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ABSTRACT. We study the mathematical properties of a model of cell division
structured by two variables — the size and the size increment — in the case of
a linear growth rate and a self-similar fragmentation kernel. We first show
that one can construct a solution to the related two dimensional eigenproblem
associated to the eigenvalue 1 from a solution of a certain one dimensional fixed
point problem. Then we prove the existence and uniqueness of this fixed point
in the appropriate L weighted space under general hypotheses on the division
rate. Knowing such an eigenfunction proves useful as a first step in studying
the long time asymptotic behaviour of the Cauchy problem.

1. Imtroduction. In structured population dynamics, finding the structuring vari-
able(s) which best describes a phenomenon is a crucial question. For a population
of proliferating cells or bacteria the variables usually considered are age, size (see
[27, 12, 18]) or a combination of both (see [1, 24, 10] for modeling and [26, 12, 10, 6]
for mathematical analysis). Recent experimental work highlighted the limits of
these models to describe bacteria, and a new variable to trigger division emerged:
the size-increment, namely the size gained since the birth of the cell (see [22] and
references therein for a review of the genesis of the related model). This so called
adder principle ensures homeostasis with no feedback from the bacteria and explains
many experimental data. In this model, bacteria are described by two parameters:
their size-increment and their size, respectively denoted by a and z in the following
(the choice of letter a is reminiscent from the age variable, since as for the age, the
size increment is reset to zero after division). This choice of variables is motivated
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by the main assumption of the model, which is that the control of the cellular re-
production is provided by the division rate B which is supposed to depend only on
a, and the growth rate g which is assumed to depend only on x. With the variables
we introduced, the model formulated in [25] reads

on(t,a,x) + 0u(g(x)n(t, a,z)) + I (g(x)n(t,a,z)) + B(a)g(x)n(t,a,x) =0,
t>0, x>a>0,

g(x)n(t,0,2) = 4g(2x)/ B(a)n(t,a,2z) da, t>0, z>0.
0

The function n(t,a,z) represents the number of cells at time ¢ of size 2 that have
grown of an increment a since their birth. The boundary term denotes an equal
mitosis, meaning that after division, a mother cell gives birth to two daughters of
equal size. However, if this special case of equal mitosis is appropriate to describe
the division of some bacterium (e.g. E. Coli), it is inadequate for asymetric division
(like yeast for instance) or for a fragmentation involving more than two daughters
(as in the original model formulated for plant growth in [10]). In the current paper,
we propose to consider more general division kernels. We assume that when a cell
of size x divides, it gives birth to a daughter of size zx with a certain probability
which depends on z € (0,1) but is independent of z. Such fragmentation process
is usually called self-similar. More precisely the number of daughters with a size
between zz and (z + dz)x is given by u([z, z + dz]), where p is a positive measure
on [0,1]. The model we consider is then formulated as

on(t,a,x) + 0u(g(x)n(t, a,x)) + I (g(x)n(t, a,x)) + B(a)g(z)n(t,a,x) = 0,

t>0, z>a>0, (1a)
g(x)n(t,0,2) = /0 g(g) /000 B(a)n(t,a, g) da d,uT(z)7 t>0, 2>0. (1b)

It appears that this model is a particular case of the one proposed in the pioneer
work [10] for plants growing in a single dimension, mixing age and size control.
Indeed, in this paper the authors noticed that in the case of a deterministic and
positive growth rate, a size/age model is equivalent to a size/birth-size through the
relation @ = x — s, where s denotes the birth-size (see Figure 1). They preferred
working with the size/birth-size description since in this framework the transport
term acts only in the z direction. In the case when ¢ is independent of z and B
is bounded from above and below by positive constants, it is proved in [26] for
p a uniform measure on [0, 1], and in [12, Chapter V] for the equal mitosis, that
the solutions to the system (1) converge to a stable distribution as time goes to
infinity. In the present paper we propose to study the model (1) in the case of
a linear growth rate (see [1] for a discussion on this hypothesis). More precisely
we are interested in populations which evolve with a stable size and size-increment
distribution, i.e. solutions of the form n(t,a,z) = h(t)N(a,z). The existence of
such separable solutions when g is linear was already the topic of [10], but their
proof required the equation to be set on a bounded domain and they had to impose
a priori the existence of a maximal size for the population. In our case no maximal
size is prescribed and it brings additional difficulties due to a lack of compactness.
To address this problem, we will make the following assumptions.



THE INCREMENTAL MODEL FOR BACTERIA PROLIFERATION 151

FIGURE 1. schematic representation of the variables on an E. coli bacterium.

First, we want the sum of the daughters sizes to be equal to the size of the
mother. This rule, called mass conservation, prescribes

/ zdu(z) = 1. (2)
0

We also assume that the division does not produce any arbitrarily small daughter
by imposing that the support of y is a compact subset of (0,1), which ensures that

0 := inf supppu >0 and In e (4,1), suppp C [0, 7). (3)

In particular, these assumptions imply that the mean number of daughters u([0, 1])
is finite. The division rate B is assumed to be a nonnegative and locally integrable
function on R, such that

3b>0, suppB = [b,0), (4)

see [8] for instance. It will be useful in our study to define the associated survivor
function ¥ by

U(a) =e" Jo' B() dz,
For a given increment a, ¥(a) represents the probability that a cell did not divide
before having grown of at least a since its birth. We assume that the function B
is chosen in such a way that ¥ tends to zero at infinity, meaning that all the cells
divide at some time. More precisely we make the following quantitative assumption

ko >0, T(a) = O(a=*0). (5)

This assumption on the decay at infinity of the survivor function enables a wide
variety of division rates. For instance, it is satisfied if there exists A > 0 such that

Ko
o
The function B being locally integrable, the function ¥ belongs to V[/lloc1 (Ry) and (5)

ensures that its derivative belongs to L' (R ). We can introduce the useful function
® defined by

Ya>A, B(a)>

® =BV =V (6)
which is the probability distribution that a cell divides at increment a. Recall that, as
in [10], we consider the special case of a linear growth rate, namely g(x) = x. In this
case, multiplying by the size x and integrating, we obtain % [[zn(t,a,z)dads =
[[ zn(t,a,z)dadz, and so

/ / en(t,a,z)dadz = ¢ / / 2n%(a, ) da dz. (7)



152 PIERRE GABRIEL AND HUGO MARTIN

This implies that if we look for a solution with separated variables n(t,a,z) =
h(t)N(a,x), necessarily h(t) = h(0)e’. In other words, the Malthus parameter of
the population is 1. This motivates the Perron problem which consists in finding
N = N(a, ), which is solution to the system

Oa(zN(a,z)) + 0y (zN(a,z)) + (1 + xB(a))N(a,z) =0, x>a>0, (8a)
N(0,z) / / x)da dzgz), x>0, (8b)

)>0 x>a>0, (8c)

/ N(a,a:) dadz = 1. (8d)

It is convenient to define the set Qg := {(a,z) € R?, 0 < a < z}, and we are now
ready to state the main result of the paper.

Theorem 1.1. Let p be a positive measure on [0,1] satisfying (2) and (3), and B
be a nonnegative and locally integrable function on Ry satisfying (4) such that the
associated survivor function W satisfies (5). Then, there exists a unique solution
N e LYX,(1+ (z —a)?)dadx) to the eigenproblem (8). This solution is expressed
as

N : (a,z)

5 f(x—a) (9)

where [ is a nonnegative function which satisfies

U(a)

feLl}R,, 2! dx)
for alll < kg, ko being the positive number given in hypothesis (5), and

supp f = [by, 0)
with by = 1250, where 0 and b are defined in (3) and (4) respectively.

The fast decay of the function f near zero is a consequence of the form of the
support of the fragmentation kernel u. Furthermore, this decay is consistent with
the decay near zero of the eigenvector for the size equation (see [8]). Remark that for
any nonnegative and appropriately normalized function f € L!(R, ), the expression
given in (9) satisfies (8a), (8c), and (8d). The proof of Theorem 1.1 consists in
finding the appropriate function f such that (8b) is also satisfied. This function is
obtained as the fixed point of a conservative operator, and this allows us to compute
it numerically by using the power iteration (see [20]). We obtain the function on
the left on Figure 2. On the right is the related density N(a,x).

Notice also that for the function N given by (9), the function s — N(a+s,z+s) is
continuous for any a < x. It corresponds to the trajectories along the characteristics.

The article is organised as follows. In Section 2 we reduce the Perron eigenvalue
problem with two variables to a fixed point problem for an integral operator in
dimension one. Section 3 is dedicated to proving the existence and uniqueness of
the fixed point by using functional analysis and Laplace transform methods. In
Section 4 we go through the usefulness of knowing N to develop entropy methods.
Finally in Section 5 we discuss some interesting perspectives.



THE INCREMENTAL MODEL FOR BACTERIA PROLIFERATION 153

06 4

normalized N(0,x)
size x

o I I I I I
0 05 1 15 2 25 3 35 4 0 05 1 15 2 25 3
Size x at birth (a=0) size increment a

FIGURE 2. Left: simulation of the function f by the power method
with B(a) = H%]l{lga} and p(z) = 261 (2). Right: level set of the
density N(a,x) obtained from this function f. Straight line: the
set {x =a+1}.

2. Transformation into an integral equation. Our study consists in construct-
ing a solution to the eigenproblem (8) from the solution of a fixed point problem.
First, we notice that the size = of a cell and its size increment a grow at the same
speed g(x), so the quantity = — a remains constant: it corresponds to the birth-size
of the cell, denoted by s. To simplify the equation and obtain horizontal straight
lines as characteristics (see Figure 3), we give a description of the population with
size increment a and birth-size s, namely we set

M/(a,s) := N(a,a+ s). (10)

Thanks to this relation, it is equivalent to prove the existence of an eigenvector
for the increment-size system or for the increment/birth-size system. To determine
the equation verified by M, we compute the partial derivatives of N (a,z) = (a +
$)M (a, s), which leads to the equation

Ou((a+s)M(a,s)) + (1 + (a+ s)B(a)) M(a,s) =0.

Writing the non-local boundary condition (8b) with the new variables takes less
calculation and more interpretation. In (8b) the number of cells born at size s
resulted of the division of cells at size 2. Then the equivalent of (8b) in the new

variables with a linear growth rate is given by

M(0,5) = /9 n / Bla)M (0, ~ ayda P4

22

since there is no mass for @ > 2. With the relation (10), it is equivalent to solve (8)
and to solve

Oa((a+s)M(a,s))+ (1+ (a+ s)B(a))M(a,s) =0, a,s >0, (11a)
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n o d
M(0, s) :/9 /0 B(a)M(a,z —a)da 59 s> 0, (11b)
M(a,s) >0, a,s >0, (11c)
M(a,s)dads = 1. (11d)

R}
Considering the variable s as a parameter in (11a), we see this equation as an ODE
in the variable a. A formal solution is given by

¥(a)
(a+ s
Having this expression in mind, we note that for any nonnegative function f €

L'(R4, ds), the function My defined on R? by
Y (a)

is a solution of (11a) and satisfies (11c). Then it remains to choose the appropriate

function f and normalize the related function M; to solve the whole system (11).

It turns out that this appropriate function f is a fixed point of the operator T :
LY*(Ry) — L*(R,) defined by

116 = [ [ o - s dadut), (12)

where ® = BV, as stated in the following lemma.

Lemma 2.1. The function My satisfies (11b) if and only if f is a fixed point of
the operator T.

Proof.

M(a,s) =

s2M (0, s).

My : (a,s) —

O
The operator T can be seen as some kind of transition operator: it links the

laws of birth size of two successive generations. If f is the law of the parents, then
Tf is the law of the birth size of the newborn cells. Indeed, Equation (12) can be
understood in words as ‘the number of cells born at size s come from the ones that
were born at size a € [bg, 2] and elongated of 2 —a, for all z € [#, 9] and all a, before
dividing into new cells’. See [7] for a probabilistic viewpoint on the conservative
size equation. It is easy to check that 7' is a continuous linear operator on L' (R )
and that || T||z1(r.)) < [|®]|Liw,) = 1 using (2) and (6). The following lemma
provides a slightly stronger result.

Lemma 2.2. For all | < 0, the operator T maps continuously L'(R,, s'ds) into
itself. Additionally, if (5) holds true, then T maps continuously L' (R, (s¥ 4 s') ds)
into itself for any 1 <0 and k € [0, ko).
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F1GURE 3. Domain of the model, with respect to the choice of vari-
ables to describe the bacterium. Grey: domain where the bacteria
densities may be positive. Arrows: transport. Left: size incre-
ment/size. Right: size increment/birth size. Dashed: location of
cells of size z7.

Proof. We start with L'(R ., s ds) where [ < 0. For f € LY(R,s'ds) and 8 > a >
0 one has

/ (515t s < I Ty / "o - )l f(@)|dadsdu(:)
</077/0‘§ / a)s' dsdadp(z)
+/n/: |f(a)|/ o(2 — a)s' dsdadp(2)

/ / 17 a0+ o) do dadne)

Z—a

+/n[j |/**a V(a4 o) 2 do dadp(z)
/ l+1/ a)|a' dadp(z / l“/ a)la' dadp(z)

< 6 ||f||L1(]R+,slds)v

which gives the conclusion by passing to the limits o — 0 and 8 — +o0.
For the second part we begin with the proof that under condition (5), for any
k € [0, ko) one has

/ ®(a)a” da < cc.
0

First, recall that fo a)da =1 and ® = —¥’'. Integrating by parts for § > 1, one
has

/0,3 ®(a)a® da < /01 ®(a)da + /ﬂ ®(a)a®da <1+ k/ﬂ U(a)a" ' da

1 1

and the last integral converges when S — oo under Assumption (5) because
k < ko. Now let I < 0 and k € [0, ko), and let f € LY(R, (s* + s')ds). Due to the
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first part of the proof, we only have to estimate fOB |Tf(s)|s* ds for 8 > 0. Since the

(A+a)"
1+aF
such that (a + o)* < C(a* + oF) for all @, > 0, and it allows us to write for any

8>0

/ Tf(s))s* ds</ / / (a)] dads du(2)
:/ / / (a+0)" 2 do dadp(z)
<c/ k“/ /Wa (o) do dadu(z)
+c/€ yfﬂ/j / Jo* dorda du(z)

<O (I1fllr e st sy + 1l e, st ds)||fHL1(R+)) :

function z — is uniformly bounded on R, there exists of a constant C' > 0

O

3. The fixed point problem. In this section we prove the existence of a unique
nonnegative and normalized fixed point of the operator T.

Let us first recall some definitions from the Banach lattices theory (for more
details, see [9, 23]). Let Q be a subset of Ry and v be a positive measure on Q. The
space L1(£2,v) is an ordered set with the partial order defined by

f > 0if and only if f(s) > 0 v-a.e. on Q.

Furthermore, endowed with its standard norm, the space L!(Q,v) is a Banach
lattice, 7.e. a real Banach space endowed with an ordering > compatible with
the vector structure such that, if f,g € L*(Q,v) and |f| > |g], then I fllLr o) >
lgllL1 (). A vector subspace I C L'(€2,v) is called an ideal if f € I,g € L'(Q,v)
and |g| < |f| implies g € I. For a given operator A defined on L'(2,v), a closed
ideal I is A-invariant if A(I) C I, and A is irreducible if the only A-invariant
ideals are {0} and L!(Q,v). To each closed ideal I in the Banach lattice L*(£,v)
corresponds a subset w C Q such that I = {f € LY(Q,v),supp f C w}. We also
define the positive cone LY (Q,v) := {f € LY(Qv) | f > 0 v-ae. on Q}. An
operator A : L'(Q,v) — L*(Q,v) is said to be positive if AL (Q,v)) C L1 (Q,v).

To prove the existence of an eigenvector associated to the eigenvalue 1, we will
use the following theorem, easily deduced from Krein-Rutman’s theorem (see [9] for
instance) and De Pagter’s [5].

Theorem 3.1. Let A : L}(Q,v) — LY(Q,v) be a non-zero positive compact irre-
ducible operator. Then its spectral radius p(A) is a nonnegative eigenvalue associ-
ated to a nonzero eigenvector belonging to the positive cone L}r(Q, v).

Due to a lack of compactness of the operator T', which is due to the lack of
compactness of R, we truncate the operator T into a family of operators (T%)s.
Let by = t25b and for ¥ > by define the operator T on L((bg, X)) by

n  rmin(2 s
Tof(s) = / / 2(% — a)f(a) dadp(z) (13)
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norr g
®(— —a)f(a)dadu(z), by < s < 6%,
0 Jbe <

/j /: ‘D(Z —a)f(a)dadp(z) + /; /bg (D(Z e dadut),

0¥ < s <nk,

n rZ s
/e/bi(;—a)f(a)dadu(z), N <s <X

Defining the lower bound of the domain as by will ensure the irreducibility of 7.
We will apply Theorem 3.1 to the operator Ty for X large enough to prove the
existence of a pair (py, fx) such that Ty fs; = ps fx. Then, we will prove that there
exists a unique f in a suitable space such that py — 1 and fy — f as 3 — oo, with
f satisfying T'f = f.

The following lemma ensures that the truncated operator Ty is well defined.

Lemma 3.2. If f € LY(R,) and supp f C [bs, %], then
(T )ipe, 1 = T2 (fipe,5))-

Lemma 3.2 is a straightforward consequence of the definition of operator Ty
by (13). From Lemmas 2.2 and 3.2, we deduce that T% has the same stability
mapping properties as 1. To prove the compactness of the operator T%; for a fixed
Y and later on that the family (T%)s is also compact, we use a particular case of a
corollary of the Riesz-Fréchet-Kolmogorov theorem. First, we define two properties
for a bounded subset F of L!(Q,v) with  an open subset of R, and v a positive
measure, the first on translations and the second on the absence of mass on the
boundary of the domain

Ve > 0, Yw CC 2, 36 € (0,dist(w,°Q?)) such that (14)
HThf - f”Ll(w,u) <€, Vh e (757 5)3 Vf eF

{ Ve > 0, dJw CC €2, such that (15)
[fllLr@\ww) <6 VfeF

where “€) is understood as the complement of this set in R..

Theorem 3.3 (from [3], corollary 4.27). If F is a bounded set of L' (2, v) such that
(14) and (15) hold true, then F is relatively compact in L' (Q,v).

3.1. Existence of a principal eigenfunction for 7x. Using Theorem 3.1, we
prove the existence of an eigenpair (ps, fx) for the operator T,.

Proposition 1. Let | be a nonpositive number. Under the hypotheses (2), (3)
and (4), there exists a unique normalized eigenvector fs € L}F((bg,E),sl ds) of
the operator Ts in L'((bg, %), s ds) associated to the spectral radius pyx, for every
¥ > max(35b, 1).

Applying Theorem 3.3, to = (bg, X) and the family
F= {TZfa f € L1(<b97 Z)a Sl dS), ||fHL1((bg,Z)7Sl ds) < l}a

which is bounded in L ((bg, ¥), s ds), as already shown in the proof of Lemma 2.2,
we prove the following Lemma.
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Lemma 3.4. Let! be a nonpositive number. Under the hypotheses of Proposition 1,
for all

¥ > maX(libe, 1),

the set F is relatively compact.

Proof of Lemma 3.4. The set F is bounded due to the continuity of 1" proven in
Lemma 2.2. First, we show that (14) is satisfied. Any compact set in (bg, ) is
included in a segment [c, 8]. Without loss of generality, we take by < o < 0%, nX <
B < X. It is sufficient to treat the case h positive, so let 0 < h < min(X — a, ¥ —
B,%(n — 0)). Since Tx f is piecewise defined, we have to separate the integral on
[, B] into several parts, depending on the interval s and s 4+ h belong to, and we
obtain

B
[ Tsfts ) = Tof(s)] ' ds
¢ 0X—h
< / [Tof(s + h) — Tof(s)| s'ds =: (A)

)
+/ |T2f(5+h)*T2f(S)‘SldS =: (B)
95 —h

>—h
+/ T Lo f (s + h) = Tof(s)] st ds = (C)
[

b
+/n |T2f(8+h)*Tgf(S)|SldS =: (D)
nX—h

B
+/ ITs f(s + h) — Tof(s)| s ds = (E).
nx

since for (A), (C) and (F), Txf and 7,Txf have the same expression, the same
kind of calculations apply, so we only treat (C), which has the most complicated
expression.

nxX—h
©) :/0 T f(s + h) — Tof(s)| s ds

b
AT
- : / 2%~ a) f(a) dadp(:)
o [ o _ o) o) dadul)
> st Jp, ?

_ /; /b 2(% — a)f(a) dadp(z)

nS—h E )
) 0 Jbe

nS—h sthm
+/9Z sl/; /b B(* " _ o) f(a)| dadu(z) ds = (C2)

z

z

b5
/b s(* " 0 f(a) dadu(z)

stds

stds

s+h_

(I)(Z

|F(@)| dadu(z) ds = (C1)

a) - (; —a)
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/ . Lh/

T]Eh

s+h

a) — (**a) |f(a)ldadu(z)ds =: (C3)

s+h

—a)|f(a)|dadp(z) ds =: (C4)

>+h s

z
nX—h . z:
+ s
0% <

The integrals (C1) and (C3) are dealt with in the same way, and we have the
following estimate

nX—h £ P
[l
be
n—%& ni—h
[ [ [
h 772 h

:/ = z+1/ 1f(a)l - |7-;2i<I)(a)—d)(a)|(a—|—0')ld0'dadu(2)
7] be Y—a

:/9"_ zl+1/:|f(a)al/2 a 1 8(0) - B(0) | do dady(z)

<6 sup ||Th<I> PlLir,)-
c€lo,n]

/b Z <I><ih — )|f(a)] dadp(z) ds = (C5)

q)(s—i-h

~a) - ~a)

s+h

|F(@)| dadu(z) ds

—a)— <I>(S a)| st dsdadp(z)

M

M=

These integrals are as small as needed when h is small enough, due to the continuity
of the translation in L!(R,). For (C2) one has

nE—h sh 5 h
(€2) = /9 s / / (21— a)|f ()| dada(z) ds
o+L = N
[ [ [ e
77*% P zZ o s+h ld o
+/¢9+g »/bg |f(a)|/2 h ( z —a)s dsdadp(z)
by Y—h
+/nng/b9 /n s+hfa)sldsdad,u(z)
b))
[ If(a)\/z hq><8§h_a>sldsdadu(z>
ZH/
l+1/

bg
be

<6 sup / (a)da
I

h
[I|=4

)stds dadp(z)

Do+ g)(a + o) dodadpu(z)
E—f—a

/ h O(o+ ﬁ)d(fdadﬂ(z)
5 z

—b_q

g
-
[
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which is small when h is small since ® is a probability density. To deal with (C4),
we use Fubini’s theorem and some changes of variables to obtain

"Eh s+h

(C4) —a)|f(a)|dadu(z)ds

s+h

—a)|f(a)|dadsdu(z)

st PyanfE - o) da' dsdu(z
/02 [@(; I —a) da’ s du(2)

n 0 h zX—h s
= / / O(—+ a/)/ |£(Z —a)|s'dsda’ du(z)
o+ h _% z >} z

0 S-b_qg
oy / ()](0 +d')! do da dp(2)

and the continuity of W at 0 provides the wanted property. Finally, noticing that
(C5) < (C2) because the integrand are nonnegative, we obtain the desired control
on the integral (C'). Now for the integral (B), which is dealt with as would be (D),

we write

a+h

s+h
—a

)f(a) dadp(z)

be
a+h

s+h

a)f(a)dadp(z)

/M/
[ /b ) <I><§ ~ a)f(@) dadu(2)
<//b / o ”h—a>+<b<j—a>}sldsdadu<z>
/ l+1/be / _ [@(ﬁi)m(a)] dodadu(z)

<26' sup /@(a)da

_
=%

stds

and again the last term vanishes as h vanishes. We now show that there is no
mass accumulation at the boundary of the domain (bg,X), d.e. that (15) holds
true. For ¥ > 1=5b, we haves by < 03 and we can choose a < 6%, so that for all
s € (bg,a), & < 0 With the expression of Tx f(s), we have

/a \Tgf(s)\sl ds

be
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< [T [0 - @] dedu) as
L /bs
//bs 5 (Zfa)sldsdadu(z)
+/ / / a)s' ds dadu(2)
1 2 —a) = ¥(Z —a) ) |f(@)|a' dazdp(z)
< /be (w2 - )
+ /9 / (1- 92 - 0) If(@)le! daz dp(2)

<0 (1—\11(a_9b9)>, (16)

since for bg < s < % we have 2 — ¢ < b and so \IJ(— —a) = 1. Taking « as closed
to by as needed, we “obtain the first estimate of (15).

As done before, we choose a 8 to obtain a simpler expression of Ty, namely
B > nX. Then, one has

[ seontans [ i [ o - et asdudi
ey ey —

<6 sup /@(a)da7 (17)
=22 /i

which is small when 3 — 3 is small.
We have checked the assumptions of Theorem 3.3 for the family F, so it is
relatively compact. O

To prove the irreducibility of the operator Ty, it is useful to notice that Ty, can
be expressed differently after switching the two integrals. One has

/b; f(a) /: (I)(Z —a)du(z) da—i—/sg f(a)/ga (I)(z ~ ) du(z)da,

0

by < s < 6%,

1o =1 [ " f(a) / "o~ wyantz)da+ [ * fa) / "5(C — 0 du()da

6

03 < s < nk,

= n
/ f(a)/ @(f —a)du(z) da, na<s<X.
be 0 z

Lemma 3.5. Let | be a nonpositive number. Under the hypotheses of Proposi-
tion 1, for all & > 15b, the operator T, : L'((bg, X),s'ds) — L1((bg, %), s' ds) is
irreducible.
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Proof. Let J # {0} be a Tx-invariant ideal in L ((bg, ¥), s’ ds). There exists a subset
w C (bg,X) such that J = {f € L!((bp,¥),s'ds) | supp f C w}. Let f, = s~'1,,
and sg := inf supp f,, > by. Since J # {0} (so sp < X) and 6 < 7, one can find ¢
and ¢ both positive such that

so+C pO+E
o= [ [ e 0 due) e do.

For s > s, the functions z + 2 —a and a +— % — a are continuous decreasing

functions. So, if s is such that 5—s¢ > b, then one can choose ¢ and £ such that for all

(s,a) € [s0, s0+C]x [0, 0+E], 2 —a € supp ®. Additionally, for each ¢ > 0, the integral
fSSOOJrC fw(a)da is positive. We deduce that [0(b + sg), %] C supp Tx f, C [s0, %], so
S0 < (b + sp), which is equivalent to so < byp. Finally by = so, so J = [bg, 2] and
Ty, is irreducible. O

Proof of Proposition 1. Lemma 3.4 shows that the set F is relatively compact in
L'((bg, %), s' ds), which is exactly saying that Tx is a compact operator of the
Lebesgue space L!((bg, %), s' ds). With Lemma 3.5 in addition, we can apply The-
orem 3.1 to the operator Ty, for ¥ > fleb to obtain the existence of a nonnegative

function fx; € L'((bg, X), s' ds) which is an eigenvector of Tx associated to the eigen-
value py. Since this function is defined on a compact subset of R, it also belongs

to L1((bg, X), (s* + s') ds) for k < ko. 0

3.2. Passing to the limit ¥ — co. We now want to show that up to a subse-
quence, (fx)s converges to a fixed point of T'. To that end, in the rest of the article
we extend the functions defined on (bg, ) to Ry by 0 out of (bg, ¥). Then we obtain
the following proposition

Proposition 2. Under hypotheses (2)-(5) there exists a nonnegative and normalized
fixed point

feL R, (s +s')ds)
for alll <0 and k < ko, of the operator T. Additionally, f is unique in L*(R,) and
its support is [bg, 00).

First, we will show that the sequence (px)s converges to 1 as ¥ — oo.

Lemma 3.6. If (px, fs) is an eigenpair of the operator Ty, then the following
inequality holds true

1\11((7171)E>§pg§1\11<§b9>. (18)

Proof. Integrating the equality px fs = Tx fx over (bg, ), one has

pa Folas = | 9 / ' / j 2(% — a)f(a) dadp(z) ds = (4)
+/0;E /02 /:@(z—a)f(a)dadu(z)ds . (B)

+/9;E/;/bj @(Z—a)f(a)dadu(z)ds =: (C)

; / /0 ! / 2(2 — a)f(a) dadp(z) ds = (D)
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nop o
(4) :/ " fola )/79 O(= —a)dsdadp(z)

z

// fola / 2(% ~ a)dsdadu(2)
= [ -0 o] dadue
[ [ gl 1 - )] daduts

(B) /fz /b /7'E o(* - a)dsdadp(z)

[ " fola ) |ez -0 - 0 - )] daduta

n % z% s
(©) :/ Ie(a )/9 O(— —a)dsdadpu(z)

» z

// fela / fb(g—a)dsdadu(z)

[  hsta ) [# -0 - v - o) daduts)

+// fs(a) [1 - (S - )] dadp(2)
/ ~/bs fs(a / ;—a)dsdad,u( z)

:/9 i o) [ ) - 0 ] daaute

Then notice that for a € (bg,X) and z € (0, 7n) one has

b _ <b9—b9_b9<1—1>gb9(1—1)=b,
z z z 0

be

by 5 5
s 5 fa(s)ds = s fg(s)ds_/anz/be \If(g—a)fz(a)dadu(z).

1 1
Yo :=inf {Z > maux(lieb7 1) such that py > 2} .

163

so as in the computations leading to (16), ¥(*¢ —a) = 1. Combining these different
expressions, we deduce

(19)

Using the fact that the function ¥ is nonincreasing, we obtain the wanted inequality.

O

Now we show that up to a subsequence, (fs)s converges to a fixed point of T
denoted by f. Thanks to (18) and the properties of ¥, we can define
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Lemma 3.7. Under hypotheses (2), (3), (4) and (5), the set of eigenfunctions
{fe, 2> 3o, Ifsllur @, (sk+st) ds) = 1} has a compact closure in LY (R, (sF+st) ds),
for anyl <0 and 0 < k < ko, ko being the real number given in (5).

Proof. Let I < 0 and k € [0,kp). Once again, we apply Theorem 3.3 to show
the desired result. First, we show that (14) hold true with Q = (b, c0) and F =
{fos I fsllu ey (st +s1)as) = 1}- Let w be a compact subset of (bg, o0) and by < a < 3
such that w C [, 8]. We use the following inequality

ITnfs — fellirw, sk +styas) < 2mnTsfs — Tefelli o, (s +s1)ds)
<2(B"+ ) ImTsfs — Tsfsllu(og)
<2(B"+ o) ImTsfs — Tsfslli (o))

The last quantity is small when A is small uniformly with respect to X since in the
proof of Lemma 3.4, the estimates do not depend on the value of .. To prove that
(15) holds true, we use the estimate (16) twice to write

1 (0%
I f2 Lt ((bo ), (s5+st)ds) = */ Ts fs(s)(s" + s')ds
P Jb,
< 2/ Tgfg(s)slds + 20lk/ Tzfg(s)ds
be b9
<20' (1= U(=5—) ) + 20" (1= 0(=—=)
200" + o) (1 e = bo )>

which is again independent of X. The estimate (17) though depends on X, so we
write for ¥ larger than

P

> ) >
pz/ﬁ fz(a)da:/ﬁ Tzfz(a)da‘f'/n Tzfz(a)dCH'/ Ts fs(a)da

3> ns

For the first integral, we compute

/9Z Tx fx(a)da

/ /be{ 79 \Ij(azza)}fz(a)dadp(z)

// {1_ —a)}fz(a)dadu(z),

The two other integrals correspond to the integrals (B), (C) and (D) from the
previous proof. Combining the integrals, we obtain

px /E fs(a)da
/ /ba f—a ) fs(a)dadu(z / / fe(a)dadpu(z)
_ /9 . /b@ \If(;—a)fz(a)dadu(Z).
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We deal with the last integral using (19) and obtain after interverting integrals

b 8 n
on / pote)da= [ fofa) | = du)da

[ e ) [ - aerdas [ [ s dute) o

[

5 >
+/ fs(a)da + ps fx(a)da — fe(a)da
5 be be

<— T]fg(a)daf ! fu(a )/nztll(éfa)dp(z)da
bg 0 Z

B
/ fs(a / z\Il——a)du()da—f—pz ; fx(a)da

/fz /zdu 2)da

<:>/ fs(a / {1 (fa)} du(z)da+ (1 —px) :fz(a)da

/ fs(a / [1\1/(5@] du(z) da

- /b fo(a) [ 02— a) dute)da

Smce0<0<7]<1 we can choose 3 > g b>b9 In that case, %75>1 and

we can pick r €]1, = — B[ such that <7 - r) B > b. Noticing that 1 — \I/(g —a) and

1 — px are nonnegatlve we obtain

/ Is(a / {1 - (g - a)} du(z)da < /: fs(a) /617 z\I'(g —a)du(z) da,

then
1 rh 1
(1-9C=n9) [ pt@da< v ~1)s)
n B n
and finally
w (L -1)p) 1
1-w((t-nB)) ~ "
for 5 large enough. We use this estimate to get

pitlg
/ fs(s)(s% + s Z/ fs(s)(s® + s')ds

7B

B
/ﬁ fo(a)(@ + a¥)da < (8 + (rB)) (

<4rkz 7“]/3’ ,_1)7135)
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< 4Crk Z rjﬂ ; — 1)1”5)

7=0
< Ck,ko,n,r
— ﬁk‘o—k
due to hypothesis (5), for 8 large enough. O

We are now ready to prove the existence and uniqueness of a fixed point for the
operator T.

Proof of Proposition 2. We have proved in Lemma 3.7 that the set of eigenfunctions
{f2, IfsllLi®, (s'+s%)ds) } has a compact closure in L' (R, (s* +s') ds). We deduce
the existence of f € L!(R, (s* +s!) ds) such that, up to a subsequence still denoted
by (fs)s, fs — f strongly as ¥ — 400. Now we prove that the function f is a
fixed point of the operator 7. We use the following inequality

If = Tfllem, (sk+styds) <IN — Folliimy, sk +st) ds)
+ (1 =ps) +Tsfs — TfllLi(r, (sk+st)ds)-

The first term of the right-hand side tends to zero as ¥ tends to oo by definition
of f, and the second one is smaller than \1;((, —1)X) according to (18). For the
last one, we write

||TEfE - Tf||L1(R+’(5k+Sz)ds)

< 1 Tefe = Thslliie,, v+t as) TNIT = Fe)llurgey (st sy as)
=0

S = Follay skt as)

due to Lemma 3.2 and to the continuity of 7', which is proved in Lemma 2.2.

To prove uniqueness of the fixed point, we consider f1 another nonnegative fixed
point of 7' in L' (R.) satisfying [, fi(s)ds = [~ f(s)ds. Recalling the definition
(12) of the operator T', the functions f and fi satlsfy the integral convolution
equation

1) = [ @ 1) duca) (20)

Since f, f1 and ® are in L'(R, ), their Laplace transforms exist on R, and are con-
tinuous decreasing functions. Taking the Laplace transform of f — f; and switching
integrals thanks to Fubini’s theorem, one has for every y > 0

Clf — h(y / CIf — f1](zy)C[@)(29) 2 dpu(2). (21)

The Laplace transform L[f — f1] is continuous on R, and vanishes at the origin

Clf - )0 /f ds—/ﬁ

We now define the functions

L(y)= suwp L[f-fl(x) and L(y)= inf L[f— fi](2).

z€[0,y] z€[0,y]
By continuity in 0 of L[f — f1] and because L[f — f1](0) = 0, one has
Yy >0, L(y) >0, L(y) <0.
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From (21), we obtain the inequality
_ n _
£Uf = Alw) < Tlaw) | £0)(e0)zdn(z) < o)
since ® is a probability measure. L is a continuous increasing function, so for all

x <y, one has B B
L[f = fil(z) < L(nz) < Lny),

L(y) < L(ny)- (22)
Tterating (22), we obtain for all y > 0 and all positive integer j

L(y) < L(7'y).

Letting j — oo in this inequality and using the continuity of the function L we obtain
L(y) = 0 for all nonnegative y. With the same method, we show that L(y) = 0 for
all nonnegative y, and finally L[f — f1] is the null function. By the injectivity of
the Laplace transform (Lerch’s theorem [11]), one has f = fi.

It remains to prove that supp f = [bg, 00). With the same kind of proof than the
one we used for Tk, we can prove that 7T is irreducible on L!(bg, o0), and since f is
not the zero function we get the result. O

from which we deduce

3.3. Proof of the main theorem. We are now ready to prove the main theorem
of the paper.

Proof of Theorem 1.1. Combining Lemma 2.1 and Proposition 2, we construct a
solution to (11) using
¥(a)

@t
It remains to prove uniqueness of the solution in the appropriate space. This solution
belongs to L'(R2, (1 + s?) dads) thanks to the following calculation

/b/Masl+s)dads
/be/ (CFE \Il(a)dads+/l):o/ooo(aj_25)2f(

Sbe f(s)s™ / <>dads+/:f<s>/0°°w<a>dads

= I It ((bg,00),(145-2) ds) < 0O

M(a,s) :=

$)¥(a)dads

because f € L'((bg,0),s'ds) for all nonpositive number I. To prove the unique-
ness of the solution M € L'(R2, (1 + s?)dads), consider another solution M; €
L'(R2, (1 + s?)dads). Necessarily, as for M, there exists a measurable function f;
such that for almost all s >a >0

M (a,s) = (a‘I/—ias))2 f1(s).

For 0 < a < 8 < 00, we can write

/OOO fi(s)ds = 51@ /0°° /j (aquj))QMl(a’ §) dads

2(8%+1
< (5(_6()[)\1/()@|M1||L1(R+,(1+32)ds),
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and this ensures that f; € L'(R,). Additionally we easily check as in Lemma 2.1
that fi has to be a fixed point of 7. Then the uniqueness result in Proposition 2
ensures that f; = f, and so M; = M. The existence and uniqueness of a solution
to the initial problem (8) follows from the relation (10). O

4. Entropy and long time behaviour. Now that we have solved the eigenvalue
problem, we would like to characterize the asymptotic behaviour of a solution n
of (1), as in [18]. The General Relative Entropy principle provides informations
about the evolution of the distance in L' norm between a solution n(t,,-) and
e’ N. To establish such useful inequalities, we use the formalism introduced in [13]
and [14]. Strictly speaking, to use this method, we should prove some properties
on a time-dependent solution n, in particular its existence and uniqueness for any
reasonable initial condition. Let us here assume the existence of such a solution,
which moreover satisfies the common estimate (see [18])

In(t,a,z)| < Ce'N(a,x), t>0, z>a>0. (23)

It is usually ensured by the hypothesis [n%(a,z)] < CN(a,r) and a maximum
principle. For H a function defined on all R, we define, for n € L*(R%)

Hn] = /: /OHQ aN(a,z)H (;((CZ?)) dadz

which satisfies the following entropy property.

Proposition 3. If n is a solution of (1) satisfying (23), then

d -t __ —t
%H[n(ta " ')e ] = 7,D[n(ta " ')e ]’ (24)

Dln] = /boo #2N(0, ) V;/OMH (W) dv,(a, 2)
dw,z))] ”

dadu(z) is a probability measure. Furthermore if H

with

/n/ﬁbe n(a, %)
,H zm
0 0 N(a7 ;)
where dvg(a,z) = 731(\?()5\7;)‘2?
is convezx, then D > 0.

Before proving this proposition, we make a remark about the conservative prob-
lem (i.e. when only one daughter out of two is kept after division). In this case, the
dominant eigenvalue is 0 instead of 1, and N (a, z) is an eigenvector associated with
the eigenvalue 0, since the total mass is preserved. Then we obtain the equation

) )
%(:ﬂN) + %(xQN) = —2?BN, (25)

which might also be obtained multiplying (8a) by x.

Proof. Easy computations lead to

gne_t
ot N

ne? 0 net

N TN

0
“r.’I]% —0,
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where N(a,z) > 0, i.e. on the domain Qp := {x — a > bg}. From this equality and
(25), we deduce

9 (o (1)) 4 2 (s (7)) + £ (v ()

— _2’BNH (”e_t> , (26)

N

and integrating (26) over {0y, we obtain

//W N be)xNH( N )dadx
:/bs N(0,2)H (%) d
_ /°° PN (@ — by, ) H (”@Vfgx—_b;;f;;t) de

oo t,a,a+bgle"
2N H TL(, )
+/O (a+bg)“N(a,a+ bg) ( N(a,a+ bs) da

[T a7 daas
:/ 2N (0,2) H ( Yoo / /Ob" a’z)dadggz)> Ny
*2/ /b / QBNH< 5 )dadmdum
L (//bn , ‘;tdum<a,z>) N
_2/ / /_bg <a,§)H (M) dada 42
_2/ /b A T BN Da (M) dads B
[ (/ / I )
L (M) e s

since for x € [2bg,bg] and z € [0,7], Z — by < b, and we conclude using Jensen’s
inequality. 0

Appropriate choices of the function H in (24) lead to interesting results. With
H(z) = x, we recover the conservation law (7). Then taking H(z) = |1 — x|, we
obtain the decay of ||N —ne™"||L1(q,,2 dz da) s ¢ tends to infinity. In the case where
the fragmentation kernel p has a density with respect to the Lebesgue measure on
[0,1], we expect that this quantity will vanish, as in [14, 18]. In contrast, in the
case of the equal mitosis, there is not hope for this distance to vanish. Indeed, one
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has an infinite number of eigentriplets (X\;, N;, ¢;) with j € Z defined by
2i9m

A =1
J +log2’

Nj(a,z) = 2' "% N(a,2), pjla,x) =z,

so we expect a behavior as in [2], i.e. the convergence of n(t,a,z)e™" to the periodic
solution -

> (n°, ;) e 5% Ny(a, ),

JEZ

where (n,¢) = [ [n(a,z)¢(a,z)dadz.

5. Discussion and perspectives. We have proved the existence and uniqueness
of a solution of the eigenproblem (8) in the special yet biologically relevant case
of linear growth rate with a self-similar fragmentation kernel. Hypotheses on both
this kernel and the division rate are fairly general.

As possible future work we can imagine to extend the result to general growth
rates. In this case the Perron eigenvalue is not explicit and it has to be determined
in the same time as the eigenfunction, as in [26, 12, 6]. If we denote by A the
eigenvalue, the equivalent of Equation (20) is

dp(2)

1 2 du
P(s) = [ M A (@ p)(2)
0

with Py (y) = &* i Q%M(O, s) and the equivalent of the solution given in (9) is

N :(a,z) W(a)e_’\foz ey Py(z —a).
9(x)

Additionally for nonlinear growth rates, the function (a,z) — z does not provide
a conservation law as in (7), and it has to be replaced by a solution to the dual
Perron eigenproblem. Such a dual eigenfunction appears in the definition of the
General Relative Entropy [13, 14], and for proving its existence one could follow
the method in [19, 8] for the size-structured model. Another possible generalization
of the growth rate is adding variability, in the spirit of [21, 15, 17]. One might
also consider a more general fragmentation kernel than in the case of self-similar
fragmentation, or/and with a support which is not a compact subset of (0, 1).

The other natural continuation of the present work is the proof of the well-
posedness and the long-time behavior of the evolution equation, as in [26, 12]. To
do so one can take advantage of the General Relative Entropy as in [14, 4, 2] or use
general spectral methods [28, 16].
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