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ABSTRACT. We consider the Stokes system in a thin porous medium ¢ of
thickness € which is perforated by periodically distributed solid cylinders of
size e. On the boundary of the cylinders we prescribe non-homogeneous slip
boundary conditions depending on a parameter . The aim is to give the
asymptotic behavior of the velocity and the pressure of the fluid as € goes to
zero. Using an adaptation of the unfolding method, we give, following the
values of ~, different limit systems.

1. Introduction. We consider a viscous fluid obeying the Stokes system in a thin
porous medium ). of thickness ¢ which is perforated by periodically distributed
cylinders (obstacles) of size €. On the boundary of the obstacles, we prescribe a
Robin-type condition depending on a parameter v € R. The aim of this work is to
prove the convergence of the homogenization process when € goes to zero, depending
on the different values of ~.

The domain: the periodic porous medium is defined by a domain w and an
associated microstructure, or periodic cell Y’ = [—1/2,1/2]?, which is made of two
complementary parts: the fluid part Yf’, and the obstacle part 1" (Y]! UT' =Y’ and
Y T'" = 0). More precisely, we assume that w is a smooth, bounded, connected
set in R?, and that 7" is an open connected subset of Y’ with a smooth boundary
OT’, such that T is strictly included in Y”.

The microscale of a porous medium is a small positive number €. The domain w is
covered by a regular mesh of square of size ¢: for k' € Z?2, each cell Y. = ek’ +eY’
is divided in a fluid part Y;k/,s and an obstacle part T} 1 ¢+ L.e. is similar to the unit
cell Y’ rescaled to size e. We define Y = Y’ x (0,1) C R?, which is divided in a
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fluid part Yy = Yjﬁ x (0,1) and an obstacle part T = T" x (0,1), and consequently
Yire = Y, . x(0,1) C R?, which is also divided in a fluid part Y},, . and an obstacle
part Tk/,g.

We denote by T(T;C/ﬁ) the set of all translated images of T;,ﬁ. The set T(T;c/75)
represents the obstacles in R2.

FIGURE 1. Views of a periodic cell in 2D (left) and 3D (right)

The fluid part of the bottom w, C R? of the porous medium is defined by
we = W\ Upex. T;,ﬁ, where K. = {k' € Z* : Y}, _Nw # 0}. The whole fluid part
Q. C R? in the thin porous medium is defined by (see Figures 2 and 3)

Qe ={(z1,22,23) Cwe xR: 0 < x3 < e} (1)
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FIGURE 2. View of w,

We make the following assumption:
The obstacles T(T;c/7a) do not intersect the boundary dw.

We define Ty, _ = T}, . x (0,¢). Denote by S the set of the obstacles contained
in Q.. Then, S; is a finite union of obstacles, i.e.

€
SE = U Tk',&"
k'eke

We define
Qe =we x (0,1), Q=wx(0,1), A.=wx(0,e). (2)
We observe that . = N\ U ek, Ty -, and we define T. = Urrex. Ty - as the set

of the obstacles contained in (..



FLUID FLOW IN A THIN POROUS MEDIUM WITH NON-ZERO SLIP CONDITIONS 291

FIGURE 3. Views of the domain . (left) and A. (right)

The problem: let us consider the following Stokes system in 2., with a Dirichlet
boundary condition on the exterior boundary 0A. and a non-homogeneous slip
boundary condition on the cylinders 9S,:

_MAUE + vps = fs in Qea

divu. =0 in Q.

w.=0 on OA., (3)
Ou, .
*ps’n+ﬂan+a5 Ue = ge on 995,
where we denote by u. = (ue1,us2,uc3) the velocity field, p, is the (scalar)

pressure, fo = (fe1(x1,22), fe2(21,22),0) is the field of exterior body force and
e = (ge (21, 22), ge 2(x1,22),0) is the field of exterior surface force. The constants
«a and vy are given, with a > 0, p is the viscosity and n is the outward normal to
Se.

This choice of f and g is usual when we deal with thin domains. Since the
thickness of the domain, ¢, is small then vertical component of the forces can be
neglected and, moreover the force can be considered independent of the vertical
variable.

Problem (3) models in particular the flow of an incompressible viscous fluid
through a porous medium under the action of an exterior electric field. This system
is derived from a physical model well detailed in the literature. As pointed out in
Cioranescu et al. [12] and Sanchez-Palencia [32], it was observed experimentally
in Reuss [31] the following phenomenon: when a electrical field is applied on the
boundary of a porous medium in equilibrium, a motion of the fluid appears. This
motion is a consequence of the electrical field only. To describe such a motion, it
is usual to consider a modified Darcy’s law considering of including an additional
term, the gradient of the electrical field, or consider that the presence of this term
is possible only if the electrical charges have a volume distribution. However, this
law contains implicitly a mistake, because if the solid and fluid parts are both
dielectric, such a distribution does not occur, the electrical charges act only on
the boundary between the solid and the fluid parts and so they have necessarily
a surface distribution. If such hypothesis is done, we can describe the boundary
conditions in terms of the stress tensor o. as follows

oe-n+agu. = ge,

which is precisely the non-homogeneous slip boundary condition (3), and means
that the stress-vector o. - n induces a slowing effect on the motion of the fluid,
expressed by the term ae”. Moreover, if there are exterior forces like for instance,
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an electrical field, then the non-homogeneity of the boundary condition on the 0S¢
is expressed in terms of surface charges contained in g..

On the other hand, the behavior of the flow of Newtonian fluids through periodic
arrays of cylinders has been studied extensively, mainly because of its importance
in many applications in heat and mass transfer equipment. However, the literature
on Newtonian thin film fluid flows through periodic arrays of cylinders is far less
complete, although these problems have now become of great practical relevance be-
cause take place in a number of natural and industrial processes. This includes flow
during manufacturing of fibre reinforced polymer composites with liquid moulding
processes (see Frishfelds et al. [22], Nordlund and Lundstrom [29], Tan and Pil-
lai [34]), passive mixing in microfluidic systems (see Jeon [23]), paper making (see
Lundstrom et al. [25], Singh et al. [33]), and block copolymers self-assemble on
nanometer length scales (see Park et al. [30], Albert and Epps [1], Farrell et al.
21)).

The Stokes problem in a periodically perforated domain with holes of the same
size as the periodic has been treated in the literature. More precisely, the case with
Dirichlet conditions on the boundary of the holes was studied by Ene and Sanchez-
Palencia [20], where the model that describes the homogenized medium is a Darcy’s
law. The case with non-homogeneous slip boundary conditions, depending on a
parameter v € R, was studied by Cioranescu et al. [12], where using the variational
method introduced by Tartar [35], a Darcy-type law, a Brinkmann-type equation or
a Stokes-type equation are obtained depending of the values of . The Stokes and
Navier-Stokes equations in a perforated domain with holes of size r., with r. < ¢
is considered by Allaire [2]. On the boundary of the holes, the normal component
of the velocity is equal to zero and the tangential velocity is proportional to the
tangential component of the normal stress. The type of the homogenized model is
determined by the size r¢, i.e. by the geometry of the domain.

The earlier results relate to a fixed height domain. For a thin domain, in [4] An-
guiano and Sudrez-Grau consider an incompressible non-Newtonian Stokes system,
in a thin porous medium of thickness ¢ that is perforated by periodically distributed
solid cylinders of size a., with Dirichlet conditions on the boundary of the cylinders.

Using a combination of the unfolding method (see Cioranescu et al. [13] and
Cioranescu et al. [16] for perforated domains) applied to the horizontal variables,
with a rescaling on the height variable, and using monotonicity arguments to pass
to the limit, three different Darcy’s laws are obtained rigorously depending on the
relation between a. and e. We remark that an extension of the unfolding method to
evolution problems in which the unfolding method is applied to the spatial variables
and not on the time variable was introduced in Donato and Yang [18] (see also [19]).

The behavior observed when a. = ¢ in [4] has motivated the fact of considering
non-homogeneous slip conditions on the boundary of the cylinders. In this sense,
our aim in the present paper is to consider a Newtonian Stokes system with the
non-homogeneous slip boundary condition (3)4 in the thin porous medium described
in (1) and we prove the convergence of the homogenization process depending on
the different values of v. To do that, we have to take into account that the normal
component of the velocity on the cylinders is different to zero and the extension of
the velocity is no longer obvious. If we consider the Stokes system with Dirichlet
boundary condition on the obstacles as in [4], the velocity can be easily extended
by zero in the obstacles, however in this case we need another kind of extension and
adapt it to the case of a thin domain.
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One of the main difficulties in the present paper is to treat the surface integral-
s. The papers mentioned above about problems with non-homogeneous boundary
conditions use a generalization (see Cioranescu and Donato [9]) of the technique
introduced by Vanninathan [36] for the Steklov problem, which transforms the sur-
face integrals into volume integrals. In our opinion, an excellent alternative to this
technique was made possible with the development of the unfolding method (see
Cioranescu et al. [13]), which allows to treat easily the surface integrals. In the
present paper, we extend some abstract results for thin domains, using an adap-
tation of the unfolding method, in order to treat all the surface integrals and we
obtain directly the corresponding homogenized surface terms. A similar approach is
made by Cioranescu et al. [14] and Zaki [37] with non-homogeneous slip boundary
conditions, and Capatina and Ene [7] with non-homogeneous pure slip boundary
conditions for a fixed height domain.

In summary, we show that the asymptotic behavior of the system (3) depends
on the values of 7:

- for v < —1, we obtain a 2D Darcy type law as an homogenized model. The
flow is only driven by the pressure.

- for =1 < v < 1, we obtain a 2D Darcy type law but in this case the flow
depends on the pressure, the external body force and the mean value of the
external surface force.

- for v > 1, we obtain a 2D Darcy type law where the flow is only driven by the
pressure with a permeability tensor obtained by means of two local 2D Stokes
problems posed in the reference cell with homogeneous Neumann boundary
condition on the reference cylinder.

We observe that we have obtained the same three regimes as in Cioranescu et al.
[14] (see Theorems 2.1 and 2.2), and Zaki [37] (see Theorems 14 and 16). Thus, we
conclude that the fact of considering the thin domain does not change the critical
size of the parameter -, but the thickness of the domain introduces a reduction of
dimension of the homogenized models and other consequences. More precisely, in
the cases v < —1 and —1 < v < 1, we obtain the same Darcy type law as in [14, 37]
with the vertical component of the velocity zero as consequence of the thickness
of the domain. The main difference appears in the case v > 1, in which a 3D
Brinkmann or Stokes type law were derived in [14, 37] while a 2D Darcy type law
is obtained in the present paper.

We also remark the differences with the result obtained in [4] where Dirichlet
boundary conditions are prescribed on the cylinders in the case a. =~ €. In that
case, a 2D Darcy law as an homogenized model with a permeability tensor was
obtained through two Stokes local problems in the reference cell with Dirichlet
boundary conditions on the reference cylinder. Here, we obtain three different
homogenized model depending on . The case v > 1 gives a similar 2D Darcy type
law, but the permeability tensor is obtained through two Stokes local problems with
homogeneous Neumann boundary conditions. In the cases v < —l and —1 <y < 1,
we obtain a 2D Darcy type law without microstructure.

The paper is organized as follows. We introduce some notations in Section 2. In
Section 3, we formulate the problem and state our main result, which is proved in
Section 4. The article closes with a few remarks in Section 5.
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2. Some notations. Along this paper, the points z € R? will be decomposed as
r = (2/,x3) with 2’ € R%, 3 € R. We also use the notation z’ to denote a generic
vector of R2.

In order to apply the unfolding method, we need the following notation: for
k' € 72, we define x : R? — Z2 by

K(a') =k = 2" eYy,. (4)

Remark that & is well defined up to a set of zero measure in R?, which is given by
Uprez2 aY,;/J. Moreover, for every € > 0, we have

/
x
m() =k <= 2 €Y} ..
- :
For a vectorial function v = (v',v3) and a scalar function w, we introduce the

operators: D¢, V. and div., by

1
(Dev)ij = Og,v; for i =1,2,3, j=1,2, (Dev)i3 = g8y3vi for 1=1,2,3,

1 1
VEU) == (Vm/w7 gayi%w)t? diV5U = dij/vl + gaygvg.

We denote by |O| the Lebesgue measure of |O| (3-dimensional if O is a 3-
dimensional open set, 2-dimensional of O is a curve).
For every bounded set O and if ¢ € L(O), we define the average of ¢ on O by

1
Mol = 5 [ wdo. (5)
10l Jo
Similarly, for every compact set K of Y, if ¢ € L'(0K) then

Mok lp] = 5

is the average of ¢ over 0K.
We denote by L§ (Y), Hu1 (Y), the functional spaces

Li(Y) = {v el (V) : /Y [v|*dy < +oo,
vy + K, y3) =v(y) VK € Z?, ae. y € Y},

and
() = {ve Hb N )+ [ [9y0Pdy < +o0}.

We denote by : the full contraction of two matrices, i.e. for A = (a; ;)1<s,j<2 and
2
B = (bi,j)lgi,jg% we have A: B = Zi,j:l aijbij.
Finally, we denote by O, a generic real sequence, which tends to zero with ¢ and
can change from line to line, and by C a generic positive constant which also can
change from line to line.

3. Main result. In this section we describe the asymptotic behavior of a viscous
fluid obeying (3) in the geometry 2. described in (1). The proof of the corresponding
results will be given in the next section.

The variational formulation: let us introduce the spaces

Hez{goEHl(Qe) : @:00naA€}, HS:{@EH1(95)3 : (p:OonaAe},
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and
5 g 1.0 .o 73 _ )~ 10\ . 5 —
HE—{LpEH(QE).ap—Oon(?Q}, HE—{¢€H(QE) .gp—OonaQ}.

Then, the variational formulation of system (3) is the following one:

,u/ DuE:Dgpdx—/pgdivcpdx—i—as”/ Ue - pdo(x)
Qe Q. oS,

=/fé-<p’dx+/ gL' do(z), Vo € HZ,
Q. 8. (6)

/ u€~V1/1dx:/ (ue - n)Y do(zx), Vo € He.
Q. 0S.

Assume that f.(z) = (fL(2'),0) € L?*(w)? and g.(x) = g(a'/e), where g is a
Y’-periodic function in L?(9T)2. Under these assumptions, it is well known that
(6) has a unique solution (ue,p.) € H3 x L?(€2.) (see Theorem 4.1 and Remark 4.1
in [17] for more details).

Our aim is to study the asymptotic behavior of u. and p. when ¢ tends to zero.
For this purpose, we use the dilatation in the variable x3, i.e.

z3

Ys = . (7)

in order to have the functions defined in the open set with fixed height (25 defined
by (2). _ _
Namely, we define 4. € H2, p. € L*(Q.) by

ae(l'/7y3) = U’a(x/a 6y3)7 ﬁE(xlvy?)) = pE(x/7€y3)7 a.e. (1'/, Z/3) S QE'
Using the transformation (7), the system (3) can be rewritten as
—pA gyt — 5_2Ma§3ae + Vaupe + 5_18y3ﬁ563 = fe in ﬁav
divy @, + e '8y, 3 = 0 in Q. (8)
e = 0 on 01,

with the non-homogeneous slip boundary condition,

i
— Pe 'n+M% +ag"l. = g. on OIT¢, 9)

where ez = (0,0,1)". B
Taking in (6) as test function ¢ (a/,x3/e) with ¢ € H? and ¢ (2',23/¢) with

1 € H., applying the change of variables (7) and taking into account that do(x) =
edo(z')dys, the variational formulation of system (8)-(9) is then the following one:

u/~ D.ii. : D @ da'dys — /~ Pe dive @ da’dys + 0457/ e - @ do(x')dys
Qe Qe oT.

- / fL- @ dadys + / g - @ do(a)dys, Ve B, (10)
Qe oT.

/~ e - Votb da'dys = / (e ) do(z")dys, Vi € H..
5 6TE

In the sequel, we assume that the data f! satisfies that there exists f € L?(w)?
such that

efl = f  weakly in L*(w)?. (11)
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!/
Observe that, due to the periodicity of the obstacles, if f. = f— where f/ € L?(w)?,
€
then
xe fi=efl =0f inL*w)?
assuming ¢ f/ extended by zero outside of w,, where 6 denotes the proportion of the
material in the cell Y’ given by
_ Y5l
=W
oT’
We also define the constant p; := ||Y’||
Main result: our goal then is to describe the asymptotic behavior of this new
sequence (g, p.) when e tends to zero. The sequence of solutions (4., p.) €
H. x L?(€.) is not defined in a fixed domain independent of ¢ but rather in a

varying set €).. In order to pass the limit if € tends to zero, convergences in fixed
Sobolev spaces (defined in Q) are used which requires first that (4., pe) be extended
to the whole domain Q. For the velocity, we will denote by U, the zero extension
of @, to the whole 2, and for the pressure we will denote by P. the zero extension
of p. to the whole 2.

Our main result referred to the asymptotic behavior of the solution of (8)-(9) is
given by the following theorem.

Theorem 3.1. Let (e, pe) be the solution of (8)-(9). Then there exists an extension
operator I1. € L(H32; H}(Q)?) such that
i) if v < —1, then
M. — 0 in HH Q)3
Moreover, (e 'U.,e™P.) is bounded in H'(0,1; L?(w)3) x L*(w) and any

weak-limit point (a(a’,ys3),p(z")) of this sequence satisfies @' = 0 on y3 =
{0,1}, a3 = 0 and the following Darcy type law:

Q iy in w, (12)

where v(x') = fol a(z', ys)dys,

it) if =1 <~y <1, then
e M. — 0 in HE(Q)®.
Moreover, (e7U.,eP.) is bounded in H'(0,1; L?(w)?) x L*(w) and any weak-
limit point (u(x',ys3),p(z")) of this sequence satisfies @' = 0 on y3 = {0,1},
i3 = 0 and the following Darcy type law:
0
' (2") = — (f — V(") + ppMor:[g
(z') am (f p(a’) + Mo [g']) in w, (13)
773(.%/) = 0,

where v(z') = fol (', ys3)dys,
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i) ify>1, then
ell.i. — 0 in H{(Q)>.

Moreover, (U.,e?P.) is bounded in H'(0,1; L*(w)?) x L*(w) and any weak-
limit point (a(x',y3),p(x")) of this sequence satisfies 4 =0 on y3 = {0,1} and

the following Darcy type law:

0
'(2)) = —— AV p(a
(') p wp@) o (14)
ﬂ3 (xl) = Oa
where v(z') = fol a(z',ys)dys, and the symmetric and positive permeability
tensor A € R%2%2 is defined by its entries

1

Aij = —
TV

Duw'(y') : Dw!(y)dy, i,j=1,2.

Fori=1,2, w'(y'), denote the unique solutions in Hlil (Yf')2 of the local Stokes
problems with homogeneous Neumann boundary conditions in 2D:

—Ayw' +Vyq' =e in Y]
divyd' =0  inYj
w =0 on T, (15)
on
w',¢" Y’ — periodic,
My, [w']=0.

Remark 1. We observe that in the homogenized problems related to system (8)-
(9), the limit functions do not satisfy any incompressibility condition, so (12), (13)
and (14) do not identify in a unique way (0,p). This is a consequence of the
fact that the normal component of @. does not vanish on the boundary of the
cylinders, so the average fluid flow, given by 0, is (eventually) represented by the
motion of a compressible fluid. As pointed out in Conca [17] (see Remark 2.1) and
Cioranescu et al. [12] (see Remarks 2.3 and 2.6), this result, which at first glance
seems unexpected, can be justified as follows: the boundary condition (9) implies
that the normal component . - n of . is not necessarily zero on 97, so we can not
expect that the extension U. will be a zero-divergence function. In fact, from the
second variational formulation in (10), we have

/ U. - V.o da'dys = / (e - n) do(z")dys, Wi € H,,
Q T,

and the term on the right-hand side is not necessarily zero. Therefore, by weak
continuity, it is not possible to obtain an incompressibility condition of the form
div,9'(2') = 0 in w as it is obtained in the case with Dirichlet condition considered
in [4]. Roughly speaking, @, - n # 0 on 97, means that some fluid “disappear”
through the cylinders, and this fact implies that the incompressibility condition is
not necessary verified at the limit in w.

4. Proof of the main result. In the context of homogenization of flow through
porous media Arbogast et al. [5] use a L? dilation operator to resolve oscillations
on a prescribed scale of weakly converging sequences. It was observed in Bourgeat
et al. [6] that this operator yields a characterization of two-scale convergence (see
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Allaire [3] and Nguetseng [28]). Later, Cioranescu et al. [13, 14] introduced the
periodic unfolding method as a systematic approach to homogenization which can
be used for H' functions and take into account the boundary of the holes by using
the so-called boundary unfolding operator. In this section we prove our main result.
In particular, Theorem 3.1, is proved in Subsection 4.3 by means of a combination
of the unfolding method applied to the horizontal variables, with a rescaling on
the vertical variable. One of the main difficulties is to treat the surface integrals
using an adaptation of the boundary unfolding operator. To apply this method, a
priori estimates are established in Subsection 4.1 and some compactness results are
proved in Subsection 4.2.

4.1. Some abstract results for thin domains and a priori estimates. The
a priori estimates independent of € for u. and p. will be obtained by using an
adaptation of the unfolding method.

Some abstract results for thin domains: let us introduce the adaption of
the unfolding method in which we divide the domain Qg in cubes of lateral lengths e
and vertical length 1. For this purpose, given ¢ € LP(£2.)3, 1 < p < 400, (assuming
¢ extended by zero outside of w.), we define ¢. € LP(R? x Y;)3 by

/

pua') =5 (e (Z) +ev/m)  we. W eR XYL ()
where the function « is defined in (4).
Remark 2. The restriction of ¢, to Y]ﬁ,v . X Yy does not depend on ', whereas as
a function of y it is obtained from ¥, by using the change of variables

, 1 —ek

y =" (a7)

which transforms Yy, , . into Y}.

Proposition 1. We have the following estimates:

i) for every ¢ € LP(Q.), 1 < p+ oo, we have

. 1.
18ello@evps = 1Y 18] o g (18)
where @, is given by (16),
i) for every ¢ € WLP(Q.)2, 1 < p < +oo, we have that ¢., given by (16),
belongs to LP(R%*; W1P(Y})3), and
. 1 -
||Dy%0e||LP(R2fo)3X3 = 5|Y/|” ||D5‘P||Lp(ﬁe)3xs- (19)
Proof. Let us prove 7). Using Remark 2 and definition (16), we have

/ e P de'dy = / / (e (! )P da'dy
R2XYj Y, Yy

k'ez?

S [ e v el day,
vy, vy

k'€Z?

We observe that ¢ does not depend on 2/, then we can deduce

/ e ) daldy = 2y 3 / 1Bk + e, ys) P dy.
R2><Yf Yf

k'€Z?
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For every k' € Z?, by the change of variable (17), we have

!/ d /
K4y = x;, dy = 5—2 Oy = €0y, (20)

and we obtain
[ ettt artay= [ el g
R2 XY wex(0,1)

which gives (18).
Let us prove 7). Taking into account the definition (16) of ¢. and observing that
¢ does not depend on z’, then we can deduce

[ Dl didy =) Y [ 1Dk + el )l
R2x Y} weze ! Yr
By (20), we obtain
1
D ~ / Pd /d _ pyl D ~ / Pd /d
1Dy o2’ y)l da'dy = e"|Y'] > |Der (2, y3)|” da'dys
R2 x Y} prez2 Y, e 0

= Y| Do (', ys)[" da'dys.  (21)
we X (0,1)

For the partial of the vertical variable, proceeding similarly to (18), we obtain

[ 1ol da'dy = v 00,8 s) " 'y
R2xY}y we%(0,1) »
1
= oW [0 )| dods,
wex(0,1) | €
which together with (21) gives (19). O

In a similar way, let us introduce the adaption of the unfolding method on the
boundary of the obstacles 0T, (see Cioranescu et al. [14] for more details). For this
purpose, given @ € LP(9T:)3, 1 < p < +oo, we define 3¢ € LP(R? x 9T)3 by

/
) = (en (D) erm ), e @ eRIxoT, (@)
where the function & is defined in (4).

Remark 3. Observe that from this definition, if we consider ¢ € LP(9T), 1 <p <
+00, a Y'-periodic function, and we define ¢ (2, y3) = @(2' /¢, y3), it follows that

Pt y) = (). )
Observe that for ¢ € WHP(Q.)3, 4P is the trace on T of p.. Therefore B has
a similar properties as @..
We have the following property.
Proposition 2. If p € LP(9T.)3, 1 < p < 400, then
. Lol
82N e ®exorys = e?|Y' |73l Locar.ye » (23)

where @° is given by (22).
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Proof. We take (2/,y3) € 0T}y .. Taking into account (22), we obtain

[ geldrdt) = Y [ pler + ey )l doty).

R2 X T weze JoT

For every k' € Z?%, by taking 2’ = (k' + v'), we have do(z') = edo(y’). Since the
thickness of the obstacles is one, we have that do(z')dys = edo(y). Hence

/ (! )P de'do(y) = Y| / 1B ya) P do(a)dys,
R2x0T oT-
which gives (23). O

Now, let us give two results which will be useful for obtaining a priori estimates of
the solution (4., p) of problem (8)-(9). These results are an extension of Cioranescu
et al. (Proposition 5.3 and Corollary 5.4 in [15]) to the thin domain case.

Proposition 3. Let g € L?(9T")% and p € H'(Q.)3, extended by zero in outside of
we. Let . be given by (16). Then, there exists a positive constant C, independent
of €, such that

/ a(y) - e’ y) dm'do<y>\ < C1Mor[gl] (I8l 2@ s + £l DBl o yos )
R2x0T

(24)
In particular, if g = 1, there exists a positive constant C, independent of €, such
that

/ Qe (2, y) da'do(y)
R2x0T

Proof. Due to density properties, it is enough to prove this estimate for functions
in D(R3)3. Let ¢ € D(R?)3, one has

/]R2><8T 9(y') - oe(a’,y) dw/dd(y)‘

/szaT 9y) - ¢ <6/~”~ (i) + 6y’,y3> d:v'dff(y)'

[ ((2) )i

L2+ (2(55(%) # ) =0 (55(%) ) ) aaots)

< C1Mor[g]] (I8l 26,0 + =N DBl 2 i oo

< C (Il @, +eNDBlrgoxs) - (25)

<

+

< C1Mor[g]] (Il 26,0 + =N DBl 2 pos )

which implies (24). In particular, if g = 1, proceeding as above, we have

[ et icdoty)
R2x 0T
:I/J
/ @ (Z—Ili () + ey',yg) da’do (y)
R2XxOT €
:LJ
J I (an () ,ys) dx'dor(y)
R2xOT €

<
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Jorgr (2 (o () o) =2 (%) ) ) v

< C (18l @,y + NP Bl 1 5 p55)

< C (18051 @0 + el DBl 5 p95 ) -
which implies (25). O

+

Corollary 1. Let g € L*(0T)? be a Y'-periodic function. Then, for every ¢ €

HY(Q.)3, we have that there exists a positive constant C, independent of ¢, such
that

/ o' /¢) - @, ys)do(z')dys
oT:

In particular, if g = 1, there exists a positive constant C, independent of €, such
that

C /. .
< = (18l 2(ays + NPl o yoxs) - (26)

C /. . -
< Z (18l s +elDBN g poxs) - (27)

/ (e, ys)do(2')dys
oT-

Proof. Since ¢ € H! (QE)?’ , then ¢P has similar properties as ¢.. By using Proposi-
tion 2 with p = 1 and Remark 3, we have

- 1 5
| aate) o o] = | [ o) gl da'doty)]
oT. elY'| |Jrexor
and by Proposition 3, we can deduce estimates (26) and (27). O

Moreover, for the proof of the a priori estimates for the velocity, we need the
following lemma due to Conca [17] generalized to a thin domain Q..

Lemma 4.1. There exists a constant C' independent of €, such that, for any function
@ € H., one has

1
1l 200 < C (€1D@ll gz, oms + X 6lL2(os 1) - (28)

Proof. We observe that the microscale of the porous medium ¢ is similar than the
thickness of the domain e, which lead us to divide the domain ). in small cubes
of lateral length ¢ and vertical length . We consider the periodic cell Y. The

1/2
function ¢ — <||D<p\|%2(yf)3x3 + ||¢||2LQ(8T)3> is a norm in H'(Y})?, equivalent
to the H'(Y})3-norm (see Necas [27]). Therefore, for any function ¢(z) € H'(Yy)3,

we have
/ |90|2d2§0< / Dl dz + / |w|2d0(2)>, (20)
Yy Yy ar

where the constant C depends only on Y.
Then, for every k' € Z2, by the change of variable

x’ x dx
K +2 = - A= ?3, dz = = 0, = €0y, do(x)=ce*do(z), (30)

we rescale (29) from Yy to Qy,, . = Y;kue x (0,¢). This yields that, for any function
o(x) € HY(Qy,, -)*, one has

/ lp?dz < C 62/
Q Q

IDxcplzdfﬂJré?/ ISDQdU(fU)), (31)

frroe frroe T,é/’EX(O»E)
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with the same constant C as in (29). Summing the inequality (31) for all the periods
Qfy e and T, _ x (0,¢€), gives

/|<p|2d:c < c<g2/ |Drgo\2d:v+s/ |g0|2da(:c)>.
Q. Q. 0S.

In fact, we must consider separately the periods containing a portion of dw, but
they yield at a distance O(g) of dw, where ¢ is zero. Therefore, using Poincare’s
inequality one can easily verify that in this part (28) holds without considering the
boundary term occuring in (28). O

Considering the change of variables given in (7) and taking into account that
do(z) = edo(z')dys, we obtain the following result for the domain £2..

Corollary 2. There exists a constant C independent of €, such that, for any func-
tion ¢ € H3, one has

~ ~ 1, .
121l 26,0 < C (2 1Dl agesyoxs + 1Bl nzcomys ) - (32)

The presence in (3) of the stress tensor in the boundary condition implies that
the extension of the velocity is no longer obvious. If we consider the Stokes system
with Dirichlet boundary condition on the obstacles, the velocity would be extended
by zero in the obstacles. However, in this case, we need another kind of extension
for the case in which the velocity is non-zero on the obstacles. Since in the extension
required, the vertical variable is not concerned, therefore the proof of the required
statement is basically the extension of the result given in Cioranescu and Saint-Jean
Paulin [8, 11] to the time-depending case given in Cioranescu and Donato [10], so we
omit the proof. We remark that the extension is not divergence free, so we cannot
expect the homogenized solution to be divergence free. Hence we cannot use test
functions that are divergence free in the variational formulation, which implies that
the pressure has to be included.

Lemma 4.2. There exists an extension operator I, € L(H3; H}(A:)?) and a pos-
itive constant C, independent of €, such that

Ieo(z) = p(x), if =€,
HDHESDHL%AE)?’X?’ < OHD<10||L2(Q.5)3X3’ Vg@ S H53

Considering the change of variables given in (7), we obtain the following result
for the domain ..

Corollary 3. There exists an extension operator II. € E(ﬁg; HY(Q)?) and a posi-
tive constant C, independent of €, such that

I.g(a yz) = p(x',ys),  if (¢, y3) € Q,
||Deﬁ695HL2(Q)3X3 < C”DeSZ”Lz(ﬁs)wm Vo e ﬁ?

Using Corollary 3, we obtain a Poincaré inequality in H 3.

Corollary 4. There exists a constant C' independent of €, such that, for any func-
tion ¢ € H3, one has

||¢||L2(55)3 <C HDE@HLZ(()E)SXS . (33)
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Proof. We observe that
||95||L2(§E)3 < ||ﬁe¢||L2(Q)3v Ve ﬁag (34)

Since II.¢ € H}(2)3, we can apply the Poincaré inequality in H} () and then
taking into account Corollary 3, we get

3| 12(0ys < CIDIL@| L2(0ysxs < CI DAL 123w < ClIDe@l| o, yas-
This together with (34) gives (33). O

Now, for the proof of the a priori estimates for the pressure, we also need the
following lemma due to Conca [17] generalized to a thin domain Q..

Lemma 4.3. There exists a constant C' independent of €, such that, for each q €
L3(Q.), there exists p = ¢(q) € H., such that

divy = q in Q, (35)
C
lellza@e < Cllallzzny,  1D@l2 @)% < —llallzz .- (36)

Proof. Let g € L?(€) be given. We extend ¢ inside the cylinders by means of the

function:
q(z) if zeQe

-1

It is follows that Q € Lg(Ae) = {p € L*(A) : [, pda =0} and

1 2
L A el UL CLIR (37)

Since |[A. — €| is bounded from below by a positive number, it follows from (37)
and Cauchy-Schwartz inequality that

1@l 2.y < Cllallz2 .- (38)

Besides that, since Q € L3(A.), it follows from Marusi¢ and Marusi¢-Paloka (Lemma
20 in [26]) that we can find ¢ € H}(A.)? such that

divp =Q in A, (39)

Qr) =

C
lellzzane: < ClQlLza.),  [1DllLz(asxs < ;HQ”L?(AE) (40)

Let us consider ¢|o_: it belongs to H.. Moreover, (35) follows from (39) and the
estimates (36) follows from (40) and (38). O

Considering the change of variables given in (7), we obtain the following result
for the domain €2..

Corollary 5. There exists a constant C independent of €, such that, for each

G € L*(Q.), there exists p = ¢(q) € H., such that
div. ¢ = g in Q.,
. . . c, .
||80||L2(§E)3 <C ||QHL2(5~)€)a ||D680||L2(§5)3x3 < ;HQHLz(ﬁE)-

A priori estimates for (., p.) in (25: first, let us obtain some a priori
estimates for 4. for different values of 7.
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Lemma 4.4. We distinguish three cases:
i) for~y < —1, then there exists a constant C' independent of €, such that
HaaHLz(ﬁs):s < 057 ||D8a6||L2(§E)3><3 S C. (41)

it) for —1 <~ < 1, then there exists a constant C' independent of €, such that

~ _ ~ _ 1ty
||U5||L2(§€)3 < Ce™ 7, HDEU5”L2(§~25)3X3 < Ce 5 (42)

i) for -y > 1, then there exists a constant C independent of €, such that

||’ELEHL2(§€)3 < 05_1a ||Da'asHL2(§5)3x3 < cet. (43)
Proof. Taking @. € H? as function test in (10), we have

~ 2 ~
H ||DEUSHL2(55)3X3 + a87||u5||%2(5Ta)3
(44)
:/ f;.a;dx/dngr/ gt - i do(a')dys
o, oT.

Using Cauchy-Schwarz’s inequality and f! € L?(Q)?, we obtain that
[y <l
and by using that ¢’ € I/;(@T)2 is a Y’-periodic function and estimate (26), we have
/ g - uLdo(2)dys
aT.

Putting these estimates in (44), we get

C /. -
< ; (”ue”Lz(ﬁs)s +5||D5U5HL2(§€)3><3) .

~ 12 =
n ||D€U€||L2(§E)3><3 + O‘E’YHUEH%%BTE)?’

} e (45)
< C (I1Dzicll o yos + & el o ) -
In particular, if we use the Poincaré inequality (33) in (45), we have
- C
HD5U5”L2(§E)3><3 < ;a (46)
therefore (independently of v € R), using again (33), we get
_ C
||u5||L2(§E)s S ; (47)

These estimates can be refined following the different values of . To do so, observe
that from estimate (32) we have

5_1”7:‘6”[,2(65)3 <C (HDEﬂEHL'Z(()E)Sw + 5_%”&5”&(8%)3) .
Using Young’s inequality, we get
57%”ﬂ6”L2(8T5)3 < 571-*—775%“ﬂs||L2(8T5)3 < ésflﬂ + %57||ﬁ5|\%2(3n)3.
Consequently, from (45), we get
D e yons + 5 el Faomys < © (IDetiell o yons +2777)
which applying in a suitable way the Young inequality gives
pl|Detic |3, yoxs + 027 cl3 2o, < C (1 +7177). (48)
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For the case when v < —1, estimate (48) reads
||D6ﬂ€||L2(§E)3x3 <C, ||a5”L2(8T€)3 < 05_%-
Then, estimate (32) gives
el 26,y < Cle+677") < Ce,
since 1 < (1 —+)/2, and so, we have proved (41).
For v > —1, estimate (48) reads
| Deticl| g ysns < Ce™ s el p2gomys < Ce™377.
Applying estimate (32), we get
el 2@ pe < C(eF +e77) < Ce™

since —y < (1 —+)/2. Then, we have proved (42) for —1 < v < 1. Observe that for
v > 1, the estimates (46)-(47) are the optimal ones, so we have (43). O

We will prove now a priori estimates for the pressure p. for different values of ~.

Lemma 4.5. We distinguish three cases:

i) for v < —1, then there exists a constant C independent of €, such that
5ell o, < C7. (49)
i1) for —1 < < 1, then there exists a constant C independent of €, such that
Hﬁs”Lz(ﬁE) < Ce . (50)
i11) for v > 1, then there exists a constant C' independent of €, such that
1Pell 2.y < Ce™. (51)
Proof. Let & € L2(§~2€). From Corollary 5, there exists ¢ € I;fg’ such that

R T - 5 =
dive ¢ = @ in O, H‘PHB@E)B < C”q)Hm(ﬁE)v ||D690||L2(§E)3x3 < ;HQHLz(ﬁsy (52)

Taking ¢ € I;Tg’ as function test in (10), we have

‘ / b & da’dys
ﬁx—:

< p ”DeﬂaHLz(ﬁE)e,xs “De¢‘|L2(65)3x3

+ag?

/ . - ¢ do(x')dys
oT.

+O Il + | [ ot dolain).
TE
By using that g € L?(9T)? is a Y’-periodic function and estimate (26), we have

<C (571H§5HL2(65)3 + ||De¢||L2(§E)3x3) .

/ g - ¢ do(a')dys
aT.
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Analogously, using estimate (27) and the Cauchy- Schwarz inequality, a simple
computation gives

[ e pdotayins
aT.

ae? < E’y_lC||a5||L2(§E)‘|¢“L2(§5)

&7 Clltel o) 1P@ll 245,
+&7 Ol Detic|| 2 161l L2 65,
Then, turning back to (53) and using (52), one has

/~ Pe & da’ dys

€

< C (7" + ) IDcic | oy, o 122,

(54)
+C (5771 el L2 @.)s + 571) 11l 2 s, -

The a priori estimates for the pressure follow now from (54) and estimates (41)-(42)
and (43), corresponding to the different values of ~. O

A priori estimates of the unfolding functions (., pe): let us obtain some a
priori estimates for the sequences (4., p.) where 4. and p. are obtained by applying
the change of variable (16) to (@, pe).

Lemma 4.6. We distinguish three cases:
i) fory < —1, then there exists a constant C independent of €, such that

||ﬂ8||L2(R2ny)3 S 08, ||Dyﬁ'EHL2(R2><Yf)3><3 S 057 (55)
1Pl L2 (g2 x v,y < €€ (56)
it) for —1 <~ < 1, then there exists a constant C' independent of €, such that
N — ~ 1

2l e ey < €= 1Dyl ooy, s < O (57)
1Pl 22 re v,y < Ce (58)

iii) for v > 1, then there exists a constant C independent of e, such that
Hae”Lz(Rz xY})3 < 06—1’ ||DyﬂsHL2(R2><yf)3x3 < O, (59)
9=l 2 (e yyy < Ce72 (60)
Proof. Using properties (18) and (19) with p = 2 and the a priori estimates given
in Lemma 4.4 and Lemma 4.5, we have the desired result. O

4.2. Some compactness results. Let us remember that, for the velocity, we de-
note by U. the zero extension of . to the whole €2, and for the pressure we denote
by P. the zero extension of Pe to the whole €. In this subsection we obtain some
compactness results about the behavior of the sequences II.i., where II, is given
in Corollary 3, (U., P.) and (i, ).
Lemma 4.7. There exists an extension operator I, given in Corollary 3, such
that
i) fory < —1, then
.. — 0 in HY Q). (61)
Moreover, (e 'U.,e~"P.) is bounded in H'(0,1; L*(w)®) x L?(Q) and any
weak-limit point (@, p) of this sequence satisfies

e, — @ in HY(0,1; L*(w)?), (62)
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e VP, —~pin L*(Q), (63)
it) for —1 <~y <1, then
e M. — 0 in HL(Q)®. (64)

Moreover, (e7U.,eP;) is bounded in H'(0,1; L*(w)?) x L*(Q) and any weak-
limit point (@, p) of this sequence satisfies

0. — @ in HY0,1; L*(w)?), (65)
eP. —pin L*(Q), (66)

i) fory > 1, then
ell.ii. — 0 in HL(Q)®. (67)

Moreover, (U.,e%P.) is bounded in H(0,1; L*(w)?) x L*(Q) and any weak-
limit point (G, p) of this sequence satisfies
U. =@ in HY(0,1;L*(w)?), (68)
2P, —~ pin L*(Q). (69)
Proof. We proceed in three steps:
Step 1. For v < —1: from estimates (41) and (49), we have immediately the

convergences, after eventual extraction of subsequences, (62) and (63).
Moreover, we have

||a€||L2(§E)3 S 07
and we can apply Corollary 3 to @. and we deduce the existence of u* € H} ()3 such
that II.7. converges weakly to u* in Hg(Q)3. Consequently, by Rellich theorem,
Il 1. converges strongly to u* in L?(Q)3.
On the other side, we have the following indentity:
Xa. (ﬁga5> =ee 0. in Q.
Due the periodicity of the domain Q. we have that Xg, converges weakly-x to %
in L*°(€), and we can pass to the limit in the term of the left hand side. Thus,
l‘}if,l‘u* in L2(Q)%. In the right hand side, U.

converges to zero, so we obtain (61).

X, II.4.) converges weakly to

Step 2. For —1 < < 1: from the estimates (42) and (50), we deduce convergences
(65) and (66).
Moreover, as —1 < v < 1, we have

e I

IlETU’E ||L2(§E)3 <C,

and using Corollary 3, we have
e’ M. — u* in H'(Q)3.
Consequently,
e MM.ii. — u* in L*(Q)3,
and passing to the limit in the identity
1

LR A Y 7 .
Xa. (6 2 H5u5> =e¢ =z U, in Q,

we deduce that u* = 0, and so (64) is proved.
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Step 3. For v > 1: from estimate (43) and Dirichlet boundary condition, we deduce
that

1022 @y < 118y, Uel 220y < C,

and we have immediately, after eventual extraction of subsequences, the conver-
gence (68). From estimate (51), we have immediately, after eventual extraction of
subsequences, the convergence (69).

Moreover, we can apply Corollary 3 to u. and we deduce the existence of u* €
HL(Q)? such that eIl . converges weakly to u* in HJ(Q)?. Consequently, by
Rellich theorem, eIT. 1. converges strongly to u* in L?(£2)3.

On the other side, we have the following indentity:

Xa. (eﬁaﬂa) = 5@ in Q.
We can pass to the limit in the term of the left hand side. Thus, Xa. (Eﬁgﬁs)

converges weakly to l‘?l‘u* in L2(2)%. In the right hand side, eU. converges to

zero, so we obtain (67). O

Finally, we give a convergence result for ..

Lemma 4.8. We distinguish three cases:

i) for v < —1, then for a subsequence of € still denote by e, there exists 4 €
L?(R?; Hﬁ1 (Yy)3), such that

e la. —~ o in LX(R% H'Y(Y;)?), (70)

e la. =4 in LA(R% H?(0T)%), (71)
|YJ£‘M JJa) =10 a.e in (72)
v

it) for —1 <~ < 1, then for a subsequence of £ still denote by €, there exists there
exists 4 € L?(R?; Hﬂl (Y¢)?), independent of y, such that

v, —a in L*(R* HY(Y})?), (73)

Vi, — 4 in L2(R% H?(9T)?), (74)
il 4 in Q) 7
|Y/|u—u a.e. in S, (75)

i) for~y > 1, then for a subsequence of € still denote by e, there exists there exists
i € L*(R?; H;(Yf)?’) such that

. — My, lic] =@ in L*(R% H2(9T)?). (76)

Dyti. — Dyti in L*(R* x Yj)**2, (77)

|Y;‘My/[a} =q a.e. in{ (78)
Yoy ’

divya =0 inw x Y. (79)
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Proof. We proceed in three steps:

Step 1. For v < —1, using (55), there exists @ : R? x Y — R3, such that
convergence (70) holds. Passing to the limit by semicontinuity and using estimates
(55), we get

/ la|® da'dy < C, / |Dya|* dz'dy < C,
R2><Yf ]RZXYf

which, once we prove the Y'-periodicity of @ in 3/, shows that a € L*(R?; Hj (Yy)?).
It remains to prove the Y’-periodicity of @ in y’. To do this, we observe that by
definition of . given by (16) applied to ., we have

e (21 + €, 22, —1/2,y2,y3) = e (2',1/2,y2,y3)

a.e. (2',y2,y3) € R? x (=1/2,1/2) x (0,1). Multiplying by e~! and passing to the
limit by (70), we get

ﬂ(l’l, —1/2,9272/3) = ﬁ(x/a 1/27y2a yS) a.e. (x17y27y3) € RQ X (_1/27 1/2) X (Oa 1) .
Analogously, we can prove
11(],"7 Yt _1/27y3) = a('r/7y17 1/2ay3) a.e. (xlvylayii) cwX (_1/2a 1/2) X (07 1) .

These equalities prove that @ is periodic with respect to Y. Convergence (71) is
straightforward from the definition (22) and the Sobolev injections.
Finally, using Proposition 1, we can deduce

1 . -
il e (2’ y)dz'dy = /N ae (7', y3)dz' dys,
| ‘ R2 XYf Qe

1

and multiplying by ™" and taking into account that . is extended by zero to the

whole €2, we have
1

1 ~
— i (2 y)da'dy = = | U.(2,ys)dz'dys.
BVl nyfus(w,y) T ay E/ (', y3)dx'dys

Q
Using convergences (62) and (70), we have (72).

Step 2. For —1 <~ < 1, using (57) and taking into account that e < &7, then
there exists 4 : R? x Yy — R3, such that convergence (73) holds. Convergence (74)
is straightforward from the definition (22) and the Sobolev injections.

y+1 y—

. N PR T R =1L .
On the other hand, since €YDyt = ™2 €2 Dyt and €72 D4, is bounded in

L*(R? x Y;)3*3, using (73) we can deduce that D,d = 0. This implies that 4 is
independent of y. Finally, (75) is obtained similarly to the Step 1.

Step 3. For v > 1, using the second a priori estimate in (59) and the Poincaré-
Wirtinger inequality

J,

we deduce that there exists @ € L*(R?; H'(Y})?) such that

e — My, [ﬂs]|2 dy < C/ |Dyﬁ5|2dy, a.e. in w,
Yy

U. = @i — My, [a.]) =4 in L*(R* H'(Yy)%),

and (77) holds. Convergence (76) is straightforward from the definition (22) and
the Sobolev injections.



310 MARfA ANGUIANO AND FRANCISCO JAVIER SUAREZ-GRAU

It remains to prove the Y'-periodicity of @ in y’. To do this, we observe that by
definition of . given by (16) applied to ., we have

e (1 + €, 22, —1/2,y2,93) = te(2',1/2,y2,y3)
a.e. (z',y2,y3) € R? x (—1/2,1/2) x (0, 1), which implies
Ue(2',—1/2,12,y3) — U2/, 1/2, 4, y3) = =My, [iic] (2 + € e1) + My[ii] (2'),
which tends to zero (see the proof of Proposition 2.8 in [15]), and so
w(z', —1/2,y0,y3) = w(2',1/2,92,y3) a.e. (2/,90,93) € R? x (=1/2,1/2) x (0,1).
Analogously, we can prove

,a(x/’ Y1, _1/27 y3) = 12(.I/, Y1, 1/2a y3) a.c. (xlv Y1, y3) € w X (_1/2a 1/2) X (07 1) .
These equalities prove that 4 is periodic with respect to Y.

Step 4. From the second variational formulation in (10), by Proposition 2, we have
that

/ (ﬁ’a Vb + 571115735‘%1/;) dx’dys = ;/ (i - n)the da’do(y')dys,
Q |Y | wxoT

Vi € H.,
(80)
and using the extension of the velocity, we obtain

9

T (e )i ey,
wX

/ (00 Vst &7 01 30, 0) 'y =
Q

Vi € H.,.
We remark that the second term in the left-hand side and the one in the right-
hand side have the same order, so in every cases when passing to the limit after
multiplying by a suitable power of € and using that ws converges strongly to w in

L?(w x 9T) (see Proposition 2.6 in [15] for more details), it is not possible to find
the usual incompressibility condition in thin domains given by

1
div, (/ o' (2, y3) dy3> =0 onw.
0

On the other hand, we focus in the third case. Thus, using Proposition 1 in the
left-hand side of (80), we have

e~ g7t -
W / Ue y’ll)s dx dy = W / 5 Ug * 'l)/)‘g dl’ldo'(yl)dyg, (81)
XYy wxoT

which, multiplying by €|Y”| and since My, [i.] does not depend on the variable y,
is equivalent to

/ . (ﬁe—/\/lyf[ﬁs])'vyﬁis dx’dy:/ BT[(QE—MYJ,[QE])%]%/AJE dx'do(y')dys (82)

Thus, passing to the limit using convergences (77), we get condition (79). O
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4.3. Proof of Theorem 3.1. In this section, we will multiply system (10) by a test
function having the form of the limit @ (as explained in Lemma 4.8), and we will use
the convergences given in the previous section in order to identify the homogenized
model in every cases.

Proof of Theorem 3.1: We proceed in three steps:

Step 1. For y < —1. Let ¢ € D(Q)? and ¢ € D(R) be test functions in (10). By
Proposition 2, one has

eV 1
/ D.a, : D.pdx'dys — / Pe dive @ da’dys + a—- e - Pe dx'do(y)
Qa |Y ‘ wxoT
[ peddcan [ oy,
Q. Y| Juxor
ie.,
M/NDm"ae : Dy pda’dys + 5—2 /Nﬁyaﬂg - Oy p da’ dys —/N]b'a div, @' dz'dys
0. Q. Q0.
1 grl QG ,
—— pE 8y3 P3 da’ dys + a—— ; Ue - Pe d da(y) (83)
‘Y | wxoT

/ fL @ daldys + Y,|/ i gldlday),
X

Next, we prove that p does not depend on y3. Let ¢ = (0,771 33) € D(Q2)3 be
a test function in (83), we have

pe 7t /ﬁ Vorlie s - Var @y da'dys + pe™ ™ /3 Oy, lie 30y, P3 da' dys
€ S €

~ ~ o ~ o
_577\/~ De 8?}3903 dil?/dy?) + 7,/ Ue,3 * Pe,3 dz’do(y) = 0.
Qs |Y ‘ wxoT
Taking into account that P. is zero extension of Pe to the whole Q, we have
/~ De ays 3 dx/dy?) = / ]55 ayg 3 dx/dy&
Q. Q

and by the second a priori estimate (41), the convergences (63) and (71), passing
to the limit we have

/ ﬁ(?yS (,273 d,T/dyg = O,
Q

so p does not depend on ys3.
Let @ = (779 (', y3), e 7 @3(2")) € D(Q)? be a test function in (83), we have

pe™” /ﬁ Dyt : Dy @' da'dys + pe™ =2 /ﬁ Byy UL - Oy, @' da' dys

—e 7 /ﬁ Pe divy @ dx'dys + ary—q / o a. - L dz'do(y)
wX

€
e—v—1

/f # da'dys + S / i -glddoy).
w X

and

_ ~ - e . ~
ne 7/?2 Varlie3 - Vo gz da' dys + CXW / ) e 3 Pe3da’do(y) = 0.
5 wXxoT
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Taking into account that P. is zero extension of p. to the whole €, we have
/~ Pedivy @ da'dys = | P.divy ¢ da'dys.
Q. Q

Using that ¢. converges strongly to ¢ in L?(w x 0T)? (see Proposition 2.6 in [15]
for more details) and by the second a priori estimate (41), the convergences (63)
and (71), passing to the limit we have

1
—/Q p(a’) divy @' (2, ys)da' dys + |Y,|/ aT/ W' (2’ y) - @' (', ys)da'do(y')dys
X 7
and

(0% R B
7 L 0l0"9) ola) ') =0
wX

which implies that Map[t3] = 0.
Taking into account that

/ / (', y) (', y3)dx'do(y')dys

xoT’

=[0T"| | Mor/[W](2',y3) - ¢ (2", y3) dx'dys,
Q

implies that

/V pla (2, y3) da’dys
(84)
oz@T’

= V] |/M8T (2’ ys) - @' (2, y3) da'dys .

In order to obtain the homogenized system (12), we introduce the auxiliary prob-
lem or
_Ay'X(y/) = - 7 MY/ [ﬂ](xlvy3)7 in Yfl7

Yyl oo

Ix
on
MYf’ [X] = 07
x(y) Y’ — periodic,

@, on 0T,

for a.e. (2/,ys) € Q, which has a unique solution in H'(Y}) (see Chapter 2, Section
7.3 in Lions and Magenes [24]). Using this auxiliary problem, we conclude that

/ MBT’ [ﬁ] . (ﬁdl'/dyg = / Myf/ ['LAI/] . @d;v/dyg 5 (85)
Q Q
which together with (84) and Mgy [ts] = 0 gives
NV _ |Y/| ~0
MYf/ [u ](.’E 7yd) = _O(|8T/| vx’p(x ) )
and
which together with (72) gives
v

@/(1‘/,%) vw/ﬁ(x/)’ a3(x/’y3) =0.

aloT|
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This together with the definition of 6 and u;, implies (12).

Step 2. For —1 < v < 1. First, we prove that p does not depend on y3. Let
@ = (0,e%p3) € D(Q)3 be a test function in (83). Reasoning as Step 1 and by the
second a priori estimate (42), the convergence (66) and (74), passing to the limit
we deduce that p does not depend on ys3.

Let ¢ = (e¢/(2,y3),e03(z')) € D(2)3 be a test function in (83). Reasoning as
Step 1 and by the second a priori estimate (42), the convergences (11), (66) and
(74), passing to the limit we have

1
—/ p(a") divy @' (2, y3)da' dys + |Y’\/ BT/ o' () - ¢’ (2, y3)dx'do (y')dys
X ’

/f (', y3)de'dys + / / o' yz)da'do(y')dys,
Y I xoT"

@ N ~
w1 ) @) drdoty) <o,
wX

which implies that a3 = 0.
Taking into account that

/ / (', ys)da'do (y')dys = |5T/|/ ) - @' (2, ys) da'dys,
x0T’
implies that
aloT’
/V P (2, y3) da'dys + ||Y, | (2, y3) dz’dys
|oT"|
f (2, y3)da'dys + ~ i MaT/ @' (2!, ys3)da' dys,

which together with (75) gives (13) after integrating the vertical variable y3 between
0 and 1.

Step 3. For v > 1. For all 4(z',y) € D(w;Cy*(Y)?), we choose ¢c(x) =
o(a’,x’ [e,y3) as test function in (83). Then we get the following variational formu-
lation:

2 Dyt : Dy da’dy — / P divy @' da'dy

€ wXYf oJXYf

—et / pediv, pda'dy + ae’ ! / Qe - @ dx’do(y) (86)
xYy wxoT

= / fl-@ da'dy +et / g - @ da'do(y) + Oe.
XYy wx 9T

First, we remark that thanks to (60), there exists p € L?(w x Y) such that e%p.
converges weakly to p in L?(w x Ys). Now, we prove that p does not depend on y.
For that, we consider €3¢, in the previous formulation, and passing to the limit by
(76) and (77), we get

/ pdivypdz'dys =0,
UJXYf

which shows that p does not depend on y.
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Now, we consider ¢ with divy¢ = 0 in w x Y} (which is necessary because
1 satisfies (79)), and similarly we define ¢.. Then, taking £2¢., the variational
formulation (86) is the following:

u / Dyii. : Dy da’dy — £ / Pe divy ¢ da'dy
wXYf (»JXYf
+agt! / i - ¢ da'do(y) (87)
wxoT

- 52/ foo @ daldy + ¢ / i - ¢ da'do(y) + O..
wXYy wxoT

Reasoning as Step 1, and using the convergences (11), (76), (77) and the convergence
of P, passing to the limit we have

u/ Dyt : Dy¢da'dy — / p(2") divy @' da'dy = 0. (88)
wXYy wXxYy

By density, this equation holds for every function ¢(2',y) € LQ(w;Hﬁ1 (Y)3) such
that div,@ = 0. This implies that there exists ¢(z’,y) € L (w x Yy) such that (88)
is equivalent to the following problem:

—uAyzl +VyG=—-Vuyp inwxYy,

divy,t =0 in w X Y7,

5

au_ 0 onw x0T,

on

=0 onys=0,1,

y — a2, y),q(z',y) Y’ — periodic.
We remark that p is already the pressure p. This can be easily proved by multiplying
equation (83) by a test function e2¢’(2’,y3) and identifying limits.

Finally, we will eliminate the microscopic variable y in the effective problem.
Observe that we can easily deduce that 43 = 0 and ¢ = ¢(«’,y’) and more-
over, the derivation of (14) from the previous effective problem is an easy alge-

bra exercise. In fact, we can write fol a(x’,y)dys = iZ?:l Oy, p(2")w'(y') and
q(z',y) = iZ?Zl Ox,p(2")q' (y'") with (w',q"), i = 1,2, the solutions of the local
problems (15), and use property (78) which involves the functions fol a(x',y)dys

and fol (', y3)dys. As well-known, the local problems (15) are well-posed with
periodic boundary conditions, and it is easily checked, by integration by parts, that

1 i j i .
Aij = Al Dyw*(y) : Dyw’ (y) dy :/ w'(y)e;dy, i,j=1,2.
\Y¢| Jy, Y;
By definition A is symmetric and positive definite. |

5. Conclusions. The behavior of the flow of Newtonian fluids through periodic
arrays of cylinders has been studied extensively, mainly because of its importance
in many applications in heat and mass transfer equipment. However, the literature
on Newtonian thin film fluid flows through periodic arrays of cylinders is far less
complete, although these problems have now become of great practical relevance
because take place in a number of natural and industrial processes. This paper deals
with the modelization by means of homogenization techniques of a thin film fluid
flow governed by the Stokes system in a thin perforated domain €2, which depends
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on a small parameter e. More precisely, ). has thickness € and is perforated by a
periodic array of cylindrical obstacles of period e.

The main novelty here are the combination of the mixed boundary condition con-
sidered on the obstacles and the thin thickness of the domain. Namely, a standard
(no-slip) condition is imposed on the exterior boundary, whereas a non-standard
boundary condition of Robin type which depends on a parameter v is imposed on
the interior boundary. This type of boundary condition is motivated by the phe-
nomenon in which a motion of the fluid appears when a electrical field is applied on
the boundary of a porous medium in equilibrium. The main mathematical difficul-
ties of this work are to treat the surface integrals and extend the solution to a fixed
domain in order to pass to the limit with respect to the parameter e. We overcome
the first difficulty by using a version of the unfolding method which let us treat the
surface integrals quite easily. Moreover, we need to develop some extension abstract
results and adapt them to the case of thin domain.

By means of a combination of homogenization and reduction of dimension tech-
niques, depending on the parameter v, we obtain three modified 2D Darcy type
laws which model the behavior of the fluid and include the effect of the surface
forces and the measure of the obstacles. We remark that we are not able to prove
a divergence condition for the limit averaged fluid flow as obtained if we had con-
sidered Dirichlet boundary conditions, which from the mechanical point of view
means that some fluid “disappear” through the cylinders and so, it is represented
by the motion of a compressible fluid. To conclude, it is our firm belief that our
results will prove useful in the engineering practice, in particular in those industrial
applications where the flow is affected by the effects of the surface forces, the fluid
microstructure and the thickness of the domain.

Acknowledgments. We would like to thank the referees for their comments and
suggestions.
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