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ABSTRACT. We revisit the pioneering work of Bressan & Hong on determinis-
tic control problems in stratified domains, i.e. control problems for which the
dynamic and the cost may have discontinuities on submanifolds of RV. By
using slightly different methods, involving more partial differential equations
arguments, we (i) slightly improve the assumptions on the dynamic and the
cost; (44) obtain a comparison result for general semi-continuous sub and su-
persolutions (without any continuity assumptions on the value function nor on
the sub/supersolutions); (i#i) provide a general framework in which a stability
result holds.

1. Introduction. In a well-known pioneering work, Bressan & Hong [12] provide
a rather complete study of deterministic control problems in stratified domains, i.e.
control problems for which the dynamic and the cost may have discontinuities on
submanifolds of RV . In particular, they show that the value-function satisfies some
suitable Hamilton-Jacobi-Bellman (HJB) inequalities (in the viscosity solutions’
sense) and were able to prove that, under certain conditions, one has a comparison
result between sub and supersolutions of these HJB equations, ensuring that the
value function is the unique solution of these equations.

The aim of this article is to revisit this work by (i) slightly improving the as-
sumptions on the dynamic and the cost, in a (slightly) more general framework; (i)
obtaining a comparison result for general semi-continuous sub and supersolutions
(while in [12] the subsolution has to be Holder continuous, and this turns into an a
priori assumption on the value function that we do not need here) ; (iii) providing
a general (and to our point of view, natural) framework in which a stability result
holds.

In order to be more specific, even if we are not going to enter into details in
this introduction, the first key ingredient is the “stratification”, namely writing the
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whole space as
RN =MuM!uU...uMY |

where, for each k =0... N, M* is a k-dimensional embedded submanifolds of R,
the M* being disjoint. The reader may consider that the MF are the subsets of
RN where the dynamic and cost have discontinuities, which may also mean that,
as in [12], on certain MP¥, there is a specific control problem whose dynamic and
cost have nothing to do with the dynamic and cost outside M*. But as in our
previous papers in collaboration with A. Briani dedicated to co-dimension 1 type
discontinuities [6, 7], part of the dynamic and cost on M* is some kind of “trace”
of the dynamic and cost outside MF. In [12], the regularity imposed on the MP*
is C', while in our case it depends on the controllability of the system: C! is the
controllable case, W2 otherwise. This additional regularity may be seen as the
price to pay for having no continuity assumption on either the value function nor
the subsolutions for obtaining the equation and proving the comparison result.

The next ingredient is the control problem, i.e. the dynamic and cost. Here
we are not going to enter at all into details but we just point out key facts. First,
contrarily to [12], we use a general approach through differential inclusions and
we do not start from dynamic b and cost I defined on MF. This may have
the disadvantage to lead to a more difficult checking of the assumptions in the
applications but, for example, since most of our arguments are local, the global
Lipschitz assumption on the b; can be reduced to a locally Lipschitz one. But
the most interesting feature are the controllability assumptions —and we hope to
convince the reader that they are natural: for each k, we assume that the system
is controllable w.r.t. the normal direction(s) of M* in a neighborhood of each M*,
while the dynamic and cost should also satisfy some continuity assumptions in the
tangent direction(s). This controllability assumption has a clear interpretation: if,
in a neighborhood of M¥, the controller wants to go to M¥, then he can do it,
and in the same way he can avoid MP* if this is its choice. This avoids useless
discontinuities (which are not “seen” by the system) and cases where the value
functions have discontinuities. We point out that this normal controllability is a
key assumption to prove that the value function satisfies the right HJB inequalities
without assuming a priori that it is continuous but also it is a key argument in the
comparison and stability results as this was already the case in [7].

Except our slightly different approach, the viscosity sub and supersolutions in-
equalities are the same as in [12], even if the formulation coming from the differential
inclusion and the set-valued maps for the dynamic and cost changes a litle bit the
form of the Hamiltonians. The next step is more important since it concerns the
comparison of any semi-continuous sub and supersolutions: here our proof differs
from [12] since it involves more partial differential equations (pde for short) argu-
ments and less control ones. A key step, already used but not in a such systematic
way in [7], is to completely localize the comparison result, i.e. to reduce to the proof
of comparison results in (small) balls. Once this is done, the assumptions on the M*
allow to reduce the case when they are just affine subspaces and the key arguments
of [7] can be applied (regularisation in the tangent directions to M* combined by a
key control-pde lemma). It is worth pointing out anyway that, as in [12], the proof
is done by induction on the codimension of the encountered discontinuities: local
comparison in M”, then successively in MY UMY -1 MY uMV-tuMN-2 .,
the previous comparison result providing the key argument for the next step. We
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refer to the beginning of Section 5 for a more explicit exposition of the induction
argument.

Finally we provide the stability result, which extends the one proved in [7] to the
more complicated framework we have here but the idea remains the same: roughly
speaking, the normal controllability implies that the half-relaxed limits on MF can
be computed by using only the restrictions of the functions on MF, allowing to pass
to the limit on the specific inequalities on M* (in particular for the subsolutions).

Recently, control problems in either discontinuous coefficients situations or in
stratified domains or even on networks have attracted more and more attention. Of
course, we start by recalling the pioneering work by Dupuis [19] who constructs a
numerical method for a calculus of variation problem with discontinuous integrand.
Problems with a discontinuous running cost were addressed by either Garavello and
Soravia [21, 22], or Camilli and Siconolfi [15] (even in an L>°-framework) and Soravia
[30]. To the best of our knowledge, all the uniqueness results use a special structure
of the discontinuities as in [17, 18, 23] or an hyperbolic approach as in [2, 16].
More in the spirit of optimal control problem on stratified domains are the ones of
Barnard and Wolenski [11] (for flows invariances), Rao and Zidani [28] and Rao,
Siconolfi and Zidani [29] who proved comparison results but with more restrictive
controlability assumptions and without the stability results we can provide. For
problems on networks which partly share the same kind of difficulties, we refer to
Y. Achdou, F. Camilli, A. Cutri, N. Tchou[1], C. Imbert, R. Monneau, and H. Zidani
[24], F. Camilli and D. Schieborn [13] and C. Imbert and R. Monneau [25, 26] where
more and more pde methods are used, instead of control ones. A multi-dimensional
version (ramified spaces) for Eikonal type equations is given F. Camilli, C. Marchi
and D. Schieborn [14] and for more general equations in C. Imbert and R. Monneau
[25].

We end this introduction by mentioning that this paper is focused on the spe-
cific difficulties related to stratified domains. Hence, we assume that the reader is
familiar with the theory of deterministic control problems, including the approach
through differential inclusions and the connections with HJB equations using vis-
cosity solutions. Good references on this subject are [3], [4] and [20]. Let us also
recall that, as was said above, we derive here a general (theoretical) framework.
In a forthcoming paper we will treat several specific examples and show how the
present framework applies.

The article is organized as follows: in Section 2, we describe the control problem
in a full generality; this gives us the opportunity to provide all the notations and
recall well-known general results which are useful in the sequel (in particular the
results related to supersolutions properties). Then we have to revisit the notion
of stratification and we take this opportunity to introduce the assumptions we are
going to use throughout this article (Section 3). Section 4 contains the (subsolu-
tions) properties which are specific to this context. Then we address the question
of the comparison result (Section 5), reducing first to the case of the comparison
in (small) balls which allows to flatten the submanifolds M¥. Section 6 is devoted
to the stability result and we conclude the article with a section collecting typical
examples and extensions.



812 GUY BARLES AND EMMANUEL CHASSEIGNE

TERMINOLOGY —
(AFS) Admissible Flat Stratification

(HJB-SD) Hamilton-Jacobi-Bellman in Stratified Domains

(AHG) Assumptions on the Hamiltonian in the General case
(LAHF)  Local Assumptions on the Hamiltonians in the Flat case
(RS) Regular Stratification

(TC) Tangential Continuity
(NC) Normal Controllability
(LP) Lipschitz Continuity
LCP(Q)  Local Comparison Result in €
M a general regular stratification of RY

2. Control problems on stratified domains (I): Generalities or what is
always true. In this section, we consider control problems in RY where the dy-
namics and costs may be discontinuous on the collection of submanifolds MF¥ for
k < N. In this first part, we describe the approach using differential inclusions and
we recall all the properties of the value-function which are always true, i.e. results
where the structure of the stratification does not play any role. This is the case for
all the supersolution type properties of the value function. This part is essentially
expository and is kept here in order to have a self-contained article for the reader’s
convenience. On the contrary, the subsolution’s properties of the value function are
more specific and described in Section 4.

We first define a general control problem associated to a differential inclusion.
As we mention it above, at this stage, we do not need any particular assumption
concerning the structure of the stratification, nor on the control sets.

DYNAMICS AND COSTS — We treat them both at the same time by embedding the
cost in the differential inclusion we solve below. We denote by P(FE) the set of all
subsets of E.

(Hpr) We are given a set-valued maps BL : RY x [0, T] — P(RNT1) satisfying

(i) The map (z,t) — BL(x,t) has compact, convex images and is upper semi-
continuous;
(ii) There exists M > 0, such that for any x € RY and ¢t > 0,

BL(z,t) C {(b,]) e RN xR : [b| < M;[l| < M},

where |- | stands for the usual euclidian norm in RY (which reduces to the absolute
value in R, for the [-variable). If (b,1) € BL(z,t), b corresponds to the dynamic and
[ to the running cost, and Assumption (Hgy,)-(#4) means that both the dynamics
and running costs are uniformly bounded. In the following, we sometimes have to
consider separately dynamics and running costs and to do so, we set

B(z,t)={be RY; there exists | € R such that (b,1) € BL(z,t)} ,

and analogously for L(z,t) C R.

We recall what upper semi-continuity means here: a set-valued map = — F(z)
is upper-semi continuous at xg if for any open set O O F(zg), there exists an open
set w containing xo such that F'(w) C O. In other terms, F'(x) D limsup,_,, F(y).

THE CONTROL PROBLEM — as we said, we embed the accumulated cost in the
trajectory by solving a differential inclusion in RY x R: we look for trajectories
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(X, L)(-) of the following inclusion

%(X, L)(s) € BL(X(s),t - s) for ae. s € [0,¢), and (X,L)(0) = (,0).

Under (Hpy,), it is well-known that given (z,t) € RY x (0, T, there exists a Lipschitz
function (X, L) : [0,¢] — RY x R which is a solution of this differential inclusion. To
simplify, we just use the notation X, L when there is no ambiguity but we may also
use the notations X ;, L, ; when the dependence in z,t plays an important role. If
(X, L) is a solution of the differential inclusion, we have for almost any s € (0,t),
(X, L)(s) = (b,1)(s) for some (b,1)(s) € BL(X(s),t — s). However, throughout the
paper we prefer to write it this way

X(s) =b(X(s),t — s)
L(s) = 1(X(s),t—s)

in order to remember that both b and I correspond to a specific choice in BL(X (s), t—

s).

Then, we introduce the value function

Ulz,t)=  inf {/Otl(X(s),t—s)dt+g(X(t))},

(X,L)ET (w,t)
where T (x,t) stands for all the Lipschitz trajectories (X, L) of the differential in-
clusion which start at (z,0) and the function g : RY — R is the final cost. We
assume throughout the paper that g is bounded and uniformly continuous.
A key standard result is the

Theorem 2.1. (Dynamic Programming Principle) Under Assumptions
(Hpw), the value-function U satisfies

Ule,t) = f {/OTZ(X(S)7t—s) dt+U(X(7),t =)}

= in
(X,L)ET (,t)
for any (z,t) e RN x (0,T], 0 <1 < t.

Next we introduce the “usual” Hamiltonian H(z,t,p) for z € RV, t € [0,7] and
p € RY defined as
H(z,t,p) = sup {fb'pfl}.
(b,))€BL(x,t)
Using (Hpy,), it is easy to prove that H is upper semi-continuous (w.r.t. all vari-
ables) and is convex and Lipschitz continuous as a function of p only.
The second (classical) result is the

Theorem 2.2. (Supersolution’s Property) Under Assumptions (HpL), the
value-function U is a viscosity supersolution of

Ui+ H(x,t,DU) =0 inRY x (0,7] . (1)

In Theorem 2.2, we use the classical definition of viscosity supersolution intro-
duced by H. Ishii [27] for discontinuous Hamiltonians: we recall that a locally
bounded function w is a viscosity supersolution of (1) if its lower-semicontinuous
envelope w, satifies

(wy); + H*(z,t, Dw,) >0 in RY x (0,7],

in the viscosity solutions’ sense, i.e. when testing with smooth function ¢ at min-
imum points of w, — ¢. Here, because of (Hgy,), the Hamiltonian H is a locally
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bounded, usc function which is defined everywhere and therefore H* = H. For
the sake of completeness, we recall that w is a viscosity subsolution of (1) if its
upper-semicontinuous envelope w* satifies

(w*)¢ + He(x,t, Dw*) <0 in RY x (0,77,

in the viscosity solutions’ sense, i.e. when testing with smooth function ¢ at maxi-
mum points of w* — ¢. But this definition of subsolution in RY x (0,7 is not the
one we are going to use below.

Here and below we have chosen a formulation of viscosity solution which holds
up to time T, i.e. on (0,7] instead of (0,7T), to avoid the use of terms of the form
n/(T —t) in comparison proofs or results like [5, Lemma 2.8, p.41]

We also point out that both Theorem 2.1 and 2.2 hold in a complete general
setting, independently of the stratification we may have in mind.

We conclude this first part by a converse result showing that supersolutions
always satisfy a super-dynamic programming principle: again we remark that this
result is independent of the possible discontinuities for the dynamic or cost.

Lemma 2.3. Let v be a lsc supersolution of vy + H(x,t,Dv) = 0 in RY x (0,T].
Then, for any (z,t) € RN x (0,T] and any 0 < o < t,

v(z,t) > inf ) { /OJZ(X(S),t —s)ds+v(X(0),t — 0')} (2)

(X,L)eT

Proof. For M given by (Hpy), we consider the sequence of Hamiltonians

H(S(Jj,t,p) = sup {_bp_l_671w(bylamat)}a
[b|<M,JI|<M
where
Yooty = - nf - (dist (0,0, BLy,5)) + ly — 2l + It~ s])

dist(-, BL(y, s)) denoting here the distance here the set BL(y, s). Noticing that 1
is Lipschitz continuous and that ¥(b,l,z,t) = 0 if (b,1) € BL(z,t), the following
properties are easy to obtain
(i) For any § > 0, H® > H and therefore v is a Isc supersolution of v+ Hs(z, t, Dv) =
(#4) The Hamiltonians Hs are (globally) Lipschitz continuous w.r.t. all variables,
(#i1) Hs | H as § — 0, all the other variables being fixed.

By using (i) and (#4), it is clear that v satisfies the Dynamic Programming Prin-
ciple for the control problem associated to Hgs, namely

v(x,t) > (gl{){/o l(;(X(s),t—s)ds+v(X(t/\cr),t7t/\a)},

where (X, L) solves the odes X (s) = b(s), L(s) = I(s), the controls b(-), I(-) satisfy
[b(s)],]l(s)| < M and the cost is

Is(X%(s),t — 5) = I(s) + 6_1¢(b(s)7 I(s), X°(s), t — s) .

To conclude the proof, we have to let § tend to 0. To do so, we pick an optimal or
S-optimal trajectory, i.e. (X?, L°) such that

tAo
&12){/0 l(;(X(s),tfs)ds+v(X(t/\a),t7t/\a)} >
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tAo
/ I5(X°(s),t —s)ds +v(X°(tAo),t —tAo) — 6.
0

Since X% = %, L9 = 1% are uniformly bounded, standard compactness arguments
imply that up to the extraction of a subsequence, we may assume that X°,L°
converges uniformly on [0,¢ A o] to (X,L). And we may also assume that they
derivatives converge in L weak-* (in particular L9 = [%).

We use the above property of X°, L%, namely

tAo
/ I5(X°(s),t —s)ds +v(X°(tANo),t —tAo) — & <v(x,t), (3)
0
in two ways: first by multiplying by J, we get

/0 w(bé(s),zé(s),xé(s),t - s)ds = 005).

But 1 is convex in (b, 1) since the BL(y, s) are convex and if (b°,1°) converges weakly
to (b,1) (and X° converges uniformly), we have

/Ot/\a’l/}(b<s>,l(8),X(S),t— s)ds < liméinf/ot/\ow(b‘s(s),l‘s(s),X‘s(s),t—s)ds =0.

Finally we remark that ¢ > 0 and ¢(b,l,2,t) = 0 if and only if (b,1) € BL(x,t),
therefore (X, L) is a solution of the BL-differential inclusion.

In order to conclude, we come back to (3) and we remark that I5(X°(s),t—s) >
19(s) since ¥ > 0. Therefore

tAo
/ Z‘S(s)ds+v(X5(t/\a),t—tAU)—(5§U(x,t),
0

and we pass to the limit in this inequality using the lower-semicontinuity of v,
together with the weak convergence of ° and the uniform convergence of X°. This
yields

/Mal(s)ds—kv(X(t/\a),t—t/\a) <wv(zx,t),

and recalling that (X, L) is a solution of the BL-differential inclusion and taking
the infimum in the left-hand side over all solution of this differential inclusion gives
the desired answer. O

3. Admissible stratifications: How to re-read Bressan & Hong assump-
tions? In this section, we define the notion of Admissible Stratification, which spec-
ifies the structure of the discontinuity set of BL as was considered in [12]. We point
out that, besides of the precise regularity we will impose in connection with the
control problem, this notion is nothing but the notion of Whitney Stratification,
based on the Whitney condition [31, 32], see below Lemma 3.1 and Remark 2. We
first do it in the case of a flat stratification; the non-flat case is reduced to the flat
one by suitable local charts.

3.1. Admissible flat statification. We consider here the stratification introduced
in Bressan and Hong [12] but in the case when the different embedded submanifolds
of R are locally affine subspace of RY. More precisely

RN =MuM!U.---UMY |
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where the M¥ (k = 0..N) are disjoint submanifolds of RY. We say that M =
(MF)g—o..v is an Admissible Flat Stratification (AFS), the following set of hypothe-
ses is satisfied

(AFS)-(i) For any x € M*_ there exists r > 0 and V}, a k-dimensional linear subspace
of RY such that
B(z,r) "M* = B(z,r) N (z 4+ Vi) .
Moreover B(z,r) " M! =0 if | < k.
(AFS)-(ii) If M*¥ N M # () for some [ > k then M* ¢ M.
(AFS)-(iii) We have Mk ¢ MO UM U--- U MF,

Remark 1. Condition (AFS)-(i) implies that the set MY, if not void, consists of
isolated points. Indeed, in the case k = 0, V}, = {0}.

We point out that these assumptions are equivalent (for the flat case) to the
assumptions of Bressan & Hong [12]. Indeed, we both assume a decomposition
such that the submanifolds are disjoints and the union of all of them coincide with
RY but in order to describe the allowed stratifications we define in a different way
the submanifolds M*. The key point is that for us M* is here a k-dimensional
submanifold while, in [12], the M/ can be of any dimension. In other words, our
MP” is the union of all submanifolds of dimension k in the stratification of Bressan
& Hong.

With this in mind it is easier to see that our assumptions (AFS)-(i7)-(iii) are
equivalent to the following assumption of Bressan and Hong: if M* N M! # ) then
MPF ¢ M! for all indices [, k without asking [ > k in our case. But according to the
last part of (AFS)-(i), Mk N M! = ) if | < k: indeed for any z € MP¥, there exists
r > 0 such that B(x,r) N M! = (). This property clearly implies (AFS)-(iii).

In order to be more clear let us consider a stratification in R3 induced by the
upper half-plane {3 > 0,22 = 0} and the z9-axis (see figure 1. below).

“ M2 = {z3 >0, 25 = 0}

M1:{1'2:1'3:0}
U{J?l :.733:0}

\ {(0,0,0)}

—

————— o— P To

PLin

MY = {(0,0,0)}
FiGURE 1. Example of a 3-D stratification
The stratification we use in this case requires first to set M? = {3 > 0,25 = 0}.

The boundary of M? which is the z;-axis is included in M! UMD? and of course, we
have to set here M" = {(0,0,0)}. Thus, M! consists of four connected components



DETERMINISTIC CONTROL PROBLEMS IN STRATIFIED DOMAINS 817

which are induced by the x1- and xe-axis (but excluding the origin, which is in M?).
Notice that in this situation, the xs-axis has no particular status, it is included in
M2,

On the other hand, notice that (AFS)- (i) FORBIDS the following decomposition
of R3

M? = {23 > 0,20 = 0}, M' = {2, = 23 = 0}U{zp = 3 = 0}, M® = R*>~M?*-M",

because (0,0,0) € M! N M2 but clearly M is not included in M2.
As a consequence of this definition we have following result which will be usefull
in a tangential regularization procedure (see Figure 2 below)

Lemma 3.1. Let M = (M*) be an (AFS) of RN, let x be in MF and r,Vj, as in
(AFS)-(i) and | > k. Then there exists r' < r such that, if B(z,7") "M # (), then
for any y € B(x,r') N M, B(x,r") N (y + Vi) C B(z,r") N M.

Proof. We first consider the case when [ = k + 1. We argue by contradiction
assuming that there exists z € B(x,r') N (y + Vi), 2 ¢ M**1. We consider the
segment [y,z] = {ty + (1 — t)z, t € [0,1]}. There exists to € [0,1] such that
zo = toy+(1—tg)z € MF+1—MF+1. But because of the (AFS) conditions, M*+1 —
MP*+1  MF since no point of M?, M, ... M~ can be in the ball. Therefore zq
belongs to some M*, a contradiction since B(z,7) "MF = B(x, )N (x + V4) which
would imply that y € MF.

For | > k+ 1, we argue by induction. If we have the result for [, then we use the
same proof as above if y € M*1: there exists z € B(z,7") N (y+ Vi), z ¢ M1 and
we build in a similar way zo € Mi+1— M1 = M!. But this is again a contradiction
with the fact that the result holds for [; indeed g € M! and y € 2o+V;, € M. O

Mk
4+ M
B(J:,T‘/): Te Ye
1 y+W

T+ Vk
FIGURE 2. local situation

Remark 2. In this flat situation, the tangent space at x is T, := x + V}, while the
tangent space at y is Ty := y + Vj, where [ > k. The previous lemma implies that
if (yn)n is & sequence converging to z, then the limit tangent plane of the T, is
x + V; and it contains T, which is exactly the Whitney condition —see [31, 32].
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3.2. General regular stratification.

Definition 3.2. We say that M = (Mk)kzouN is a general regular stratification
(RS) of RV if

(i) the following decomposition holds: RN = M UM U .- UM?Y;

(ii) for any x € RV, there exists r = r(z) > 0 and a Ct'-change of coordinates
Ve : B(x,r) — RY such that the ¥*(M* N B(z,7)) form an (AFS) in ¥%(B(z,7)).

Remark 3. If we need to be more specific, we also say that (M, ¥) is a stratification
of RY | keeping the reference W for the collection of changes of variable (¥%),. This
will be usefull in Section 6 when we consider sequences of stratifications.

Notations. The definition of regular stratifications (flat or not) allows to define,
for each € M*, the tangent space to M* at x, denoted by T, MP¥, which can be
identified to R¥. Then, if z € M* and if » > 0 and Vj are as in (AFS)-(4), we can
decompose RY =V, @ V,fy where Vk.J- is the orthogonal space to V; and for any
p € RY we have p = pt + p, with pt € V; and p, € VkJ-. In the special case
x € M°, we have Vy = {0}, p=p, and T,M° = {0}.

At this stage, it remains to connect the stratification with the set-valued map
BL. To do so, we first recall that the set function BL is said to be continuous
at (z,t) € RN x Ry if disty(BL(y, s), BL(x,t)) — 0 when (y,s) — (x,t), where
disty(+,-) stands for the Haussdorf distance between sets. Now, given a regular
stratification M = (M*)p—o..x of RV let us denote by BL|;, the restriction of BL
to M* x [0, T

BL|, : M* x [0,T] — P(RV )
(z,t) — BL(x,t) N (T,M* x R)

Definition 3.3. We say that the regular stratification M of R is adapted to BL
if for any k € {0,..., N}, the restriction BL|; is continuous on M¥ x [0,7]. In
particular, the set of discontinuities of the restriction of BL to any MF* x [0, 7] is
(MOuM!U--- UMY x [0, 7).

3.3. Hamiltonians. Considering a regular stratification M adapted to BL, we
introduce the associated Hamiltonians: if z € MF, t € [0,T] and p € T,MF, the
tangential Hamiltonian on the MP¥-submanifold is defined by
H*(z,t,p) := sup {—b-p—l}. (4)
(b,1)EBL(z,t)
beT, MF

The continuity requirements on the maps BL|; (see above) together with the com-
pactness of each BL(z,t) implies the continuity of H* in (z,t,p), for any k. In this
definition (where we have implicitly identified T,M* as a subspace of RY), it is
clear that H* depends on p only through its projection on T,MF* but we keep the
notation p to simplify the notations.

Notice that in the special case k = 0, since T,M° = {0} the Hamiltonian reduces
to

HO(x,t) = sup  {—1} =—inf{l:(0,1) € BL(x,t)}.
(b,l)ebljg(%t)

In order to prove comparison for the complemented problem, we need some
assumptions on the Hamiltonians that we formulate first in the case of an (AFS).
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For any # € RY, if z € M* and r = r(x) is given by (AFS)-(i), there exist
three constants C; = C;(x,r) (i = 1..3) and a modulus of continuity m : [0, +00) —
[0, 400) with m(0+) = 0 such that
(TC) Tangential Continuity: for any 0 < k < j < N, for any ¢,t' € [0,7T], if
y1,y2 € MY N B(z,r) with y; — y2 € Vi, then

[H (y1,t,p) = H (2,1, p)| < Ci{lyr — 2| +m(lt = ') Hpl +m(jyr — | + [t = ¢']) .
We point out the importance of Lemma 3.1 which implies that this is actually

an assumption on any y; (or yz) of MJ.

(NC) Normal Controllability: for any 0 < k < j < N, for any t € [0,T], if

y € M? N B(z,r) then

H(y,t,p) > dlpi| — Co(1+ |pT) -

In particular, in the special case k = 0, we have p = p,. So, (NC) implies the
coercivity w.r.t p of all the Hamiltonians H*, k = 1..N, in a neighborhood of any
point z € M (recall that such points are isolated).

(LP) Lipschitz continuity: because of the boundedness of BL, there exists C3 such
that, for any 0 < k < j < N, if y € M’ N B(x,r) then

[H (y, u,p) — H' (y,u, q)| < Cslp—ql.

It is worth pointing out that these assumptions (except perhaps (LP)) are local
assumptions since they have to hold in a neighborrhood of each point in RY and the
different constants or modulus of continuity may depend on the considered point.
The strategy of proof for the comparison result will explain this unusual feature
and in particular Lemma 5.3.

Definition 3.4. Let M be a general regular stratification associated to BL and
(H"*)g—o..n be the associated Hamiltonians.

(¢) In the case of an admissible flat stratification, we say that the associated Hamil-
tonians (H"),—o. n satisfy the Local Assumptions on the Hamiltonians in the Flat
case (LAHF) if (TC), (NC) and (LP) are satisfied.

(#4) In the general case, we say that the associated Hamiltonians satisfy the As-
sumption on the Hamiltonians in the general case (AHG) if the Hamiltonians
H*(y,t,q) == H*(x(y),t, X' (y)q) satisty the (LAHF), where y = (¥*)~".

In order to be complete, we give below sufficient conditions in terms of BL for
(TC) & (NC) to hold: the first one concerns regularity and the second one ensures
the normal coercivity of the Hamiltonians.

(TC-BL) For any 0 < k < j < N, for any t € [0,T], if y1,y2 € M? N B(x,7)
with y1 —y2 € Vi,

diStH (B(y17 t)7B(y25 t)) < C’l|y1 - ?/2| 3
distg (BL(y1,t), BL(y2,t")) < m(jyn —yo| + [t —t']) .
(NC-BL) There exists § > 0 such that, for any 0 < k < N, for any ¢ € [0, 77, if
y € B(z,r) \ M* there holds
B(0,6) NVt ¢ By, t) NVt

Here also, the case k = 0 is particular: we impose a complete controllability of the
system in a neighborhood of z € MY since the condition reduces to B(0,d) C B(y,t)
because V- = RY.
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This normal controllability assumption plays a key role in all our analysis: first,
in the proof of Theorem 4.1 below, to obtain the viscosity subsolution inequalities
for the value function, in the comparison proof to allow the regularization (in a
suitable sense) of the subsolutions and, last but not least, for the stability result.

4. Control problems on stratified domains (II): Subsolutions and comple-
mented Hamilton-Jacobi-Bellman equations. For the subsolution’s property
of U, the behaviour of the dynamic is going to play a key role and we have to
strengthen Assumption (Hgy) by adding continuity and controllability assump-
tions, (TC-BL) & (NC-BL) which are equivalent to (TC) & (NC). The main
consequences of (TC-BL) & (NC-BL) is the

Theorem 4.1. (Subsolution’s Property) Under Assumptions (Hgr), (TC-
BL) and (NC-BL), the value-function U satisfies

(i) For any k = 0..(N — 1), U* = (U|p)* on M*;
(#) for any k =0..(N — 1), U is a subsolution of
Ui+ H*(x,t,DU) =0 on M* x (0,T).

In this result, we point out — even if it is obvious— that (i7) is a viscosity inequality
for an equation restricted to M, namely it means that if ¢ is a smooth function on
MF¥ x (0,T) (or equivalently on RY x (0, T') by extension) and if (z,t) € M¥ x (0,T)
is a local maximum point of U* — ¢ on M* x (0,T), then

bi(x,t) + H*(x,t, D(z,t)) <0 (1)

This is why point (¢) is an important fact since it allows to restrict everything
(including the computation of the usc envelope of U) to MF.

Proof. We provide the proof in the case of an (AFS), the general case resulting from
a simple change of variable.
We consider x € M¥, ¢t € (0,T] and a sequence (z,t.) — (x,t) such that

U*(z,t) = im U (z.,t.) .

We have to show that we can assume that z. € M*.

We assume that, on the contrary, . ¢ M* and we show how to build a sequence
of points (Z.,t.). with Z. € M* for any k and with U*(z,t) = lim. U(Z., t.).

By Theorem 2.1, we have

U(ze,te) < /OTZ(X(S),tS) dt+U(X(7),t—71),

for any solution (X, L) of the differential inclusion starting from (z.,0). Let Z.
be the projection of z. on MF; we have #. — z. € Vi and by (NC-BL), there
exists b € B(y,s) for any y € B(z,r) (the ball given by (AFS)-(i)), such that
by =0/2.(%c — xe)|Te — x| 7L

Choosing such a dynamic b (with any constant cost [), it is clear that X(s) €
B(z,r) for s small enough (independent of ¢) and for s. = 2|z, — z.|/d, we have

(1) For the sake of simplicity, we have still denoted by ¢ the smooth extension of ¢ to RN x 0,7
and by D¢ its gradient in RN but because of the form of H¥ clearly only the part of D¢ which
is on the tangent space of MF at z plays a role in this inequality.
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T. = X(s:) = T + ye where y. € Vi, |y:| = O(|Z- — z.|). Therefore z. € M* by
Lemma 3.1 and if we set t, = t. — s., we have

U(ze,te) < / Eldt—i—U(X(sE),tE—se) :sgl—i—U(:EE,t_E).
0

Finally since s. — 0 as ¢ — 0, we deduce that
limsup U (Zc, ) > limsup U(z.,t.) = U*(x,t) ,
g g

which shows (i) since 7. € MF.
To prove (ii), we assume now that z. € M¥ and we use again Theorem 2.1 which
implies

Ul(ze,te) < /OTZ(X(S)J—S) dt+U(X(7),t—7),

for any solution (X, L) of the differential inclusion starting from (z.,0). Using the
continuity of BL|g, if (b,1) is in the interior of BL|g(z,t), the trajectory X(s),
starting from z. at time ¢. remains on M* for s € [0, 7] if 7 is small enough (but
independent of €). Thus, the viscosity inequality can be obtained as in the standard
case and we obtain the inequality for (b,1) is in the whole BL|;(z,¢) by a simple
passage to the limit. O

The sub and supersolution properties of the value function naturally leads us to
the following definition.

Definition 4.2. Let M be a regular stratification of RY associated to a set-valued
map BL.

(i) A bounded usc function u : RY x [0,T] — R is a viscosity subsolution of the
Hamilton-Jacobi-Bellman in Stratified Domain [(HJB-SD) for short], if and only if
it is a subsolution of

ug + H(x,t, Du) =0 on M" x (0,7],

for any k = 0..N, i.e if, for any test-function ¢ € C*(MF x [0, T]) and for any local
maximum point (z,t) € MF x (0,T) of u — ¢ on M* x (0,T], we have

¢i(z,t) + H* (2,8, Dg(x,1)) <0

(ii) A bounded lsc function v : RY — R is a viscosity supersolution of (HJB-SD) if
it is a viscosity supersolution of

vy + H(z,t,Dv) =0 in RY x (0,T].

The same remark as above applies, see footnote (1): the extension of ¢ to all
RY x (0,T) is still denoted by ¢, for the sake of simplicity of notations.

In the sequel, we also say that a function is a subsolution or a supersolution of
(HJB-SD) in a domain D C RY x (0, 7] if the above properties hold true either in
MF x (0,7] N D or in D. We also say that u is a strict subsolution of (HJB-SD) in
a domain D C RN x (0, T if the inequality < 0 is replaced by < —n for some 1 > 0.

Remark 4. As in [6, 7], we notice that additional subsolution conditions involving
the tangential Hamiltonians (H k)kzo_, ~ are required on the manifolds M*’s . It
might be surprising anyway that we have no subsolution condition related to tra-
jectories which are leaving M* for k < N. In fact, even if we are not going to enter
into details here, these conditions can be deduced from the inequalities on M* for
[ > k in the spirit of [6, Theorem 3.1].
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5. Comparison, uniqueness and continuity of the value-function. In this
section, we provide our main comparison result for (HJB-SD). Since the proof relies
on proving comparison properties in different subdomains of RY, we introduce the
following definition.

Definition 5.1. We have a comparison result for (HJB-SD) in @ = Q x (1, t2),
where € is an open subset of RY and 0 < t; < t, < T, if, for any bounded usc
subsolution u of (HJB-SD) in @ and any bounded lsc supersolution v of (HJB-SD)
in @, then

[(w=v)+ll L@ < 1w =v)4lL=(0,0)
where 9,Q denotes the parabolic boundary of Q, i.e. 9,Q := 9 x [t1,t2] UQ x {t1}.
Our main result is the

Theorem 5.2. We have a comparison result for (HIB-SD) in any subdomain Q =
Q x (tl,tg) OfRN X (O,T)

In order to guide the reader in the long and unusual proof (despite it has some
common features with the global strategy in Bressan & Hong [12] and uses locally
the ideas of [7]), we indicate the main steps.

o We first show that, instead of proving a “global” comparison result, we can
reduce to comparison results in “small” balls. Essentially this first step allows
us to reduce to the case of “flat stratifications”, namely (AFS).

e Then we argue by induction on the dimension of the submanifolds which are
contained in the small ball: if the small ball is included in MY, this means
that there is no no discontinuities and we have a standard comparison result.
The next step consists in proving a comparison result in the case when the
ball intersects both MY and MY~ which is actually already done in [7].
Therefore the induction consists in proving that if we have a comparison result
for any ball intersecting (possibly) M” ..., M1 then it is also true for any
ball intersecting MY, ... MF+1 MF.

e To perform the proof of this result, we use three key ingredients: for the sub-
solution, the regularization by sup-convolution and then by usual convolution
in the tangent direction to M* (and this is where the (AFS) structure is play-
ing a key role, see Lemma 3.1) together with the fact that a comparison result
in MFH UMF+2 ... U MY implies that subsolutions satisfy a sub-optimality
principle in this domain. On the other hand, for the supersolution, the DPP
allows us to prove an analogous “magic lemma” as in [6, 7].

In order to formulate the induction, let us introduce the following statement,
where k € {0,..., N}

Q(k): For any ball B C MFUMFL .. UMY, forany 0 < t; < to < T and
for any strict subsolution u of (HIB-SD) in B x (t1,t2] and any supersolution
v of (HIB-SD) in B x (t1,t2], u — v cannot have a local mazimum point in
B x (tl,tg}.

Remark 5. We use a localized formulation of Property Q(k) in any ball because we
apply it below to functions which, at level k, are only subsolutions in such specific
balls.
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5.1. From local to global comparison. Our first result consists in showing that
we can reduce the global comparison result in RY x [0,7] to “local” comparison
results. Let us introduce the following version of the Local Comparison Principle
in a cylinder Q x [0,7] C RY x [0,

LCP(Q): for any (z,t) € Qx (0,T), there exists ¥, h > 0 such that By(z) C Q, h <t
and one has a comparaison result in B(x,r) x (t — h,t) for any r <7 and h < h.

Lemma 5.3. Assume (Hpr). We have a comparaison result in Q := Q x (0,T] if
and only if LCP(Q) holds true.

Proof. Let u,v be respectively a bounded usc subsolution v and a bounded lsc
supersolution v of (HJB-SD) in Q. We consider M = supg(u — v). If M < 0 then
we have nothing to prove, hence we may assume that M > 0.

In order to replace the “sup” by a “max” if Q is unbounded, we argue as in [6, 7]
and we replace u by

Ua (2, 1) = u(z,t) — a(Ct + (1 + |2[})V/?

for 0 < @ <« 1. Proving the comparison inequality for u, instead of u provides the
result by letting « tend to 0.

With this argument, we can consider M, = maxg(u, — v) and we denote by
(z,t) a maximum point of u, —v. In addition, we may assume that ¢ is the minimal
time for which there exists such a maximum point. If £ = 0 or x € 92 then the
result is proved, hence we may also assume that z € Q and ¢t > 0.

Using the assumption, we know that there exists 7,h > 0 such that such that
Br(z) C Q, h <t and one has a comparaison result in B(z,r) x (t — h,t) for any
r<7and h < h.

Thus, in Q,pn = B(z,r) x (t — h,t) (where r and h will be chosen later), we
change u, (y, s) into

Ua (Y, ) = ualy,s) = BC(s — ) + (ly — 2> + 1)/2 = 1) ,

where 0 < 8 < 1. If C is large enough, Uq,g is still a subsolution in @, and as a
consequence of the comparison property, we have

ta (2, 1) —v(z, 1) < max (ua(y,s) - B(s =) + (ly — > + V2 = 1) —v(y, 9)) .

pr h
But if y € 0B(x, )
BC(s =)+ (Jy — 2> + V2 = 1) = B(C(s — ) + (r* + 1)'/* = 1)
> B(=Ch+ (r> +1)V/2 - 1),
and, since (r? + 1)1/2 —1 > 0, if we choose (and fix) h small enough, we have

B(—Ch + (r? +1)1/2 —1) > 0. Therefore, for such h,

_B(( (e — _ 2 1/2 _ 9y _
T (a(0.9) = B(C(s = £) o (Jy = 2l + )2 = 1) (y.5)) < M.

On the other hand, for s = ¢ — h, since ¢ is the minimal time for which the
maximum M, is achieved, we have uq(y, s) — v(y,s) < My and B(C(s — 1) + (ly —
z|> +1)/2 — 1) > —BCh. Since h is fixed, choosing § small enough, we have

mgx(ua(y,t —h) = B(=Ch+ (Jy —z]* + 1)V2 = 1) —wv(y,t — h)) < M, .

This shows that maxg,q, , (ua(y, s)—B(C(s—t)+(ly—z|*+1)1/2—1)—0(y, s)) <
M,, a contradiction since uy (x,t) —v(z,t) = M,. Therefore the maximum of u, —v
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is achieved either on 9f) or for ¢ = 0 and the complete comparison result is obtained
by letting « tend to 0. O

In the direction of getting local comparison, we use below that under Q(k) we
have a partial local comparison result for any ball which does not intersect the MY
for j < k

Proposition 1. Let B be a ball in RN such that BANMY = () for any j < k. If Q(k)
holds, then one has a comparison between sub and supersolutions of (HJB-SD) in
B x (t1,t2] for any 0 < t; <ty <T, namely

[(w—v)+llLe@) < I(u—v)+llL~(0,0)
where Q := B x (t1,12).
Proof. For any n > 0, u — nt is a strict subsolution of (HJB-SD) in B x (1,2].
Looking at a maximum point of (u — nt) — v in Q, we see that Q(k) implies that

such a maximum point cannot be in B X (t1,t2]. Therefore all the maximum points
are on J,@) and therefore

[(w—nt —v)4llpeg) < (w—nt —v)4|lL>(5,q) -
Letting n tends to 0 provides the result. O

5.2. Properties of sub and supersolutions. A consequence of the partial local
comparison result deriving from Q(k) is a sub-dynamic programming principle for
subsolutions

Lemma 5.4. Let u be an usc subsolution of (HIB-SD) and assume that Q(k) is
true for some k € {0,...,N}. Then, for any bounded domain Q C RN such that
QNMJ =0 for any j < k, the subsolution u satisfies a sub-dynamic programming
principle in Q x [0, T]: namely, for any o € [0,1],

ONo
u(z,t) < inf su / (X (s),t—s)ds+u(X(O@Ao),t—(0NO)), (b
(1) (X,L)ET(w,t)geSFQ) 0 (X(s) ) (X( )t —( ), (5)

where S(QY) is the set of all stopping times 0 such that X (6) € 09Q.

It is clear that if 7o :=sup {s > 0: X(s) € Q} is the first exit time from Q and
Tq = Sup {s >0:X(s) € Q} the first exit time from €2, we have 7q < 0 < 74.

Proof. Since u is usc, we can approximate it by a decreasing sequence {u,} of
continuous functions. Then we consider initial-boundary value problem (associated
to an exit time control problem)

wy + H(z,t,Dw) =0 in Q:=Qx(0,T),
w(z,0) = up(z,0) on (),
w(z,t) = up(x,t) on 90 x (0,T).
Since w is an usc subsolution of (HJB-SD) and since u < u, on 9,Q, then u is

a subsolution of this problem. On the other hand, using that Q(k) is true, the
arguments of [5] (Section 5.1.2, see Thm 5.7) show that

ONo
wy(x,t) == inf sup [/ (X (s),t—s)ds+u,(X(OAo),t—(0AO))]|,
(1) (X,L)eT (@) pes() LJo ( (s) ) ( ( ) ( ))
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is the maximal subsolution (and solution) of this initial value problem. Therefore
u < w, in Q. In order to obtain the result, we choose any (fixed) trajectory X and
any cost L and write that, by the above inequality

0, No
u(z,t) < /0 1(X(s),t — s)ds + un (X (0, No),t — (6, AO)),

where 0 < 60, < T is the stopping time where the supremum is achieved. But
0, is bounded and X (0, A o) € 02 which is compact. Therefore extracting some
subsequence we may assume that 6,, — 6 and X (6,, Ao) — X (6 Ac). But, by using
that (u, ), is a decreasing sequence, it is easy to prove that

limsup u, (X (0 A o), t — (6, Ao)) Su(X(@Ao),t—(0A0)),
and therefore
One _ _
u(m,t)§/0 U(X(s),t —s)ds+u(X(@A0o),t—(ON0)),

Passing to the supremum in the right-hand and using that this is true for any choice
of X, L yields the result. O

Remark 6. It is worth pointing out that, if z € € then there exists n > 0 such
that 7q > n for any trajectory X. This is a consequence of the boundedness of BL.
Therefore, if we take o < 1, we clearly have

u(z,t) < inf {/OUZ(X(S),tS)dS+U(X(O'),t(0))} ,

T (X,L)ET (x,t)

a more classical formulation of the Dynamic Programming Principle.
The next step is the

Lemma 5.5. Let x be a point in M* and t,h > 0. There exists ' > 0 such that
if u is a subsolution of (HJB-SD) in B(z,7’) x (t — h,t), then for any a € (0,r'),

there exists a sequence of usc functions (uf). in B(xz,7" —a) x (t —h/2,t) such that
(i) the u® are subsolutions of (HIB-SD) in B(x,r’ —a) x (t — h/2,t),

(41) limsup® v = u. ?

(iii) The restriction of u® to MF N [B(x,r' —a)x (t— h/2,t)} is C*.

Proof. The proof is strongly inspired from [7], with the additional use of Lemma 3.1.
In fact, by using the definition of a regular stratification (Definition 3.2), we can
prove the result for @(y) := u(¥~!(y)) in the case of an (AFS) and then make the
P-change back to get the u®’s in the real domain.

Therefore, from now on, we assume that we are in the case of an (AFS) and we
still denote by u the function @ which is defined above. We are also going to assume
that & > 1 and we will make comments below on the easier (k = 0)—case.

We first pick a rg > 0 small enough so that o < r(z) as in the Definition
of Regular Stratifications, Definition 3.2. Then we take 0 < 7’ < 7y so that
U*(B(z,r")) C B(¥*(z),r) where r is defined in (AFS)-(i). This way, we make
sure that we can use Lemma 3.1, which will be needed below.

(2) We recall that limsup® u®(z,t) = limsup u®(y,s).

(y,8)=(x,t)
e—0
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The next step is a sup-convolution in the MF-direction. Without loss of gener-
ality, we can assume that = = 0, and writing the coordinates in RV as (y1,y2) with
y1 € R* 9y, € RV=F we may assume that M* := {(y1, ) : y2 = 0}.

With these reductions, the sup-convolution in the MP* directions (and also the
time direction) can be written as

ul" " (Y1, Y2, 8)
2 2
= max u(z1,y2,8) — exp(Kt 21— il |5 = ' },
zleRk,s/E(t—h,t){ (1 Y2 ) p( ) 5% + oz%

for some large enough constant K > 0. We point out here that in the case k = 0,
this sup-convolution is done in the t-variable only, as for the the usual convolution
below.

By classical arguments, the function u]"*** is Lipschitz continuous in y; and s and

the normal controllability assumption implies both that u]"** is Lipschitz continu-

ous in y2 and allows to prove that, for &1 small enough and oy < &1, ui"** (y, s) —
c(e1, aq)s is still a subsolution of (HIB-SD) in B(x,r’ —a/2) x (t —3h/4,t) for some
constant c(e1,aq) converging to 0 as e — 0 and «; — 0 with a3 < €1, we refer
to [6, 7] for more details. We point out that we need different parameters for this
sub-convolution procedure in space and in time because of the different regularity of
the Hamiltonian H* in space and time: while we require some Lipschitz continuity
in y1 (up to the |p|-term), we have only the continuity in s.

In this last statement, Lemma 3.1 plays a key role since it can be translated as:
if (y1,92) € M!' N B(x,7") for some [ > k, then in the sup-convolution, the points
(21,92) with 27 € R* which are in B(z,7’) still belong to M!. In other words,
if (y1,y2) € MY, for £; small enough the sup-convolution only takes into account
values of u taken on M.

Thus, checking the subsolution condition H' < 0 for ui" " —c(er, 1)t at (y1,y2)
€ M, is done by considering the similar subsolution condition H' < 0 for u at points
(z1,92) € M'. We drop the details since the proof follows classical arguments.

Next we regularize uil’al —¢(e1, 1)t by a standard mollification argument, and
still in the (yy, s)-variables. If (p., )., is a sequence of mollifiers in R¥*1, p_, having
a support in B (0,e2) X (—e9,0), where By (0,e2) is the ball of center 0 and radius
€9 in R*, we set

us? (Y1, y2, ) := /]Rk+1 [V (21, Y2, ") — c(e1,1)8 ] pey (y1 — 21,8 — §')dz1ds’ .
By standard arguments, u5? is C! in y; and s, for all yo and by the same argument
as above, this convolution is done M! by M! (or H' by H': there is no interference
between H' and HY for 5 small enough), and, for 5 small enough, uS? (y1,y2,s) —
d(ez)s is still a subsolution of (HJB-SD) for some d(e2) converging to 0 as e3 — 0;
hence the proof is classical.

The conclusion follows from the fact that u5?* — u7"*" uniformly as 5 — 0 and
ui”® | u as 1 — 0. Therefore we can take, for u®, u5? — d(eg)s with £, small and
€9 small compared to 1. O

Concerning the supersolutions now, a key argument that was used in [6, 7] is
that they satisfy an alternative: either the trajectories are leaving the discontinuity
set, or there is a strategy which allows to remain on this set and we deduce an
inequation for the tangential Hamiltonian there.
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The situation is more complex here since the discontinuity set is composed of sub-
manifolds with different dimensions. But still, a similar alternative can be derived.
In order to formulate it, let us introduce some notations.

Consider a point g € MP for some k € {0, ..., (N—1)}, to € [0, T] and a sequence
(Znytn) = (z0,t0). For any j € {0,...,(N — 1)}, we denote by 7,(j) the reaching
time

To(j) == inf{s > 0: X, (s) € M7}

where (X, ¢, Lz, +,) is a given solution of the differential inclusion such that
(X, t, (tn)s Lo, 1, (tn)) = (x,,0). Notice that by (AFS)-(i), 7,(j) > 0 for any
j<k.

Lemma 5.6. Let v be a bounded lsc viscosity supersolution of (HIB-SD) and ¢ €
CHRN x (0,T)) be a test-function such that the restriction of v — ¢ to MF x (0,T]
has a local minimum point at (z,t) € MF x (0,T]. Then the following alternative
holds

A) either there exists T > 0, a sequence (xn,t,) — (x,t) and a sequence of trajec-
tories (Xu, ¢, L, t,) satisfying 7,(j) > T for any j < k and

v(Tp, ty) > / Z(sztn(s),tn - s) ds + v(sztn (T), tn — f) :
0

B) or vy(z,t) + H*(x,t, Dv(z)) > 0 in the viscosity sense.

Proof. Since the result is local, we can prove it only in the case of an (AFS),
the general result being obtained by changing variables. Therefore, we assume in
particular in the sequel that M is a subspace and even that

Mk:{ajeRN; Tpt1l = Tpp2 = - =y = 0}.

If (x,t) € MF is a local minimum point of v — ¢ on M* x (0,7, we can assume
that it is a strict local minimum point by standard arguments. As we already
noticed, (Hag)-(év) implies that there exists 79 > 0 such that 7,(j) > 7o for all
j < k. In order to “push” the minimum point away from = € MF, we construct the

following test-function
dist(z; MF)?2
)

¢e(2,8) = @(z,8)+q- (z—2x) —

where £ > 0 and ¢ € (M*)+, where (MF¥)1 is the vector space which is orthogonal
to M¥*. We point out that (M¥)* can be identified with RV —F.
In order to choose ¢, we introduce the function y : RV — R defined by

x(q) == ¢¢(x,t) + H(z,t, Dp(x,t) +q) ,

which is convex and coercive in RY. In fact, we are interested in the restriction of
x to (MF)+ and we denote by ¢ := X /vyt If the minimum of ¢ is achieved at
g € (M*)+, then the classical property for the subdifferential of a convex function
at a minimum point (0 € d¢(g)) can be reinterpreted here as

M* N ox(q) # 0,

since O(x/mryt) = (Ox)/avr)+ - This fact can easily be proved using the identifi-
cation between (M¥)1 and RN =% the fact that, in RN~ we have 0 in the subd-

ifferential of ¢ can be interpreted as the existence of an element in dx(q) which is
in MF.

)
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Finally, taking into account the definition of H, the fact that BL(x,t) is convex
and classical result on convex function, namely Danskin’s Theorem which has to be
translated again from RY~F to (M), then there exists (b,1) € BL(z,t) such that

x(q) = ¢e(z,t) —=b- (DP(z,t) +q) — 1,
and b € MF N ax(q).

But we are in the (AFS) case where 7, M* = M* and, recalling that g € (M*)*+,
the above property yields

¢t(x7t)+Hk($7t7D¢($7t)) :¢t(xat)+ Sup {_bD(b(x’t)_l} Z(p(CD

(b)) €BL(a,t)
beT, M”
If ¢o(g) > 0, then B) holds and we are done. Hence we may assume that ¢(q) < 0.

From now on we consider the function ¢. with the choice ¢ = ¢. Notice that,
in this case ¢. = ¢ on M* x (0,T]: the distance term clearly vanishes and g is
orthogonal to z — x if z € M*.

Since (z,t) is a strict local minimum point of v — ¢ on MF x (0, T'), there exists a
sequence (z.,t.) of local minimum points of v — ¢. in RN x (0, T') which converges
to (x,t). There are two possibilities.

First case. assume that for ¢ > 0 small enough, (z.,t.) € MF x (0,7).

On the one hand, (v—¢) and (v — ¢.) coincide on M* x (0,T) and (v — ¢) has a
strict local minimum at (z,t), say in V(z,t) := B(x,n) X (t—h,t+h). On the other
hand, (v — ¢.) has a local minimum at (z.,%.) which converges to (x,t). Hence,
for e small enough, (z.,t.) € V(z,t) and we deduce that necessarily for such ¢,
(zc,te) = (z,t) by the strict local minimum property.

Then, writing the supersolution viscosity inequality reads

0 < ¢¢(x,t) + H(x,t, Dp(z,t) +q) = ¢(q) <0,
which is a contradiction.

Second case. there exists a subsequence of (z.,t.) denoted by (z,,t,) such that
r, ¢ MF.

Step 1. Notice first that necessarily we have 7,,(k) — 0. Thus, between times t = 0
and t = 7,(k), X4, +,(s) remains inside a ball B C RY such that BN M/ = () for
any j < k. By Lemma 2.3 we can use the super dynamic programmation principle
for v(xp,t,) between times 0 and 7,, A 75, where we write 7, for 7, (k). Taking n
large enough so that 7,, < 75, we get

nytn) — X n)t—Tn ™
V(2 tn) = 0(Xe, 0, (Tn), t — Tn) > i/ (Xo, 0, (5),tn — 5)ds. (6)
0

Tn Tn

Since (X, +,, L) satisfies the differential inclusion, we have

n?

Xa o () = 20 + / b(Xg, t.(5),tn — s)ds
0

for some function b such that for any s € (0,7,), b(Xy,, 1, (5),tn —$) € B(X4, 1, (s),
t, — s). Hence, taking the test-function ¢. we have, on one hand

U('rru tn) - U(Xwn,tn (Tn)7t - Tn) S ¢8(xna tn) - ¢8 (Xwn,tn (Tn)a tn - Tn) )
and, on the other hand

dist(2,,; M*)? — dist (X, 1, (7); MF)? = dist(z,,; M*)? > 0.

n
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Therefore
¢6( T, (Tn)a tn — Tn)_gbs(l'n» tn) > _8t¢(xna tn)Tn

+ (Do, 1) + ) /0 (X0 (5), b — ) ds + o(7) .

Combining (6) with the above properties, we get

O (T, tn) = (Dd(an, ty) + (j)—i— ! /m b( Xy, t,(8),tn — s)ds (7)

+7/ 2 itn (S)stn —s)ds +o(1).

Step 2. By the properties (Hpy,), we claim that there exists a couple (b,1) €
BL(z,t) such that, at least along a subsequence

1 Tn
—/ (X, 1 (8 —s)ds — b, —/ l(Xxmtn(s),tn—s) ds — 1.
Tn

0
Indeed, notice first that as 7, — 0, X, ¢, (-) = = and (¢,—-) — ¢, both convergences
being uniform on [0, 7,,].

Then, there exists a sequence ¢,, — 0 and

(basln) € (BL).,,(e,t) =25 (| J BL(z))

lz—z|<en
|57t|S5n

such that

7/ fn,tn ,nfS)dS:bn s —/ xn7n ,tn*S):ln.

By the bounds for b,,[,, we deduce that at least along a subsequence still de-
noted by by, l,, we have (b,,l,) — (b,1) for some (b,1) € RY x R. Now, since
the images of the BL(z,s) are convex and since BL is upper semi-continuous,
distp ((BL)., (z,t), BL(x,t)) — 0 as €, — 0 and we deduce that (b,1) € BL(z,t).

Step 3. Passing to the limit in (7) as 7, — 0 yields
Op(x,t) > (Dop(a,t) +q) -b+1.

But this is in contradiction with the assumption that ¢(q) < 0. Hence, either A)
holds or this second case cannot happen and then B) holds. This ends the proof. [

5.3. Proof by induction on the dimension of M’. As we already noticed
above, Q(N) necessarily holds true since in this case the ball does not intersect
any discontinuity. Moreover, we proved in [7] that Q(N — 1) is also true. Of
course, Q(0) means that we have a comparison result without any restriction on
the submanifolds M* which intersects B(z,). Thus, the proof of Theorem 5.2 is
reduced to the following backwards induction property

Proposition 2. Assume that Q(k) is true for some k € {1,..,N — 1}. Then
Q(k — 1) is also true.

Proof. We consider a ball B C Ms-LTUMFU---UMY, 0 <t <ty <T, an
usc function u which is a strict subsolution of (HJB-SD) in B X (#1,t2] and a lsc
supersolution v of (HJB-SD) in B x (t1, t3].

In order to check Q(k — 1) we have to show that u — v cannot have a maximum
point (Z,%) in B x (t1,t2]. But by Q(k), Z cannot belong to any M7 for j > k.
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Therefore, we are left with the case where Z € M*~1. Using (RS) and (AFS)-(i),
we consider a smaller ball B’ such that B’ C B still containing z and such that
B'NM/ = () for any j < k — 1.

Using that the Hamiltonians H and H’ are Lipschitz continuous in p, we can
replace u by @(x,t) = u(z,t) — §((t — £)? + |x — Z|?) for § > 0 small enough: this
new function is still a strict subsolution and (Z,t) is a strict local maximum point
of u —w.

Next we use Lemma 5.5 for the subsolution % and for r, h > 0 small enough: since
there exists a sequence (u). of subsolutions such that lim sup* u® = @, there exists
an usc subsolution w, defined in B(z,7) x (t — h,t) C B’ X (t1,t2) and a maximum
point (x,,t,) of u, — v which is also as close as we want to (z, 7).

We can therefore assume that z, € B’ and since Q(k) holds true, necessarily
x, € M*~! for the same reason as for Z above.

Consider now Lemma 5.6 for v at x,. If we are in case A) of the alternative, we
get a sequence x,, — x, which remains in 2 := B\ M¥~1 and Q does not intersect
any MY for j < k — 1. Moreover, the reaching times of trajectories issued from the
x,, are controled from below.

Next, we use in conjunction Lemma 5.4 in €: the sub-optimality principle sat-
isfied by w, in © implies that for some o € (0, k) small enough (but uniform with
respect to n)

Uy (T, tn) — 0(Tn, tn) < up(Xa, 1, (0),tn —0) —0(Xa, 1, (0), 8, —0) — N0,

where 1 comes from the strict subsolution property for w,. Passing to the limit as
T, — x, we obtain

up (T, ty) — v(@p,8) < Ub(metb (0),t —0) — U(X:I?b,tb (0),t—0)—mno.

and this contradicts the fact that (x,t,) is a local maximum point of u, — v.
In case B), since by Lemma 5.5 u;, is C' on M*, we have

ub(‘rba tb)t + Hk(zv t, D’U,b(l’b, tb)) >0.
But this is also a contradiction since wy, is a strict subsolution and therefore
uy (x, tb)t + Hk(xe, t°, Dub(scb, tb)) < -—-n<0.

Hence, such a maximum point (x,t,) cannot exist, which implies that if Z exists,
it has to be located on M for some j < k — 1, thus and Q(k — 1) holds true. O

6. A stability result. In this section we prove a stability result when we have
a sequence of problems on stratified domains (HJB —SD)_. An important issue
here is that, not only do the corresponding Hamiltonians depend on ¢, but also the
stratification of space does. More precisely, for each € > 0 we are given a regular
stratification M, and a notion of convergence is required.

This is the purpose of the following definition.

Definition 6.1. We say that a sequence (M.). of regular stratification of RY.
converges to a regular stratification M if, for each 2 € R, there exists r > 0, an
(AFS) M* = M*(x,r) in RY and, for any € > 0, changes of coordinates ¥, U% as
in Definition 3.2 such that ¥Z(z) = U*(x) and

(i) &(MF N B(x,r)) = M* N ¥2(B(x,r)), ¥¥(MFN B(z,r)) = M* N ¥*(B(z,1)).
(ii) the changes of coordinates ¥Z converge in C*(B(z,7)) to ¥ and their inverses
(U%)~! defined on W*(B(x,r)) also converge in C! to (U*)~1.
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We denote this convergence by M, 25 M.

Thus, the manifolds M* (k = 0..N) can vary with ¢ but after suitable changes
of variable ¥Z, they are flat and constant. The important issue is that we do not
want to create/destroy/intersect manifolds when they move.

Then we also consider, for each ¢ > 0, the associated Hamilton-Jacobi-Bellman
problem in the stratified domain M, that we denote by (HJB — SD)_. The meaning
of sub and supersolutions is the one that is introduced in Definition 4.2, with the
family of Hamiltonians H. and (HF) that are constructed from M. and some family
BL..

In order to formulate the following stability result, we have to define limiting
Hamiltonians for the HE(z, ¢, p) but the difficulty is that they are defined for x € M¥
which depends on e. In order to turn around this difficulty, we use the change of
variables of Definition 6.1 which leads to consider the Hamiltonians HF¥, defined
for x € M* N U*(B(x,r)), a domain which does not depend on €. We make a
slight abuse of notations by saying that H* = liminf, HY if the associated rectified
Hamiltonians satisfy H* = liminf, f[f

Theorem 6.2. Assume that (M.). is a sequence of (RS) in RN such that M. EE M,
then the following holds

() if, for alle > 0, v. is a lsc supersolution of (HJB — SD)_, then v = liminf, v,
is a lsc supersolution of (HJB-SD), the HJB problem associated with H =
lim sup* H..

(i) If, for € > 0, u. is an usc subsolution of (HIJB —SD)_ and if the Hamil-
tonians (HF)—o n satisfy (NC) and (TC) with uniform constants, then
@ = limsup” u. is a subsolution of (HJB-SD) with H* = liminf, HE for any
k=0..N.

Proof. Result (i) is standard since only the H./H-inequalities are involved and
therefore (4) is nothing but the standard stability result for discontinuous viscosity
solutions with discontinuous Hamiltonians, see [27].

For (ii), because of the definition of the convergence of the (RS), we can assume
without loss of generality that the (RS) is fixed and is in fact an (AFS). Then if
(wo,t9) € MF x (0,T) is a strict local maximum point of @ — ¢ on M¥, where ¢ is
a C" function in RY, we consider the functions

ue(z,t) — d(z,t) — L - dist (2, MF)

where dist(-, M¥) denotes the distance to M¥.
For € small enough, this function has a maximum point (z.,t.) near (zo,to). If
z. € M for | > k, we have (because u. is an usc subsolution of (HJB — SD),)

01, te) + HL (w2, te, DY(ae,te) + L D[ dist(we, MY)]) <0.

Next we remark that, on the one hand, D[dist(z., M*)] € V- (recall that we
are in the (AFS) case) and on the other hand | D[dist(z., M¥)]| = 1; therefore we
can use (NC) and choose L large enough in order that this inequality cannot hold.
Notice that this choice does not depend neither on € nor on [, but we use that the
distance to M* is smooth if we are not on M¥.

Therefore . € M* for [ > k, and (2., t.) is a local maximum point of u.(z,t) —
#(z,t) on MF (we can drop the distance since we look at the function only on MF).
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Hence
O1weste) + HE (22, te, Do, 1)) <0

But using that 4 = limsup® u. and that (zg,tg) is a strict local maximum point
of i—¢ on MP¥, classical arguments imply that (z.,t.) — (0, to) and the conclusion
of the proof follows as in the standard case. O

We conclude this section with some sufficient conditions on BL for the stability
of solutions.

Lemma 6.3. For any ¢ > 0, let BL. satisfy (Hpy,), (TC-BL) and (NC-BL)
with constants independent of € and assume that M, is a fived (AFS) adapted to
every BL.. Assume that BL, — BL in the sense of the Haussdorf distance. Then
for every k € {0,..., N}, H¥ — H* locally uniformly in MF x (0,T) x RV,

Proof. Since we are in a flat (and static) situation, let us first notice that the
Hamiltonians HY are all defined on the same set. Then the convergence of BL.
implies that (BL.)|x (the restriction to M¥ x [0, T]) converges locally uniformly to
BL|,. It follows directly that

H*(z,u,p) = sup {—b-p—l}—> sup {—b-p—l}:Hk(m,u,p).
(b,))€BL. (,t) (b,))€BL(x,t)
beT, MY beT, M*
O

Corollary 1. For any € > 0, let BL, satisfy (Hpr) with constants independent
of €, and consider an associated reqular stratification (Mg, V.). We assume that

BL. — BL in the sense of Haussdorf distance and that M, S M. Let U. be the
unique solution of (HJB —SD)_. Then

U. = U locally uniformly in RY x [0, 00),
where U is the unique solution of the limit problem (HJB-SD).

Proof. The proof is immediate: by the convergence of BL. and M., after a suitable
change of variables we are reduced to considering the case of a constant local (AFS),
M.,. Then we apply Lemma 6.3 which implies that the (H*); converge to the (H*)j.
We invoke Theorem 6.2 which says that the half-relaxed limits of the U, are sub and
supersolutions of the limit problem, (HJB-SD). And finally, the comparison result
implies that all the sequence converges to U. O

7. Examples and extensions.

7.1. Examples. Example 1. A straight line in R3 — This example is a typical
example which is out of the scope of [6, 7] since the discontinuity set is not a (N —1)-
dimensional manifold, but a lower dimensional one. We take the opportunity of this
simple example to describe the way our assumption have to be read.

We consider the line I' = {7 = 2o = 0,23 € R} C R3 and two bounded and
continuous functions (b,1) defined on (R3\T') x [0, 00) x A where A is a control set.
We set as above BL(x,t) := {(b,1)(z,t,a) :a € A} on (R*\T) x [0,00) x A and

BL(z,t) ifr e R3\ T,
BL(z,1) := @(limsupBL(Lt)) ifzel.

ygr
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The natural stratification is simply M? = R3\ T, M! = T and M? = M = ().
An interesting point here is the assumptions on b,/ which ensures (TC-BL) and
(NC-BL).

For (TC-BL), the functions b and [ have to be continuous in R3\T' x [0, T] x A4, b
being locally Lipschitz continuous in x with (locally) a uniform constant in ¢ and a.
Of course, they have to be bounded to have (Hgr,). Moreover, in a neighborhood
of each point (0,0, z3), the functions (z3,t,a) — b((z1, 22, 23),t,a) and (z3,t,a) —
I((z1, z2,x3),t,a) are equicontinuous for (x1, z2) in a neighborhood of (0,0) and, in
the same way, the functions x3 — b((z1, z2,x3),t, a) are equi-Lipschitz continuous.
In that way, if for any sequence (5, 25) converging to (0,0) such that

b((25,25,13),t,a) — b(wz, t,a) and I((25,25,23),t,a) — l(x3,t,a) ,

then b, [ satisfy classical assumptions, namely they are continuous and b is locally
Lipschitz continuous in z3, uniform in ¢ and a. With this remark, it is rather easy
to show that H' defined on I satisfies the right continuity assumptions in x3 and ¢.
In this example, it is clear that x5 (and in a slightly different way ¢) plays the
role of the tangential derivatives while (x1,z2) are the normal ones.
For (NC-BL), we write b = (b1, ba, b3) and the condition is that in a neighbor-
hood of each point (0,0, z3), there exists § = §(x3) such that

B(Ovd) C {(blabQ)(xatva) ta € A} )

where B(0,4) is here a ball in R2.

Notice that, as we did it above in the checking of (TC-BL), the dynamic and
cost on I' are obtained as the limits of the dynamic and cost on R® \ . But, of
course, specific dynamic and cost can also exist on I'.

Under these conditions, we have a unique solution for (HJB-SD).

Example 2. The cross problem in R? — This example is another typical
example which could not be treated in [6, 7], with a more complex geometry: the
discontinuity set contains an intersection of straight lines, that is, a point.

In R? we consider four domains as follows

R*=(QUQUQUQ) UT,

where I' = {21 = 0} U {2 = 0} and each ; is an open quadrant. Then consider a
control set A and we assume that we have four vector fields (b;);=1.4 and running
costs (I;)i=1.4, all bounded such that (b;,l;) : Q; x [0,00) x A — (R? x R) is
continuous with respect to the first two variables, (z,t).

We then define the associated stratification M? := U, Q;, M! := {21 > 0,29 =
0}u{x1 < 0,29 = 0}U{z1 = 0,22 > 0}U{z; = 0,22 < 0} and finally M" = {(0,0)}.
For x € Q;, we set BL;(x,t) = {(bi,1;)(z,t,a) : a € A} and finally

BL;(x,t) if v € M?,
BL(z,t) := { co(BL;(z,t) U BLj(x,t)) if z € M!
co(Ur; BL;(0,1) if v € MY,

where of course the indices ¢ and j are chosen accordingly to which portion of
M? or M! the point = belongs to. With this setting we have a (HJB-SD) which
has a unique solution provided the assumptions on the (b;,[;) are satisfied. These
(local) conditions on M? M! are analogous to the ones described in Example 1.
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In a neighborhood of (0,0), we need the system to be fully controllable and the
condition on M° reduces to

4 4
Ut S inf { Z uili(O, t) : Z uibi(O, t) = O}
i=1 i=1

Example 3. Specific control problem on the discontinuity set — in this last
example, we add specific control problems on the various submanifolds of positive
codimension.

We start from a continuous dynamic-cost map BL defined in (R®\ T') x [0, T},
but we also put specific control problems on M?, M! and M° according to the
stratification in R? corresponding to Figure 1 (see Section 3.1).

Hence, for k = 0,1, 2, we introduce a set-valued map BL(+, -) which is continuous
on M* x [0,T]. In order to have a global (HJB-SD), we define BL by setting

BL(x,1) if o € R\ (MO UM! UM?),
BL(z,t) := @(limsupBL(x,t) U BLk(x,t)) ifz e M, k=0,1,2.

y—x

ygr

The map BL satisfies (Hpy,) and provided each BLj and BL satisfy (NC-BL),
we have an (HJB-SD) which has a unique solution.

7.2. Applications & extensions. THE FILIPPOV APPROXIMATION — a way to
build a solution of u; + H (2, u, Du) = 0 in RY in presence of discontinuities consists
in using the Filippov approximation for the corresponding control problem: for each
€ > 0 we consider the sets BL.(z,¢) defined by

@ ( U (1 _lemaf M) BL(z,s) + (‘Z;J + @) BL(x,t)> _

19 19
|z—a|+[t—s|<e

The construction of BL, comes from several considerations

(7) for each € > 0, BL; is a continuous set-valued map with convex, compact images;
(73) BL.(z,t) also takes into account the specific dynamic-cost at (z,t);

(7i1) BL.(z,t) takes into account dynamics-costs coming from a neighborhood of
(z,t).

Notice first that by construction, BL. is a continuous set-valued map which
satisfies (Hpr) and (NC-BL),(TC-BL). Therefore there exists a unique solution
U. of (HJB — SD)_, associated to BL..

Since BL. is continuous, if M is a stratification adapted to BL, it can be seen
as a stratification adapted also to BL., for any ¢, even if there is no discontinuity

for BL.. Thus, BL. 5% BL and the stability result (Corollary 1 yields that U,
converges to the unique solution of (HJB-SD)). This result extends [7, Thm. 6.1]
where the convergence of Filippov’s approximation was proved for an (N — 1)-
dimensional discontinuity set.

INFINITE HORIZON PROBLEMS — we derived a complete study of parabolic (HJB-
SD) which correspond to finite horizon control problems. In the same way, we
can handle similarly the case of infinite horizon problems, leading to stationary
(HJB-SD) as in [6].

This amounts to considering a set-valued map = — BL(x) and introduce the
Hamiltonians H*(x,u,p) = sup(Au — p - b — 1), where the supremum is taken over
BL(x), with b € T,MP*. The adaptations are quite straightforward: under (TC-
BL),(NC-BL) (which have to be considered as independent of t) we get comparison
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for the complemented problem; and the value function of the associated control
problem is the unique viscosity solution of this complemented problem.
TIME-DEPENDING STRATIFICATIONS — throughout this paper, we assumed that the
discontinuities of the set-valued map BL(:,-) is independent of the time-variable.
This is a simplification which can be relaxed at (almost) no cost in some situations:
following the ideas of the stability result, we assume that for each ¢ > 0 we have a
stratification M(¢) adapted to BL(-,t) with the following property

for each (z,t) € RY x [0,T), there exists r > 0, an (AFS) M* in RN and a local
change of coordinates WY : B(x,r) x (—=r,r) — RY x R as in Definition 3.2 such
that

w0 (M0 (B(a,7) x (<1,7)) ) = (M x R) 00D (Bla,r) x (1))

This means that, up to the local changes of variables ¥(**) we are in a flat and

time-independent situation. All the constructions and results that we derived thus
apply with slight modifications. Notice that of course the dependance of ¥(®t) with
respect to the time variable should be regular enough so that the rectified equation
keeps the suitable properties (TC),(NC),(LP), i.e. C! in the t-variable, and W2
or C! in the z-variable (depending on the controllability assumptions).
A WORD ON THE MAXIMAL SOLUTION — by focusing on the complemented (HJB-
SD) problem, the unique solution we select is the minimal solution of u;+ H (z, t, Du)
=0 in M¥, complemented with the Ishii conditions on I' = MY ~1U...UM?O. This
solution is denoted by U~ in [6, 7].

The maximal solution, UT, was identified in [6, 7] but only in the specific case
of a (N — 1)-dimensional discontinuity set: I' = M~ je. MF = () for any
k = 0..(N—2). The reason is that the identification of U' through a suitable control
problem (involving only “regular controls”) requires a reflection-type argument on
I". Thus, the problem is linked to the very definition of this maximal solution and
in the context of general HJB problems on stratified domains, the methods used in
[6, 7] do not seem to be adaptable (except in special cases). This is to our point
of view a very interesting problem to identify this maximal solution in the general
case (at least in a framework as general as possible).
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