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ABSTRACT. We modify the De Giorgi’s minimizing movements scheme for a
functional ¢, by perturbing the dissipation term, and find a condition on the
perturbations which ensures the convergence of the scheme to an absolutely
continuous perturbed minimizing movement. The perturbations produce a
variation of the metric derivative of the minimizing movement. This process
is formalized by the introduction of the notion of curve of maximal slope for ¢
with a given rate. We show that if we relax the condition on the perturbations
we may have many different meaningful effects; in particular, some perturbed
minimizing movements may explore different potential wells.

1. Introduction. The method of minimizing movements was introduced by De
Giorgi to define a notion of evolution under very weak hypotheses. It consists in
introducing a time-discretization scale and a corresponding time-discrete curve by
solving an iterative Euler-type scheme. By refining the time scale we obtain a
continuous curve.

Ambrosio, Gigli, and Savaré developed this method in [4] to formulate a notion
of gradient flow in a complete metric space (5,d) for a given proper functional
¢S — (—o00,400]. They considered a time discretization 7 = {7,}, of amplitude
|7| which tends to zero, and defined a time-discrete motion U7 : [0, +00) — S (called
a discrete solution) by interpolating a sequence (U;) which solves the recursive

scheme Pl
U] € argmin {d)(u) + (u’"_l)}, n>1,
ues 27—n

starting from a given initial datum Uj. The minimization is localized, through
the dissipation term d?(u,UT_;)/27,, in a neighborhood of the previous step of
amplitude depending on 7. Under suitable assumptions on ¢, when |7| — 0, the
discrete solutions converge to an absolutely continuous curve U : [0,400) — S
(a minimizing movement). Denoting with |U’| the metric derivative of U, and
with |0~ ¢| the relaxed metric slope of ¢ (Definition 2.6 and 3.1), they also proved
that these minimizing movements are curves of maximal slope for ¢; i.e., for every
t>s>0,

W) = o) <~ [ WPE©— 5 [ 107 ePU©)
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provided that |0~ ¢| is a strong upper gradient for ¢; i.e.,

[6(v(t)) — d(v(s))] S/ |07 ¢l (v())|V'[(§)dE

for any absolutely continuous curve v. Therefore minimizing movements are solu-
tions of the metric gradient-flow

{|U/|<t> — |0-6|(U(2))
(¢oUY(t) = —|U'|(£)|0~|(U(t)),

A few years earlier, Jordan, Kinderlehrer, and Otto had used minimizing move-
ments in [12] to study Fokker-Plank equations in which the drift term was the gradi-
ent of a potential field; they proved that minimizing movements, obtained by using
Wasserstein metric as the dissipation, were solutions of the Fokker-Plank equation.
This work was generalized in [4] to build a theory of Wasserstein gradient-flows in
the space of probability measures.

The De Giorgi’s idea has been adopted also by Almgren, Taylor, and Wang to
study motion by mean curvature of boundaries in R™ in their seminal work [3],
which started a vast amount of literature.

We will introduce a variation of the method described above where the amplitude
of the neighborhoods of minimization depends not only on 7, but also on a given
sequence of positive coefficients (a,), which we call perturbation. In this paper, we
will consider a uniform time-discretization for simplicity, but every regular partition
of the positive half-line can be considered; with an abuse of notation, we will denote
7 = |7|. We will modify the scheme by multiplying these coefficients to the dissi-
pation, mimicking the perturbation effect of a noise term. Hence, we will consider
discrete solutions u” : [0, +00) — S which interpolate sequences (u]) solving
T dZ(u’ u;,fl) }

u) € argmin {qﬁ(u) +a
ues 2T

for almost every ¢ > 0.

n>1

on a uniform time-partition of amplitude 7. The sequences (u]) are equal to those
defined in [4], previously denoted as (U;), obtained considering 7, = 7/a],. Never-
theless, the interpolation curves ™ and U™ are made on different time-discretizations,
therefore they converge to different motions. A limit of the discrete solutions of this
scheme will be called perturbed minimizing movement. We will also note that, if
the perturbations are regular enough, we can apply directly the classical method
of Ambrosio, Gigli, and Savaré, and obtain the perturbed minimizing movements
through a change of variable. However we will consider very general hypotheses on
the perturbations, and this allows us to use an analogous method, slightly modify-
ing the classical one. These perturbations may also be seen as a variation of the
functional, considering ¢(u)/a], in the minimization problem. For the interested
readers we suggest the work by Fleissner and Savaré [11].

Following the results of [4], we will prove that, under suitable hypotheses on ¢, if
the perturbations are such that the inverses are locally uniformly integrable, discrete
solutions converge to an absolutely continuous perturbed minimizing movement
(Theorem 2.4). We will show that these minimizing movements satisfy the energy
estimate

1 ! * 712 _1 ! 1 — 2 u
oult) = olu(s)) < =3 [ @@ — 5 [ lomoPu(e)ae
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for every t > s > 0, where a* is a function such that 1/a* is a weak limit in L; , of
{1/a"}. Therefore we will say that perturbed minimizing movements are curves of
maximal slope for ¢ with rate 1/a*, provided that |0~ ¢| is a strong upper gradient
(Theorem 3.9).

By means of many different examples, we will see that, if some of the conditions
on the perturbations are not satisfied, discrete solutions may diverge, or converge to
a discontinuous curve. We will show that this condition can be relaxed, renouncing
to the continuity of the perturbed minimizing movements, which in general may
be assumed to be piecewise absolutely continuous. This leads us to observe that
perturbed minimizing movements for multi-well energy functionals may explore
local minima, while in the classical case the motion would be confined in a single
potential well (Example 4.4 and 4.6).

Recently, the method of minimizing movements expounded in [4] has been applied
to a family of functionals {¢.} instead of a single one, so that the discrete solutions
{u™} depend also on e. Conditions which ensure the convergence of the discrete
solutions to a curve of maximal slope for the I'-limit of the energies, as 7 and € tend
to zero, was exhibited in particular cases, for instance by Sandier and Serfaty in
[13] and Colombo and Gobbino in [8]. While a wider treatment has been given by
Braides, Colombo, Gobbino, and Solci in [7], or by Fleissner in [10]. The general
case may present different limits, corresponding to the relation between the two
small parameters € and 7, as shown by Braides in [6], and precised for oscillating
potentials by Ansini, Braides and Zimmer in [2] (see also [1]). The perturbation
approach may be applied also in these cases, but it will not be treated in this paper.

2. Perturbed minimizing movements. Following the notation in [4], let (S, d)
be a complete metric space, and let o be a Hausdorff topology, weaker than the one
induced by the metric, and such that d is o-lower semicontinuous.

Fixed a positive constant 7%, for every 7 € (0,7*), which stands for the time-
discretization scale, we consider a sequence (a], )52 ; of strictly positive real numbers.
We call any such sequences (with 7 fixed) a perturbation, and we will extend it to
the function

a” : (0,+00) = (0,400), a’(t):= GFH' (1)

We consider a functional ¢ : S — (—o00,400], sometimes called the energy func-
tional, and we assume that it is proper; i.e., it is not identically equal to +oco.
For 7 € (0,7*), we denote as (u])>2, any sequence solving the recursive minimum
problem

ug € D(9)
o 2
u], € argmin {gb(u) + aZLd(’QT”l)} n>1, @
ues

for a given initial datum . If such a sequence exists, it is called a discrete solution
for the implicit Euler-type scheme along ¢ at time-discretization scale T with pertur-
bation a”, and initial datum wuj. This sequence is identified with the corresponding
interpolation curve

u’ [0, +OO) — S7 uT(t) = Uiy
The n-th element u], of a discrete solution is called a discrete step, or simply a step.
In the case that a” is the constant function 1, the scheme (2) is equal to the

recursive scheme (2.0.4) presented in [4].
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Definition 2.1. If there exist a sequence {75} C (0,7*) which tends to zero such
that for every k there exists a discrete solution u™ for the scheme (2), and a curve
u : [0,400) — S such that u™(t) o-converges to u(t) as k — +oo, for all t > 0,
then u is called a (generalized) {a” }-perturbed minimizing movement for ¢.

We sometimes say that u is a (a™)-perturbed minimizing movement for ¢ when
we want to highlight the role of the sequence (7%).

2.1. Basic assumptions. We consider the following hypotheses for the energy
functional ¢. Lower semicontinuity and compactness hypotheses are the same as
those considered in Section 2.1 [4]; whereas, we have to slightly modify the coercivity
assumption, in order to consider the case in which a], /7 are not equibounded from
below:

H1 (lower semicontinuity) ¢ is o-lower semicontinuous;
H2 (coercivity) there exists u* € S such that for any constant ¢ > 0

;Ielg {o(u) + cd*(u,u*)} > —o0;

H3 (compactness) for all ¢ > 0 the set {u € S|d(u,u*) < ¢,¢(u) < ¢} is o-
compact.

Remark 1. The employ of the auxiliary topology o allows us to use scheme (2)
for a wide class of functionals. Indeed, if S = X is a reflexive Banach space, every
weakly lower-semicontinuous functional satisfies the compactness hypothesis for the
weak topology, but not for the norm.

The previous hypotheses ensure the following result (a modification of Lemma
2.2.1 and Corollary 2.2.2 [4]).

Proposition 1 (Existence of discrete solutions). Let ¢ : S — (—o00,+00]
satisfy hypotheses H1-H3. Let (a]) be a sequence of strictly positive numbers. Then
for all T there exists a discrete solution u”™ for the scheme (2).

Proof. Fixed 7 and n > 1, we suppose that there exist the first n — 1 steps (u{)?;ol

of a discrete solution. For any v € S, we consider the functional

by ) = 6(0) + o )

whose minima are the n-th step of a discrete solution, when v = w]_;. Since
¢ and d are o-lower semicontinuous, then ®,,, , satisfies the same property too.
Let u* be as in H2, by the triangular inequality and Young’s inequality, we have
d?(u,u*) < 2d*(u,v) + 2d%(v,u*) for any u € S, which implies that d?(u,v) >
d?(u,u*)/2 — d?(v,u*). Therefore, by the coercivity assumption H2, we get
d?(u, u*) d?(v,u*) d?(u,v)
o) 2 (00 4 ) g C) g L

d2 , * d2 ,

@) | o)

4T 4T
where C' = C(7,n) is a constant. From the previous formula, we have that
d*(v,u*) C )
- . — )

-
4T ar,

>C —a,,

1
d*(u,v) < 47'(@7—’” o(u) +
ar, ’

so that the sublevels {u € S|®;,(u) < ¢} C {u € S|p(u) < ¢} are bounded;
hence o-precompact by hypothesis H3. The result follows by applying the Weier-
strass theorem. O
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If we consider perturbations {a”} as in (1) regular enough (e.g. bounded and
a™ > «a > 0), we can directly apply the method of Ambrosio, Gigli, and Savaré to
the scheme (2) to approach the problem (see Remark 4). Nevertheless, for more
general perturbations, the application of the classical method is not immediate or
not possible. Moreover we want to distinguish the role of the coefficients a], from
the one of the time-discretization scale, in order to highlight the perturbation effect
on the dissipation. Hence, in the following, we will recall the main results presented
in [4].

Our aim is to use Proposition 3.3.1 [4], which is a generalization of the Ascoli-
Arzeld theorem, to obtain the convergence of the discrete solutions; i.e., the exis-
tence of a perturbed minimizing movement. For the reader’s convenience, we recall
the result below.

Lemma 2.2 (Proposition 3.3.1 [4]). Fized T >0, let v™ : [0,T] — S be a family
of curves (indexed by T) and let 6 : [0,T] x [0,T] — [0, +00) be a function such that

lim 6(s,t) =0, for everyr € [0,T\I,

(s,t)=(r,r)

where I is a discrete set. If {v"} are such that

(i) {v7(t)|t €]0,T),7 € (0,7%)} is o-precompact
(i) for everyt,s € [0,T] limsup,_,,d(v™(t),v"(s)) < 6(s,t),

then there exist a curve v : [0,T] — S continuous in [0, T]\I, and a sequence 7, — 0
such that v™ (t) o-converge to v(t) as k — +oo, for all t € [0,T].

In order to apply Lemma 2.2 to the discrete solutions, they must satisfy as-
sumptions (i) and (ii), which replace the usual equiboundedness and equicontinuity
properties of the Ascoli-Arzeld theorem. Hence we add the following hypotheses:

H4 (control of initial data) there exists a constant Cj such that d(ul,u*) < Cj
and ¢(ug) < Co;

H5 (local uniform integrability) the family {1/a"} is uniformly integrable in [0, T']
for all T' > 0.

Remark 2. Assumption H5 implies that the family {1/a"} is weakly convergent,
up to subsequences, in L}, (0, +00) by the Dunford-Pettis theorem.

We denote as a* : (0,4+00) — [0, 400] any measurable function such that 1/a*
is a weak limit for {1/a"}, with the assumption that, if 1/a*(¢) = 0 or +o0 then
a*(t) = +oo or 0, respectively. This notation is inspired by the fact that periodic
perturbations, which oscillate between two or more values, weakly converge to the
function that constantly assume the value of the inverse of the harmonic mean,
sometimes denoted by a*.

Note that, by the local uniform integrability, {1/a”} is uniformly bounded in
LY(0,T) for every T > 0; hence we may define

Co,r :== sup e

T7€(0,7%)

Ll(O,T).

2.2. Regularity of discrete solutions. Assumptions H4 and H5 provide to the
discrete solutions the regularity properties (i) and (ii) of Lemma 2.2. Before proving
it, we note first that the energy functional ¢ has a decreasing behavior along any
discrete solution (u?). In fact, setting v = u?_; in the n-th minimization problem
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of scheme (2), we have

d2 T T
Tl tis) < gy, Q

This inequality also leads us to observe that the increments of the discrete solutions
have an upper bound

$(uy) + ay,

d*(up, 1) < = (0(up o) = o(uy,)). (4)

First, we recall a useful discrete version of the Gronwall Lemma.

Lemma 2.3 (Lemma 3.2.4 [4]). Fized an integer N, for any 1 < n < N, let
bp, Tn, € [0,400), and let A and « be two positive constant such that at, < 1/2,
and by, < A+ a i 7;b;, for every 1 <n < N. Then

b, < 2462 DUy i for every 1 <n < N.

Proposition 2 (Equicompactness of discrete orbits). Let ¢ satisfy assumption
H2, let {ul} be initial data satisfying H4. Let {a™} be a family of perturbations as
in (1) such that {1/a"} is locally L' -equibounded, and let Co 1 defined as in Remark
2. If there exists a discrete solution u”, then for every T > 0 there exists a positive
constant Cr such that

d(u™(t),u”) < Cr,  ¢(u’(t)) < Co, for everyt € [0,T], (5)
where Cy is the same as in H4. In addition, if hypothesis H3 is satisfied, the set of
all discrete orbits {u™(t) |t € [0,T], 7 € (0,7%)} is o-precompact.

Proof. We define o := (2Cyr)~'. Reasoning as in the proof of Lemma 3.2.2 [4],

for any 1 <n < |T/7], by Young’s inequality, the triangular inequality, and (4) we
have that
1 1
§d2(U;aU*) - §d2(U6,U*)

"1 1
2 idQ(ULU*) - §d2(uf—1,U*)
n

T 0% 1 T % 1 T *
:ZdQ(uz ) U ) - §d2(uz U ) - §d2(ui—1au )

By hypothesis H2, there exists a constant C' (depending on Cy 1 defined in Remark
2) such that —¢(ul) < ad?(ul,,u*)/8 — C. This yields

8

T * T T * . T T *
dz(un,u ) < a(qﬁ(uo) - C’) +2d2(u0,u )Jra;a—?_dz(ui,u ).

K2
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We define A := 8(00 — C) Ja+ 2CZ. By assumption H4 we get
Wl u) < A+a Z —dz (u] ,u*

Applying Lemma 2.3 with b, = d?(ul,,u*) and 7, = 7/a], we prove the first in-
equality in (5);

d(ul,u*) < V2eA =: Cr

By formula (3) we have that ¢(u]) is a monotone sequence; therefore, ¢p(ul,) <

p(uf) < Cy for every 7 > 0, n > 1. Finally, (5) and assumption H3 imply the
o-precompactness of the discrete orbits {u”(¢)}. O

Proposition 3 (Equicontinuity of discrete solutions). Let ¢ satisfy assump-
tion H2, and let the initial data {ul} and the constant Cy be as in H4. Let {a"}
be a family of perturbations as in (1) such that {1/a™} is locally L*-equibounded.
If there exists a discrete solution u”, then for every T > 0 there exist a constant
C =C(Cy,T) and a function

¢ 3
07 :[0,T] x [0,T] = [0,400), Or(t,s):=C ( sup / 1/aT(§)d§> ,  (6)
T7€(0,7*) Js
such that
d(u™(t),u"(s)) < Or(s,t +7), for everyt,s € [0,T].

Proof. Weset n = [t/7] and m = [s/7] (for simplicity we consider ¢t > s). Applying
the triangular inequality and the discrete Holder’s inequality to (4) we have that

duga) < 3 (f;(as(u:_l)—as(u:)))%

i=m+1 i

g( Z a})%@w(u;)m;)))

1=m-+1

By the coercivity condition H2, the energy is bounded from below on bounded sets,
so by the first of (5) we get inf{¢(u"(t))|t € [0,T], 7 > 0} =: mp > —oo. Hence

d(u”(t),u"(s)) < /2(Co — mT)(/mn: ml(g)df) %. (7)

Let 67 : [0,T] x [0, T] — [0 +00) be the function 67 (s,t) := sup { f 1/a™(&)d¢ | T €
(0,7*)}. We have that ["" 1/a"(£)d¢ < Or(s,t + 7); thus

</m @ dg)é : </ st ] : =@

so that, by (7) we get
d(u"(t),u”(s)) < 2¢/Co — mr (07 (s, t + 7)) 2.

Denoting C := 2+/Cy — mr we obtain the thesis. O

N\»—A

)1 < (200(s,t 4+ 7)),
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2.3. A convergence result.

Theorem 2.4 (Existence of perturbed minimizing movements). Let ¢ :
S = (—o0,+00] satisfy assumptions H1-H3, let {ul} be a family of initial data
satisfying H4, and let {a™} be perturbations as in (1) satisfying H5. Then there
exists a continuous {a” }-perturbed minimizing movement u for ¢.

Proof. By Proposition 1, there exist {u”} discrete solutions for every 7 € (0, 7).
We consider the restriction to [0,1] of u”. As a consequence of H5, Op defined
in (6) is a modulus of continuity. By Proposition 2 and 3 we can apply Lemma
2.2. Hence, there exists a sequence (11,) such that v+ (t) o-converges to uq (t) for
all t € [0,1]. Note that, since 7 is a modulus of continuity, the set I defined in
Lemma 2.2 is empty, therefore the limit is continuous. Inductively, we can consider
a subsequence (7p) of (Th_1) such that the restrictions to [0,h] of u™*(t) o-
converge to uy(t), for all t € [0, h], with up—1 = uyp, in [0, hA—1]. Hence we can extract
a subsequence u™ := u™* g-converging to a continuous perturbed minimizing
movement u : [0, +00) — S. O

Hypothesis H5 imposes an additional regularity to the perturbed minimizing
movements, which actually are absolutely continuous. To obtain it, we have to
recall the notion of discrete derivative for discrete piecewise-constant functions. We
also recall the definition of absolutely continuous curve in complete metric spaces
and of its metric derivative (see e.g. Definition 1.1.1 and Theorem 1.1.2 [4]).

Definition 2.5. Let (S, d) be a metric space, let {¢,} C R be such that t,_1 < t,,
and let denote J = |J,(tn—1,tn). Let f : J — S be such that f(t) = f,, if
t € (tn—1,tn). We define the discrete derivative of f as the function |f'| : J — R

such that J
1) = Wmdno) ey e,

tn - tnfl
Hence, for any discrete solution u” of the scheme (2), taking ¢,, = n7, we denote
its discrete derivative as

|(u7)"(t) %7 ift € ((n—1)7,n7]. (8)

Definition 2.6. Let (S, d) be a complete metric space, and let v : (a,b) — S be an
absolutely continuous curve; i.e. there exists m € L!(a,b) such that

¢
d(v(t),v(s)) < / m(§)dE, for every a < s <t <b.

Then, we define the metric derivative of v in ¢ € (a,b) as

v|(t) = lim d(v(t), v(s))

s—t [t — s
This limit is defined almost everywhere, and it coincides with the minimal m €
L!(a,b) satisfying the previous inequality.

Proposition 4. Let ¢ satisfy H2 and H3, let {uf} be a family of initial data
satisfying H4, and let {a™} be perturbations as in (1) satisfying H5. Suppose that
there exists u a (a™)-perturbed minimizing movement for ¢. Then there exists a
function A € L}, .(0,+00), and a subsequence (1y/) of (1x) such that

loc

(i) |(u™" )| weakly converge to A in L}, (0, +00),

loc

(1) u € ACc(0,400;S), and |u'|(t) < A(t) for almost every t € [0, +00).
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Proof. Let 07 be defined as in (6), and 6 (z) = sup{0r(s,t)|t,s € [0,T], |t — s| <
x}. Integrating the discrete derivatives defined as in (8) in an interval (s,t), and
reasoning as in proof of Proposition 3, by the uniform integrability of {1/a”} in
[0,T] we get

t n-1 _
[y eds = ¥ttt + " g )

i=m—+1 Tk
t—(n—1
+Md(u;",u;’il)
Tk
m7, — S|+ [t — (n— 1)1
<br(s, )+ A m DTl )

Tk
for every 0 < s <t < T, where n = [t/7], m = [s/7]|. This yields the uniform
integrability of the discrete derivatives; i.e., their weak compactness in L'(0,T)
which proves (i).
By formula (8) we have that
QT d(uT’C/ k! ) nTy/

n
N
dwre @@ ey [ B [T g
imm J (—=D)Tp Tk! (m—1)7ys
Taking the limit, by the o-lower semicontinuity of d and the weakly convergence of
the discrete derivatives proved at point (i), we get
nTy

¢

du(t), u(s)) < liminf ™ (), w7 (0) < lim [y i©ds = [ A
k’—+o00 k’—+o00 mr s

so that u € AC)sc(0,+00;.5). Therefore the metric derivative |u/| exists almost

everywhere, and for its minimality |u’|(¢t) < A(¢) for almost every ¢ > 0. O

3. Curves of maximal slope with a given rate. This section is devoted to
proving that, under suitable assumptions on ¢, the perturbed minimizing move-
ments as in Definition (2.1) are curves of steepest descend for the functional ¢, in
a sense that will be precised in the following. This is a generalization of Theorem
2.3.3 [4], but the presence of the perturbations yields a variation of the velocity of
the curves.

First, we remind the crucial concept of strong upper gradient for a functional
(see e.g. Definition 1.2.1 [4]).

Definition 3.1. Let ¢ : S — (—o0,+00] be a proper functional. A map g : S —
[0,4+00] is a strong upper gradient for ¢ if for every u € AC(a,b;S) the function
g o v is measurable and

¢ (u(t)) — ¢(u(s))] < / g(u(@) W [(§)d¢, foralla<s<t<b.

Slightly modifying Definition 1.3.2 [4], we introduce the following notion.

Definition 3.2 (Curve of maximal slope with a given rate). Let ¢ : S —
(—00, +00] be a proper functional, let A : (a,b) — [0, +00] be a measurable function,
and assume that 1/A(t) = +oo or 0 when A(t) = 0 or 400 respectively. A curve
u € AC(a,b; D(9)) is a curve of mazimal slope for ¢ with respect to a strong upper
gradient g with rate X\ if ¢owu is equal almost everywhere to a nonincreasing function
¢ in (a,b), and for all a < s <t < b
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— (s fl LU/Q fl w(€))2
o) el <5 [ sll@E-g [ egwora

|u'[(€) =0, for almost every & € Iy
g(u(€)) =0, for almost every £ € I,

where Iy = {€ € (a,b)|\(§) =0}, and I, = {£ € (a,b)|\(t) = +o0}.

In order to simplify the notation, we assume that zero multiplied by +oo is null
in the integral inequality, and that ¢ou = ¢ in all (a, b); hence we will always write
the following compact form

IR I
o) - o(u(s)) < =3 [ 5w P@ds— 5 [ M@atuorde (o)
2 Js A& 2 Js
Note that, if A = 1, u is a curve of maximal slope for ¢ with respect to g,
according to the classical definition given by Ambrosio, Gigli, and Savaré.
Applying Young’s inequality to (9) and the definition of strong upper gradient
we get

sut)=ou(s) = [ (g PO+ 2505 w(@ ) = [ stute)lu'©)de

hence we have (gou)|u’| € L}, .(a,b) and pou € AC},.(a,b). Furthermore, in Young’s

loc
inequality the equal sign holds if and only if the terms are the same, so that every

curve of maximal slope with rate A satisfies the following metric gradient-flow;

{|u'|<t> = A(t)g(u(t))
(¢ou)(t) = —[u'|(t)g(ult)),

We recall the definition of descending metric-slope (see e.g. Definition 1.2.4 [4]).

for almost every t € (a,b).

Definition 3.3. Let ¢ : S — (—o00,+00] be a proper functional. We define the
local slope of ¢ at a point of its domain u € D(¢) as

|0¢|(u) = lim su —(¢(u) _ ¢(U))+.

v—=u d(u7v)

We denote as |0~ ¢|(u) the relazed slope of ¢ (with respect to o); i.e., the lower
o-semicontinuous envelope of |0¢| in S.

As mentioned before, we will prove that perturbed minimizing movements are
curves of maximal slope for ¢ with respect to |0~ ¢| with a rate depending on the
perturbations {a }.

3.1. The Moreau-Yosida approximation scheme. In order to obtain the en-
ergy estimate for a perturbed minimizing movement, we will prove that discrete
solutions satisfy an energy estimate as well, and then taking the limit as 7 — 0,
obtain (9). In the following two sections, we introduce an approximation scheme,
analogous to the one presented in Chapter 3 [4], to work with discrete solutions.

Definition 3.4. Let ¢ : S — (—o0, +00] be a proper functional. Fixed 7, for any
0 € (0,7] and u € S, we define

veES

) = it fot)+ Tl
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as the n-th Moreau-Yosida approzimation of ¢ at scale T for the scheme (2). More-
over, we denote J7 (u) =argminges{$(v)+ald*(u,v)/20}, and if J§ . (u) # 0, then
we define
A3 (w) = sup d(v,u), dy(u)= inf d(v,u). (10)
’ veJg, (u) ' veJz, (u)
Remark 3. If ¢ satisfies assumptions H1-H3 then ¢f  (u) > —oc for any u € S,
therefore the set Ji, (u) is not empty.

It is know that Moreau-Yosida approximation has some monotonicity and conti-
nuity properties. Since (bg’n(u) is equal to the classical one with 7 = §/a], we can
apply Lemma 3.1.2 [4]. Hence, for all 7 and n > 1, the map (6,u) — ¢F,, (u) is
continuous, and for all 0 < g < §; < 7

P(u) = 95, 0 (w) = 95, 5 (w),  d(vo,u) < d(v,u), (11)

for all vo € J§ , (u) and vy € J§ , (u). In particular, if the functional ¢ satisfies
hypotheses H1-H3, it holds

li $ =
lin 65,,(0) = 6(0)
lim d57F(u) =0, if u € D(¢) (12
SN0 m AT T ’
and d , (u) := dg:(u) = dy’,, (u) for almost every ¢ € (0, 7], for all n > 1. Further-
more, as a direct application of Theorem 3.1.4 [4] to any Moreau-Yosida approxi-
mant, 0 — ¢g7n(u) are not only continuous but Lipschitz functions for § € (0,7),
and

doT (u T T (u 2
%Tg() = C;"( 5’:;( )) , for almost every § € (0, 7]. (13)
We also have a slope estimate; applying Lemma 3.1.3 [4] with 7 = §/a] we get
. L d(uf,,,u)
1001(5,,) < af, ——2 (14

These properties will be very useful in the following.

3.2. De Giorgi’s interpolants. To obtain the discrete energy estimate mentioned
before, we use the De Giorgi’s interpolation argument. Mimicking Definition 3.2.1
[4], we give the following notions.

Definition 3.5. Let u” be a discrete solution. Any curve 47 : [0, +00) — S, which
is an interpolation of the discrete values {u],} such that

a’(t) = a((n —1)7+9) € Ji,(u;,_y), fort=(n—1)7+9, (15)
is called a De Giorgi’s interpolant. We also define

ds ., (ul _
G- (t) = a;M, for t = (n—1)7 + 4. (16)
T
Proposition 5. Let ¢ satisfy assumptions H2 and H3, let {u]} satisfy H4, and let
{a™} be perturbations as in (1) satisfying H5. Suppose that there exist u a (a™)-
perturbed minimizing movement, and let (4™) be a corresponding sequence of De

Giorgi’s interpolants. Then 4™ pointwise o-converges to u.
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Proof. Fixed t € [0,T] with t = (n — 1)7 4+ 6. Let 01 be defined as in (6). By (15)
and the second of formula (11) we get
d(@” (), u" (t=7)) = d((uj,—1)5 > tp—1) < d(ug; up 1) < Or((n=1)7, (n+1)7) (17)
hence Proposition 2 yields
d(a™(t),u”) <d@ (t),u"(t — 7))+ d(u(t —7),u") <1+ Cr,

for 7 small enough. Moreover, fixed t,s € [0,7], by Proposition 3 and (17) we
obtain

d(u” (t),u" (s)) <d(a”(t),u”(t — 7)) + d(u" (t = 7),u"(s — 7))
+d(u (s —7),a"(s))
<Op(t—7,t+7)+0p(s—7,t) +0p(s— 7,5+ 7).
Therefore we have proved that (@™) satisfies hypotheses (i) and (ii) of Lemma 2.2.
For any converging subsequence (u™'), let v be its o-pointwise limit, we get
d(v(t),u(t)) <liminf d(a™ (t),u™ (t))
k' =400
< Tim sup d(@™ (£), u™ (¢ — 7)) + d(u™ (t — 7), u™ (£)) = O,
k' —+oc0

and the thesis follows. O

Lemma 3.6. Let ¢ satisfy assumptions H1-H3, let {ul} satisfy H4, and let {a"}
be perturbations as in (1) satisfying H5. Let u be a {a”}-perturbed minimizing
movement, and let G, be defined as in (16). Then we have

|07 &|(u(t)) < lim_j(rjlf G- (t), for everyt e [0,T).

Proof. Let {u™} be discrete solutions o-converging (up to subsequences) to u, and
let {@"} be the corresponding De Giorgi’s interpolants. For any ¢ > 0 we consider

T

n = [t/7]. Taking u = u],_4, recalling formula (15), by (14) we get

d(aTv u;rL—l)

|99](a" (1) < ap—— = G-(t).
Applying Fatou’s Lemma to the previous formula, by the o-lower semicontinuity of
|0~ ¢| and Proposition (5) we get the thesis. O

3.3. Perturbed minimizing movements are curves of maximal slope. Using
De Giorgi’s interpolation scheme, we have the following a priori energy estimate for
the discrete solutions.

Proposition 6. Let ¢ satisfy assumptions H1-H3, let {a”™} be perturbations as in
(1), and suppose that there exists {u”} a family of discrete solutions. For every
n >1 and T we have

N ) L
EA a@mu|@%+2é a(€)

Proof. Integrating (13) on the interval (4, 7) we get

- -, T déy ;(u) 1 (7 (di(u) 2
$5.i(u) — o7 i(u) = _/5 —g = 5/5 a; <T> dr.
For all v € JT;(u), ¢7;(u) = ¢(v) + a7 d?*(v,u) /27 which yields

T,

i~ =4 [ ar (B g P00 (19)

nTt

G2(&)de = p(uf) — p(u],).  (18)

r 2T
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Then, taking the limit for § N\, 0 in (19), by the first of (12), for every i > 1 and
T € (0,7%), we have that

o) - o(0) =g T 1 2 [T (C”“)>d

T 2 T dT . 2
:1/ (d<u>> dHl/ 1<az m(u)) .
2 0 T 2 0 a;— T

1 — T — T
Choosing u = u]_; and v = u] we get

% /OT al|(w™) 2((i — 1) + r)dr + ;/OT aiGQ((z = D7+ r)dr = éui_y) — ¢(u).

7

Taking the sum for all 7 from 1 to n we get the thesis. O

As in [4], the result that perturbed minimizing movements are curves of maximal
slope with a given rate is obtained by taking the limit in the discrete energy estimate
(18) as 7 — 0. Nevertheless, the presence of the perturbation terms prevent from
taking the limit directly. To work around this problem we need the two following
results.

Lemma 3.7. Let {a™} be a family of perturbations as in (1) satisfying hypothesis
H5, and let (1/a™) be a sequence L}, -weakly converging to 1/a*. Then for every
t > 0 we have

liminf/ @) £)d¢ > / hmlnfG L(©)dE. (20)

k—+oo Jo k—>+o<>

Proof. Given n > 0, let g, € L*>(0,t) be such that gn(g) <liminfg_ 4o G, (§) — 1.
We define I, ,, := {£ € [0,¢] | g,(&) < G2 (£), Vk > n}. Then, we have that

1 2 1 2
/oaw Qe = / aT’“(f)GT"'(OJF/(O,t)\In,n (@ %
1 9 1
2], w0z [ g

n,n n,n

and taking the liminf we get

t
. 1 9 .
- >
lklminf/o aTk(g)GTk(f)df_khT /In a (€ gn )d€ = /Ln )dg.

I

Since I, D {€ € [0,¢]] liminfy 00 G2, (§) — 1/n < GZ (§), k > n} for n big

enough, xy, , converges almost everywhere to o, as n — +o0, for any n; hence
t 1 )
. S 1
et [ gz i [ o= [ amon
for every n and g, as before. The result follows by monotone convergence. O

Lemma 3.8. Let ¢ satisfy assumptions H1-H3, let {ul} satisfy H4, and let {a"}
be perturbations as in (1) satisfying H5. Let (1) be a sequence such that u is a
(a™)-perturbed minimizing movement, and (1/a™) and |(u™)’|, defined as in (8),
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LY(0,t)-weakly converge to 1/a* and A respectively. Then there exists a subsequence
{me} C {7} such that

fmint [ @@ PO [ (a2

k'—+co Jpn(0,t)

A(&) =0, for almost every & € [0,t]\E,
where E = {t € [0,400) |a*(t) < +o0}.
Proof. First, we restrict to the bounded case; o™ (¢t) < M for all 7 € (0,7*), t > 0,
so that E = [0,400). Given n > 0, we define the truncation argument

ap(t) =a’ )V,  fort) =) ]OX] 020 )

Since 1/a; < 1/a”, the sequence (1/a;*) is uniformly integrable in [0, ¢]. Let (1/az*")

be a subsequence L'(0,t)-weakly converging to 1/ay. We get a; > a* almost
everywhere. Moreover we have

[ ax@rt)te < [ a@lry e (22)
0 0

By (22) and the discrete energy estimate (18) we have fg an(§) (f,],T(f))zdg <
d(uf) — ¢(u™(t)). As in proof of Proposition 3, there exists a constant C such

that ¢(uf) — ¢(u™(t)) < C, so that fot (fn,T(f)fdﬁ < C/n. Therefore {f, -} is
equibounded in L?(0, t) for n fixed. Unless extracting a subsequence, (f, -,,) weakly
converges, and let A, denote the limit.

We define I, » :={€ € (0,t)|a"(§) <n} and N, , :== {1 <n <t/7|a] <n}. By
definition of the truncated function f, » we get

16y 1~ faeliron = 3 dti ) <€ Y f off tg)dg)é.

neNy, - neN,,

Since ||[1/a”||z10,6) > fln _1/a™(§)d€ > |1, |/n, we have that |I,, -| < Con, where
Co,¢ is defined in Remark 2. Hence, by the uniform integrability of {1/a"}, Propo-
sition 4 and the Banach-Steinhaus theorem

I4 = Agllzso,ey < lim inf @™ )] = far

L'(0,t) < 077(1)’

which yields that (A,) strongly converges in Ll( ,t) to Aasn — 0.
Now we define the functional F7 (v fo T (€)[dg in H'(0,t). For every 7,
we have that T'(L2(0,t))- hmkIHJroo FT"’( ) = Jo an (&) (€)]*dE (see Theorem 2.35

and Example 2.36 [5]). Since f,,, — A, in L ( t), by the liminf inequality of
I"-convergence

¢
- . 2
timink P72 () > [ a3(€)(4,(0) e (23)
Since a; > a*, gathering (22) and (23) we get

¢

t
jmint o @10V PO 2 fmint £ () 2 [ 0" (©(4n0) s
— 100 0

k'—4o00 Jo
In particular, passing to the limit as 7 — 0, by Lebesgue’s theorem we get
t

lim inf / a™ (&) (u™ )| (€)dE > / a*(§)A*(&)de.

k'—+o0 Jo 0
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We now remove the assumption that the perturbations are bounded using a
truncation argument. For every M > 1, consider a}, () = a”(t) A M. The family
{1/a}%} is locally uniformly integrable. Let (1/a};) be a weakly converging subse-
quence and 1/a}, its weak limit. On the truncated functions we can use the result
obtained before so that, unless extracting a subsequence,

t t
lim inf / o™ (©)|(w™ ) [2(€)dé > limin / a (O] (™ )P (€)de

k' oo k' oo

. (24)
> [ a4

For every T' > 0, we have

0= /OT (a;(s) @) :/{ga«g»m (az;@ @)

1 T
s/ Lae< 4.
{¢lar©)>my M M

Hence the corresponding inequality holds for the weak limits as well;

0= /OT (c@j@) - a*1(£)>d§ <3

Therefore 1/a%, converges strongly in L*(0,7") and almost everywhere to 1/a* as
M — +o0. Taking the limit as M — 400 in (24)

imin Tyt T\ |2 . 5 '
: f/m,t)“ O™ ) [(€)de > / a*(§)A*(€)dg

k' —+oo EN(0,t)

Now we denote B, = aj; A o with fixed o > 1. Since a},(§) diverges for
almost every & € [0,¢]\E, we have that S, am converges almost everywhere to « on
[0,t]\F, as M — 4o00. Then, for any o > 1

/ Bat (6)A2(€)dE < / 0l (6)A2(€)d < C,
[0,t\E

[0,t\E
and taking the limit as M — 400, by Lebesgue’s theorem we get

[ agae<t.
[0,t]\E «

By the arbitrariness of a, A = 0 almost everywhere on [0, t]\E. O

Theorem 3.9 (Perturbed minimizing movements are curves of maximal
slope). Let ¢ satisfy assumptions H1-H3, let {ul} be a family of initial data sat-
isfying H4, let {a™} be perturbations as in (1) satisfying H5, and let (1/a™) be a
sequence L}, .-weakly converging to 1/a*. If the relazed slope |0~ ¢| is a strong upper
gradient, and the following compatibility condition holds

Jim (ugt) = ¢(u(0)),

then every (a™)-perturbed minimizing movement of the scheme (2) is a curve of
mazimal slope for ¢ with respect to |0~ ¢| with rate 1/a*.

Proof. The existence of a (a™)-perturbed minimizing movement is provided by
Theorem 2.4. By the monotonicity of ¢(u”), the o-lower semicontinuity of ¢, and
Helly’s lemma we get limg_, oo d(u™) > ¢(u(t)). Let (73/) be a subsequence of ()
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such that Proposition 4, Lemma 3.7 and 3.8 hold. Then by Lemma 3.7 and 3.8, we
have that

Bu() = lim_o(ug)

> i | = o2 L ; s
_klfrgféoi/o (a (O™ )17(€) + am (€) w(f)) £+ p(u™ (1))
L L
25/0 (a (£)A%(&)de + a*i(g)zlfugfg G2, (§)>d§+ d(u(t))
1 - 2 1 _ 9 )
> / ( OWPE + g 070 O ) + 500
By Definition 3.2 we get the thesis. ¥

Remark 4. The case in which the perturbations {a”} defined in (1) have inverses
that are globally uniformly integrable, and fooo 1/a™(t)dt = 400, can be studied
directly applying the method of Ambrosio, Gigli, and Savaré.

In [4] a sequence of positive coefficients (7,), of amplitude |7| := sup,, 7, < +00,
is used as a time-discretization scale, provided that )", 7, = 4+00. A sequence (U;)

which solves
d2 (u7 U;z—fl) }

27,

U; € argmin {qb(u) +
u€sS

is called a discrete solution, starting from an initial datum UJ € D(¢). We will
refer to this as a classical discrete solution, to distinguish it from the perturbed one.
If we consider 7,, = 7/al,, the assumptions on (7,,) are satisfied. By the change of
parameter o, (t) = fg 1/a" (&)d¢ we can pass from a classical discrete solution to a
discrete solution u” of the scheme (2) defined as u™(t) = U™ (p,(t)), for every t > 0.
In [4] it is proved that, if assumptions H1-H4 hold, discrete solutions pointwise o-
converge (up to subsequences) to a classical minimizing movement U as |7| — 0.
Moreover, it is absolutely continuous and satisfies the energy estimate

L[* e L [* _ _ 5
3 | I0PE+3 [ 10-0P W) = 6w () - 9(U(5)

for every s > 0, provided that the relaxed slope is a strong upper gradient; hence
U is a curve of maximal slope for ¢ with respect to [0~ ¢|.

By the uniform integrability of the perturbations, the family {¢.} is equicontin-
uous, so (up to subsequences) it uniformly converges to a limit ¢(t) = fot 1/a*(&)dE.
This proves the existence of an absolutely continuous perturbed minimizing move-
ment u = U o ¢, and its metric derivative satisfies |u'|(t) = |U'|(¢(¢))/a*(t). Now,
changing variable in the energy estimate with £ = ¢(¢), we have that

w(s)
BUO) = oUe) =5 [ 0P e
1 [e0s) o 1
t3 [ RO e
0(u0) = o(u(t) =3 [ @@+ [ slomoPeic

and obtain the result of Theorem 3.9; i.e., perturbed minimizing movements are
curves of maximal slope for ¢ with respect to |0~ ¢| with rate 1/a*.



PERTURBATIONS OF MINIMIZING MOVEMENTS 439

Now, we present three examples of perturbed minimizing movements in order to
show the effects of the perturbations in well known frameworks.

Example 3.10. We consider S = R. Let ¢(t) = t?> be the energy functional,
and let {ul} be a family of initial data converging to ug as 7 — 0. We consider
perturbations oscillating between two positive parameters 0 < a <

R n odd
" 18 neven.

The family {1/a7} weakly™ converges in L*°(0,+o00) to its average; i.e, 1/a* =
(a=t + B71)/2, that is the inverse of the harmonic mean between o and 3. All the
hypotheses of Theorem 3.9 are satisfied, therefore there exists a gradient flow. It
is the solution of u/ = —2u/a* starting from ug, that is u(t) = uge 2/ . Discrete
solutions u” are pictured in Figure 1.

—r=02| —7=0,01 |

FIGURE 1. Graphs of the discrete solutions with different values of
7. The smaller jumps of u” correspond to the larger parameter 5.

Note that we may consider divergent coefficients a]. They may produce a con-
stant motion as in the following example.

Example 3.11 (Pinning of the motion). If we modify the previous perturbations
considering a’, = 1/7, for every [1/7] < n < [2/7], they produce a partially pinned
motion; i.e, v’ = 0 (see Figure 2). In fact, Theorem 3.9 still holds, and according

r —r=001

0 05 1 15 2 25 3 0 05 1 15 2 25 3

FIGURE 2. Pinned motion produced by perturbations diverging in
the interval (1,2).
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to Definition 3.2, the minimizing movement follows the perturbed gradient flow. In
this case, in the interval (1,2), the perturbations 1/a”(t) = 7 converge to zero, or
equivalently 1/a*(t) = 0.

Example 3.12 (A perturbed heat equation). Given Q C R? a regular domain,
with d > 2, we consider (S, d) = (L?(Q), ||-||.2(0)), and o as the strong L-topology.
We consider the Dirichlet energy functional

o) = {; Jo IVu(@)|?de if u € HJ(Q)

400 otherwise,

and an equibounded family of initial data {uj} C H{(£2), so that H4 holds. The
functional ¢ is strongly lower semicontinuous. Since ¢ > 0, it satisfies H2. Moreover,
by Sobolev’s immersion, bounded sets of bounded energy are strongly precompact,
which implies that hypothesis H3 holds.

It is known that the Fréchet subdifferential of the Dirichlet energy is minus the
laplacian (see e.g. Theorem 4 in Subsection 9.6.3 [9]), and that, for convex and
lower semicontinuous proper functionals on Hilbert spaces, the slope |0¢|(u) =
min{||{]| | £ € Ié(u)} is lower semicontinuous and a strong upper gradient (see
Proposition 1.4.4 [4]). Hence [0~ ¢|(u) = ||Au| 12 (q).

Let {a"} be any family of perturbations satisfying H5, and let 1/a* be a weak
limit. Recalling that, in Banach spaces, the metric derivative of an absolutely
continuous curve is the norm of its derivative, then by Theorem 3.9 we get the
perturbed gradient flow

Hu/(t)||L2(Q) = a%(t)HAu(t)”Lz(Q)
(pou)(t) =u'(t)Ault),
starting from uy € Hg(£2), which solves

Opu(t,z) = fa%(t)Au(t,x) xz €

ujpo =0 for almost every ¢ > 0
u(0) = ug € Hg(),
in the distributional sense. In this case, the perturbation term 1/a* takes the place

of the thermal diffusivity coefficient in the classical heat equation. Nevertheless
while the thermal diffusivity is a constant, 1/a* changes in time.

for almost every ¢t > 0,

4. Relaxing the condition on the perturbations. Hypothesis H5 plays a cru-
cial role for the equicontinuity of the discrete solutions, and hence for their conver-
gence to an absolutely continuous perturbed minimizing movement. Considering
perturbations that do not satisfy it could create a lack of convergence or continuity,
as it is shown by the next two examples in R.

Example 4.1 (Lack of convergence). We consider the functional ¢(t) = —¢, and
any bounded family of initial values. For the sake of simplicity we consider uj = 0,
so that assumptions H1-H4 hold.

We consider a], = 1/n for all n > 1. Hence, the family of 1/a7(t) = [¢/7] is
not equibounded in L'(0,T), therefore it does not satisfy assumption H5. By the

minimization scheme (2), we have that u] —u],_; = n7, and then

- 1
u :TZ'I::TM.

r
" . 2
=1
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The discrete solutions are u™(t) = 7[t/7|([t/7] + 1)/2, and they diverge as 7 — 0
for all ¢ > 0.

Example 4.2 (Lack of continuity). We consider the functional ¢(¢) = t?/2, and
initial data wf converging to ug # 0, otherwise we have a trivial motion because 0
is the global minimum of the energy. We consider the following perturbations

vo- {7 te e U(([E)[8] e

k>1

For such perturbations, assumption H5 is not satisfied. In fact, taking F, = I, N
(0, 1], whose Lebesgue measures go to zero, we have that fET 1/a™(t)dt = 1 for every
7, so that the uniform integrability is not satisfied.

In this case, the n-th step of discrete solutions of the scheme (2) is equal to

~ al . ur_y ifn=TE], withk>1
U, = u =
n T “n—1 1 T .
T+ap T4 Un—1 oOtherwise,

and the discrete solutions are

RNl

Even if H5 does not hold, we still have the convergence of (u™). In this case we lose
the continuity of the limit motion. In fact, taking the limit as 7 — 0, we obtain the
perturbed minimizing movement u(t) = up2~ et which is a piecewise absolutely
continuous curve.

Remark 5. Note that Theorem 3.9 can be applied even if some coeflicients a], tend
to zero. As an example, slightly modifying the previous perturbations as

* tel; .

art)y=4" ~ witha € (0,1), (26)
1 otherwise,

assumption H5 is satisfied, because [, 1/a”(t)dt < |E|r'~* for every measurable

set E. Hence, (1/a7) is locally uniformly integrable, and weakly converges to 1.

Therefore, we can apply Theorem 3.9. Indeed

—r=001 |% —r=001 |

0 05 1 15 2 25 3 0 05 1 15 2 25 3

FiGURE 3. The graphs represent two discrete solutions for the
same value of 7, corresponding respectively to perturbations as in
(25) and (26). Note the discontinuous behavior on the left, while
on the right jumps are going to disappear.
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U, 1

. {H;Mu;_l ifn=[%], with1<k
T

- -
Uy _q otherwise,

so the discrete solutions are

[t] [L£1—1¢]
ur(t) = ug 14 7l-e 147 ’

Taking the limit as 7 — 0 we get u(t) = uge™*.

The previous example suggests that, renouncing to the continuity of the per-
turbed minimizing movements, hypothesis H5 could be replaced by a relaxed one,
which however ensures the convergence of the discrete solutions. Now, we consider
the following assumption on {a”};

H5' there exists a set of isolated points I = {t;} C [0, +00), and a family {I,}
of sets unions of intervals with endpoints in 7Z, pointwise converging to I as
7 — 0, such that {1/a”x[0,400)\1, } is locally uniformly integrable in [0, +00),
and {1/a"} is locally equibounded in the L'-norm.

By substituting H5 with H5', we are considering more general perturbations, which
can violate the local uniform integrability in some intervals of the time discretization
that accumulate around some isolated points, as for instance (a,) defined in (25).

Note that we cannot renounce to the local L'-equiboundedness which is crucial
in the proof of Proposition 2, as Example 4.1 shows.

Theorem 4.3. Let ¢ satisfy assumptions H1-H3, let {u} satisfy H4, and let {a™}
be perturbations as in (1) satisfying hypothesis H5'. Then there exists a piecewise
absolutely continuous {a” }-perturbed minimizing movement for the scheme (2).

Moreover, let u be a (a™)-perturbed minimizing movement, if |0~ ¢| is a strong
upper gradient and the following compatibility conditions hold

kgr_‘{loo P(up*) = d(uo), kgr_{lm o(u™) = d)(u(tj')), for every t; € I,

then u is a curve of maximal slope for ¢ with respect to |0~ ¢| with rate 1/a*, in
(tj,tj+1), starting from u(t;r), for every t; € I, and in (0,t1) starting from uo.

Proof. Fixed T > 0, by the L'-equiboundedness of {1/a”}, we can apply Propo-
sition 2 and 3, for all ¢ € [0,T]. By H5, 67 defined in (6) is such that Op(s,t)
tends to zero as s,t — r for any r € [0, T)\I. Hence, applying Lemma 2.2 to {u"},
and a diagonal argument, as in proof of Theorem 2.4, there exists a limit curve u
continuous in [0, T]\I. Moreover

d(u(ty), u(t])) < lim inf d(u™ 7 (8 — 7r3), ™7 (8 + 7r.5)

<liminf d(u™7 (t; — 1), u") + d(u*, u™ (t; + ;) < 2CT;
k—-+4o00
hence the jumps are finite, and the result follows. Then let us define v](t) :=
u”(t — t;) for every t; € I. For any v] we can apply Theorem 3.9 in (0,11 —t;),
and we get the thesis. O

Remark 6. In Theorem 4.3, it is not specified what happens in the points ¢; € I.
This because the convergence of u”(¢;) depends on the convergence of I, to I.
More precisely, in Example 4.2 the {a” }-perturbed minimizing movement corre-
sponding to the perturbations defined as in (25) is continuous from the right; i.e.,



PERTURBATIONS OF MINIMIZING MOVEMENTS 443

u”(t;) — u(tj). Nevertheless, if we consider {a”} corresponding to I, 4+ 7, which
still converges to I, the discrete solutions would be
1 )[tf]—Lt—TJ

T(t) = 7'2|_t—7'J -
() = g2 (-

)

so u”(tj) — u(t; ), and u is continuous from the left.

In the following, we will not be interested in the convergence on the points of
I, so for the sake of simplicity we will deal with a specific kind of perturbations
satisfying assumption H5', as follows.

Let 0 be a positive real function defined on (0,7*). Let {a”} be a family of
perturbations as in (1) such that

O e, =[] e

t;el

In order to characterize & such that {a”} satisfy H5', we first check the equibound-
edness in L'. We have that ||1/a"||11o,r) = #{IN[0,T]}7/8(7)+[0, T]\I;|. There-
fore, to be bounded it should be §(7) > O(7) as 7 — 0. Since if §(7) > O(7) the
perturbations satisfy assumption H5, as can be seen in Remark 6, the interesting
case is 0(7) = O(r). For simplicity, we will deal with §(7) = d7, with § > 0.

We can generalize these perturbations, considering a bounded sequence of pos-
itive coefficients (d;) such that a7(t;) = d;7, for every ¢t; € I, and perturbations
{b7} satisfying H5 such that a”(t) = b7 (t), for every t & I.

Perturbations as in (27) could generate a discontinuous gradient flow as in Exam-
ple 4.2, or non-trivial perturbed minimizing movements in cases in which classical
minimizing movements are only the constant motion. Hence, perturbed minimizing
movements can be used to obtain motion from a setting which does not allow it for
classical minimizing movements, as we will see in the next section.

4.1. Exploring lower energy states. In the next three examples, we show how
perturbed minimizing movements can be used to obtain a gradient-flow type motion
for different multi-wells energy functionals. All the examples are set in the real line.

Example 4.4. We consider the functional

¢(t)_{—t tez

+o0  otherwise,

and initial data uj = 0. Assumptions H1-H4 hold. If we consider perturbations
satisfying assumption H5, by Theorem 2.4, we obtain continuous perturbed mini-
mizing movements, but the only continuous curve on a discrete set (the domain of
the energy is Z) is the constant curve. Therefore every continuous perturbed mini-
mizing movement for this problem, in particular the classical minimizing movement,
is the trivial motion.

Given any 7,8 > 0, we consider a” as in (27) satisfying H5 with I = TN and
§(t) = 67. First, note that the minimum of the function t — ¢(t)+al, (t—ul,_,)%/27
is the integer nearest to the minimum of the continuous function ¢ — —t 4 a7 (¢t —
ul_1)%/27. Let t7 be such a minimum, we have that t7 = u”_, + 7/a. Hence the
n-th step of the discrete solution of the scheme (2) is
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Considering 7 < 1/2, for any index n such that a], = 1, we get u],_; = ul,. Whereas,
for indices n such that a], = 07, we have that: if 1/6 +1/2 < 1 then u], = u]_,; if
1/64+1/2 > 1 then u], > ul_;.

The case in which 1/§ +1/2 € N is a special case because t7, is a half-integer, so
the two closest integers are equidistant from ¢7,. Hence u], € u],_; +1/0 + {£1/2},
and we say that there is a bifurcation of the motion.

For the sake of simplicity, we ignore the bifurcation phenomenon (which could
be treated separately); hence we consider § such that 1/§ ¢ N+ 1/2. We define
N = |1/6 +1/2]. If n = [Tk/7]| for some integer k, we get u], = ul_; + N,
otherwise u] = u] _;. Hence the discrete solution is

wo=x|[ 7]}

Taking the limit as 7 — 0, we obtain the perturbed minimizing movement wu(t) =
N|t/T|, which is not the trivial motion when ¢ < 2.

Example 4.5. Now, we consider the piecewise quadratic energy functional

t2 ift<0
t) = -
o) {(t—1)2—1 if t >0,

a family of initial data {uj} converging to uy < 0, and perturbations as in (27),
satisfying assumption H5', with I = N and §(7) = 67. If perturbations satisfy H5,
any perturbed minimizing movement u will follow the perturbed gradient-flow of
t2, in particular u(t) < 0 for all ¢ > 0; i.e., it cannot exit the energy well. When H5
holds, it is not immediately clear what happens. Therefore, we study the minimum
of the function ¢ + ¢(t) + &(t — @)?/2 depending on § > 0 and @. This minimum is
the n-th step of the discrete solution, provided that @ = u]_; and § = 7/a],. We
study the minima separately in ¢ < 0 and ¢t > 0, and then we compare them. We
denote as ¢o(d, %) and ¢; (5, %) the minimum respectively in ¢ < 0 and ¢ > 0, and
to(d,u) and t;(8, @) the corresponding minimizers. By computations we get

5a? = as_ e =
- - ifu<0 - M ifu<0
5,1) =< 29 to(0,a) = § 20
Pol0-1) {652 it @ >0, (6 ) {0 ifa>0
du’—25u—2 . 2 24+ad . 2
- = fu>—< - e ifa>—%
oi6,u) =4 5270 T T w@wm={ 20 T
4 ifu<-—3, 0 ifu<-—5
If 4 < —2/6, then ¢o(0,@) < ¢1(0,@); if & > 0, then ¢1(6,1) < ¢o(d,u); while, if
—26 < u < 0, we have that
- - ou _ ou® —20u — 2 1
0,u) < o,u = < = — U< —=.
90(0,2) < ¢1(9,) 2435 2+ “=73

Hence, if @ < —1/4, the minimum of the map ¢ — ¢(t) +6(t — )2 /2 is 6u2/(2 +9),
is achieved in /(2 +0). If u > —1/6, it is (du® — 26w — 2)/(2 + 0), is achieved in
(2+1u6)/(2+9).

Fixed T > 0 sufficiently large. Let u” be a discrete solution. By the previous
analysis, the discrete solution passes to the lower energy state; i.e., u, > 0, if and
only if ul_; > —7/al. When a] = 1, this condition is not satisfied for any n such
that [n/7] < T when 7 is small enough, while when a] = §7, it corresponds to the
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condition
ur_q4 > —1/6. (28)
As an example we may take uj = —1. If ¢ € [0, ([1/7] — 1)7], the motion follows
the gradient flow of t2, so u™(t) = —e~2' + 0,(1). When n = [1/7], a], = 67 and
ul_; = —e~2 + 0,(1). Therefore, by condition (28), if § < e? the motion passes
to the lower energy state; i.e., u], > 0 (see Figure 4). Otherwise, it follows the
perturbed gradient-flow of t? remaining confined in the well; i.e., u7, < 0.

1 T T 15

/ ] —r=001

FIGURE 4. On the left the time chart of 4™, on the right the plot
of ¢(u™), corresponding to perturbations with § = 1. Note how the
motion exits from the lower energy state when ¢ = 1.

Note that the perturbed minimizing movement might not pass the well in 0 at
its first discontinuity, but eventually it will (see Figure 5). In fact as in Example
4.2, for indices n such that a, = 07, we get u] = u]_;/(1 + 2J), and since the
discrete solution decreases the energy we have u], > u]_; for any index. Therefore
0> ul, >up/(1+26)""1 — 0 as n — +oo. Hence, for any §, there exists an index
n such that a7, = 07; i.e., n = [k/7] for some k € N, and u’,_; > —1/4, so that
ul > 0. Therefore u(t) < 0 for every ¢ < k and u(t) > 0 when ¢ > k.

1 T T T 15

- =00t

- 1
06~ e B

L L
0 05 1 15 2 25 3 15 -1 05 0 05 1 15

F1cURE 5. Graphs as in Figure 4 with § = 8. It is grater than the
critical value e?, indeed when t = 1 the motion does not exit the
first well.

The argument of the previous example can be iterated when a multi-well qua-
dratic energy functional is considered. While perturbed minimizing movements
corresponding to perturbations satisfying assumption H5, in particular classical
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minimizing movements, would stagnate in the initial potential well, perturbed min-
imizing movements with perturbations as in H5 may explore different local minima.

Example 4.6. We consider the functional ¢(¢) = ming>o{(t — k)? — k}, initial data
{uf} converging to uf < 0 (so that the motion starts in the first potential well),
and perturbations, satisfying H5', as in (27) with I = N and §(7) = é7.

We study the minimum of the function ¢ — ¢(t) + 6(t — ©)?/2 using calculations
done in Example 4.5 by changing variable ¢ in t — k or t — (k — 1), and adding k or
k — 1 respectively which does not affect the minimization. With same notation we
get

- Su? — 2k + k(5(k — 1) — 2) 2
6,u) = = if(k—1)—-=<u<k
br(0, ) o , if ( ) 5<@s
_ 2k + 0t 2
tr(d,u) =———, if(k—1)—=<u<k.
k( au) 219 y 1 ( ) 5 <us
Hence, by comparing the minima, for any k£ > 0 we obtain that
_ - - 1 1
Br(0.0) < 1 (0.1) < den(B,m) = (h-D) -z <<k

Note that this is not in contrast with the previous condition on %. From the previous
computation, we have that the minimizer of the map ¢ ~— ¢(t)+8(t—u)2 /2 is (5, )
whenever we have @ € (k—1—1/8,k — 1/4].

The behavior of the motion depends on §. Fixed T' > 0 sufficiently large, we
consider discrete steps u], such that [n/7] < T. First, we assume that § > 1. Let
the discrete solution u™ be in the interval (h — 1, h], that is the h-th energy well.
As in condition (28) we have that, if u,_; € (h — 1,h — 3], the discrete solution
will not pass to another potential well, when 7 is small enough; whereas, if it is in
(h — %, h], it will pass to the next well; i.e, ul, € (h,h + 1], provided that n is such
that a], = Jr.

3 15
—7=0,01
25+ B ! Ay
AN
05
ok | \
0 -
sl / 1 \
05 \
1+ - q -1 -\
s / 15 \
/ 2
or —_— ] Y
25
eor / 1 \
3
/ —7=0,01
s L L L

FIGURE 6. Graphs for 6 = 8. As in Figure 5, the motion does not
exit the well when ¢ = 1, but when ¢ = 2 it does.

As pictured in Figure 7, if 6 = 1 the motion will always exit any potential well as
soon as a;, = T, because the range of the positions of u],_,, in respect of which u],
pass to the next well, is the whole interval (h—1, h]; hence the perturbed minimizing
movement u(t) € (h — 1, h) whenever ¢t € (h,h + 1), for every positive integer h.
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FicUrEe 7. Graph for § = 1. The motion always passes to the very
next potential well.

If 0 < § < 1, the discrete solution will exit more than one well. If u]_; €
(h—1,h —1/6], it will pass through |1/8] wells, if (h — 1/6, h] through [1/§]; i.e.,
ur € (h—=14[1/6],h+[1/4]], or u], € (h — 14 [1/0],h + [1/4]] respectively.

8

7

6

0

-1

]
N —=o0i)
ot 1
— 1 :
2 ‘\\«
— 3
4 o~
5
6 ~
s
e [—r=0,01] o ~
0 1 2 3 4 5 4 o 1 2 3 4 5 6 1 8

FIGURE 8. Graphs of a discrete solution passing through two po-
tential wells at every jump discontinuity.

We conclude this paper studying a particular case in which the perturbations
do not even satisfy the relaxed assumption H5'. The following result is stated
in a restrictive situation and could be generalized, but the aim is to show that,
even for uncontrolled perturbations, discrete solutions may converge to a perturbed
minimizing movement.

Proposition 7. Let ¢ satisfy assumptions H1-H3, and assume that it admits a
unique global minimum w.. Let ulj satisfy H4, and let {a"} be a family of perturba-
tions as in (1). If there exists a time parameter to > 0 such that

(i) a”(t) satisfies assumption H5' for every t € [0, [to/7]7]

(i) lim,_o ATt /7 /T =0,

then there exists a {a” }-perturbed minimizing movement u such that u(t) = u, for

every t > to.
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Proof. Let u™ be a discrete solution. We denote Sy = {u € S|¢(u) < Cp}. By
(i) we can apply Proposition 2 in [0,%o], and we get diam(Sy) < 2C;,. We write
N(7) = [to/7]. The N(7)-th step of the discrete solution is

d*(uly(y s 0)
un(r) € aigergl;n o(u) + a;\,m+

By (ii), for any £ > 0 there exists 7. such that a?V(T)/T < ¢/Cy,, and we get
P(uyy () < ¢(u) + € for every u € Sp. By the monotonicity of ¢(u”), we have that

u, € {u e S|o(u) < ¢(us) +¢}, for every n > N(7). (29)

By a contradiction argument, suppose that there exists a constant 7y, an index m >
N(7), and 19 < 7 such that d(ul?,u,) > 1. By the uniqueness of the minimum,
infs\p,, ¢ > #(us). Then, we have that ¢(uy,) — d(us) > infs\p, ¢ — ¢(u.) >0,
which is in contrast with (29). Applying Theorem 4.3 in [0, ), and by (29), we get
the thesis. O
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