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ABSTRACT. We characterize the space of all ezxactly reachable states of an
abstract boundary control system using a semigroup approach. Moreover, we
study the case when the controls of the system are constrained to be positive.
The abstract results are then applied to study flows in networks with static as
well as dynamic boundary conditions.

1. Introduction. This paper is a continuation of [16, 7] where we introduced a
semigroup approach to boundary control problems and applied it to the control
of flows in networks. While in these previous works we concentrated on maximal
approzimate controllability, we now focus on the ezact- and positive controllability
spaces.

There is a vast literature on abstract boundary control problems as well as on
the application of the abstract theory to various concrete boundary control systems
on Fuclidean spaces. For an overview and related references on that topic we refer
to [I7, Sec. 1].

As a simple motivation for our study, we consider as in [16] a transport process
along the edges of a finite network. This system is subject to some transmission
conditions in the vertices of the network (imposing, for example, conservation of the
mass) which span the “boundary space” for our problem. We then like to control
the behavior of this system by acting upon a single vertex only. In this context it
is reasonable to ask the following questions.

e Can we reach all possible states in finite time? The answer to this question
is in general negative since we are limited by the network structure, see, e.g.,
[16, Sec. 5]. Therefore, we only ask: Can we describe the mazimal possible
set of reachable states in some finite time?
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e Does controllability depend on the particular choice of the control node? Here
the answer is affirmative, which is again demonstrated by some examples in
[16, Sec. 5]. However, to our knowledge there is no simple characterization for
nodes yielding maximal exact control.

e Which states can be reached if only positive controls are allowed? This ques-
tion is very important since in many applications only positive controls are
meaningful and one expects that the state of the system remains positive for
all times.

In recent decades, the study of different partial differential equations on networks
and similar structures gained a lot of interest. Here we restrict ourself to first order
equations that model transport problems (or flows) in networks and are motivated
by many real-life applications. In fact, such systems can be used to model, to
control, and to optimize road traffic [24, 23], [0, 211, 9], water supply [27, 28], gas
flow [Bl 22] or supply chains [I1], to mention just the most frequent applications.
Moreover, we refer to [§] for a survey of related results in the context of nonlinear
hyperbolic systems.

In the present work we will, however, only consider linear models and make
heavy use of the theory of semigroups of linear operators in the spirit of [I§]. The
application of semigroup theory to flows in networks was initiated in [26, B0], see
also the survey paper [13] and the detailed accounts in the monographs [6, Ch. 18]
and [29]. For an example of an application of this approach to population models
in biology we refer to [4]. The stability and control problems of linear flows in
networks using semigroup approach were investigated in [16] 17, 25] [7]. Our aim
here is to further generalize and refine these latter results.

This paper is organized as follows. In Section |2 we first recall our abstract
framework from [I7] as well as some basic results concerning boundary control
systems. In Section [3| we then characterize boundary admissible control operators
and describe the corresponding exact reachability space. In Section [ we turn
our attention to positive boundary control systems on Banach lattices. Finally, in
Section [5| we apply our abstract results and explicitly compute the exact (positive)
reachability spaces in three different examples of transport equations controlled at
the boundary: in C™, in a network, and in a network with dynamic boundary
conditions. Moreover, we return to the motivating questions stated above.

2. The abstract framework. We start by recalling our setting from [I7].

Abstract Framework 2.1. We consider
(i) three Banach spaces X, 0X and U, called state, boundary and control space,
respectively;
(ii) a closed, densely defined system operator A, : D(A,,) C X — X;
(iii) a boundary operator Q € L([D(An)],0X);
(iv) a control operator B € L(U,0X).
For these operators and spaces and a control function u € Llloc(R+, U) we then
consider the abstract Cauchy problem with boundary contro
z(t) = Apx(t), t>0,
Qx(t) = Bu(t), t>0, (1)
z(0) =x0 € X.

I'We denote by @(t) the derivative of & with respect to the “time” variable .
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A function z(-) = z(-, zo, u) € CY (R4, X) with z(t) € D(A,,) for all ¢t > 0 satisfying
is called a classical solution. Moreover, we denote the abstract boundary control
system associated to by Xpc(Am, B, Q).

In order to investigate we make the following standing assumptions which
in particular ensure that the uncontrolled abstract Cauchy problem, i.e., with
B =0, is well-posed.

Main Assumptions 2.2. (i) The restriction A C A,, with domain D(A) :
ker Q generates a strongly continuous semigroup (T'(t))i>0 on X;
(i) the boundary operator Q : D(Ay,,) — 0X is surjective.

Under these assumptions the following has been shown in [20, Lem. 1.2].
Lemma 2.3. Let Assumptions[2.9 be satisfied. Then the following assertions are
true for all A\, p € p(A).

(i) D(An) = D(A) @ ker(A — Ap);
(i) Qlker(r—a,,) is invertible and the operator

@ = (Qlerr=a,)) 10X = ker(A — A4,,) € X (2)
18 bounded;

The following operators are essential to obtain explicit representations of the
solutions of the boundary control problem .

Definition 2.4. For A € p(A) we call the operator @, introduced in abstract
Dirichlet operator and define

By = QxB € L(U,ker(A — A,)) C L(U, X).

By [I7, Prop. 2.7] the solutions of can be represented by the following ex-
trapolated version of the variation of parameters formula. Here we use the standard
notation for the extrapolated spaces and operators: X _; denotes the completion of
X with respect to the norm

[e]-1 = [[R(Ao, Azll, = e X
for some fixed \g € p(A), T-1(t) € L(X_1) is the unique bounded extension of

the operator T'(t) to X_1, and A_; is the generator of the extrapolated semigroup
(T-1(t)) ;>0 with domain D(A_y) =X, cf. [18, Sect. I1.5.a].

Proposition 2.5. Let 2o € X, u € L (Ry,U) and X € p(A). If z(-) = x(-, 2, u)

loc
is a classical solution of , then it is given by the variation of parameters formula

2(t) = T(t)zo + (A — A_y) /Ot T(t — s)Byu(s)ds, t>0. (3)

Our aim in the sequel is to investigate which states in X can be exactly reached
from zy = 0 by solutions of . To this end we have to impose an additional
assumption which, by , ensures that solutions for LP-controls remain in X.

Definition 2.6. Let 1 < p < 4o00. Then the control operator B € L(U,0X) is
called p-boundary admissible if there exist ¢t > 0 and A € p(A) such that

/t T(t — s)Bau(s)ds € D(A) for all u € LP([0,¢],U). (4)
0
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Remark 2.7. From Lemma [2.3](iii) it follows that (A — A_;)Qx € L(0X,X_1),
hence also
By = ()\ — A,l)B)\ c E(U, X,l),

are independent of A € p(A). Then B € L(U,0X) is p-boundary admissible if and
only if By is p-admissible in the usual sense, cf. [31, Def. 4.1]. This implies that if
(4) is satisfied for some t > 0 then it is satisfied for every ¢ > 0. Moreover, we note
that by [I7, Lem. A.3], B is 1-boundary admissible if ker(A— 4,,) C F;, the Favard
class of A (see [I7, Def. A.1] and references there). Finally, since L?([0,],U) C
LY([0,],U) it follows that 1-boundary admissibility implies p-boundary admissibil-
ity for all p > 1.

Now assume that B € L(U,0X) is p-boundary admissible. Then for fixed A €
p(A) and ¢ > 0 the operators BPC : L7 ([0,t],U) — X given by

BPCy = (\— A) /0 "t — $)Byu(s) ds = /0 Tt Bauls)ds  (3)

are called the controllability maps of the system YXpc(A,, B, @), where the second
integral initially is taken in the extrapolation space X _;. Note that by the closed
graph theorem BPC € E(Lp([O,t], U)7 X). Hence, this definition is independent of
the particular choice of A € p(A) and gives the (unique) classical solution of (1)) for
given u € W21([0,¢],U) and x¢ = 0. This motivates the following definition.

Definition 2.8. (a) The exact reachability space in time t > 0 of Xpc(Am, B, Q)
is defined byE|
eRBC .= rg(BEC).
Moreover, we define the ezact reachability space (in arbitrary time) by
eRBC = U rg(BEO)
>0
and call £ (A, B, Q) exactly controllable (in arbitrary time) if eRB¢ = X.
(b) The approzimate reachability space in time t > 0 of Xpc(Anm,, B, Q) is defined
by
aRPC = eRPC.
Moreover, we define the approzimate reachability space (in arbitrary time) by
aRBC = U aRPC
>0

and call ¥ (A, B, Q) approzimately controllable if aRBC = X.

From [I7, Thm. 2.12 & Cor. 2.13] we obtain the following properties and repre-
sentations of the approximate reachability space.

Proposition 2.9. Assume that B € L(U,0X) is p-boundary admissible. Then the
following holds.
(i) aRBC is a closed linear subspace of X which is invariant under (T(t));>o0 and
R(A, A) for X > wo(A).
(i) aRPY =span ., rg(Bx) for every w > wo(A).
(i1i) aRPC Cs5pan Uy, a) ker(X — Ap).

2By rg(T) we denote the range TX C Y of an operator T : X — Y.
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Part (iii) shows that there is an upper bound for the reachability space depending
on the eigenvectors of A,, only, independent of the control operator B. This justifies
the following notion.

Definition 2.10. The mazimal reachability space of ¥pc(Anm, B, Q) is defined by

RoS =span | ker(A— Ay).
A>wo(A)

The system Ypc (A, B, Q) is called mazimally controllable if eRBC = RBC

max-*

We stress again that REC, # X may happen (cf. [16, Sec. 5] for an example),
hence the relevant question about exact or approximate controllability for boundary
systems is indeed to compare eRPC or aRBC to the space REC, and not to the whole
space X, as it is usually done in the classical situation in systems theory (see [10]).

After this short summary on boundary control systems Ypc(An,, B,Q) taken
mainly from [I7] in the context of approximate controllability, we now turn our

attention to the case of exact controllability.

3. Exact controllability. We start this section by giving two characterizations of
p-boundary admissibility for a control operator B which frequently also simplifies
the explicit computation of the associated controllability map BEC. Here for A € C
we introduce the function e, : R — C by e,(s) := e**. Moreover, for f € LP[0, ]
and u € U we define

fouelP([0,t],U) by (f@u)(s):=f(s) u.
Finally, we denote by 1j, g the characteristic function of the interval [, 5] C [0,1].

Proposition 3.1. For a control operator B € L(U,dX) the following are equivalent.

(a) B is p-boundary admissible.
(b) There exist A € p(A), t > 0 and M € L(L?([0,t],U),X) such that for all
0<a<p<tandvelU

(e’\ﬁ T(t—pB) —erT(t — @) Bxv = M(ex - L 5 @ 0). (6)

(c) There exist t > 0, Ao > wo(A) and M € L(LP([0,t],U), X) such that for all
A>Xandv eU

(M —T(t))Bav = M(ex @ ). (7)
Moreover, in this case the controllability map is given by BEC = M.

Proof. Let u = ey - 1o, ® v for some A € p(A4),0 < a< g <tandveU. Then
t B
/ T(t — s)Byu(s)ds = e*t/ e M=) T(t — s)Byvds
0 «

=M /t: e T(s)Byvds
=R\ A) (Tt —B)—eT(t—a))Bw. (8

(a)=(b). Since by assumption B is p-boundary admissible we have BPC ¢
L(L7([0,¢],U), X). Hence, and imply () for M = BPC.
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(b)=-(a). We start by proving (4)). The idea is to show this first for functions of
the type u =€) - 1[4 5y ® v. Then by linearity it also holds for linear combinations
of such functions and a density argument implies for arbitrary u € LP ([O, t], U&
To this end let u = ex - 1[4 5) ® v for [, 8] C [0,] and v € U. Then (6) and (8]

imply

/0 T(t —s)Byu(s)ds = R(X\, A) - M(ex - 1jq,5 @ v)
= R(X\, A) - Mu. 9)

Note that the multiplication operator My € L(L?([0,¢],U)) defined by Myu :=
€ - u is an isomorphism (with bounded inverse M_)). Hence, it maps dense sets
of LP([O,t], U) into dense sets. Since the step functions are dense in Lp([(),t], U)
(see [3, p.14]), the linear combinations of functions of the type ey - 1}, 5 ® v for
[a, ] C [0,¢] and v € U form a dense subspace of L?([0,¢],U). Thus, we conclude
that @ holds for all u € LP([O,t], U ) Clearly this implies that B is p-boundary
admissible and B2 = M.

Recall that By = (A — A_1)B, is independent of A € p(A). Hence, (a) < (c)
follows as before by replacing the total set {ex -l g ®@v:0<a<B<tve U}
by the set {ex ® v : A > A\g,v € U} which by the Stone—Weierstrafl theorem is total
as well in L7 ([0,¢],U) for all Ag > wy(A). O

We note that by linearity it would suffice that Part (b) of Proposition is
satisfied for e =0 and all 0 < 8 <t (or for all 0 < a <t and 8 =t).

Corollary 3.2. Leﬂ n € Ny and assume that B is p-boundary admissible. Then
for allw € L7 ([0,nt],U)

n—1
Bifu=">"T(t)*Mu (10)
k=0

where ui, € LP([0,t],U) is defined by

up(s) =u((n—k — 1)t +s) (11)
and M € L’(Lp([O,t], U),X) 18 the operator introduced in Proposition .
Proof. Let u € Lp([(),nt], U). Then by

nt
BBCu = (N — A)/ T(nt — s)Bxu(s)ds
0

kt

= ()\—A)ZT((n—k:)t)/ T(kt — s)Byu(s)ds
k=1 (

k—1)¢

> T ((n—k)t)- (A - A)/ T(t — 8)Bx tn_p(s) ds
k=1 0

5 T(t)* BECu,. O
0

k

3We use the notation N; := {I,1+ 1,142, ...} for the set of natural numbers starting at I € N.
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In Section [5| we will see that @, @, and allow us to easily compute the
controllability map in the situations studied in [16, Sect. 4] and [I7), Sect. 3] dealing
with the control of flows in networks.

Corollary 3.3. If B is p-boundary admissible, then the exact reachability space in
time nt for n € Ny is given by

n—1

eRBC = {ZT(t)kMuk tup € LP([0,],U), 1<k <n-— 1} ,
k=0

where M € E(Lp([O,t], U),X) 1s the operator from Proposition .

4. Positive controllability. In this section we are interested in positive control
functions yielding positive states. To this end we will make the following

Additional Assumption 4.1. The spaces X and U are Banach lattices.

Moreover, by YT := {y € Y : Y > 0} we denote the positive cone in a Banach
lattice Y. For a detailed account of the theory of semigroups of positive linear
operators we refer to [2] [0].

Note that in the sequel we do not make any positivity assumptions on (T'(t))¢>0,
B or @, if not stated otherwise.

Definition 4.2. (a) The exact positive reachability space in time t > 0 of system
Ypc(Am, B, Q) is defined by

etRBC .= {B?Cu u € LP([0,1], U+)}.
Moreover, we define the ezact positive reachability space (in arbitrary time) by
et REC = U et REC
>0
and call pc(Am, B, Q) exactly positive controllable (in arbitrary time) if
et RBC = X+,
(b) The approzimate positive reachability space in time t > 0 of Lpc(Am, B, Q) is
defined by
atREC .= ¢+RBC,
Moreover, we define the approzimate positive reachability space (in arbitrary
time) by
atREC .= U atREC
t>0
and call ¥pc (A, B, Q) approzimately positive controllable if a*RBC = X .

First we give necessary and sufficient conditions implying that starting from the
initial state xy = 0 positive controls result in positive states.

Proposition 4.3. Assume that B € L(U,0X) is p-boundary admissible. Then
etREC c x+* (12)
if and only if
a™RPCc Xt (13)
if and only if there exists A € RN p(A) such that
(M T(t—B)— e T(t—a))By>0 forall0<a< g <t (14)
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Moreover, if (T'(t))i>0 is positive, then the above assertions are satisfied if and only

if

etREC c X (15)
if and only if
a*RBC c X+ (16)
if and only if there exists A > wo(A) and t > 0 such that
(e“ — T(s))BA >0 forall0< s <t (17)
if and only if there exists \g > wo(A) such that
By, >0 for all X > ). (18)

Proof. The equivalence of ((12)) and follows from the closedness of X+. To show
the equivalence of and ([14) recall that by [3, p.14] the step functions are dense
in L?([0,¢],U). Since the map u — u* on LP([0,¢],U) is continuous, we conclude
that the positive step functions are dense in L?([0,¢], UT). The claim then follows
from (the proof of) Propositionusing the boundedness of the controllability map
BEC,

Now assume that (7'(t));>0 is positive. Then the equivalences of (12)), with
, follow from Corollary using the fact that the reachability spaces are
growing in time. In particular, this implies that if holds for some ¢ > 0 it holds
for arbitrary t > 0 and choosing 5 = t and a = 0 we obtain for arbitrary ¢ > 0.

To show the remaining assertions we fix some A > wy(A) and define on X' :=
X x X the operator matrix

A= (Aa)\ 8)7 D(A) = {(Z) € D(A,,) x 0X : Qx:By}.

Then by [14, Cor. 3.4] the matrix A generates a Co-semigroup (7 (t)):>0 given by

—As _ ,—As
T(s) = (6 Tls) (I=e T(S))BA) , s>0.
0 1
Moreover, by [14, Lem. 3.1] we have (0,+o0c) C p(A) and
R(p+XA) 1B,
R(p, A) = ( ('U_E A 1;+>\) for > 0. (19)
o

Now, if holds then T(s) > 0 for all 0 < s < ¢ which implies that (7(¢)):>0 is
positive which is equivalent to the fact that A is resolvent positive. However, by
the latter is the case if and only if is satisfied which shows the equivalence

of and . Finally, if holds, then
(M T(t—pB)— e T(t—a)Byx=eMT(t—B) (I -e P~ T(3-a))B,
>0
for all 0 < a < B < t. This proves and completes the proof. O

In the sequel we use the notation co M and ¢6 M to indicate the convex hull and
the closed convex hull of a set M C X, respectively.

Proposition 4.4. Assume that B € L(U,0X) is p-boundary admissible and that
eTREPC C Xt. Then the following holds.

(i) a*RBC is a closed convex cone, invariant under (T(t))i>0 and R(\, A) for
A > (A}()(A).
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(ii) atRBY =0 {(eMT(t—B) —e*T(t—a))Byw:0<a<B<t,veUt} for
all X > wo(A).

(iii) aTRBC = {T(t)Byv:t >0, A >w, v € UT} for all w > wy(A).

(iv) a*RPC = {R(\, A)"Byv : n € Ng, A > w, v € UT} for some (and hence
for all) w > wo(A).

Proof. (i). Clearly, atRB is a closed convex cone. Its invariance under (T'(t))s>0
and R(A, A) for A > wg(A) follows from the representations in (iii) and (iv).

To show (ii) we note that by () and (8) the inclusion “2” holds. Now recall that
the positive step functions are dense in Lp([O7 t], U+) and invariant under positive
convex combinations. Hence, the boundedness of the controllability maps implies
equality of the spaces in (ii).

To obtain (iii) we note that by and (8) we have

(e)‘ﬂ T(t—B)—erT(t — @))Byv € et REC

forall 0 < o < f < t and v € UT. Multiplying this inclusion by e=*? > 0 and
putting s :=t — 8 and r :=t — « implies

(T'(s) — M) T(r))Byv € et REC
forall 0 < s <randwveUT. Since A > wy(A) we obtain

: A(s—r) _
im0 [T =0

and hence

T(s)Byv € aTRBC
for all s > 0 and v € U*T. This shows the inclusion “2” in (iii). For the converse
inclusion in (iii) it suffices to prove that

etRYC C o {T(5)Buy 520, p>w, y e U} (20)

for all t > 0 and w > wy(A). Since B € L(U,0X) is p-boundary admissible the
controllability map BEC is continuous. Moreover, the positive step functions are
dense in L?([0,t],U") and co {T'(s)B,y : s > 0, > w, y € UT} is a convex cone.
Combining these facts and it follows that holds if

(e)‘ﬁT(t —B)—e*T(t—a))Bywew{T(s)Byy:s>0, p>w,ycUT} (21)

forall0 <a <<t keNyand v € X*. Since (T(t))i>0 is strongly continuous
the following integral is the limit of Riemann sums, hence for v > max{0,w} we
obtain using Lemma [2.3] (iii)

o {T(s)Byy:s>0, u>w,ycUT}> V/t—ﬁ AMIT(r) Byw dr

= (M T(t—B) — e T(t — a))vR(\, A)B,v
= (e/\ﬁ T(t—pB)—e*T(t—a))vR(v, A)Byv
— (e>‘ﬁ T(t—pB)— e T(t —a))Byo,

as v — +o0. This proves and completes the proof of (iii).

That the right-hand-sides of the equalities in (iii) and (iv) coincide follows from
the integral representation of the resolvent (see [I8, Cor. II.1.11]) and the Post—
Widder inversion formula (see [I8, Cor. IIL.5.5]). For the details we refer to the
proof of [7, Prop. 3.3]. O
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Corollary 4.5. Assume that B € L(U,0X) is p-boundary admissible and that
atRBC c X+t. Then the following are equivalent.

(a) The system Ypc(Am, B, Q) is approximately positive controllable.
(b) There exists w > wo(A) such that the following implication holds for all ¢ € X'
<T(s)B,\v,cp> >0 forallveUT,s>0and X\ >w = ¢ >0.
(¢) There exists w > wo(A) such that the following implication holds for all ¢ € X'
<R(/\,A)"B>\v,<p> >0 forallveU ", neNand A >w = ¢ > 0.

Proof. This follows from the proof of [7, Thm. 3.4] by replacing [7, Prop. 3.3] with
our Proposition [1.4] m

Remark 4.6. The previous two results generalize [7, Prop. 3.3 and Thm. 3.4],
respectively, where it is assumed that (T'(¢));>0, B and @y for all A > X are all
positive and, in particular, where the additional hypothesis

(H) There exists v > 0 and \g € R such that ||Qx| > vA||z| for all X\ > Ao and

x € ker(A — Ap,)

is made. We note that Hypothesis (H) is quite strong, e.g., in reflexive state spaces
X it implies that A = A,,, cf. [I Lem. A.1]. Hence, the results of [7] are not
applicable to state spaces like X = LP([a,b],Y) for p € (1,400) and reflexive Y.

Combining Corollary and Proposition we finally obtain the following
characterization of an exact positive reachability space.

Corollary 4.7. Assume that B is p-boundary admissible, t > 0 and n € Ny. Then
the exact positive reachability space in time nt is given by

n—1
etRBC = {ZT(t)kMuk tup €LP([0,¢],UY), 1<k <n-— 1} ,
k=0

where M € E(Lp([O,t],Uﬂ,X) is the operator from Proposition . Moreowver,
the operator M is positive if and only if a*REC C XT.

5. Examples. In this section we will show how our abstract results can be applied
to a linear transport equation with boundary control and to vertex control of linear
flows in networks subject to static and dynamic boundary conditions.

5.1. Exact & positive boundary controllability of a transport equation.
In this subsection we study the controlled transport equation in C™ given byﬂ

x(t, s) = 2'(t, s), s€[0,1], t >0,
x(t, 1) = Bx(t,0) + u(t) - b, t >0, (22)
z(0,8) =0, s €[0,1].

Here x : Ry x [0,1] = C™ (i.e., x(t) = (z;(t,5))7;), B € M,,(C) implements the
boundary conditions for the functions x;(t, s), u : Ry — C is a control function, and
b € C™ is the vector that assigns the control. Roughly spoken, B determines how
the material (flowing on the s-interval [0, 1] from right to left) leaving the system
at the left end point s = 0 is again fed into the system at the right end point s = 1.

4We denote by 2’(t, s) the derivative of x(t, s) with respect to the “space” variable s.
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We note that by our approach one can also deal with other boundary conditions
and controls. However, the above choice is useful for studying the network example
in Section

In order to fit the system in our general framework we choose
the state space X := Lp([O, 1],((:’”) for some 1 < p < 400,
the boundary space X := C™,
the control space U := C,
the control operator B :=b € C™ ~ L(U,0X) = L(C,C™),
the system operator

A, i=diag () with domain D(4,,) := W"([0,1],C™),

e the boundary operator @ : W'?([0,1],C™) — C™, Qf := f(1) — Bf(0),
o the operator A C A,, with domain D(A) = ker @,
e the state trajectory = : Ry — LP([0,1],C™), z(t) := x(t,-).

For these choices the controlled transport equation can be reformulated as an
abstract Cauchy problem with boundary control of the form . Clearly, the above
boundary operator @ is surjective.

Observe that the operator A is a difference operator as considered in [12] 25| [15]
6]. By [6, Cor. 18.4] we know that for A € C and A = A, |ker(q) as above we have

A€ p(A) <= e e p(B).

Moreover, by [0, Prop. 18.7] the operator A generates a strongly continuous semi-
group given by

(T@)f)(s)=B*f(t+s—k) if t+se[kk+1)for ke Ny, (23)

where BC := Id. This shows that the Assumptions are satisfied. To proceed we
have to compute the associated Dirichlet operator.

Lemma 5.1. For A € p(A) the Dirichlet operator Q5 € L(C™,LF([0,1],C™)) is
given by

Qx = ex ® R(e*,B). (24)

Proof. By Lemma[2.3](ii) we know that @ : ker(A — A,,) = 0X is invertible. More-
over, for d € C"™ = 0X we have

Q(ex @ R(e*,B)d) = e* - R(e*,B)d — B - R(e*,B)d = d
which proves (24). O

In order to apply Proposition to the present situation we need the following.

Lemma 5.2. Let A € p(A). Then for all0 <a <1

ex(1+5s) - R(e*B)b if0<s<aq,

(em -T(1— CE)BA)(S) = {5,\(1 +5) ~R(€>\,B)b_ ex(s) b fa<s<l.

Hence, @ is satisfied for
M =be L(LP[0,1],L7([0,1],C™)), (Mu)(s) = u(s) - b.
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Proof. The claim follows from and by the following simple computation.
(X T(1 = ) By)(s) = > - (T(l — a)(ex @ R(e*, B) b)) (s)

_ o ex(l1—a+s)-R(eB)b if0<s<a,
B ex(s —a) -BR(e*,B)b ifa<s<l,

_ Jex(45s)- R(e*,B)b if0<s<a,
Clex(145s)-R(e*B)b—ex(s) b ifa<s<l1.

Thus, by Proposition [31] the operator B is p-boundary admissible. Next we
compute the appropriate reachability space.

Corollary 5.3. Ift > m then the exact reachability space of the controlled transport
equation 18 given by

eREY = eRPY =1r(0,1] @ span {b,Bb,...,B™ 'b}.
Proof. Note that by we have T'(1)f = Bf. Hence, for t = m the assertion
follows immediately from Corollary and Lemma Clearly, eRE€ increases

in time ¢ > 0. However, by the Cayley-Hamilton theorem span{b,Bb,... B'b} =
span{b,Bb, ..., B™1b} for all | > m — 1 and the claim follows. O

Remark 5.4. Let [ < m be the degree of the minimal polynomial of B. Then the
previous proof shows that for all ¢ > [ we even have

eRPC = eRPC = 17[0,1] ® span {b,Bb,..., B 'b}.

Corollary 5.5. The following assertions are equivalent.

(a) Equation (22)) is ezactly boundary controllable in time t > m, i.e., eREC = X.
(b) Equation (22)) is maximally controllable in time t > m, i.e., eREC = REC .
(c) span {b, Bo, ... ,Bmflb} =Cm.

Proof. Note that ker(A — A,,) = ex ® C™. Since by the Stone-Weierstrafl theorem
we have
span | {ex}=1700,1],
A>wpo(A)
the maximal reachability space equals

REC —1P0,1]®@C™ =X

max

and the assertions follow immediately from Corollary O

Remark 5.6. The previous result characterizes the exact maximal boundary con-
trollability by a one-dimensional control in terms of a Kalman-type condition which
is well-known in control theory.

Combining Remark [5.4] and Corollary [5.5] we furthermore obtain the following

Corollary 5.7. Letl € N be the degree of the minimal polynomial of B. If | < m,
the transport equation is not mazimally controllable, i.c., eRPC C REC

mazxr*®

Finally, we investigate positive controllability and consider

e the positive cone X+ :=L7([0,1],R") in the state space X,
e the positive cone Ut := R, in the control space U,

e a positive matrix B € M,,(R,),

e a positive control operator B :=b € R
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Then by (23)-([24) the operators T'(t) € L(X) for t > 0 and By € L(U, X) for A >
wo(A) are positive. Thus arguing as above using Proposition and Corollary
we obtain the following.

Corollary 5.8. The exact positive reachability space of the controlled transport
equation s given by
e™RPC =17([0,1),Ry) @ co{B*b : k€ No}.
Hence, the problem is exactly positive controllable if and only if
co{B*b : ke Ny} =RT.

5.2. Vertex control of flows in networks. The previous example can be easily
adapted to cover a transport problem on a network controlled in a single vertex.
More precisely, consider a network consisting of n vertices {vy, ..., v,} and m edges
{e1,...,em}. As shown in [6, Sec. 18.1], its structure can be described by either
the transposed weighted adjacency matrix A € M,,(C) given by

f €k
A= wjk 1 Uj — Uy,
i .
0 otherwise,

or by the transposed weighted adjacency matrix of the line graph B € M,,,(C) where

. €j €;
B.. - Wy if = v —
ij ‘= .
/ 0 otherwise.

We also need the transposed weighted outgoing incidence matrix (®;)7 =: ¥ €

M, xn(C) defined by

\Ifij — {wij if Uj L) s
0 otherwise

and the corresponding unweighted outgoing incidence matrix denoted by &~ €
M, xm(C). For the weights we assume 0 < w;; < 1, thus all these matrices are
positive. Moreover, we assume that ¥ is column stochastic, i.e., the weights on all
outgoing edges from a given vertex sum up to 1. This implies that B is column
stochastic as well. For a detailed account of the various graph matrices we refer to
[0l Sec. 18.1]. Here we only mention the following relations

VA =BYU, YR(AA)=RAB)Y, and & ¥ = Idcn (25)
which we will need in the sequel.

We then consider a transport equation on the m edges, which are all parametrized
on the interval [0, 1], imposing n boundary conditions in the vertices, controlled in
a single vertex v;, i.e.,

x(t, s) = 2'(t, 5), s€[0,1], t >0,
x(t, 1) = Bx(t,0) + u(t) - Yo, t>0, (26)
z(0,s) =0, s € [0,1].

Here z : Ry x [0,1] — C™, that is, x(t) = (x,(t,-))], consists of functions on
the parametrized edges, and v : Ry — C is a control function acting on the vertex
v = v;, which is represented by the i-th canonical basis vector in C". The matrix
U applied to v then takes the control with the appropriate weights to the outgoing
edges. Moreover, the boundary conditions are encoded into the matrix B. Note

that by applying this adjacency matrix we “glue” together the relevant values of
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the functions x;(t) at the endpoints s = 0 and s = 1 of the edges that share a
common vertex. Since B is column stochastic, this also implements conservation of
mass in every vertex (the so-called Kirchhoff’s condition).

To rewrite equation in our abstract form we take as in Section the
state space X := L”([O7 1], (Cm), the control space U := C and the boundary space
0X := C™. Adapting the domain of A,, as

D(Ap) = {f € WhP([0,1],C™) : f(1) e rg ¥}

and choosing the control operator B = b := Wv € C™ we are in the situation
considered in [16] and [7], see also [0, Sec. 18.4].

Then the approximate controllability space for the network flow problem com-
puted in [16], Cor. 4.3] by Corollary above indeed coincides with the ezact con-
trollability space.

Corollary 5.9. If t > min{m,n} =: [ then the ezact reachability space of the
controlled transport in network problem equals

eRBC = eRBY = 1P[0,1] ® span {Vv,BUv, ... ,Bl_l‘l/v}
=L"[0,1] ® ¥span {v,Av, ... ,Al_lv} .

Note that in big connected networks one usually has n < m, hence the latter
space is more relevant for applications.

Positive control for this problem was already studied in [7] and the approximate
positive reachability space was computed. However, our approach even yields in
this context the ezact reachability space.

Corollary 5.10. The exact positive reachability space of the controlled transport in
network problem s given by

e™RPC =17([0,1),Ry) @ co {B"Wv : k € No}
=LP([0,1],R4) ® Tco {A*v: ke No}.

Remark 5.11. Let us revisit the motivating questions from the introduction. We
have answered the first and the third one by giving explicit descriptions of the
appropriate reachability spaces. From these descriptions one can also see that the
choice of the vertex v where the control acts is important. This answers also the
second question. For concrete examples we refer to [16, Sec. 5]. A characterization
of a vertex yielding maximal control remains open.

Finally, we note that by adding more vertices where the control takes place the
reachability space increases since the appropriate span or convex hull in Corollaries
and respectively, obtain additional terms in the added vertex. Hence, in
this way it is easier to achieve maximal controllability.

5.3. Exact & positive boundary controllability of flows in networks with
dynamical boundary conditions. In this subsection we investigate exact and
positive controllability in the situation of [I7, Sect. 3]. Without going much into
details we only introduce the necessary facts to state the problem and to compute
the corresponding reachability spaces.

We start from the transport problem on the network introduced in the previous
example, but now change the transmission process in the vertices allowing for dy-
namical boundary conditions. To encode the structure of the underlying network
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and the imposed boundary conditions we use the incidence matrices introduced
above as well as the weighted incoming incidence matrix ®; given by

. €
(1), = w;; if L w;,
Wi 0 otherwise,

for some 0 < w;; < 1. Defining

A:=3/¥ and B:= UV} (27)
we obtain the adjacency matrices as above (with different nonzero weights). We
mention that the relations remain valid also in this case.

We are then interested in the network transport problem with dynamical bound-
ary conditions in s = 1 considered already in [30] and [I7), Sect. 3], i.e.,

x(t, s) = 2'(t, 5), s€[0,1], t >0,

x(t, 1) = Bx(t,0) + u(t) - Pov, t>0,

x(0,8) =0, s €0,1], (28)
o= 2(1,0) = 0.

To embed this example in our setting we introduce

e the state space X := L”([O, 1],(Cm) x C™ where 1 < p < 400,

e the boundary space 90X := C™,

e the control space U := C,

e the control operator B := Wv € C™ ~ L(U,0X) = L(C,C™) where v = v;
denotes the i-th canonical basis vector of C™ meaning that the control acts in
the i-th vertex of the network,

e the system operatorﬂ

o diag(%)mxm 0 . .

A, = ( BHo, 0 with domain
D(Ap) : = {(5) € WhP([0,1],C™) x C™: f(1) € 1g \p} :

e the boundary operator Q : D(4,,) x C" — C™, Q(g) =0 f(1) —d,

o the operator A C A, with domain D(A) = ker Q.

As is shown in [I7, Prop. 3.4] these spaces and operators satisfy all assumptions
of Section[2] To proceed we first need to compute the associated Dirichlet operator
@, and an explicit representation of the semigroup operators T'(¢) for ¢ € [0, 1].

Lemma 5.12. (i) For each 0 # A € p(A), the Dirichlet operator Qx € L(C™, X)

s given by
O = ey @ WR(AeM, A)
AT AR A) )
(i1) The semigroup (T (t))i>0 generated by A is given bgﬁ
Flt+s if 0<t<l-—s,
BUIGIRCER EAR . (29)
trs—1f +¥d if 1-s<t<1,
[T(t)(g)}2 =0 Vf+d foro<t<1, (30)

5By &5 we denote the point evaluation in s € [0, 1], i.e., s(f) = f(s).
SWe use the notations [(g)] ;= fand [(g)]Q := d for the canonical projections of (g) e X.
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where

Viof = /OS f(r)ydr for f € LP([0,1],C™). (31)

Proof. Assertion (i) is proved in [I'7, Prop. 3.8]. Equation is shown in the proof
of [I7, Prop. 3.4.(iii)]. The statement for the first coordinate then follows from
[30, Lem. 6.1]. O

Next we apply Proposition [3.1] to the present situation.
Lemma 5.13. Let A € p(A). Then for all0 < a <1
[2 T~ 0By (s) = {228 i 3 igiizigz “ey(s) - W Ziii;?
[em -T(1— oz)B,\}2 = e AR A)v
Hence the equality in @ is satisfied for

M= <q;”) € E(L”[O, 1],17([0,1],C™) x C”), (Mu)(s) = <”(5)0' \I’”).

Proof. Using the explicit representations of @, and T'(t) given in Lemma and
the relations we obtain

[erT(1— a)B)\]l(s) =

va  JAea(l—a+s) - UR(AeM A)v if0<s<aq,
= e .
ABVi_aex-WR(AN A)v+WARMM Ay ifa<s<1,

e JAex(l—a+4s) - TR(AH A)v if0<s<a,
B (ex(s — @) = 1) - AR A)v + VAR A)v ifa <s<1,
~Jdex(145) - WR(AH A)v if0<s<a,
~a(s) TR A) — Id)v ifa<s<1

~Xex(145) - RN A)v if0<s<aq,
) Aea(l+5) - TRAeM A)v —ex(s) - Tu ifa<s <1

Similarly, for the second coordinate we have
[em -T(1— a)B)\]z = (z\‘bff, Vicaer - RN A) v+ AR(Ne, A) U)
= e’\o‘((s,\(l —a)—1)-AR(Ae*, A) v+ AR(\e, A) v)
= AR\, A) v,
where we used . O

We note that by [I7, Prop. 3.5] the states of the controlled flow at time ¢t > 0
are given by the first coordinate of the states in our “extended” state space X =
Lr ([O7 1], (Cm) x C". For this reason we also need to compute the first coordinate of
T(1)k(%9).

Lemma 5.14. We have

(T () () = (‘P i% ﬁz) (ﬁ) - (Iiwv 5; f 3)
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where the operator V, € L(LP([0,1],C™), WP ([0,1],C™)) is defined in (31]). More-
over, for k € N1 we have

[TQE)] (5) = WAV + 05 A Vg = (BV: +01)" 'BU Vg, (32)

Proof. The formula for T'(1) follows immediately from Lemmal5.12] (ii). Since VA =
B, it suffices to show the second equality in (32)). Obviously this equation holds
for k = 1. To verify it for k > 1 we note that b the matrix ¥ is left invertible
with left inverse ®~. Hence, we obtain

T )], =7 [r0)()] -

If (5) €rgT(1) we can write f = Uh and the previous equation implies
{T(l)(g)} (9= [T(1) (g’;)} (s) = BV.Wh+ Ws1h = (BV, + 81)F.

Now assume that holds for some k£ > 1. Then for (fl) = T(l)k(%g) ergT(1)
we conclude
[T )] 5) = [T - T ()] )
= BV +61) - (BV: +61)" ' BYU Vg
= (BV, + 6,)" BU V,g. O

The previous two lemmas together with Corollary imply the following result.
Corollary 5.15. Forl € Ny and u € L?[0,1] we have

-1
[BPCu] (s) = \I/(uo ® v+ Z(AVS + 51)k_1 Vs (ug, ® AU))
k=1
-1 i
=up® Vv + Y BV +61)" " Vi(up @ BU) (33)
k=1

where uy, € LP[0,1] is defined as in (LI).

Using this explicit representation of the controllability map we now compute the
exact reachability space for the control problem given in .

Corollary 5.16. If t > min{m,n} =: [ then the exact reachability space of the
controlled flow with dynamic boundary conditions is given bﬂ

l
[eRPC], € {\IJZ (ur @ A" v) 1 up € WHP[0,1] for 0 < k < z}
k=0

!
= {Z (uk ®Bk‘l/v) Uy EWk’p[O,l] for0 <k §l}.
k=0

Proof. The equality of the two sets on the right-hand-side follows immediately from
(25). To show the inclusion in the second set we combine Corollaries and
First observe, that for the operators B, V;, and §; we have

BVsf =ViBf, BoLf=0aBf, &Vif=WVf

"Here we define WOP[0, 1] := LP[0, 1].
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for every f € L?([0,1],C™) while
okf=06,f=f(1) fork>1.

So, when expanding (BV, + 6;)*~1V; we can rearrange the terms to obtain expres-
sions of the form
BV, -V,

Si419 OSZSk_:l?
where «; are scalar coefficients and s; € {s,1}, 1 < j < i+ 1. Next, for arbitrary

u € LP[0,1] and 0 < k <1 we have
Vi oo Vou e WEP0, 1], 55 € {s,1},1 <j <k

Combining these facts we obtain the desired result by considering for all u €
Le[o, 1]. 0

By the previous Corollary we immediately obtain the following result which im-
proves [I7, Thm. 3.10] and shows that [aRPC], is constant for ¢ > min{m,n} =: I.

Corollary 5.17. Ift > min{m,n} =: [ then the approzimate controllability space
of the controlled flow with dynamic boundary conditions is given by

[aRPC], = LP[0,1] @ span {¥v, B ¥o,..., B Wy}
— LP[O, 1} ® ¥ span {U,A'U, o ,Al—lv} .

In the same manner as before we also obtain the following result on positive
controllability.

Corollary 5.18. The approximate positive controllability space of the controlled
flow with dynamic boundary conditions is given by

[atRPC), =17[0,1] @ co {B*Wv : k € Ny}
=170,1]® ¥co {A*v: ke Ng}.

Conclusion. Using a new characterization of admissible boundary control opera-
tors (see Proposition we are able to describe explicitly the exact reachability
space of the abstract boundary control system Xpc (A, B, @), cf. . Moreover,
this approach allows also to determine the positive reachability space obtained con-
sidering only positive control functions. Our results generalize and improve the ones
obtained in the former works [7] [I6], [I7] where only approximate controllability or
positive controllability under quite restrictive assumptions are studied.
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