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ABSTRACT. We propose a new sufficient non-degeneracy condition for the strong
precompactness of bounded sequences satisfying the nonlinear first-order dif-
ferential constraints. This result is applied to establish the decay property for
periodic entropy solutions to multidimensional scalar conservation laws.

1. Introduction. Let € be an open domain in R™. We consider the sequence

ug(x), k € N, bounded in L*(Q), which converges weakly-* in L°°(£2) to some

function u(x): ug U Now let ¢(z,u) € LZ (Q,C(R,R")) be a Caratheodory
—00

loc

vector-function (i.e. it is continuous with respect to u and measurable with respect
to ) such that the functions

(@) = max [p(@. ] € L) YM >0 o
(here and below | - | stands for the Euclidean norm of a finite-dimensional vector).

By 6(\) we shall denote the Heaviside function:

1, A>0,
9(’\>{ 0, A<0.

Suppose that for every p € R the sequence of distributions
div,, [0(u — p)(p(w, ui) — @, p))] is precompact in Wil (@) (2)

for some d > 1. Recall that W, L.(€) is a locally convex space of distributions

u(x) such that uf(z) belongs to the Sobolev space W, ' for all f(z) € C§°().

The topology in W;llf)c(Q) is generated by the family of semi-norms v — ||ufHWG?17

f(z) € Cgo ().
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If the distributions div, ¢(z, k) are locally finite measures on € for all k¥ € R,
then the notion of entropy solutions (in Kruzhkov’s sense) of the equation

div oz, u) + Yz, u) = 0, 3)
with a Caratheodory source function ¥ (z,u) € L}, (9, C(R)), is defined, see [18]

loc
and [19] (in the latter paper the more general ultra-parabolic equations are studied).
We underline that equations like (3) occur in various applications, for instance in
heterogeneous media, and have been widely studied in recent years, see for example
[12] and references therein.
As was shown in [19], assumption (2) is always satisfied for bounded sequences
of entropy solutions of (3).

Our first result is the following strong precompactness property.

Theorem 1.1. Suppose that for almost every x €  and all £ € R™, € # 0 the

function A — £ - p(x, A) is not constant in any vicinity of the point u(x) (here and

in the sequel “” denotes the inner product in R™). Then uy(x) W u(z) in L}, ()
—00

(strongly).

Theorem 1.1 extends the results of [18], where the strong precompactness prop-
erty was established under the more restrictive non-degeneracy condition: for almost
every x € Q and all £ € R™, £ # 0 the function A — £ - p(x, A) is not constant on
nonempty intervals.

The proof of Theorem 1.1 is based on a new localization principle for H-measure
(with “continuous” indexes) corresponding to the sequence uy, see Theorem 3.2 and
its Corollary 2 below.

Using this theorem and results of [21], we will also derive the more precise crite-
rion for the decay of periodic entropy solutions of scalar conservation laws

up+ divy p(u) =0, (4)

u = u(t,x), (t,z) € I = (0,400) x R™. The flux vector ¢(u) = (p1(u),...,on(u))
is supposed to be merely continuous: (u) € C(R,R™). Recall the definition of
entropy solution to equation (4) in the Kruzhkov sense [9].

Definition 1.2. A bounded measurable function v = u(¢,z) € L>°(1I) is called an
entropy solution (e.s. for short) of (4) if for all k € R

|u — kli+ divg [sign(u — k) (p(u) — ¢(k))] <0 (5)
in the sense of distributions on II (in D’(II)).

As usual, condition (5) means that for all non-negative test functions f =
f(t,x) € Co(I)

[l = K+ sign(u = B)p(e) ~ (k) - V. deds = 0.
I
As was shown in [16] (see also [17]), an e.s. wu(t,z) always admits a strong trace

ug = up(z) € L (R™) on the initial hyperspace ¢t = 0 in the sense of relation

. N — . 1 n
esslimu(t,) = o in Li,,(R"), (6)

that is, u(t, x) is an e.s. to the Cauchy problem for equation (4) with initial data

(0, 2) = up(x). (7)
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Remark 1. It was also established in [16, Corollary 7.1] that, after possible cor-
rection on a set of null measure, an e.s. u(t,z) is continuous on [0,40c0) as a map
t = u(t,-) into L}, .(R™). In the sequel we will always assume that this property is
satisfied.

Suppose that the initial function wg is periodic with a lattice of periods L, i.e.,
uo(x+e) = up(x) a.e. on R™ for every e € L (we will call such functions L-periodic).
Denote by T™ = R™/L the corresponding n-dimensional torus, and by L’ the dual
lattice L' = { £ € R" | £ -2 € Z Vx € L }. In the case under consideration when
the flux vector is merely continuous the property of finite speed of propagation
for initial perturbation may be violated, which, in the multidimensional situation
n > 1, may even lead to the nonuniqueness of e.s. to Cauchy problem (4), (7), see
examples in [10, 11]. But for a periodic initial function ug(z), an e.s. u(t,z) of (4),
(7) is unique (in the class of all e.s., not necessarily periodic) and space-periodic,
the proof can be found in [15]. It is also shown in [15] that the mean value of e.s.
over the period does not depend on time:

wt,x)de =1= | wo(z)dz, (8)
/. L.

where dz is the normalized Lebesgue measure on T". The following theorem gen-
eralizes the previous results of [5, 21].

Theorem 1.3. Suppose that

VEe L', £#0 the function u — & - p(u)
is not affine on any vicinity of I. (9)
Then

t——+oo

lim wu(t,-)=1 :/ uo(z)dz in L*(T™). (10)
Moreover, condition (9) is necessary and sufficient for the decay property (10).

In the case p(u) € C?(R,R™) Theorem 1.3 was proved in [5]. As was noticed in
[5, Remark 2.1], decay property (10) holds under the weaker regularity requirement
o(u) € C*(R,R™) but under the more restrictive assumption that for each ¢ € L’
I is not an interior point of the closure of the union of all open intervals, over
which the function £ - ¢'(u) is constant. Let us demonstrate that condition (9) is
less restrictive than this assumption even in the case p(u) € C1(R,R™). Suppose
that n = 1, p(u) € CY(R) is a primitive of the Cantor function, so that ¢'(u)
is increasing, continuous, and maximal intervals, over which it remains constant,
are exactly the connected component of the complement R\ K of the Cantor set
K C [0,1]. Since K has the empty interior the assumption of [5] is never satisfied
while (9) holds for each I € K.

2. Preliminaries. We need the concept of measure valued functions (Young mea-
sures). Recall (see [6, 24]) that a measure-valued function on {2 is a weakly measur-
able map x — v, of Q into the space Proby(R) of probability Borel measures with
compact support in R.

The weak measurability of v, means that for each continuous function g(\) the
function = = (v, g(A\)) = [ g(A)dv, () is measurable on .

A measure-valued function v, is said to be bounded if there exists M > 0 such
that supp v, C [—-M, M] for almost all z € Q.
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Measure-valued functions of the kind v, (\) = §(A — u(x)), where u(x) € L>(Q)
and 0(A — u*) is the Dirac measure at u* € R, are called regular. We identify
these measure-valued functions and the corresponding functions u(x), so that there
is a natural embedding of L>°(Q) into the set MV () of bounded measure-valued
functions on €.

Measure-valued functions naturally arise as weak limits of bounded sequences in
L°°(II) in the sense of the following theorem by L. Tartar [24].

Theorem 2.1. Let up(x) € L>®(Q), k € N, be a bounded sequence. Then there
exist a subsequence (we keep the notation ug(x) for this subsequence) and a bounded
measure valued function v, € MV(Q) such that

Vg(A) € C(R) g(ug) kjoo(uw,g()\» weakly-+ in L>°(Q). (11)

Besides, v, is reqular, i.e., vz(A) = 6(A — u(z)) if and only if uk(x)k—> u(zx) in
—00

L} () (strongly).

We will essentially use in the sequel the variant of H-measures with “continuous
indexes” introduced in [13]. This variant extends the original concept of H-measure
invented by L. Tartar [25] and P. Gerard [7] and it appears to be an efficient tool
in nonlinear analysis.

Suppose u(z) is a bounded sequence in L*°(2). Passing to a subsequence if
necessary, we can suppose that this sequence converges to a bounded measure valued
function v, € MV(€) in the sense of relation (11). We introduce the measures
YE(X) = §(A—ug(x))—v(A) and the corresponding distribution functions Uy (x, p) =
YE((p, +00)), uo(z,p) = ve((p,+00)) on Q x R. Observe that Ug(x,p), uo(x,p) €
L>(Q) for all p € R, see [13, Lemma 2]. We define the set

E=E(v,)= { po €R | ug(z,p) — wup(x,pp) in L}OC(Q) }
P—Po

As was shown in [13, Lemma 4], the complement R \ E is at most countable and if
p € E then Ug(xz,p) — 0 weakly-* in L>°(Q).

k—o0

Let F(u)(£), € € R, be the Fourier transform of a function u(z) € L?(R"),
S=8"1={¢eR" | [ =1} be the unit sphere in R™. Denote by u — u,
u € C the complex conjugation.

The next result was established in [13, Theorem 3], [14, Proposition 2, Lemma 2].

Proposition 1. (i) There exists a family of locally finite complex Borel measures
{uP}, jerp i Q x S and a subsequence U,(z,p) = Uk, (2,p) such that for all
Py (2), ©2(x) € Co(Q2) and () € C(5)

.01 (@B =t [ F@0, (o) OFT0 )@ () des
(12)
(ii) For any p,...,p1 € E the matriz {pP?5}, ;_, is Hermitian and nonnegative

definite, that is, for all (1,...,(; € C the measure

l
> GG =0

ij=1

We call the family of measures {puP? }p7 q4er the H-measure corresponding to the
subsequence u,(z) = ug, ().
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As was demonstrated in [13], the H-measure pP? = 0 for all p,q € F if and only
if the subsequence u,(z) converges as r — oo strongly (in L}, .(€2)).

We denote by |u| the variation of a Borel measure u (this is the minimal of
nonnegative Borel measures v such that |u(A)| < v(A) for all Borel sets A). Let
pro|uP?| be the projection of the measure |P?| on the domain 2. By definition it is a
nonnegative Borel measure determined by the relation prg|uP?|(A) = |puP?|(A x S)
for any Borel set A C Q. Since |Ug(z,p)| < 1, it readily follows from (12) and
Plancherel’s equality that prg|u??| < meas for p, g € FE, where meas is the Lebesgue
measure on ). This implies the representation pP? = pP4dx (the disintegration of
H-measures). More exactly, choose a countable dense subset D C E. The following
statement was proved in [14, Proposition 3], see also [18, Proposition 3].

Proposition 2. There exists a family of complex finite Borel measures p2? € M(S)
in the sphere S with p,q € D, v € Q', where ' is a subset of Q of full measure,
such that pP? = pPldx, that is, for all ®(z,§) € Co(2 x S) the function

v (.08 = [ e dut(©)
is Lebesgue-measurable on 2, bounded, and
1,0(,€)) = [ (12(€), 0. €)) o
Q

Moreover, forp,p',q€ D, p' > p

Var p29 = |129(S) < 1 and Var (u29 — u2%) < 2 (v, ((p,0')))"/*.

(13)

We choose a non-negative function K(z) € C5°(R™) with support in the unit
ball such that [ K(z)dz =1 and set K,,(x) = m"K (mz) for m € N. Clearly, the
sequence K, converges in D'(R™) to the Dirac §-function ( that is, this sequence
is an approximate unity ). We define ®,,(r) = (K,,(z))*/2. As was shown in
[14, Remark 4] (see also [18, Remark 2(b)] ), the measures p2? can be explicitly
represented by the relation

(@) (1, 0(E)) = Tim (uB9(y, ), D(y) Kom(x — y)b(E)) =

Jin i [ F(@0,0,() O F@, 0010 (5 ) e (14)
Rn

for all ¥(§) € C(S), where ®®,,U.(-,p) = ®(y)Pm(x — y)Ur(y,p), PwnU,(-,q) =
®,,(z — y)U,(y,q), and ®(y) € L? () be an arbitrary function such that z is its

loc

Lebesgue point.
From this representation (with ® = 1) and Proposition 1(ii) it follows that for
all p1,...,pmpe D,z €, (1,...,{ € C the measure

1
p="3 GGurr = 0. (15)
ig=1
Indeed, for every nonnegative ¥ (¢) € C(S)

1

<u&)viE) >= Jim < > GG (4, €), Ko y>w<£>> >0.
ij=1

This, in particular implies, that p2? > 0, pf? = ﬁ, and for every Borel set A C S

E1(A) < (WP (A)ug? (A)? (16)
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( see [14, 18] ). For completeness we provide below the simple proof of (16). In

pp pq
view of (15) (with 1=2) the matrix M = < Zijpgﬁg Z%Eﬁ% ) is Hermitian and

nonnegative definite. Therefore,
PP (A9 (A) — |20 (A)2 = p2P (Al (A) — p29 (A (A) = det M > 0.
By Young’s inequality for any positive constant ¢ and all Borel sets A C S

c 1
2T (A)] < (P (A)pdt ()2 < SptP(A) + 5t (A).

Since p = < ubP + %ugq is nonnegative Borel measure, it follows from this inequality
that the variation |uP?| < p. This implies that

1
2¢

c

Pa|(A) <
PAOES:

e’ (A) + - pi!(A) - Ve > 0. (17)

It is easily computed that

inf (S4200) + 5 (4)) = (e ()

and (16) follows from (17).

3. Localization principles and the strong precompactness property.

Lemma 3.1. For each p,q € R, © € ' there exist one-sided limits in the space
M(S) of finite Borel measures on S (with the standard norm Var u):

P = 2t as (9,q') = (p,q), p.d €D,p >p.q >q,
Pl — 21 as (9,q') = (p,q), p.d €D,p <pd <q
Moreover, Var 9% < 1 and for every Borel set A C S and eachp; €R,i=1,...,1

the matrices {ugipji(A) é,j:l are Hermitian and nonnegative definite, that is, the
measures
1
> GGubriE >0 (18)
ij=1

for all complex (; € C,i=1,...,1.

Proof. Let x € ', p,q € R, p1,q1,p2,92 € D, p2 > p1 > p, g2 > q1 > q. Then, in
view of (13) and the equality pd? = pb?

Var (MP2Q2 _ MPIQI) S Var ('upzlh _ uqu) —|—Var (quzm _ qul) g

2 ((p1,p2)) + 2v:((q1, 42)) < 2v:((pp2)) + 2v2((0; ¢2)) 0.

4>
(p2,92)—(p,q)

By the Cauchy criterion, this implies that there exists a limit p29" in M(S) of the
measures ug'q’ as (p',q") — (p,q), .4 € D, p > p, ¢ > q. Similarly, for each
P1,4q1,P2,q2 € D such that po <p1 <p, g2 <q1 <¢q

Var (ph?? — ) < 2v,((p2,p1)) + 2v2((q2, 1)) <
0,

2v,((p2, 1)) + 2v2((q2,9)) N
(p2,92)—(p,q)

which implies existence of a left-sided limit 29~ in M(S) of 42" as (p/,¢') = (p, q),
p',¢ € D, p <p, ¢ <q. By Proposition 2 Var ,uglq/ < 1, which implies in the
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limits as p’ — p+, ¢ — ¢+ that Var 29 < 1. Finally, for every p} € D, ¢; € C,
i=1,...,1 the measures

ZC pp]

1,j=1

In the limits as p; — p;+ this implies (18). O
Corollary 1. Letp,q € R, x € Q'. Then for every Borel set AC S

R I(A) < (P T (A)ud™™ (A) 77 (B 1(A) < (WP~ (A~ (4))

Proof. Relations (19) follow from (18) in the same way as in the proof of inequality
(16) above. O

1/2 1/2

(19)

Remark 2. By continuity of ;29 with respect to variables p, ¢ € D, we see that for
peD

pPi* = lim  lim ,upq = hm ,upq in M(.S).
q' =gt p'—pt q'—q*

Analogously, if ¢ € D, then
PPt = hm /ﬂ’q in M(S).

p —p
If the both indices p,q € D, then evidently P9+ = 129,

Now we suppose that f(z,\) € L? _(Q,C(R,R")) is a Caratheodory vector-
function on 2 x R. In particular,

VM >0 [[f(z; )00 = nax, |f (2, A)] = anr (@) € Line (). (20)

Since the space C(R,R"™) is separable with respect to the standard locally convex
topology generated by seminorms || - ||as,00, then, by the Pettis theorem (see [8,
Chapter 3]), the map z — F(x) = f(z,-) € C(R,R"™) is strongly measurable and in
view of estimate (20) we see that |F(z)[> € Lj,.(Q,C(R)). In particular (see again
[8, Chapter 3]), the set Q; of common Lebesgue points of the maps F(z), |F(z)[?
has full measure. As was demonstrated in [18], for z € Q;

lim [ Kp(z—y)|F(x) = F(y)|ir,0dy =0 ¥M > 0. (21)

m— o0

Clearly, each € Qy is a common Lebesgue point of all functions y — f(y,A),
AER. Let Q" ="' NQp, vp(N) = (A —ur(y)) — vy (N), where u,.(y) = ug, ().

Suppose that x € Q" p € R, H., H_ are the minimal linear subspaces of R",
containing supports of the measures pPP*, uPP~ respectively. We fix ¢ € D and
introduce for p’ € D the function

I(y.p) = /f(y,A)((?(/\ =1') = 0(A = q))dvy(A) € Lioo(Q,R). (22)

Proposition 3. Assume that ¢ > p and f(x,\) € Hi- for all X € R. Then

lim lim lim
p' —p+ m—o0 r—0o0

[ P O F@, Ot () de| =0
2
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for all (&) € C(S). Analogously, if ¢ < p and f(x,\) € H- ¥\ € R, then
Vip(§) € C(S)

lim lim lim
p’—p— M—00 r—00

[ & P (O T, T e (|§|)d5’(’2

Here ®,, = @p(x —y) = /Kn(x —y) and I.(y,p"),Ur(y,p') are functions of the
variable y € €.

Proof. Note that starting from some index m the supports of the functions @, (z—y)
lie in some compact subset B of 2. Without loss of generality we can assume that
supp ®,,, C B for all m € N. Let

Ly ) /fm O\ — ') — 0\ — @)yl () € L2, (9, R™),

M = sup ||ty [|oo- Then suppry; C [-M, M], and
reN

L(wo) — L(y.0) |</\fy7 £ MR < 21 F(y) — F(@)aso0.

By Plancherel’s identity

n €]

| F@uL () OF T @Y 2) “
R
d

Ang-F<¢mfr<~7p’>><s>F<@ Ui 1"<|§> 5‘
[ & F @) = L DO @0 ) w(é) d§‘<
[lel1@n (1.8 = E DIl @)l <

1lloel| @ (') — (o))l <
1/2
2o ( [ ot = IFw) - F<x>|ﬁmdy) .

Here we take account of the equality

[®rnll2 = </Q K (2 — y)dy>1/2 =1.

From the above estimate and (21) it follows that

Jim | [ @t (N OF@ T @ () de
£ =, : -
/Rn & F@nle (PO F(@mUn(,p)) (€)Y (Ifl) dg‘ 0 (25)

uniformly in r,p’. Observe that the function f()\) = f(z,\) € C(R, H) is contin-
uous and does not depend on y. Therefore for any € > 0 there exists a piece-wise

k
constant vector-valued function g(\) of the form g(\) = > v;0(A — p;), where

v; € HE, p = p1 < ps < -+ < pp = ¢ such that /X — glloc < € on R. Here
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x(A) = 0(A — p) — (A — q). Moreover, by the density of D, we may suppose that
p; € D for i > 1. We define for p’ € D N (p, p2)

Iy ') = / GV — )l ().

Using again Plancherel’s identity and the fact that

L (y.) = oy )| = ' [ix= a0 —p’)dvm\ <

J1Gx= 9idlon < 2,

we obtain

| & PO o OF@ T ©w () de -

~ I €l
& P O F@, @ ) | -
£ L(.)=J.(.p % £
| P 1 .31 = NPT O ()<
(@0 (Eo0f) ~ Tl - 1200z o < 20lce (26)

for all (&) € C(S). Since

k k
Jr(y,p') = / <Z vif(\ — pé)) dyy(\) = ZviUr(y,pé),

where p, = max(p;,p’) € D, it follows from (14) with account of Remark 2 that

im il [ F(® () O F T (@ <£> dg =
p'—p+m—oor—00 Jpn | I3
k k
D et (05 V(€)= Y (g (vi - u(E) = 0. (27)
i=1 i=1

The last equality is a consequence of the inclusion supp pbi?* C supp pPP+t C Hy
(because of Corollary 1) combined with the relation v; L H, . By (25), (26) and (27),
we have

¢ , / £
[ POt OO <|£

and it suffices to observe that ¢ > 0 can be arbitrary to complete the proof of (23).
The proof of relation (24) is similar to the proof of (23) and is omitted. O

lim lim lim
p’ —p+ m—o00 r—00

> dg‘ < const-¢,

Now we assume that the sequence wuy satisfies constraints (2). We choose a
subsequence u, and the corresponding H-measure p?? = pP4dz. Assume that = €
Q" =" NQy, po € R. As above, let Hy, H_ be the minimal linear subspaces of
R™ containing supp pPoPot  supp pLoPo~ | respectively.

Theorem 3.2 (localization principle). There exists a positive § such that (p(z, A)—
o(x,p))-E=0 forall§é € Hi, X € [po,po+ 0] and all € € H_, X\ € [pp — 9, po].

Proof. The proof is analogous to the proof of [18, Theorem 4] (if d = 2), for ar-
bitrary d > 1 see the proof of [19, Theorem 4] (where the more general case of
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ultra-parabolic constraints was treated). For completeness we provide the details.
Observe firstly that in view of (2) the sequence of distributions

£3(0) =divy ([ 00 =6l ) — plr DV 5 0 Wik (@) (29)
For p,q € D, g > p > pg we consider the sequence of distributions
Ly — L, =divy (Q7(y), reN,

where the vector-valued functions Q?(y) ( for fixed ¢ € D ) are as follows:
QW) = [ (60:2) = 0l )60~ ;) -
[ 602 = ey - ey ) =
Jetwa) = e X -
[0 = olu. o = P () =

/ (0(,9) — 0 XN — (0 9) — ()T (1, D) (20)

here x(A) = (A — p) — O(\ — q) is the indicator function of the interval (p,q]. As
was already noted, div, (Q2(y)) — 0in W; .} () and if ®(y) € C5°(Q) then
T—00 ’

div, (Q2(y) — 0 in W, (30)
Using the Fourier transformation, from (30) we obtain
€71 F@QPa)(€) = Flgr), g = 0 in LA(R") (31)

(see [18, 19] for details).
Let (&) € C*°(S). By the known Marcinkiewicz multiplier theorem (cf. [23,
Chapter 4]) ¥(&/|¢]) is a Fourier multiplier in L® for all s > 1. This implies that

ACASDIGL (él) — T, (32)

where the sequence h,. is bounded in L, d' = d/(d — 1).
By (31), (32) we obtain

[ e rar @ FECmi@s
as r — 00, or in view of (29),

lim { /R e FUCp RO F T p)P)(E)v (ﬂ) d¢—

r—00 |§

_ e (€ _
[ et rvepeF@ e (£ ) a0 o

£

I£I> = / gr(x)hy (z)dz — 0

where
1) = o(.0) — (y.p) and Vi(y,p) = / (09) — o, DXV (N).

Obviously, (33) remains valid for merely continuous ¥ (§). We set in (33) ®(y) =
®,,(z —y) , where the functions ®,,, were defined in section 2, and pass to the limit
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as m — 0o, p — po+. By (14) with ®(y) = »(y,q) — ¢(y,p) and Lemma 3.1, we
obtain

it i [ 1617 PO, ) O F T 1,00 () de =

p—po+ m—oo r—oo Jp |§|

lim ((z,4) = p(@,p)) - (u?, £(€)) = (@, 9) = @(, o)) (uborot 4p(€)),

pP—po+

therefore

(p(z,q) — p(z,p0)) - (HEPOT, EY(E)) =
i, i i [ PV O F G 8 @6 () e (3

p—po+ m—o00 r—00 R |£|

Let m; and my be the orthogonal projections of R™ onto the subspaces H; and
HZ, respectively; let ¢(y,\) = mi(o(y,N), ¢(y,A) = m2(p(y,A)). Recall that
H, is the smallest subspace containing supp pPPo*. This readily implies that
(uorot €9(€)) € Hy. Hence

(e(z,q) = @(x,po)) - (P F,60(8)) = (G, q) — (x,po)) - (HEP™, E4(€)). (35)

Further, V;.(y,p) = m1(Vr(y,p)) + 72(V:(y,p)) and
(Vo(y,p) = / ((.q) — B 2) XN (N,
(Vi (y,p)) = / (@(5.0) — B9 1) XL ().

Observe that
m2 (Vi (y,p)) = I-(y, p),

where the function I,.(y,p) is defined in (22) (with p’ replaced by p) for a vector-
function f(y,\) = @(y,q) — @(y,\) € H. By Proposition 3 we obtain

lm T nrn\ [ 67 Fra Vi) O FTO (8T E (|§|)d£‘

P—Ppo+ M—00T—00

Let Vi.(y,p) = 71.(V,-(y,p)). From (34), in view of (35) and (36), we see that
(@(x,q) — @(x, po)) - (HEPF,E0(8))] <

i, T | [ e P ) O PO @ () de

pP—po+ m—o00 r—o00 |§|

which in turn, by Bunyakovskii inequality and Plancherel’s equality, gives us the
estimate

[(@(x,q) — (x,po)) - (ubePo™, E(€))] <
lim Tim Tm [V, (p)@llz - U (5 0) P2 - 9]0 <

p—po+ m—ro0 r—

lim Tim Tim [V, (p) @2 - [[9]|cc- (37)

p—po+ M—00 T—00

Next, for M,(y) = ax 16(y,q) — &(y, M|

V()| < My(y) \ [ 3060wt + 1, 00)| =

My (y) (ur(y, p) — ur(y, @) + uo(y, p) — uo(y, q)),
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where u,-(y,\) = 0(u,(y) — ). In view of the elementary inequality (a + b)?
2(a® + b?) and the relation 0 < u,(y,p) — u,-(y,q) <1, r € NU {0}, we have

V(- p) @13 < Q/Q(Mq(y))Z((ur(y:p) —ur(y,q))* +
(uo(y,p) — uo(y,9))*) K (z — y)dy <
2/(Mq(y))2(ur(y,p) —ur(y,q) +

Q

uo(y, p) — uo(y, q)) Km(z — y)dy. (38)
Since p,q € D C E, then

ur(y,p) — ur(y,q) = Ur(y,p) — Ur(y,q) + uo(y,p) — uo(y,q) — uo(y,p) — uo(y,q)

as r — oo in the weak-x topology of L*°(Q) and from (38) we now obtain the
estimate

Tim [V, (-, p)®ll3 < 4 /Q(Mq(y))z(uO(%p) —ug(y, ) Km(z — y)dy,

from which, passing to the limit as m — oo, we obtain

lim Tim [V, (-, p) @3 < 4(My(2))?(uo(2,p) — uo(z,q)). (39)

m—00 r—o0

Here we bear in mind that by the definition of £’ (see, for instance, [18, Proposi-
tion 3]) z is a Lebesgue point of the functions u(y, p), uo(y, q). It is also used that
z € Q, is a Lebesgue point of the function (My(y))? as well ( this easily follows
from the fact that z is a Lebesgue point of the maps y — ©(y,-), v — |¢(y,*)|?
into the spaces C(R,R"), C(R), respectively ). From (39) in the limit as p — pq it
follows that

lim lim lim HV( )P |3 < 4(Mq(1?))2(u0(337p0) —uo(,q)). (40)

P—+Po M—+00 7—+00

In view of (37) and (40),
[((, ) = @(z,p0)) - (5T, E(€))] < 2| lloc My (2)w(a), (41)

w(g) = (uo(, po) — uo(x, )" = (va(po,a)'/* = 0.
a—po
It is clear that the set of vectors of the form (uPoPot £q(€)), with real 1(£) € C(S)
spans the subspace H;. Hence we can choose functions ¢;(¢) € C(S), i =1,...,1

such that the vectors v; = (uPoPo+ &, (€)) make up an algebraic basis in H, .
By (41), for ¥(&) = ¥;(£), i =1,...,1, we obtain
[(@(@,q) — ¢(x, po)) - vi| < ciw(q)My(x), i = const,
and since v;, ¢ = 1,...,[ is a basis in H,, these estimates show that
[6(x,q) = ¢(2,po)| < cw(q)Mg(x) =

cw(q) ,\g[létx] |o(x, q) — p(z, \)], ¢ = const. (42)

We take ¢ = pg + &, where 6 > 0 is so small that 2cw(q) = & < 1. Then, in view of
(42),

|¢(z,q) — §(z,po)| < 5 \max [P(z,q) — ¢z, M), (43)

and since p(z, ¢) is continuous with respect to ¢ and the set D is dense, the estimate
(43) holds for all ¢ € [pg, po + 0]-
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We claim that ¢(z,p) = @(x,po) for p € [po,po + 6]. Indeed, assume that for
P’ € [po,po + d]

|@(x,p") — &z, po)| = o max (2, A) — @(z, po)l-
€[po,po+9]

Then for A € [po, p’] we have
6(z, p") — @, M| < (2, A) = &(, po)| +
|2(x,p') — @, po)| < 2| (x,p") — &(x,po)
and

max |¢($,p/) - Sz)(x’)\” S 2|¢>($,p/) - @(x,p0)|
A€[po,p’]

We now derive from (43) with ¢ = p’ that

|6(2,p') — ¢z, po)| < el@(z,p') — G(@,po)l,
and since € < 1, this implies that
|p(z,p") — é(z,po)| = max _|@(z,A) — &(z,po)| = 0.
A€E[po,po+9]
We conclude that ¢(z,\) — (2, po) € Hy for all X € [po,po + 8], i.e., (¢o(z,\) —
o(z,po)) - £ = 0 on the segment [po,po + J] for all £ € H,.

To prove that for some sufficiently small 6 > 0 (¢(z, ) — p(x,po)) - € = 0 on the
segment [pg — &, po] for all £ € H_, we take p,q € D, ¢ < p < po and repeat the
reasonings used in the first part of the proof. As a result, we obtain the relation
similar to (41)

[(@(x, @) = @(x,po)) - (57, EP(§))] < 2|9l o0 My (z)w(q),

where
My(z) = max [3(y,q) — &y, A,
XE[g,po]
w(g) = lim (uo(z,q) = uo(w,p))"/* = (va(a.p0))"/* — 0.
pP—po— a—p0

This relation readily implies the desired statement (¢(z,A) — ¢(x,pg)) - &€ = 0 on
the segment [py — 0, po] for all £ € H_, where ¢ is sufficiently small.
The proof is complete. O

Corollary 2. Let z € Q", [a,b] be the minimal segment, containing supp v, and
po € (a,b). Assume that Sy,S_ C S are Borel sets such that

u£0p0+(5 \ S+) = Ngop"*(S\S_) =0. (44)

Then Sy N S_ # 0. In particular, supp pPoPot N supp pkoPo~ # O and, in the
notations of Theorem 3.2, for all £ € Hy N H_, £ # 0 the function £ - o(x, \) is
constant in a vicinity of pg.

Proof. First, note that since x € Q" C ' is a Lebesgue point of the functions ug(-, p)

for all p € D while D is dense, the distribution function wug(x,A) = vz ((A, +00))

is uniquely defined by the relation ug(x,\) = sup wg(z,p). In particular, the
peD,p>A

measure v, is well-defined at the point .

The statement that the function A — £ - (2, \) is constant in a vicinity of pg
for all £ € Hy N H_, £ # 0 readily follows from the assertion of Theorem 3.2.
Hence, we only need to show that S, N S_ # () whenever Borel sets S, S_ satisfy
condition (44). We assume to the contrary that Sy NS_ = (. Denote C; = S\ S,
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C_=S\S_, Then S = Cy UC_, pbopot(Cy) = pboro—(C_) = 0. Therefore, by
relation (16), for all p,q € D, p < py < ¢

Var pp? = [p?[(S) < [p5*|(C) + [p5](C-) <
(P (C)nE!(C)2 o+ (P (Co)g?(C))* < (i (C)Y2 + (P (C)) 2,
where we use that pu2P(A) < pPP(S) <1 for all p € D and every Borel set A C S,
see (13). It follows from the obtained estimate and Lemma 3.1 that

1/2 /2

li i V. Pq < (Popot () PoPo—(('_ 0.
Jlim o dim Var gt < (7" (C4) 7 + (i (C-)
Thus,
ph? — 0 in M(S) asp— po—,q — po + . (45)
On the other hand, by (14)
(5) = Jim_tim [P, p) (€ FT U ) =
lim lim U:(y,p)Ur(y, Q) K (z — y)dy. (46)

m—00T—00 [pn

Observe that U, (y, ) = 0(u-(y) — A) — uo(y, A). Since U,.(-,p) = 0forallpe D
and (6(ur(y) —p) — D)O(u,(y) — q) =0, we find

lim Ur(y, )Ur (y, @) K (2 — y)dy =

r—=00 Jpn
lim. Rn(Ur(y,p) — DU (y, @) Km(x — y)dy =
lim [ (O(ur(y) —p) =1 —uo(y,p))(0(ur(y) — q) — uo(y,q)) Km(z — y)dy =

r—oo Jpn

lim [ [(1—=0(u,(y) —p))uo(y, q) — uo(y, p)(O(ur(y) — @) — vo(y, )| Km(x —y)dy

r—oo Jpn

— [0~ oy )y ) Konl )

In the limit as m — oo this yields

lim lim Ur(y,0)Ur (y, Q) Ko (2 — y)dy =

m—00T—00 [pn

mlgnoo R (1 - uo(yap))UO(% q)Km(w - y)dy = (1 — UO(Qj?p))uO(xa Q)
Here we take into account that z is a Lebesgue point of the functions ug(y,p),
uo(y, q). By (45), (46) we find
O = 1. 1 Pq S =
p—gllol— q—g}(}—k Hz"(S)

lim  lim (1 —wuo(x,p))uo(z,q) = vz((—00,po))vz((po, +00)) > 0,
pP—po— q—po+

since a < pg < b and [a, b] is the minimal segment containing supp v,. The obtained
contradiction implies that S, N S_ # () and completes the proof. O

Remark 3. Let us consider the particular case n = 2, ¢o(u) = (u, f(u)) with
f(u) € C(R). Let © C R? be an open plain domain. Suppose that a sequence
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ur = ug(t,x) converges weakly-x in L>°(€Q) to a function u = u(t,z) and satisfies
restrictions (2), that is, for p € R the sequences

((ur =) "o + [0(ur — p)(f (ur) = f(P)]=
are precompact in W L () for some d > 1. Here we use the standard notation
v = 0(v)v = max(v,0).

Further, we assume that a subsequence w, = wug, of the sequence uy converges
as 7 — 00 to a bounded measure valued function v, , in the sense of relation (11).
Let [a(t,z),b(t,z)] be the minimal segment containing supp vt ;. By Corollary 2,
for a.e. (t,x) € Q and each p € (a(t,x),b(t,x)) there is a nonzero vector & = (&1, &2)
such that the function & u + &2 f(u) = const in a vicinity of p. This simply means
that the function f(u) is affine in a neighborhood of any point p € (a(t, ), b(t, z)).
Obviously, this implies that f(u) is affine on the segment [a(t, z), b(¢, x)]. Therefore,
for a.e. (t,z) € Q

[ 50000 = 1 ([ A ) = sttt

In view of (11) we obtain that f(u,) — f(u) as r — oo weakly-* in L>°(2). Since
the limit function f(u) does not depend on a choice of the subsequence u,., we claim
that the obtained limit relation actually holds for the original sequence as well:

I (ug) ké f(u) weakly-x in L>°(9).
— 00
It follows from this relation that
(ur)e + f(ur)e — ur + f(u), in D'(Q)

as k — oo. For instance, if the sequence (uy): + f(ux). weakly converges to zero in
D'(2), then the limit function u(t, x) is a weak solution of equation

u + f(u)gy =0. (47)

In particular, this implies the known result that the weak limit of a sequence of
entropy solutions of equation (47) is a weak solution of this equation. This result
is usually proved with the help of compensated compactness theory, see [3, 4, 24].
Here we obtain it again relying only on the localization properties of H-measures.
Observe also that, as it was established in [20], actually a weak limit of the sequence
of entropy solutions of (47) is not only weak but also an entropy solution of this
equation (in the case Q = (0,7) x R).

Now we are ready to prove Theorem 1.1.

Proof. Let u, = ug, be asubsequence of uj, chosen in accordance with Proposition 1.
In particular, this subsequence converges to a measure-valued function v, € MV(Q).
In view of (11) for a.e. z € Q

u(zx) = /)\dz/m()\). (48)

We define the set of full measure Q7 C Q and the minimal segment [a(z), b(x)],
containing suppv,, x € ", as is required in Corollary 2. In view of (48) u(x) €
(a(x),b(x)) whenever a(z) < b(x). By Corollary 2 the function £ - (z, -) is constant
in a vicinity of u(z) for some vector £ # 0. But this contradicts to the assumption
of Theorem 1.1. Therefore, a(z) = b(z) = u(z) for a.e. = € Q. This means that
vz (A) = d(A—u(z)). By Theorem 2.1 the subsequence u, — u as r — oo in L}, ().
Finally, since the limit function u(x) does not depend on the choice of a subsequence
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u,, we conclude that the original sequence u, — w in L}, (€2) as k — oo. The proof
is complete. O

4. Decay property. This section is devoted to the proof of Theorem 1.3. Suppose
that u(t, x) is a unique e.s. to problem (4), (7) with the periodic initial data ug(z).
By Remark 1 we can assume that u(t,z) € C([0,+00), L*(T")) (after possible
correction on a set of null measure). We consider the sequence uy(t, ) = u(kt, kz),
k € N, consisting of e.s. of (4). As was firstly shown in [2], the decay property
(10) is equivalent to the strong convergence u,(t, ) rj)ooI = const in L}, (II) of a

subsequence u, = uy, (t,x). As follows from [21, Lemma 3.2(i)], u, — u*, where

u* = u*(t) is a weak-+ limit of the sequence ag(k,t), where ag(t) = u(t, z)dz.
'JI“IL
Since u(t,z) is an e.s. of (4), this function is constant: ag(t) =1 = ug(z)dz, in
Tn
view of (8). Therefore, u,, — I as r — oo (actually, the original sequence ug — I
as k — 00).

Let u??, p,q € E, be the H-measure corresponding to a subsequence w, =
ug, (t,x). Recall that pP? = pPi(t,x,7,&) € Mo (Il x S), where

S={=(reRxR" | |{P=m+¢P=1}

is a unit sphere in the dual space R"*! (the variable 7 corresponds to the time
variable ).
By [21, Theorem 3.1] the following localization principle holds

supp pP? C I x Sy,

where

So={¢&/lEl €= (r§) #0,7€R, €L}
As was demonstrated in Proposition 2, yP? = p}%dtdz for all p,q € D, where
D C E is a countable dense subset and measures py%, € M(S), are defined for all

(t,z) belonging to a set of full measure II’ C II. Obviously, the identity
(P, ®(t, 2,£)) = /H (% (6), ®(t, 2, £)) dtdz, (49)

®(t,x,€) € Co(II x S), remains valid also for compactly supported Borel functions

®. Taking ® = ¢(t, z)h(E), where ¢(t,z) € Co(Il), ¢(t,x) > 0 while h(€) is an
indicator function of the set S\ Sy, we derive from (49) that

[ (s su)ot. )itz =0
11

and since pyh > 0 and ¢(t,x) € Co(I) is arbitrary nonnegative function, it follows
from this identity that " (S\ Sp) = 0 for all p € D, (t,z) € Iy, where IIy C
IT" is a subset of full measure. By relation (16) we claim that, more generally,
|t |(S\ So) = 0 for all p,q € D, (t,x) € Ily. Finally, in view of Lemma 3.1, we
find that

HEETI(S\ So) = 0 ¥p.q € R, (t.2) € Ty, (50)
Further, u, (¢, z) is a sequence of entropy solutions of (4). Therefore ( see for instance
[19] ) the sequences

div [0(ur — p)(B(ur) — @(P))] = ((ur — p) " )i+ divy [0(ur — p)((ur) — ©(p))]
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1
loc

are compact in H,,(II) for some d > 1 and all p € R, where ¢(u) = (u, p(u)) €
C(R,R™1).

Denote by vy, € MV(II) the limit measure valued function for a sequence u,,
and by [a(t, z), b(¢, z)] the minimal segment containing supp v; ,.

Suppose that (¢,z) € o, a(t,z) < b(t,z). Then I = [ Advy (M) € (alt,z),b(t,
x)). Taking (50) into account, we see that the Borel sets S1 = supp utlfciﬂSo satisfy
requirement (44). By Corollary 2 we find that supp ,utljj N supp /1,1{’[17 NSy # 0.

Therefore, there exist £ = (7,£) € supp ut{l;r N supp u{f; N Sp and 6 > 0 such that
the function
A=E-p(N)=T7A+E&-p(N\) =c= const (51)

on the interval V = {\ | |\ — I| < 6}. Since £ € Sp, we can assume that £ € L’
n (51). Evidently, £ # 0 (otherwise, TA = c on V for 7 # 0). Hence the function
€-o(A) = c— 7 is affine, which contradicts (9). Thus, a(t,z) = b(t,z) = I for a.e.
(t,x) € II. We conclude that v, ,(A) = §(A — I) and by Theorem 2.1 the sequence
u, — I as 7 — oo strongly (in Lj,(II) ). As was mentioned above (one can simply
repeat the conclusive part of the proof of Theorem 1.1 in [21]), this implies (10).

Conversely, if the assumption (9) fails, we can find ¢ € L', £ # 0, and constants
a,b € R such that & - p(A\) = aX\+ b on a segment [I — §, + ], 6 > 0. Then, as is
easily verified, the function

u(t,z) = I+ dsin(2w(€ -« — at))
is the e.s. of (4), (7) with initial data ug(xz) = I 4+ dsin(27(§ - z)). It is clear that

ug(z) is L-periodic and [, ug(x)dz = I, but the e.s. u(t,z) does not satisfy the
decay property.

Example. Let n =1, p(u) = |u|. Let u = u(t,x) be an e.s. of the problem
ug + (|u|)m =0, U(O, CE) = UO(x)a (52)

where ug(xz) € L*®(R) is a nonconstant periodic function with a period I (for a
constant ug = ¢ the e.s. u = ¢ and the decay property is evident). Notice that no
previous results [2, 5, 21] can help to answer the question whether the decay prop-
erty is satisfied. However, as follows from Theorem 1.3, if [ = %fol uo(x)dx = 0,
then the decay property holds: fol |u(t,z)|de — 0 as t — oo. Actually, the

condition fol ug(x)dz = 0 is also necessary for the decay property (10). Indeed,
u(t,z) = uo(x F t) if Tup(z) > 0 (then =1 > 0), and the decay property is evi-
dently violated. In the remaining case when uy changes sign we define the functions
ug(t,x) = vp(z —t), u—(t,z) = v_(x + t), where vy (z) = max(up(x),0) > 0,
v_(z) = min(up(z),0) < 0. Note that these functions take zero values on sets of
positive measures. By the construction, v_(z) < ug(z) < vy(x) and ug (¢, x) are
e.s. of (52) with initial data vy (x). In view of the known property of monotone
dependence of e.s. on initial data u_(¢t,2) < u(t,z) < uy(t,x) a.e. on II. These
inequality can be written in the form

u(t,z —t) >v_(z), ult,z+1t) <vi(x). (53)
Assuming that u(t,z) satisfies the decay property, we find, with the help of -
periodicity of u(t,-), that

1 1
/ |u(t,x:|:t)—]\dx=/ lu(t,x) — Ilde — 0 as t — +o0,
0 0
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that is, the functions u(t, x £1t) N I'in L'([0,1]). Passing to the limit as t — 400
—r+00

in (53), we find that v_(z) < I <wvy(x) for a.e. x € R. The latter is possible only
if I = 0. We conclude that the decay property holds only in the case I = 0.

Remark 4. Theorem 1.3 can be extended to more general case of almost periodic
initial data (in the Besicovitch sense [1]). Repeating the arguments of [22], we arrive
at the following analogue of Theorem 1.3.

Theorem 4.1. Let My be the additive subgroup of R™ generated by the spectrum
of ug. Assume that for all & € My, & # 0 the function £ - p(X) is not affine in
any vicinity of I = fR" ug(x). Then the e.s. u(t,x) of (4), (7) satisfies the decay
property

lim |u(t, z) — Ildx = 0.

t—+00 Jpn
Here][ v(z)dz denotes the mean value of an almost periodic function v(x) (see
1)
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