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ABSTRACT. We propose a variational framework for the resolution of a non-
hydrostatic Saint-Venant type model with bottom topography. This model is
a shallow water type approximation of the incompressible Euler system with
free surface and slightly differs from the Green-Nagdhi model, see [13] for more
details about the model derivation.

The numerical approximation relies on a prediction-correction type scheme
initially introduced by Chorin-Temam [17] to treat the incompressibility in the
Navier-Stokes equations. The hyperbolic part of the system is approximated
using a kinetic finite volume solver and the correction step implies to solve a
mixed problem where the velocity and the pressure are defined in compatible
finite element spaces.

The resolution of the incompressibility constraint leads to an elliptic prob-
lem involving the non-hydrostatic part of the pressure. This step uses a varia-
tional formulation of a shallow water version of the incompressibility condition.

Several numerical experiments are performed to confirm the relevance of
our approach.

1. Introduction. Starting from the incompressible Euler or Navier-Stokes system,
the hydrostatic assumption consists in neglecting the vertical acceleration of the
fluid. More precisely the momentum along the vertical axis of the Euler equation
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reduces in the hydrostatic context to
dp
A 1
5 = 9 (1)
where p is the pressure, g is the gravitational constant, and u (resp. w) is the
horizontal (resp. vertical ) component of the fluid velocity.
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Such an assumption produces important consequences over the structure and
complexity of the model. Indeed, Eq. (1) implies that the pressure p is no longer
the Lagrange multiplier of the incompressibility constraint and p can be expressed,
for free surface flows, as a function of the water depth of the fluid. Therefore, the
hydrostatic assumption implies that the resulting model, even though it describes
an incompressible fluid, has common features with models arising in compressible
fluid mechanics.

In geophysical problems, the hydrostatic assumption coupled with a shallow wa-
ter type description of the flow is often used. Unfortunately, these models do not
represent phenomena containing dispersive effects for which the non-hydrostatic
contribution cannot be neglected. More complex models have to be considered to
take into account this kind of phenomena, together with numerical methods able to
discretize the high order derivative terms coming from the dispersive effects. Many
shallow water type dispersive models have been proposed such as KdV, Boussinesq,
Green-Naghdi, see [24, 15, 6, 32, 33, 7, 16, 29, 2, 3, 14]. The modeling of the non-
hydrostatic effects for shallow water flows does not raise insuperable difficulties but
their discretization is more tricky. Numerical techniques for the approximation of
these models have been recently proposed [16, 12, 30].

The depth-averaged Euler model studied in the present paper has been derived
and studied in [13]. A numerical approximation based on a prediction-correction
strategy [17] is described in [1], where the discretization of the elliptic part arising
from the non-hydrostatic terms is carried out in a finite difference framework. It
is worth noticing that the numerical scheme given in [1] is endowed with robust-
ness and stability properties such as positivity, well-balancing, discrete entropy and
wet/dry interfaces treatment.

Since the derivation in a 2d context of the model proposed in [13] does not raise
difficulty, the objective is to have a numerical method that can be easily extended
to the two dimensional problem. In [1], a finite volume method is used for the
prediction part, while a finite difference method is applied for the projection part,
which is not easy to apply on an unstructured grid in the 2d framework. The main
contents of this paper is the derivation and validation of the correction step in a
variational framework allowing a finite element approximation. The results depicted
in this paper pave the way for a discretization of the 2d model on an unstructured
mesh.

Notice that the non-hydrostatic model we consider slightly differs from the well-
known Green-Naghdi model [24], see remarks 1,6 and [13] for more details.

Let Q C R, be a 1d domain (an interval) and T’ = Ty, U T,y its boundary (see
figure 1). The non-hydrostatic depth-averaged Euler model derived in [13, 1] reads

% + a%(HUQ + gH72 +Hp) = —(gH + 21%)%’ ¥
ag—? + 8[—6]731:% = 2Dpns (4)
a;? - ﬂa(H(;;QZb) tow = 0, (5)

where H is the water depth, z; is the topography and p,; is the non-hydrostatic
part of the pressure. The variables denoted with a bar recall that this model is
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obtained performing an average along the water depth of the incompressible Euler
system with free surface. The velocity field is denoted @ = (u,w)" with @ (resp. W)
the horizontal (resp. vertical) component.

We denote n = H + z, the free surface of the fluid. In addition, we give the

following notation
n
o= (5 ) (6)

with n the unit outward normal vector at I’ (in 1d, n = + 1), n represents the unit
outward normal vector of the domain covered by the fluid, namely Q x [z, 7]. We
also consider the gradient operator
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FIGURE 1. Notations and domain definition.

Moreover, the smooth solutions of the system (2)-(5) satisfy an energy conserva-
tion law, namely

OE 0 ( (= §g., _ B
E+%(U(E+§H +Hpnh>)—0, (8)
with
B H =2 2
B (u2+w)+gH(772+zb). )

Equation (5) represents a shallow water version of the divergence free constraint,
for which the non hydrostatic pressure p,; plays the role of a Lagrange multiplier.
The reader can refer to [13] for more details. Notice that considering p,, = 0 and
neglecting (4), the system (2)-(3),(5) reduces to the classical Saint-Venant system.

The paper is organized as follows. First we give a rewriting of the model and
we present the prediction-correction method, the main part being the variational
formulation of the correction part. Then in Section 3, we detail the numerical
approximation. Finally, in Section 4.1 and 5, numerical simulations validating the
proposed discretization techniques are presented.
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2. The projection scheme for the non-hydrostatic model. Projection meth-
ods have been introduced by A. Chorin and R. Temam [35] in order to compute
the pressure for incompressible Navier-Stokes equations. These methods, based on
a time splitting scheme, have been widely studied and applied to treat the incom-
pressibility constraint (see [27, 37, 36]). We develop below an analogue of this
method for shallow water flow. In order to describe the fractional time step method

we use, we propose a rewritting of the model (2)-(5).

2.1. A rewritting. Let us introduce the two operators Vg, and divy,, defined by

of O(H+22p)
vsw f = (H&E +j2f Ox b ) ) (10)
divey (v) = ag:l —vla(HaZ 220) + 2vg, (11)

with v = (vy,v2)!. We assume for a while that f and v are smooth enough. The
shallow water form of the divergence operator divs,, (resp. of the gradient operator
Vsw ) corresponds to a depth-averaged version of the divergence (resp. gradient)
appearing in the incompressible Euler and Navier-Stokes equations. Notice that
the two operators Vs, , divs, defined by (10)-(11) are H and z;, dependent and we
assume that H and z;, are sufficiently smooth functions. One can check that these
operators verify the fundamental duality relation

/ divsy (V) fdx = —/ Vsw f - vdz + [Hu f]p. (12)
Q Q
These definitions allow to rewrite the model (2)-(5) as
0H OHu
il = 1
ot * Oz 0 (13)
OHu o g .9 _ B
51 T, @H® + Vo (§H ) +Vewbnn = —gHVoz, (14)
dive (@) = 0, (15)

with Vg defined by (7).

Remark 1. Tt has been established in [13] that, when z, = 0, the Green Naghdi
model can be written in the form (2)-(4) with a different coefficient in the right
hand side of the equation (4), which is replaced by

Hw Hwu
E L (16)
So, if we try to write the Green-Naghdi model in the form (13)-(15), the duality
relation (12) is no longer satisfied. Therefore the energy balance will also differ by
one coefficient and the stability results established in [1] and based on the energy

balance does not apply to the Green-Naghdi model.

The system (13)-(15) can be written in the compact form
ox 90

E—’— 8?F(X)+Rnh = S(X), (17)
divg, (@) = 0, (18)
where we denote
H Hu
X=| Hu |, F(X)=| Hu*+4H? |, (19)
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and

R = ( vswom ) S(X) = ( _Q;VOZb ) (20)

Let be given time steps At" and note t" = >, . At*. As detailed in [1], the
projection scheme for system (17)-(18) consists in the following time splitting

Xn+1/2 = X" _ A" 8;91.}7()(%) + A S(X")’ (21)
xntl - xntl/2 _ A RZ#, (22)
disz ﬁn+1 - 07 (23)
o \n t
with ﬁnJrl _ ((I—]I_]%L)Jr:—l, (Fﬁ{u:lr:—l) .

The first two equations of (21) consist in the classical Saint-Venant system with
topography and the third equation is an advection equation for the quantity Hw.
Equations (22)-(23) describe the correction step allowing to determine the non hy-
drostatic part of the pressure pfj{l and hence giving the corrected state X?*!. The
numerical resolution of (21) — especially the first two equations — has received an
extensive coverage and efficient and robust numerical techniques exist, mainly based
on finite volume approach, see [9, 5]. The derivation of a robust and efficient nu-
merical technique for the resolution of the correction step (22)-(23) is the key point.
A strategy based on a finite difference approach has been proposed, studied and
validated in [1]. Unfortunately, the finite difference framework does not allow to
tackle situations with unstructured meshes in 2 or 3 dimensions. It is the key point
of this paper to propose a variational formulation of the correction step coupled
with a finite volume discretization of the prediction step.

2.2. The correction step. In this part, we consider we have at our disposal a
space discretization of Eq. (21) solving the hydrostatic part of the model and we
focus on the correction step (22)-(23).

2.2.1. Variational formulation. The correction step (22)-(23) writes,

HnJrl — Hn+1/2, (24)
(Hu)"*! + At"Vy,, p" 7t = (Hu)"t1/2 (25)
divg,, (") = 0. (26)

For the sake of clarity, in the following we will drop the notation with a bar and
we denote p instead of p,p. Likewise we drop the superscript "1 for the corrected
states.

The system of equations (25)-(26) is a mixed problem in velocity/pressure, its
approximation leads to a variational mixed problem. We introduce the spaces:

Vo= {v=(v,1) € (L*Q))?|divsy, (V) € L*(Q)}, (27)
Q = {q€L*(Q)|Vewq e (L*(Q))*}, (28)
and
Vo = {V ev, ’U|F = 0}, (29)
Qo = {¢€Q, qlr =0}. (30)

The variational problem writes:
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Find u € Vj, p € Q such that

/(Hu—l—At"szp)-vdx = /(Hu)"+1/2-vdx, Vv e W, (31)
Q Q

/ divey (w)gdz = 0, VgeQ. (32)
Q

In this part, in order to simplify the problem, the velocity is taken in Vj (which is
not physically relevant in general), to eliminate the boundary term that will appear

when the duality relation (12) is used in (31).
Indeed, introducing the bilinear forms

a(u,v) = /Hu-vdw, Vu,v €V,
Q
bv.g) = = [ div (ade, W ETaVaeQ

the problem (31)-(32) becomes:
Find p € @ and u € Vj such that

1 1
Ma(u,v)—l—b(v,p) = Atna(u”+1/2,v)7 Vv e W, (33)

b(u,q) = 0, VYgqeQ. (34)

The two spaces Vp and @ have been chosen to consider the variational problem
without the boundary term

/Hpm nds (35)
r

with n the unit outward normal vector defined by (6).

As well, to have a Dirichlet condition on the pressure instead of the velocity, the
following problem can be considered.

Find u € V and p € @ such that

1
(w,v) +b(v,p) = @a(u”H/Q,v)7 Vv eV, (36)
b(uv q) = 07 VQ € QO~ (37)

In section 2.3, we will introduce other functional spaces to take into consideration
the boundary conditions of the correction step coupled with the hyperbolic part.

N

2.2.2. The pressure equation. In this part, we are interested in deriving an equation
for the pressure. Instead of considering the problem in velocity/pressure under the
coupled form “div-grad”, we consider an elliptic problem leading to an uncoupled
equation for the pressure. This is in analogy with the Poisson equation derived
from the Euler equations by the projection scheme of Chorin-Temam [35, 17]. In
order to obtain the pressure equation, we start from the problem (36)-(37) and take
a specific value for v.

Formally, let us take v of the form v = VSI}I“ % with ¢ € Qq defined by (30).

Then, we notice that

a(w, VSqu) =b(w,q) Yw eV, VYqe Q.
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Indeed, with (12), we get

alw,v) = a Wszq
’ - ) H

= W'szqu
Q

— | divsy (W)gq dx
Q

= b(w,q).
So, using (34), we have
a <u7 Vsu q> =0 VqeQo. (38)
H
Then, (33) reduces to:
szq o 1 n+1/2 szq
( 7t 7vsw p) - At"a (u Ty Vq € QO‘ (39)

Let us introduce the shallow water version of the Laplacian operator A,,, defined
by

. Vow P
A = 4
sw P = divgy ( i ) (40)

and the space

Qovvw = {4 € Qoldives (V;;”q) e ().

Using (12) and (40), we get

1 . n
(Asw D, 11) = Afn (lesw (u +1/2)7 q) 3 Vq € QO,sw- (41)
From (41), we deduce
1 . n
Agwp g divew (u +1/2y, (42)
plr=0 = 0. (43)

The resolution of the equations (42)-(43) allows to compute p and then to update
the velocity at the correction step (25).

To obtain equation (42), which is independent of u, it is equivalent to apply the
operator divg, to the equation (22) divided by H, and to use the shallow water free
divergence condition (23) to eliminate u.

Remark 2. The existence and uniqueness of the problems are not treated in this
paper since it would require more developments. This subject will be explored in
a forthcoming paper devoted to the two dimensional case. As well, one can ask
about the inf-sup condition of the mixed problem (33)-(34), this property can be
easily verified for the chosen spaces, indeed the Babuska-Brezzi [10, 34] condition
has to be satisfied. Denoting by B the weak operator defined by Vv € V), Bv =
b(v,q),Yq € Q, we have

ker B© = {q€ Q|B'q=0}
= {qEQ|/szq~vd$=OVVEVO}.
Q
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Choosing v € (L?(2))? and ¢ such as Vg, g € (L*(2))?, it follows that Vg, ¢ = 0,
then, with(10), we get ¢ = 0 and ker B® = 0. Indeed, in contrast with Navier-Stokes
equations for which the pressure is defined up to an additive constant, the pressure
of the shallow water equations is fully defined. Therefore, the mixed problem (33)-
(34) satisfies the inf-sup condition. A similar argument applies to the problem
(36)-(37) to have the inf-sup condition.

2.3. Boundary conditions. In this section, we still consider that the hydrostatic
part is provided and we study the compatibility of the boundary conditions between
the hydrostatic part and the projection part. Therefore, the compatibility between
the pressure and velocity at boundary needs to be studied. To this aim, we first
provide the conditions required to impose a Dirichlet or a Neumann boundary con-
dition for the pressure at the boundary on the variational formulation, and then, we
couple these conditions with the hydrostatic part. Concerning the bathymetry, it is
usual to impose a Neumann boundary condition for the bottom z; at the hydrostatic
level.

We consider a more general case taking the space V' defined by (27) and we
introduce the bilinear form

c(v,p)z—/Hpvlnds, YveVpeQqQ,
r

with n the unit outward normal vector defined by (6). In one dimension, ¢(v,p) =
—(Hpv1)|r, . +(Hpv)|r,,-

Therefore instead of (33)-(34), we consider the problem:

Find u € V, p € Q such that,

1
ﬁa(u"+1/2‘,v)+c(v,p), Vv ev, (44)

b(u,q) = 0, VgeQ. (45)

Notice that divs, (u) = Vo (Hu)4+u- (ns+np) and Vs, p = HVo(p) — p(ns + nyp,)
with Vq defined by (7) and ng (resp. np) the (non-unit) normal vector at the
surface (resp. at the bottom)

_On _ Oz
() w7 )

With that notation, the relation (12) rewrites

/divsw(u) das:/Hunds—i—/u-(ns—i—nb)dx.
Q r Q

Hence, to satisfy the divergence free condition, the velocity u should verify

/Hunds:—/u-(ns+nb)da:.
r Q

Dirichlet boundary condition for the pressure. From the variational formulation of
the projection scheme, due to the term (35), a natural boundary condition for
the pressure is a Dirichlet condition, in the sense that the pressure at the bound-
ary I';, i = in or i = out, appears in the boundary term of the variational form
fFi Hpuvinds. At Ty, (i = in,out), if p|r, = po then c(v,p) = fFi Hpovinds and we
take v € V, ¢ € Q; with /

Qi = {a€L*(Q)|Vswq € (L* (D)) q

In the case p|r = pp , the problem writes:

1
Ma(uav) + b(V,p) =

r, =0}
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FindueV,p—po€ Qo={q€Q, q|r =0}, such that
1 1
Hu-v —pdivg, (V) de = Hu"t? . v dx
o pdivgy (v) |

—/Hpovlnds Vv ev,
r

/qdivsw(u)dac = 0, VYqe@Q.
Q

Neumann boundary condition for the pressure. The Neumann boundary condition
for the projection scheme is not natural and to enforce such a condition, the elliptic
problem (39)-(41) has to be considered. Using this formulation, the velocity at the
boundary is a part of the right hand side. Taking now ¢ € Qsy, with Qs = {q €
Q|divsy ( swP) ¢ [2(Q)}, the problem is rewritten

1 1
Ma(u v)+ (v, Vswp) = @a(u’”l/z,v) Vv ev,
1 _ 1 : n+1/2 1 /
(Baup @)+ grilpa) = s (divew (4/2), ) + | Hugnds

Atn / Hun+1/2qnd5 Vq € Qsw,

with ¢, the bilinear form

iprq) = — / (ALY ,uply ) gn ds. (46)

Many studies have been done to choose an appropriate variational formulation
for this problem. In [26] J-L. Guermond explores the different variational formu-
lations in order to enforce a Neumann pressure boundary condition, in [28] some
equivalent formulations are given to switch between Neumann and Dirichlet bound-
ary conditions. As for the hyperbolic part, we still consider that we have imposed
a Neumann boundary condition for the topography % azb r; =0, Vi =1n,out. Tak-
ing the normal component at the boundary I'; of the momentum equation at the
second step of the splitting (25), it follows that

dp OH H  nt1/2
H—|r. (—Ip,) = — )
87’L|Fl +p|Fz( an |Fz) Atn (u I'; u|F1)7

where the left hand side corresponds to the boundary terms (46) of the elliptic
problem.
We denote aH v, = Bi, i = in, out.
e In case ﬁl = 0, a Neumann boundary condition for the pressure is deduced
from a Dirichlet condition for u.

dp 1 1/2
alre = w7 —ulry). (47)
e In the other cases, it gives a mixed boundary condition
Op 1 n+1/2
gl Bple, = ol k). (48)

Then, in the two cases, we have imposed a Dirichlet velocity condition, that leads
to take v € V; and ¢ € @, with i = in for the inflow or i = out for the outflow where

Vi={v=(v,v2) € (LQ(Q))Q\divsw (v) € LQ(Q),vlm = 0}. (49)
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Let us now give the coupling boundary conditions between the prediction step and
the correction step. Indeed, in the projection part, boundary conditions need to be
set in order to be consistent with the hydrostatic part.

Concerning the prediction step, we consider the well known Saint-Venant system
and we assume that the Riemann invariant remains constant along the associated
characteristic. This approach has been introduced in [11] and distinguishes fluvial
and torrential boundaries depending on the Froude number Fr = ‘—Zl Usual bound-
ary conditions consist in imposing a flux qg at the inflow boundary and a water
depth at the outflow boundary. It is also classical to let a free outflow boundary,
setting a Neumann boundary condition for the water depth and for the velocity.
For both cases, we now give the boundary conditions that have to be set in the
correction step.

We consider the first situation in which we set a flux at the inflow I';, and a
given depth at the outflow T'y,;. Assuming a fluvial flow, this case consists in
solving a Riemann problem at the interface I';,, where the global flux is given by
do = (qo1,q02)! = (Hu™t1/2, Hw"*t1/2)t, That gives the boundary values Hy =
HSLH/Q, ug = % and wy = % from the hyperbolic part. This leads to
obtain a Dirichle‘g condition for the 0pressure at the left boundary of the correction
part.

Moreover, if H is given for the outflow, we preconize to give a mixed condition
for the pressure that corresponds to the boundary condition (48)

p Tin = 07
dp OH
— — =0
an Fout + p an Fout 7
that leads to take u € V,,¢, with the definition (49) and
pE Qin - {q € L2(Q)|vswq € L2(Q)a Q|Fm = 0}

We now consider the second situation in which we still impose a flux qg at the
inflow and we set a free outflow boundary. In this case, we assume the two Riemann
invariants are constant along the outgoing characteristics of the hyperbolic part (see
[11]), therefore, we have a Neumann boundary condition for H"+1/2 and u"+1/2,

OH

on

Preserving these conditions at the correction step, it gives a Neumann boundary
condition for the pressure of type (47)

Ip

an

For an inflow given, the functional spaces will be defined by

uc Vout7 pe Qin~

_ 07 aun+l/2

=0.
1—\out an

1—\out

=0.
Cout

3. Numerical approximation.

3.1. Discretization. This section is devoted to the numerical approximation and
gives mainly details about the correction step. Let us be given a subdivision of
Q with NV vertices ¥1 < 3 < ... < xx and we define the space step Az /5 =

Tiy1 — x;. We also note Az = ;4170 — Ti_1/2 With 2,415 = %
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Prediction part. For the prediction step (21) i.e the hydrostatic part of the model,
we use a finite volume scheme. We introduce the finite volume cells C; centered at
vertices z; such that Q = U,—; yC;. Then, the approximate solution X at time ¢"

1
X'~ X(z,t"™)d
¢ Ax; /Cl (@, ¢)d,

is solution of the numerical scheme

X[ = X7 = 07 (Flyajn = Filajn) +o1ST,

(2

where o' = ﬁ—ﬁ: and F (resp. §) is a robust and efficient discretization of the

conservative flux F(X) (resp. the source term S(X)). The time step is determined
through a classical CFL condition. Many numerical fluxes and discretizations are
available in the literature [9, 23, 31], we choose a kinetic based solver [5] coupled
with the hydrostatic reconstruction technique [4].

Correction part. Concerning the correction step (22)-(23), we consider the discrete
problem corresponding to the mixed problem (33)-(34). We approach (V, @) by
the finite dimensional spaces (Vpp, @n) and we note

N = dim(VOh)a M= dlm(Qh)

We also denote by (%)i:l,N and (q’)l)l:LM the basis functions of Vj;, and Q, re-
spectively. The finite dimensional spaces will be specified later on. We approximate

(u,p) € (Vo,Q) by (un,pn) € (Von, Qn) such that

w@) =3 (1 )e.  ma =S na,
=1

i=1

Therefore, we consider the discrete problem corresponding to (33)-(34).
Find uy, € Vpp, pn € Qp such that

1 1 "
Ma(uh,w) +b(Vh,pn) = Atna(uh“ﬂ,vh), Vv, € Von, (50)
b(up,qn) = 0, Vg € Q. (51)

Let us introduce the mass matrix My given by

My = </ H%@jdl“) ;
0 1<ij<N

and the two matrices BY, B defined by

Bt = </ vsw(qsl)sﬁidx) ,B = - </ diVsu;(Sﬁj)ledz) 3
Q 1<I<KM,1<i<N Q 1<I<KM,1<j<N

and we denote

Uy
: b1
u=|"™1, pP=|:],
wq
Pm
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Therefore, the problem (50)-(51) becomes
ﬁAH Bt U _ ﬁAHUWHQ
B 0 P 0 ’
_( Mg O
An = ( . )

Assuming that My is invertible and eliminating the velocity U, we obtain the
following equation

with

1
BAL'B'P = A—tnBU”“/?, (52)

that is a discretization of the elliptic equation (42) of Sturm-Liouville type governing
the pressure p.

We now take into account the boundary conditions in the more general problem
(44)-(45). The velocity u is approximated by uj € Vj,, and the discrete problem is
then written:

Find (up, pp) € (Vi, Q) such that

1 1 n 1
Ma(uhavh) + b(Vh»ph) = Tﬁa(uh+1/27vh) + Mc(uhyph) , Vvp € Vg,
b(up,qn) = 0 Vg € Q.

Considering the matrix At"C = (¢ (pi, ¢1))1<j<pr1<i<n that contains the boundary
terms, the equation (52) becomes -
1
At
This approach is suitable for the finite element approximation that is given in the
next section. However, it implies to invert a mass matrix My that is not diagonal
and depends on the water depth H. In practice, we use the mass lumping tech-
nique introduced by Gresho ([25]) to avoid inverting the mass matrix in projection

methods for Navier-Stokes incompressible system.

BAG (Bt - C)P = -— BU"™"'/2,

3.2. Finite element P;/Py. It has been seen in [1] that the discrete entropy is
satisfied if we use a finite difference scheme on a staggered grid, then we choose the
specific pair P; /Py in order to satisfy the entropy properties.

The problem is solved by the mixed finite element approximation P; /Py (see
[34]) on the domain Q = UM, K; ( M = N — 1 with N the number of nodes), where
the velocity is approximated by a continuous linear function and the pressure is
approximated by a discontinuous piecewise constant function over each element

u, €V, = {Vh S (CO(Q))2 | Vh|K1 € ]P’%,Vl =1,...,N — 1},
and
ph € Qn={aqn| qnlg, €Po, Vi=1,...,M —1}.
Using the discretization given in 3.1, we denote by K;, 1,y the finite element cell
[z, ;11], then the pressure is constant on the finite element K;_ ;5.

For the sake of clarity, in this situation, let (q§j+1 /2) 1<j<M be the basis functions

for the pressure pp, and (¢;); ;< the basis functions for the velocity uy,, and set

N w M
w0 =3 (0 ) m) =Y pnprale)
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We note ( = H+2z;, and assume ( is approximated by a piecewise linear function

_ N 9¢h Ci Ci _ _Xit1/2
Cn, namely Cp(x) = > ;1 Gpi(x). We also note 5 |i1/0 = A;rlﬂ/z = Reis the
constant gradient of ¢, on the element K /5.

Remark 3. In the context of the discontinuous Galerkin method, using 9, ¢ ;1 /2(x)
= 0;(x) — dj41(x) in the sense of distribution, it gives a distributional derivative for

the pressure O,pp(z) = Zj (pj+1/2 - pj—l/z) i ().
We denote ¢ = (¢, <p)t, then the shallow water gradient operator is written

Hi(piy1/2 = Pic172) +
v e o dr = i\Wi+1/ i—1/ )
/Q s (P1) £ ( —(A$i+1/2pi+1/2 +sz71/2p271/2)
Similarly, after integrating by part, the shallow water divergence operator writes
. Uj + Uy
/ divsy (up)djr12dr = Hjpiujer — Hjug — % (G+1—G)
Q

+AT 12 (W) + wj1)-

In one dimension, this approach corresponds to a staggered-grid finite-difference
method where the velocity is computed at the nodes and the pressure is computed
at the middle nodes. The discretization we obtain corresponds exactly to the fi-
nite difference scheme given in [1], and then, the properties established in [1] are
conserved.

3.3. Finite element P;-iso-Py/P;. In this part, we propose to give an approxi-
mation P;-iso-P5 for the velocity and Py for the pressure. This pair has been chosen
in order to prepare the two dimensional method for which the Inf-Sup condition
is verified with this couple (see [34]). Moreover, to satisfy the discrete entropy, as
explained in [1], it is necessary to have a staggered grid. We give here an analogy
for the one dimensional problem.

For the one dimensional P;-iso-Ps /1, we consider two meshes Kj, (the same as
before) and ]CQ}L with Kh,i+1/2 = [mi,miH] and K2h,j = [$2j_1,$2j+1] the finite ele-
ments defined on the respective meshes K, and Kop such that I, = Uii;lKh7i+1/2
and Cop, = Ujj\ilegh,j with N the total number of vertices of K, and M = (N—1)/2
(assuming N odd), the number of vertices of Kap,. Therefore, the approximation
spaces V}, and @y, are defined by

Vi = {vh € COQ)| Vil s €PLVi=1,--- N - 1},

O = {weC@laly,, €PLYi=1..M-1}.

Then, the velocity and the pressure are written

M N
Usg
0= no wie) =3 () e 53)
where (¢;), ;< are the basis functions for the pressure pp, and (¢;);<;<y the
basis functions for the velocity uy.

In figure 2, the dashed lines are the usual elementary basis functions of P; on
the mesh K, while the continuous lines are the basis functions on the mesh KCyp,.
The divergence operator, for all j = 1, M, writes

/ divew(up)g;do = > / div e (up) ¢, da.

Knpekp
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Vi1 ®; i

T2j—-1 Li=25 Li41=2j5+1
Kpi—1/2|Knit1/2

Kon,j+1

FIGURE 2. Representation of the basis functions.

Hu;_1}-7 ~0
= Huip

Ci—q C; Cit1
,,,,, P ° o ° °

Ti—2 Ti—1 Ti=25  Ti+1

FIGURE 3. Representation of the discretization of the function
(Hu) and representation of the finite volume cell C; =

[3«"1‘—1/27 931’+1/2]-

We use a linear interpolation for Hy; in the computation of th e Hyp; dx, and
we consider that Ax; = Az Vi 1,..., N for the sake of sirhplicity. We still
approximate ¢ by (; defined before.

The discrete shallow water divergence operator is computed for all nodes x; of
the mesh KCo;, and therefore, denoting ¢ = 25 — 1, it can be written, Vj = 1, M

1 H, 1 H,_
/ divew(up)pjde = | ~Hipouipo + Sy ) = (S Hioui o + Lug o
o 4 2 4 2

i—1/2 i+1/2
- (Xi71/2mi,j + Xi+1/2M 5 ) U;
i—3/2 i+3/2
— A\ Xi—3/2MM 95 ) Wi—2 = | Xi+3/2M405 ) Wit2
i—1/2 i—3/2
- (Xi—1/2mi_17j + Xi-3/2M_1; ) Uj—1
i+1/2 i+3/2
- (Xi+1/2mi+1’j + Xi+3/2M 414 ) Ujt1

i+1/2
i)

(3

+(2m

i-1/2 i—3/2 i+1/2 i+3/2
+ (mi—lvj +m;_1; ) Wi-1+ (miﬂd My ) Wit

i—3/2 i+3/2
+(mi—2,j Jwi—2 + Mo Wit2,
. it1/2 .
with m; " = th,i+1/2 ipjd.

Similarly, the shallow water gradient operator is obtained for all the nodes z; of
the mesh K. However, we distinguish the gradient at the nodes of the elements
Ksj, from the ones at the interior. In other words, for all the nodes x; of the mesh
Kop, the gradient operator is defined by

H;
/stw Ph™P(i=aj-1) dz Y (j+1 —pj-1)
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i—1/2 i—1/2
+Xi-1/2 (m;,j / pj + m;,jf/l pj—1>

/ i+1/2 ) :

i+1/2
+Xj+1/2 (mm Pj + My 51 P+l

i+1/2 i—
g Pi T M

1/ i+1/2

= —2m Pj—1—my; ;" Pj+1-

/Q Vou P Lli=2j-1) e 2

On the other hand, for all the nodes z; such that 7 is even

H;
/stwph Plimayy BT = 7(Pj+1 —pj)

1
1—1/2 +-1/2
+ (Xifl/Qm;j 24 Xi+1/2mz,+j / )Pj
i—1/2 i+1/2
+ (Xi—l/Qm;j.i_/l + Xi+1/2mrj'7j+/1 ) Dj+1,
i—1/2 i+1/2 i—1/2 i+1/2
/stw PhPgydT| = — (m;j / +m / )pj - (mﬁ,j+/1 + mZ,j+/1 ) Pj+1-
2

With the discretization of the shallow water operators given above, we are able
to validate the scheme for the first order method and the second order method.

3.4. Towards a second order approximation. In this section, we give some
modifications of the previous scheme to improve the accuracy.

3.4.1. Second order approximation in space. A formally second order scheme in
space has been developed for the hydrostatic shallow water system in [4], using
a limited reconstruction of the variables. We use this reconstruction in the finite
volume scheme applied to the hyperbolic part. For the correction part, we use the
scheme presented in the previous section but a higher order accuracy could be used
like a P; — IP1 approximation for instance.

3.4.2. Second order approximation in time. For hyperbolic conservation laws, the
second-order accuracy in time is usually recovered by the Heun method [8, 9] which
is a slight modification of the second order Runge-Kutta method. The second order
scheme presented here is an adaptation of the Heun scheme which takes into account
the CFL constraint for each time step. More precisely, for a system written under
the simplified form

&~ ), (54)
the scheme writes
gt o=yt A, (55)
A A () (56)
"t o= a4 8, (57)

where At} and At} respectively satisfy the CFL conditions associated with y™ and
g"*t1. Using a Taylor expansion, it can be verified that this is a second order scheme
in time if the following relations hold

QAL ALY
A n — 1 2
t ALY + Aty (58)
(A™)?
s 20t ALY’ (59)
a = 1-5. (60)
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Since, o, 8 > 0, ™! is a convex combination of y™ and §"t? so the scheme
preserves the positivity.

By analogy, the idea is to apply this method to the prediction-correction scheme.
To this aim, we rewrite the system (17)-(18) under the form

0X
S = 10— R, (61)
divye, (@) = 0 (62)

where R, is defined by (20) and f(z) = —BIZ;(IX) + S(X) with F and S defined
by (19) and (20). We replace each step (55)-(56) by the prediction-correction step
(21)-(22)

XmH= = X" AR F(XM), (63)

Xl = Xl AR (64)

div, (") = 0, (65)

Xn+27 — XnJrl +Atgf(Xn+1), (66)

X2 = X AR, (67)

divy, (@"1?) = 0, (68)

and then (57) becomes

X"l = aX" 4+ X2, (69)

Notice that the divergence free condition is not satisfied by X™*! but it is satisfied
for each intermediate steps (64) and (67).

With these modifications, we improve the accuracy of the global scheme, some
parts of which are formally “second order”. But the proof of the convergence orders
is a difficult problem that we do not address here. These difficulties have been
encountered and have been studied for the Navier-Stokes problem by J-L.Guermond
and J.Shen in [27] (see also [21, 22]).

The convergence order has been computed for the elevation and the pressure in
the figures 6, 7 and 8 (see section 4.1).

4. Analytical solutions.

4.1. Validation with an analytical solution. In [1],[13] some analytical solu-
tions of the model (2)-(5) have been presented and they allow to validate the nu-
merical method. We consider the propagation of a solitary wave on a flat bottom
(zp = cte). This solution has the form

2
Hy+a (sech <x lcot>) , (70)
d
u = ¢ (I—H), (71)
acod T — cot , [T —cot
T sech ( 7 ) sech ( 7 ) , (72)

2 72 2
acgd , [T —cot
= 2H, — H) ( sech’ [ =—
b 2A2H? <( 0 )<bec ( l )) ’

H




SIMULATION OF A DISPERSIVE SHALLOW WATER SYSTEM 17

+ Hsech (ac —lcot> sech” (w _l cot)> ) (73)

with d,a, Hy € R, Hy > 0, a > 0 and

| | gHj H
=/ 1=/ 4 2 4
Co d 127H37 l a + 0 (7)

The solitary wave is a particular case where dispersive contributions are coun-
terbalanced by non linear effects so that the shape of the wave remains unchanged
during the propagation. The propagation of the solitary wave has been simulated
for the parameters a = 0.4m, Hy = 1 m, and d = 1 m over a domain of 45m with
9000 nodes. At time ¢t = 0, the solitary wave is positioned inside the domain. The
results presented in figure 4 show the different fields, namely the elevation, the com-
ponents of velocity and the total pressure at different times, and the comparison
with the analytical solution at the last time.

~—— Numerical
1 Analytical
5

25 30 35

Velocity w
Total pressure

FIGURE 4. Propagation of the solitary wave at times
1.00008 5,1.9009 s,3.9017s and 5.9025s. Comparison with
analytical solution at time ¢t = 5.9025 s.

In the projection step, the greatest difficulty is to compute the pressure corre-
sponding to the boundary conditions of the hyperbolic part (as seen in 2.3). The
solution near the boundary has been confronted to the analytical solution. In the
following result, we set a Neumann boundary condition on the non hydrostatic pres-
sure with the parameters given below. As shown in the figure 4.1, the pressure is
well estimated at the outflow boundary and allows the wave to leave the domain
with a good behavior. The inflow boundary condition has been tested with this
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(@ (b) (c)
03 ; ; 0.3 ; ; 0.3 ;

Pressure

-0.7

30 35 40

Space

FIGURE 5. Non hydrostatic pressure profile at right boundary (z =
45m) (a): t =9.4044 s (b): t = 9.8046 s (c): t = 10.1048 s.

same test case and gives similar results. We are able to let the solitary wave enter
in the domain with a good approximation of the elevation.

The numerical simulations for the first and the second order method are compared
with the analytical solution and the L?- error has been evaluated over different
meshes of sizes from 395 nodes to 1695 nodes (see figures 6, 7, 8).

With the parameters given above, for the first order method it gives a convergence
rate for H close to 1 for the two computations, i.e P; /Py and Py-iso-Ps /P;. For the
second order scheme, it gives a convergence order close to two (see Fig.6). Same
results have been also obtained for the velocity (see Fig.7).

In figure 8, the convergence rate has been computed for the pressure and we
can observe that, for the first order method, the convergence rate of the pressure
error is close to the first order, while the second order scheme gives a first order
convergence rate for the pressure error.

Notice that the parameters set to validate the method lead to have a significant
non hydrostatic pressure (see the figure 4.1) and then, the results show the ability
of the method to preserve the solitary wave over the time.

The numerical results have also been obtained for the Thacker’s test presented
in [1], with the same convergence rate as the P; /Py method.

4.2. Partial comparison with the Green-Naghdi model. In this part, we
propose to compare the two models using an analytical solution of the Green-Naghdi
model. As mentioned in Remark 1, the solution method presented in this paper
does not apply immediately to the Green-Naghdi model. So, we just propose here
a comparison with an analytical solution of the Green-Naghdi equations. In [13], it
has been adduced that the analytical solitary wave of the Green-Naghdi model can
be written in the same form as (70)-(73) with the parameters:

2 1 [ gH? o [H3
-2 0 =4/ 4 g2 75
= md\l -2 N A (75)
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The idea is to initialize the simulation using the depth-averaged Euler model with
the solitary wave of the Green-Naghdi model. Then, the aim is to compare after a
long time lapse the analytical solution of the Green-Naghdi model and the simulated
solution with the depth-averaged Euler model to see how the two models differ after
a long time. We prescribe the amplitude a = 0.2m, the elevation Hy = 1.0m and
the velocity ¢y = 3.43m/s and, from (75), we deduce the values of [ and d for the
Green-Naghdi model.

Remark 4. The parameters ¢y and a have been chosen such that, if we compute the
solitary solution of the depth-averaged Euler model (70)-(73) with the parameters
(74), the two waves only slightly differ, as one can see in figure 9.

DAE and GN at time : 0

H(m)
T

25

Space (m)

FIGURE 9. The solitary wave - Comparison of the two analyti-
cal solutions for the depth-averaged Euler system (DAE) and the
Green-Naghdi model (GN) at time t = 0, for the same amplitude
a = 0.2m and the same velocity ¢y = 3.43m/s.

In figure 10, the simulation in a long channel of 80 m has been initialized with
the solitary wave of the Green-Naghdi model. The elevation of the simulated wave
is compared with the analytical solutions of the Green-Naghdi model at different
times. There is a significant gap between the two curves after a long time lapse,
showing the discrepancy between the solution of the two models.

Remark 5. Another unsteady solution has been presented in [13] and generalizes
the solution obtained by Thacker [38] for the shallow water equation. Although it
is not studied in this paper, in the same way as the solitary wave, notice that the
solution can be adapted for the Green-Naghdi model.

5. Numerical results.

5.1. Dam break problem. We next study the dispersive effect on the classical
dam break problem, which is usually modeled by a Riemann problem providing
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FIGURE 10. The solitary wave - Comparison of a DAE simulation
with an analytical solution of the Green-Naghdi model at times :
t=0s,t=3.003s, t =18.0008 s.

a left state (Hp,ur) and a right state (Hg,ug) on each side of the discontinuity
xq ([23]). However, our numerical dispersive model does not allow discontinuous
solutions due to the functional spaces required for H (see also [13]), thus we provide
an initial data numerically close to the analytical one

€

H(z,0) = (Hg-+a)—atanh <de>,
a = HR_HL~

To evaluate the non hydrostatic effect, the different fields have been compared
with the shallow water solution with the initial data: Hp = 1.8m, Hg = 1m,
up = ur = 0m.s~ %, e = 1074 m, 24 = 300m over a domain of length 600 m with
30000 nodes. In figure 11, the evolution of the state is shown at time ¢t = 10 s and
t = 45s. The oscillations are due to the dispersive effects but the mean velocity
does not change. These results are in adequation with the analysis proposed by

Gavrilyuk in [30] for the Green-Naghdi model with the same configuration.

5.2. Wet-dry interfaces. The ability to treat the wet/dry interfaces is crucial in
geophysical problems, since geophysicists are interested in studying the behavior of
the water depth near the shorelines. This implies a water depth tending to zero
at such boundaries. To treat the problem, we use the method introduced in [1],
considering a minimum elevation H..

Therefore, we confront the method with a coastal bottom at the right boundary
over a domain of 35m with 3000 nodes. A wave is generated at the left boundary
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FIGURE 11. The dam break problem, elevation H and velocity u
at times t = 10s and t = 45 s.

with an amplitude of 0.2m and an initial water depth Hy = 1 m. In figure 12, the
arrival of the wave at the coast is shown for times ¢t = 7.91 s, 9.92 s and 10.42 s.

2 2 2
18 18 18
16 16 18
14 14 14
12) 12) 12)
E 1 1
=
08 08 08
0.6 0.6 0.6
0.4 0.4 0.4
02 02 02 —— Non-hydrostatic
— Bottom

Space (m)

FIGURE 12. Propagation of a wave at a wet/dry interface.

5.3. Comparison with experimental results. In this part, we confront the
model with Dingemans experiments (detailed in [19, 18]) that consist in gener-
ating a small amplitude wave at the left boundary of a channel with topography as
described in figure 13.

At the left boundary, a wave is generated with a period T = 2.02s and an
amplitude of 0.02m. A free outflow condition is set at the right boundary. The
initial free surface is set to be 19 = 0.4 m, and the measurement readings are saved
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FicURE 13. Configuration of Dingemans’s test.

at the following positions 10.5m, 12.5m, 13.5m, 14.5m ,15,7m and 17.3 m, placed
at sensors 1 to 6 (Fig.13 ). In such a situation, the non hydrostatic effects have a
significant impact on the water depth that cannot be represented by a hydrostatic
model. These effects result mainly from the slope of the bathymetry, 10% in this
case. In the figure 14, the simulation has been run with the hydrostatic model and
the elevation has been compared with measures at the sensor 5. As one can see,
the non-hydrostatic pressure has to be taken in consideration to estimate the real
water depth variation.

Sensor 5
0.02

Hydrostatic model
— — - Experimental data

0.015

0.005

H-H, (m)

2 4 6 8 10 12
Time (s)

FIGURE 14. Comparison with hydrostatic model on sensor 5.

The numerical simulation with the non-hydrostatic model has been run with
15000 nodes on a domain of 49 m over 25 s and the comparisons are illustrated for
each sensor (fig. 15). The goal of this last result is also to highlight the ability of
the model to capture dispersive effects for a geophysical flow with a non negligible
pressure.

Remark 6. The reader can refer to [16, 20] to see the numerical results of the
Green-Naghdi model on the Dingemans test. As expected, for the two models, the
numerical results are close to the experimental data. Notice that the measured
quantities contain experimental errors and uncertainties. Therefore, since the two
models are very close and the generated perturbation during the experiment is
small, it is complicated to evaluate if the differences are due to the uncertainty of
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FiGURE 15. Comparison between measured and computed eleva-
tions on Dingemans test for the six first sensors.

the measures or the accuracy of the models. Nevertheless, it is expected that the
difference between the models would be observable after a long time. Although this
is not the scope of this paper, it would be interesting in a future study to compare
the two models on the same experimental data.

5.4. Remark on iterative method. We recall that this formulation should allow
to extend the method on two dimensional unstructured grids. However, it requires
to invert a system at each time iteration, which will become too costly in two
dimensions. To anticipate the two dimensional problem, this method has been
tested using different iterative methods like conjugate gradient and Uzawa methods.
In figure 16, we show a comparison of the computing time for the implementation
of the direct method and Uzawa method for P;-iso-Py/P; approximation. In one
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dimension, it is not relevant to use one of these methods, while it will be necessary
for the two dimension model.

Time execution
1800

1600 direct

1400
1200
1000

800

CPU time (s)

600

200

0 o I 1 1 1 L |

0 2000 4000 6000 8000 10000 12000
Number of nodes

FIGURE 16. Comparison of the computing time (CPU) for the di-
rect method and Uzawa method with Py-iso-Ps /Py approximation.

6. Conclusion. In this paper, a variational formulation has been established for
the one dimensional dispersive model introduced in [13]. The main idea is to give
a new framework in which it will be possible to extend the scheme to the two
dimensional model. To this aim, the finite-element method has been presented
with two approximation spaces. First, the IP; /Py approximation has been done and
we recover, as expected, the finite difference scheme, together with the good results
proved in [1]. Then, the P;-iso-Ps/P;approximation has been studied to prepare the
two dimensional problem. We have validated the method using several numerical
tests and studying the dispersive effect on geophysical situations.
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