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ABSTRACT. This paper studies an optimal decision problem for several groups
of drivers on a network of roads. Drivers have different origins and destina-
tions, and different costs, related to their departure and arrival time. On each
road the flow is governed by a conservation law, while intersections are mod-
eled using buffers of limited capacity, so that queues can spill backward along
roads leading to a crowded intersection. Two main results are proved: (i) the
existence of a globally optimal solution, minimizing the sum of the costs to all
drivers, and (ii) the existence of a Nash equilibrium solution, where no driver
can lower his own cost by changing his departure time or the route taken to
reach destination.

1. Introduction. Optimal traffic assignment and dynamic user equilibria on net-
works have been widely discussed in the engineering literature [14, 15, 16, 17, 23].
For conservation law models of traffic flow on a network of roads, these problems
were recently studied in [4]. The basic setting comprises a network with nodes
Ai,..., Ay, and connecting arcs 7;;. Drivers choose their time of departure and
route to destination in order to minimize the sum of a departure cost o(7%) and
an arrival cost 1(7%). The problem is highly nontrivial because the arrival time 7*
depends not only on the departure time 7¢ but also on the overall traffic pattern.

Asin [28, 29], along each arc we model the traffic flow in terms of the conservation
law

pt + [pvij(p)le = 0. (1.1)

Here t is time and z € [0, L;;] is the space variable along the arc +;;. The variable
p = p(t, z) describes the traffic density, i.e. the number of cars per unit length, while
the map p — v;;(p) is the speed of cars as function of the density, along the arc
7ij- We assume that v;; is a continuous, nonincreasing function of the density p.
At each node of the network, the conservation laws (1.1) must be supplemented by
suitable boundary conditions, modeling traffic flow at an intersection. In the earlier
paper [4] a buffer of unlimited capacity was assumed to be present at the beginning
of each road. Arriving cars are placed in this buffer, waiting for their turn to enter
the new road. With this model, roads never become congested and queues never
propagate backwards.
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Aim of the present paper is to prove the existence of global optima and Nash
equilibria, for a more realistic model where queues can propagate backwards along
roads leading to a crowded intersection. Starting with a definition of Riemann
Solver, models describing traffic flow at an intersection were recently developed in
[10, 19, 20]. Unfortunately, in the specific context of our optimization problems,
they lead to ill posed Cauchy problems. The counterexamples in [7] motivated
the introduction of new intersection models [6], where each node of the network
contains a buffer of limited capacity. When the buffer is nearly full, cars can access
the intersection only at a very slow rate, and queues propagate backwards along
incoming roads. As proved in [6], for these models the Cauchy problem is well posed
within the general class of L initial data. The solution can be constructed as the
unique fixed point of a contractive transformation, defined in terms of a Lax-type
variational formula. A key feature of these models is that the travel time between
any two nodes of the network depends continuously on the data, w.r.t. the topology
of weak convergence. These properties are precisely what is needed, in order to
apply the topological arguments in [4] and establish the existence of global optima
and equilibria.

Our optimal decision problems are formulated for n groups of drivers traveling
on the network. Different groups are distinguished by the locations of departure
and arrival, and by their cost functions. For k € {1,...,n}, let Gy be the total
number of drivers in the k-th group. All these drivers depart from a node Ay
and arrive at a node A, ), but can choose different paths to reach destination. Of
course, we assume that there exists at least one path (i.e., a concatenation of arcs)

r = (1.2)

(7«0),1‘(1)’ Vi) ’Vz'(Nfl),i(N))
with 4(0) = d(k) and i(N) = a(k), connecting the departure node A, with the
arrival node A, ). We shall denote by

V= {rl,rg, ,FK}

the set of all paths which do not contain any closed loop. Since there are m nodes
in the network, and each chain can visit each of them at most once, the set V
contains finitely many elements. For a given k € {1,...,n}, let Vi C V be the set of
all paths available to k-drivers, connecting Ay with Ag(ry. By ug () we denote
the departure rate of drivers of the k-th group, traveling along the viable path I',.
Hence

t

Unal®) = [ uny()ds (13)

— 00
is the total number of drivers of the k-th group, traveling along the path I',, who
have started their journey before time ¢.

Definition 1. Let the group of k-drivers have size Gy, > 0. We say that {uy ,; k=

1,...,n, p € Vi} is an admissible family of departure rates if each uy, is a
nonnegative integrable function, and moreover
oo
> / upp(t)dt = Gy foreach ke {1,...,n}. (1.4)
peEVE ¥ X

Here the admissibility condition (1.4) means that, sooner or later, every driver of
the k-th group will depart, choosing some path I', € V}; to reach his destination.
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As in [2, 3, 5], we consider a set of departure costs ¢ (-) and arrival costs 1(-),
the same for all drivers in each given group. A driver of the k-th group departing
at time 7¢ and arriving at destination at time 7% has total cost

or(t%) + Y (). (1.5)

In this framework, the concepts of globally optimal solution and of Nash equilibrium
solution considered in [2, 3] can be extended to traffic flow on a network of roads.

Definition 2. An admissible family {uy ,} of departure rates is globally optimal
if it minimizes the sum of the total costs of all drivers.

Definition 3. An admissible family {ug,} of departure rates is a Nash equilib-
rium solution if no driver of any group can lower his own total cost by changing
departure time or switching to a different path to reach destination.

From the above definition it follows that, in a Nash equilibrium, all drivers in a
same group must bear the same total cost (1.5).

In this paper we prove the existence of a globally optimal solution and of a Nash
equilibrium solution, extending the results in [4] to a model where queues can spill
backward through several nodes of the network. Our existence proofs, contained
in Sections 4 and 5, are similar to the ones given in [4] for buffers of infinite size.
However, in order to apply these earlier techniques to a model with finite buffers, a
substantial amount of preliminary analysis is needed.

The well posedness results proved in [6] refer to the initial-value problem. These
results need to be adapted to the boundary-value problem, where departure rates are
assigned for all times ¢ € IR. Moreover, one has to study how the travel time of each
driver depends on all the departure rates, w.r.t. the topology of weak convergence.
In this paper, Section 2 recalls the main definitions and modeling assumptions,
while Section 3 establishes the key continuity properties of our solutions.

In addition, the proof of the existence of a Nash equilibrium requires a uniform
a priori bound on the travel time of every driver. In a realistic situation, this is
largely expected. In the case of buffers of unlimited size considered in [4], such a
bound is easy to prove. However, in models where queues can spill backward, it
is hard to pinpoint a condition which guarantees that traffic will never get stuck,
and all drivers arrive at destination in finite time. See [9] for a discussion of this
issue. In Section 6 of the present paper we prove a partial result in this direction.
Namely, if the network does not contain any closed cycle, then the on each road
7i; the traffic density remains uniformly bounded away from pf]a ™ and traffic never
gets stuck.

For the basic modeling of traffic flow we refer to [1, 28, 29]. Traffic flow on
networks has been the topic of an extensive literature, see for example [10, 14, 15,
17, 18, 20, 21, 25] and references therein. More detailed results on optima and
equilibria for traffic flow on a single road can be found in [2, 3, 5]. Various other
optimization problems for network flows have been considered in [8, 12, 22, 24, 26].

Remark 1. In closing, we explain the underlying motivation for adopting an
intersection model with buffers, and relying on weak convergence in all our existence
proofs.

To model traffic flow at each intersection, one needs to know the percentage 0;;
of drivers from an incoming road ¢ that wish to turn into the outgoing road j. As
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long as these coefficients ;; remain constant, the models based on Riemann Solvers
[10, 19, 20] work very well. Solutions are unique, have bounded variation, and
depend continuously on the initial data. However, if the coefficients 6;; = 0,;(t, x)
are not constant, the counterexamples in [7] show that these models lead to ill posed
Cauchy problems. More precisely:

o There exist initial data 6,;(0,-) and traffic densities p;;(0,-) with arbitrarily
small total variation, such that for every ¢ > 0 the functions 6;;(¢,-) have
unbounded variation.

e Choosing initial data 6;; with unbounded variation, one can construct a
Cauchy problem having two distinct solutions.

e Solutions do not depend continuously on initial data, in the topology of weak
convergence. A sequence of initial data can be constructed where the coef-
ficients 60;;(0,-) converge weakly to 0;;(0,-), as v — oo. However, for ¢t > 0
the corresponding traffic densities pf;(t,-) converge to a limit p?(¢,-) which
is different from the solution with initial data 6;;(0, -).

Due to the above difficulties, in [6] the authors introduced an alternative model for
traffic flow at intersections, including buffers. In this case, Example 4 in [7] remains
valid, showing that the total variation of the solution can immediately blow-up.
However, lack of BV bounds is no longer a concern, because for the new model
with buffers the Cauchy problem is well posed even for L*>° data. In addition, the
solution depends continuously on the initial data also w.r.t. the topology of weak
convergence. This motivates the use of weak convergence as a basic tool in our
existence proofs.

At the present time, it is not clear whether global optima and Nash equilibria
exist, in connection with the intersection models [10, 19, 20] without buffers. To-
ward a proof, one may start by deriving necessary conditions for optimality. These
conditions may then be used to construct an explicit solution, or to provide a priori
bounds on the total variation. This approach may be successful for very simple
networks, but it appears very hard to implement it in the general case.

2. The traffic flow model.

2.1. Basic assumptions. In our model, z € [0, L;;] is the space variable, describ-
ing a point along the arc v;; joining the node A4; to the node A;. Here L;; measures
the length of this arc. The basic assumptions on the flux functions f;;(p) = pvi;(p)
and on the cost functions ¢y, ¥ are as follows.

(A1) For every arc +;;, the flux function p — f;;(p) = pvi;(p) is twice continu-
ously differentiable, strictly concave down, and non-negative on some interval
[0, pj;™], with f;;(0) = fi;(pi;™) = 0. We shall denote by p** €]0, pji™]
the unique value such that

Folmem) = f1 = max fulp). (21)
96[07/33]’ ]

(A2) For every k € {1,...,n} the cost functions ¢y, ¥y are continuously differen-
tiable and satisfy

Pp(t) < 0,
Yi(t) > 0 By (or®) + () = oo (2.2)
;C t > , —00
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FIGURE 1. The flux f;; as a function of the density p, along the arc v;;
from the node A; to A;.

Remark 2. For each flux f;;, consider the Legendre transform g;; of f;;

gij(v) = inf {uv — f”(u)} . (2.3)
wel0, )

Given a characteristic line ¢ — x(t) with characteristic speed & = v, the Legendre
transform g;; can be interpreted as

gij(v) = —[flux of cars from left to right, across a characteristic with speed v].
(2.4)
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FIGURE 2. The flux function f;; and its Legendre transform g;; defined
at (2.3). Notice that gi;(0) = —fi7*, while gs;(v) = 0 for v > f;;(0) and

i
jam jam

gij(v) = pli™ v for v < fi;(p17™).

For v € |f}; (p{;m), 1:(0)[, differentiating w.r.t. v, one obtains
1

0
1 / *
9i;(v) = 7-gi;(u’(v)) = Z—— <0, (2.5)
ER TS 7 (o)
showing that g;; is strictly concave down on this open interval. As shown in Fig. 2,
we also have the implications
v < {j(pgjm) = gij(v) = Pf}lm v,
(2.6)

v > fi;(0) = gii(v) =0.
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2.2. Evolution of traffic density. We now describe more in detail how the traffic
flow on the entire network can be uniquely determined, given the departure rates
Uk,p-

We assume that the set A/ of all nodes of the network can be partitioned as the
disjoint union

N = NgUNUN,,

where the three sets on the right hand side denote the departure nodes, the transit
nodes and the arrival nodes, respectively (Fig. 3).

A5
°
¢ 2 \ / Ay 10
B
O A
A 6 y
. P 3 Pss o A,
13 _
1 O 5 O N
A4 47 7
FIGURE 3. In this network, A, A2 are entrance nodes, As, ..., Asg are

transit nodes, and Ag, A1p are exit nodes. We denote by P;; the mid-
point of the arc ~;; from A; to A;.

I - Dynamics at departure nodes. Departure nodes have no incoming road
and only one outgoing road. As in [4], let u(t) be the rate of departures from a
node A; € Ny, and let p(t,z), z € [0, L], be the density of traffic along this single
outgoing road. We assume that p satisfies the conservation law

Call ¢(t) the length of the queue at the entrance of the road, and let
p(t) = lim p(z,1)
be the boundary value for the density. Moreover, define

w(t) = _ e~ M

) { GO OErS

Notice that w(t) is the maximum flux of cars that can enter the road at time ¢.
The boundary value for the flux and the length of the queue are then governed

by the equations

O B (27)
i) = ut)—wlt) if qt) > 0. (2.8)

Here and throughout the sequel, an upper dot denotes a derivative w.r.t. time.

IT - Dynamics at arrival nodes. We assume that each arrival node A; € N,
has one incoming road, say +;;, and no outgoing road. Cars exit instantly upon
reaching the node A;, and no backward queue is ever formed along the road leading
to A;. We can thus assume that the density p;; satisfies

pii < Pyt fii(pij) > 0,
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for all t > 0, = € [0, L;;]. Since all characteristics have positive speed, the initial-
boundary value problem along the arc «;; is well posed without assigning any con-
dition at the terminal point x = L;;.

III - Dynamics at transit nodes. Following [6], we assume that at each
intersection there is a buffer of limited capacity. The incoming fluxes of cars toward
the intersection are related to the current degree of occupancy of the buffer. To
fix the ideas, consider an intersection with m incoming and n outgoing roads. To
simplify the notation, we label with the index i € Z the incoming roads and j € O
the outgoing roads. As in [6], the space variable is 2 < 0 along incoming roads and
x > 0 along outgoing roads. For &k € Z U O, we denote by pi the density of cars
on the k-th road. Moreover, for ¢ € Z and j € O, we denote by 0;; the fraction of
cars in road 7 who wish to turn into road j. The above functions evolve according
to the conservation laws

(k) + fe(pr)z = 0, keIuO, (2.9)
and the linear transport equations
(03) +vi(pi)(035)s = 0, i€, je0. (2.10)

The state of the buffer at the intersection is described by an n-vector

q = (Qj)jeo~

Here ¢;(t) is the number of cars at the intersection waiting to enter road j € O, i.e.,
the length of the queue in front of road j. Boundary values at the junction will be
denoted by

Qij (t) = limg,_,o— Gij (t7 .’13), 1 €T, Jj € 07
ﬁz(t) = limx—>0— pi(t’ :E)7 (XS I7
pj (t) = hmI*)OJr Py (t, {E)7 j € o, (211)

fit) = fi(pi(t)) = limgo- fi(pi(t,2)), €T,

fit) = fi(p;1) = limgos fi(pi(t,x), j€O.

Conservation of the total number of cars implies

G = Y fibi;— f; forall j € O. (2.12)
i€
Following [20], we say that a density p € [0, piam] along the k-th road is

- a free state if p € [0, p***], ‘
mazxr JU«W]

- a congested state if p €]p** , pi.
We also define
fi(pi) if p; is a free state,
w; = wi(pi) = 1€,
frer if p; is a congested state,
the maximum possible flux at the end of an incoming road. Notice that this is the

largest flux f;(p) among all states p that can be connected to p; with a wave of
negative speed.
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Similarly, we define

£i(ps) if p; is a congested state,
wj = wi(p;) = jeo,
e if p; is a free state,

the maximum possible flux at the beginning of an outgoing road. This is the largest
flux f;(p) among all states p that can be connected to p; with a wave of positive
speed.

We consider two different sets of equations relating the incoming and outgoing
fluxes f; and fj, depending on the drivers’ choices éij and on the lengths ¢; of
the queues in the buffer. As proved in [6], both models lead to well posed Cauchy
problems within the general class of L>° data.

In the first model, the junction contains one single buffer of size M. Incoming
cars are admitted at a rate depending of the amount of free space left in the buffer,
regardless of their destination. Once they are within the intersection, cars flow out
at the maximum rate allowed by the outgoing road of their choice. As usual, if the
queue size g; is nonzero, drivers respect their place in the queue: first-in-first-out.

Single Buffer Junction (SBJ). Consider a constant M > 0, describing the
mazximum number of cars that can occupy the intersection at any given time, and
constants ¢; > 0, i € I, accounting for priorities given to different incoming roads.

We then require that the incoming fluzes f; satisfy

fi = min < w;, ci(M—qu) , ieT, (2.13)
jeo

while the outgoing fluzes f; satisfy

if ¢; > 0, then f; = wj,
B B je0. (2.14)
if ¢; =0, then f; = min {wj, Yier fzﬂij},

In our second model, there are n buffers, one for each outgoing road. Incoming
drivers are admitted at a rate depending on the length of the queue at the entrance
of the road of their choice. Once they are within the intersection, cars flow out at
the maximum possible rate, respecting their place in the queue: first-in-first-out.

Multiple Buffer Junction (MBJ) Consider constants M;, j € O, describing
the size of the buffer at the entrance of the j-th outgoing road, and constants ¢; > 0,
1 € I, accounting for priorities given to different incoming roads.

We then require that the incoming fluzes f; satisfy

_ (M — g,
7, = min {w 6(57%), je(’)}, i€, (2.15)
ij
while the outgoing fluzes f; satisfy (2.14).
We now consider the Cauchy problem for the system of equations (2.9), (2.10),

(2.12), assuming that at each node the boundary conditions (2.13)-(2.14) or (2.15)-
(2.14) are satisfied. We allow the possibility that the conditions (SBJ) hold at
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some nodes, while (MBJ) hold at other nodes. The initial data have the form
pr(0,2) = pf(x) keTUO,

0:(0,2) = 05(x) i€T, jeO0, (2.16)

(0) =q¢ jeoO.
By an admissible solution of the above system we mean a family of functions
(Pk» 0ij, q5), with

pr € 0,07, €01, > 6i=1, (2.17)
jeo
Yicoli <M, in case of (SBJ),
q; =0, (2.18)

q; < M; for every j € O, in case of (MBJ),
and with the following properties.

(i) The functions py provide entropy-weak solutions to the conservation laws in
(2.9).
) The functions 6;; provide solutions to the linear transport equations in (2.10).
(i) The functions g; are Lipschitz continuous and satisfy the ODEs (2.12).
(iv) The initial values of pi, 6;; and ¢; satisfy (2.16).

) The boundary values py(t), fi(t), 0;;(t) in (2.11) are well defined in the sense
of traces, and satisfy the boundary conditions (2.13)-(2.14) or (2.15)-(2.14)
for a.e. t > 0.

IV - Dynamics on the entire network. The models studied in [6] dealt with
one single intersection. In that case, the drivers’ turning choices 6;; at (2.10) had
to be assigned only on incoming roads ¢ € Z. To model traffic flow on an entire
network, we also need to keep track of how many drivers choose the path I', to
reach destination. For this purpose, we denote by

pil,p = GP 'piZ (219)
the density of cars on road 7, that follow path I',. To avoid a heavy notation, we
here write 6, = 0y p, but it should be clear that each arc 7;, leads to a different

function 6. If ~; is not part of the path I',, then on this arc 6, = 0. Moreover, by
definition one always has

0,(t,z) € [0,1], > Op(tx) = 1.

Notice that the coefficients 6, are passive scalars, transported along the flow. Along
any arc -y, they satisfy the linear transport equations

(Op)e + vie(pic) - (0p)z = 0. (2.20)

Along the road 7, the fraction 6;;(t,x) of drivers traveling on road 7;; who will
turn into road +y; is recovered from the coefficients 6, by

Indeed a driver currently on the arc -, after reaching the intersection A, will
turn into the road ~y; iff this road is part of the path I', that he is using to reach
destination.
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Thanks to the finite propagation speed, all the equations can be solved iteratively

in time. Indeed, the positive quantity

A = 3 omin ———L9 (2.21)

t fij(o) — Jij (pij )

provides a lower bound on the time needed for characteristic to travel half way across
any arc vy;; of the network. Given the departure rates uy, p, if the densities p;; and
the queues ¢, are known at time 7, one can uniquely determine the solution also for
t € [T, T+ Apinl, by solving separately the Cauchy problem in a neighborhood of
each node. Indeed, for any given time 7 € IR the following holds.

1) Let A; be a departure node, with outgoing arc ;. Let the departure rates
ug,p(t) be given, for t € [7, T+A,in]. Moreover, let the traffic densities pg; , = 6p-pe;
be given at time 7, along the entire arc <,. Then these initial and boundary
data uniquely determine the traffic density py; (¢, ), for t € [, 7 + Apin) and
x e [0, ng/2].

2) Let A, be an exit node, with incoming arc 7;¢. Let the traffic density p;e(7,-)
be given at time 7, along the entire arc 7;,. Then these initial conditions uniquely
determine the traffic density p;e(t,z), for t € [7, T+ Apin) and @ € [Lig/2, Ly).

3) Let A, be a transit node, with incoming arcs 7, i € Zy, and outgoing arcs
Yej> J € Op. Let the traffic densities p;,(7,-) be given at time 7, along each of the
the above arcs i, ve;, together with the sizes of the queues g;, j € Op. Then, for
t € [r, T + Apnin], these initial conditions uniquely determine the traffic densities
pie(t,z) for i € Iy, x € [Lie/2, Lig), and pg;(t, ), for j € Oy, x € [0, Ly;/2].

To complete the inductive step, and determine the traffic densities pg;, = 0p - pr;
for all times, we still need a formula to determine the fraction 6, of drivers following
path I'p, along the outgoing roads j € O,.

To fix the ideas, consider a node A, and let 7;-, and g;« be consecutive arcs in
the path T', (see Fig. 4, left). Let g;«(¢) be the length of the queue at the entrance
of road ~g;-. To keep track of the composition of this queue, at each given time ¢
let £ € [0, ;- (t)] be a Lagrangian variable labeling drivers in this queue. Moreover,
call Oy, : [0, ¢;-(t)] — [0,1] the fraction of these drivers that follow the path I', to
reach their eventual destination (Fig. 4, right). Recalling (2.11) the function Gy,
can be determined by solving the linear boundary value problem

fir ()03 (1)
@ pt,O - _7’_, 222
) 3 Fi(6)is(0) 22
1€Ty
6@ t fi(£)0;,(t 89 t,6) = 0 2.23
a10er(t:6) + iezzj[fmij() 7e0(t,6) = 0. (223)

Indeed, on the right hand side of (2.22) the numerator is the rate at which p-
drivers (i.e., those following I', to reach destination) join the queue g;-, while the
denominator is the rate at which drivers of all types join this same queue. Call £(¢)
the position of a particular driver inside this queue, i.e. the number of cars behind
him, in the queue. Clearly, £(¢p) = 0 at the first time ¢, when this driver joins the
queue, while £(7) = ¢;-(7) at the time 7 when he reaches the end of the queue.
Since the map ¢ — Oy, (t,£(t)) is constant, this yields (2.23).
On the outgoing road ~y,;+, the boundary value for 6, is now determined by

Op(t,04) = Oy p(t,g;-(1)). (2.24)
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0 qj*(t) 13

FIGURE 4. Left: a node A, along the path I'p. Right: the function
& Oy p(t, &), determining the distribution of p-drivers within the queue

q;*-

2.3. The optimal decision problems. Let G}, be the total number of drivers
of the k-th group who travel along the path I',. The admissibility condition implies
Gr1+ -+ Ggny = Gi. We use the Lagrangian variable 8 € [0, Gy ] to label a
particular driver in the subgroup Gy, of k-drivers traveling along the path I',. The
departure and arrival time of this driver will be denoted by Tlip(ﬂ) and 77 (8),
respectively. Let U, g;p “H(t) = Uy p(t) denote the amount of drivers of the subgroup
Gk,p who have departed before time ¢. Similarly, let U,‘j;””e(t) be the amount of
Gk p-drivers who have arrived at destination before time ¢t. For a.e. § € [0, Gy, p] we
then have

T,f)p(ﬁ) = inf {t; U,?;part(t) > ﬂ}, i p(B) = inf {t; U,?;””e(t) > ,8}.

(2.25)
With this notation, the definition of globally optimal and of Nash equilibrium so-
lution can be more precisely formulated.

Definition 2’. An admissible family of departure distributions {Uy, ,,} is a globally
optimal solution if it provides a global minimum to the functional

Gr,p
J = Z/O (‘Pk(ﬂip(ff))+¢1«(T;§‘,p(f3)))dﬁ. (2.26)
k,p

Definition 3’. An admissible family of departure distributions {Uj ;} is a Nash
equilibrium solution if there exist constants cy,...,c, such that:

(i) For almost every 8 € [0, Gy p) one has

er(Tip(B) + (1, () = ex . (2.27)
(i) For all 7 € IR, there holds
oi(T) + Ve (TE (1)) > . (2.28)

Here Tgy;””“l(r) is the arrival time of a driver that starts at time 7 from the node
Aq(k) and reaches the node A,y traveling along the path I').

In other words, condition (i) states that all k-drivers bear the same cost cj.
Condition (ii) means that, regardless of the starting time 7, no k-driver can achieve
a cost < ¢g.

3. Continuity properties of the flow. The well posedness results proved in [6]
apply to the Cauchy problem, where initial data are assigned on every road of
the network at a given time ¢ = ty. On the other hand, to study optimal traffic
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assignment and users equilibria, we need to consider boundary conditions describing
the departure rates u ,(t), for any ¢t €] — oo, +o00[. The results in [6] on the well
posedness of the Cauchy problem must therefore be adapted to this somewhat
different situation. In particular, we need to study the continuous dependence of
solutions w.r.t. weak convergence of the departure rates. Let (ug, ) be an admissible
family of departure rates. For every arc ;;, contained in some path I'y, we consider
the following functions:

Vi;(t,z) = total amount of cars that have crossed the point « € [0, L;;| before
time t.

Vijp(t,x) = total amount of cars that have crossed the point z € [0, L;;] before
time ¢ and follow the path I'j, to reach their destination.

Clearly, Vi;(t,x) = >_ Vijp(t,z). Given a sequence (uy, ,,),>1 of departure rates,
the corresponding functions V;%, Vi  are defined in the same way. In addition, we
introduce

Definition 4. A sequence u” = (UZ,p) of admissible departure rates is tight if, for
every € > 0, there exists T, such that

—T. o]
3 ( / ull(t) dt + / u(t) dt) <e  forally>1.  (31)

k.p —o0 T

According to (3.1), for every v the total number of drivers departing before time
—T, or after T} is < e.

The next lemma shows that, if the total number of cars traveling on the network
is sufficiently small, all roads remain in a free state and no queue is formed at any
intersection.

Lemma 3.1. There exists eg > 0 small enough and a travel time AT such that the
following holds. Assume that the total amount of drivers departing before a given
time T 1s

Z/ uk,p(t)dt S o - (32)
kyp VT

Then

(i) Fort <T all queues at all intermediate nodes are empty.
(ii) Every driver departing at a time 7@ < T — AT reaches destination at time
T4 < T,
(i11) Consider a second family of departure rates Uy 1, satisfying (3.2) together with

Up p(t) = upr(t) for all k,p and allt > T — AT. (3.3)

Then the corresponding densities and queues satisfy p;;(t,x) = pi; (¢, x), ¢;(t)
= q;(t) for alli,j, x € [0, Lij], and t > T.

Proof. 1. Consider the quantities
1
Pt = S minpfie”, & = min f};(p*) > 0.
9 iy T ij 7
Notice that, if the density satisfies p(¢,z) < p* then on any road 7ij, the character-
istic speed is

fij(p) > fj(ﬂ% > o
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We claim that, given p” > 0, there exists £y > 0 such that the following holds. If
at any entrance node A, the total amount of drivers is < gg, on the first arc [0, Ly;]
the density satisfies

pej(t,x) < p’ for all t and all @ € [Ly;/2, Ly;]. (3.4)
Indeed, set
Smin = i LU <A
min — 7 - 1IN min-
2 W 0

For any (to, o) € R x [Lg;/2, L¢j], two cases are considered:

Case 1. There exists yo € [0, Ly;[ such that

-
Vei(to, o) = Vi (to — dmin, Y0) — Imin 'gz]'(yoé : O) ,
and
Yo — To
Py st z0) = P2
In this case we have
Vij(to, zo) — Vij(to — Smin, Yo €0
94j<féj(pej(f07$0))) = Yl 5 J_( ) > 5
Choosing g > 0 sufficiently small, this yields (3.4).
Case 2. There exists 7 € |tg — dmin, to[ such that
To — Lyg;
Vij(to,z0) = Vi;(7, Lej) = (to — 7) '%‘(H) :

Assume that Ay, is the exit node of road ~y,;. From [6], we have
Vij(T,Lgj) > Omin - min { o G (M - Z ||QkHL<>°[t0—6mm,t0])}
k€O,
in case of (SBJ),
and
My — |lgr[lee ft
' Ok (t)

Wj(T7L€j) > 5min'min { ir;laxv Cj

_6min7tD] . k G Og}

in case of (MBJ) .

On the other hand, we also have that Vy;(7, L¢j) < € and gx(7) < Keg for all 7.
Thus, it yields a contradiction if £ > 0 is small enough.

Then by induction, if p” is chosen sufficiently small and (3.4) holds for every
entrance arc, then no queue is ever formed and the maximum density is p;; (¢, ) < pf
one every other arc of the network. In particular, this achieves the proof of (i).

2. From step 1, for 0 < g9 < 1 small enough, one can see that on any arc 7;; the
flow is always free at any time t < T', i.e. p;;(t,x) < pi;**. This yields the uniform
bound

vij(pij (6, ) > Vmin = i%f vij(pi;**) > 0 forallt <T.

On the other hand, the waiting time in the queue at any entrance node Ay of each
driver who departs before time 7' is less than < Define

(=) 1
min;; f,;‘;‘”‘ min;; fl“Jnx
. 1 > i Lij
AT = + =2

3 a
min;; [ Umin
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Then the total traveling time of any driver who departs before time T' — AT is less
than AT'. This yields (ii).

3. Notice that

vij(p) > fi;(p).
By (ii) and the non-crossing of backward characteristics, the value of p;;(T, x) for
x € [0, L;;[ depends only on the value of {uy p} in [T'— AT, T]. Thus, from (3.3),
one has that
pij(T,z) = pij(T,z), =z €10, Lyl

Recalling that for ¢ €] — oo, T there is no queue at any transit node, we obtain
(iii). O

We recall here our main notation. Given a node Ay, the incoming arcs will be
denoted by v;¢, with i € Z,, while outgoing arcs are v,5, j € O,. At the node Ay, we
denote by ge;(t) the length of the queue of cars waiting to enter the outgoing road
Yej. The functions Vij, Vijp, and V), counting how many drivers have crossed
a point z € [0, L;;] within a given time, were introduced at the beginning of this
section. Relying on the analysis in [6], we now prove

Lemma 3.2. Consider a tight sequence of admissible departure rates u* = (uf )
which satisfy the uniform bounds
0 < up,(t) < My forallt € R. (3.5)

for some constants My and all k,p,v. Then, by possibly taking a subsequence, as
v — 00 one has the weak convergence

up, — Up, (3.6)
for some admissible family (uz’p) of departure rates. In addition, one has

(i) For any T > 0, as v — 0o one has the convergence

Vit @) = Vit ), (3.7)
Visp(t@) = Vi, (¢ @), (3.8)
ag; (t) = qz; (1), (3.9)
uniformly for all x € [0, L;;] and t €| — 00, T|. In turn, for every t one has
pyi(t,) = pi(t,) in L'([0, Lyj]). (3.10)

(is) If all drivers reach their destination before some fixed time T* > T, then there
exists a constant vy, > 0 such that all velocities UZ’-’j on all roads satisfy the
uniform lower bound

vi; (6 T) > Vmin (3.11)

forallt,z,v.

Proof. Because of the tightness assumption, a standard compactness argument
yields the existence of a subsequence converging to an admissible family of departure
rates (uj ,). For clarity of exposition, we first prove (i)-(ii) assuming that all uy ()
vanish for ¢ < —T'. At the end, we describe the modifications needed to cover the
general case.

1. We start by proving (i), assuming that no driver departs before time —T'. For
t < =T all functions pf;, V¥, qy; are thus identically zero and the result is trivially
true. Recalling (2.21), consider the times

Th = —T—&—nAmm



OPTIMA AND EQUILIBRIA FOR TRAFFIC FLOW ON A NETWORK OF ROADS 731

By induction, assume that the convergence in (3.7)-(3.10) holds on every arc ;;
and every t < 7,.

2. For each departure node A, € Ny, consider the initial-boundary value problem
with initial data given at ¢ = 75, and boundary data at x = 0 given for ¢t € [1,, Tp11].
By finite propagation speed these data uniquely determine the solution on the do-
main ¢ €]7,, 7,41 and € [0, Lg;/2]. Call ug ), the rate of departures from node A,
of drivers who follow the path I',. The total number of departures up to time ¢t is
computed by

G0 = U0, U0 = [ )i

—00

For every v > 1, the Lax type formula derived in [6] yields

Vit = win{ nin (V) - (0= n) -0 (1)}

y> t—Tn

i fUr) - =900 (75}

We recall that g; is the Legendre transform of the flux function fy;, as in (2.3).
As v — oo, the assumptions (3.5)-(3.6) imply the uniform convergence Uy — U/,
while the inductive assumption yields the uniform convergence

(3.12)

Vi (T, x) — Vii(Tn, @) x € [0, Lyj].

By (3.12) this yields the convergence

Vii(t,z) — Vi5(t, o), (t,x) € [Tn, Tnt1] X [0, Lg; /2] (3.13)
In turn, since
(Vll]/)w = _ijv (VZZ)I = _ij )
(3.13) implies the weak convergence
ij (ta ) - ij (tv ) on [07 L@j/Q] (3'14)

for t € [T, Tnt1]. We now observe that, by Oleinik’s estimates, the functions
p7;(t,-) have uniformly bounded variation on any subinterval of the form [e, Ly;/2],
with € > 0. Therefore, as v — oo the weak convergence (3.14) implies the strong
convergence

lp7;(t, ) — pi;llLio.Le; 21y — O (3.15)

It remains to prove the uniform convergence in (3.8), for each path I',. For this
purpose, given t € [T, To4+1] and x € [0, Ly;/2], consider the departure time of the
driver who reaches point x on the road 7,; at time ¢, namely

T (t,x) = inf{s <t; Uf(s) = Vj’z(t?x)},
™(t,z) = inf{s <t; Uj(s) = j*z(t,z)}.
By the uniform convergence i Vj*é and Uy — Uy it follows

liminf 7¥(t,z) > 77(t,x). (3.16)

V—r 00
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Therefore
o T*(t,z) T (t,x)
hyrggf Z/ uy ,(s)ds < hyrglorolf Z/_OO uy ,(s)ds
p

" (t,x)
= liminf Vji(t,z) = Vi(t,2) < Z/ uy ,(s)ds.

V—00
e’}
p

Recalling that uy, — uj,,, we have lim, o [7_ )y, 7 p(s)ds = fj;(f’m) u; ,(s)ds.
Therefore,

T (t,z) TV (t,z) T (t,x)
sim [ wtas = gim 30wty = B[ gt
P p

For every p this implies
77 (t,x) (t,x)
lim V5 (t,z) = lim uy ,(s)ds = / uy (s)ds = Vi (t,x),

vV— 00 V—00

proving the convergence (3.8). Since all functions Vj; , are uniformly Lipschitz
continuous, the convergence holds uniformly on bounded sets.

3. A similar argument is valid for a terminal arc -y, ending at some arrival
node Ay. Indeed, consider the Cauchy problem with initial data given at ¢t = 7, for
x € [0, Lg]. By the Lax formula,

Vtte) = win (Vo) ~ =m0 (L)} ean)

t—Th

these data uniquely determine the solution on the domain ¢t € [, 7,+1] and z €

[Lie/2, Lig]. As v — oo, the inductive assumption yields the uniform convergence
‘/}VE(Tnvx) — VE(T'm )7 HANS [O, Lzé] (318)

Using (3.18) in (3.17) we obtain in turn the uniform convergence
i (tx) — Vit o) (t,2) € [Tn, Tl X [Lie/2, Lid,
the weak convergence p%,(t,-) — pj,(t,-) on [Li/2, Lic, and finally the strong
convergence ||ij(t, )= P, (t, (L, /2. Loy — 0, for every t € [7,, Tpi1].
To prove the convergence (3.8) for every p, we argue as follows. Fix any (¢, x) €
[T, Tnt1] X [Lje/2, Ljs] and define

T (t,z) = inf{s <t; 10(s,04) = Vﬁ(t,z)} ,

T (t,x) = inf{s <t; Vi(s,0+) = ‘/;Z(t,l’)} .

Observe that 7(t,z) < 7,. Since V}j(t,z) — Vi (t, ) and V}3(-,0+) — Vi (-,0+)
uniformly for ¢ < 7, the inequality (3.16) again holds. Therefore,

hynilol.}f Z T0p(TH (), 04) < hyrglorgf Z T0p(T7 (8, ), 0+)

= llljrggr.}f Z o) = hmmf Vi(t,z) = Vj(t, x) Z

On the other hand by the inductive assumption we also have

lim inf E E g
e Jé p Jl p Jf p
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Therefore, for all p it holds
lim lez’p(t,x) = j’z’p(t,x).

V—00

4. Next, consider a transit node Ay,. By the inductive assumption, at time 7,
we have the strong convergence

105 (T, ) = Pie(Tny Lo,y — 0 i €1e,
(3.19)
17;(Tns ) = P2 (s L o,e;) — O Jj €0y,
together with the convergence of the queue sizes
aj(Ta) = @ij(ma), (3.20)
and, for every p, the uniform convergence
Vit p(mnsx) = Vi (T, ) on [0, L;] 1€ 1y,
(3.21)

Vi o) = Vi (Tn, @) on [0, Lyj] j€0;.
By (3.21) we also have the weak convergence
Pie(Tns ) < 075 (Tns ) = pig(Tns) - 055(mny-)  on [0,Ly] i€y (3.22)
Notice, however, that here the strong convergence in L' may not hold, because the
coeflicients 6;; satisfy a linear transport equation and their total variation can blow
up in finite time (see Example 4 in [7]). For all ¢ € [7,,, T,+1], according to Theorem
2 in [6] one has the weak convergence

pip(tss) = pi(t,)  on[Lig/2, Lig] i€y,
(3.23)
ij (ta ) - pzj(t7 ) on [07 L[]/Q] .7 S OE )
together with the uniform convergence of the queue sizes
ag(t) = qg;(0). (3.24)
For any i € Ty and (¢,2) € [T, Tnt1] X [Lie/2, Lsg], let
T*(t,x) = inf{s <t; Vij(s,04) = Vi(t,x)}.
With the same argument in step 3, one can show that

VILHCSO Z ‘/ilz,p(T*(tax)7o+) = Vlgrgo Z Vi’Z,p(TV(tw’U)»O‘F) = Z V*(T*(t71‘),0+).
p p p

Thus, for all p and i € Z;, it holds
ILm Viep(tiz) = Vi, (t,z) for all (¢t,x) € [T, Tnt1] X [Lie/2, L.

To complete this step, we need to show that, for every j € O, and every p one has

Vli_}rr;o Viiptix) = Vi ,(tz) for all (t,x) € [Tn, Tny1] X [0, Lg; /2] (3.25)
Indeed, for any (¢,z) € [T, Tny1] X [0,, Le;/2]] and i € Zy, let

T(t,x) = inf{ 7 <t; Vie(r, Py) = ng(t,x)} ,
one has
ulg,go Z V;.'lé,p(T*(t:x)v-Pi) = VILIEO Z V;.'lé,p(TV(tvw)vpil) = Z V*(T*(t,l’),PM).
P P P

This implies (3.25).
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5. The proof of the convergence (3.7) is now achieved by induction on n. Since
all functions V;; are uniformly Lipschitz continuous w.r.t. both ¢, z, it is clear that
the convergence is uniform for ¢,z in bounded sets.

In turn, this implies the weak convergence

for every time ¢. Since the flux function f;; is strictly concave, by Oleinik’s esti-
mate the restriction of p};(t,-) to each compact subinterval of |0, L;;[ has uniformly
bounded variation. Therefore, the weak convergence (3.26) implies the strong con-
vergence (3.10).

6. In this step we remove the assumption that uzp(t) =0forallk,pandt < —T.
For this purpose, for each integer N > 1 consider the truncated functions

v,N ’U,Z (t) iftZ—N,

Ny = P :
tep (1) { 0 if t < —N.

Let Vi;’N, Vi;’N, etc... be the corresponding functions, obtained by replacing (.
with uzg Recalling Lemma 3.1, consider any ¢ €]0,eg] and consider any two
integers N, N’ such that T. + AT < N < N’. By Lemma 3.1, for every ¢t > T. we
have
N N’
P;jj (t,z) = plijj (t,z)
for every road ~;;. Hence, the position of any driver departing after time 7. will
be exactly the same in the two solutions with departure rates uzg and uzg . This
implies
N N’ N v, N’

Vi () = V™ (L) < e, Vi () = Vi) (o)l < e,
for all 4,7, p,t,x, provided that T. < N < N’. Since ¢ > 0 was arbitrary, letting
N — oo we obtain the convergence in (3.7)-(3.8).

7. Toward a proof of (ii), consider any transit node A, € N;. By assumption,
for t < =T all roads and all buffers ¢; are empty. For t € [-T,T*], the queues g
may be strictly positive. However, the buffers never become completely full.

More precisely, assume first that the flow at the node A, is governed by (SBJ),
where M is the size of the single buffer. Then, by Remark 1 in [6], there exists a
constant C' > 0 such that, for all v,j € O, and t € [-T,T*] one has

M= ¢t >C. (3.27)
JE€O,
Next, assume that the flow at the node Ay is governed by (MBJ), with buffers of
sizes M;, j € Op. Again by Remark 1 in [6], there exists a constant C' > 0 such
that, for all v, € Op and t € [T, T*] one has

M;—q¥(t) > C. (3.28)

8. On an exit arc ;, the flow is always free, i.e. pje(t,z) < p*®. This yields
the uniform bound v;, > ng(p;’;”) > 0.

Next, consider any arc 7;¢ ending at the transit node A,. Fix any z €]0, L[,
t € [-T,T*]. Two cases can be considered.

max

Case 1. (t,z) is a free state, i.e. pi(t,x)) € [0, pl*"]. Then we trivially have
vie > vie(plp*) > 0.
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Case 2. (t,x) is a congested state, hence the characteristic through (¢, z) has nega-
tive speed f!,(pi¢(t,)) < 0. In this case, this characteristic originates at some point
(7, Liy), for some 7 < t < T*. By (3.27) or (3.28), the flux fie(7) = fir(7, Lit—)
exiting from road ~; is strictly positive. Indeed, for a single buffer we have

Julr) = a(M=Y ¢(n) = ac,
Jj€0,
while in the case of multiple buffer we have

. (M —g4(7))
; = —J > e (.
sz(T) Jnel}% 92‘]‘ = ¢
Since both the density and the flux are constant along characteristics, this implies

fielpie(t,x)) = ful(r) > aC.
Observing that vis(p) = fie(p)/p, we obtain the uniform lower bound
CiC

vie(pie(t, x)) > o > 0.
Pie

L]

Assuming that the vehicle speed v;;(p) remains uniformly positive on every road,

the following lemma shows that the arrival time of any car depends Holder contin-
uously on the departure time.

Lemma 3.3. Let all departure rates uy p(t) be uniformly bounded as in (3.5), and
assume that the speed v(p) remains uniformly positive, on all roads. Then, for every
viable path T', there exist constants K > 0 and 0 < a < 1 such that the following
holds. For any two cars departing at times 7 < T and traveling along I, the arrival
times T*(T) < T%(7) satisfy

TYT) -T71) < K(T—1)~ (3.29)

Proof. 1. Consider two drivers, joining the queue at the entrance of a given road
v at times Tyyeue < Tqueue. Call Tyepart < fdepart the times where they clear the
queue and start traveling along ~. Since the total flux of cars joining the queue is
uniformly bounded, and the rate at which cars flow out of the queue is uniformly
positive, the difference between the departure times can be bounded as

j\—?depa'r‘if - Tdepa’r’t S Cl . (Tqueue - Tqueue) ) (330)

for some uniform constant C’.

Next, consider two drivers traveling along the road «y, departing at times Tyepart <
Tdepa”. Call Tyrrive < fa”we the times when they arrive at the end of road +.
To estimate the difference between these arrival times, let L be the length of the
road and call p(t),p(t) € [0, L] respectively the positions of the two cars at time t.
Observe that p, p satisfy the ODE with discontinuous right hand side

p(t) = U(p(t,p(t))) te [Tdepa’r‘t7 Ta’r‘rive}- (331)

By assumption, v is bounded and uniformly positive. Hence the distance between
the two drivers at the time when the second one departs is bounded by

p(fdepart) - ﬁ(fdepart) = p(fdepart> S p™mar . (Tdepart - Tdepart)-
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Since the time difference Ty rive — Tdepart is @ priori bounded, by Theorem 2.2 in
[11] the distance between the two drivers at time ¢ = T, when the first one
arrives can be estimated as

p(Tarrive) - ﬁ(Tarrive) S C . (p(fdepart) - ﬁ(fdepart)) ) (332)

for some constants C, o > 0. Since the second driver travels with uniformly positive
speed v > Vyin > 0, his arrival time will satisfy

p(Tar'rive) - ﬁ(Tar'rive)

Umin

<

Tarrive - Tarrive

C

Umin

IN

~ ~ [0 ~ «

. (p(Tdepart) - ﬁ(Tdepart)) S : (Umaa: : (Tdepart - Tdepart)) .
(3.33)
2. After a relabeling, it is not restrictive to assume that I" is the concatenation

of N — 1 arcs, joining the nodes Ay, As, ..., Ay. Namely,

Umin

r — ( Vigs oo s 7N—1,N)' (3.34)
Consider a driver starting his journey at A; at time 7. For k =1,2,..., N, define:
ueue = T = time when the car joins the queue at the entrance of the first arc
T
qu;%ve = T,fueue = time when the car arrives at the node Ay, joining the queue
to enter 7k,k+1’
Tfepm,t = time when the queue at node A, is cleared, and the car starts moving
along Veka1?
TN .o = T%(T) = time when the car arrives at the final node Ay.
Define the corresponding times T(f'r_r%v . = Té“ueue, Tfep(m, for a driver starting at
time 7.

By (3.30), for every k there exists a constant C}, such that
Tfepart - Tdkepart < Cl/€ ! (Tk - Tk ) . (335)

queue queue

By (3.33), for every k there exist constants Cf, ay such that
Tk - Tk < le (Tzfepart - T‘c]lcepart)ouC . (336)

arrive arrive

Since the composition of Holder continuous maps is Holder continuous, by induction
onk=1,...,N we obtain (3.29). U

The next lemma states the uniform convergence of the travel times along any
path T'.

Lemma 3.4. Consider a sequence of departure rates u” = (u;p) satisfying the
uniform bounds (3.5). Assume that, as v — 00, one has the weak convergence
up L, = U, for all k,p. In addition, assume that the car speed remains uniformly
positive, on all roads, say v};(p(t,x)) > Vmin > 0.
Let T' be any viable path, and call ¥ (t),7*(t) the corresponding arrival times of
a driver who departs at time t and travels along I'. One then has the convergence
lim 77(t) = 7%(t), (3.37)

V—00

uniformly for t in bounded sets.
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Proof. 1. By taking a subsequence, we can assume:
(i) The uniform convergence of the queue sizes at each node A,

QZj(t) - qZ,j(t) J€Oy. (3.38)
(ii) The uniform convergence of the functions V;;, namely
Vi(tx) — Vit z) z € [0, Lyj]. (3.39)
(iii) The L' convergence of the densities on each arc 7;;:
pij(ts) = pi(ts-) in - L'([0, Lyj]). (3.40)
2. After a relabeling, we can assume that I" has the form (3.34). For each
k=1,...,N —1, consider a driver arriving at the node Ay at time ¢. Denote by

T, cjl;mt(t) >t the time when this driver starts moving on the following road i g1,

possibly after spending some time in the queue. Notice that these functions 77 e”;art
are uniformly Lipschitz continuous, for ¢ in bounded sets. By (i)-(ii), as v — co we
have the convergence
Tiipart®) = Tiipare(t), (3.41)
uniformly for ¢ in bounded sets.
3. Next, consider a driver starting to move along the road vj ;4+1 at time t.
Denote by Ta";ﬁwe(t) >t the time when this driver reaches the end of this road. By

(iil), using Theorem 2.2 in [11], we obtain the pointwise convergence

TR () — TEF (1), (3.42)

arrive arrive

Since all functions T:;I:we are uniformly Holder continuous, the convergence is uni-
form for ¢t in bounded sets.

4. We now observe that, with the previous notation, the arrival time of a driver
starting at time ¢ and traveling along the path T' in (3.34) can be written as the

composition

TV(t) = TV’N oTV’N o~--oTV’k OTV’k O”'OTV,l (t)

arrive depart arrive depart arrive

The convergence 7% (t) — 7*(¢) thus follows from (3.41)-(3.42), by an inductive
argument. O

4. Globally optimal solutions. In this section we establish the existence of a
globally optimal solution. The proof follows the direct method of the Calculus
of Variations, constructing a minimizing sequence of solutions and showing that a
subsequence converges to the optimal one.

Theorem 4.1. (existence of a globally optimal solution). Let the flux func-
tions fi; and the cost functions @i,y satisfy the assumptions (A1)-(A2). Then,
for any n-tuple (G1,...,Gy) of positive numbers, there exists an admissible family
of departure rates uy, , € L (IR) which yield a globally optimal solution of the traffic
flow problem.

Proof. 1. By possibly adding a constant, because of (A2) it is not restrictive to
assume that o (t) + ¥r(t) > 0 for every time ¢. Calling mg the infimum of the
total costs in (2.26), taken among all admissible departure rates {uy p}, this implies
mo 2 0.

We first claim that mo < +oo. Indeed, let G = >, G}, be the total number of
drivers. Let g9 be the constant introduced in Lemma 3.1 and choose an integer N
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large enough so that G/N < ¢p. We can then partition the set of all drivers into
N subgroups, each with size < g5. We let all drivers of the first group start at
time to = 0. By Lemma 3.1, these drivers will all arrive at destination within time
t; = AT. We then let all drivers of the second group depart at time ¢;. In turn,
they will all arrive within time to = 2AT. Continuing by induction, we let the
drivers of the N-th group depart at time ty_1 = (N — 1) - AT. By Lemma 3.1, all
of these drivers will arrive within time t;y = N - AT. The total cost of this strategy
is bounded by

. < . .
G max (te[éflﬁ?iﬂ er(t) + e W(t)) < G-max (sok(O)Jrzbk(N AT )) < o0

Recalling Definitions 1 and 4, consider a minimizing sequence of departure rates
uy, ,, and let

t
Uy (1) = / Wl (t) d.

— 00

Gy, = / uf(t) dt.

—0o0

By choosing a subsequence, we can assume

lim G, = Gy with > Grp = Gr. (4.1)
p

2. Fix € > 0. By (A2), there is T, > 0 such that for all £ € {1,2,...,n} it holds
mo+ 1

or(t) + Yr(t) > for all ¢t €] — oo, =T[ U |T¢, o0 . (4.2)
For 3 € [O,Gzyp], let

B T, (B) and B = T0(B)
describe the departure and arrival time of the -driver, in the subgroup Gy ,. From
(A2), we have

ee(Ter () + or(Ti (8)) = er(rit(B)) + en(mi (B)).
Thus,

Uy ,(=T:)
/O o (TV(B)) + or (70 (8)) df

mo + 1

> [ et v et as 2 vy o1 T
> i b k,p = P 3

Since the total cost approaches the infimum myg, there exists Ny > 0 sufficiently
large such that for all v > Ny
—T.

UY(-T.) = / uf () dt < e. (4.3)

— 00

On the other hand, from (A2), we also have

k(T (B)) + er(rin (B) = wr(rir (B) + er(rin (8)).-
Set
Teaw = sup {t € R; T (UK (1) < T.}. (4.4)
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Thus,

GY
L0 etie) ey e) ds

Gz‘p a,v a.v + 1
2 /;Zyp(Tea’V)spk(Tk:p (8) + er(rir(B)) dB > (G, — UK EV“))'mOE .

Since the total cost approaches the infimum myg, there exists Ny > 0 sufficiently
large such that for all v > No

Ukp( Tova) < €. (4.5)
3. We claim that it is not restrlctlve to assume
up ,(t) < max fi" for a.e. t. (4.6)
; i

Indeed, if one of these departure rates does not satisfy (4.6), then a queue is
formed at some entrance node. But this is certainly not optimal. We can construct
a second departure rate uj , where each driver departs at exactly the same time
where he would have cleared the queue in the original configuration. The departure
time of each driver is later, while the arrival time is exactly the same. Hence the
family {a@j ,} yields a total cost which is no greater than {uj ,}.

4. Choosing a subsequence, we can assume the weak convergence uy , — ug,p
This implies the uniform convergence Uy, — Ug,p. From (4.3) and (4.5), the limit
family of departure rates {ug,,} is admissible.

5. To complete the proof, we show that the family of departure rates {uy p} is
optimal. From (4.3), (4.5) one has that

Tl?py(ﬁ) Tl?;(ﬁ) € [T, T.] for all 3 € [¢,Gyp — €],

for a constant T, > 0. Moreover, the map 3 — 7' kp " () is nondecreasing. By Helly’s
compactness theorem, we can assume that

Tg;(ﬁ) — Tg,p(ﬂ) for a.e. B € [e,Grp — €.
On the other hand, by Lemma (3.2), for € > 0 sufficiently small, we have that

Vz’]’p(t,x) — V3 ,(t,z) uniformly for all z € [0, L;;] and t €] — oo, T[. Thus, by

using again Helly’s theorem we obtain

T/?;)j(ﬂ) - Tl?,p(ﬁ) for a.e. B € [e,Grp — €.
Therefore,

Grp—e
};/ k(i (8)) + (i (B)) B
k,p €

Gr,p—¢
:nmz/ r (T (B)) + e p(ri (8)) dB

V—00

Gr,p
< mn§:/' WTer (8)) + Yrp(riy (B)dB = mo.

V—00

Since € > 0 was arbitrary, this implies

Gr,p
Z/O ‘pk(Tlip(ﬁ)) +1/)k,p(7'lg7p(ﬂ))dﬁ < mg,

k.p
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completing the proof. L]

5. Nash equilibria. In this section we prove the existence of a Nash equilibrium
solution for traffic flow on a network. Toward this goal, in addition to (A1)-(A2), we
need an additional assumption ruling out the possibility that drivers remain stuck
in traffic for an arbitrarily large time.

(A3) Given the n-tuple (Gy,...,Gy), there exists a sufficiently large constant
K such that, for every admissible family of departure rates {us ,} satisfying (1.4),
the time spent on the road by every driver is < K.

Theorem 5.1. (existence of a Nash equilibrium). Let the fluz functions f;;
and the cost functions @i,y satisfy the assumptions (A1)-(A2). Fixz any n-tuple
(Gy,...,Gy) and assume that (A3) holds. Then

(i) There exists at least one admissible family of departure rates {u,’;,p} which
yields a Nash equilibrium solution.

(ii) In every Nash equilibrium solution, all departure rates are uniformly bounded
and have compact support.

Proof. Thanks to the continuity results proved in the previous sections, the proof
can rely on the same ideas used in [4].

1. There exists a time interval Iy = [Ty, To] so large that, in any Nash equi-
librium, no driver will depart or arrive at a time ¢ ¢ Iy. Indeed, assume that a
k-driver departs at time ¢ = 0. Let 77 be an upper bound on the time he needs to
reach destination, under the worst possible traffic conditions. Then the total cost
to this driver will be not larger than ¢ (0) 4 ¢, (T1). By the assumptions (2.2) on
the cost functions, there exists Ty large enough so that

or(=To) > r(0) + Up(Th), Vr(To) > x(0) + Yr(T1). (5.1)

Hence it is never convenient to depart at a time t ¢ [—Tp, Tp]. This proves (ii).
2. Let fiae = max;; f/7°" be an upper bound for the fluxes over all arcs, and
define

Prmar = Wax max g (1)), Ymin = W0 min g (t).

The same argument used in the proof of Theorem 2 in [4] shows that, in a Nash
equilibrium, all departure rates uj , must satisfy the a priori bound

! .
upp(t) < K = Pmar * fmaa for a.e. t. (5.2)

!
min

3. Let s be as in (5.2) and let G = Y, _, Gi be total number of drivers.
Choosing the time

T = T0+%, (5.3)

we consider the family of admissible departure rates

Z /uk@(t) dt = Gy forevery k € {1,2,...,n}}7

PEV

which is a closed convex subset of L (IR; R™*M).
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For each fixed v > 1, we consider a finite dimensional subset U, C U consisting
of all u = (uy,p) which are piecewise constant on time intervals of length T'/v, i.e.,

U, = {u = (upp) EU;
every function wy , is constant on each subinterval I} = |t} ,, t] ]},

(5.5)
where
14

o= =T, —v<l<v.
v
4. Given u = (ugp) € U, let 7,(t) be the arrival time of a driver starting at
time ¢ and traveling along the path I'y. Clearly, this arrival time depends on the
overall traffic conditions, hence on all functions uy, . If this driver belongs to the
j-th family, his total cost is

By (1) = () +(ra(8))
‘We now observe that, for each v > 1, the domain I/, is a finite dimensional, compact,
convex subset of L([—-T, T]; IR"*™). Moreover, by Lemma 3.4 the map u @,(c";()
are continuous from i, into L. Hence, by the theory of variational inequalities [27],
there exists a function u” = (uj ,) € U, which satisfies

T =V
3 / B0 (vaal) = T 0) e > 0 forallvell,.  (5.6)
Ja "

5. We now let v — oo. By the previous steps, there exists a sequence of piecewise
constant functions u” = (uy, ,) € U, such that (5.6) holds for every v > 1. Since all

functions ay, , are uniformly bounded and supported inside the interval I = [-T, T7,
by taking a subsequence we can assume the weak convergence
(k) — (ugy) (5.7)

for some function u* = (uj ) € U. From Lemma 3.4 and Lemma 3.3, by Ascoli’s
compactness theorem we can assume that

T pt) = T ,(1) for all k, p, uniformly for ¢ € [T, T, (5.8)
By the continuity of ¢(-) and ¢(-), we also get
<I>§f;)(-) — <I>§€up)() for all k, p uniformly for ¢t € [-T,T].

We claim that the departure rates uj, , yield a Nash equilibrium solution. More
precisely:
(NE) Given any k € {1,2,...,n},p € Vi, any t; € Supp(uzyp), ty € IR and any path
I'y with the same initial and final nodes as I',, one has

o' (t1) < ") (ta). (5.9)

Indeed, (5.9) implies that no k-driver can lower his own cost by switching to the

time t9 or choosing the alternative path I'; to reach destination. We recall that ¢ is

in the support of a function f € L! if and only if fttj: |f(s)| ds # 0 for every € > 0.
6. If (5.9) fails, then by continuity there exists ¢ > 0 such that

o () > (1) +20 whenever |t — t1] < 26, [t/ —ts] <25. (5.10)
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FIGURE 5. Proving that the limit departure rates {uj ,} provide a Nash
equilibrium. If (NE) fails, different cases are considered. In Case 1 (top
left) the average of the cost @i, on the interval I} is higher than on the
interval I7. To obtain a contradiction with (5.6) we simply move some
of the mass from I to Ij. In Case 2a (top right) one cannot increase
the value of uy, , on the interval I} because of the constraint u < 4x.
However, some mass can be moved from I} to the previous interval I7_;.
In Case 2b (bottom) there are several adjacent intervals where uj, , = 4.
In this case, if I7+ is the first interval to the left of I}’ where uy , < 4k,
we argue that (i) tj« > =T, and (ii) the average of the cost @y, on I}-
is strictly less than on I;. In this last case, to obtain a contradiction
with (5.6) we move some mass from I} to Ijx.

By uniform convergence, for all v large enough we have
o () > e (') + 0 whenever |t — t1] < 26, |t —to] <25. (5.11)

Observe that it is not restrictive to assume that to € [T, Tp]. Indeed, if (5.9) fails
for some to ¢ [—To, Tp], then (5.1) implies

o () > o)) > &) (0),
and we can simply replace to with zero.

The weak convergence (5.7), together with the assumption on the support of the
function uj ,, now implies

t1446 t1446
lim ay () dt = / i (t)dt > 0.
t

v—00 t1—6 1—6
Therefore, for every v sufficiently large we can find two intervals

Iy =1t 1, t7] C [t1—9, t1+4], I7 =1ty ti] C [ta—d, ta+4] (5.12)

with ¢ > to and @y (t) > 0 for t € I7.

7. We now derive a contradiction, showing that, for v sufficiently large, the
departure rates uy, ,, do not satisfy the variational inequality (5.6). Two possibilities
can arise (see Fig. 5).
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Case 1. Uy g < 4k In this case we define a new set of departure rates v =
(v ,) € Uy, by setting

U,f;}p(t) = up,(t)—¢ if tel?,

Vi (t) = up  (t) +¢ it tel,
and setting vj, () = uj .(¢) in all other cases. Notice that, if ¢ = min{uy ,;, 4k —

uy . ;} then these new departure rates are still admissible. By (5.11) and (5.12),
this construction yields

) / 5O (vin0) —aio ) dt = = [ @ at-c [ @@t < 225,
f 1

(5.13)
providing a contradiction with (5.6).

Case 2. up i = 4k, If this equality holds, consider the index

*

J = max {i <j; uyp,,; < 4k}.

Notice that 7. > —T'. Indeed, by construction ty > —Tp. If t%. < T, by (5.3) this
would imply

uy ,(t) = 4k for all t € [t}. 7] 2 [T, —To],
/ﬂ?q(t) dt > 4k(t; —t7.) > 4s(T - Ty) > G,

reaching a contradiction. We consider two subcases.

Case 2a. j* = j — 1. In this case, since it is not restrictive to assume % < g, we
have I}y = [t]_5,t7_1] C [ta — 0, t2 + d]. We can thus derive a contradiction as in
CASE 1, simply replacing j by j — 1.

Case 2b. j* < j — 2. Observe that, for all s1 < s9,

v 14 1 " =V
Halon) = (on) = £ [ g€ de. (.14
In particular, for any sy € I7. and sz € I} we have
5 5 1 2 1 4k (s9 — 81)
o) =rta(n) 2 7 [ e 2 gl -] 2 S
(5.15)
This yields the estimate
» » » » 4k(s2 — s
(g (52)) = Ve 7 g(51)) 2 W 52) = g (50)) 2 - 2
(5.16)
On the other hand, we have
Pr(s2) — @r(51) = —Ppaq(s2 —s1). (5.17)

Recalling the definition of the constant x in (5.2), from (5.16)-(5.17) we obtain
. v 4K 1
B o) = B ) 2 () (2= s1) = e (2= 51) (519

for all s € I/ and s € I7 .
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We now choose the departure rates v° = (vf ,) € Uy, by setting

vp,(t) = up (t) —€ it tely,

Vi (1) = ul () +e if tell, (5.19)

and setting vy, ,.(t) = uj () in all other cases. Notice that, if ¢ = min{uy , ;, 4k —
ug’q’j*} then these new departure rates are still admissible.
Using (5.18) with s1 =, sp =t + ¢4 — t”. we compute

ZT [ i ot (1) (i, () — () dt = < ( /1 (") (t) dt - / (™) (1) dt>

h, i Iy
= ¢ (1) — Wt pt — ) )dt < Syl —t) < 0
v k.,q k,q J J* = 3()0m(1.’1‘ j 3* .
(5.20)
Once again we reached a contradiction with (5.6), completing the proof. Ul

6. Stuck traffic. In this section we discuss the key assumption (A3) used in The-
orem 5.1. Namely, regardless of the departure rates {ugp}, the travel time of every
driver should remain uniformly bounded.

We begin with an example showing that, in some cases, (A3) can fail. A similar
situation was considered in [9] in connection with a traffic circle.

Example 1. Consider a network with 9 arcs, as in Fig. 6, left. Assume there are
three groups of drivers:

e G, departing at node 1, arriving at node 7,
e G5, departing at node 2, arriving at node 8,
e (3. departing at node 3, arriving at node 9.

Assume that, at each of the transit nodes 4,5,6, the two incoming arcs are given
equal priority. In other words, if both incoming roads are congested, then cars are
admitted to the intersection at equal rate from the two roads. With reference to
the junction model (SBJ), this is achieved simply by choosing the constants ¢; in
(2.13) all equal to each other.

Assume that the maximum flux on every road is f™®* = 1, and assume that
for ¢ > 0, cars depart from nodes 1,2,3 at unit rate. Call A the triangle of roads
joining the intermediate nodes 4,5,6. At each time ¢ > 0, at each intermediate node
the rate at which cars enter A is at least twice as the rate at which cars exit from
A. We thus conclude that

For each t > 0, the total number of drivers that have reached their destination
within time t is smaller than the number of drivers that at time t are still
located within the triangle of roads A, including the buffers at the nodes 4,5, 6.

Since the total amount of cars that can be contained in the triangle of roads A and
in the buffers at the nodes 4,5,6, is finite, this implies that only a fixed number of
drivers will reach their destination in finite time, while all the others will be stuck
in traffic forever.

In the following, by a cycle we mean a path such as (1.2) with ¢(0) = i(N), so
that the initial and terminal nodes coincide.

Lemma 6.1. If the network of roads does not contain any cycle, then for every
n-tuple (G1,...,Gy) the assumption (A3) is satisfied.
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@~ @~——60=<0 @»o»é»o/

FIGURE 6. Left: a network where the traffic can become completely
stuck. For some departure rates, part of the drivers never reach their
destination. Right: a network that does not contain cycles. In this case,
for any departure rates, all drivers will eventually reach their destina-
tions.

Proof. 1. Call G = Gy +- - -+ G, the total number of drivers. Let A = {v,; a € I'}
be the set of all the arcs in the network. We say that v, precedes 3, and write
Ya < 78, if there exist a chain of arcs I' where 7, is the first arc and gz is the last
one. In other words, v, < 3 if it is possible to drive first along v, and then along
V-

If the network has no cycles, the ordering “<” is strict. We can thus partition
the set A of all arcs into disjoint classes, say

A= AU---UA,,

in such a way that

implies that g does not precede 7,.

2. To prove an upper bound on the travel time, it suffices to prove a uniformly
positive lower bound on the speed v, on all roads. This will be achieved by backward
inductionon i =m,m—1,...,2,1.

Exit arcs v, € A,, are never congested. Hence on these arcs the speed is v >
valpie) > 0.

By induction, assume that for h € {k,k+ 1,...,m} the speed of cars over every
arc v, € Ay, satisfies a uniform lower bound:

Vo > UM > 0. (6.1)

In particular, this implies that, if the road -, is in a congested state, then the flux
fo 18 bounded below. Namely, there exists a constant Fj > 0 such that

p>pa " = fa = puralp) = Fi (6.2)

for all roads v, € A UAg1 U---UA,,

Consider an arc y3 € Aj_1. To fix the ideas, let 75 = 7,¢ be an arc reaching the
node Ay. Then for each j € Oy, the outgoing arc ;5 lies in Ay UAg1U---UA,,. By
the inductive assumption, on all these outgoing arcs the speed v¢; remains uniformly
positive, as in (6.1).

3. We now derive an upper bound on the length of the queue g; at the entrance
of v¢;. Two cases must be considered.
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(i) Assume that the node Ay is governed by (SBJ), where M is the size of the
single buffer. Then, by (2.13) the flux of cars at the end of road ~;, is

fielt) < i (Mf > qj(t)), for all i € T .

Jj€O,
If at least one of the queues is nonempty, i.e. if 37 ., ¢;(t) > 0, then (2.12)
implies
d - _
=2 at) = Y fe® =Y Jult) < (Ya) (M=) 40) - Fi.
JEO, = JEO, €T, JEO,

Indeed, if some g; > 0, then the corresponding outgoing road 7 is in a
congested state. Hence the outgoing flux is fg;(t) > F. In turn, this implies

L 00) = B (S0 (4 X o).
i€y JEO,

Therefore, for every time ¢ we have the uniform lower bound
Fy,
M — j;z q(t) > S > 0. (6.3)
(ii) Next, assume that the node A, is governed by (MBJ), with buffers of sizes
M;, j € Op. Then, by (2.15),
fie@®)0;(t) < ¢ (Mj—q;t), i€Zyj€Op.
Recalling (2.12), we thus obtain that for all j € Oy,

Q1) = D Ful®(0) = Jult) < (D) (M —;(8) = Fi.

ieT i€,
Hence,
d
o (Mj - qg‘@)) > Fy - (Z Ci) (M —q;(t)).
€Ly
For every time ¢ this yields the uniform lower bound
F
M; —q(t) > —=—— > 0. (6.4)

- Ziélj Ci
4. From (6.3)-(6.4), a lower bound on the speed v;; on the incoming road ;¢ €

Aji_1 is obtained as follows. At a point (¢,x) where the road is not congested we
have the trivial bound

vie(p(t,x)) > vie(p*®) > 0.

Next, consider a point (¢, %) where the road is congested, i.e. p(¢,Z) > pl3**. Then
the characteristic ¢ — x(¢) through this point has negative speed. Let 7 < ¢ be
the time when this characteristic reaches the end of the arc 7,¢, so that x(7) = L.
Since the flux is constant along characteristics, we have

FulpE8) = pE)vieplf. 7)) = Fulr) > oot > 0,
Zhez,g Ch
This provides a uniform lower bound on v (p(f, Z)). Since ;¢ was an arbitrary arc
in the set Ag_1, the induction step is complete.
5. By backwards induction on ¢ = m,m —1,...,2, 1, the above arguments show
that the speed of cars remains uniformly positive at all times on all roads. In
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addition, if a queue is present, the flux at the entrance of each road remains strictly
positive. This yields a uniform a priori bound on the time that every driver needs
to reach destination. L]
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