, , E) dxdt
Q €

Ejﬁo .
: 0 - J

= T / A(y)[Vault, z) + Vyui (8,2, Y)| [V bt ©) + Vyda (t, 2, y)dydedt.
|Y‘ QXY

Thanks to Hélder inequality, 22 and the fact that A, Vu is bounded in L>(0,T
L?(Q), we have

T
lim ¢; / / A, Vu (z, 1) Vi (t, x, £)ala:dt =0, P—as.
€J—>0 Q Ej
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Again, thanks to estimate 22 and convergence 35, we have

ingo/ /< (t,ug’) [@(t,x)—l—ejqﬁlt(t,x,:;)}>dxdt
= lenO/ / (B(t,uy’), ¢u(t,x)) dadt
61311_1}10@/ /< (t,uy”) ¢1t(t,x,;)>dacdt
:/ /(B(t,ut),qst(t,z»dxdt, P—a.s..
0 JaQ

lim / / f9(t,x Vueﬂ)[q’)(t z) + €1t x )]dazdt

€5 —0

Let us write

= lim / / Fei(t,z) - Vu [¢(t x)+eidr(t,x )} dxdt (43)

€j—>0

= 1im/ /Fej(t,x)~Vqu¢>(t,x)dxdt

GJ‘—)O 0

+ lim ej/ /FEJ (t,x).Vu9oi(t,x )dmdt

e;—0

where we have used the assumption (A3). It is easy to see that the second term
in 43, converges to zero. For the first term in the right-hand side of 43, we readily
have

T
lim / / Fei(t,x) - Vu“ $(t, x)dxdt
Q

Ej—)O 0

I -
= — / / F(t,z,y) - [Vou+ Vyui] 6(t, x)dedydt, P—a.s.. (44)
|Y‘ 0 QXY

Concerning the stochastic integral, we have

// i (t, @, ul [qﬁ(t 2)+ et f)}dazdm]

/ / i(t, @, u’ ) o(t, x)dzdW,, —&-]Eej/ / i(t, o, ug )y (¢, @ )da:dWej
(45)
We deal with the term involving ¢ (¢,2). We have

E/OT/ o(t,x)g t,x,f,ui)de
- / /¢tm tw ,u)d(Wf Wt) (46)
—i—fE/o /qu(t,x)g t,;v,?uf) dW,.

In view of the unbounded variation of W§¢ — W;, the convergence of the first term
on the right-hand side of 46 needs appropriate care, in order to take advantage
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of the P—a.s. uniform convergence of W¢ to W, in C ([0,T]). We adopt the idea
of regularization of g (t,x, f,uf) with respect to the variable ¢, by means of the
following sequence

g5 (W) (t) = i/OTp (—t;S> g (s,x,g,ui (s)) ds for A > 0, (47)

where p is a standard mollifier.
We have that g5 (u®) (t) is a differentiable function of ¢ and satisfies the relations

dt, for any A > 0,
(48)

B [l ) gy < [ [Jo (tom 2ot 0) ]
0 g)\ L2(Q) = 0 g ) u€7 t

L2(Q)
and for any ¢ > 0
g5 (u®) (t) = ¢° (t,z,us (t)) strongly in L? (Q,f", P, Ly ((0,T) x Q)) as A — 0.
(49)
We split the first term in the right-hand side of 46 as
~ T ~
B[ [ o(to) (toui () dod (W7 - W) (50)
o J@
~ T ~
5 [ [ o(t.0)gi (0F) () dea (W7~ 1W3)
0 JQ

+8 [ 6000l 0) =5 (0 0] o (W = 7).

Owing to 49, and Burkholder-Davis-Gundy’s inequality, it readily follows that the
second term in 50 is bounded by a function o1 (A) which converges to zero as A — 0.
In the first term in the same relation, we take advantage of the differentiability of
g5 with respect to ¢t in order to integrate by parts. As a result we get

e[ | otmas 00y ) (w7 - 17)
£/ (= 17%) o ) 65,0 ) G1)

+B [ (1) g5 () (1) (W7~ ).
Q
Thanks to the conditions on ¢ and g and the uniform convergence obtained from
the application of Skorokhod’s compactness result, namely
W§ — W, uniformly in C' ([0,717), P—as., (52)

we get that both terms on the right-hand side of 51 are bounded by the prod-
uct o3 (A)m1 (€) such that og (A) is finite and 7, (¢) vanishes as € tends to zero.
Summarizing these facts, we deduce from 50 that

IE/OT/ng(t,x) g° (t,x,uf (t)) ded (Wts _ Wt) <o\ +oa (N (). (53)
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Thus, we infer from 46 that

T
T
/Q(b (t,x)g (t, x, g,uf) dxdWy

_E/()T/qu(t,x)g(t,x,i,uf) AW,
<01 (A) +o2(A)m (¢)

Taking the limit in 54 as € — 0, we get

T
IEI/ / o(t,x)g (Lx, g,u§> dxdW;
o J@ €
~ T €T ~
_]E‘/O A¢(t7x)g(t7xa€aut)dwt

but the left-hand side of this relation being independent of A\, we can pass to the
limit on both sides as A — 0, to arrive at the crucial statement

T
— x
EhL%E/O /qu (t,x)g (t,x, g,uf) dxdW¢

T
= T\ s
:ig%]]ﬂ/o /Q(b(t,x)g(t,ac,g,ut) dW;. (55)

lim
e—0

<o (N);

Owing to 27; that is
g (t,a:, E,uf) — g (t,z,uy) weakly in L2((0,T) x Q), P—a.s.,
€

we can call upon the convergence theorem for stochastic integrals due to Rozovskii
[39, Theorem 4, p. 63] to claim that

//¢tm tgc ut th—>E//¢tx txut)th

Hence, we deduce from 55 that,

//¢tm tx ut dW€_>//¢tac txut)th,]P’ a.s.. (56)

For the second term in 45, thanks to Burkholder-Davis-Gundy’s inequality, the
assumptions on g% and 22, we have
lim ¢; E sup

/ / (;51 t,x, (t, x, E, uf) dxdW,’
€;—0 t€[0,T) €
- T T 2
<C’hmeE< < tz: )g(t,z,,uf)dz:) dt>
€;—0 £ £

T
<C Jim o ( lg (t.2. %, us) ||L2(Q)||¢1(t,x,e)Lz(Q)dt)
J

Nl=

1
2

1
2 -
<C hm ej</ ||g t x, ut) |L2(Q)dt) —0, P—a.s.
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Combining the above convergences, we obtain

—/OT/ ug(t, ) s (t, x)dadt

\Y|/ /QY M Vau(t, z) + Vyur(t, z, y)]
[Ved(t, z) + Vyou (t, 2, y)|dydxdt (57)

N /0 /Q (B(t,wy), (1, 2)) dudt

T
_ ﬁ / /Q F(z ) Vou(tn) + Vyun(t . )]o(t 2)drdyds

T
—|—/O /Qg(t,amut) o(t,x)Wdx.

Choosing in the first stage ¢ = 0 and after ¢; = 0, the problem 57 is equivalent to
the following system of integral equations

/ /Q . ) Vau(t, z) + Vyur (t, z,y)|[Vy o (t, 2, y)|dydzdt = 0, (58)

an

_ / / e (b, ) (£, ) dadt (59)

/ / ) Vau(t, z) + Vyui (t, z,y)]|[Vao(t, x)|dydadt
QXY

4 /0 /Q (B(t, w), 6(t, ) dwdt

1 T
— |Y/ oy F(t,z,y).[Vou(t,z) + Vyui (t, z,9)]¢(t, v)dedydt
X

T
+/0 /Qg}(t,x,ut)d)(t,x)dﬁ/dx.

By standard arguments (see [17]), equation 58 has a unique solution given by
where x(y), known as the first order corrector, is the unique solution to the following

equation:

divy (A(y)Vyx(y)) = Vy - A(y), in Y,
A LI (61)
x is Y periodic.

As for the uniqueness of the solution of 59, we prove it as follows. Using 60 in 59,
one obtains that 59 is the weak formulation of the equation

duy — AoAudt + B(t,ug)dt = f(t,x, Vu)dt + §(t, z,u;)dW, (62)

Ay = |71| /Y (A@W) — AW)Vyx(1))dy, (63)

f(t,x,Vu) = % /YF(t,x,y) [Vault, z) + Vyur (¢, x, y)]dy,

where
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and

5 1

g (ta Z‘,Ut) = 7 / g (t’xa yaut) dy

Y1 Jy

But the initial boundary value problem corresponding to 62 has a unique solution
by [38]. It remains to show that w(z,0) = a(x) and us(z,0) = b(z). Notice that
equation 40 is valid for ®% (t,x) = ¢(t,x) +€;¢1(t, x, %) where ¢ € C°((0,T) x Q)
and ¢1 € CF((0,T) x Q; Cpe,(Y)), such that ¢(0,x) = v(x) and ¢(T,x) = 0. Thus,

we have

/OT/ u! [(bt(t z) +€pue(tx 6j)]clacdt

T
/ A (2) Vs (2,1) - [ w¢(t,x)+ejvw¢1(t,x,f)+vy¢1(t,x,f)}dazdt
J J

0
T
/
r X
/ f'EJ t X Vuej) |:d)(t, .’E) + Ejd)l (t, x, 6):| dxdt
0 J

Q
T
J

where we pass to the limit, to get

—/T/ ug(t, )Py (t, x)dadt

/ /Q y )[Vault,z) + Vyui(t,z,y)] - [Vao(t, x) + Vo (t, z, y)]dydadt

N /0 /Q (B(t,u), 6(t, ) dwdt

T
= %/ /Q . F(t,z,y) - [Vou(t,z) + Vyui(t, z,y)]o(t, v)dedydt

+ /0 ' /Q 3 (8,2, u) (¢, @) Wedt + /Q b(a)v(z)da.

The integration by parts, in the first term gives

/OT/ dut(f7$)¢(tvx)dx+/Qut($,0)v(x)dx

/ /Q y NVau(t,z) + Vyur(t, z,y)] - [Vad(t, z) + Vi (t, z, y)|dydzdt

N /0 /Q (B(t,w), b(t, 2))dadt

T
_ % / /Q F(t.y) - [Voulta) + 9yt )]o(t 2)dodyds

Q

+
o

+

<B (t, ug), [ (t,z) + €1 (t, x, j)}>dwdt
J

Q

+

[ a9 o) |ott.) + . D asas, + [ (e, 00ty
Q €j Q
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—|—AT/Qg(t,x7ut)¢(t,m)dedt+/Qb(x)v(x)dm.

In view of equation 57, we deduce that

/Qut(:r:,())v(x)dac:/ b(x)v(zx)dz,

Q
for any v € C(Q). This implies that u:(z,0) = b(z). For the other initial
condition, we consider ®%(t,z) = ¢(t,z) + €¢1(¢, , 1) as a test function in

40, where ¢ € C°((0,T) x Q) and ¢ € CF((0,T) x Q;C2.(Y)), such that
#(0,2) = 0,0¢(0,2) = v(z) and ¢(T,x) = 0 = ¢(T,x). Integration by parts in
the first term of 40, gives

/ / i(t,x) {gbtt (t,x) +€jdrult,x )] dzdt

/ / 2)Vus (x,t) - |:vx¢(t,x)+€sz¢l(t,

//< (&), [ tm)+€j¢1(t’$,:j)}>dxdt

/ / £ (82, V) [¢(t ) + ¢ (t, )} drde

/ / it Ul [ (t,x) + ejpr(t,x )}dxdW / (z,0)v(z)dz.

Passing to the limit in this equation, we obtain

/T/ u(t, ©)u (t, v)dwdt

/ /Q N Vau(t,z) + Vyur(t, z,y)] - [Vad(t, ) + Vyd1(t, z,y)]dydadt

+/0 /Q<B(t,ut),¢(t,x)>dxdt

T
_ % / /Q F(tay) - [Veu(t.) + Vot )]o(t, 2)drdydt

+AT/Qg(t,x7ut)¢(t,x)dedt—/Qa(;v)v(x)dx.

We integrate by parts again to obtain

_/OT/ ut(t,gc)@(t,x)dxdt—/Qu(x,())v(x)diﬂ

/ /Q y NVau(t,z) + Vyur(t, z,y)] - [Vad(t, z) + Vydr(t, , y)|dydzdt

N /0 /Q (B(t, w), b(t, 2))dadt

T
_ % / /Q F(t.y) - [Voulta) + 9yt )]o(t 2)dodyds

v, )+ Vi (t, z, x)} dedt
€5 €5
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+ /0 : /Q (8 )bt )W dadt — /Q a(z)v(x)dz.

Using the same argument as before, we show that u(z,0) = a(z). We note the
triple (W,u,ut) is a probabilistic weak solution of (P) which is unique. Thus

by the infinite dimensional version of Yamada-Watanabe’s theorem (see [35]), we
get that (W,u,u;) is the unique strong solution of (P). Thus up to distribution
(probability law) the whole sequence of solutions of (P.) converges to the solution
of problem (P). Thus the proof of Theorem 5.1 is complete. O

6. Convergence of the energy. Let us introduce the energies associated with
the problems (P..) and (P), as follows:

J

€. € 1 nd €5 ]- nd €. €
E9(u)(t) = §E||ut (t)||2L2(Q) + 2E/Q A, Vu (x,t) - Vu (z,t)dw

t
LB / (B(s,uf’), u? yds
0

1~ 1~
E(u)(t) = §E||ut(t)H%2(Q) + 2E/Q AoVu(z,t) - Vu(z, t)dx

+ IE/O (B(s,ut), ut)ds.

But from Ité’s formula, we have

1= 1 . . - [ ey €

SElut 011 + QE/QAEJVUEJ (t) - Vu® (t)dfC+E/0 (B(s,uy’), uy’)ds
AL e 1 i €5 ' €5 €5\ o6

=E §||u1 ||L2(Q)—|—§ QAejVuo -Vug' dz + ; (f(s,z, Vu),u;’ )ds

IR L e g
b3 [ 10 i gts + [ (g sy, |
Thus
€ (€5 1= €512 1= €j €5
EY (uY)(t) = §IE||U1 72(q) + iE QAejvuo - Vuy' dz

-t e |
B [ (9w V) s + 5B [ g% (s, agpds, (60)
0 0

1~ 1~
E@)(®) = 5Bl o) + 2E/QA0VUO Vuoda

ot 1. [t
+ ]E/ (f(s, 2, Vu),ur)ds + §]E/ 19 (5,7, us) H%Q(Q)ds' (65)
0 0

The vanishing of the expectation of the stochastic integrals is due to the fact that
(9¢(uf),us) and (g(u),u) are square integrable in time. We want to prove that
the energy associated with the problem (P, ), uniformly converges to that of the
corresponding homogenized problem (P). For this purpose we need to assume some
stronger assumptions on the initial data. We have the following result

Theorem 6.1. Assume that the assumptions of Theorem 5.1 are fulfilled and

— div(A,;Va) — —div(AgVa), strongly in H(Q), (66)
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b — b, strongly in L*(Q). (67)
Then
E9(u9)(t) = E(u)(t) in C([0,T]),
where u s the solution of the homogenized problem.
Proof. Thanks to the convergences 20, 44, 29, 66 and 67, we show that
E9 (u)(t) = E(u)(t), Vte[0,T].

Now we need to show that (£ (u)(t)), is uniformly bounded and equicontinuous
on [0,T] and hence Arzela-Ascoli’s theorem concludes the proof. We have

€ € 1" € o~ € ind ¢ € € €.
€9 O] < GBIF gy + GBI g +E [ 175 (5. V) )| ds

¢
+5 [ a6 s
Thanks to the assumptions on the data (A3), (A4) and (A5), the a priori estimates
3 and 4, we show that
|E (u)(t)| < C, Vte[0,T].
For any h > 0 and ¢ € [0,T], we get
€9 (u)(t + h) = E9 (u)(t)]

_ ptth . 1 t+h -
SB[ 109G Vu) s+ 5B [ 99 0 s
t t
Again assumptions (A3), (A5) and Cauchy-Schwarz’s inequality, give
5 () (¢ + h) — £ (u)(t)] < C (h n h%) .

This implies the equicontinuity of the sequence {£% (u%)(t)},, and therefore the
proof is complete. O

7. The corrector result. In this section, we establish a corrector result stated in
the following

Theorem 7.1. Let the assumptions of Theorems 5.1 and 6.1 be fulfilled. Assume
that V,x(y) € [L"(Y)]™ and Vu € L?(0,T; [L*(Y)]™) with 1 <r,s < oo such that

1,11
roos 2
Then
uy? — ug — ejune(s, -, :) — 0 strongly in L*(0,T; L*(Q)) P —a.s., (68)
J
w9 —u—ejui(-, -, 6—) — 0 strongly in L*(0,T; HY(Q)) P — a.s.. (69)

J

Proof. Tt is easy to see that
lim €jus(,+, —) =0 in L2(0,T; L*(Q)) P—a.s.
€j—

€
Then convergence 20 gives

uy’ ) =0 in L2(0,T;L*(Q)) P —a.s..

—u — ejure(s P
J
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Thus 68 holds. Similarly we show that

u9 —u—eur (-, —) = 0 strongly in L2(0,T; L*(Q)) P—a.s..
€5
It remains to show that

V(u“ —u—eu(,-, —)) = 0 strongly in L*(0,T;[L*(Q)]") P —a.s..
€j
We have

V(u —u—eu(,-, —)) = Vu — Vu — Vyui(s, -, —)) — €;Vui (-, -, —)).
€5 €j €j
Again
lim &V (-, —) =0 in L*(0,T;[L*(Q)]"), P—a.s.

€j— €j
Now from the ellipticity assumption on the matrix A, we have

T
aE/ V0~ Y~ Vs (-, ) 3 g
0

J

<E// ()(VUEJ—VU—Vul( G'j))

: (vw —Vu — Vyui (- 6)) dxdt
J

—E / / A, Vus - Vus dadt
—QE/ /VuEJA( ).<Vu+vyu1(~,~,€'j)> dzdt
w8 [ fA(2) (For )

: (Vu + Vyui (-, 6J)> dadt. (70)
Let us pass to the limit in this inequality. We start with
IE/ A, Vu - Vudz.
From the convergence of the enerZies in Theorem 6.1 and using 63 and 60, we have

lim E/ A, Vu - Vu9dz
Q

€;—0
= ]E/ Ay) - [Vgult,z) + Vyui (t, z,y)] - [Vau(t, x) + Vyui (¢, x, y)|dyde. (71)
QXY

Next, using the two-scale convergence of Vu®, with the test function
Aly )(Vu(t x) + Vyui(t, z,y)), we obtain

lim / /VUEJ (t,x) < > (Vu+V up(t,x )) dxdt
€;—0 ej

_ /O /<ng (Vu(t,2) + Vyus (b 2,1))
“A(y) - (Vu(t,z) + Vyui (¢, z,y)) dedydt. (72)
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Now, let us write
P(t,z,y) = Ay) (Vu(t,z) + Vyui(t,z,y)) - (Vu(t,z) + Vyui(t, z,y))
= A(y) Vu(t,z) - Vu(t, z) + 2A (y) Vu(t, z) - Vyui (t, z,y)
+ A(y) Vyui(t, z,y) - Vyui(t, z,9).
For u; given by 60, we have
Y(t,x,y) =A(y) Vu(t,z) - Vu(t,z) — 2A (y) Vu(t, x) - VyIx(y) - Vau(t, )]
+A(Y) Vyx(y) - Vault, 2)]Vy[x(y) - Vau(t, ).

Now using (i) of Lemma 4.2, for p = 2, we obtain

€1J1Ln0/ / ( > (Vu(t x) + Vyui (t,z :))

. (Vu(t,a:) + Vyui(t, z, y)> dzdt
€5

T
= / A(y) (Vu(t,z) + Vyu(t, z,y))
QXY

~(Vu(t,z) + Vyui(t, z,y)) dedydt. (73)
Combining 71, 72 and 73 with 70, we deduce that

T
6ljiLnOIE/O [|Vu *VU*Vyul(-»-»jj)“%Z(Q)dt:0 P—a.s.

Thus the proof is complete. O

As a closing remark, we note that our results can readily be extended to the
case of infinite dimensional Wiener processes taking values in appropriate Hilbert
spaces; for instance cylindrical Wiener processes.
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