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ABSTRACT. The average distance problem finds application in data param-
eterization, which involves “representing” the data using lower dimensional
objects. From a computational point of view it is often convenient to restrict
the unknown to the family of parameterized curves. The original formulation
of the average distance problem exhibits several undesirable properties. In this
paper we propose an alternative variant: we minimize the functional

[l ylP dleg) + ALy + ea() + ) + [ v,
REXT~

where v varies among the family of parametrized curves, v among probability
measures on v, and IT among transport plans between p and v. Here A, g,¢’,&”
are given parameters, « is a penalization term on p, Iy, (resp. L.) denotes
the graph (resp. length) of v, and || - [[7v denotes the total variation semi-
norm. We will use techniques from optimal transport theory and calculus of
variations. The main aim is to prove essential boundedness, and Lipschitz
continuity for Radon-Nikodym derivative of v, when (v, v,II) is a minimizer.

1. Introduction. The average distance problem was first proposed for mathemat-
ical modeling of optimization problems, such as urban planning and image pro-
cessing, and for application in statistics. It also finds application in data parame-
terization, where given a data distribution, the aim is to find a lower dimensional
object “representing” such data (see for instance Drineas, Frieze, Kannan, Vempala
and Vinay [7], Smola, Mika, Schélkopf and Williamson [23]). The average distance
problem was first analyzed by Buttazzo, Oudet and Stepanov in [3], where several
qualitative properties of minimizers were proven. Further results were proven in
Buttazzo and Stepanov [5, 6], Paolini and Stepanov [20]. A similar formulation,
often referred to as “penalized formulation”, was introduced by Buttazzo, Mainini
and Stepanov introduced in [2]:

Problem 1. Given d > 2, a nonnegative, compactly supported measure p and a
parameter X > 0, minimize

L A ,_ 1
Eu t A 7 [05 +OO>7 Eu() . FM() + AH ()7
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where

F,: A—10,+00), F.(%) ::/ inf |z — y|du(x),
Rd YEZ

A:={¥ CR?: ¥ compact, path-wise connected, H!(X) < +00}.

Existence of minimizers follows from Blaschke’s selection theorem and Golab’s
theorem. For future reference, any considered measure will be assumed nonnegative,
compactly supported, probability measure. The choice to work with probability
measures is done for the sake of simplicity, and results proven in this paper can
be easily extended to finite measures. Problem 1 could be used to parameterize
data clouds, i.e. representing a distribution of data point using lower dimensional
objects, in this case elements of A. Let

e 1 be the distribution of data points,

e ¥ (the unknown) be the set parameterizing the data points.

Thus F,(X) represents the “error” of such representation, while A#!(X) is the cost
associated to its complexity. Although it is possible to consider penalizations terms
of the form G(X) (instead of AH! (X)), with G satisfying some natural conditions
(e.g. G non decreasing with respect to set inclusion, etc.), this is outside the scope of
this paper. Thus minimizing E;)) corresponds to finding the “best” one dimensional
parameterization, which “balances” approximation error and complexity.

Moreover, in data analysis the unknown if often restricted to the family of pa-
rameterized curves. We need first to define the “length” of a parameterized curve,
as defining it as H'-measure of the graph is not natural, since injectivity is not
imposed and points (of the graph) can be visited multiple times. Let

C* :={y*:[0,1] — R?: 4" Lipschitz regular with |(y*)’| constant £'-a.e.},
and define the “length” of a curve v* € C* as

1
L= [ 167Y s o
0
For the sake of simplicity, we will work with elements of
C:={y:[0,a) — R%:a >0, v Lipschitz regular with [y'| =1 £'-a.e.}.

Elements of C* will be referred to as “constant speed parameterized curves”, while
elements of C will be referred to as “arc-length parameterized curves”. Thus if v € C
then L, = a, and its domain is [0, L,]. The average distance problem becomes:

Problem 2. Given d > 2, a nonnegative, compactly supported measure p and a
parameter X > 0, minimize

BY:C— [0,400),  BA() = Fuln) + AL,
where
E,:C—[0,+0), E.(y) = / inf |z —y|duy, Iy :=~([0, L,]).
Rd YETS

For future reference, the notation L., will denote the “length” of -, while I',
will denote its graph. More details on the space C (including its topology) will be
discussed in Section 2. In many applications the integrand infycr_ [z — y| can be
replaced by infyep |z — y[P for some p > 1. Choice p = 2 is the most common.
Note that in this case, if the reference measure pu is discrete, i.e.

u::Zaj(ij, Zajzl, a; >0 Vj,
J J
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then R
Fu) =) ajlz; —y,  y; € argmingep |o; —y| V),
J

ie. I:"H () is the (weighted) mean square distance of points ; from the graph of 7.
Problem 2 is related to “principal curves”, and the lazy traveling salesman problem
(see for instance Polak and Wolanski [21]). Principal curves are widely used in
statistics and machine learning. For a (highly non exhaustive) list of references
about the literature (both theoretical and applied) on principal curves, we cite
Duchamp and Stuetzle [8, 9], Fischer [10], Hastie [12], Hastie and Stuetzle [13],
Kégl [14], Kégl and Aetal [15], Ozertem and Erdogmus [19], Tibshirani [24].
However the formulation of Problem 2 still exhibits several undesirable properties
when used in data parameterization:
1. it has been proven (Slepéev [22]) that even assuming p < £¢ with du/dL? €
C>, Problem 1 may admit minimizers which are simple curves failing to
be C! regular. Moreover, any simple curve minimizing Problem 1 admits a
parameterization v € C minimizing Problem 2, and a positive amount of mass
is projected on any point on which C! regularity fails. For further details
about “projections”, we refer to Section 2 of [18]. In data parameterization,
this corresponds to a loss of information, which is undesirable.

Yopt (graph of)

FIGURE 1. In this example from [22], the set B C supp(u) of positive
p-measure is projected on the single point p (which is a corner), on which
C! regularity fails.

2. The aforementioned configuration is a limit case of a more general issue: in-
deed in the formulation of Problem 2 there is no penalization for very high
(even infinite) data concentration on the representation.

3. In [17] it has been proven that Problem 1 may admit minimizers which are sim-
ple curves (thus these admit parameterizations minimizing Problem 2) whose



840 XIN YANG LU

set of non differentiability is not closed. This makes difficult to “control” the
set on which C! regularity fails.
4. Injectivity is not guaranteed, but highly desired: indeed given a minimizer
of Problem 2, there are two “natural” choices of distances:
e for data points, Euclidean distance is the natural choice,
e on the representation v however, the natural distance is the path distance
d, defined as d. (v(s),7(t)) := |s — t|, s,t € [0, L,].

time increases in this direction

FIGURE 2. In this configuration, assuming ¢ < s, points belonging to
the red part are projected on «y(Is), while points belonging to the green
part are projected on ~y(I;). The sets y(I) and y(I;) are distant with
respect to d. The colored area is part of supp(u). Time increases along
the direction of dotted arrows.

Clearly, if « is not injective, then there exist s,t satisfying s < ¢t and y(s) =
~(t). Thus these two distances are not equivalent, and data points which are
“close” (with respect to Euclidean distance) can be projected on points which
are “distant” (with respect to d.). This is undesirable. Figure 2 is a schematic
representation of this situation.

5. The functional F, u forces any point to project on one of the points on the curve
which is closest. This imposes strong geometric rigidity on minimizers.

Thus we propose an alternative variant:

Problem 3. Given d > 2, a measure p, and parameters \,e,&,¢"” >0, p > 1,
q > 1, solve

min  E[u, N\, e,¢’, ", p, , v, 1),
[ nin [ p,q)(y,v, 1)
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where
T :={(v,v,II) : v € C, v probability measure on [0, L,],
IT transport plan between p and v},

ElwNe, e e pql(v,v,10) := / |z —y[P dlI(x, y) + AL,

RexT,

L'Y
J,—g/ vidLt +en(y) + "1 v,
0

o= [ (=) e

L~ d q
L, / (;) ds ifv < L1,
/ vidLt = 0 d (2)

0
+00 otherwise.

Here, and for future reference, || - |7v denotes the total variation semi-norm.

The convergence in T will be detailed in Section 2. Note that the formulation of
Problem 3 is quite different from classical average distance problem, and resembles
the Monge-Kantorovich problem. Existence of minimizers will be proven in Lemma

L'Y
2.1. For future reference / v?ds will be referred to as “density penalization
0

term”, while with an abuse of notation, the transport cost / |z — y|P dII(x, y)
RaxT,

will be referred to as “average distance term”. The transport plan II is more a

technical expedient, and will play a marginal role in the following. Given z €

supp(p), y € ', we will say that “z projects on y” if (z,y) € supp(II). Note that:

e £'n(y) penalizes non injectivity, while ”||7/||rv penalizes large total curvature
(the term ||v'||7v is exactly the generalized total curvature, considered as a
measure);

L’Y
o c / v?dL! penalizes high concentrations of data on I'y. In particular it
0
diverges if a positive amount of data is projected on a singleton;
e the functional F,(y) (from Problem 2) is replaced by / |l — y|P dII(x, y),
R4 XTI,
allowing data points to be projected on any point (not just the points on the
curve which are closest). However, projecting on a distant point increases the
transport cost, and is advantageous only if it decreases the density penalization
term.

The aim of this paper is to prove essential boundedness (Theorem 3.1) and Lipschitz
regularity (Theorem 3.2) for dv/dL!, when (v,v,1I) is a minimizer. Note that
dv/dL! is well defined upon L!-negligible sets. This paper will be structured as
follows:

e in Section 2 we introduce preliminary notations and results, and prove exis-
tence of minimizers for Problem 3,

e in Section 3 we prove that for any minimizer (v, v, IT) of Problem 3, the Radon-
Nikodym derivative dv/dL! is essentially bounded. Moreover, if the exponent
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q appearing in the density penalization term is assumed 1 < g < 2, then
dv/dL? is Lipschitz continuous.

2. Preliminaries. The aim of this section is to present preliminary notions and
results. The main result is existence of minimizers for Problem 3. We endow the
space C with the following convergence: given a sequence {v,} C C, we say {v,}
. c .
converges to v € C (and write {7, }—~) if:
o {L,,}—L,,
e the sequence {7} converges to v* uniformly, where v*, v denote the constant
speed reparameterizations. That is,

7 [0,1] — RY, 4 (t) := y(tL,),
E0,1] — RY, A (t) = Yn(tL+,), n=12---.
The convergence in C induces a “natural” convergence in 7: we say that a sequence
{(¥n,Vn,11,)} C T converges to (y,v,1I) € T (and write {(Wmun,Hn)}I)(%y, IT))
. C * *
if {yn}=7, {va} —v, and {II,} =1L
The first issue is existence of minimizers. For the sake of brevity we will omit

writing the dependency on dimension (since all results will be valid for all dimensions
greater or equal to 2) for all quantities.

Lemma 2.1. Given d > 2, a measure i, parameters \,e,e',¢” >0, p>1,q> 1,
the functional E[p, A, e,e',€”,p, q] admits a minimizer in T.

The proof will be split over several lemmas. Note that the set
{E[p, A\ e,e' e p,q] < 400}
is non empty: indeed choose arbitrary points = € supp(u), y € B(z,1), and let
¥ :[0,1] — R 9(t) := (1 — t)z + ty.

Let II be an arbitrary optimal plan between p and 1/)ﬁ£i[071]. Then direct computa-
tion gives

Elw A e, " p, q)(1, Ll 1), TT) < (diamsupp(p) +1)P + A+ e+ ¢ < +oo. (3)

In particular, it follows that for any minimizing sequence {v,}, it holds sup,, n(7y,) <
“+00, sup,, [|7LllTv < +oo.

Lemma 2.2. Given d > 2, a measure u, parameters \,e,&',¢"” >0, p>1, ¢ > 1,
M >inf E[p, A\, e,¢',¢”,p, q], and a sequence

{(’Yn; V'r“l_‘[n)} c TN {E[M7)‘7575/a5//ap7 Q] < M}>
then it holds:

1. length estimate:

0.< (M/2)™7 <inf Ly, < sup Ly, <M/ < +o0, (4)
n
2. confinement condition:
UTn. € (5upp() yp1/0 4 p (5)
where for given r > 0,

(supp(p)), = {x eR:  inf |z -z < r} )

z€supp(p)
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Proof. Length estimate. Note that
(Yn) ALy, <Elu, N\ e, ", p,ql(vn, vn, 1L,) < M=L, < M/,

proving the upper bound in (4).
Fix an arbitrary n. Condition E[u, A\, e,¢’,¢”,p, q|(Yn, vn, ) < M gives

dy,
dct
The last inequality holds since, by Holder inequality, we have

1/q

L L q _
m du. Yn dv. q—1
1= tdct < —2) dct L7
/o acr _</0 <d£1> E) ”

1/q

L’Yn dyn q 1 1—g
- (/0 (dﬁl) d£> 2 b -

Since ¢ > 1, it follows L!~% < M/e , proving the lower bound in (4).
Confinement condition. Note that for any » and £ > 0, if it holds 'y, N

(supp(u))(M+§)1/p = (), then

L”m q
M > E[p, N\ e,e' €, p, q) (Vs Vn, 1) > 5/ ( ) dct> EL}/;‘Z.
0

g[u7)\5€75l7€/l7p’ q](’WL,Vn,Hn) Z /d |ZL' - y‘de(Ivy) Z M +£
RdxTI',

Since {(Yn, Vn, n)} C T N{E[, A e,¢",e",p,q] < M}, it follows
(Vn)(Vﬁ > O) F’yn n (Supp(ﬂ))(M+5)1/p 7é 0.
Using length estimate sup,, L, < M/X gives
(¥n)(¥€ > 0) Ty, © (SUPP(K)) oy s ey1/msnr/no
and the arbitrariness of £ proves (5). O

We remark that for any (y,v,II) € T satisfying E[u, A, €,¢’,¢”,p, q](7, v, II) <
+o0 it holds v < L.

Lemma 2.3. For any v € C it holds
1(y) < +oo=>v injective. (6)

Proof. Assume there exist to,so € [0,L,] with to < so, v(to) = 7(s0). Choose
sufficiently small r,a > 0 such that ¢ty +r < s —r — a, and

() // oot gsarx [0 L
n(y) = S tz/ / s e
o Jo Is) =) o Jsomr [V(8) =¥ ()2

) to+r  rso 1
za/ / s
o Jsomr [7(8) =¥ (D)7

Since 7y is arc-length parameterized, it holds
[7(s) = ()] < [v(s) = v(s0)l + [v(t) = v(to)| + [7(s0) — (o)
=[7(s) = 7(®)1* < (17(s) = (s0)| + [7(t) = ~(to)])?
< 2|7(s) = v(s0)|* +2l7(t) = v(to)|* < 2|s0 — s|* + 2[to — t]?
1 1

— > )
[v(s) =7 (@)]* — 2|s — so[> + 2|t — to?
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which gives

to+r to+r 1
dsdt>/ / dsdt = +o0
/to /30 () = y(@))2 r 2|8 —so|* + 2|t — to]?

concluding the proof. O

Lemma 2.4. Given a sequence of piece-wise linear functions {f,} : [0,1] — R,

uniformly converging to the identically zero function, and such that fol |fhlds —
¢ >0, then ||f)||lrv — +oo.

We use the proof suggested by a referee.
Proof. Consider an arbitrary f € C°°(]0,1]). By the mean value theorem, there
exists ¢ € [0,1] such that f'(¢) = f(1) — f(0). Therefore,
£/ lzoe < 20 fllzee + I1F" -

Direct computation gives

(/Ollf’(S)lds>2 < / F(s)P ds

< / I )] ds + FO) (1) — FO)£(0)

<l e + 41 F 1T oe + 201 F o7 22
<A1 1Z + I f e f v )-
The proof for general f follows by a density argument. O

Lemma 2.5. Given a sequence of constant (positive) speed curves {y,} : [0,1] —
R?, converging uniformly to v : [0,1] — R%, such that

s —t|?
sup |7, llrv < +o0, sup/ / s | 7' O dsdt < +o0, (7)
n n n

then it holds
L(y) = lim_L(v,).

n—-+oo

Note that this is a much stronger result then the general lower semicontinuity of
length. In particular, due to the curvature penalization, it states that any minimiz-
ing sequence {7,} (which surely satisfies (7) in view of (3)), admitting a uniform
limit ~y, then L(7,) — L(7). This will be crucial for the proof of Lemma 2.1. We
use the proof suggested by a referee.

Proof. Boundedness of both sequences ||, |l7v and ||y, ||z~ imply boundedness of
|75l L Since the embedding from BV (0,1) into L'(0,1) is compact, boundedness
(and thus, upon subsequences, weak convergence) of ~, in BV (0,1) gives strong
convergence in L'(0,1), hence strong convergence of length. O

Now it is possible to prove Lemma 2.1.

Proof. (of Lemma 2.1) Consider a minimizing sequence {(vn,vn,I1,)}. Since (in
view of (3))

igl_fé'[u, e, e’ p,ql < (diamsupp(p) + )P + A +e+¢e' = M,
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assume without loss of generality sup,, £[u, A\, &, ¢’,¢”, p, ¢|(yn, vn, ) < 2M. Lemma
2.2 gives c1, ¢z such that ¢y > sup,, L., > inf, L, >c; > 0. Let

v [0,1] — R k(1) :=a(tLy,), n=1,2,--

be constant speed reparameterizations. Lemma 2.2 proves that the sequence {v}}
satisfies the conditions of Ascoli-Arzela theorem, thus (upon subsequence, which
will not be relabeled) there exists v* : [0,1] — R¢ (not necessarily parameterized
by constant speed) such that {7}}—~* uniformly. Note that (upon subsequence,
which we do not relabel) LY = limy 400 Ly in view of Lemma 2.5. Define the
measures v, as

vi(B) :=v,(BL,,) for any £'-measurable set B C [0, 1], n=12---,

where BL., = {t € [0,L,,] : t/L,, € B}. Since {(Vn,Vn,II,)} is a minimizing
sequence, it follows

L’Yn
sup/ vidL! < foo=v} < L1, n=12,---.
0

n

Let f, :=dv}/dLY, n = 1,2,---. Since v, are nonnegative, it follows f,, > 0 for
L

In 1
any n, and / vedLt differs from / f2dL* by the multiplicative constant L,,.
0

0
This yields

Loy, 1
sup/ vidL < +oo=— sup/ frdLt < +oo,
0 n Jo

n

i.e. the sequence {f,} is bounded in L4([0, 1]). Thus there exists f € L?([0, 1]) such
that (upon subsequence, which will not be relabeled) {f,} — f, which implies

iy ={fu-LY>f- L =05,
and
1 1
/ fedct = ||f)|9, <liminf||f,|9, = liminf/ fidct.
0 n n 0
Thus
L’Y L'Y’n
{v} 2, / v?dLt < lim inf/ vidct, (8)
0 0

n

where v is defined as
v(B) :=v*(B/L,,) for any £L'-measurable set B C [0, L],
B/L, :={te[0,1] : tL, € B}.

Note that 'y, C R, thus y,3v, (vesp. I1,,) is also a measure on R? (resp. R? x R?).
Thus
[ sy = [ oo yPdile)
RAXT.,, Rd xRd

eliminating any problem that a moving domain of integration may generate. Prok-
horov’s theorem gives the existence of IT such that (upon subsequence, which will
not be relabeled) {II,} >TI, and II is a transport plan between u and v (for
further details about stability of transport plans, we refer to [1, 25] and references
therein), hence

lim & — ylP I (2, y) = / & — y[? dI(z, y). (9)

n—=+400 Jrdxr, RAXT,



846 XIN YANG LU

It remains to prove lower semicontinuity for €'n(-). Let

w0 X0 =R, galts) = (M) |

g:[0,1]x[0,1] — R,  g(t,s):= <7(S_i|(t)> '

Since {7;;}—~* uniformly, it follows {g,}—¢ point-wise. Fatou’s lemma gives

1 11
/ / g(s,t)dsdt < lim inf/ / gn(s,t)dsdt.
0 Jo " o Jo

Note that fo fo t)dsdt and fo fo #ﬂ;m dsdt differ by the multiplicative

constant L2, and ||( ) llrv = |7 |l7v. Similarly for the ratio between

11
//gn(s,t)dsdt
o Jo
_ 42
// |S I _dsar,
[ (s) =1 (D)2

and ||(v2) [lrv = |1V, |lrv- Thus it follows

and

liminfn(vy,) >n(y),  liminf |y, l7v > |V |l7v.
n—-+o0o

n—-+oo
Since {L~, }—L., combining with (8) and (9) gives
Elp, A e, €" pq)(y, v, TT) < liminf €, A€, ", p, ) (Y, v, ),

and the proof is complete. O

We conclude this section with two simple observations. The first is a I'-conver-
gence result.

Lemma 2.6. Given d > 2, a measure p, parameters \,e’’ > 0, p > 1, q > 1,
sequences {e,},{e, }—0, and (v,v,II) € T, then:

o any sequence {(vn, Vn,l_[n)}l;(% v, II), satisfies

lim inf E[1, A, en, ,,,6”, 0, gl (Y, vn, ) > / |[z—y[P dl(z, y)+ALy+e" |7 v

RexT,
(10)
e assume there exist €, > 0 such that E[u, \e,&',",p,q|(y,v,1I) < +oo.

Then there exists a sequence {(Vn, yn,l_[n)}g('y, v, II), such that

limsup E[1, A, n,s 0, 8”0, q] (Y, Vny ) < /d |z — y|” dIl(z, y) + ALy + " |7 || 7v;
n R XF’Y
(11)
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Proof. Fix an arbitrary (v, v,II) € T. Consider an arbitrary sequence {(Vy, Vn, I1,)}
Ty (~,v,10). Tt holds

n

L’Yn
lim inf / & — y[P dIL, (2, 5) + ALy, + 0 / V2L + i) + &y
RIXT.,, 0

> lim inf |z — y|P dIL, (@, y) + AL, +&" |7, llrv

n RdXF’Yn
> / & — [P dTI(z, ) + AL, + " ||l v
R4 xT,

proving (10).

To prove (11), note that since by hypothesis there exist €, > 0 such that
Elu, \e, e’ ", p,q|(v,v,1II) < 400, it follows that v is injective in view of (6), and
v < LY Let

Yo =1, Upi=v, I, : =1, n=12---.

By construction {(7vx, Vn,l_[n)}l;(v, v,1I), and

L’Yn L’Yn
/ videt = / v1dL! < 400, 1) = n(y) < 400, n=12---,
0 0

thus

L,
lim & — ylP I, (2,y) + ALy, + 20 / V8 AL + ) + & allzv

n—=+00 Jrdxr,, 0
- / & — yP dII(z, y) + ALy + "7 l7v
R4XT

proving (11). O

Lemma 2.7. Given d > 2, a measure p, parameters A, &',e” >0, p>1, q > 1,
a sequence {e,}—0, and (v,v,1I) € T, then there exists a sequence {(Yn,Vn, )}

I>(7,1/, IT) such that
lim Efp, A, en, ' ", p, @) (Y, v, ) = Elp, A, 0, €', ", p, g] (v, v, TT) (12)

:/ o — y[P dTI(z,y) + AL,
R xT,
+en(y) + "1V lrv-

In particular {E]u, X\, en,e’,e", p, q]}gé’[,u, A 0,¢e,¢" p,q] as n— + 0.
Before the proof, note that for fixed -, the quantity

5[/1, Aa 0) 6,7 E/,7pa Q]("Ya v, H) = / |$ - ylp dH(J"’ y) + AL’Y + 617](7) + €N||’Y/||TV

R xT,

is minimum when

/ &yl dll(z,y) = / inf | — 2P du(a),
]RdxliY

Rd zel',,
since only the average distance term depends on v and II.

Proof. Tf n(y) = +oo then (12) follows. Thus assume 7(y) < 400, i.e. vy is injective.
e Case L, > 0.
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Let v, := 7, n = 1,2,---. Note that for any t € [0, L,] the measure §; (Dirac
measure in t) can be approximated (in the weak-* topology) by measures of the
form fy, ¢ 'Ei[o L) where fy, 1 := knX1,(k,)> {kn}— 400, x denotes the characteristic

function of the subscripted set, and I;(k,) is an arbitrary interval containing ¢ such
that £!(I;(k,)) = 1/k,. Thus any measure of the form

H H
Zajétj, HeN, Zaj =1, {tj} - [O,L,Y]
j=1

j=1

can be approximated (in the weak-* topology) by measures of the form (Zf: 1 fn,t)

- Lljo,r,)- Thus v can be approximated (in the weak-+ topology) by a sequence of
measures {v,} the form

H’!L

= . . 1
Un = E :ajvnfnvtj‘n EL[O,LW]’
Jj=1

for suitable choices of {H,} C N, {a;,} C [0,1], >2;, ajn =1, {t;n} C [0,L,].

Choosing k,, := 5711/(2_2{1)

gives
L'Y

I R T
0

thus

b dvm\* ~1/2
(Vn) ; v dLt <e /el (13)

For any n, choose an optimal plan II, between p and 4v,. Since {yn}iu, it
follows (upon subsequence, which will not be relabeled) {II,,} =TI, and

lim E[u, A, en, e’ €”, 0, (Y, vn, 11,,)
n—oo

= lim |z — y|P dIL, (x,y) + AL,

n—-+o0o R4 xT

Lo dyn ! 1 / 72TV
+én qrt ) £ Hem) + ety llrv
0

(13)
< / |z —y[P dIl(z,y) + ALy +'n(y) + " 1Y |l7v.
R XTIy

e Case L, = 0.
This implies v = dp. Choose an arbitrary unit vector w € R%, let {P} := T, and
o [0,6n] — RY, 4, (t) := P +tw, &, :=e/2) n=1,2---.
By construction {’yn}g'y. Let
Up i= 5;1~£i[07£n], n=12--,

and direct computation gives

&/ du. \ 9 )
" <e 12
o) [ <d£1> act <

By construction {v,} Xy, For any n choose an optimal plan II,, between p and
YngVn, and (note that II,, can be considered as measure on R?, thus eliminating any
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problem potentially related to a moving domain of integration) upon subsequence
(which will not be relabeled) {IT,,} -~ TI. Since by construction {n(7,)}—0, it follows

lim 5[.“’ )‘757135/75//71)7 Q]('Yna Vn7Hn)

n—-+o0o

— lim |z — y|P dIL, (z,y) + Aén

n—-+oo Rd x F’Yn

& dyn ! 1 / 72T
+én art ) 4L Femlm) + ety
0

- / & — [P dI(z, y)
]RdxliY

- /d |z — PP du(z) + "9 l7v-
R

Thus (12) is proven. Since for any sequence {(7yy, z/n,Hn)}I)(% v, II) it holds

L’Yn
timin [ oyl I e) ALy, e [ L ) +
RIXT.,, 0

n

> lim inf |z — y|P dIL,(z,y) + AL,

R x F’Yn

+en(ym) +"llvmllrv
> / |z — y|P dII(z,y) + AL,
RaxT,,
+en(y) + "1V v,
it follows {&[w, A, en, &', ", p, q]}gg[p, X, 0, ¢ p, q] as n— + oo. O

3. Regularity of densities. It follow from the definition that if (vy,1,II) is a
minimizer of Problem 3 then v < £'. In this section further regularity properties
will be analyzed. The main results are:

Theorem 3.1. (Essential boundedness) Given d > 2, a measure j, parameters
Ne el e >0, p>1, ¢g>1, and a minimizer (v, v, 1) of E[u, A\, e,e’,€",p,q], then
dv/dLt € L.

Theorem 3.2. (Lipschitz continuity) Given d > 2, a measure p, parameters
ANe e e >0, p>1,1<q<2, and a minimizer (', v, 1I') of E[u, A\, e,€',p, ql,
then v’ has Lipschitz reqular density.

Note that given K > 1, a,b € [0, K], p > 1, then it holds
la? — bP| < |a — b|pKP~!. (14)

The proof is straightforward using mean value theorem, which gives |a? — bP| =
|(a —b)peP~!| witha < ¢ <b< K.

To prove Theorems 3.1 and 3.2, we use the technique developed by Buttazzo
and Santambrogio in [4]. Since very little modification is required, for most of the
proofs, we provide a sketch, and refer to [4] for further details. Similarly to the
proof of Theorem 3.1 7(7) and ||7'||rv depend only on ~, not on v or II. As the
construction in the following lemmas does not alter v, n(v) and ||7'|l7v do not
change.

We recall the definition of Kantorovich potential in our specific setting.
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Definition 3.3. Let ¢ : RY x R? — R, ¢(x,y) := |x — y[P. Given probability
measures x and v on R?, a Kantorovich potential 1) is a function such that

n;f/RdXRd oz, y) dn(z, y) :/wdm/wdy,

where 7 varies among transport plans between p and v, and ¥°¢ is the c-transform
of ¢ (that is ¢°(y) := inf, ¢(z,y) — ¥(z)). Such a function ¢ will be referred as
“Kantorovich potential associated to ¢, u, v”.

For further discussion about c-concavity, c-transform, and Kantorovich potentials
we refer to [1, 11, 25] and references therein. For future reference we will denote by
¢p the cost function ¢(z,y) = |z — y|?.

Lemma 3.4. Given probability measures u, v, v, let vy := v +t(¥ —v) (t > 0),
and let ¢, be the Kantorovich potentials associated to cp,pu, vy (p > 1) such that
Pi(xo) = 0 for some point xog. Then (upon subsequence) vy — ¥ uniformly, where
Y is the Kantorovich potential associated to ¢, u,v satisfying ¥ (xqg) = 0.

Proof. The proof uses the construction from [4, Lemma 3.4]. Some discussion about
uniqueness of Kantorovich potentials is required. It is known that, for transport
costs of the form |x — y|P, when one of the measures has compact support and
a.e. positive absolutely continuous part, then the Kantorovich potential is (upon
addictive constants) unique. Thus we will first assume that p has convex support,
and a.e. positive absolute continuous part. The family {¢;} is equicontinuous since
any c-concave function with respect to ¢, is Lipschitz, while equiboundedness follows
from v, (xg) = 0. Thus Ascoli-Arzeld theorem gives the existence of a uniform limit
1, arising from a certain sequence. The optimality of 1, gives

/wtdu+/w§dw2/tpdu+/wcdw

for every c-concave function . Passing to the limit ¢ | 0, the uniform convergence of
{11} has been proven, while the uniform convergence of {¢¢} follows (by definition
of c-transform) from |¢§(z) — ()| < |[1by — 1|/ L. Thus passing to the limit ¢ | 0,
along a subsequence we get

/@d/ﬂr/d_)cdyz/godqu/gocdy

for every c-concave function ¢. Thus ¥ is a Kantorovich potential associated to
¢, w, v, and ¥ () = 1(xg) ensures ¥ = 1, and uniqueness of Kantorovich potential
ensures that the whole sequence converges to 1.

If supp(y) is not convex, or du/dL? is not a.e. positive, then an approximation
argument applies. Clearly, by Lemma 2.2, supp(x) and any minimizer (v, v,II),
there exists a convex set K (independent of v, v, II) containing supp(u), I', and zo.

Consider an arbitrary sequence €, \, 0, and let u,, := (1 +enld).

(1 +en L) (RY)
By construction, u, has a.e. positive density. Then, we proceed as in [4, Lemma 3.6]
(to which we refer for the detailed arguments): denoting by 1, the Kantorovich
potentials associated to ¢, p,, v satisfying ¥, (zo) = 0, by Ascoli-Arzela theorem,
upon subsequence, v,, — 1 uniformly for some . It is then straightforward to verify
that ¢ is a Kantorovich potential associated to ¢, u, v, satisfying ¥ (xq) = 0. O
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Lemma 3.5. Let ¢ be the Kantorovich potential associated to cp, p,v (p > 1), with
(v, v, IT) minimizer of E[u, A\, e,&',€"”,p,q]. Then there exists a constant | such that

it =19 L'-a.e..

In particular qui~" is H-Lipschitz reqular, H := p(diam K)P~! and K is a compact
set with minimal diameter in the family of compact sets satisfying confinement
condition of Lemma 2.2.

Proof. We will use an an approach based on the Kantorovich potential technique
developed by Buttazzo and Santambrogio in [4]. Since any minimizer (v,v,II)
satisfies v < Ei[o L) without an abuse of notation we identify v with its Radon-

Nikodym derivative dv/ dﬁi[o L Thus E[u, A\, e,&’,€”,p,q](7,v,IT) can be written
as

L'Y
Ell A&y ¢'s e, pyq) (4, TT) = /R et dute) ez,
0

L’Y
+€/ vids+en(y) + "V |lrv.
0

Since our construction will modify only v (and consequently II, but not ~), let

FWw):=Tp(pv) + F(v),

Tnw= [ [ e AP du(a)dt, F(v) =2 / 7 s

Although F depends on several quantities, for the sake of brevity we omit writing
them explicitly. Minimality of (v, ,II) gives v € argmin F. Note that Lemma
2.2 gives the existence of a compact set K such that suppIl C K for any optimal
plan II. Thus |z — y|? < H|z — y|, i.e. ¢, is H-Lipschitz. Consider an arbitrary
probability measure 7 with smooth density (with an abuse of notation we identify 7
with its Radon-Nikodym derivative diz/ d£'), and let v := v+#(# —v). Minimality
of v gives

Ty ve) + F () = Ty(p, v) — F(v) = 0. (15)
Also

Ly
Tp(luvl/t) = / wt d/U'+ 1][)gd1/t’
R4 0

L, L,
Tp(u,u)Z/Rdwdwr/O ¢chZ/Rd¢th+/O ¢y dv,

where 1); (resp. 1) are Kantorovich potentials associated to ¢, u, v4 (resp. ¢, p,v),
hence (15) reads

L, L,
/ W d(vy — 1)+ F() — F(v) = t/ V(i —v) + Flw) — F(v) > 0.
0 0

Dividing by ¢ and passing to the limit ¢ — 07 gives

L, L,
/ ¢Cd(ﬂ—y)+q/ v o —v)ds >0
0 0

L, L,
:>/ (Y + qu? Y ds > / (Y° + qu? Vv ds.
0 0
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Since ¢ is bounded, it follows 1,¢° € L*>([0, L,]) (for further details we refer to
[25, Chapter 2] and references therein). The arbitrariness of o allows to make the
difference

L'Y
/ (¢° 4+ qui™ 1) ds — essinf (¢© 4+ qr?1)
0

arbitrarily small. Thus

L'Y
essinf(¢° 4+ qui™1) > / (V¢ + qui v ds > essinf(¢© + qi™t),
0

that is
Y+ qui! = essinf(° + quit) =11 Ll-ae. (16)

since v is a probability measure. Regularity of qv?~! follows immediately. O

We need to establish an analogous of Lemma 3.5 when p = 1. The main issue is
the lack of differentiability of the transport cost. An approximation argument (from
[4, Lemma 3.7], to which we refer for further details) will be used. Note that (using

the same arguments from [4, Lemma 3.5]) for fixed u, v, it holds T, (u, v) L Ty (p,v)
in the weak-* topology (here L denotes I-convergence). Indeed it follows from the

proof of Lemma 3.5 that ¢, is Lipschitz regular with the same Lipschitz constant
as p gets close to 1, hence

Wi (/~La V) < Wp(lu'v V) <CWy (:uv V)
for some constant depending on H and independent of p.

Lemma 3.6. Let ¢ be the Kantorovich potential associated to c1, p, v, with (v, v,II)
minimizer of E[u,\,e,e’,e"”,p,q] (i.e. v minimizer of F). Then there exists a
constant | such that

it =1—9 L'-a.e..

Proof. For any p > 1, Lemma 3.5 gives the existence of a unique Kantorovich
potential associated to ¢, i, vp, where v, minimizes F (for any p, recall that the
definition of F depends on p). Moreover qyj‘g*1 = —1)p, and all qvg’l are H-
Lipschitz regular (constant H from Lemma 3.5). Thus upon subsequence v, — v
and v, — ¢ uniformly. Clearly v is Lipschitz regular with Lipschitz constant at
most liminf, ,,+ H (recall that H depends on p), and consequently c;-concave. We
need to check 1 is a Kantorovich potential associated to ¢y, i, v. Recall that for any
cost function ¢ and real function ¢ it holds ¢ > ¢, and ¢ is c-concave function
whose c-transform is ¢p““ = ¢°. The optimality of 1, gives

/¢pdu+/wzp dy, > /QDCZ’CP d,u—l—/gocpcp dyp > /ng/L-i—/ch”dl/p. (17)

Note that {c,} — ¢1 uniformly on compact sets, hence
o5 () = 7 (@)] < llep — erllze + llop = @1l

i.e. for any sequence {¢,} — ¢1, if {¥,} — 1 uniformly then {¢;"} — '
uniformly. Thus passing to the limit in (17) gives

/wdu+/w01du>/4pdu+/ 1 dy

for any ¢ (thus also for any c¢j-concave function ), concluding the proof. O
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Proof. (of Theorem 3.1) Lemmas 3.5 and 3.6 give (for cases p > 1 and p = 1
respectively) the existence of a constant [ such that qui=1! = [ — ), where ¢ is a
Kantorovich potential associated to c,, i1, v. In particular, the inverse of the map
t > 971 (recall that, by hypothesis, we have ¢ > 1) is Holder continuous, thus the
density v is Holder continuous, hence bounded. O

Proof. (of Theorem 3.2) Lemma 3.5 proved that qu9~! is H-Lipschitz regular when
p > 1. For case p = 1, since ¢; is H-Lipschitz regular, ¢ and ¢ are H-Lipschitz (see
[25, Chapter 2] for further details), as well as qv?~!. As by hypothesis 1 < ¢ < 2,
and v € L* in view of Theorem 3.1, v is Lipschitz. O

Scaling properties. The scaling of the energy with respect to homothety is often
relevant in data analysis. Given r > 0, let
T:R% - RY, T(x) :=ra.

Fix an arbitrary (v,v,II) € 7. Let v, := T o+, v, := Tyv, and II, optimal plan
between Ty and v,.. By simple change of variable we get

/ W—yW&LQMHZT”d/‘ @ —ylPdll(z,y), Lo, =rL,, (18)
REXT,. R4 XTI

L'YT‘ L'Y
/0 v|?ds = Tl_q/o w|?ds,  n(v)=r"200),  |vllev = v

(19)
Thus E[p, A\, €,€’,”, p, q] does not scale with homothecy, and we infer little informa-
tion about minimality of (v, v, II;-) from the minimality of (v, v, II). This because
the term transport cost [o., p |z — y[? dII(z,y) is not “weighted” (it has always
Y
weight 1). If transport cost is also weighted, then the energy

Elm, &N e,6' ¢, p,q] -

L'Y
¢ mﬂmmm+m+#zMHMMH%%v
RAXT,, 0

is well-behaved with respect to homothecy: the same arguments from Section 2
give the existence of minimizers for E[u, &, A\, e,¢’,&”,p,¢q], and (in view of scaling
properties (18) and (19))
E[Tﬁuafrd_p7 )"r—la 6,,,(1—17 5/T27 5//7pa Q]('Y’N Vp, H’I‘)
£

A
= x —y|PdIl, (x, —L
i IRerWI ylP dlly(z,y) + Ly,

L"/r
/ v ds + e'rn(y) + < Illry
0

e

+
rl-q

L’Y
€[ -yl £ ALy e [ vds )+ v
RExT, 0

=Elp, & A\ e e, p, gl (v, v, 10).
In particular

2

(Yry v, I1,.) € argmin E[Typ, r®™P M=t erd™t er? & p,q]

if and only if
(FY’ l/7 H) 6 argmin g[u? 57 A? 67 6/7 8”7p7 q}'
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