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THE CARDIAC BIDOMAIN MODEL AND HOMOGENIZATION
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ABSTRACT. We provide a rather simple proof of a homogenization result for
the bidomain model of cardiac electrophysiology. Departing from a micro-
scopic cellular model, we apply the theory of two-scale convergence to derive
the bidomain model. To allow for some relevant nonlinear membrane models,
we make essential use of the boundary unfolding operator. There are several
complications preventing the application of standard homogenization results,
including the degenerate temporal structure of the bidomain equations and a
nonlinear dynamic boundary condition on an oscillating surface.

1. Introduction. The bidomain model [39, 13, 38] is widely used as a quantitative
description of the electric activity in cardiac tissue. The relevant unknowns are
the intracellular (u;) and extracellular (u.) potentials, along with the so-called
transmembrane potential (v := u; — u,). In this model, the intra- and extracellular
spaces are considered as two separate homogeneous domains superimposed on the
cardiac domain. The two domains are separated by the cell membrane creating
a discontinuity surface for the cardiac potential. Conduction of electrical signals
in cardiac tissue relies on the flow of ions through channels in the cell membrane.
In the bidomain model, the celebrated Hodgkin-Huxley [23] framework is used to
dynamically couple the intra- and extracellular potentials through voltage gated
ionic channels.

The bidomain model can be viewed as a PDE system consisting of two degenerate
reaction-diffusion equations involving the unknowns u;, u.,v and two conductivity
tensors 0;, 0.. These equations are supplemented by a nonlinear ODE system for the
dynamics of the ion channels. The bidomain model is often derived heuristically
by interpreting o;,0. as some sort of “average” conductivities, applying Ohm’s
electrical conduction law and the continuity equation (conservation of electrical
charge) to the intracellular and extracellular domains [13, 38].

Starting from a more accurate microscopic (cell-level) model of cardiac tissue,
with the heterogeneity of the underlying cellular geometry represented in great
detail, it is possible to heuristically derive the bidomain model (tissue-level) using
the multiple scales method of homogenization. This derivation was first carried out
in [31]. It should be noted that the microscopic model is in general too complex to
allow for full organ simulations, although there have been some very recent efforts
in that direction [40]. The complexity of cell-level models, which themselves can
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be heuristically derived from the Poisson-Nernst-Planck equations [35], motivates
the search for simpler homogenized (macroscopic) models. The work [31] assumes,
as we do herein, that cardiac tissue can be viewed as a uniformly oriented periodic
assembly of cells (see also [14, 22]). There have been some attempts to remove this
assumption. We refer to [26, 25, 36] for extensions to somewhat more realistic tissue
geometries.

Despite the widespread use of the bidomain model, there are few mathematical
rigorous derivations of the model from a microscopic description of cardiac tissue.
From a mathematical point of view, rigorous homogenization is often linked to the
study of the asymptotic behavior (convergence) of solutions to PDEs with oscillating
coefficients. In the literature several approaches have been developed to handle this
type of problem, like Tartar’s method of oscillating test functions, I'-convergence,
two-scale convergence, and the unfolding method. We refer to [12] for an accessible
introduction to the mathematics of homogenization and for an overview of the
different homogenization methods.

We are aware of two earlier works [4, 34] containing rigorous homogenization
results for the bidomain model (but see [16, 15, 43] for examples of elliptic and
parabolic equations on“two-component” domains). With a fairly advanced proof
involving I'-convergence, the De Giorgi “minimizing movement” approach, time-
discretization, variational problems, and two limit procedures, the homogenization
result in [34] covers the generalized FitzHugh-Nagumo ionic model [17]. The proof of
the result in [4] is more basic in the sense that it employs only two-scale convergence
arguments, but it handles only a restricted class of ionic models.

We mention that there are several complications preventing the application of
standard homogenization results (for elliptic/parabolic equations) to the bidomain
equations, including its degenerate structure (seen at the tissue-level), resulting
from differing anisotropies of the intra- and extracellular spaces, and the highly
nonlinear, oscillating dynamic boundary condition (seen at the cell-level).

The main contribution of our paper is to provide a simple homogenization proof
that can handle some relevant nonlinear membrane models (the generalized
FitzHugh-Nagumo model), relying only on basic two-scale convergence techniques.
We now explain our contribution in more detail. The point of departure is the fol-
lowing microscopic model [13, 14, 22, 41] for the electric activity in cardiac tissue:

—div (ofVui) =s; in(0,T) x QF,

—div(eiVui) =s2 in (0,T) x QF,

e (O +I(v°,w®)) =—v-o;Vu; on (0,T) x ', (1.1)
e (O +I(v°,w%)) = —v-o.Vui on(0,T) x I'®,

Oyw® = H(w®,w®) on (0,T) x T'%,

where v denotes the unit normal pointing out of Q¢ (and into Qf). Cardiac tissue
consists of an assembly of elongated cylindrical-shaped cells coupled together (end-
to-end and side-to-side) to provide intercellular communication. The entire cardiac
domain Q C R? is viewed as a “two-component” domain and split into two e-
periodic open sets €25, €2 corresponding to the intra- and extracellular spaces. The
sets 5, €2, which are assumed to be disjoint and connected, are separated by an
e-periodic surface I'® representing the cell membrane, so that Q = Qf U Q UT*®.
The main geometrical assumption is that the intra- and extracellular domains are

e-dilations of some reference cells Y;,Y, C Y := [0, 1]3, periodically repeated over
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R3. Although our results are valid for general Lipschitz domains, for simplicity of
presentation, we assume that the entire cardiac domain {2 is the open cube

Q=(0,1) x (0,1) x (0,1). (1.2)

In (1.1), o5 is the conductivity tensor and s5 is the stimulation current, relative
to Q5 for j = 4,e. The functions s, s are assumed to be at least bounded in L?,
independently of €. As usual in homogenization theory, the conductivity tensors
05,0t are assumed to have the form

T . .
Uj—(ac) =0; (x7 g) , j=1i,e,

where 0; = o;(z,y) satisfies the usual conditions of uniform ellipticity and peri-
odicity (in y). Despite the fact that the inhomogeneities of the domains impose
g-oscillations in the conductivity tensors (via gap junctions), the main source of
inhomogeneity in the microscopic model is not the conductivities o7 and of, but
the domains Qf and 2 themselves. We allow for inhomogeneous and oscillating
conductivities for the sake of generality.

We denote by u$ the electric potential in Q5 (j = 4,e). On I'*, v° := uf — ug

is the transmembrane potential and I(v¢,w*®) is the ionic current depending on v®
and a gating variable w®. The left-hand side of the third and fourth equations in
(1.1) describes the current across the membrane as having a capacitive component,
depending on the time derivative of the transmembrane potential, and a nonlinear
ionic component I corresponding to the chosen membrane model. In this article we
consider the generalized FitzHugh-Nagumo model [17]. We choose to focus on this
membrane model for definiteness, but our arguments can be adapted to many other
models satisfying reasonable technical assumptions [7, 8, 13, 38, 41, 42].
For each fixed € > 0, the functions 05,85, 1, H in (1.1) are given and we wish to
solve for (u$,us,v®, w®). To this end, we must augment the system (1.1) with initial
conditions for v®, w® and Neumann-type boundary conditions for u5,u$ (ensuring
no current flow out of the heart):

v )imo = vg In 2, wli=g = wg in Q,

1.3
n-o;Vuj =0 on (O,T)X(G‘Qﬂaﬁj),j:i,e, (13)

where n is the outward unit normal to 2. It is proved in [14, 41] that the microscopic
bidomain model (1.1), (1.3) possesses a unique weak solution. This solution satisfies
a series of a priori estimates. For us it is essential to know how these estimates
depend on the parameter . We will therefore outline a proof of these estimates.
The dimensionless number ¢ is a small positive number representing the ratio
of the microscopic and macroscopic scales, that is, considering ) as fixed, it is
proportional to the cell diameter. The goal of homogenization is to investigate the
limit of a sequence of solutions {(uf,u,v",w)} ., to (1.1), (1.3). By the multiple
scales method [12, 14, 22], the electric potentials u$,us,v® and the state variable
w® exhibit the following asymptotic expansions in powers of the parameter ¢:
1 2 .

W5t x,y) = uy(tw,y) + eul (b2, y) + 20 (La,y) +oo (G =1ise),

v (tz,y) = otz y) +eo(tz,y) + 0P (tay) oo

ws(tv Zz, y) = U)(t, Zz, y) + sw(l) (t’ Z, y) + EQw(2)(t7 Zz, y) +

where y = /¢ denotes the microscopic variable, and each term in the expansions
is a function of both the slow (macroscopic) variable x and the fast (microscopic)
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variable y, periodic in y. Substituting the above expansions into (1.1), and equating
all terms of the same orders in powers of ¢, we obtain after some routine arguments
that the zero order terms w;,u.,v,w are independent of the fast variable y and
satisfy the (macroscopic) bidomain model [14, 22, 34]

IT|0sv — div (M;Vu,) + T (v, w) = |Yi|ss, in (0,T) x Q,
IT|0pv + div (M Vu,) + T (v, w) = —|Ye|se, in (0,7) x Q, (1.4)
Oyw = H(v,w), in (0,7) x Q,

where the homogenized conductivity tensors M;(x), M.(x) are given by

M; (x) = /Y oi@y) I+ V(@ y) dy,  j=ise, (15)

J

and the y-periodic (vector-valued) function x; = x;(x,y) solves the cell problem

{—divy (0;Vyx;) = —divyo;,  inQxYj, (1.6)

v-o;VyXj =V-0j, on 2 x I

Note that the effective potentials u;, u. in (1.4) are defined at every point of Q, while
in the microscopic model they live on disjoint sets Q5, Q. In (1.4), (1.5), (1.6) the
sets Y;, Y, are the intra and extracellular spaces within the reference unit cell Y,
separated by the cell membrane T' (see Section 2 for details). It is worth noting
that the bidomain model is often stated in terms of the “geometric” parameter
X = % = |T'| representing the surface-to-volume ratio of the cardiac cells.

Regarding the existence and uniqueness of properly defined solutions, standard
theory for parabolic-elliptic systems does not apply naturally to the bidomain model
(1.4). A number of works [6, 7, 8, 14, 42] have recently provided well-posedness
results for (1.4), applying differing solution concepts and technical frameworks.

As alluded to earlier, we will provide a rigorous derivation of the homogenized
system (1.4), (1.5), (1.6) based on the theory of two-scale convergence (see [33]
and [1, 2, 28]). This result is not covered by standard parabolic homogenization
theory. A complication is the nonlinear dynamic boundary condition (posed on an
underlying oscillating surface), which makes it difficult to pass to the limit in (1.1)
as ¢ — 0. The aim is to prove that a sequence {uf,u’;‘,vﬂwﬂoo of solutions to
the microscopic problem two-scale converges to the solution of the bidomain model
(1.4). However, two-scale convergence is not “strong enough” to justify passing
to the limit in the nonlinear boundary condition. To handle this difficulty we use
the boundary unfolding operator [10], establishing strong convergence of 7;17(1)5)
in L2((0,T) x Q x I'), where 72 denotes the boundary unfolding operator. The
boundary unfolding operator makes our proof flexible enough to handle a range of
membrane models, exemplified by the generalized FitzHugh-Nagumo model.

Unfolding operators, presented and carefully analyzed in [11, 10], facilitate el-
ementary proofs of classical homogenization results on fixed as well as perforated
domains/surfaces. An unfolding operator 7. maps a function v(x) defined on an
oscillating domain/surface to a higher dimensional function 7 (v)(x,y) on a fixed
domain, to which one can apply standard convergence theorems in fixed LP spaces.
Reflecting the “two-component” nature of the cardiac domain, it makes sense to use
two unfolding operators 7€, linked to the intra- and extracellular domains €5 _.
In this paper, however, we mainly unfold functions defined on the cell membrane,
utilizing the boundary unfolding operator 7.
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For somewhat similar unfolding of “two-component” domains separated by a
periodic boundary, see [16, 15, 43]. For other relevant works that combine two-scale
convergence and unfolding methods, we refer to [19, 18, 20, 29, 32]. Among these,
our work borrows ideas mostly from [19, 18, 32].

The remaining part of the paper is organized as follows: In Section 2, we collect
relevant functional spaces and analysis results. Moreover, we gather definitions
and tools linked to two-scale convergence and unfolding operators. In Section 3,
we define precisely what is meant by a weak solution of the microscopic problem
(1.1), state a well-posedness result, and establish several “c-independent” a priori
estimates. The main homogenization result is stated and proved in Section 4.

2. Preliminaries.

2.1. Some functional spaces and tools. For a general review of integer and
fractional order Sobolev spaces (on Lipschitz domains) and relevant analysis tools,
see [9, Chaps. 2 & 3] and [30, Chap. 3]. For relevant background material on
mathematical homogenization, we refer to [12].

Let Q C R? be a bounded open set with Lipschitz boundary. We denote by
C§°(9) the (infinitely) smooth functions with compact support in Q. The space
of smooth Y-periodic functions is denoted by C5¢, (Y). The closure of this space
under the norm [|V(-)||2(yy is denoted by H}. (V). We write H* for the L?-based
Sobolev spaces W*?2 (s € (0,1]).

We make use of Sobolev spaces on surfaces, as defined for example in [27,
p. 34] and [30, p. 96]. Specifically, we use the (Hilbert) space H/?(T), for a two-
dimensional Lipschitz surface I' C 2, equipped with the norm

Il /ey = Ml 3oy + lulfe g

where
|u(z) — u(a)]?

2 _ 1AL — WL /
e = [ [ ds@) as(w),

and dS is the two-dimensional surface measure. We define the dual space of H'/2(T")
as H-Y2(T) := (H'/*(I"))*, equipped with the norm of dual spaces

||UHH—1/2(F) = sup (u, ¢>H—1/2(r),H1/2(r) ‘
$EH!/2(T)
H¢HH1/2(F):1
The following trace inequality holds:
lulell ey < Cllull gy, we H (). (2.1)

Any function in H'/2(T") can be characterized as the trace of a function in H' ().
The trace map has a continuous right inverse Z : H'/?(T') — H'(Q), satisfying

IZ() g0y < Cllullgrrzry, Yue HY2(ID), (2:2)
where the constant C depends only on I'. We need the Sobolev inequality
ull pagry < Cllull garzqry - (2.3)

Indeed, H'/2(T") is continuously embedded in LP(T) for p € [1,4]. This embedding

is compact for p € [1,4). In particular, H'/?(T') is compactly embedded in L?(T).
Let X be a separable Banach space X and p € [1, o0], We make routinely use of

Lebesgue-Bochner spaces such as LP(9; X) and L?(0,T; X). We also use the spaces
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of continuous functions from © to X and (0,7") to X, denoted by C(9; X) and
C(0,T; X), respectively, and the similar spaces with C replaced by C? or C¥. If X
is a Banach space, then X/R denotes the space consisting of classes of functions in
X that are equal up to an additive constant.

Recall that H'/2(T) is a Hilbert space embedded in a continuous and dense way
in L?(T'). The (Lions-Magenes) integration-by-parts formula holds for functions
u1, Uz that belong to the Banach space

Vrr = {u € L2(0,T; HY2(T)) N L*((0,T) x T) |
Byu € L*(0,T; H= V(D)) + L¥/3((0,T) x r)},
equipped with the norm
||“||VF,T = Hu”L?(O,T;H1/2(F))0L4((0,T)xr) + ”atu”L2(0,T;H*1/2(F))+L4/3((O,T)><F) )

where Hu”Xsz = max (HUHX1 ) Hu||x2)a ||UHX1+X2 = u:;lﬁiw (HUIHX1 + ||U2||X2)-

Indeed, for ui,us € V.1, [0,T] > ¢ = (u1(t), u2(t)) p2(r) is continuous and

to ta
/t1 <0tu1,u2> dt + /tl <8t’u,2,’u,1> dt (24)

= (u1(t2),u2(t2)) p2(ry — (ua(ta), u2(ts)) p2(r)
for all t1,t2 € [0,T], t1 < to, where (-,-) denotes the duality pairing between
H=Y2(I') 4 L*3(T) and HY/?(') N L4(T). For a proof of (2.4) that can be adapted
to our situation, see e.g. [9, p. 99].
Taking u; = ug = u € Vr 7, we obtain the chain rule

b2 1 1
2 2
/tl (Oyu,u) dt = 3 [ut2)ll 72y — 3 [Ju(ua) 72 - (2.5)

Adapting standard arguments (see e.g. [9, p. 101]), the embedding
Vrr < C(0,T; L*(I)) (2.6)

is continuous. Indeed, this result follows from the continuity of the squared norm
t— ||u(t)||iz(r) (see above) and the weak continuity of u in L?(T"). The latter

results from an easily obtained bound on u in L>(0,T; L?(T")) and the continuity
of u in H~1/2(T), both facts being deducible from (2.4).

Let us dwell a bit further on the time continuity of functions in Vr r. By (2.3),
H'? ¢ L4T) and so L*/3(T") ¢ H~/2(T"). Therefore,

L2(0,T; H-Y2(T)) + LY3((0,T) x ) € LY3(0,T; H~Y2(T)).

With vy =u €Vrr and ug = ¢ € H'2(T') in (2.4), it follows that
ta
('U/(tg) - u(tl)7¢)L2(F) = / <6{U;,¢> dt
t1

ta
< ||¢HH1/2(F)/ [0sull gr—1/2(ry dt

ty

SNl grrary 10eull para ey 4y m—1r2(ry) (b2 = t)'/*.
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Fix a small shift A; > 0. Specifying t; = ¢t € (0,7 — Ay), to = t + A, and
6= ult+Ar) —ult, ) gives

[ut + Ay, -) — ult, ')||2Lz(r)
1/4
< Ju(t + A, ) — ult, ')||H1/2(r) ||6tu||L4/3(0,T;H—1/2(r)) At/ :

Integrating this inequality over ¢t € (0,7 — A;), accompanied by a few elementary
manipulations, results in the temporal translation estimate

u(-+ A, ) = ul, pz0,7-a, 2 1))
< CT ”uHi/f(O,T;Hl/?(F)) ||6tu“2612/3(077«;1_[71/2@)) Ai/S’ u € VF,T7
where Cp = 21/2T1/4 A similar estimate holds for negative A,.

There is a compact embedding of Vr 7 in L?(0,T; L*(T")). As pointed out above,
Vrr is a subset of {u € L2(0,T; HY/*(T) : dyu € L*3(0,T; H~Y/2(T'))}, which is
compactly embedded in L?(0,T; L?(T")) by the Aubin-Lions theorem.

We need a generalization of this result due to Simon [37]. Given two Banach
spaces X1 C Xp, with X; compactly embedded in X, let K be a collection of
functions in LP(0,T; Xo), p € [1,00]. The work [37] supplies several results ensuring
the compactness of K in LP(0,T; Xo) (in C([0,T]; Xo) if p = 00). For example, we
can assume that K is bounded in L{ (0,7; X;) and

loc
lu(- + Ay) — uHLP(O’T_A“XO) — 0 as A; — 0, uniformly for u € K,

cf. [37, Theorem 3]. We apply this result with p = 2, X; = HY?(I'®), Xy = L*(I®).
Another result involves a third Banach space X_; (e.g. X_; = H~'/2(I'¢)), such
that X7 C Xg C X_; and X; is compactly embedded in Xy. Compactness of K
in LP(0,T; Xo) follows if the set K is bounded in LP(0,T; X;) and, as A; — 0,
[u(-+ A) = ull oo r—n,.x ;) — 0, uniformly for u € K [37, Theorem 5].

2.2. Two-scale convergence. Recall that Q C R3 denotes the entire (connected,
bounded, open) cardiac domain, assumed to be of the form (1.2). The assumption
(1.2) simplifies the presentation. With mild modifications of the upcoming proofs,
the results remain valid for general domains with Lipschitz boundary. Let Y be a
reference unit cell in R3, which we fix to be the unit cube Y := [0, 1]3.

Let Y; and Y, be the (disjoint, connected, open) intra and extracellular spaces
within Y, separated by the cell membrane I':

Y,UY. =Y, T =0Y;\oY.

Denote by K¢ the set of k € Z3 for which Jycx-€(k+Y) = Q. We define the
intracellular domain €25, the extracellular domain 3¢, and the cell membrane I'* as

= Jek+Y), j=ie, T°= ] ek+D). (2.7)
keKe keK=

Both sets 5, Q¢ are connected Lipschitz domains, see Figure 1.1. Note however
that it is impossible to have both Q2 and €27 connected in a two-dimensional picture.

To derive estimates for the microscopic model, we employ the following trace
inequality for e-periodic hypersurfaces:

2 2 2 . .
e Nulre I Faqey < € (Jullfes) + 2 IVUllar) ) we HYQ), j=ice, (28)

for some constant C' independent of ¢, cf. [24, Lemma 3] or [29, Lemma 4.2].
We need a uniform Poincaré inequality for perforated domains [10].
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Q=0 UQUT" Y

Y,

FIGURE 1. The rescaled sets Q5, QZ, I'® (left) and the unit cell Y (right).

Lemma 2.1. There exists a constant C, independent of € > 0, such that

1
T
’j‘ Q3

<C ||V“HL2(Q§) ) (2.9)
L*(93)
for allu e H' (Q5), j =i,e.
Estimate (2.9) holds under mild regularity assumptions on the perforated do-
mains; a Lipschitz boundary is more than sufficient (but connectedness is essential).

Recall that a sequence {u}_., C L*((0,T) x Q) two-scale converges to u in
L2((0,T) x Q; L2,.(Y)) if

per

r P X e—0 T
us(t,z)p (t,auf) dx dt — u(t,z,y)e(t, z,y)dydedt, (2.10)
0 Ja £ 0o JalJy
for all p € C([0,T] x ©; Cper(Y)). We express this symbolically as

ut 2o
By density properties, the convergence (2.10) also holds for test functions ¢ from
L2((0,T) x ©Q; Cper(Y)) [12, p. 176].

The two-scale compactness theorem [1, 12] is of fundamental importance.
Theorem 2.2 (two-scale compactness). Let {u®}e~q be a bounded sequence in
L2((0,T) x ), [ull 20, 1)xq) < C Ve > 0. Then there exist a subsequence n, — 0
and a function u € L*((0,T) x ; L2(Y)) such that us" two-scale converges to u as
n — 00.

Consider a sequence {u§}5>0 of functions defined on the perforated domain

(0,T) x Qf, j =1i,e. We write &5 for the zero-extension of uf to (0,7') x 2

uE(t,x) = uj(t,z) i (te) € (0,T) x 5,
j 0 if (t,2) € (0,T) x (2\ Q).
By Theorem 2.2, {{t\]g} has a two-scale convergent subsequence, provided we

>0
know that HU§||L2((0’T)XQ§) < C Ve > 0. However, this is not true in general for the

gradient of u$, even if Hu ) < C, since the extension by zero creates a

€
J HLZ(O,T;HI(Q;)
discontinuity across I'®. Instead the following statement holds true for the gradient:
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Lemma 2.3. Fiz j € {i,e} and suppose u® = u§ satisfies ||u5||L2(07T;H1(Q§)) <C

Ve > 0. Then there exist a subsequence &, — 0 and functions u € L?(0,T; H'()),
up € L?((0,T) x Q; H!,.(Y;)) such that as n — oo,

per
w2 Ly, (y)ult, @) in L2((0,T) x 5 L (V)),
Vurn 2 Ly, (y) (Vou(t, 2) + Vyus(t,2,9)) in L2((0,T) x 5 Ly (V)

Here, 1y, (y) denotes the characteristic function of Y,

vl ifyey;,
My)_{o FyeY;

For a proof of this lemma in the time independent case, see [1, Theorem 2.9].
The extension to time dependent functions is straightforward.

There is an extension of two-scale convergence to periodic surfaces [2]. Recall
that a periodic surface I'® is given by

Fa;:{xeﬁ‘§Ek+Fforsomek€Z3},

where I' C Y is a surface in the unit cell. Since |['¥| ~ 7!, it is necessary to
introduce a normalizing factor in the definition of two-scale convergence on surfaces.

A sequence {v¢}.~¢ of functions in L2((0,T) x I'¢) two-scale converges to v in
L2((0,T) x Q; L3(T')), written

if, for all ¢ € C([0,T] x Q; Cper(T)),
T
: . z
51_13(1)8/0 /Ev (t,x)cp(t,x,e) dS(z)dt

_/()T/Q/Fv(t,z,y)gp(t,z,y) dS(y) dz dt.

As with (2.10), this convergence continues to hold for test functions ¢ that belong
to L2((0,T) x ; Cper(I)).
There is a version of Theorem 2.2 for functions on periodic surfaces [2].

Theorem 2.4 (two-scale compactness on surfaces). Suppose {v°}cs0 is a sequence
of functions in L?((0,T) x T'.) satisfying

T
5/ [v¥|* dS dt < C, (2.11)
0 Ie

for some function C that is independent of € > 0. Then there exist a subsequence
en — 0 and a function v € L?((0,T) x Q; L*(T")) such that as n — oo,

ven 225y,

One can characterize the two-scale limit of traces of bounded sequences in
L2(0,T; HY(Q¢)) as the trace of the two-scale limit [2].

Lemma 2.5. Fiz j € {i,e}. Suppose u® = uj satisfies ||| 20 1,pr1(0s)) < C
b il j

Ve >0 and, ¢f. Lemma 2.5, v¢ > ly, (y)u(t, ) in L*((0,T) x Q; L*(Y)). Let
- € L*((0,T) x T%)

gE — uE
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be the trace of u® on I'* = 89; \ 0. Then, up to a subsequence,

2-8
9° = g = Ir(y)ult,z).
Remark 2.6. In view of Lemma 2.5, we have (in the sense of measures)

uf|. dSdt 2D udedt,  wfdrdt > |Y;| udzdt.

2.3. Unfolding operators. An alternative approach to studying convergence on
oscillating surfaces I'® is provided by the boundary unfolding operator [10]. For any
x € R?, we have the decomposition z = |z] + {z}, where |x] € Z?® and {x} € [0,1]?
denotes the integer and fractional parts of x, respectively. For later use, note the
following simple properties, which hold for any z,z € R3, n € Z3:

lz+n|=z]+n, {o+n}=A{z}, |z+z]<|z]+[z]+111).
Applying the above decomposition to x/e gives
z=c(|lz/e] +{z/e}),

where |z/c| € Z3, {x/e} € ]0,1]3.
The boundary unfolding operator T2 is defined by

T2 L*(0,T; L3(T°)) — L*(0,T; L*(Q x I)),
ﬁb(v)(t,x,y):v(t s{ J +€y) (t,z,y) € (0,T) x Q x T,

The advantage of the unfolding operator is that we can formulate questions of
convergence in a fixed space L2(0,T; L?(Q2 x I')). All definitions and results in this
section are formulated in L? spaces. Everything remains the same, however, if we
replace L? by LP for any p € [1,00). We refer to [10] for the definition of the
boundary unfolding operator and proofs of the properties listed next.

The boundary unfolding operator 72 is bounded, linear, and satisfies

7;b(’l}11]2) = 7?(’[}1)7?(1}2), V1,V € L2(O7 T; LQ(FE)). (2.13)
For any Y-periodic function ¢ € L*(T), set ¥.(z) := 1 (x/e). Then
(W)@ y) = vly), weQyel.
For v € L?(0,T; L*(T¢)), we have the integration formula

6/5 (t,z)dS(z //T )(t, 2, y) dS(y) dz (2.14)

for a.e. t € (0,T), thereby converting an integral over the oscillating set I'® to an
integral over the fixed set Q x I'. For v € L?(0,T; L*(T?)),

HT;(”)HLZ(WF) et/? [oll 2 rey - (2.15)

for a.e. t € (0,T). For any v € L?(0,T; L*(T?)),

(2.12)

TP(w)H v in LX(QxT), (2.16)
for a.e. t € (0,T), and also in L?(0,T; L?(Q x T')). Suppose {v°}.~¢ is a sequence
of functions in L2((0,T) x I'?) satisfying (2.11). Then

v 2Py = TP(v) = v in L3((0,T) x Q x I). (2.17)
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We need also the unfolding operators linked to the domains Qf, Q¢ [10]:

K2

TZ:L?((0,T) x Q) — L*(0,T; L* (2 x Y;)), j=i,e,

Tt zy) =u(te| 2] +er), oy e©T)x2xY,

The unfolding operator 77 maps functions defined on the oscillating set (0,7") x Q5
into functions defined on the fixed domain (0,T) x  x Y;. The operator 77 is
bounded, linear and satisfies

T (wv) = TZ (u) TZ (v), u,v € L?((0,T) x Q5).
For any Y-periodic function ¢ € L(Y;), set ¢ (z) := ¢(z/c). Then

T (W) (zy) =9(y), zeQyeY;
For u € L*(0,T; L*(€5)), we have the integration formula

J

for a.e. t € (0,T). The integration formula implies

u(t,m)dwdt:// T2 (u)(t, x,y) dy dz dt,
aly,

€
J

|‘7:5j(u)’|L2(Q><Yj) = ||U||L2(Q;)7 (2.18)
for a.e. t € (0,T). Let u € L*(0,T; H'(Q5)). Then
VT (u) = eTZ(Vu), ae. in (0,T) x Q x Yj,
and hence T7 (u) € L*(Q; H'(Y;)), for a.e. t € (0,T):
||Vy7;j(u)|

L2(Qxy;) — ¢ ||VU||L2(Q;) . (2.19)

The unfolding operators 7 and 77 are related in the following sense:
T (ulre) = T2 (u)lr,  we LX0, T3 HY(Q5), j=ie, (2.20)

for a.e. t € (0,T). Combining (2.20), (2.18), (2.19), and the trace inequality (2.1)
in H'(Q5), we obtain

2
H7;b(u|1w5) |L2(Q;Hl/2(1’\))
. 2 . 9
S C (HEJ(U)HW(Q;LQ(YJ-)) + ||Vy7;‘7(u)||L2(Q’L2(Y'J))> (221)
= C (Iullfaar) + 22 IVulifaar)) o d=ive,

for a.e. t € (0,T), where the constant C' is independent of € and ¢. Whenever it is
convenient, we will write 72 (u) instead of T2 (u|pe).
Next, we consider the local average (mean in the cells) operator

M (u)(t, z) :/ T (u)(t, 2z, y)dy, (t,z) € (0,T) x Q, j=1i,e,
Y;
and the piecewise linear interpolation operator [10, Definition 2.5]

QL: L*(0,T; H'(Q5)) — L*(0, T H'(Q), j=ise,

: . 2.22
Q7 (u) is the Q;-interpolation (in ) of MZ(u). (2:22)
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Given the Lipschitz regularity of Yj, the interpolation operator Q! satisfies the
following estimates [10, Propositions 2.7 and 2.8]:

HQé(u) - uHLQ((O,T)XQj) < Ce ||vu”L2((07T)XQ§) ’ (2.23)
||VQ§(“)HL2((0,T)xQ§) <C HVUHL?((&T)ij) ’

where C' is a constant that is independent of e.

3. Microscopic bidomain model. In this section we present a relevant notion
of (weak) solution for the microscopic problem (1.1), (1.3), along with an accompa-
nying existence theorem. We also derive some “e-independent” a priori estimates,
which are used later to extract two-scale convergent subsequences.

3.1. Assumptions on the data. We impose the following set of assumptions on
the “membrane” functions I, H:
e Generalized FitzHugh-Nagumo model: For v, w € R,

I(v,w) =1 (v) + L(v)w, H(v,w)=h)+cyiw,
where Iy, I, h € CY(R), cgr1 € R, and

FHN
n@l < ey (14117, B> erfol* = eralof,  (CFHN)
L(v) =crs+erav, ()] < ez (1+10),

for some constants ¢y > 0 and cz.1,¢r.2,¢1.3, 1,4, CH,2 > 0.
The classical FitzHugh-Nagumo model corresponds to

I(v,w) =v(w—a)(v—1)+w, H(v,w) = e(kv — w), (3.1)

where @ € (0,1) and k, e > 0 are constants.
Repeated applications of Cauchy’s inequality yields

vl (v, w) — wH(v,w) >~ |v|* — 8 (|v|2 + |w|2) : (3.2)

for some constants v > 0 and § > 0. This inequality will be used to bound the
transmembrane potential in the L* norm.

Consider a quadratic matrix A, which always can be written as the sum of its
symmetric part (A+AT) and its skew-symmetric part 3(A—AT). Recall that in a
quadratic form z — Az -z the skew-symmetric part does not contribute. Therefore,
letting Amin and Apax denote respectively the minimum and maximum eigenvalues
of the symmetric part of A, we have

Amin‘z|2 SAZ'ZSAmax|Z‘2a VZ

For p > 0, consider the function F* : R? — R? defined by

o= ("50)

Denote by A, (2), M.« (2) the minimum, maximum eigenvalues of the symmetric

part of the matrix VF#(z). To ensure that weak solutions are unique, we need an
additional assumption on I, H expressed via F* [8, p. 479]: Ju, A > 0 such that

Mo (2) >N, VzeR2 (3.3)

min

One can verify that the FitzHugh-Nagumo model (3.1) obeys (3.3) (with p = €k).
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A consequence of (3.3) is that VF#(2)z -z > \|z|* for all z, z € R2. Therefore,
writing
FH(z9) — F*(z) = /1 VFEH(0zo + (1 —6)z1)(22 — 21) d0,
it follows that '
(F¥(z2) — F(21)) - (22 — 21) > =\ |22 — 21|*.

More explicitly, assumption (3.3) implies the following “dissipative structure” on a
suitable linear combination of I and H:

p (I (v2, w2) — I(v1,w2)) (v2 = v1) — (H (v2, w2) — H(v1, wi)) (w2 — wy)
> =X (|v2—vl\2+|w2—w1|2), Vo, vg, wi, wa € R.
This inequality implies the L? stability (and thus uniqueness) of weak solutions.

Remark 3.1. There are many membrane models of cardiac cells [13, 38]. We utilize
the FitzHugh-Nagumo model [17], which is a simplification of the Hodgin-Huxley
model of voltage-gated ion channels. It is possible to treat other membrane models
by blending the arguments used herein with those found in [7, 8, 13, 38, 41, 42].

As a natural assumption for homogenization, we assume that the e-dependence
of the conductivities o5 (j = i,¢), the applied currents s5 (j =4, ¢), and the initial
data v§, w§ decouples into a “fast” and a “slow” variable:

os(r) =0 (m, g) ;o si(w) =55 (Jc, g) ,
vi(e) =vo (2. 2), wi(e) =wo (v, %),
€ €
for some fixed functions o;(z,y), s;(z,y),vo(z,y), wo(z,y) that are Y-periodic in
the second argument.
The conductivity tensors are assumed to be bounded and continuous,

(3.4)

0,(.y) € L¥(Q x ¥;) N0 (2 Cper(Y))) (3.5)
and satisfy the usual ellipticity condition, i.e., there exists a > 0 such that
U'Uj(may)ﬁza|77|27 VUGRBa V(x,y) EQX)/% (36)

for j =i, e. Finally, we assume that each o; is symmetric: ajT = 0;.

The regularity assumption (3.5) implies that ¢; is an admissible test function for
two-scale convergence [1], which means that

iy [ oi@@)de = [ olypleydedy j=ie

—0
€ Qs QxY;

for every two-scale convergent sequence {¢°}e~o, ¢©° N . This convergence still
holds if the second part of (3.5) is replaced by o; € L? (€; Cper (Y5))-
For the stimulation currents we assume the compatibility condition

> / s5dz =0, (3.7)
=i 7S
and the boundedness in L?:

<C, j=ie, (3.8)

H8§HL2((O,T)><Q§) =
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which, in view of (3.4), is guaranteed if we take [12, p. 174]
53 € LA(Q; Cpar (V7). (3.9)
Similarly, we assume that
vo, wo € L(8; Cher(T)). (3.10)

Throughout this paper we denote by C' a generic constant, not depending on the
parameter . The actual value of C may change from one line to the next.

3.2. Weak solutions. Testing (1.1) against appropriate functions ¢;, e, P, we
obtain the weak formulation of the microscopic bidomain model (1.1), (1.3), cf. [14,
41] for details. We note that the terms involving the boundary 9 vanish due to
the Neumann boundary condition (1.3).

Definition 3.2 (weak formulation of microscopic system). A weak solution to (1.1),
(1.3) is a collection (u$,ug, v®,w®) of functions satisfying the following conditions:

i (algebraic relation).

€ _ . € €
v = Uy stue

pe ae.on (0,7) x I (3.11)
ii (regularity).

us € L(0,T; HY(Q5)), j=ise,
/g ug(t,z)de =0, te(0,7T),
v° e L2(0,T; HY2(I')) N L*((0,T) x T°),
Ay e L*(0,T; H-Y2(T9)) + L¥3((0,T) x I?),
w® € H'(0,T; L*(I9)).
iii (initial conditions).
ve(0) = v5, w(0) = wg. (3.12)

v (differential equations).

T
8/ (0%, ©4) dt+/ / o;Vus - Ve, dx dt

(3.13)
+€/ / (v%, w®)p; dS dt = / / sSp; dx dt,
T
6/ (O4v%, e ) dt — / / oeVug - Ve dr dt
2 (3.14)
+€/ / ve,w)p dS dt = / / sSpe dx dt,

= 0 i

Owoy,dr = | H(W,w)p, dS, (3.15)

FE FE
for all p; € L*(0,T; H' (%)) with ¢; € L*((0,T) x T°) (j = 4,e), and for all
0w € L2(0,T; L*(I)).
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Remark 3.3. In (3.13), (3.14) we use (-,-) to denote the duality pairing between
H~1/2(T%) 4 L*3(I'¢) and H'/?(T'¢) N L*(I'®). For a motivation of the regularity
conditions in Definition 3.2, see Remark 3.9 below.

By the embedding (2.6), v¢,w® € C (O,T; LZ(FE)) and therefore the pointwise
evaluations v(0), w(0) in (3.12) are well defined. The time derivative 0;v° is a
distribution belonging to L*(0,T; H~Y/2(T'¢)) + L*/3((0,T) x I'*) with initial values
v§, so that the integration-by-parts formula (2.4) holds. Consequently, we may
replace

T
5/ (0%, ) dt,  j=1,e,
0
in (3.13) and (3.14) by

T
- 8/ / v° Opp; dS(x) dt — 5/ v5 ¢;(0) dS(z) dt, (3.16)
o Jre re

for all test functions ¢; € C5°([0,T) x Q5), or for all p; € L*(0,T; H' (%)) such
that 0;p; € L*((0,T) x I¢), ¢; € L*((0,T) x I'*), and ¢;(T) = 0. Later, when
passing to the limit ¢ — 0 in (3.13) and (3.14), we make use of the form (3.16).

Remark 3.4. Consider a weak solution (u$,ug,v®, w®) according to Definition 3.2.
Thanks to (2.1), the trace of ¢; € L2(0,T; H'(25)) belongs to L(0,T; HY/2(I?)).
By the Sobolev inequality (2.3), the trace of ¢; belongs also to L?(0,T; L*(I'?)). In
Definition 3.2 we ask additionally that the trace of ¢; belongs to L*((0,T) x T'?) to
ensure that the surface terms in (3.13), (3.14) are well-defined

Indeed, fOT (0v°, ;) dt is well-defined for such ¢;. Moreover,

T
/ / I(v®,w)p,; dS dt
0 €

For the membrane model (GFHN), the growth condition on I implies

J = < ||I(U€,w€)||L4/3((0,T)><FE) ||90j||L4((0,T)><FE) :

(v, w)|3 < C; (1 + ol + |w|2>, (3.17)

and therefore ||I(v®, w®) ||i/433((0’T) T

We actually have a more precise bound. As HY/?(T%) ¢ L*(T¢), we have
H~Y/2(I¢) c L*3(I'*) and

< 00. Consequently, J < oco.

4/3 % 4/3 4 2
R | AN Yol ) (AR [ AR ol ([ S [ B
Integrating this over ¢ € (0,T) yields I(v¢,w®) € L3(0,T; H='/2(T'%)).

The integral on the right-hand side of (3.15) can be treated similarly, since

|H(v,w)]* <C <|v|4 + |w\2> The remaining integrals are trivially well defined.

3.3. Existence of solution and a priori estimates. Existence and uniqueness
results for certain classes of membrane models have been established in [14, 41].
These works employ the variable v = u; — u, to convert (1.1) into a non-degenerate
“abstract” parabolic equation. The authors in [14] then appeal to the theory of
variational inequalities, whereas in [41] the Schauder fixed point theorem is applied
to conclude the existence of a solution.

The following theorem can be proved by adapting arguments found in [14, 41]
(see also [21]), or those utilized in [8, 6, 5] for the (macroscopic) bidomain model.
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Theorem 3.5 (existence of weak solution for microscopic system). Fiz any & > 0,
and suppose (GFHN), (1.2), (3.4), (3.5), (3.6), (3.7), (3.9), and (3.10) hold. Then
the microscopic bidomain model (1.1), (1.3) possesses a weak solution (us, u, ve, we)
(in the sense of Definition 3.2). This weak solution satisfies the a priori estimates
collected in Lemma 3.8 below.

Remark 3.6. The unknowns u§, u{ are determined uniquely up to a constant. We
can fix this constant by imposing the normalization condition [ uf dx = 0, as is done
in Definition 3.2. Weak solutions are unique (and L? stable) provided we impose
the structural condition (3.3) on the membrane functions I, H.

The next lemma, which is utilized below to derive some a priori estimates, is a
consequence of the uniform Poincaré inequality (2.9) and the trace inequality for
e-periodic surfaces (2.8). A similar result is used in [34].

— Ue

e’

Lemma 3.7. Let u; € H'(Q5), j =i,e, [o. uedz =0, and set v := u;|..

There is a positive constants C, independent of €, such that

uill 72 sy < C | ellollize + Y /QE IV, 2 da
J

Jj=ti,e
Proof. First, since [, =0,
(2.9)
lelZae) < 01/ Vue|? da. (3.18)
e QZ
To estimate the L? norm of u;, write u; = @; + @;, where @; := —
constant in QO and @; := u; — 4; has zero mean in 5. Clearly,
2 _ 2 -2
||UiHL2(Q§) = ll@all 2 ey + 1@illze e -

In view of the Poincaré inequality (2.9),

@l ) < G /Q Va2 dx = Cy /Q V| da. (3.19)

“"T
(recall (2.7)), €|T'¢| > ¢ > 0. Because of this and |Q5| < |9,

Let us bound [[@:72(qe) = oot il 72 (e Since 0| = [K°| [ dS = =32 [, dS

_ 2 ~ — 12
||Uz‘||L2(Q§) < Cie Hui||L2(F5) :
Noting that
@l < Gy (fus = el + il + e )
we obtain
— 2 A 2 ~ 12 2
il 220y < Cs (5 [0l z2(rey + € @il z2rey + € ||u€HL2(F5)>
(2.8) _ )
< Cse vl pzre)
~ ~ 12 ~ 12
+ Ca (Il 2gar) + € 198152 0r))
~ 2 2
+ Cu (el + 2 Vel 2y

A 2 A 2 A 2
< Cse [|vllp2rey + Cs [ Vuillzo ey + Cs I Vuell L2 (q:) »
where the final inequality is a result of (3.18) and (3.19). O
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For the sake of the upcoming homogenization result, we now list some precise
(e-independent) a priori estimates.

Lemma 3.8 (basic estimates for microscopic system). Referring Theorem 3.5, the
weak solution (u$,us, v, we) of (1.1), (1.3) satisfies the a priori estimates

i Wes
a) HVU C, j=i,e,

J HL2 ((0,7)xQ2) <

j||L2((o,T)xQ§) <C Jj=

1/2

(

(b
(c
(
(

) |
) e v Lo 0,220y < € (3.20)
d) e 1/ v HL4((0 Tyxre) < C,

e)e 1z [|w® HLOO(OTL2(FE)) <,

(f) '?0w" € L*(0,T; L*(T%)),
where C' is a positive constant independent of ¢.

Proof. We only outline a proof of these (mostly standard) estimates.

Specifying (¢;, e, pw) = (uf, —us,w®) as test functions in (3.13), (3.14), and
(3.15), adding the resulting equations, applying the chain rule (2.5), and using
(3.6), we obtain

= (1 ooy + lo” Hm)wz / [Vus | da.

I=he (3.21)
—i—E/E(I(vs,ws)vs— H(v® dS<Z/
Thanks to (3.2),
/ (I(v®, w*)v® — H (v, w*)w®) dS
. (3.22)

14 112 2112
> 7 0 ooy = B (103 eqoey + N0l ecer )

for some e-independent constants v > 0 and 3 > 0.
Using Cauchy’s inequality (“with 6”) , the source term can be bounded as

Z/ s;us dr| < Z <||u]HL2(QE |SJHLQ(QE)

j=ie” %% j=ie (3.23)
<90 Z HUJHL2(QE +Cs Z HSJHL2(Q€)’
j=i,e j=t,e

with ¢ > 0 small and Cs independent of e. Lemma 3.7 and (3.18) ensure that

Z HuJHLz Q) = <G| ellv” ||L2(1“s + Z / ‘VU . (3.24)

j=te Jj=i,e j

Insert (3.22), (3.23), (3.24) into (3.21), use (3.6), and choose ¢ (appropriately)
small. Integrating the result over the time intervall (0, 7), for 7 € (0,T), yields

e (e + ) + 5 3 [ 190l

]ZE
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T 4 2 2
7 [ IO @t < & (IOl + 10O e
0

+Coe [ (IOl ey + Ioe®lF ) dt+Co 3 1553 sy

Jj=i,e
for some positive constant Cy independent of £. Applying Growall’s inequality,
recalling (3.10) and (3.8), we obtain estimates (a), (c), (d), (e) in (3.20). Estimate
(b) follows from (3.24) and (a), (c). Finally, note that (GFHN) implies the bound
9wt < C (1 +o|t |U6|2) .
Estimate (f) follows by integrating this over (0,7) x I'* and using (d), (e). O

Remark 3.9. Let us motivate the regularity requirements in Definition 3.2 that
are not covered by Lemma 3.8. First, due to (3.11), (2.1) and (3.20),

||v€||L2(O,T;H1/2(F5)) < éf Z HUEHLQ(O,T;Hl(Qj)) < CE7
j=te

where the constants C., C. may depend on ¢ (via (2.1) with T replaced by I'¢).
Next, we claim that

ell0ev" | L2 0,151 -1/2 () +- Lo ((0,7) xre) < Ces

for some constant that may depend on e. To see this use a version of (3.13) or
(3.14) (with time-independent test functions) to write

(0", V) gro1/2(rey mivzrey = J1(¥) + J2(¥) + J3(¢),
for a.e. t € (0,7) and for any v € H'/?(I'*) with [¥[l gr1/2(pey = 1, where

1 (4)] = / OV VI () x|, |a(w)| = / S T, () de |
Q5 Qs
)l = | [ 1070 )was).

and Z;(+) is the right inverse of the trace operator relative to %, for j =i or j =e.
Clearly, using the Cauchy-Schwarz inequality and (2.2),

RO < o 965 ey [y 1] < Co 55 o 1oy
and  J5(0)] < € 1107, 0y arey [ paaqeey

where the constants C1, C may depend on ¢ (via the inverse trace inequality (2.2)
with T' replaced by I'¢). As a result, for a.e. t € (0,T),

2 ~ 2 2 A 2
||J1HH*1/2(F5) < 012 HV@HLQ(Q;) ) ||J2||H*1/2(FE) < 022 HSZHL2(Q§) .
Integrating this over ¢ € (0,7") and using (3.20)-(a), (3.8) it follows that

||J1||L2(O,T;H*1/2(F€)) < Cy, ”J?HL?(O,T;H*UQ(FE)) < Cy,

for some constants C, Cy (that may depend on ¢).
As in Remark 3.4,

/
10" w1720y < Cr (1 10 WGy + 0 ey )



TWO-SCALE HOMOGENIZATION OF THE BIDOMAIN MODEL 191

and hence, for a.e. t € (0,7T),
~ 4 2
1% ey < Cae®® (1 o ey + 0" )
Integrating over ¢t € (0,7) and using estimates (3.20)-(d,e), we conclude
||J3||L4/3(0,T;H—1/2(ps)) < (Cj,

for some constant Cy (independent of ).

For the upcoming convergence analysis, we need a temporal translation estimate
for the membrane potential v°.

Lemma 3.10 (temporal translation estimate in L?). Referring back to Theorem
3.5, let (ug,us, v, w®) be the weak solution of (1.1), (1.3). Then v® satisfies the
following L? temporal translation estimate for some e-independent constant C' > 0,

for any sufficiently small A, > 0:

T—Ay
s/ [0S (t 4+ Ay, ) — 05 (8, 2)]? dedt < CA,. (3.25)
0 Ie

Proof. The translated functions (u$, u$, v, w®)(t+A;) constitute a weak solution of

(1.1) on (0, T—A;) with initial data (v®, w )(At) and stimulation currents (s5, s)(t+
Ay). We subtract the equations (linked to Qf and QF) for the original weak solution
from the equations satisfied by the translated one, and add the resulting equations.
The result is

T—A,
—E/O /E (VS (t+ Ay) — v (1)) Oc(ps — @e) dS dt
e [ WD) (T = B)) (AT = B) — (T~ D) dS
- / (07 (80) = 5) (i 0) = 0. 0)) dS
T—-Ay
/ / (t+ A — (1)) - Vig; da dt

T—A,
+g/ / St A Wt + Ay) — T (1), w* (£) (s — o) dS dt
T—A¢
76/ / V(4 A, W (E + A) — H(F (8), w5 () o dS di
T-A,
JZ”/ /6 s°(t)) g dx dt.

Specifying the test functions @;, e, @ as

t+A t+A
p(t) = —/ ui(s)ds, j=ie, Pw(t) = —/ w5 (s) ds,
t t
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we obtain

T—Ay
5/ 0 (t+ Ay) — o= (D)2 dS dt
0 Ie

T
+ 8/5 (v (T) — v°(T — A)) (— /TAt v(s) ds) ds

—s/rg (v* (D) — o) <— /OA”U(S) ds> ds

- :Z /OTAt/sajv (uS(t+ Ay) — us(t))

t+A;
-V (/t us(s) ds) dx dt

T-A,
+5/0 /E (T(v*(t+ Ap),w (t + Ap)) — I(v°(t), w® (2)))

A,
X (—/ v°(s) ds> ds dt
t

T—-Ay
ve [ [ @A+ A0+ 20) - B0 (0)

t+A;
X </ w®(s) ds> ds dt
t
T—Ay t+Ay
= Z/O /E s5 (—/t us(s) ds) dx dt.

j=i,e

Let us write this equation as

T—A,
5/ |vf(t+At)—v€(1f)|2 dSdt+ J+ Jo+ J3+ Jy+ J5 = Jg.
0 Ie

By the Cauchy-Schwarz and Minkowski integral inequalities,

T
/ v (s)ds
T-A;
T

< 25||U€||L°°(0,T;L2(1“E))/T A 0% L2 ey ds

o2 (3.20)—(c)
<2 ||U ||L°°(O,T;L2(FE)) At < lAt~

[J1] < e [v(T) = v(T = Aol 2 e

L2(T)

Similarly, |Jo| < CoA;.
We need the following facts involving a real-valued function f € LP (p > 1):

t+A
/t f(s)ds = (Ljo,a)* f) (2),

H]l[oﬁAt] *fHLP S H]l[O»At]HLl ||f||L:D = At Hf”Lp 9

where the second line follows from Young’s convolution inequality.

(3.26)
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By (3.5) and the Cauchy-Schwarz inequality,

t+4;
/t Vus(s)ds

| J3] < Z 2|05 |, ||vu§||L2((O,T)><Q§)

j=ie L2((0,T—Ar) xQ2)

As a result of Minkowski integral inequality,

t+Ay
/ Vus(s) ds
t L2((0,T—A.) x Q%)
T-A, t+A,
=/ / / Vu§(s)ds
0 |t
T-a, [ A, ) 1/2 ?
g/ / / |Vus(s)|” de | ds| dt
0 t Qs
T-A, [ pt+A, 2
— €
7/0 /t HVuj(s)HLz(Q;) ds | dt

2

2
dz dt

(3.26) T-A, 2 ) 2
= At/o Hv“jHLz(Q;) dt < A Hv“J‘HLZ((o,T)xQ;)'
Therefore,
(3.20)—(a)
5l < 37 205 o [V Ol oyeany B < Cah.

j=i,e

An application of Holder’s inequality yields

t+A
/ v (s)ds
¢
(3.17)

3/4
4 2
< Cue (I aqo.myxrsy + 1012 0myxre)) Bt ol zagozymre

) (3.20)—(d,e)

|Ja| < 2 [[1°| pass 0,7 e

LA((0,T—A,)xT#)

4 2
< e (073 o0y xrey + 1032 0,1y x0) 6,

where we have repeated the argument for J; involving (3.26), with the implication

t+A,
that ’ . ve(s)ds "

is bounded in terms of Ay ||v°||;4« . Moreover, we have
t,x

used the basic inequality ab < %a‘l/ 34 ib‘l for positive numbers a, b.
Similarly,

(GFHN) 4 9 1/2
sl = Crtdee (0¥ aqo.myxrey + 1032 gomyxrey) 10 ey xre
(3.20)—(d,e)
CYAVS
and
(3.8),(3.20)—(b)
‘u§HL2((O,T)><Q§) =

[Js| < 24 Z ’|S§HL2((O,T)><Q§) Cols.

J=e

Summarizing our findings, we conclude that (3.25) holds. O
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Remark 3.11. Due to the degenerate structure of the microscopic system (1.1),
temporal estimates are not available for the intra- and extracellular potentials u;, us.

4. The homogenization result. This section contains the main result of the
paper. We start by recalling the weak formulation of the macroscopic bidomain

system (1.4), which is augmented with the following initial and boundary conditions:
UIt:O = Vo in Q, w|t:0 = Wo, in . A1
n-oVu; =0 on (0,T) x 09, j = i,e. (4.1)

Definition 4.1 (weak formulation of bidomain system). A weak solution to (1.4),
(4.1) is a collection (u;, ue, v, w) of functions satisfying the following conditions:

i (algebraic relation).
v=1u; — U a.e.in (0,T) x Q.
ii (regularity).
uj € L*(0,T; HY(Q)), j=i,e,

/ ui(t,x)de =0, te(0,7T),
v Z L*(0,T; H () N L*((0,T) x ),
A € L2(0,T; HH(Q)) + L*3((0,T) x Q),
w € HY(0,T; L*(Q)).
iii (initial conditions).
v(0) = vg, w(0) = wp.

v (differential equations).

T T
|1"|/ (Opv, ;) dt +/ / M;Vu; - Vo, dx dt
0 o Ja

T T
+\F|/ /I(v,w)gpidxdt: \Y7|/ /sigoidxdt,
0 Q 0 Q

|F|/ (Orv, pe) dt — / /M Ve - Vipe dx dt

+ \F|/ / (v, w)pe drdt = |Ye|/ /segoedxdt,
/ /8tw<pw dx dt = / /H V, W)y de dt, (4.2)

for all test functions p;, . € L2(0,T; H(Q))NL*((0, T)XQ) ow € L2(0,T; L%(Q)).
We denote by (-, -) the duality pairing between LQ(O, T;H Y(Q)) + L4/3((0, T) x Q)
and L2(0,T; HY(Q)) N L*((0,T) x Q).

The macroscopic bidomain system is well studied for a variety of cellular models
[5, 6, 7, 8, 14, 42]. For the following result, see [5, 6, 7].

Theorem 4.2 (well-posedness of bidomain system). Suppose (1.2) holds, I and H
satisfy the conditions in (GFHN) and (3.3) (for uniqueness), M;(x) and M.(x)
are bounded, positive definite matrices, s;,s. € L*((0,T) x Q), and v, wy € L*(Q).
Then there exists a unique weak solution to the bidomain system (1.4), (4.1).
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We are now in a position to state the main result, which should be compared to
Theorem 1.3 in [34].

Theorem 4.3 (convergence to the bidomain system). Suppose conditions (GFHN),
(1.2), (3.3), (3.4), (3.5), (3.6), (3.7), (3.9), and (3.10) hold. Let ¢ take values in
a sequence tending to zero (e.g. €71 € N). Then the sequence {uf, ug, v°, 0w
of weak solutions to the microscopic system (1.1), (1.3) two-scale converges (in the
sense of (4.4) below) to the weak solution (u;,ue, v, w) of the macroscopic bidomain
system (1.4), (4.1). Moreover, {v}_ ., converges strongly in the sense that

el/? ||v° — Ollp2rey = 0, ase—0. (4.3)

Remark 4.4. The strong convergence (4.3) is a corrector-type result. In the current
setting it allows us to pass to the limit in the nonlinear ionic terms. By employing
standard techniques [12] one can also show that the energies

T
{/ / o;Vu; - Vu; dx dt}
o Jas

converge to the homogenized energy

T
/ / MJVUZ . Vuj dx dt,
0 Q

where M; is defined in (1.5), j =1, e.

e>0

The rest of this section is devoted to the proof of Theorem 4.3. Homogenization
of the linear terms in (1.1) is handled with standard techniques, cf. Subsection 4.1.

Passing to the limit in the nonlinear terms I, H is more challenging. Although
the intracellular /extracellular functions u (defined on 25) and ug (defined on %)
do not converge strongly, some kind of strong compactness is expected for the e-
scaled version of the transmembrane potential v® = u7|.. — ug|.. (defined on I'?),
since we control both the temporal (3.25) and spatial (fractional) derivatives (3.20).

Wild oscillations of the underlying domain do however pose difficulties. For this
reason, we use the boundary unfolding operator T2, cf. (2.12), to transform the
problem of convergence on the oscillating set I'® to the fixed set 2 x I'. Roughly
speaking, (3.20) is used to conclude that 72(v¢) is uniformly bounded in L2L2H,/?.
In addition, in view of (3.25), T2(v¥) possesses an e-uniform temporal translation
estimate with respect to the Liiw norm. As a result, the Simon compactness
result (cf. Subsection 2.1) implies that {(t,y) — Zb(vs)(t,x,y)}DO is precompact
in L2((0,T) xI), for fixed x. Next we demonstrate that 72 (v) is equicontinuous in
x (with values in L2((0,T) x T)). Applying the Simon-type compactness criterion
found in [19] (cf. Theorem 4.6 below), it follows that {Tab(va)}oo converges along
a subsequence. Owing to the uniqueness of solutions to the bidomain system (4.1),
the entire sequence {T;’(ve)}wo converges (not just a subsequence). We refer to
Subsection 4.2 for details. For inspirational works deriving macroscopic models by
combining two-scale and unfolding techniques, we refer to [19, 18, 20, 29, 32].

4.1. Extracting two-scale limits. Recall that ~ denotes the extension to Q by
zero, and that 1y, is the indicator function of Y; (j = i,e). Using the a priori
estimates provided by Lemma 3.8, we can apply Lemma 2.3, Theorem 2.4, and
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Lemma 2.5 to extract subsequences (not relabelled) such that
0 A Ly, ()t ), j=ie
Wj 2 1y, (y) (unj (t,x) + Vyujl- (tx,y)) . j=1,e,
v =0y =y — e, (4.4)
we =8 w, Oyw® g Oyw,
I(v®,w®) =T, H(v®, w®) =,
for some limits u;,ue € L2(0,T, H*(Q)), ul,ul € L2((0,T) x Q; H!, (Y)), and

per
w € L2((0,T)xQxT). Here we identify v = u;—u, as an element in L2(0 T, H'()).
It is easily verified that the two-scale limit u, satisfies fQ ue dz = 0.
Nonlinear functions are not continuous with respect to weak convergence, which
prevents us from immediately making the identifications

1= 1I(v,w), H=H(v,w).
Using the two-scale convergences in (4.4), Remark 3.3, the choice of test function
o(t, ) + ep1 (t,ac, g) , with
¢ € C5((0,T) x ), 1 € C57((0,T) x ;e (Y)),

n (3.13), (3.14), and (3.15), standard manipulations [12, 2] will reveal that the
two scale limit (u;, ue, v, w) satisfies the following equations:

|F|/ / (Opv, @) d;vdt—i—hms/ / (v, w)pdSdt

T
—|—/ M;Vu; - Vodxdt = \Yl|/ /sl«pdxdt,
o Ja

|F|/ / (O, ) dxdt—i—hms/ / v, w)pdS dt
+/ /MeVue~Vg0dxdt: \Ye|/ /segod:cdt,
0o Ja 0o Ja

T
|F\/ /@wgodxdt = lims/ H (v, w®)pdS dt, (4.7)
o Jre

e—0
for all ¢ € C5°((0,T") x
In (4.5) and (4 6), M and M, are the homogenized conductivity tensors (1.5).
Let us briefly recall how one arrives at the homogenized conductivities. Setting
¢ = 0 and considering

(4.5)

(4.6)

and

O(t,x,y) = o;(x,y)Vyei(t,z,y)

as a test function for two-scale convergence, we have by (4.4) that

lim/ / taz Vu dx dt
e—0 5
:/ / / 05 [Vau; + Vyui] - Vyor dz dydt.
o Jaly;
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Note that the oscillating ¢; term is suppressed in the limit of the weak formulation
(3.2) by the e-factor, except in the term where a gradient hits the test function.
Thus, the two-scale limit (u;,u}) satisfies the equation

T
/ / / 0 [quj + Vyu}] -Vyprdxdydt =0,
0o JaJy;

for all @1 € C§°((0,T) x ©; C2,(Y)). This equation is satisfied by uj = x; - Vyuj,

per
where x; is the first order corrector (1.6). Hence, for any y-independent function

o1(t,z,y) =¥t x) € C5°((0,T) x Q),

T
oz/ // 0; [Vauj + Vyui| - Votp du dy dt
0 JQJY;
T
:/ /(/ a—j+vyxjdy) Vou; - Vot de dy dt,
o Ja \Jy;

so (1.5) is indeed the homogenized conductivity tensor.

Up to the convergences of the nonlinear terms, it is now clear that (4.5), (4.6),
and (4.7) constitute the weak formulation of the bidomain system (1.4), (4.1)
the sense of Definition 4.1).

4.2. The nonlinear terms and strong convergence. To finalize the proof of
Theorem 4.3, it remains to identify the limits

T T
lir%s/ / I(v®,w®)pdSdt = |F\/ /I(v,w)godxdt,
e— -

lims/ H(v®,w®)pdSdt = |F\/ /vagpd:vdt
e—0 0 Te

for all ¢ € C§°((0,T) x Q). We note that the unfolding operator (2.14) allows us
to transform the oscﬂlatlng surface integral

E/OT/E I(v°, w)p; dS dt
/ // T2 (w)) T2 (i) dS(y) da dt,

coming from the integration formula (2.14) for 7. Additionally, we have here
used (2.13) and the fact T2 (I(v®, w?)) = I (T2(v%), T*(w®)). The smoothness of ¢
implies that 72(p) — ¢ in L2((0,T) x Q x ') as ¢ — 0, cf. (2.16), so to identify the
limits (4.8) it suffices to show
I(T2(v%), T2(wf)) = I(v,w), weakly in L*((0,T) x Q@ x T'),

where v, w are identified in (4.4). Besides, since w® appears linearly in I and H,
cf. (GFHN), the weak convergence of {7;1’(11)‘5)}5>0 in L2((0,T) x Q2 x I') is enough
to pass to the limit in (4.8), if we establish strong convergence of {’7;1’(1)5)}6>0.

As a step towards verifying the required strong convergence, we need to show
that {(t,y) — ﬁb(va)}oo is strongly precompact in L7, for fixed z € Q. As a

result of Lemma 3.8, 72(v) is bounded in L?LgH;/ , uniformly in €. However,
according to Lemma 3.8, the time derivative 0;v° is merely of order 1/¢ in the

(4.8)

into

L?H, Y2 porm. Therefore, we cannot expect 9; 72 (v¢) (assuming that this object is
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meaningful) to be bounded in L?L2 H,, 1 2, uniformly in €. As a consequence, strong
Lf,y compactness of {7;”(1)5)}8>0 is not deducible from the classical Aubin-Lions
theorem. Instead of attempting to control (in a negative space) the whole derivative
0y T2 (v¥), we will make use of a temporal translation estimate with respect to the
L? norm (cf. lemma below). The Lf’y compactness will then be a consequence of
the Simon lemma (cf. Subsection 2.1).

The rest of this section is devoted to the detailed proof that {7;17(1)5)}8>0 is
strongly precompact in the fixed space L?((0,7) x  x I'). We begin with

Lemma 4.5. There exists a constant C, independent of €, such that
b
||7; (UE)HLz(O,T;LQ(Q;Hl/Q(F)) S C (49)
and
1
||7~Eb(1)€)(. + At, ° ) _ 7‘617('05)(., . ')HLQ(O,TfAt;LQ(QXF)) < CAtZ , (410)
for sufficiently small temporal shifts Ay > 0.

Proof. By (3.11) and the linearity of T2(-), we have T2 (v¢) = T2 (uf|re ) — T2 (us|r- ).
Thus, (4.9) follows by integrating (2.21) over (0,7") and using estimates (a), (b) in
(3.20). Regarding (4.10), we use the linearity of 72, (2.15), and (3.25) to obtain

T—A,
[ [ [ men + s - 700 dst) de
0 QJIr

T—Ay
_ g/ W (t+ Ay, z) — 07 (1, 2)|? dS(z)dt < CAy.
0 I's
O

Let us think of 72(v¥) as a function of z € Q, with values in L?(0,T; L3(T)).
Fixing «, in view of Lemma 4.5 and Simon’s compactness criterion, the sequence
{(t,y) — TL(v)(t,z, y)}s>0 is precompact in L2((0,7) xT'). The x-variable is more
difficult. As a matter of fact, since 7(v) is piecewise constant as a function of
2 and thus does not belong to any Sobolev space, strong compactness in x is not
immediately clear. We address this issue by deriving a translation estimate in the x-
variable. To be more precise, we make use of a convenient Simon-type compactness
criterion (x playing the role of time) established in [19, Corollary 2.5] (see also [3,
Section 5]), which is recalled next.

ForQ CR"and £ € R™ (n > 1), weset Q¢ := QN(Q—¢) ={z € Q2+ € Q},
Yi={-1,1}" (|| =2"), and &, = ({101, ...,&n0n) ER" for o € X, If Q = (a,b)
(:=1II}_,(ag,by) for a,b € R", a < b) is an open rectangle, then

Q= U Qe. for any £ € R™ such that Q¢ # 0. (4.11)
cED
Let B be Banach a space. For f: Q — B and A € R", we define the translation
operator 7a : (Q — A) = B by
af(@) = f(z+A).
The following theorem, due to Gahn and Neuss-Radu [19], is a multi-dimensional

generalization of Simon’s main result [37, Theorem 1].

Theorem 4.6 ([19]). Let F C LP(Q; B) for some Banach space B, open rectangle
Q = (a,b) CR™, and p € [1,00). Then F is precompact in LP(Q; B) if and only if
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i {fA fdx ’ fe .7:} is precompact in B, for every open rectangle A C Q;
1. for each z € R™ with 0 < z < b — a,

sup 7. f — f||Lp(Qz;B) — 0, as z — 0. (4.12)
fer

Recall (4.11), this time specifying @ = (a,b) C R", and & = (b —a)/2 € R".
Condition (4.12) in Theorem 4.6 is equivalent to [19]

z—0

;gg||Tzof - f”Lp(QgU;B) — 0, z€R" 2>0,Vo € 3. (4.13)

The difference between (4.12) and (4.13) is the fixed domain that is utilized in the
latter (it does not depend on the shift z). We make use of (4.13) in the proof of
Lemma 4.8 below.

We now verify that the sequence {72’(115)}90 of unfolded membrane potentials

satisfies the assumptions of Theorem 4.6, with B = L?((0,7) xT'), Q =, p = 2.

Lemma 4.7 (verification of 7). Given an arbitrary open rectangle A C Q, define
the function v5(t,y) by

Vi (ty) = /A T F)t2,y)de,  (t7) € (0,T) x T

Then the sequence {vi}.., is precompact in L*((0,T) x T').

Proof. In view of Jensen’s inequality, it follows that
T 2
2
||”,E4||L2(0,T;H1/2(1“)) :/0

dt
H1/2(T)

[ e ds
A

T
<Al [ [T o, ot
(4.9)

e 2
< JA[|| T2 (v Wzzomir2@umeee) < €

Let Ay > 0 be a small temporal shift. Again using Jensen’s inequality,
2
[va (- + A ) =05 (, '||L2(0,T7AT;L2(F))

T—A¢
<Al [ [T ) = T e dode

9 (4.10)
< |A| H7;:b<v6)( + Ata R ) - Eb(va)('a K .)HLZ(O,TfAt,Lz(QXF)) < CA;.

Summarizing, there exists an e-independent constant C' such that
1/2
ISl o,rsarray S €5 I0AC+ Aue) = v llagoroazaey < OO

The lemma follows from these estimates and Simon’s compactness criterion. O

In the next lemma we verify (4.13) with ¢ = (1/2,1/2,1/2) € R?, which is
equivalent to condition #¢ in Theorem 4.6.

Lemma 4.8 (verification of i7). Given any § > 0, there exists h > 0 such that for
any A, € R3 with |A,| < h and for all £ € (0,1],

IT2@) e (B)o) = TV o wooimyery) <0 o €3 (414)



200 ERIK GRANDELIUS AND KENNETH H. KARLSEN

Proof. We wish to estimate the quantity

J(Az;s =T (0%) (0 + (Aa)gy ) = T2 (0%) (¢

) HL2(950 ;L2((0,T)xT))

< { (EA) J+ey) (te{ J+€y)’2 dS(y) d dt.

Recall that e takes values in a sequence C (0,1] tending to zero. Fix any €9 > 0.
Since the translation operation is continuous in L?, there exists hy = ho(gg) > 0
such that J(Ag;e) < § for any |A,| < hg, for all € € [gg,1]. The rest of the proof
is devoted to arguing that this holds also for € € (0, ), thereby proving (4.14).

Choose K¢ C Z? such that Q¢, = interior (UkEKEU aYk> ; YE = k+Y.
Then J(Am,s) becomes

( { (&:A)J-f—ay) (taLJJray)

If z € €Y*, then EJ = k, but we have no useful information about L%J

Qe

2
dS(y) dx dt.

eYk

kEKE

To address this issue, we make use of a favorable decomposition of the cells eY*
proposed in [32] (and also utilized in e.g. [19, 18]).
We decompose each cell eY* as

Tr+e€ { (Be)e }
Yk = U EYUk’m, an’m =_{zeeYrFie| ———2| = e(k+meg) o,
€
me{0,1}3

for k € K¢ and o € X. Regarding the translation, for z € eYF™, we write
(Az)o =¢ {(A;)GJ +€ { (A:)" }, and note that

EVHAI»J “f{m“}ﬂmﬂ

g

As a result of this,

-5 = [l

KEKE me{0,1}°
2
dS(y) dx dt

A[E g
v° (t7 ek+emy+¢ {(E)J + 5y> — v (t, ek + ey)

zi=ck+tey
(dS(w):azdS(y)>

< 522//

k:EKE E{O 1}3 (k"rF)
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v° (t,x +e (ma + V%”J)) —v°(t, )

where we have also used fayk,m dr < feyk dzx = €° to arrive at the final line. Since
ZkeK;d Jetkar) = f(rs , we conclude that

/ /E (t,x 4 2) —v°(t,z|” dS(z)dt

where the shift z = z2(A,,e,m) is € (mg + {%J), i.e., z is an integer-multiple

2

dsS(z) dt,

me{0,1}3

of €. Note that « + z € (I'®)¢, whenever A, and ¢ are sufficiently small. Recalling
the definition (3.11) of v, the trace 1nequahty (2.8) implies

/ /E)5 V(b + 2) — o° (L, 2| dS(z) dt

<C’Z/ / ‘u t,x + z) —us(t, x)’ dx dt

j=t,e

+ Ce? Z/ / |Vu (t,x + z) — Vu5(t, x)} dzx dt,
(Q5)¢s

j=i,e

where the last term is bounded by a constant times €2 because of (3.20)-(a).

It remains to estimate the term on the second line, which will be done utilizing the
well-known characterization of Sobolev spaces by means of translation (difference)
operators. Recalling the standard proof of this characterization, a problem that
arises (due to the geometry of %) is that parts of the line segment between z and
z may leave 25. To avoid this problem we make use of the interpolation operators
(2.22) to obtain functions Q! (u5) defined on the whole of Q.

Using the triangle inequality and recalling the estimates (2.23), we obtain

T
/ / ’uj(t,x—i—z) —uj(t,:zc)‘2 dx dt
0 J(Q5)e,
T 4 )
S/ / ’uj(tmc—l—z)—Qg(uj)(t,m—i—zﬂ dx dt
0 J(Q5)e,

+/OT/( . QI () (2 + 2) — QI (ud) (8, 2)|” dar dlt

T
+/ / ’Qg(uj)(t,x) — uj(t,m)|2 da dt
(Q%)eo
<Cl€/ / ‘Vuj‘ dl‘dt—|—02|z|/ / ’VQ] ‘ da dt
7 (Q5)eo

(3.20)—

< C (e +|2).

< 03(5 + |Z|) HVUJHB 0,T;L%(Q%)) -

Hence,
J < Cse + Cs |Ay],

where the constants C5, Cg are independent of A,,e. We select the ¢y introduced
earlier sufficiently small, such that the first term on the right-hand side is < §%/2
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for all € < g9. We pick h; > 0 such that the second term is < §2/2 for all |A,| < hy
(for any e € (0, 1]). Specifying h := min(hg, h1), the claim (4.14) now follows. O

4.3. Concluding the proof of Theorem 4.3. Summarizing, we know that
T2(w) X w in L2((0,T) x Q x I),

because w® — w, cf. (4.4) and (2.17). Besides, w® appears linearly in I and
H, cf. (GFHN). We have shown that {st(vf)}wo is strongly precompact in

L23((0,T) x Q x T'). Tt then follows that 72(v) — v in L%((0,T) x Q x T') and
a.e. in (0,7) x Q x I, along a subsequence as ¢ — 0 (not relabelled), where v is the
two-scale limit of {v®},_ identified in (4.4). By way of estimate (d) in (3.20) and
(the LP version of) (2.15),

172 @ (0.7 sy = & ¥l s oy < €

where C' is independent of €. In view of this estimate and the Vitali convergence
theorem, we conclude the validity of (4.8). This finishes the proof of Theorem 4.3.
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