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ABSTRACT. The paper gives a rigorous description, based on mathematical
homogenization theory, for flows of solvents with not charged solute particles
under osmotic pressure for periodic porous media permeable for solute parti-
cles. The effective Darcy type equations for the flow under osmotic pressure
distributed within the porous media are derived. The effective Darcy law con-
tains an additional flux term representing the osmotic pressure. Coefficients
in the effective homogenized equations are related to the values of the phe-
nomenological coefficients in the Kedem-Katchalsky formulae (2).

1. Introduction. The goal of the present paper is to give a rigorous description,
based on mathematical homogenization theory, of flows of non-electrolyte solutions
(that is electrically neutral solute particles) under osmotic pressure for periodic
porous media permeable for solute particles.

Osmosis is historically the term for a phenomenon of spontaneous passage of
water or other solvents through a membrane that is permeable to the solvent but is
impermeable for solute particles. If a solution is separated by such a semipermeable
membrane from the pure solvent, the pure solvent will move through the membrane
making the solution at the other side of the membrane more dilute. This process
can be stopped by applying external counter pressure that gives an idea of osmotic
pressure.

Osmosis explains in particular how living cells as red blood cells or plant cells
adapt their shape to the environment stress by changing concentration of solutes
(sucrose in case of plants cells) inside them.

This phenomenon was discovered by French experimental physicist Jean-Antoine
Nollet in 1748 in natural membranes but was first studied in detail by a German
plant physiologist Wilhelm Pfeffer only in 1877. The term osmose or osmosis was
introduced by a British chemist, Thomas Graham in 1854.

2010 Mathematics Subject Classification. Primary: 35B27, 35K65; Secondary: 76S05.
Key words and phrases. Porous media, osmosis, homogenization, Darcy law.
* Corresponding author: Andrey Piatnitski.

471


http://dx.doi.org/10.3934/nhm.2016005

472 ALEXEI HEINTZ AND ANDREY PIATNITSKI

The Dutch chemist van’t Hoff showed in 1886 that, for dilute solutes the osmotic
pressure varies with concentration and temperature similarly to an ideal gas. A
classical formula by van’t Hoff for osmotic pressure acting on solvent at the border
of the membrane impermeable for solute particles reads [33]:

Posm = pkT’ (1)

where p is the concentration of solute particles, T is temperature and k is the Boltz-
mann constant. This relation led to practical methods for determining molecular
weights of solutes.

Osmotic pressure plays important role in biological processes as transport in
plants [19] and through cell membranes [21], [15] and also in several modern mem-
brane technologies in particular for desalination and sustainable power generation
[10], [38], [24].

There is a physical phenomenon called by chance similarly - electroosmosis.
Electro-osmotic flows in micro channels are driven by external electric fields, acting
on charged solute particles that initiate the solvent flow through the viscous interac-
tion. This phenomenon was discovered by F.F. Reuss [28] in 1809. Electroosmosis
of charged particles with corresponding electrokinetic models [25], [31] and osmosis
of neutral particles have certain similarities from the mathematical point of view,
but are rather different in physical nature.

In many situations porous membranes are not completely impermeable to solute
particles, but depending on the size of pores, obstruct to some extend the passage
of particles. The effect of osmotic pressure in this case is not concentrated on the
surface of the membrane, but is distributed within the membrane’s volume. A
combination of several complicated phenomena define the joint transport of solute
and solvent through the membrane in this case. The question about the nature of
osmotic pressure in such intermediate regimes did not have a rigorous answer up to
now.

Several phenomenological models based on general thermodynamical principles
were suggested to extend formula (1) to the case when a porous membrane is par-
tially permeable to neutral solute particles, as the Kedem-Katchalsky formulae

Ju - LpAP - LpDAposm (2)
JD = *LDpAp + LDAposm

that connect fluxes J, and Jp of solvent and of solute particles through the slab
of a porous material with the value of the pressure drop ap in the solvent and the
solute concentration jump ap [20],[21]. Here the phenomenological coefficients L,
L,p, Lpp, Lp are called coefficients of filtration, osmotic transport, ultrafiltration
and diffusion, respectively. The relation

o=— Lyp/Ly (3)

between the osmotic transport coefficient and the filtration coefficient is called mem-
branes reflection coefficient.

The goal of the present paper is to derive using mathematical homogenization
theory a consistent macroscopic model for transport of solvents and neutral so-
lutes in porous media that are permeable for solute particles. We consider as a
microscopic model a system of equations of Nernst-Planck-Stokes type describing a
slow flow of viscous fluid solvent together with the advection-diffusion of the solute
particles through a periodic porous solid microstructure with period ¢ < 1 under
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the effect of potential forces acting on the solute particles through a potential V'
concentrated along the surface of the porous structure.

Such kind of models for flows under osmotic pressure were considered in the case
of one dimensional flows in thin channels by Anderson and his coauthors [8] [7] and
were developed also in [35], [17], [16]. They were applied to simple geometries in
[37], [19], [36]. Neither rigorous mathematical analysis nor numerical analysis of
these models in case of general geometry has been done up to now.

Related mathematical problems for Nernst-Planck-Poisson and Nernst-Planck-
Poisson-Stokes systems for non-stationary electrokinetic models were considered in
papers [25], [30], [31], [6], [5]. In [25] the homogenization problem for periodic
micro-structures for the stationary Nernst-Planck-Poisson-Stokes system is consid-
ered, and formal asymptotic expansions for solutions are constructed. Rigorous
justification of convergence to homogenized solution is given for the non-stationary
Nernst-Planck-Poisson-Stokes system in [31], [6]. Similar results for non-ideal trans-
port when finite size of ions is taken into account, were obtained in [5]. A number
of works on electro-osmosis in porous media is available in physical literature, see
for example [12],[9],[29].

The main results of the present paper are following. Introduction and math-
ematical analysis of a new model for the microscopic picture of osmotic flow for
non-electrolyte (not charged) solute transport at the pore level. Derivation using
mathematical homogenization theory of new effective Darcy’s type equations for
the flow under osmotic pressure distributed within the porous media. The new for-
mula (5.3) for the distribution of osmotic pressure inside the porous media gives a
quantitative answer about the nature of the osmotic transport. Coefficients in the
derived homogenized equations relate values of the phenomenological coefficients in
(2) with properties of the osmotic flow at the pore level.

The present paper deals with the stationary transport of neutral solute particles
where the potential of forces acting on the particles is given and can grow infinitely
for points approaching the boundary. This leads to possible degeneracy of the dif-
fusion equation in the vicinity of the boundary and to corresponding complications
in mathematical analysis. In this respect the considered model is mathematically
more complicated than models for electro-osmosis where the potential satisfies the
Poisson equation and is regular. One of the new features of the studied problem is
the choice of boundary conditions for the flow equations describing a flow through
a reservoir with prescribed pressure drop between the inflow and outflow parts of
the boundary.

We consider in the present paper an N-dimensional porous structure with N =
2,3, that fills an open domain €2 surrounded by solid lateral walls 'y and by flat
inflow and outflow boundaries S; and S in two planes orthogonal to one of the
coordinate axes. It is assumed that I'g is a Lipschitz continuous surface.

Through this paper we suppose that the boundary of the porous structure is a
Lipschitz continuous and periodic surface. The periodicity cell is denoted by Y.
Without loss of generality we suppose that ¥ = [O,l)N We denote by Yp an
open set on Y and assume that it is Lipschitz and its periodic extension to RY
is a connected set. In what follows we refer to Y as the fluid part of the porous
medium. Ys = Y\Yr denotes the solid part of the structure in Y. The scaled
periodicity cell is denoted by Y¢. Cells including the structure match exactly the
outflow and inflow boundaries S; and Sy of €.
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Q. denotes the fluid part of the domain 2 together with the porous structure,
Q.=0Qn | U eV i

and 0€). is its boundary. T'. is the solid part of the boundary 0¢). of the flow domain
including the structure boundary and the solid boundary 'y of 2. The inflow and
outflow parts of 0€). are denoted by S7 and S5.

We denote by C. the union of scaled periodicity cells that are completely included
into the domain :

C. = (Y +1), Ke={iezZN :e(Y +i) C Q.} (4)

U e
icKe

The fluid solvent is described by the Stokes equations for velocity u. and pressure
pe with external forces coming from friction between the particles and the fluid. We
impose non-slip boundary conditions for the velocity u. in the Stokes equations
on the solid boundary I'. and impose boundary conditions on the inflow and out-
flow boundaries S and S5 for pressure p. as constant values P; and Ps, and for
tangential component of velocity as u. , = 0.

The solute concentration p. satisfies the advection diffusion equation with drift
force defined in terms of the potential V. with support concentrated along the
solid boundaries. V is a periodic function on Y, and we denote the scaled potential
by Vo(z) =V (%) We apply zero normal flux boundary condition for the solute
concentration p. on the solid boundary I'. and the Dirichlet boundary conditions
for p. on inflow and outflow boundaries S7 and S5 defined as S7 = S; NQ.,i=1,2.

We consider a boundary value problem for the system of PDEs consisting of the
Stokes equations for velocity u. and pressure p. of the solvent with the osmotic
force p.VV, and the advection-diffusion equation with advection velocity u. and
drift term div (kp:VVZ) .

The strong formulation of the boundary value problem reads:

pAu. —Vp. —pVVe = 0, z€Q; (5a)
div(iue) = 0, x€ Qg (5b)
u& = 07 S FE? (5C)
pe=Pi u., = 0, €S i=12. (5d)
for the Stokes equations and
1

Ap, + ;div (peVVL) = Xdiv (peus), x € Qg (6a)

1
<vp€ + ; (PeVVe) - Ape”a) n = 07 M FE; (6b)
pe =0, =z€ Sfa Pe = 92ﬁ€(x)7 x € SS? (GC)

for the advection-diffusion equation. Here p is viscosity, A is diffusion constant, x
is the mobility of solute particles, f2 > 0 is a constant, and f.(z) = exp(—§Vz(x));
n is the exterior normal on 0f)..
The weak formulation of problem (5)-(6) and conditions for well posedness of
this problem are given in Sections 2 and 3.
We notice that according to the Einstein—Smoluchowski relation [14], [34]
A g (7)

K
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where T is absolute temperature and k is the Boltzmann constant, and van’t Hoffs
formula (1) for osmotic pressure can in our notations be rewritten as

De,osm = Pe (2) (8)

To illuminate the effects of osmosis in the Stokes equation we observe that

—pVV. = — (2) BV (peBt) + (2) Vpe 9)

and rewrite the equation (5a) as
pAu. — Vpe + (2) Vpe — (2) BeV (pBZ") =0, z € Q.. (10)
with the expression (%) Vp: = VpPeosm for the osmotic pressure (8) included

explicitly.
We formulate here also a boundary value problem for pressure that follows from

(©)

Ap. = —div(p.VV.), z€Q; (11)
Vp.-n = 0, zel,
pe = P, xe€S,i=12.

Only the difference 0P = P; — P3 between pressure values at the inflow and
outflow boundaries S; and S has physical meaning. We will control only 6 P and
will normalize pressure by the condition

/Q pedr =0 (12)

The main result of the work is deriving a limit macroscopic system consisting of
an effective diffusion equation (95) and a Darcy type equation (96) with additional
flux representing the effect of the osmotic pressure distributed within the structure.
In the case of a flat membrane, the corresponding effective matrices Bp and Bosm
(90) in (96), are related to the filtration and osmotic transport coefficients L, and
L,p in the Kedem-Katchalsky formula (2).

The paper is organized as follows. In Section 2 we provide the problem setup
and obtain apriori estimates in weighted Sobolev spaces for solutions of the studied
system. In the second part of this section we use contraction arguments to justify
the well posedness of the system under consideration.

In Section 3 we pass to the two-scale limit in the advection-diffusion equation
with potential forces. Here we use two-scale convergence in the variable spaces
approach [39].

Section 4 is devoted to the homogenization of velocity and pressure satisfying
the Stokes system with osmotic forces originated in potential forces acting on the
solute and in the density gradient of the solute.

The goal of Section 5 is to derive the macroscopic Darcy’s law with osmotic
pressure distributed within the porous structure. The result is obtained by excluding
the fast variable from the two-scaled effective system of equations.

Finally, in the Appendix we adapt results on the Friedrichs and Poincare type
inequalities from [22] and [27] to the weighted Sobolev spaces specific for our prob-
lems. Also we provide nontrivial examples of potentials and corresponding weights
such that the desired Friedrichs and Poincare inequalities hold true.
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2. Weak formulation of the problems and a priori estimates.
2.1. Apriori estimates for the advection diffusion equation with drift by

osmotic forces. We derive in this section a week formulation of problem (6) in
terms of weighted spaces Lo (., B-), W4 (Q, B.) with scalar products

(0,100 = /Q (6€) Bde (13)
0,6) — | (66 +V6-VE)Bod 14
( g)w2 (Qe,8:) /QE( £+ €) Bedx (14)
and weight
Be(a) = exp(= 3V (a/2)). (15)
The space L, (€2, B) is defined by the norm
101 6. = | 161 B (16)

Typical potentials V. (z) in our problems are nonnegative and bounded on compact
subsets of )., and are rising, may be infinitely, for points tending to the solid part
I'. of the boundary of €.

By using the formula:

T (YY) (a7

with B-1 = 1/(8.), the following symmetrization

div [5( xS us)—V(psﬁsl)ﬂ:O (18)

of the advection diffusion equation with potential forces is achieved.

We multiply the advection-diffusion equation (6a) by an arbitrary function of the
form B € W} (Q., B.) and integrate the resulting relation by parts using (18).
Boundary conditions imply that after integration by parts the sum of all fluxes on
the solid boundary I'. is zero.

/Q V(050 -V (45 Bodw — / (peB) e -V (81 fedz (19)

= 5 Z /S (827) [ (98] Bt + 3 /S e {;} (m&;l)] Bedo.

The last formulation motivates the introduction of the Hilbert space W3 (€, B:)
defined in (14).

Conditions on potential. We consider the weighted space W (Q., 3.) with
the weight 8. = exp(—5VZ) and suppose that

/Bev (psﬁgl) = V,De +

o the Friedrichs inequality in €, with zero boundary conditions f = 0 on S},

i =1,2 is valid:
N
i=1 /Qs

Q.

oz, f da:] (20)
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e the spaces Wi (€, B.) and W4 (., B.) are compactly embedded into the space
Lo(Qe, Be). It implies that the Poincare inequality

( /Qgﬁgdx)‘l /ngﬁgdﬁé [

is valid for all f € W3 (e, B:).
e the space W (., B:) is continuously embedded into Lg (QE, (65)3).

If0<c< B: < C < +oo on €. these conditions are satisfied in dimensions
2 and 3.

0
8@-

f

/ P2 Bda < Cy
Qe

: ﬁgdx] (21)

The connectedness of €2, and positivity of 5. on €. implies that the measure S.dx
is ergodic in the sense of Zhikov [39]. By other words the equality an |Vf|2 Be dx =
0 implies that f is constant almost everywhere with respect to the measure f. dz.

Potentials V. (z) appearing in the problems of interest are natural to interpret as
functions of the distance dr(x) from the solid boundary I'c: V.(z) = V.(dr(z)). If
the potential V. (z) goes to infinity when = approaches the solid boundary T, that
can naturally happen in applications, the weight 5. (z) degenerates at T';.

We provide in the Appendix a number of sufficient conditions for the Friedrichs
inequality and the Poincare inequality in weighted Sobolev spaces from [27]. We
also give examples of potentials V. (dr(z)) such that these conditions are satisfied
for the weight B () = exp {—5V.(dr(z))}.

For later analysis of the coupled advection-diffusion and Stokes equations we
consider first two auxiliary problems for the equation (19): one with homogeneous
boundary conditions on S§ U .S§ with a given right hand side, and another one with
inhomogeneous boundary conditions and zero right hand side.

The first problem in weak form reads: given G € [La(Q, 8)]" find b5t €
W3 (Qe, Be) such that b. 3! satisfies the integral relation:

| Vs v s o= [ 6o (s ) e (22)

and the boundary conditions

oV,  0Ob.
bE‘SfUSS = 0? <_Gn + bEE + )

A On on =0

e

for an arbitrary function ¥3-1 € Wi (Q., B:) that satisfies boundary conditions
Ylgeuss = 0.

on the inflow and outflow parts S7 and S5 of the boundary. Here G,, stands for the
normal component of the vector function G. For the coupled system of advection-
diffusion and Stokes equations we will substitute G with G = % (Peﬁg_ 1) Ue.

The Friedrichs inequality implies that problem (22) is coercive and the solution
operator Ry (G) = b8! is bounded from [Ly(Q, 8.)]" to Wi (Q., B.). Namely
the following bound holds:

IR1 (@) lwyen ) < Cre 1G] crpoyy - (23)

Notice that according to (20) the constant Cz, does not depend on e.
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The second auxiliary problem in weak form reads: find a.3:! € W3 (., B.) such
that a. satisfies the integral relation:

|V (as) ¥ (057 eda =0 (24)

= @5- aﬁ%+aa5
s5 X on on

for an arbitrary function ¥3:-1 € W4 (., 3.) that satisfies boundary conditions

and the boundary conditions

a.p!

=0 (25)
Ie

—0- -1
Sf - 07 a€65

Ylssuss =0
In order to construct a solution of this problem, we first introduce a function
a-(x)Bt € Wi (Q, Be) such that with constant 65 > 0
dap; !
on

Es(m)ﬂgl(m)zﬁg, x € 55; Es(x)ﬂgl(x):(), x € Sy; =0, z €T,

and ”EiSHWZl(SZE,ﬁE) < Cbs.
We represent a.8-1 € Wy (Qe, ) as the sum a. = g. + a. with g.3-! €
W3 (Q., B:) satisfying the following integral relation

/V(gsﬁgl)-V(w;l)ﬁsdx:—/ﬂ V(@) -V (Bt) Bedn (26)

e €

for an arbitrary function ¥3-1 € Wi (Q., B:) such that
1/’|s;us; =0, (27)
and the boundary conditions
agsﬂ‘;l
on

Combining an energy estimate following from (26) with ¢¥8-1 = g.3-! and the
weighted Friedrichs inequality (20) we obtain by means of the Lax - Milgram lemma
the existence and uniqueness of solutions to (26).

The corresponding solution operator Ra(62) = a.3-1 is bounded and satisfies
the estimate:

ge(x)BH(x) =0, z € S§USS; =0, zel. (28)

HRZ(GQWWZ}(QE,BE) < CRr,b02 (29)

2.2. Weak formulation and apriori estimates for the Stokes equation. We
introduce the space

D#(9) = { € [0 (Q)]" s div () =0, ¢l =0, ¢rlseigy =0} (30)

of smooth solenoidal vector valued functions equal to zero on the solid part I'. of

the boundary, having zero tangential component ¢, on the inflow and outflow parts

of the boundary S U S5, and possibly non zero normal component ¢,, on S§ U S5.
We will also use the space

N .
Jfb(Qe) = {90 € [Wzl (Qe)} : le((p) =0, (P|FE =0, @T‘Sfusg =0 } ) (31)

and the space

#1 1 N
w3(©) = {pe W3 ()] : elp, =0, prlgus; =0 }- (32)
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A weak formulation of the Stokes boundary value problem with given constant
pressure p. = P; and tangential velocity u. , = 0 on the inflow and outflow bound-
aries S¢, 1 = 1,2, is formulated following ideas in [13] and [18].

We find a function u. € Ji(Q.) that for arbitrary ¢ € Ji* () satisfies the
integral relation:

A
p (Vue, Vo) + " (st (psﬁgl) ;‘P)
A (33)
= —/ <P1 — Py + H0265> p-ndo; @€ Jf#(Qg).

To derive the weak formulation (33) from the strong one we multiply the Stokes
equation (10) by a solenoidal test function ¢ € D#(€.) and integrate by parts
taking into account boundary conditions: u. = ¢ = 0 on the solid boundary I';;
pe = P; and Ue » = @, = 0 on the inflow and outflow boundaries S, ¢ = 1,2. This
yields

Oue ; 3901 Oue Oug
Au, - pdz = T, dS.
/ el = Z/ Oy, 51% /s;us; on ds+/57§usg on 74

We observe that in the case of dimension N = 3, for two orthogonal tangential
directions 7 and 79 on ST U S§

aus,n aus,n aus,‘rz
on 0%+, 0%+,

aus T

= div(us) = 0.

Condition u. = 0 on S7U.S5 implies that + 8% -2 =0 on S7US5. Therefore
aua n o —

5. =0 on SfUSS and it leads to the followmg s1mphﬁcat10n
Oue ; 8301
A dr =
/ te Pt = / Z Oxy, 33%
Similar formula evidently holds for dimension N = 2. Together with the relation

/ (Vps - Vps> pdr = )~ / (Pi — 2P6B€> ¢ - ndo

i=1,2

= / (P1 — Py + 292[35) @ - ndo

following from the constraint div(¢) = 0 and from the boundary conditions (6¢),
(5d) for p., pe it implies the equation (33).

Suppose that 5. (x) € W21/2 (S%) and ||BE||W21/2(S_E) < O3 with constant Cz inde-
pendent of €. It is valid for most reasonable potentials V' for example for V(z) =
[dr(z)] %, k > 0, because the tangential gradient of fB.(z) on S¢ is V,fB.(z) =
— (%) V-V (£)exp(—5V(£)) and the restriction of S:(z) on Sf is a periodic func-
tion with period € on cells of dimension N — 1. There is an auxiliary function
II. € W4(Q.) such that

— A
e (z) = Py — EGZﬁa(x/E)
for x € S5, Il.(z) = Py for x € S5, and

— — A
||H€||W21(Q€) < O(}Pl - P2| + ;92) (34)
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with the constant C' independent of . We reformulate the equation (33) by sub-
stracting I, (z) from the pressure p,. Find function u. € J7* (Q.), that for arbitrary
¢ € J¥(.), satisfies the integral relation:

A
pn(Vue, Vi) + = (B:-V (pB1) sp) — (VIL,p) =0; € JF(Q)  (35)

similar to (33) but with zero boundary terms on S¢.

For a fixed p.3-1 € W3 (9, B:) and for II. € W3(€2.) this equation and the
equivalent equation (33) have a unique solution in Jl# (Q.) by the Lax Milgram
Lemma since the linear functional £() = (8:V (p-8=") , ¢) — (VIL., ¢) is bounded

in J7(Q.). This argument is classical, see [23],[13], [18]. We consider corresponding
estimates in more detail later.

We deal in this section with estimating solutions of the Stokes equation. This
estimate is crucial for the homogenization analysis.

We consider first a general form of the Stokes equations with zero boundary
terms on ST and S5:

(VUE’VLP)[L Q )]N (Q7 )L2 [ )]N - O 2 € JI#(QE) (36)
Consider this integral relation for ¢ = wu,:
1% HVUE||[2L2(QE)]N2 + (Qa UE)[LQ(QE)]N = 0; Ue € J;#(QE) (37)

The scaling argument for Friedrichs inequality on the periodicity cell implies

(Qaus)[Lz(Q V| = ||QH [La(Q)Y ||UsH LoV = C5||QH [La(Q)Y ||VU5||[L Q)N
and

Vel v =€ [E”Q”[Lz(m)}N} '

and after one more similar argument an a priory estimate for the [Loy (QE)]N norm
of u, follows:

il < C [ 1@l 0] - (38)

Therefore the solution operator S;(8:V (psﬁgl)) for the problem (36) with @ =
%&V (peB: 1) satisfies the estimates

181(8-V (/’65;1))H[L2(QE)]N2 < ¢ 7CH/’E 1HWl(Q Be)? (39)
HSI(ﬂEV (peﬁs_l))|‘[w21(95)]” < ¢ ?,U,C Hpaﬁs_lnwr}(ﬂsﬁs) ’
The problem
1 (Vue, Vo) — (VIIe, ) = 0; ¢ € J7 (). (40)

with the potential Il representing as above, the effect of the hydrostatic pressure
drop P; — P2 between S and S5 together with the classical osmotic pressure %pg,
has a solution operator Sy satisfying estimates

IN

. 1 S — A
[| S (P17P2792)H[L2(Q€)]N 52;032 (’P1 —Ps| + K92> ; (41)

|S2 (P1, P2, 62)

IN

1 N — A
sy < =50 (P =Pl + 22
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Remark. Notice that if the density p. of the solute has a constant value r, on S§
and is zero on S5, the last estimates depend just on a simple balance between the
hydrostatic pressure drop P; — Py and the osmotic pressure posm = Apo:

) (12)

)

3. Abstract contraction argument for quadratic non-linearity and apriori
estimates for the coupled system. We consider now the following joint system
of equations for flow and advection-diffusion. Structure interacts with the solute
through the potential V. and by that acts on the solvent. The Stokes equations
and the advection-diffusion equation are coupled here through the first order terms.
The joint system in weak form reads:

||82 (?1;P27 02)

IN

1 — = A
2
H[L?(QE)]N € Ecsz (‘P1 — Py + ;7“2

||82 (P13P2702)

IN

1 [ — A
5*052 <‘P1P2+7’2
y2 K

H Wlﬂ)]

[ V1028279 (v57) e
Qa

1 (43a)
=5 [ @5 e 9 () e

,u(VuaVSD)[LZ(Q N2 +— (55 (psﬁgl) 7@)[L2(QE)]N

- (VHE? @)[L2(QE)]N =0,

(43b)

with velocity u. € J¥ (), arbitrary ¢ € J7(Q.), scaled concentration p.3;

#
€ W3 (9, B:), arbitrary ¢¥8-1 € Wi (Q, Be), with p.(x)B-(z) = 0, for z € S5,
and p.(z)B71(x) =0 for x € S§.
We reformulate this system of equations in abstract form using notations for
solution operators of the decoupled auxiliary equations considered above:

psB;I = %Rl (psﬂglus) + RZ (02) (44&)
u. = S1(B.V (pgﬁs_l)) + S (F1,?2792) (44b)

Formally we can write down a non-linear operator equation for p. only:

peBt = an (=B [S1(BV (p=B1))])

1 L (45)
+XR1 (pB" [S2 (P1, P2, 62)]) + R2 (62)
and want to show that for small € the nonlinear operator
1
B(peB") = 3R (peB2 [S1(B=V (p=B2))])
1 - (46)
+XR1 (p=B" [S2 (P1, P2, 62)])

in the right hand side of (45) is a contraction in W3 (€, ).
To reach this goal we estimate first R (psﬁe_lue) and (psﬁgl) ue that appear
in the weak form of the advection-diffusion equation. The Holder inequality, the
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estimate 8. < 1 and the Sobolev imbedding theorems W;/Z(QE) — L3(Q:) and
W(Qe, B) = Le(Qe, (8:)°) for weighted Sobolev spaces yield
-1 -1
[(p<B") uf”[Lz(Qg,ﬁs)][N] < Huellipy oy (<2 )HLG(QE,(,BE)3)

wl(p-B2Y) 7

< C e (Wi W3 (Qe.8:)

(@)
We point out that despite the fact that 2. depends on e, the last estimates are
uniform with respect to € — 0 because the porous structure boundary I'; is Lipschitz
on the periodicity cell Y and therefore admits a uniformly bounded extension within
the same Sobolevs class.
The interpolation inequality
1/2 1/2
<

(A {ij/?(ﬂs)]N <C ||u5H[L2(QE)]N Hu5||[W21(QE)]N (48)
together with the earlier estimates (41) for the Stokes solution operators implies
that

[$105:9 e8|y

IN

A —
53/2@0 (|| [pe: 1] ||W21(QE,BE)> ’ (49)

53/2M710 <|P1 7?2| + 202) .

@)]"

||82 (?13P27 02

IN

) || {Wzl/z(ﬂs)] N

Using estimates (49) and (47), for the operators Ry ((08:1) [S1(8-V (p<-1))])
and R ((paﬁa_l) [82 (ﬁl,ﬁg, 92)]) we obtain the following inequalities :

Ry ((68") [S1(B=V (Psﬁs_l))])uwg(as,ﬁs) <
C[(657) $1(8:V (peB Dl n, ey < (50)
O[89 (o= N 240 108)

C 8308 (82 DI e 1816529 B2 DI e 16057 Dg i =

(€2) Wy (Qe,B:) <

A B 1/2 B 1/2 B
C@ (52 H [peﬁs 1} ||W21(QE,BE)) (5 H [paﬁs 1] HW%(QE,,HE)> H(Qﬁs 1) ’|W21(QE,/35) =

(955_1) ’|W21(QE,BE)

A _
53/2@0 ” [Pfﬁs 1] HWzl(QE,,HE)
and similarly

HRI ((peﬁs_l) [82 (?1»?2792)])HW21(95,55) =

CHSQ(Plaﬁ%eQ)H[ (51)

wirran]” 105 o <

— D D. A -
83/2M i¥s; (‘Pl _ P2| + H92> H(peﬁs 1) HWzl(Qg,ﬁs)

The last two estimates imply that in any ball of radius Ry in W4(Q.,3:) for a
sufficiently small € the operator B (pE B 1) is a contraction. Indeed,

A[B(pBt) = B(0-81)] =
Ri{pB:" [S1(BV (p821))] = 08 [S1(BV (0-8.1))] } +
Ri{[(p: = 0)] B [S2 (P1, P2, 02) ]} =
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Ri{pB" [S1(BeV (p=B1))] = peBt [S1(B:-V (0:-51))] } + (52)
Ri{p-B:" Smevvn—aﬂ4wm9vnﬂ}
+R1 {[(Pe - 95)]5 [52 (P1,P2,92)]} =
R {pBS1((BV ([p — 0] B1)) ) +
Ri{lpe — 0] 618 (55 (s )}
+R1 {[pe — 0] B [S2 (P1, P2,62)] }
and finally

MB (p51) = B (0-8:) i o) <

|([peB" = 0-5]) ng(ﬂs,ﬂs) (53)
[(0=8) lwa o6,
2¢ (\Pl — Pa| + /\92> | ([peBt = 0-81]) HWZI(QE,BE) <

2212 (108 Mgy + 1028 Dy ) +

Oﬂ_pﬂ+ﬁg}mm—&mﬁwmmwa

Choosing ¢( so that

C (A - A
(50)3/2 yv [H2R0 + (\Pl - P2| + Heg):| <1/2 (54)

A
32

C ||[pB"] s 62,09

)\ _ —
#2220 8 =08 g

we conclude that for any & < gg the operator B is a contraction in the ball of radius
Ry in W3(Q., B-) and maps this ball into itself.

Theorem 3.1. For 0 < ¢ < gg with e¢ satisfying (54), the nonlinear operator
equation (45) corresponding to the system of equations (43) has a unique solu-
tion p.B=t € Wi (Qe,B:).The system of equations (43) has a unique solution
(peBt us) with pft € W3(Qe,Be) and u. € Jf(QE) satisfying the following
estimates with constants C' independent of ¢:

lpeB Ny o) < Clo (55)
e - = )\0

||u5||[W21(QE):|N < ;C ‘Pl - P2| + P (56)
g2 — = A

[uellip, @y < ¢ |P1 = Ps| +—6, (57)

We notice that P, — Ps is the pressure drop between inflow and outflow parts of
the boundary ST and S5, and the expression %92 is similar to the classical formula
(8) for the osmotic pressure in the vicinity of an impermeable membrane.

4. Homogenization by two-scale convergence for the concentration of so-
lute particles. This and the next section are devoted to passing to the two-scale
limit [3] [26] in the system of equations (43) and obtaining a homogenized limit
problem. Uniformity of the obtained estimates lets extend solutions ., (pgﬂe_ 1) to
the whole domain € in such a way that estimates (55)-(57) hold for the extended
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functions with a constant C' that does not depend on €, see [1]. We also extend
Be by zero outside (). for convenience. We keep here the same notations for the
extended functions.

We rewrite the weak formulation of our problem (5)-(6) introducing an indicator
function 1q_, test functions ¢8-t € Wi (€, 8:) vanishing on S§ U S5, and test
functions ¢ € Ji* (Q.):

V08 ¥ ) petade = 5 [ (08) 0¥ (0.) Bedads G
Q Q

[ 19 Qo V) det [ 55 (pu57) - () da— [ VIL-(1og)de =0, (59)
Q Q Q

Estimate (55) for concentration is formulated in terms of weighted Sobolev space
depending on the parameter . It makes two-scale convergence of functions p.3:!
and V (pa,é’a_l) in weighted Sobolev spaces W4 (RN, 1Q555d37) depending on the
parameter € an appropriate tool for deriving a homogenized model. We refer here
to several relevant definitions and results from [39].

Let p be a periodic Borel measure normalized on the periodicity cell Y: p (V) =1
and p. be the scaled measure defined by

e (B) = < (')
for each Borel set B. The measure pu. converges weakly to the Lebesgue measure
dx in the sense that [,y pdue — [pn @da for any ¢ € Co(RY).
We consider a sequence of measures p. and a sequence of functions z. € La(€,
dpe) and test functions ®(z,y) = ¢(z)¥(y) with ¢ € CF°(Q) and ¢ € Cpg (Y),

where C5¢, (Y) stands for the space of smooth periodic functions on Y.

Definition 4.1. The sequence z. such that 2]}, 4,.) < const is weakly two-
scale convergent to a periodic in y € Y function z = z(z,y) € La(Q X Y, dadu) =
Lo(QxY) , or z.(x) 2 z(z,y), if

lim [ ®(z, e 2)z(2)dp. = / / D(x,y)z(x, y)dzdu

€20 /o oty
for each test function ®(z,y).
Proposition 1. If the sequence z. is bounded in Lo(2, du.), then there is a sub-
sequence that converges weakly two-scale to some z = z(x,y) € Lo(Q X Y, dzdp)
periodic iny €Y.
Definition 4.2. The sequence z. is strongly two-scale convergent to a periodic in
y € Y function z = z(x,y) € Lo( x Y, dxdu) = La(2 X Y) | or z.(x) 2 z(x,y), if
lim [ ve(x)ze(x)dpe = / / v(x,y)z(z, y)dedu

Q oty

e—0

for any two-scale weakly convergent v.(x) 2 v(z,y) .

Taking ve(x) = z.(z) gives
lim [ (z2-(z))° dusz//ZQ(x,y)dwdu. (60)
e—0 Jo oJy
Proposition 2. The following properties of weak two-scale convergence are useful.
1. If z(x) B z(z,y) and a € L*(Y,u) is a periodic function on Y, then

a(e7') ze(2) 2 aly)z(z,y)
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2. If z.(x) Ea z(z,y), then z(x) = [, z(z,y)dp = Z(x)
3. Weak two-scale convergence z(x) 2 z(z,y) together with (60) implies strong
two-scale convergence.
Theorem 4.3. [39]. Let u be an ergodic measure, and assume that the following
conditions hold:
2s
ze(x) = z(2,y)
Ve (@)L, auy~ — 0

Then the two-scale limit z(x,y) is independent of y: z(x,y) = z(x).

ol
Theorem 4.4. [39]. Let p be an ergodic measure, z. € Wo(Q, ue), 2. and Vz, be
bounded in [Ly (S, due)]™ and

Ly

p(x,y)

ze(x)

%

Vi (x)
ol
Then z(xz) € W4(Q2) and
Vze(x) 2 va+ v(z,y)

where v € L*(Q, Viot), and Vpor is the closure of gradients of smooth periodic func-
tions on Y in norm Lo(Y, fdy). Poincare inequality implies that in our case any
such function is a gradient of a periodic function from W34 (Y, Bdy).

Turning to our problem notice that the measure dy, = 8: 1q_dx converges weakly
to the measure 1o Bdx with

B=[ Blydy
Yr
in the sense that [,y B:1q pdzr — [on LloBeda for any ¢ € Co(RN).
Theorem 4.5. The diffusion component p-3-1 of the solution (ug,pgﬂgl) to sys-

tem (43) converges strongly in La(Q,duc) to a solution ©° of the boundary value
problem:

div (AegVO°) =0 (61)
with boundary conditions for ©°(x) the same as in the original problem:
e, = 0, O =6, (62)
AQHV@O . TL}FO = 0.
with a positive definite matrix Aeg defined by
Aot = [ (1+19,x(0) B 1 (1) (63)
Here x(y) is the periodic solution to the cell problem
div (B(y) (Vyx +1)) = 0 (64)
0

()

8yn n(y)7 yea S
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Proof. The Ly(€2, dp.) uniform estimates for p.5-" and V (p.8:') and the ergod-
icity of the measure 1g_f.dr imply according to the properties of the two-scale
convergence above that for a subsequence € — 0 it holds

Peﬂa_l - GO(x)7 (65)
V (p-B:1) 2 V,0°(2) + V,0' (2,y), (66)

where ©° € W1(Q, Bdz), ©(z,y) € La(Q, WY, B)).
Choosing in (58) a test function 87" = & @1 (£) @2 (x) with smooth o1 (y)

periodic in y € Y, and ¢ (z) € C§° (), and passing to the two-scale limit we
obtain the following equation:

[ [ (7000 + 9,04 @) Tus ) 2 () 80) 1y, sy =0, (67)

where Yr is the fluid part of the periodic cell Y and 1y, (y) is its characteristic
function. Zero limit for the right hand side is an immediate consequence of the
estimates (55)-(57) for solutions. This yields that

/Y (V20°(2) + V,0'(2,1)) - Vyer () BY) Ly (y)dy =0
for almost all z € Q. Therefore

Oz, y) = x(y) - V.0°(x) (68)

with x(y) being a periodic solution to the cell problem (64). The cell problem is
well posed since apriori estimates on W3 (Y, du) are fulfilled.

Choosing now an arbitrary test function ¢ € C*°(£2), ¢ = 0 in the vicinity of
ST U S5, in the weak form of the advection-diffusion equation

/ Y (pe6) -V (9) B Lo da = / (o) e -V (9) e 1 da
Q Q

we in a similar way get

/Q /Y (V20°(2) + [V x(1)] Vo°(2)) B(y) vy (y)dy - Vo () da = 0
and
/ { [0+ 19,00 860 135 () } V,0°() - Vip () dir = 0

Integration with respect to y yields

AetV,0°(x) - Vi (v)dz =0 (69)

Q
which is the weak formulation of (61). The boundary conditions (62) are evidently
inherited from the original system. Strong convergence of p. 3! to ©° follows from

the apriori estimates (55) and the compactness of the embedding from W} (€., 5.)
to La(Qe, Be). O

We notice that the limit equation for the scaled concentration p.3: 1 is decoupled
from the flow equation. But p.A-! plays a role in the Stokes part of the system
and its limit ©° enters a homogenized Darcy type equation for flow.
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5. Homogenization by two-scale convergence for the velocity and pres-
sure of the solvent. Now we consider the two-scale limit for the Stokes equations
(33). We need to extend the velocity field and pressure to the whole domain 2 to
consider two-scale limits of solutions in a fixed domain. Velocity u. is extended in
a trivial way by zero with apriori estimates preserved for the extended function:

~ ue in Q.
Ue =
0 in O\,
The extension of the pressure p. is more tricky and needs sophisticated estimates
uniform with respect to € to carry out a limit when ¢ — 0.

5.1. Extension of pressure. The homogenization of the Stokes equations relies
on an extension of pressure and on uniform with respect to € estimates for pressure:
[32], [2]. The following technical lemma from [11] is used here in the construction.

Lemma 5.1. Let g € Lo(Q.) and an gdxr = 0, and assume that the cell domain

YFr can be represented as a finite union of domains with Lipschitz boundaries. Then
o

N
there is a vector valued function w. € WQI(QE)} , such that div(w;)(z) = g(z)

and the following estimates are satisfied:
1
||wEH[L2(QE)]N <cC ||g||L2(Q€) ) ||Vw5||[L2(QE)]N2 < gC ||9||L2(QE) (70)

with C > 0 independent of € and g.

Lemma 5.2. For the pressure p. mormalized by fQ pedxr = 0 and satisfying the
equations (5) the following estimate holds:

[ — A
-l < € [ (P~ Pa) + 20, ™)

with C > 0 independent of €.
Proof. Using lemma 5.1 and recalling our normalization for pressure we construct

o N
a function w, € [W%(QE)} such that div(w.) = p. in Q., and

IN

1
EC [1Pell 200 (72)
C ||pEHL2(QE)

IVwell( 1, (0.~

IN

”wEH[Lg(QE)]N

Multiplying the Stokes equation repeated here from (10)

A A
pAu, — Vp. + </<> Vpe — <H> BeV (pBZ") =0, € Q.

by we, integrating the resulting relation by parts over (). we obtain

. A .
(e, div (we)) 0 = “(VUE’VU}E)[LZ(QE)]NZ + ((/{) pe, div (ws)>

+ ((2) BV (paﬁg_l) ;w5>
[L2(Q))

L2 (QE)
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and pointing out that [, div(w.)dz = 0, we get
2 A
HpEHLQ(QE) = p1(Vue, vwﬁ)[Lg(Qs)]NQ + - Pe; Pe

+ ((2) BV (psﬁg_l) 7w5>
[L2 ()Y

L2(82) (73)

Combining estimates

A
(ﬁsv (peﬁs_l) 7w5)
R [La(2)]Y

((2)-r-)
- pa»ps
K Ly ()

with estimates (55), (56), (72) for pe, ue, Vwe, w. we receive the following estimate
for pressure p.:

IN

A -
= loeB= s g0y IPell Lo

IN

A _
E Hpaﬁg 1HL2(QE,[35) ||p€HL2(QE)

2 = = A
1Pllzy ) < € (’Pl — Ps| + ;92 [Pell £y

A _
+; Hpsﬂe 1HW21(QE765) HpEHLz(QE,ﬁg) ’

which yields (71).
Denoting Y, = e(Yp + 1), Yy = e(Ys + i), i € ZY , and using the estimate
(71) we can extend pressure from Q. to € by

1
— / pedz, InYSg
Ye | YR . (74)

i, F
: €
e inY{p

P =

as in [2] for Y7g C Ct. If the porous structure crosses the lateral boundary Ty of
one can [2] complete this definition by extending p. by zero on Q\C.:
P =p.in (N\C:)NQ,, P°=0in (Q\C.)\Qe
O

5.2. Homogenization for velocity and pressure in the Stokes equations
with osmotic forces. In this section we deal with the Stokes part of the system
(58)-(59) and consider properties of the two-scale limits of the extended velocity u.
and pressure P¢. The estimates (56), (57), (71) for velocity and pressure imply that
there are functions ug(z,y) € La(€; [W;(Y)]N), &o(z,y) € La(8; [LQ(Y)]N2>7 and
po(z,y) € La(Q x Y) periodic with respect to y € Y, such that extensions pe 2.,
pue Vi, P¢ converge two-scale to these functions:

pe 2. 2 ug(z, y) (75)
pe Vi, 2 gz, y)
pe 2_8\ pO(xv y)

It means that

lim | pe%u. v (w, g) de = //uo(ac,y)\lf(x,y) dydz (76)
Qv

e—0
Q
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//éo z,y)= (z,y) dydx
//poxy (v,y) dydx
QY

for any ¥ € C§° [ [Coe (Y )]N}, any = € C§° [ [Coe (Y )}N} and any @ €
Co° [ Coe(Y)].
Integrating by parts in the second of equations (76) and passing to the two-scale

limit leads in a standard way to

//50 (2,9)= (z yMM?ﬁZiE{é/Mé”V%E(m,%) dz =
Q
lim [ pe=2a. (sdivgg (E (x g)) + div, (E (a: g))) dz —

Q

lim [ pe 2u,;divy< T, — dx—//uodlvy (E(z,y)) dxdy

e—0
Q

hm pe V.2 (:L' 7) dz
Q

lim [ P°® (x f) da
e—0 £
Q

and after integration by parts with respect to y over the periodicity cell Y to the
relation

So(z,y) = Vyuo. (77)
The two-scale limit po(z, y) has a specific structure that is one of the main results
of the present paper. We express it in the following lemma.

Lemma 5.3. The two scale limit po(x,y) of P¢ is the sum of a function p(x) that
can be interpreted as hydrodynamic pressure, and a term expressing local osmotic
pressure:

po(z.) = plw) ~ 26°()5(y) (73)

Proof. Multiplying the Stokes equation (10) by a test function ei(x, Z) where
Y(z,y) € C™ [Q; [C‘X’(Y)]N} and has finite support in Q x Y}, and integrating
the resulting relation by parts we get

|
e (Vue, Vath + Evyw) e (BV (pB)  ¥) 1y +

[La2(Q)]Y
Ao 1
E(PE - BEE (peﬁa ) 7d1Vz¢ + gdlvydj)Lz(Qs) =0

Passing to the two-scale limit in

: -1

lim e {“ (Vue, Vo), w2 T 1 (Ve VW)[M(QE)]NQ] B (79)
. A _ . A _ .
lim e <ﬁa (psﬁg 1) adlvxw) +e 1(7&5 (peﬁg 1) adlvy¢)L2(Qg) (80)
=0 K [La ()Y K

+ ;1_12%8 (P, diva) ry 00y + € (Pey divyd) 1,00 ]

+lim e (B (0821) ¥) 1y o] =0 (81)
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and using (66) and (68) implies a relation between the two scale limit po(z,y) of

pressure P° and the two scale limit ©° of the scaled concentration p.3:!:

/ / [Po(m»yHi@“(x)B(m div,(z, y)dzdy = 0
QY

Taking into account that 1 (z,y) is arbitrary we yield the desired formula (78). O

Remark 1. We point out that a similar formula was derived in [8] in one dimen-
sional case for an infinitely long cylindric channel.

The same argument in situation without osmotic forces leads to the conclusion
that the two scale limit po(z,y) = p(x) is independent of y.

We proceed with clarifying properties of the two-scale limit ug(x,y) of velocity.
The incompressibility conditions for ug(x,y) and u(z) = fY uo(z,y)dy and bound-
ary conditions for ug(x,y) and u(x) are formulated in the following lemma.

Lemma 5.4.

divyup(z,y) = 0in QxY (82)
div, {/ uo(x,y)dy] = 01inQ
Y
ug(z,y) = 0in Q2 xYg

{/Yuo(x,y)dy}~n — 0onTy

Proof. Integrating by parts the equation div () = 0 with a test function A(z)
that is zero on 0, passing to the two-scale limit and integrating by parts again we
obtain

0= /div (i) M)dz = — /a VA@)dz — — /u VA(z)d = /div(u) ANz)da
Q Q Q Q

and conclude that divy(u) = div, ([} uo(z, y)dy) = 0.

Integrating by parts the equation div (u.) = 0 with a test function A(z) that is
zero only on the inflow and outflow part S; U Sy of the boundary 052, taking into
account the boundary condition . = 0 on I'g, passing to the two-scale limit, and
integrating by parts again

0= /div (tUe) AMz)dx = / Ue - nA(z)do + /ﬂs -n Mz)do — /ﬂe - VA(z)dx
Q

Q S1US2 To
ol U VA(z)dz = /u -n Mz)do + /div(u) Mz)dx = /u -n\(z)do
e—
Q o Q To

we conclude that u(z) - n = ([, uo(z,y)dy) -n =0 for z € Iy.
Integrating by parts the equation div (u.) = 0 with the test function eA(z, z/e)
that is zero on 0f2, passing to the two-scale limit and integrating by parts again

0= 5/div (Ue) Mz, z/e)dx = fs/ﬂa - Vae(z,z/e)dx — /ﬂs -VyMz,z/e)dx

e—=0

Q Q Q
— —L!uo(x,y)~VyA(x,y)dxdy: /YQ/divy (up(z,y)) Mz, y)dzdy
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we conclude that div, (uo(z,y)) = 0. O

6. Darcy’s law with distributed osmotic forces.

Theorem 6.1. The extension ((pe=2) e, P-) of the week solution (35) to the
Stokes equations (5) with osmotic forces defined by the solution pe to the advection-
diffusion equation (6) and with fized pressure drop 6P between S5 and S5 two-
scale converges to (uo(x,y),po(x,y)) with po(x,y) = p(z) — %@O(x),é’(y), where
(uop(z,y),p(x)) is the unique solution of the two-scale homogenized problem

*AyyUQ(fE, y) = *vypl (:Z?, y) - pr(x)
A

+= 1= Vyx(®)] B(y) V.0’ (z) in Qx Vs
divyup(z,y) = 0 in Q@ xY; div, [/ uo(:r,y)dy} =0 inQ (83)
Y
up(z,y) = 0 in QxYs

[/ uo(:c,y)dy} -n = 0 in Ty, /pdx:O
Y Q

Py —Py = 6P; p(x)=P; inS;; wug(z,-) is periodic in Y,

x(y) is the solution to the cell diffusion problem (64) and ©° is the solution of the
homogenized problem (61),(62).

Proof. We follow the way of reasoning from [4]. Choose a test function ¢(x,y) €
o N
Cg° (Q; [C (Y)]N) with ¥(z,y) = 0 in Q x Yg, so that ¥ (z,z/e) € {W;(QE)} .

We suppose also that 1(x,y) satisfies incompressibility conditions divy,¢(z,y) =0,
div, UY Y(x, y)dy} = 0. Multiplication of the Stokes equation in form (10) by the
test function v(x, £), taking into account the incompressibility condition for ¢ in
y, and integration by parts yields

/QE pe(z)div, (?b(x,g)) dm—/ﬂs {2%(3;)] div, (Wf’g)) i

- E [2@ (psﬂgl)} b, e (34)

€
= / pe" *Vug(z) - Vyab(, E)dsc + / uVue(x) - Vb (z, E)d:z:.
Q. € Q. 5

We can replace the integration domain in the last equation with Q and p. with P.
since the test function ¢(z, £) is zero outside ..
Passing to the two-scale limit in the first term in (84) gives the expression

A .

- [ 2e@)Bu)diva (v(a,y) dady
axy kK

because the first term in the two-scale limit po(z, y) = p(z) — 20°(2)B(y) of P does

not depend on y and 1 satisfies div, [fy ¢(x,y)dy] = 0. Passing to the two-scale

limit in other terms in (84) and using (66) and (68) gives

K

| {_Agomﬁ(y)} div s, y) dady
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_ /Q 2 00(2)B(y)diva(z, y)dady (85)

xYy K

- /sm B [+ Vyx()] Vw@o(:v)ﬁ(y)} (x, y)dody

— [ Vyualay) Vyla,y)dady
QXY

The boundary term disappears because of the boundedness of ¥(x, %) and its sup-
port. The last term in the right hand side of (84) disappears by the estimates for
Vue(z). Finally after integration by parts, taking into account boundary conditions
for p(z) and ©°(z) and cancelling two integrals with 20°(z)B(y), the variational
form of the homogenized equation with osmotic forces reads

/Q AT = Vyx () B)V.0° (2 (x, y)dady

xy K
= / Vyuo(z,y) - Vyo(x,y)dedy (86)
QxY

By deunsity the last equation holds for ¢ (z,y) in the Hilbert space V of functions
periodic in y € Y, defined by

bay) € 12 [wi ()] (87)

divy(z,y) = 0in QxY, divg {/ w(x,y)dy] =0in
y
Y(z,y) = 0in Q xYg

[ / w<z,y>dy] n

One can check that the Lax-Milgram lemma holds for the problem (86) and that it
has therefore a unique solution ug(x,y) € V. Let Lg per (Y') be the space of periodic
on Y, square integrable functions with standard scalar product.

By a variant of the Weyl decomposition, see [4] we conclude that the orthogonal

complement YV of V with respect to the scalar product in L? [Q; [L2,per (Y)]N

coincides with vector fields of the form V.q(z) + V,q1(z,y) with ¢(z) € W} (Q)
and q1(z,y) € L?[Q; Lo per (Yr)] having zero mean values over Q and Yp corre-
spondingly. Using this statement and integrating by parts in (86) we get the strong
form (83) of the two-scale homogenized limit for our problem. We must show that
the pressure like expression p(z) — %@O(x)ﬁ (y) arising from the incompressibility
constraint div, [ [, uo(z,y)dy] = 0 is the same as the two-scale limit po(z, y) of the
pressure P°. We multiply the Stokes equation (10) by a test function ¢ (z,y) that
is divergence free only in y: div,¢(x,y) = 0, integrate the resulting expression by
parts as in (85) and identify two-scale limits:

0 in FO

/ p(@)divy (2, y)dzdy

QxY

+/ D [I = Vyx(y)] Vw@()(x)g(w} () dzdy (s8)
QxY

— [ Vyuole0) - V0 p)dody
QXY
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Since the system (83) has a unique solution (ug(x,y), p(x)), the entire sequence
(e, P*) converges to (uo(z,y), p(z) — 20°(x)B:(y)) - O

We are in the position to separate variables in the two-scale homogenized system
(83) and reduce it to a periodic cell problem of y variable on Y and a homogenized
problem of x variable only in the domain 2.
Theorem 6.2. The extension (Ue, P?) of the velocity and pressure (ue, pe) satisfying
the system (5)-(6) converges weakly in [La(Q)]" x [L% ()] to the unique solution
(u,p) of the homogenized problem

u(z) = Bp (—Vp) + Bosm (V@O) in Q

div (u) =0 in
(89)
u-n=0 1 Tg;
p:ﬁi inS’i, Fl_ﬁ2:6ﬁ
where u(zx) = fYF uo(x,y)dy, the values Py and P, are uniquely defined by the

normalization fQ pdz = 0 and the pressure drop P. Bp and Bosm are constant
symmetric matrices with entries defined by

Boe; = /Y (v)dy (90)

wj
Bosmei == / Wl(y)dy
Y

where for 1 < i < N, w;(y) and W;(y) are unique periodic solutions to the cell
Stokes problems

Vyti — Ayyw; = €, div(w;) =0inYp (91)
w; = 0inYyg
and
A . .
VyQi — Ay, W; = - I —Vyx(v)]B(y)e:, div(W;)=0inYr (92)
Wi = 0in YS

Proof. The two-scale homogenized problem (83) is equivalent to (89) through the
relation

(0°@) @)

(7-e'@) o

3
i=1
3

@y = gqu) (~omr) +

i=1

3
wle) = Yuit) (~5er) + L W)
v)

The incompressibility condition for ug(z,y) implies

/Ydivz {gwi(y) (ai,»p) +§;Wi(y) (aii 90(96)) } dy =0

After integrating the last expression over Y and recalling the problem (61), (62) for
©° we arrive at the following macroscopic system of equations for p(x) and ©°:

div (AegVO°) = 0 (95a)
div, (Bp (Vap)) — dive (BosmV20'(z)) = 0 (95b)
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with boundary conditions

g, = 0, O =6 (96a)

AegVO° - n[, = 0. (96b)

p = FZ in Sz 5 ﬁl — FQ = (Sﬁ (96C)

(Bp (Vip) — BosmV20°(z)) n = 0inTy; /pda: =0. (96d)
Q

where the values P; and P, are uniquely defined by the normalization fQ pdx =0
and the pressure drop §P. An expression for u(z) follows:

u(z) = Bp (—Vp) + (BosmVO") . (97)
O

Remark. We notice that the limit macroscopic system (95) consists of a decou-
pled effective diffusion equation and a Darcy type equation with an additional flux
term Bosm V2 00(z) representing the osmotic pressure effect well known in physi-
cal chemistry. The input of the present paper is a rigorous description of flows of
non-electrolytic solutions under osmotic pressure in intermediate regimes when a
porous media is permeable for solvent particles. Diagonal elements in matrices Bp
and B are related to the filtration and osmotic transport coefficients L, and L,p
in the Kedem-Katchalsky formula (2) in the case of a flat porous membrane.
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Appendix. Poincare and Friedrichs inequalities in weighted Sobolev
spaces. Potentials V.(x) acting in the problems of interest are natural to interpret
as functions of the distance dr(z) from the solid boundary I'.: V.(z) = V.(dr(z)).
The weight that appears in our problems is S (z) = exp {—V.(dr(z))} depends on
the point x through dr(x). If the potential V.(z) goes to infinity when x approaches
the solid boundary I';, that can naturally happen in applications, the weight 3. (z)
degenerates at T'. .

We provide below some specific results about conditions implying Friedrichs in-
equality (20) and the Poincare inequality (21) as well as embedding of W4 (9., 3)
into Lg(Qe, [BE]G) in weighted Sobolev spaces and give nontrivial examples of po-
tentials V.(dr(z)) such that these conditions are satisfied for the weight g.(z) =

exp (ngs(:c))

General Hardy inequalities in one dimension. The most flexible and practical
results for embedding, and Poincare and Fridrichs inequalities in weighted Sobolev
spaces with weights degenerate only on the boundary follow from one dimensional
Hardy inequalities on a finite interval and estimates on a thin stripe along the
boundary. For Lipschitz domains and weights depending on the distance from the
boundary corresponding estimates are similar to ones for the interval because the
distance to the graph of a Lipschitz function along the corresponding coordinate
direction and the usual distance d(x) are equivalent for small distances.
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The following results on one-dimensional Hardy inequalities from [27] are useful
both for estimates and for embedding results in weighted Sobolev spaces with par-
ticular choice of weights degenerating on the boundary of Lipschitz domains. Global
results (20), (21) can be reduced in this case to local one-dimensional estimates by
considering a thin stripe along the boundary similarly as in [22].

In domains with periodic perforated structure these results can be gained by
combining the Friedrichs and Poincare inequalities in reference domains that do
not depend on the small parameter, and by scaling arguments.

Let W (a,b) be the set of measurable positive functions finite almost everywhere
on (a,b).

Theorem 6.3. [27] Let 1 <p < q < 00, v, w € W(a,b). Define

. Va T b (p—1)/p
FR(x)zFR(ar;a,b,w,uq,p):U w(s)ds} V v”(p”(s)ds] ;

(98)
and
BR = BR(a‘7b7w7anap) = Sup FR(J:) (99)
a<z<b
Then the Hardy inequality
b 1/q b , » 1/p
/ u?(s)w(s)ds <Cgr / {u (5)} v(s)ds ,
or
el (b)) < CrIV L, (a,0),0) (100)

is valid if and only if Br = Br(a,b,w,v,q,p) < o0o. The best possible constant Cr

satisfies
q 1/q o 1/p'
Br <Cgr < Bp (1+> (1—1-) .
p q

This result can be also formulated as the boundedness of the Hardy operator Hp

b
(Hef) () = [ s(s)ds (101)

as acting from Ly(a,b;v) to Ly(a, b;w).

Theorem 6.4. [27] Let 1 < p < ¢ < o0, v, w € W(a,b).The Hardy operator
Hp : Ly(a,b;v) — Ly(a,b;w) defined by (101) is compact if and only if Br =
Br(a,b,w,v,q,p) < 0o and lim,_,— Fr(z) =lim,_qy Fr(z) = 0.

Example. We check that conditions of Theorem 6.4 are fulfilled for weights
w(z) = exp(—F/2") and v(x) = exp(—a/z"™) with a < fand p = ¢ = 2 on
the interval (0, ) for functions equal to zero on the right endpoint. It implies as in
[22] that Poincare and Friedrichs inequalities are valid in the Lipschitz domain ). for
weights w(z) = exp (—4/ (dr(x))") and v(z) = exp (—a/ (dr(z))") corresponding
to potentials with singularity V' (d) ~ 1/d™ , n > 0, at the boundary.
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It is sufficient to verify compactness of the operator Hgr (101) acting from
L5(0,b;v) to La(0,b;w). Corresponding value of the function Fr(x) is:

UOI exp (—B/s™) ds} v l/b exp (a/s") ds] -

= [Fl,n(x)]l/Q [FQ,n(m)]l/Q .

Fg(r)

We estimate integral Fy ,(z) = [; exp (—3/s™) ds by introducing variable y = 3/s",
s=(8/y)"".

Fin(x) = /01 exp (—f8/s") ds

=g /ﬁ/f" exp (—y) d% (y) " dy = %5% /ﬁ*“ exp (—y) (y) ") dy =
ten(-£) (2) - () et
S { (i)“ﬂ) ()t (ﬁn><m}
() (1) [ 0]
()G ()
B (E) () (o) [ e
(=)

Fia(z) < %5% {efn (ﬁ)(iﬂ) - <Tll . 1) — (ﬁ)(iﬂ)}
RORGSICEI]

We estimate integral Fs,(z) = f; exp (a/s™)ds by introducing variable y =

afs", s = (a/y)"", s =i (afn)"" == (@)7 £ 5) ). Then

Punle) = —(@? [
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1 -1t
x {1— (+1) (=) } .
n xn
It is easy to observe that we have the following relation for z — 0+

[Fin(@)] [Pon(@)] =~ 8% exp (5 /a) (8/am)~ ()

(1 11
x exp (a/a”) (a/z") ) (@)F — [1+0(@)].
Therefore
I1_1,%1+ Fr(z)=0. (102)
We also observe that Fr(x) is bounded, and
lim Fr(z) =0. (103)
T—b—

It implies that the operator Hp is compact from L (0, b;exp (—5/x™)) to itself.
Checking boundedness of Hg acting from the space L, (0, b;exp (—a/x™)) to the
space Ly(0,b;exp (—5/z™)) we observe that

Fata) = | [ wtoyas v [ / "y (s

](p—l)/p

b)) |

58 _a
The main term to estimate is e~ #"ae="#. It is bounded in the case a/p < 8/q.
Similarly as above limg o Fr(z) = 0 and lim,_,— Fgr(z) = 0 in this case. It
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means that Hr will be both bounded and compact from L, (0, b; exp (—a/z™)) to
Lq(0,b;exp (=f/2")) if ao/p < B/q.
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