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ABSTRACT. The large time decay rates of a transmission problem coupling heat
and wave equations on a planar network is discussed.

When all edges evolve according to the heat equation, the uniform expo-
nential decay holds. By the contrary, we show the lack of uniform stability,
based on a Geometric Optics high frequency asymptotic expansion, whenever
the network involves at least one wave equation.

The (slow) decay rate of this system is further discussed for star-shaped
networks. When only one wave equation is present in the network, by the
frequency domain approach together with multipliers, we derive a sharp poly-
nomial decay rate. When the network involves more than one wave equation, a
weakened observability estimate is obtained, based on which, polynomial and
logarithmic decay rates are deduced for smooth initial conditions under certain
irrationality conditions on the lengths of the strings entering in the network.
These decay rates are intrinsically determined by the wave equations entering
in the system and are independent on the heat equations.

1. Introduction. In recent years, hyperbolic-parabolic coupled models have been
studied extensively due to their applications in analyzing fluid-structure interac-
tions, which are crucial in many scientific and engineering areas, such as airflow
along the aircraft, deformation of heart valves, the process of mixing and so on (see
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[22], [18], [10]). The simplest model in this context is constituted by a 1 — d wave

equation coupled with a 1 — d heat equation at a point interface (see Fig. 1):

0i(x,t) — Opp(z,t) =0, z€(—1,0), t>0,

(2, t) — ugy(z, ) =0, x € (0,1), t >0, 1
6(—1,t) = u(l, ) 0, ¢t>0, (1)

0(0,t) = u(0, ) 2(0,1) = uy(0,1), t > 0.

In system above, the heat and wave components are coupled at x = 0 through trans-

—1 Heat 0 Wave 1

FIGURE 1. A simple hyperbolic-parabolic model

mission conditions ensuring continuity. Two different types of PDEs are coupled
only at one point, making the analysis of the qualitative properties of the system
like decay rates or controllability delicate to analyze. Zuazua in [32] proved the null
controllability of this system with boundary control acting through the wave equa-
tion at £ = 1 by the sidewise method for wave part and Carleman estimate for heat
part. Zhang and Zuazua in [29] got the sharp polynomial decay rate for system (1),
and further obtained the null controllability with control acting through the heat
part at x = —1 by the spectral properties. We also refer to [30] for heat-wave system
with another transmission condition and [25], [31] for multi-dimensional ones.

The results above on system (1) explain the heat-wave interaction through one
single transmission point. The same issues then arise along networks in which
various wave and heat equations interact through some joint nodes along a planar
network (see Fig. 2 for example). It can be considered as a simplified dynamical
model for the interaction of 1-d multi-connected fluids and elastic structures via the
interfaces (common nodes).

The main purpose of this paper is to analyze the long time behavior of this kind
of networks to explain to which extent the heat components induce decay properties
of the energy of the system and how it depends on the topology of the network,
the number theoretical conditions of the lengths of the segments, and the location
of the heat components. We shall especially focus on the star-shaped heat-wave
networks as in Fig. 2. But more general networks will also be discussed.

Firstly, let us describe the transmission problem on star-shaped network in detail.
Denote by e;, j =1,2,--- , N the curves with the interval (0,¢;), ¢; > 0. Assume
that the heat equations arise on the intervals (0,¢;), k=1,2,--- N1, 1< Ny < N
in the network with state 6y, respectively; the wave equations hold on the intervals
(0,4;), 3 =N1+1,N1 +2,---,N with state (u;,u;;). Assume that the Dirichlet
conditions are fulfilled at the exterior nodes and the geometrical continuity is sat-
isfied at the common node of the network. Then we get the following heat-wave
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FIGURE 2. Star-shaped network: heat equations (grey), wave
equations (black)

system on star-shaped network:

Ore(x,t) — Ok po(z,t) =0, z € (0,4), k=1,2,--- | Ny, t >0,

uj,tt(x,t) —ujym(nt) = O, T € (O,Kj), j:Nl +1,N1 +2,N, t> 0,
ﬁk(ék, ) (f t) 0, /ﬂ:1,27--'7N17j:N1+1,N1+2,"' N, t>0,
Gk(Ot)—uj(Ot) V=120 N, J= N+ LN #2000,

> Uam(Ot)+29kx(0t)—0t>0
j=Ni+1
9k(t—o)_eg,k_12 , N1,

uj(t =0) =uj ug,(t—O) ul, j=Ni+1,Ny+2,-- N,

(2)

] )
where ((09)12 1, (W), 41, ()R-, 41) s the given initial state.
Remark 1. We can see that system (1) mentioned above can be considered as

a special case of this network (2), that is, if Ny = 1, N = 2, then the network
becomes (1).

System (2) can be rewritten as an abstract Cauchy problem in some appropriate
Hilbert space H as we will see later:

WO — AU(t), t>0,
{U<> U, ®)

where U(t) = (0,u,u;)” and U(0) = (0w wNT € H is given. It can be
proved easily that A generates a Cy semigroup by the classic semigroup theory.
The energy of system (2) is defined as follows:

Ny

1

2> [ alae s S [ el i@
k=1

j=Ni+1

It satisfies

Nl lk
-y / 01 Pde < 0, (5)
k=170

and therefore the energy is decreasing.
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Based on the dissipation law (5), a sufficient and necessary condition for the
strong asymptotic stability of system (2) is given in this work. Moreover, from (5),
we also find that the dissipative mechanism only acts on the heat components of
the network, and affects the wave parts through the common node. This inspires
us to further analyze that whether or not the more heat equations are present the
networks can lead to the better decay rate of system (2), especially the exponential
decay rate, i.e., whether there exist constants C' > 0 and S > 0 satisfying

E(t) < CE(0)e ", vt > 0,

for all solution to (2).

Note however that, due to the fact that the exponential decay rate fails to hold
even in the simplest case of system (1), it is not expected to occur for more general
networks either. In fact, the main results of the paper show that this exponential
decay rate never occurs. Accordingly, our analysis will be devoted to prove slow
decay properties for smooth solutions.

In recent years, there has been an extensive literature on the controllability and
decay rate for PDEs’ networks with boundary controls, such as wave networks, para-
bolic networks and so on. We refer, for instance, [9] for the boundary controllability
of many kinds of general wave networks by the HUM method; [1], [2], [15] for the
explicit decay rates with star and tree shape structures based on the observability
estimates; [6], [11], [12], [20] and [28] for the spectral properties of wave and beam
networks; [7] for solvability of parabolic networks; and [23], [13] where the stabil-
ity is discussed for the networks with boundary time delay inputs. Nevertheless,
heat-wave networks are different from the pure hyperbolic or parabolic ones because
of the heat-wave coupling at joint nodes. Especially, the techniques developed to
analyze the observability of pure wave or heat networks, usually can not deal with
both of them in a unified way. As far as the authors know, at present, there is no
result considering the long time behavior of the heat-wave system on networks.

The first topic we address in this work is to show the non-uniform decay of heat-
wave networks, no matter what shapes the networks are, as long as at least one
wave equations is involved in the networks. We mainly prove it by building a local
approximate ray-like solutions, by means of a careful analysis on the interaction of
the wave and heat-like solutions at the joint nodes. Our method is based on the
high frequency asymptotic expansion in Geometric Optics (see [25]). We get that
the energy of such ray-like solutions is mainly concentrated in the wave parts of
the networks and almost completely reflected back to wave parts at the joint nodes,
which implies that the norm of the semigroup S(¢) corresponding to the heat-wave
networks always equal to 1 for any given ¢ > 0; and hence uniform decay rate fails.
Moreover, this kind of ray-like solutions can be built independent of the topology of
the graph, which is in agreement with what is known for the coupling of one single
wave equation with one single heat equation.

In view of the negative result on exponential decay, it is natural to further address
whether or not the dissipative mechanism in heat-wave networks can produce some
slow decay rates, such as polynomial and logarithmical decay under smooth initial
conditions. The spectrum of PDEs in networks is hard to be calculated, especially
when the mutual ratios of the lengths of each edge in the network are irrational
numbers, since the asymptotic spectra contain different branches, very close to
each other. Hence, the approach based on spectral analysis, which works well to
achieve the polynomial decay rate for heat-wave system with the simple structure in
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Fig. 1 (see [5], [6]), cannot be applied to analyze the decay rate of general heat-wave
networks. Thus, other methods have to be developed.

We mainly consider the decay rate of star-shaped network (2) and divide the
problem into two cases:

Case 1) N— Ny =1, Case2) N— N; >2.

For Case 1), we analyze its decay rate by estimating carefully the norm of the
resolvent operator along the imaginary axis. Some multipliers are constructed to
help us derive a sharp polynomial decay rate. Especially, the sharpness of the
obtained decay rate does not change no matter how many heat equations involved,
as long as only one wave equation is present in the network.

For Case 2), the polynomial and logarithmic decay rates are derived under smooth
initial conditions, based on different properties of the wave equations entering in the
network, respectively. To do this, we deduce a weakened observability inequality for
system (2), by means of the energy estimate and some known observability results
for pure wave networks (see [9]). In this case we do not use resolvent estimates as in
Case 1. Contrarily to Case 1, when more than one wave equation is involved in the
network, it is difficult to transfer the dissipative effect from the heat components
to the wave ones by the transmission conditions at the common node, so as to
obtain estimates on the resolvent operator along the imaginary axis. In fact, the
relationship between the decay rate and the lengths of the wave edges in the network
is delicate and difficult to identify by means of a frequency domain analysis. This
can be done using the observability inequality. As we will see later, the decay rate
of the network depends on the Diophantine properties of the mutual ratios of the
lengths of the wave edges.

It should be noted that although we focus on discussing the decay rate of heat-
wave network with star-shaped structure, the methods also can be adapted to the
transmission problem between heat and wave equations on tree-shaped or more
complex networks. Hence, we also present some results on decay rate for more
general planar networks, which can be derived easily out of the techniques proposed
in this paper.

The results on this paper yield further light on the decay properties of damped
systems of vibrating networks. Further analysis is still required to handle other
models such as those in which the heat equations entering in the network are re-
placed by the system of thermoelasticity.

The rest of the paper is organized as follows. In Section 2, we consider system
(2) in an appropriate functional setting. The well-posedness and strong stability are
derived. Section 3 is devoted to show that the energy of heat-wave networks can not
achieve exponential decay rate. In Section 4, we show the sharp polynomial decay
rate of star-shaped network (2) which contains only one wave equation (N—N; = 1).
Section 5 is devoted to analyze the decay rate of system (2) for the case involved
more than one wave equation (N — Ny > 2). In Section 6, more general planar
networks are considered.

2. Well-posedness and strong stability. In this section, we shall consider sys-
tem (2) in an appropriate well-posedness space and discuss the strong asymptotic
stability of it. Define

L* ()
L*(Quw)

{f = (F)41f € L2(0,45), Vj =1,2,-- , N},
{f = ()N salfi € L2(0,4;), Vj = N1 +1,N1 +2,--- N},
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Vm(Qh) = {f = (f]);\r:ll'fJ € Hm(07€j)7 f](gj) =0,v3=1,2,--- 7N1}a
Vm(Qw) = {f = (fj);'v:N1+1|fj € Hm(07£j)7 f](ej) :07Vj :Nl +11N1 +27 7N}

Set the state space H as follows:

01(0) = u;(0),
k:1727"'7N17 XLZ(Q“})’
N

H =" (0,u) € V() x V' (Qu)
j:N1+1,N1+2,'--

equipped with inner product: for W = (8, u, 2), W= (5, u,z) €H,

N N1 Yo N N £ _ N 17 .
(W W) => / Oralrodr+ Y / Uil odr+ Y / 2,%;dz.
10 0 0

Jj=N1+1 Jj=N1+1

It is easy to check that (H, || - ||%) is a Hilbert space. Define the system operator A
in ‘H as follows:

9 (ek,mm)kj\gl
.,4 u = z )
Z (uj’ww)év:N1+1

the domain

ek,xac S Hl(oyek)v

ek,zz(gk) = 0,

ek,zz(o) = Zj(0)7

D(A)={ (0,u,z) EHN[H () X H*(Qu) x V' (Qu)] | k=1,2,---, N1,
j:N1+17N1+23'“ 7N7

Ny N

kZ Ore(0)+ > 1;2(0)=0
=1

j=N1+l

We have the following result on the well-posedness and asymptotic stability of sys-
tem (2).

Theorem 2.1. Let A and H be defined as before. Then A is dissipative in H.
A generates a Cy semigroup of contractions on H. Moreover, the energy of the
system decays to zero as t — oo, if and only if one of the following two conditions
is fulfilled,

1) N — N1 = ].,'

2) N—N; >2 andﬁi/fj %Q, 5, j=N1+1,Ny+2,--- |N,i+#j.

Proof. Since the well-posedness of system (2) can be proved by the standard semi-
group methods (see [11], [12], [24]), we omit it. Hence, we focus on proving the rest
part of this theorem. the Proof by contradiction is mainly used here.

“ <« 7 If the energy of the system does not decay, then due to the Lyubich-
Phéng strong stability theorem (see [19]), we have that there exists at least one
Ao =i0 € 0(A), o0 € R,0 # 0 on the imaginary axis. Assume that W € D(A) is an
eigenvector of A corresponding to Ao, where

T
W = (00N ()1 M)y 1)
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We get

N1 L Ny Ly
0 = R [ W2, = RCAW, W)y = —A2 S / G2dz =Y / (Or.00)2da,
k=170 k=170

which yields 0y = 0y 2z, =0, £ =1,2,---,N;. Then by the boundary conditions
and transmission conditions in (2), 0 (z) and u,(x) satisfy the following equations:
gk(x):(), k:1a27"'aN17
Aguj — Ujzx :Oﬂ j:N1+17N1+27 7N7

N
> uja(0) =0.
j=N1+1

If N—N; = 1, then by the last equation in (6), we get un ;(0) = 0, which together
with un(0) = 0 implies uy (z) = 0. Thus (0, u, Aou) = 0. It is a contradiction, since
(0, u, \ou) = 0 is an eigenvector corresponding to Ag.

If N - N; > 2, then by a direct calculation, we get u; = c¢;sinh Aoz, j =
N1+ 1,N;+2,---, N, which satisfy

CjSiIlh)\OngO,j:N1+1,N1+2,"',N, and Z CjZO.
Jj=Ni1+1
Note that there are at least ¢j,, ¢;, # 0 for some ji, jo > Ny + 1, since (0, u, Aou)
is the eigenvector corresponding to Ag. Hence, sinh A\gf;, = sinh Ag¢;, = 0, which
deduces that ﬁ”]—é € Q. It contradicts to the condition 2) in Theorem 2.1.
I
ejo

integers, then it is easy to check that ((O),ivzll, (W ()N, 15 )\o(ﬁj(x))év:Nﬁl) is

“ =7 If there exist i, jo satisfying N1+1 < ig,j0 < N,

= g, P, ¢ are NONZero

an eigenvector corresponding to eigenvalue A\g = i/~ = i#~, in which
o io
prIT. qomx

Uiy (x) = sin(T), Uj, (x) = —sin( :
0 Jo

) and u;(z) = 0,VN1+l < j < N, j # g, jo-

Note that the above eigenvector is sinusoidal wave concentrated in the wave equa-
tions, without any support in the heat ones. Thus we can build the solution
((Gk(xa t));c\]:lp (Uj (x’ t));‘v:Nl-Q—l) to SyStem (2)7 such that
I t . t
O, 1) =0 = 1,2, N1, i (2,8) = iy () cos(5), uy(a,1) = i () cos(5—)
io J

and u;(z,t) =0, N1+1 < j < N, j # o, jo. Based on the construction of the above
solution, we get E(t) = E(0), t > 0, which is a contradiction to that the energy of
system decays to zero as t — oco. Hence, 4;/¢; ¢ Q, 1,5 = N1+1,N1+2,--- N, i #
j. O

Remark 2. Note that Theorem 2.1 give a sufficient and necessary condition for
the strong stability of this system. Thus, we always assume that the conditions in
Theorem 2.1 are fulfilled, when discussing the decay rate of system (2).

3. Lack of exponential decay rate. This section is devoted to show the lack of
exponential decay of heat-wave networks. We have the following result.

Theorem 3.1. The energy of system (2) does not decay exponentially as t — oo,
as soon as the network involves at least one wave equation.
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Proof. By means of WKB asymptotic analysis (see [25], [5]), we construct a kind of
local ray-like approximate solutions for heat-wave networks, based on which, we will
show that this kind of solutions does not decay exponentially. Thus, the heat-wave
networks have no exponential decay.

Since there exists at least one wave equation in the networks, let us consider the
following transmission problem on one joint node in the networks:

ok,t($7t) — Hk,m(x,t) =0, 2€(0,0), k=1,2,--- , Ny, t >0,
uj,tt(a?,t) - Uj7xz(l’,t) = 0, S (O,gj), ] = N1 -+ I,Nl +2,N, t> 0,

Qk(o,t):uj(o,t), Vk:1,2’7N1,j:N1+1,N1—|—2,’N’ (7)
N N1
S w0(0,t) + 3 0p0(0,8) =0, t > 0.

j=Ni1+1 k=1

For simplification, here we still use the same subscripts as in (2) to describe the
transmission conditions at the joint node. We build the ray-like solutions of (7) by
the following three steps. Here only the sketch of the construction is given. See
Appendix 7.1 for more details.

Step 1). Assume that ﬂ?(m,t) = e”a?(x,t), Ni+1<7j <N is the
n=0

incoming wave. We seek an approximate solutions for wave equations in (7) of the

following WKB type with linear phase
o) o)+ 0 L
U;(:c,t) ~ u;(xat)> J=N+1,Ni+2,--- N, j#j,

in which
T (x, 1) = pi(rt—¢x) /e Z e%b?(x,t), j=Ni+1,Ny+2,--- N
n=0
where 7 # 0, £ # 0 are real numbers satisfying 72 = £2 and € € (0, 1); the functions
a?(a:, t), b;-l(ac, t), n=0,1,2--- can be uniquely gotten from the initial conditions
: N, an _n,0 n _n,0 .
imposed at z = 0: a;((),t) = as (t) and b3 (0,t) = b5 (t), j = N1+1, N1+2,--- , N.

Step 2). Build the approximate solutions for the heat equations in system (7).
Since 6;(0,t) = 0;(0,t), 4,5 = 1,2,--- , Ny holds, set

elec(ovt) ~ eiTt/E Z en/zfn(t)v k= 17 2a e 7N1
n=0

and -
9;(1’7 t) ~ ei(Tt/Eerg/ﬁ) Z 6n/2B2($7 t)7 k= 17 2, e aNla (9)

n=0

where 7 is the same as in (8) and

iT+ & =0, IE> 0. (10)
Bl (z,t), k=1,2,--- ,N1, n=0,1,2,--- can be identified uniquely from f", n =

0,1,2, - .

Step 3). Glue u(x,t) and 0f(z,t) by means of the transmission conditions in
(7). Based on the transmission conditions at the joint node, all the functions
bj(z,t), Ni+1<j <N and B(z,t), 1 <k < Ny, n=0,1,2,3,--- in (8)
and (9) can be identified uniquely from ag’o(t)7 n=0,1,2,---, that is, the reflected
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waves in (8) and the solutions (9) to heat equations are determined uniquely by the
incoming wave U?(x, t).

Now, based on the above construction, let us consider the energy absorbed upon
reflection. From (9), we deduce that for j = 1,2,---, Ny, the solutions 65 (z,1)
are all localized in (0,0(y/€)). Indeed, out of (0,0(y/€)), we get from (10) that
e!Tt/e+28/VE) 5 () exponentially as e — 0, which means that the solutions 65 (z, t)
vanish out of the domain (0, O(y/€)) when € — 0. Thus, for the constructed approxi-
mate solutions (9;)2’:11, (uj)j\/: N, +1, We calculate directly that the energy dissipation
between t =0 and t =T is

N1 T Mf 1
Z/ / 105 4| dxdtNZ/ / | dzdt = O().
k=170 70 :

€

It is easy to get the total energy is O(E%) Hence, compared to the total energy,
the dissipated energy is negligible. Moreover, the negligible energy loss can be
quantified as /€% of the total energy.

Based on the above constructed approximate solutions, let us show the non-
uniform decay of heat-wave networks. Let S(t), (||S(¢)|| < 1) be the semigroup of
contractions corresponding to heat-wave networks. In order to get the non-uniform
decay of this system, it is sufficient to show ||S(T')|| = 1 for any given 7" > 0. We
consider a ray ¢ of length T, which locates in wave domains in (7). It is reflected
at the boundary nodes and the joint nodes according to the law of Geometric
Optics. Then a family of solutions is builded, which is concentrated along the ray
considered above. When the ray hits the boundary nodes, the reflection follows the
simple reflection rule at the Dirichlet boundary; while when the ray intersects the
joint nodes like in (7), then the reflection occurs according to the above construction.
Note that when the ray intersects the joint nodes as in (7), there are N — N; reflected
waves, each of which is in the wave domain (0,¢;), j = Ny +1,N; +2,--- N,
respectively.

Firstly, assume that T is small enough that the ray only intersects the joint node
one time. By the constructions of the ray-like solutions above, it is easy to see that
[IS(T)]| = 1. Indeed, from the discussion above, we can get that for the constructed
ray-like solutions,

4
2

=
>
o
S
~
£

(1), ui (M) e
1(0<(0), u<(0), w5 (0)) >

Secondly, assume T is large. We have known that when the ray intersects the
joint node like in (7), there are N — N; reflected waves (or outgoing waves) which
is in each of the N — N; wave domains, respectively. Then these reflected waves
continue to hit other joint nodes or Dirichlet boundaries. Let us consider one of
these N — Nj reflected waves:

If this reflected wave hits a joint node in which all wave equations involved,
new reflected waves are generated for each wave domain around this node. It is
well-known that there is no dissipation and the energy is conservative.

If this reflected wave hits the Dirichlet boundary, then all of the wave will reflect
back according to the simple reflection rule at the Dirichlet boundary, which also
implies there is no dissipation during the process.
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If this reflected wave hits the joint node as in (7), then new reflected waves
are generated again in each wave domain, respectively. The dissipated energy is
negligible, which has been derived above.

As time goes, more and more reflected waves exist in the wave domains in the
networks. However, as T is fixed, there are only finite reflections occurring at
the joint nodes or boundaries during the time interval [0,7]. Note that by the
above analysis, we have known that the dissipated energy is negligible during each
reflection at the joint nodes as in (7). Hence, the total loss is also negligible and
can be quantified as M7+/e% of the total energy, where My is a positive constant
related to T. Hence, we get

0 (1), u(T), (D)) | =~ Moy
6 0),w(0), w: (0)) 1 3

Thus, ||S(T)|| = 1 holds for all T > 0. Therefore, the heat-wave networks can not
achieve exponential decay rate. The proof is complete. O

-1, e—=0.

4. Decay rate estimate. Case: N — N; = 1. In this section, let us consider the
case: a star-shaped network with NV — 1 heat equations and only one wave equation
(see Fig. 3). From the last section, we know that the energy of this kind of system
always does not decay exponentially. So we shall further discuss the polynomial
decay rate of this case. In fact, a sharp polynomial decay rate is derived.

ly

ls 05
€4
€3

€5

€2

lo
EN €1

In
15

FIGURE 3. network with N — 1 heat equations (grey) and 1 wave
equation (black)

4.1. Statement of the main result. Similar to the denotation in system (2), we
get the following equations to describe this case:

Ut (2, 1) — Uge(z,8) =0, z € (0,4y), t >0,

Qkyt(x,t) —Hk,m(x,t) =0,z € (ank), k=1,2---,N—1,t>0,
U(ZN,t) :Hk(ﬁk,t) =0,t>0,k=1,2--- /N —1,

Qk(o,t) :’IL(O,t), Vk=1,2,3,--- ,N —1,

N—-1
> 0k2(0,t) +uy(0,8) =0, £ >0,
k=1

u(t=0) =, wu(t=0)=ul,
Ot =0)=60 k=1,2,--- N —1.

(11)
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Here and in this section below, for convenience, the displacement of the wave equa-
tion is always denoted by wu(z,t) without any subscript, since there is only one wave
equation in this case.

Based on the frequency domain method, we obtain the following result on the
stability of system (11).

Theorem 4.1. The (S(t))i>0 associated with system (11) decays polynomially as

C
|S(t)Wol < §||Wo||D(A), (12)
Moreover, it is the sharp polynomial decay rate for this system.

Remark 3. From Theorem 4.1, we find that the polynomial decay rate of the energy
of system (11) is t~2, no matter how many edges described by heat equations in
this network. It means that the polynomial decay rate is not changed by adding or
reducing the heat equations in the star-shaped networks, as long as the networks
contain only one wave equation.

4.2. Polynomial decay rate (Proof of Theorem 4.1). In this subsection, we
shall deduce the polynomial decay rate of system (11) based on the frequency de-
scription. Let us introduce the following lemma from [8] (see also [16]).

Lemma 4.2. A Cy semigroup e of contractions on a Hilbert space satisfies
AUl < Ct™#|Upllp(ay. WU € D(A), t — o0
for some constant C > 0, if and only if the following conditions hold:
1). {iBl8 € R} C p(A);
2). 1imsupﬁ||(i,8 — A7 < 0.

|Bl—o0

Proof of Theorem 4.1. We mainly prove this theorem by checking the two conditions
in Lemma 4.2. Note that the condition 1) has been proved in Theorem 2.1. Thus
it is sufficient to show that

1
lim sup —||(icI — A)7}|| < oc. (13)
o —>00 o2

The trick proposed by Liu et al. [14] and [16] is employed to show the above
estimation. If (13) is false, then there exists 7, = - (io,,I — .A)~!, such that

-1
ol
Tl — o0, mn — oo. By Banach-Steinhaus theorem, there exists F' € H such
that

1 N
T F = —(io,I — A)_lF = W,, — oo, in the sense of norm, n — oo.
2

On
Thus,
. W,
of (io,] — A)—— = —— — 0, in the sense of norm, n — cc.
Wl [Wall
Hence, there exists a sequence W™ = (((9;‘)?’:_11,11”, z’z) € D(A) with |W"|y =1,
and a sequence o, € R with 0,, — oo such that lim o7 ||(io,, ] — A)W"||3 =0, L.e.,
n—oo
ol lio,u™ — 2" < 0, in HY0,Ly), (14)
1
ol lio,2™ —ul,] — 0, in L*(0,ly), (15)

1
oRlionby — 0 .) — 0, in H'(0,4y), k=1,2,--- N —1. (16)
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1 N—1 1
Note that o2 k¥1 f(fk 02 |*dz = R(o2 (ioy, — A)W™, W™)3, — 0. Hence,

k,xx

aé@,@‘)m—>0, in L*(0,4y), k=1,2,--- N — 1. (17)
Then from (16), it is easy to get that

Gafr 0, in L20,6), k=1,2,--- N — 1. (18)
Using Gagliardo-Nirenberg inequality (see [17]),

1 3
lonbille < Cillonbi ool z2llonbill > + Collonby|lLe

1 5 4
010k as||, || Ok ||, + Collonbillze

_ 01‘

— 0, n— o0,

LQ‘

where Cj, j = 1,2 are positive constants. Thus,
on0p(0) =0, n—ooo, k=1,2,--- N—1. (19)

Similarly, using Gagliardo-Nirenberg inequality again on 07, we get

16 el < Culf call Fal0F e + CollOf e, k=12 N =1, (20)
which implies that [|0} |z, k=1,2,---, N — 1 are bounded and hence
10720, 165 (Cr)l, B=1,2--- N -1
are bounded. Then, taking the inner product of (16) with ¢,0x(x), we have
(1000, 0n0;) — (O 4u>onby) = 0,k =1,2,--- N — 1.
Thus, by integration by parts,
(i0n0}, 00p) — Op Lou0 |6F + (O 5, 00bp ) =0, k=1,2,--- N—1. (21)

Note that (i0,,0},0,05) is convergent to 0 due to (18). Then, by the boundedness
of [67,(0)] and (19),

1
o6y, —0, n—oo, inL*0,4), k=12 N-L1 (22)
Then using Gagliardo-Nirenberg inequality again, we have
1 11 1 1
”07% 9Z,z||L°O < Cngz,zz”IQ,?HJ”% 92,95”22 + 02”0—7% ‘91?,1”112 =0, k=1, 2, , N —1,
(23)

which implies that
1
lo Z’E(0)|—>0, n—oo, k=1,2,---,N -1 (24)
Thus, using the transmission conditions in system (11), that is, 6}(0) = u"(0) and

N-1
>~ 03 .(0) +uz(0) = 0, together with (19) and (24), we deduce that
k=1

onu”(0), uz(0) -0, n— oo. (25)
Replacing z™ in (14) by io,u™ in view of (15) yields
—o2u" —u”, — 0, in L*0,4y).
Taking the inner product of the above with ({5 — z)ul?, we have
(ly — z)u?, —o2u™) — ((Un — 2)u™,u,) =0, n — oo. (26)

T T
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Note that

In
((Uy — z)ul, —02u™) = —02(Iy — z)u"um|§N + / o2u"[—um + (by — z)un]dz.
0
Thus, by (25),

1 [t
R((ly — x)ul, foflu”) — —5/0 Ji|u”|2dx. (27)

On the other hand, integrating the second term in (26) by parts yields
LN
((bn = @)uf,ug,) = (by — @)uiug]ey — / [—ui + (On — 2)u, Juide.  (28)
0
By (28),

1 [
Ry —apitu,) = 5 [ e (29)

Hence, by (26)—(29),

[N ZN
WR{(Oy—)u, —02u")—((Cn—)u, ul'y)} = — / 02|u"|2dx—/ " di > 0.
0 0

(30)
Therefore,
opu™, u — 0, in L*(0,fy), n — oo. (31)
So by (14), we get
2" =0, in L*0,{y), n — oo. (32)

Hence, by (24), (31), (32), we have
W™ = (0 u 2") =0, in H, n— oo,
which contradicts |W™|| = 1. Hence, (13) holds. Thus By Lemma 4.2, we get
(12).
Now, let us further show the sharpness of the polynomial decay rate ¢t =2, i.e., the

decay rate can not be faster than ¢=2 for system (11). For this aim, we first get the
following result.

Lemma 4.3. There exists at least one sequence (o, Fy,) satisfying o, — +00, n —
oo and

|(iopd — A)"1E,||> > Ciop + Co. (33)

where F™ € H and |F™| |y is bounded; 5j, Jj = 1,2 are some positive constants.

Proof. See Appendix 7.2. O

Based on this lemma, let us prove the sharpness by deducing contradiction if the
decay rate can be improved. If ¢t=2 is not the sharp polynomial decay rate, then
there exists a small constant € > 0 such that [|S(¢6)Wy|| < Ct=27¢||[Wo|p(a)- By
Lemma 4.2, we have that

1

lim sup —— || (ic — A)~!|| < o0,

|o|—oc0 P
o

which implies that when o is sufficiently large,

(ic — A) Y2 < Cote. (34)
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On the other hand, by (33), we have that there at least exists one (o, F}),) such
that

(i0n] — A) T Fol? > Croy + Ca, 0y — +0,

which contradicts to (34). Therefore, t~2 is the sharp decay rate for the solution of
system (11). The proof of Theorem 4.1 is complete. O

5. Decay rate estimate. Case: N — N; > 2. In the previous section, we have
discussed the decay rate of system (2), which contains only one wave equation in
the network. This section is devoted to discuss the long time behavior of the system
(2) for the rest case, in which more than one wave equation involved.

5.1. Statement of the main result. In order to further discuss the decay rate of
the energy of system (2), we introduce the definitions of some sets for the irrational
number from [9].

Definition 5.1. ([9]) 1. Set B.: for all € > 0 there exists a set B. C R, such that
the Lebesgue measure of R \ B¢ is equal to zero, and a constant C, > 0 for which,
if £ € B, then |||¢m]||| > where |[|n]|| is the distance from 7 to the set Z:

m1+e )
[nlll == min, |z|.
2. Set S: the set of all real numbers p such that p ¢ @ and so that its expansion as
a continued fraction [0, a1, a9, - , an, - - -] is such that (a, ) is bounded. In particular

S is contained in the sets B, for every ¢ > 0.

Definition 5.2. ([9]) We call that real numbers £;, fa, - - - , £, verify the conditions
(S), if 41,49, - , £, are linearly independent over the field @ of rational numbers;
and the ratios £;/¢; are algebraic numbers for 4,5 =1,2,--- ,m.

Then we have the following weakened observability estimate for system (2).
Theorem 5.3. There exists positive constants T and C, such that

859k .’,E t 81+§9k(x,t) 2 82+§9k(f£,t) 2
¢ / / 5+ (gt (g e

> H(Gou ub)[l3. (35)

where s is given as follows:
. zfﬁ— €B, i,j=N+1,Ni+2,--- \N,i#7j, then =1+ [N — Ny — 1 +¢;
. zfﬁ— €8,i,j=N,+1,N+2,--- N, i#j, then =N — Ny;
o if{; (j=Ni1+1,Ni1+2,---,N) satisfy the condition (S), then s=1+[1+ €.
Here [-] is denoted by the integer part of its inside.

Based on the observability estimate, we show that system (2) can achieve poly-
nomial decay rate.

Theorem 5.4. For any (0°,u°,u') € D(A), there always exists a constant C > 0
such that the energy of system (2) satisfies

E(t) <

0%, By, VE 2 0, (36)

where s is the same as in Theorem 5.5.
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In the above theorem, we have derived that when the lengths of strings in the
network satisfy the conditions in Theorem 5.3, the polynomial decay rate holds
for the system. However, if all of these conditions are not satisfied, that is, some
of Z , 4,5 = Ny +1,Ny 4+ 2,--- N do not belong to B., S and Ej(j = N; +
1 N1 +2,---,N) do not satisfy the condition (5), the decay rate of system (2)
becomes complicated and interesting. Note that under this assumption, the result
in Theorem 5.4 no longer holds, since one can not find a suitable constant s > 0 for
(35). It means that the energy of the system does not decay polynomially for any
smooth initial conditions under this assumption. However, we prove that system
(2) can achieve logarithmic decay rate for a special case. The result on logarithmic
decay rate of system (2) will be given in subsection 5.4.

Remark 4. While the resolvent method yields optimal decay rates in last section,
the method based on replacing the heat-wave networks by the pure wave ones and
using observability inequalities, does not lead to sharp decay rates. Please see
Appendix 7.4.

5.2. Observability estimate (Proof of Theorem 5.3). In order to deduce the
observability inequality in Theorem 5.3, we divide the system (2) into two systems.
Set

(03 U,Z) = (pvwvv) + (ﬁv w, 5% (37)

where (p,u,v) satisfies

pk,tt(xat) _pk?,a?a:(xat) :Oa MRS (O,Ek% k = 1727"' >N1a t> 07

w]'7tt(l‘,t) — wj@w(x,t) =0, z¢ (O,fj), j =N; + l,Nl + 2, ]\77 t >0,
pk(ék, )—wj(éj,t):(), k:1,2,--- N, j=N1+1,Ny+2,--- N, t>0,
pr(0,) = ws(0,8), VK =12, Ny, j = N+ 1Ny 2,00, N, >0,

Z w;2(0,t) + me(o £ =0,¢>0,
j=N1+1

pk(t_o)_9k7 pk,t(t_o)_aggpwa k_17277N1u

wj(t:O):ug, U}]"t(t:())—uj,]—N1+1,N1+2,"',N,

(38)

and (p, w,v) satisfies

5]6,“(3},t)_ﬁk@w(l’,t):ek,tt(l',t) - ek,t(aj7t)7x S (O,Ek),k = 1727' : '7N1at > 07
{Ej,tt(xvt) - {Dj,xx(xat) = 07 T € (anj)hj = Nl + 1,N1 + 2a N7 t > 07
ﬁk(fk,t) :{Ej(ﬁj,t) :0, vk = 172,"' ,Nl, ] :Nl +1,N1 +2, ,N, t> 0,
Pe(00) = T (0,0), V= 1,2, Ny, j = Ni+ LNi+2,0 N, 150,

Z wjm(Ot)+Zpk1(0t)—0t>0
Jj=N1+1

pk?<t_0)_07 pk,t(t—o)—07 k—172," ,Nl,
1%(25:0):0, w],t(tzo):07j:N1+17N1+27,N

(39)
Firstly, we consider system (38). Assume that A, are the eigenvalues of the corre-
sponding operator A for system (38) and ¢,, = (qﬁ”) je1 1s its corresponding eigen-
vector. Note that system (38) is a conservative wave system. Thus, the initial state
of system (38) can be expanded as follows

T - Z an¢n(x)7 93(2357 1 Z bn¢n (40)

n>1 n>1
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Proposition 1. There exists a positive constant T' > 0 such that

Ny T
Z/ / [}, + pildudt > 3" A2[N2a2 + b2, (41)
k=170 0

n>1

where 2 > 0 is the weights, which are determined by the lengths of the strings
involved in the network.

Proof. See Appendix 7.3. O

Remark 5. Note that by the proof of Proposition 1, together with [9], we can see
that the weights 7, in (41) satisfy

N
= max H sin(Ap, )|, Vvn > 1
ryn i:N1+1,N1+2,-~,N_ , | ( n J)|a — b
J=N1+1, j#i

and the condition inf0 72 = ¢ > 0 does not hold for the star-shaped network (2) and
n>
other general networks. In fact, it always holds that lim inf v2 = 0. The weights 72
n—oo
can be determined by the ratios f—;, where £;,0;, i, = N1+1,N1+2,--- N, i #j.

When the irrational numbers ¢;/¢; belong to different sets, we obtain different
estimates for ~, respectively (see [9], [27]).

Lemma 5.5. Let )\, be the eigenvalues of the corresponding operator A for system
(38) and ~y, is the same as in (41). Then

(1) if ¢ € Be, iyj = Ni+ LN1+2, N, i j, then yn > x=f=ree, 1 2
1, € >0;

(Q)if%GS,i,j:NlJrl,NlJrQ, NZ#J,then%_m,nzl;

(8) if; (j = Nu+1,Ny +2,---,N) satisfy the the condztzon (S), then v, >

ﬁ, n>1 ¢>0.
From Lemma 5.5, we know that under the above three conditions on the lengths
of the strings in the network, there always exists s > 0 such that
T =A% n > 1. (42)
Set
=[s]+1, (43)

where [s] is the integer part of s given as in (42).

Corollary 1. There exists a positive constant T such that

/ /fk Pl t) +(M) Jdxdt > [[(6°,u, ul)[|2.  (44)

t1+s Ots

Proof. Let § be defined as (43). By Proposition 1, it is easy to check that

Ek

n>1

_ o ~ )
(gz ) AS<ZO ) — &Y andn = 3 Nanon.

n>1 n>1

Set
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Similarly, we have

(%)= (T ) = Satn = S it

n>1 n>1

where (0°,u%) and (69

xrx)

ul) are the same as (40). It is easy to check that (?;é’, 0w

= 70 7o
g'tg) is a solution to system (38) with initial condition (( gO ) , < %Ef” )) There-
fore, by (45), we get that

81+s 6§pk Cosos
Z / / s )+ (G dedt > 3O NNTN G 6] = D[Nl + b7
n>1 n>1
Note that " [A2a2 + 2] > [|(0°,u’,ul)||3. Hence (44) follows. The proof is
n>1
complete. O

Secondly, let us consider system (39). We get the following result.
Proposition 2. There exists positive constants T and C such that

5 T 145, T 243, T
CZ// (O OO P gy

8t1+s at2+s

Ck 8spk (z,t) M P (x,t) 5
/ / 55 ) +( pri )?]dzdt. (46)

Proof. Set

b (47)

g}c ig ) k_1727' Nla
aj_atg,j_N1+1N1+2 ;N

It is easy to see that Ek, 1~Ej satisfy the following equations:

= 9%+s 810, (s
Bk,tt(x7t) pk zx(x t) 81&62]1(? ) _ 829111(;70’ T e (OaEk)v k= 1727 T 7N1a

U7j7tt(l',t) ’LU],Q;I(J? t) = O, T € (0,€j), j: N1 + 1,N1 +2,N,

Ek(zlﬁ ):%](zj?t)zov k:1727"'7N1aj:N1+17N1+2a"'aN

pk(o t)_w](o t) Vk_1727 Nlaj:N1+17N1+2a7N
Z wjx(o t)+ Zpk;c(o t) =0,

j=N1+1

g'k(tzo):()) pk,t(tzo)zov k:1727"'7N17

wi(t=0)=0, w;4(t=0)=0, =N, +1,Ny+2,---,N.

)

)

(48)
Let
Ny L, ~92 i ~2
Esamm0® = Z [P + Pl + Z / dJdz
J=Ni1+1
be the energy of system (48). It is easy to check that
o N 3 3
Ee5,5.500) -y /ka T t)[82+ Op(z,t) O t()'“(m’t)}da: (49)
dt o Bt ot2+s ot1+s '

k=1
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Hence,

Eeram0®)— L5550 = E55 55,0

32+§0 z,t) 00, (x,t
_Z// pktxt 6t2k£§ )_ 3751k£§ )]dxdt

s;Z [ A / Z'“Gﬁk,xx,ﬂ)?dxdv

87—2+s 67—1+S

1 t s 82+50k (z,7) al+§9k @ 7) )
§2l/ (B\Dy 0,1 T)dT+Z// 9.2 p J“dzds|. (50)

By Gronwall’s inequality, we get

78 245, 1+5
3 F)k x t) 0 Gk(:c,t) 2
@@mm <Q§ / / Yo v |*dzdt, vt el0,T).

Thus,

Z/ [;k (1) 2dxdt

S / ( = = dl‘dt
PPy, 1)
Ly, aQ-&-sek 3;‘ t) al+§9k(l’,t> )
S TCTZ/ / t2+s 8t1+§ ] dxdt
Ly 62+59k 93 t) 61+'§9k(x’t) )
< o3 [ [ et O s o

It is easy to see that [ p,dt, fotZT}Jdt k=1,2,--,Ni, j=Ni +1,Ny +2,--- ,N

1+5
also satisfy equation (48) with ikl 02’“(3” D 9 0@t yeplaced by %
Y GrE et et

9° Ok(ar t)
ots

. Using the similar discussion, we get that

b b 81+€9k (z,t) 5 0k(z,t)
< = .
/ / [y, (2, )2 dadt < C E / / prE )2+ ( TS )*]dxdt

(52)
Therefore, by (47), (51) and (52), there exist positive constants T' and C, such that

(PO D0y | Py
Cz/ / Cor /" + (e 1+ (g Vot
al+s 2 8gﬁk )
Z / / LR g (SR et

The proof of Proposition 2 is complete. O
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Now, based on Proposition 1 and 2, let us show Theorem 5.3.
Proof of Theorem 5.5. By (37), we get

{ a;t{k:a;af_ t*ak‘._]"27. V1,
Ol tEp, | 9l+ig ot
3t1+c _ 3t1+k _ 8t1+3 , k=1,2,---,Nj.
Hence,
O al+é o O pr(,t)
pr(x Pr(Z, 1) 2
Z/ ) e (g aaa
£, 51“91@ (2,1) 31+§§k(x,t) 5 0%0k(z,1) 351%(33 t)\2
= Z/ / otit+s ot1+3s )7+ ots ots Fldodt
Ly al—‘,—sek .'L' t) al-i—s (;[; t) 8g9k($;t) 2
< 22/ / anrr ) T (g ) ()
8Spk(1? t)
— 2R N dxdt.
(—5; )?]

Then by (46), there exist positive constants C' and T such that

b 91ty (x, z
Z// (el Dy D g

b 82+39kxt) O30, (1) %0 (2,1) o
< OZ// sty g (O P Dy (AL D 20t (53

Therefore, by Corollary 1, we get

OZ/ / 32+30k (,8)), +(81+§9’€(f’t))2+(a§9k(f’t))2]dwdt

ot2+s oti+s ots

> \\(90 u®, ut)|f3,-
Thus, the proof of Theorem 5.3 is complete. O

5.3. Polynomial decay rate (Proof of Theorem 5.4). This subsection is de-
voted to deduce the polynomial decay rate for system (2) based on the derived

observability inequality in Theorem 5.3. We need the following result from [31] (see
also [26]).

Lemma 5.6. Let A generate a bounded Cy—semigroup on a Banach space V. Then
there is a constant C > 0 such that for any v € D(A?), one has

o [[3 < Cloflv ]| 4%0]v- (54)
Based on this lemma, we can deduce the following result.
Corollary 2. Let A and H be defined as before. Then for W € D(A),
523 (55)
Proof. The inductive method is used to show this result by the follow two steps:
Step 1). When s = 1, that is,

~ = =
W3 < CIAT W 13,72 | AW

Wl < CIATW AW 15, (56)



674 ZHONG-JIE HAN AND ENRIQUE ZUAZUA

In fact, from (54) we have
W3, < ClAT W |2 lAW |2, [IAT'W3, < ClAT2W [[%|W 2. (57)

Hence, [|W|[2, < C||A=2W||3/2|W||3/*| AW |3, which leads to (56).
Step 2). Assume that when § = sg, (55) holds, that is,

so+1
Wil < LA™Y SOVVHSO+2 ||AW||S°+2- (58)
We will finish the proof by showing that when 5= sy + 1, (55) also holds, that is
sg+2
Wil < CJlA™>~ S°W||3°+3||AW||S°+3- (59)
Indeed, since A=W € D(A), from (58), we have
sgt1
||.A 1WH7-[ < C||A_2 S0 50+2HW 50+2
Then by (57), we have
so+1
W3, < CILAT W[5 AW [}3 < C| AW ”’”HW b°+2||«4W||n
Hence,
9_ sqtl
W, % < CllA2 oW S°+2HAW||H7
which implies (59) holds. The proof is complete. O

Let F(6,u, u:) be the natural energy of system (2), which is defined as (4). Define

E.(t):=E©",U",U]), (60)
where
enur,u;)=A"0,u,u), r=—5—-2, —s—1, =§,--- ,—1, 1. (61)
Note that (©",U",U]), r = =5 — 2,—5 — 1,—35,--- ,—1,1 are also the solution to
system (2) with initial state A"(0°, u®,ul). Set e(t) = i E.(t) + E(t). Tt is
easy to check that e
Ly
E.(T)-E, / / ki(m,t)) Vdxdt, r=-5-2, —5—1, —3,---,—1.
(62)

1

N1 T - ) )
LOREGEDY /5 / I S

Applying Theorem 5.3 to (751, U571, Ufgil)7 we have

e @0\ (0o @, 0] )
CZ/ / ( 8t2+8 ) +< 8’;1+§ >

n <M> }dwdt > E_51(0). (64)

ots
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Note that 8[%’;8 =0k, k=1,2,---,N;. Thus, we have C[e(0) — ¢(T)] >

2+5
E_z 1(0). By (55) in Corollary 2, we have

1

mz

w

e(t) < CE(t) < CC*(B_1 (1)) 7 (B () & (65)

Thus, there exists a positive constant C' such that % < Cle(0)—e(T)). Fixing
T > 0, we get
(e((m + 1)T))*+

(E1(0))5+!
Here we have used e((m+ 1)T") < £(0) due to the dissipativity of operator .A. Then
we get C[EmT) _ ellmt D)y > 1elmtUT) 1542 414 hence

Cle(mT) —e((m+1)T)] >

E1(0) E;(0) E,(0)
f(m+1)T) _ mT) 1 e((m+ D7)
50 S BO) O BO ) (66)

In order to proceed to deduce the decay rate of the energy of system (2), we need
the following lemma from [3].

Lemma 5.7. Let {a,,}5°_; be a sequence of positive number satisfying
i1 < G — Camy1)? ™, VYm >1, (67)

for some constants C' > 0 and o > —1. Then there exists a positive constant Mc o

such that
MC,a

- (m—|—1)1+%.

E(mT) < Mc s
B0) = gyt
Mc’gl E1(0). Therefore, there exists a positive constant C' such

(m+1)T+5

that E(t) < e(t) < —5—FE1(0). The proof of Theorem 5.4 is complete. O

tT+s

By the above Lemma, together with (66), it is easy to get that

Thus, e(mT) <

5.4. Logarithmic decay rate. In the previous subsection, we have proved that
if £;, j = N1 +1,Ny +2,---, N satisfy the conditions in Lemma 5.5 (see also
Theorem 5.3), then we always can find some s > 0 such that the weights in inequality
(41) satisty (42) and based on which, the polynomial decay rate of system (2) is
derived. However, if all of these conditions are not fulfilled, there is no s satisfying
Yn = A%, n > 1. Thus system (2) can not achieve polynomial decay and some
weaker decay rate may hold. In fact, the logarithmic decay rate can be derived
when the weights -, decay exponentially, that is,

V2 ~ceT n=1,2,---, (68)

where ¢, a are positive constants. Note that this kind of weights 7,,, n > 1 in (68)
can not be deduced by the conditions in Lemma 5.5
By Proposition 1, there exists a positive constant T" such that

Ny T
Z/ / P}, + pildedt > Y ce ™" [N2a2 + b2). (69)
k=170 70

n>1

From the above inequality, we have the following observability estimate.
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Theorem 5.8. Forb € (0, %), there exist positive constants T and C, such that for
(09, u% ut) € D(A),

—2b

cl[(0°%,u®, ut) |3,

Cla'In 1A, u®, w13, > 16°,u®, w1,

1
k; 16501372 0,722 (0.00))

where a,c are positive constants given as in (68).

The proof of Theorem 5.8 will be given at the end of this subsection. Let us
proceed to show the following logarithmic decay rate of system (2) based on the
weakened observability inequality (70). We mainly employ some techniques from
[31] to deduce the logarithmic decay.

Theorem 5.9. Assume that the weights in (41) satisfy condition (68). Then for
any (0°,u°, u') € D(A) and b € (0,1), there always exist positive constants a’,c
such that the energy of system (2) satisfies

a/

(TEEEYIE

Proof. Set e1(t) = E_1(t)+ E(t)+ E1(t), where E;(t) is defined the same as in (60).
It is easy to get that

E(t) < 0°,u®, ut) %4y, VE > 0. (71)

N1 £ Ny 14
B . B .
dEQ®) _ =S [ 6 e, dE(t) _ -5 [ 6 e,
0 0

dt Pt dt Pt
dE_, (t [
dtl( ) =- ;/0 03dx
and hence €1(0) —e1(T) = kgl foT fozk (07 14 + 0%, + 0%)dxdt. From (70), we get
: —2b
clatm cE(0) > 51((%)) (72)

N1 9
]; 16k 1172 0,722 0,04

Ny —a 25
A direct calculation yields > ||9k.|\%{2(0 T.12(0.00)) = CE(0)e ( B(0) ) . be(0,3).
k:l b H b ¢

Hence,
_a<0E1<o>)% 1
£1(0) —e1(T) > cE(0)e E(0) , Vbe (0, 5). (73)
Then replacing the initial date (0°,u®,u') by A71(° u% u'), we get that (73)

becomes

CE(0) )2%

£(0) —(T) > cE,l(o)e‘“(m , Vbe (o, %). (74)
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~ E(0 2
Note that E(t) < e(t) < CE(t). By Corollary 2, we have E_1(0) > 5(0%;1)@’ and

hence CC? El(o) > E((E)) Thus, there exist constants C1, 51 > 0 such that

(BO) _a(eszso)d |
e(0) —e(T) > CCNHT1(0)€ (“252) , ¥be (0, 5) (75)

g)). We have that

Set a, = Ebg

€
&=

O, — Q1 > éafne_“(fyi) ) (76)
(&

Here we have used that Fj(t) is non-increasing. From (76), for any n € N, we get

1

n
— Qb ~
ncale ® (&) E — 1) < Crog,

m=1

since ., is non-increasing respective to m. Note that it is easy to check

21b
min pZe” o(5) > 0.
pE€(0,a1)

Thus, there exists a constant Cj such that
C1\ 2% 1
aZ > e (@)™ e (0,5).

_Qa(ﬂ)% 51 .
Hence, nce an < Gran Then we calculate directly that

a, < Cy [1 n( g’bnc

1
2a Clal

—2b 1
)| wewp.
2
Therefore, by the definition of «,,, for sufficient large n,
1
= 7
= (77)
which implies the logarithmic decay rate in Theorem 5.9. The proof is complete. O

Cyne

—2b

a Clal

Proof of Theorem 5.8. Similarly to [27], for b € (0, 3), we construct a concave and
increasing function in ¢ € (0, 1),

By (t) = [h;?g)}2b' (78)

It is easy to check that ®,(ce®)t?® = 1. By the inverse Jensen’s inequality (see
[27]), we get

5 e O3 1)\ X n O+ )
n>1 n>1

2. (Ahah +07) > (MaZ +07)

n>1 n>1

1<,

(79)

where A, are the eigenvalues of the corresponding operator A for system (38) and
an, by are the Fourier coeflicients given as (40). Hence,

> (Anap +b7)

n>1

-1 = 2 2 2 —an/y2 ,2 2
% > n?(Alag +b2) D _(an +bn) <D ce” " (Naap +b7). (80)

n>1 n>1 n>1
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Then by (41) in Proposition 1,
> (Aah +07)
_ n>1 2 2 2
Z/ / pkt+pk d.%‘dt>(1) Z nzb()\%a%—i—b%) Z()‘narL+b )

1 nzl

which implies

Z fo o " [Py, + pildzdt
o | [ 0t ) 2 Y 0% ).
n%n n n>1

n>1 n>1

Substituting (78) into the above inequality, we get

—2b
¢ > (ANaap +07)
e lln n>1 > onP(A2al +02) = > (Alal +b2).
E fo 0 pk : +pk]dxdt n>1 1

By proposition 2, there exist positive constants C' and T' such that

N1 O
S [ ) e+ Gute 0t

4y
< CZ/ /0 ek 1' t (9k,t(x’t))2 + (Gk,tt(x,t))Q]dxdt7

where (p, w) is the solution to (39). Note that 0y = pr + pr, k = 1,2,--- , Ny.
Thus, there exist constants C' > 0 and 7' > 0, such that

Nl T Zk Nl T Zk
> / / [P}, + pildadt 2y / / 0%, + Dr.¢ + 0% + D7 )dxdt
1’0 Jo 1’0 Jo

N1 T Ly,
cy / / 07 + 0%, + 07 ] dadt.
k=170 O

Note that by Weyl’s formula (see [21]), when n is sufficiently large,

IN

IN

nmw
An ~ — (81)
>4
j=1
Then we get the following estimate: there exists a constant C > 0 such that
—2b
¢ 3 (Aan +b7)
=~ _ n>1
Cla'm|+ S ONP(Nak +02) =Y (Anal + D7)
2 n n
kzl HQkHHQ(O,T;L?(O,Zk)) =1 =
(82)

Note that for any (6°,u% u') € D(A) and b € (0, 3), there exists a positive constant
C such that

1A, 0, Z / 00,07+ 3 () + (00,,)2)da

j=Ni+1
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> o, 0 0 1 2 )

= CH ((9 y U )7(03cgcau )) || ﬁ H&“’x lz_v[ H[’)’
j=1 j=1

~ X AP (Ahan +07) and [[(6°,u°,ut)|f, <

Since 09, u®), (6%,,u")) ||?
(O @) B~ 8
j=1 j=1
>= (A2az+b7), then we deduce from (82) that for b € (0, ), there exists a constant
n>1

C > 0 such that

—2b
90 0 ,,1\]2
¢ [amm | Al A ) 2 0 )
kzl HekH%{?(O,T;L?(O,Zk))
The proof of Theorem 5.8 is complete. O

6. Decay rate for more general networks. In this section, we present some
results for general networks, which can be deduced similarly by the techniques
proposed in this paper.

FIGURE 4. heat network (left); wave network (right)

o Assume that the Dirichlet condition is satisfied at least at one exterior node of
the network. Then:

a). If the heat equation is fulfilled in all the edges (see Fig. 4 (left) for example),
then the energy of the network decays exponentially. This can be easily seen by the
energy identity and the Poincaré inequality along the network.

b). If the wave equation is satisfied in all edges (see F'ig. J (right) for example),
then the energy is conserved.

o Assume that M is a tree-shaped wave network with Dirichlet condition at its
root. Consider a network composed by M extended by heat equations, such that all
the leaves in the resulting network are heat-like (see Fig. 5 for example). Then the
total energy of the network decays polynomially with the following sharp decay rate:

B(t) < t7Y(0%,u®,ul)|[pa)s (83)
where (0°,u°, ul) is the initial condition.

Remark 6. This polynomial decay rate can be proved by combining the frequency
domain method together with the multipliers, as in the analysis of star-shaped
networks in Section 4 above.
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Root
gt\ A\

FIGURE 5. tree-shaped network M (left); the heat-wave network
extended from M (right)

JENPS

FIGURE 6. star-shaped wave network M (left); heat-wave net-
work(right) extended from M

Especially, if the network M in the above result is a star-shaped one, the following
extended result holds.
e If only part of the leaves in the resulting network are heat-like (see Fig. 6 for
example), then we have the following polynomial decay rate:

1
(1) € C— | (0. ')y, ¥1 20,

in which s is given as follows:
1)§=1+[N—N—1+¢, iff—"’ €B., i,j €My, i#],
2)s=N — N sz—ES i,J € My, i # 7,
3)s=1+[1+¢, zf L, j € iM,, satisfy the condition (S),
where §M,, stands for the set of edges described by the wave equations which do

not connect heat-like edges directly. The sets B, S and the condition (S) are given
as in Definition 5.1 and 5.2

Remark 7. The above decay rate can be shown by the observability estimate
method similarly as the discussion in Section 5, in which the heat-wave network is
replaced by pure wave network when deducing the observability inequality.

e Based on the observability estimate method (see Section 5), we can get the decay
rates for general heat-wave network G, as long as the weakened observability esti-
mate can be obtained for the corresponding wave network, in which all heat equations
are replaced by the wave ones. More precisely, assume that the following weakened
observability inequality holds:

Ly
Z// pkt+pkdxdt>z'yn)\2a2+b2] (84)

kELGh n>1
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where (P, Prt), k € 8Gh, are the states of the wave equations which replace the heat
equations in the heat-wave network G; A\, denote the corresponding eigenvalues and
ap, by the Fourier coefficients of the initial state, similar as in (40). In here Gy,
stands for the set of edges evolving according to the heat equation.

Then the heat-wave network G decays as follows:

1). If the weights in (84) satisfy vn > A,°, n > 1, then network G decays
polynomially, that is,

Bty <C

(907UO,U1)H'2D(A)7 Vt Z 0,

where 5 := [s] + 1.

2). If 42 ~ ce™ %", n > 1, where c,a are positive constants, then network G
can achieve logarithmic decay rate, that is, for any b € (0, %), there always exists
positive constants a’,c’ such that

al

PO = ez
Remark 8. Following the proof in Section 5, the decay rate of star-shaped heat-
wave networks is deduced from the corresponding star-shaped wave networks. Hence,
employing a similar analysis, we can extend these results to more general heat-wave
networks. This approach is useful since there have been several methods and results
on the observability for wave networks (see [9], [15]). Note however that, in general,
this approach does not lead to optimal decay rates.

aovuovul)”zD(.A)? vt > 0.

Remark 9. Despite the contributions of the present paper, the obtention of sharp
decay rates for all possible planar heat-wave networks is still a widely open subject
of research.

7. Appendix.

7.1. Appendix: Construction of ray-like approximate solutions of heat-
wave networks . This appendix is devoted to build ray-like approximate solutions
of (7) by the WKB approach of asymptotic expansion (see [25], [5]).

Step 1). The approximate solutions for the wave equations
We rewrite (8) as follows

wi(a,t) = e LZ el (a, t) e ﬂ&/ﬁl%’ix,t)HZe”*éeiﬁ””/eb%"ﬂ(x,t)} ,(85)
=0 n=0
u§(m,t) —  iTtle [Z ek[e—isz/ebjzk(x’t)] + Z €n+%e—i51/eb?n+1(z’ t)] ,
k=0 n=0
Ni+1<j<N,j#j. (86)
A direct calculation yields that
8ttu5.(:v, t)
— T th/e |:Z Ek[ezfx/e lc J) t) + —z&:c/eb%k(x7t)] + Z€n+ée—i§w/eb§n+l(x’t):|
k=0 n=0

) =)
747_ z-rt/e |:Z Ek 151/68 (1 IZ' t)+€—z§z/€atb§k(:r7t)]+z ETH-%e—i&z/eatb;n-H (IIJ,t):|
k=0

n=0

—i€x /e - ntl —igx/e 7
tete [Z e’ Dueal (w, 1)+ Db (w, O]+ € E e Db “(x,t)]

k=0 n=0
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and

&mu§(m, t)

2 . i s 0 l .
_ %e’LTt/e I:Z Ek[ezﬁz/e k($ t) te z{z/ebgk(x’t)] + Z €n+26 'sz/eb§n+1(x’t):|
k=0 n=0
+2?e7,7't/e |:Z 6k[gz§z/eaza§ (IZ’, t) _e—zgz/s Tbgk Z s e—z{z/eawb/J%wH (‘T, t):|
k=0 n=0
+ei7‘t/e |:Z Ek[eifx/eaxxa‘/]lg(x’t)+e—i§x/ea bgk .’t t Z +— —z{ac/saxxb;n-&-l (iE,t):| )
k=0 n=0

(z,t) = O(e*). According to the term of O(e~1),

Let u?(:n, t) satisfy ’intt(:n, t)flé,m

we get that
2£€i7t/s[ei£r/€ata?(m’ t)+€7i§r/€atb?($, t)]_zgeirt/e[eiéx/eazag(x7t)_efiﬁx/eazbg(x7t)] —0.
€ €

Thus, we have T@tw f&Lag =0, T@tbg + f@wb? = 0. Using the similar argument
on other terms of O( Ve)y), n=-1,0,1,2,--- , we deduce that

T@tag — f@zag =0, ZQTatCLA —12£0, m + attw - amag—l =0,

TO00 + 0,00 = 0, TO,b! + £0,bt = 0,

22T8tb2n + 2258 b2 + Db — 0,07 = 0, (87)
i270,b; pntl +z2§3 byt +a byt 8mb2” L=,

j—N1+1N1+2 ,N,n—1,2,

Let us consider the equations (87) with initial conditions imposed at the joint node
x = 0, that is,

a2 (0,1) = a2 (1), b7 (0,0) = b7°(t), j= N1+ L, Ny + 2, N, n=0,1,2,---.
(88)
Note that they are all transport equations in (88). We get the unique ray-like
solutions to the above problem as follows:

(0,) = ot + ),
a?(x,t) :a;f’ (t+ Fx) —i(28)” L5 (04 — Opa)a® ?—1(9,75— £(0—2))dd,

b (1) = 3’2°<t— g >, bl(m t) by 0( za), -
bjn+ ((E,t) = b]n ’ (t L. g fo att 6a:x)b]n (0 t+ %(9 — x)d@,
2,-

g)
j:N1+1,N1+2, N?’L

(
:17 )

(89)
Thus, the ray-like solutions (8) have been uniquely gotten from the initial conditions
(1), 0(), j = N+ LN1+2,--- N, n=0,1,2,--.

Step 2). The approximate solutions for the heat equations
Let us build the solutions of the form (9) for the heat equations in (7). It can be
calculated directly that: for k =1,2,--- , Ny,

8t0£,(l',t) -~ ZT z(‘rt/eJrzf/\[) Z Bk (ZL‘ t) +e i(rt/e+x€//E) Z atBk ((E t)

€
n=0 n=0
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)
azzez(x7t) ~ § z(ﬂt/é+:t§/\f)z an(x t)+2§ez(ft/é+z§/\f)z na Bk (:E t)

€
n=0 n=0
it/ tE/ Vo) Z )" Doe BY (2, ).
n=0

Since 0f, k = 1,2,---, Ny satisty 0} ,(v,t) — 0f .. (x,t) = O(e>), similar to the
discussion for the wave equations, according to the term of O((\/€)"), we get

0:BY(x,t) =0, (90)
—2i€0, By (w,t) + (0 — Opz) By H(,t) =0, n.=1,2,3,- -

From (9), we have
Bl?(x7t)|$:0 = fn(t)7 n= 071727 Ty k= 1727' o 7N1' (91)

Then by (90) and (91), it is easy to get the unique functions B} (x,t), n =0,1,2,---
from f™(t) as follows:

BY(a,) = f°( >, B - o s,
By (z,t) = fo — 8pe) By Yz, t)d, n = 1,2, - -+ (92)

k=12, Nl.

Thus, we have identified 6,(z,¢),k =1,2,--- , Ny uniquely from f*,n=0,1,2,---
Step 3). Gluing u§(z,t) and 0j(z,t) by the transmission conditions
By (9) and (91), we obtain

o0

9}56(0 t ~ th/e Zenf2n + Zen+2f2n+1( )] =1,2,--, Ny,

0.05(0,t) ~ ﬁ”t/e[zsf(] )+ 3 e (1) + 0. B2 (0,1))
n=1

+ 3 e e ) + 0B (0,1)].
n=1

On the other hand, from (8), we get that

€ iTt/ € — n, c- 372n+1,
0.0~ e[S )+ X )
) o0 oo .
w§0.) ~ TSm0 + 3 ettt
n=0 n=0

j=Ni+1,Ni+2,--- ,N,j #7,

n,0

where > (t) and b?’o(t) are the same as in (88). Note that from the transmission

conditions in (7), we have 6;(0,t) = u§(0,?), k = 1,2,--- Ny, j = N1 +1,Ny +
, N. Hence,
fO(): _/7(2, ()+b ()_bgﬁo(t)7j:N1+1aNl+2a7N7.]7é./7\7
£ = o ()+b2”°<t)=b§"’°<t>,j=N1+1,N1+2,---,N,jsﬁj, (93)
f2n+1<t):b2n+10() ]—N1+1,N1+2,"‘,N, n:(),l,Q’....
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We further calculate that

€ 1 iTt/€ 7’5 s , . )
Opu5(0,)  ~ NG /[ﬁ(ago(t)— go(t))—zﬁb;o(t)

e”[—ifb%"“’o( )+a b2n 1(0715)]

M8

+

Il
-

n

NE

+ e”*%[ig(ag’o(t) = B2"0(8)) + Bpa N (0,1) + Oy b2<" Yo,1)]|;
n=1
€ 1 iTt/€ Zf 00 1 0 2n+1, O 2n—1
Opus(0,t)  ~ 7 t/ l ;7:6 —iby 4725; b0 () + 0,770, )]

N Z -t [—Z'fbin’o(t) + aIb?(nil)((), t)]‘| )

j=Ni+1,Ni+2,--- N, j#].

N Ny
Thus, from >, (0,¢) + > 6 ,(0,¢) =0,
k=1

j=Ni1+1
0~ \2 pirt/e [\nga,g’o(t) + R (igal (1) +8za§‘1(07t)>}
N oo

+ R =5 (8) — i€y [—ieb]" 10 (E) + 90571 (0,1)]
+ Z € [—ighy O () + 0:67" 2 (0, tN] }

nN— -

Z{ th/e Z ngQ" t) 4+ 8. B;" (0, 1))

. =

Based on the above equation, in order to identify u$(z,t) and 05(z,t), we will get

f™ and b?’o(t), j=N;i+1,Ny+2,---,N from a;’o(t). From the term of O(e™1),

we have
N

0,0,y _ 0,0
%G%-E:%(ﬂ (94)
j=Ni+1
From the term of O(e~ ), we get
N —~
— > ighy (1) + N fO(t) = 0. (95)
j=N1+1

Note that from (93),
20(t) = £Ot) = a2°(1), b50(8) = fO8), 5= N1+ LNy 2, N,j #5, (96)
which together with (94) implies that 2a§’0(t) = (N — Nyp)fO(t). Hence,
m?@
T N-N
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Then, from the third equation in (93) and (95), we have

N L 2iN1§a3’ (t)
_ ; t —_— = 0.
‘_Z O+ —v—w
Jj=N1+
Thus,
iy X 2N1§ag’0(t)
b; (t):f(t):m»]ZJ\H-FLNl-F?,'“,N- (98)

From the term of O(e"~2) (n > 1),

Ny N

Y OGEFT ) + 0B THO, )+ > (=i TR + 0,630, 4) = 0. (99)

k=1 j=N1+1

Similarly, from the term of O(¢"™1), n=1,2,---,
N1
1,0 n—1 S r2n—1 2n—2
i€z (t) + Oua? (07’5”21““ (£) + 0, BY"2(0,1))
J=

+ Z [ >t )—i—@xb?"’Z(O,t)} = 0. (100)

J=Ni+l
When n = 1, from (100) we get
N

i€at” (£)+0,02(0,t +Z i€ () +0:.B20,8)+ > [—igbi’o(t)—kaxb?(o,t)} =0.
! Jj=1 j=Ni1+1
Then by (93),
Ny N N
126057(8) +0,a2(0, 1)+ ) (i€ ()+0:B)(0,6)+ {fing(t)Jré)xb?(O,t)} =0.
Jj=1 j=N;+1

Thus, a direct calculation yields

1

f2(1t):W z2gai°()+aa 0t+Zz§f (t)+8.B5 (0, 1))+ Z 8b00t)]

j=1 j=Ni1+1
in which bg’o, fO are given as (96), (97); J(sc t), bY(x,t) and Bj(x,t), can be
uniquely determined by (89) and (92), respectively. Thus, by (93), we get all
b7°(t), j=Ni+1,N +2,--- | N.

Continuing the similar argument by induction, we can obtain all the b?’o(t), fm()
uniquely from a,; %(t) and hence a,?(x, t), b7 (z,t) and By (,t) can also be identified
from a?°(t). It means that by the transmission conditions in (7), the reflected
waves in (8) and the heat-like solutions (9) can be determined uniquely from the
constructed incoming wave in the wave domain.

7.2. Appendix: Proof of Lemma 4.3. This appendix is devoted to prove Lemma,
4.3. We mainly construct a counterexample by the trick from [4] to show this
Lemma.

Let us consider the resolvent system for A as follows

ioW — AW = F, (101)
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where W = ((0x)0 1w, 2), F = ((fO)nt fY f?). Thus system (101) can be
rewritten as follows:

100y — Opww = £, k=1,2,--- N —1, (102)
iou — z = f*, (103)
102 — Uy = f2, (104)

with boundary and transmission conditions

ullny) =0r(lx) =0, k=1,2,--- N -1,
ek(o) ZU(O), Vk = 1a2337 ,N—l,

N-1 (105)
1;1 01,5 (0) + u,(0) = 0.

Set ff=f1=0, k=1,2,--- N —1,and f? =g. Thus, (102) can be rewritten as
follows:
(008 — Opwe =0, k=1,2,--- N —1, (106)
—02U — Uy = g. (107)
We calculate directly that

O (x) = (0 sinhVio(ly —z), k=1,2,--- ,N — 1,

sinh \/EZ
u(x) = Sin(ng sino({y — x) + Sl?:’l(nfgle‘) f g(ln — s)sina({y — s)ds
—-1 fOZN_wg(&V —s)sino(ly — x — s)ds.
(108)
N-1
Note that > 0 2(0) + uz(0) = 0 and 65(0) = w(0), k =1,2,--- ,N — 1. Hence,
k=1
we get
u(0) _If ﬂC(.)sh \/i?fk B Cf)SO’fN
= V/osinh Viol, sinoly
sof LN
= Z?;ZEZ /0 g(ln — s)sino({n — s)ds
N
—/ gy — s)coso(ly — s)ds, (109)
0

which implies that

cosoln (fN gy —s) sma(ﬁN — s)ds — fo g(ln — s)coso(fy — s)ds
ou(0) = .

. Z Vi cosh Vigly, cosoln

Vo sinh Violy, sinol N

Note that — Z %@ - E \‘;, o — +00. Now, set g(s) = sin(oc(fy —
— /o sin 0l =

s)), where JéN =2nm+ 5 + n~z. Then we have

cos(aln) ~ noe, sin(oly) ~1, o — +o0. (110)
Note that [ sin(os)sino(z — s)ds = — MOZ(”) - Slgi(g)z) + COS(M);H(%I) A direct

calculation yields

155
/ sin(os)sinoc({y — s)ds = 0, o — +oc. (111)
0
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Similarly, we get

N
/ sin(os) coso({n — s)ds — %7 o — +o0. (112)
0

Thus, when o — +00,

cosoln
O"LL(O) ~ sinofpn

f(fN sin(os)sino(fy — s)ds — foéN sin(os) coso({n — s)ds

7(N71)\/ cos ol

Vo sin ol
~ _ =0 — (113)
—(N—l)%—% 2(N —1)Vi+2
Hence, when o — 400
. I — On
ou(z) = % sinoc(y — x) W/o sin(os)sino({y — s)ds

Zme
—/ sin(os)sinoc({y —x — s)ds
0

In
- \/EQ(N—l)\/%JrQ

Here we have used (110) and (111) and the boundedness of sin o (¢ — ). Therefore,

{N—x
sina(ﬁN—x)—/ sin(os)sino(ly —x—s)ds. (114)
0

lou(@)|2 ~ [ VO s sino(Uy — )

N—1)Vi+2

2 (115)
dx.

_ f(f”fz sin(os)sino({y —x — s)ds

Note that fOZN_x sin(os)sino(¢y — x — s)ds is bounded. Thus we have
In

In
2 > C/ —
e A e
~ Cio+ Cs. (116)

2

sinoc({y — )| dx+ Cy

Therefore, |W|3, > |locu(z)|* > Cio + C,. Hence, there at least exists a sequence
(0, ) satisfying ||(ion, ] — A) "V F,||2, > Cio, + Ca, 0, — 400 as n — oo.

7.3. Appendix: Proof of Proposition 1. This appendix is devoted to show
Proposition 1. We mainly prove this proposition by estimating some inequalities
together with the known observability results in [9].

Lemma 7.1. Let ty,ts > 0. Then for each (w1, ws) C (0, ),

— w1

to Ly,
T Rt 4 82 ),
t1 0
(117)

/ / (Pro (2, t) + iy (, t))dmdt>
t1

where k =1,2,--- , N1 and

to—1t1 >2m}z}x{€k — wg,wl},a =t + m]iix{fk — w27w1},f2:t2 — mkax{fk — wg,wl}.
(118)
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Proof. By D’Alembert formula, we have that for zo € (0,6), k=1,2,--- , Ny,

ta tat+x—x0
/ (02 0 (0, 1) + 2., (0, 1))t > / (PR oa(at) + 92, (2. 0))dt, 0 < < o
t1 t1+xo—x
and
to to—z+xo
/ (9.0 (20, 1) + P2y (0, 1))t > / (PR ) + P t))dt, € > 2> 0.
t1 t1—xo+x
So,
1o ?2
/ (P20 (0. 1) + P2y (0, £))dt > / (PR t) + PRl b)), k= 1,2, | Ny,
t1 t1

where ?1,?2 are given as (118). Thus, integrating respect to x from 0 to ¢, we have

to to Lr
0 / (PR (20,8) + D2y (0, ) dE > / / (P (2,0) + 1y, 1))

ty
Finally, integrating respect to xg from w; to wy, we obtain

ék/ / (Pi (0, t) + Pi 4 (w0, 1)) dwodt

t2 Ly
> wamwn) [ [ 0Raw0)+ 5 o t)) o
t1 0
Therefore, (117) holds. O

Lemma 7.2. Let t1,to, 0,7 > 0. Then there exists a constant C3 such that for
k= 1a27"' ?Nli

to Ly 5 5 to—o—T Ly 9 9
Cy / / (PR + pR)dadt > / / (R + 92 )dedt,  (119)
t1 0 0

tit+o+7
where o, T are some positive constants and
to —t1 > 20+ 27 (120)

Proof. Multiplying the first equation in (38) by 22h(t)py, where h = h(t) is a non-
negative smooth function such that

h=1in[t; + o,t2 — 0], h(t1) =h(t2) =0,
and integrating in (t1,t2) x (0,£)) we obtain

Ek lk
/ / T h t)prDk ttdwdt—/ / T h ) pkPr,padrdt =0, k=1,2,--- | N

Integrating by parts, we get

L ta  ply
0 = / h(t)prpeedal — / / (Ope + h(E)pes)peedadt
0

(121)

to to Ly
- / 22 h(t)prpr,dt| S + / / h(t)(2zpx + 2%pr )Pk, dxdt,
t1 0

t1

k=1,2,--,N.

ta L to 7%
/ / > h(t)py cdadt +/ / 220 (t)pr. prdadt
t1 Jo t1 Jo

Hence,
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ta Ly to  ply
/ / 2$h(t)pkpk,zd$dt—|—/ / z*h(t)pi pdzxdt.
t1 0 t1 0
Note that

to Ly, to to Lr
/ / zh(t)prpr, s dedt / h(t)a:pﬁdﬂg’“ — / / h(t)(px + xpk o) prdzdt
t. Jo t t Jo

ta 2%
- / / h(t)(pr + Tp,o)Prdzdt.
ty

@k

Hence, ft xh( )PPk dadt = —% t

Yo to Ly
/ / pk (dxdt +/ / 2B (t)pr iprdadt
h Lr to Ly
/ / pkdxdt+/ / dzdt.

Thus, using Cauchy-Schwarz inequality, we have that there exist 7 > 0 and 53 such

that
. to Ly to Ly
03/ / (pi,t + pi)dmdt > / / h(t)pi7wdxdt, k=1,2,--- Ny.
t1 0 t1 T

By the definition of h(t), we obtain

to o to—p Ly
cet/“ |Gtz [ [k ot k= 1,20 8
t1+o T

On the other hand, from Lemma 7.1,

h(t)pidzdt, k =1,2,---,N;. So,

Ly R ta—o—7 pli
/ / (Di o+ Dk g )dadt > / (Pho + PR )dadt, k= 1,2+, Ny.
tito ti+o+7 JO

Therefore, there exists constant C3 > 0 such that

Ly, ta—o—7 g
03/ / pk ¢ +pk Ydxdt > / / (pﬁ}w —&—pi,t)da:dt, k=1,2,---,Ny.
ti+o+7

The proof is complete. O

Note that using sidewise estimate, we can get

to Lr to—4L
/ /(ﬁ¢+ﬁamw2@/’ 2 (0.0) + g2, (0, 0)dt, k=1,2,- N,

1Lk
(122)
Thus, we have the following estimate.
to Yo to—p—T—Lg
Cy Z/ [P} ¢ + pildedt > Z/ i (0,8) + pi (0, 8)]dt.
titp+7+Lk

Then by the above inequality and the transmission conditions in (38), together
with the observability results on the exterior node controls for star-sharped network
system (see [9]), we get that there exists positive constant T" such that

Z/ / [pkt+pk dwdt>2’yn )\2a2+b2]

n>1
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where 42 > 0 given as in Remark 5, which is dependent on the lengths of the strings
involved in the network; )\, are the eigenvalues of the operator A corresponding to
system (38); an, b, are the Fourier coefficients of the initial condition given as (40).
The proof of Proposition 1 is complete. O

7.4. Appendix: Polynomial decay rate of system (11) (based on observ-
ability estimate) . In this appendix, the observability estimate method in Section
5 is used to discuss the decay rate of system (11) in which only one wave equation en-
ters in the network. Similar to the discussion in subsection 5.2, we get the following
observability estimate.

T Ly
CX [ [ Bttt et = L) (123)

where (0°,u%, u') is the initial condition in system (11). Based on (123) and Lemma
5.7, we deduce that the (S(t));>0 associated with the system (2) decays polynomially
as

c
[1S(&)Wolls < g”WO”D(A)' (124)

Indeed, let (©",U",U]), E.(t), r = —2,—1,1 be defined as (60) and (61), respec-
tively. Then

N-1
E(T) — Z / ? dadt,

=1

E_y(T) - Z/ /ek O 1) dxdt,

N—=1 T 4
E_Q(T)—E_Q(S):—; /S /0 (052)2dudt.

Set e(t) = BE(t) + E_1(t) + E_3(t). We get that for 0 < S < T < oo,
N—-1 T by
-3 [ [ e Ok + 05 avar
- Z / / Orar)” + (610)* +(6)dadt.  (125)

and

e(T) —&(9)

By (123), we deduce that C z fe 0 (O 1) +(051)2 + (0, 1) dadt > E_1(S).
Note that e(t) ~ E(t). Hencg
C(E(S) — E(T)) =2 E_1(5). (126)

From Corollary 2, we get E(t) < C2\/E_ (t)E1(t). Hence, E_(t) > éfg)gj), which
1

together with (126), implies that there exists a constant C' > 0 such that C(E(mT)—

E((m+1)T)) > % Here we have used E;(t) < E1(0), t > 0, because of the

2
dissipativity of system (11). Thus, C(Z¢ E (0 - E((gl ?Ol))T)) < (%TZ@) . Finally,

according to Lemma 5.7, set o = 0, we get (124).
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Remark 10. Compared to the decay rate obtained in Section 4, it is easy to find
that the decay rate obtained from the observability estimate method is not the
sharp one, which also implies that the weakened observability inequality (123) is
not sharp.
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