NETWORKS AND HETEROGENEOUS MEDIA d0i:10.3934/nhm.2015.10.343
(©American Institute of Mathematical Sciences
Volume 10, Number 2, June 2015 pp- 343-367

HOMOGENIZATION OF THE EVOLUTION STOKES EQUATION
IN A PERFORATED DOMAIN WITH A STOCHASTIC FOURIER
BOUNDARY CONDITION

HakiMA BESSAIH

University of Wyoming, Department of Mathematics
Dept. 3036, 1000 East University Avenue
Laramie WY 82071, USA

YALCHIN EFENDIEV

Department of Mathematics, Texas A&M University
College Station, TX 77843, USA
and
Numerical Porous Media SRI Center, CEMSE Division
King Abdullah University of Science and Technology
Thuwal 23955-6900, Kingdom of Saudi Arabia

FLORIN MARIS

Numerical Porous Media SRI Center, CEMSE Division
King Abdullah University of Science and Technology
Thuwal 23955-6900, Kingdom of Saudi Arabia

(Communicated by Leonid Berlyand)

ABSTRACT. The evolution Stokes equation in a domain containing periodically
distributed obstacles subject to Fourier boundary condition on the boundaries
is considered. We assume that the dynamic is driven by a stochastic perturba-
tion on the interior of the domain and another stochastic perturbation on the
boundaries of the obstacles. We represent the solid obstacles by holes in the
fluid domain. The macroscopic (homogenized) equation is derived as another
stochastic partial differential equation, defined in the whole non perforated
domain. Here, the initial stochastic perturbation on the boundary becomes
part of the homogenized equation as another stochastic force. We use the two-
scale convergence method after extending the solution with 0 in the holes to
pass to the limit. By Ité stochastic calculus, we get uniform estimates on the
solution in appropriate spaces. In order to pass to the limit on the bound-
ary integrals, we rewrite them in terms of integrals in the whole domain. In
particular, for the stochastic integral on the boundary, we combine the pre-
vious idea of rewriting it on the whole domain with the assumption that the
Brownian motion is of trace class. Due to the particular boundary condition
dealt with, we get that the solution of the stochastic homogenized equation is
not divergence free. However, it is coupled with the cell problem that has a
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divergence free solution. This paper represents an extension of the results of
Duan and Wang (Comm. Math. Phys. 275:1508-1527, 2007), where a reaction
diffusion equation with a dynamical boundary condition with a noise source
term on both the interior of the domain and on the boundary was studied, and
through a tightness argument and a pointwise two scale convergence method
the homogenized equation was derived.

1. Introduction and formulation of the problem. In this paper, we are in-
terested in a fluid flow where the advective inertial forces are small compared with
viscous forces. Starting from the evolution Stokes equations in domain containing
periodically distributed obstacles or solid pores, with a dynamical boundary con-
dition driven by a noise source on the solid pores, the homogenized dynamic is
rigorously recovered by the use of two-scale convergence method. We represent the
solid pores by holes in the fluid domain.

The homogenization of the Stokes problem in perforated domains goes back to
Sénchez-Palencia in [18] where an asymptotic expansion method was used. Rigor-
ous proofs were given later by Tartar in [20] by the energy method and by Allaire
in [2] where two scale convergence method was used. The two scale convergence
was first introduced by Nguetseng in 1989 in [12] and later developed by Allaire in
[1]. The idea of this method was to give a rigorous justification to the asymptotic
expansion method. A more general setting has been defined by Nguetseng in [13],
[14] and later in [15]. The theory of the two scale convergence from the periodic to
the stochastic setting has been extended by Bourgeat, A. Mikeli¢ and Wright in [5],
using techniques from ergodic theory. There is a vast literature for partial differen-
tial equations with random coefficients, where this method was used, however most
of the tackled problems in this setting are not in perforated domains, (see [5], [4] and
the references therein). Much less was done for homogenization of stochastic partial
differential equations, in particular in perforated domains. We mention the paper
[24] where a reaction diffusion equation with a dynamical boundary condition with
a noise source term on both the interior of the domain and on the boundary was
studied, and through a tightness argument and a pointwise two scale convergence
method the homogenized equation was derived. A comprehensive theory for solv-
ing stochastic homogenization problems has been constructed recently in [26] and
[17], where a Y-convergence method adapted to stochastic processes was developed.
An application of the method to the homogenization of a stochastic Navier-Stokes
type equation with oscillating coefficients in a bounded domain (without holes) has
been provided. In their setting, the »-convergence method implies the two-scale
convergence.

For the deterministic Stokes or Navier Stokes equations in perforated domains
we refer to [18], [20], [2], [10], [6], [3], [11]. In [6] the Stokes problem in a perforated
domain with a nonhomogeneous Fourier boundary condition on the boundaries of
the holes was studied while in [3] the same problem was studied with a slip boundary
condition. As far as we know, the stochastic Stokes or Navier Stokes equation in a
perforated domain has not been studied.

In this paper we consider a stochastic linear Navier Stokes equation in a period-
ically perforated domain with a noise source. On the boundaries of the holes, we
consider a dynamical Fourier boundary condition driven by a noise. A boundary
condition is called dynamical if it involves the time derivative. This problem mod-
elises the flow of an incompressible viscous flow through a porous medium under
the action of an external random perturbation. We will consider the scaling e for
the density on the boundary of the pores and 1 for the viscosity. Our boundary
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condition is very similar to the nonhomogenous boundary condition used by [6]
where they used an electrical field as an external source. However, their model was
stationary while ours takes into account time derivatives. For similar boundary
conditions in a deterministic setting and for parabolic problems see [22].

Different scalings will be considered in a forthcoming paper like €2 for the vis-
cosity that will lead to different limit problems.

We consider D, an open bounded Lipschitz domain of R™ with boundary 9D,
and let Y = [0, 1[™ the representative cell. Denote by O an open subset of Y with a
smooth boundary 90, such that O C Y, and let Y* =Y \ O. The elementary cell
Y and the small cavity or hole O inside it are used to model small scale obstacles or
heterogeneities in a physical medium D. Denote by O%* the translation of €O by
ek, k € Z™. We make the assumption that the holes do not intersect the boundary
0D and we denote by K¢ the set of all k& € Z™ such that the cell ek 4 €Y is strictly
included in D. The set of all such holes will be denoted by O°¢, i.e.

0°:= | J 0% = | e(k+0),
keke kekce
and set
D¢ :=D - O¢.
By this construction, D¢ is a periodically perforated domain with holes of size of the
same order as the period. One of the difficulties of the homogenization in perforated
domains consists in the fact that the e- problems are defined in different domains.
In [20], [6], [2], [3] suitable extensions for the velocity and for the pressure were
defined to overcome this difficulty.
The evolution Stokes equation in the domain D¢ with a stochastic dynamical
boundary condition on the boundaries of the holes is given by

du®(t,z) = [vAu(t,x) — Vp°(t,z)+ f(t, )] dt + g1(t)dW1i(t) in D*,

div u®(t,z) =0 in D*,
2 € ou® (tv :E) 5 € € €
e“dut(t,z) =— e (t,z)n + beu® (¢, x)| dt + €g5(t)dWa(t) on 0%,

u(0,2) =wug(x) in D,
u®(0,z) =v§(z) on 907,

(1.1)
where u® is the velocity of the fluid and p® is the pressure.

Using It6’s formula and stochastic calculus we are able to prove some uniform
estimates in some functional spaces that are e- dependent. Our particular boundary
condition makes it difficult to extend the velocity continuously in H*(D)", so we
chose to use the trivial extension by 0 of the velocity as well as of the gradient of
the velocity. This extension is a continuous one in L?(D) for which the uniform
estimates still hold. Our extension is not divergence free, so we cannot expect the
homogenized solution to be divergence free. Hence we cannot use test functions that
are divergence free in the variational formulation, which implies that the pressure
has to be included. Because of the low regularity in time of the stochastic process,
we have to define a more regular in time pressure P(t) = fg p(s)ds in Theorem 3.3.
We apply to it the same extension and we will recover in the limit the information
into the coefficients of the homogenized equation.

For the convergence of the boundary integrals we use an idea from [6] to rewrite
an integral on the boundary in terms of an integral on the whole domain. In this way,
the integrals over the boundary 0O¢ become in the limit integrals over the whole
domain D. In particular, in the case of the stochastic integral on the boundaries of



346 HAKIMA BESSAIH, YALCHIN EFENDIEV AND FLORIN MARIS

the holes, we combined this idea with the use of the decomposition of the Wiener
process in terms of the basis, and that it is of trace class.

Our process depends on three variables: w, ¢, and = but the oscillations appear
only in x, hence we will use the two scale convergence method in the space variable
but with a parameter (w,t) €  x [0,T]. One of the condition to be able to use
two scale convergence is the uniform boundedness with respect to € > 0 of the L2-
norm. We were not able to show uniform bounds for w € Q or for any ¢t € [0,T],
but only in L2(2 x [0,7] x D)", thus we decided using this type of convergence.
Most of the results concerning the two scale convergence are being extended in a
straighforward way to the results of our paper. We gather the results we use in
Section 4. The convergence in two scale is a stronger type of convergence than the
weak convergence (see Corollary 4.3), and so the convergence to the homogenized
solution will be the weak one in L2(2 x [0,T] x D)". This convergence although
weak in the deterministic sense, is strong in the probability sense.

The paper is organized as follows: in Section 2 we formulate more precisely our
problem, set the functional setting and give the assumptions used throughout the
paper. In Section 3 we study the problem (1.1) in the perforated domain and show
the existence and uniqueness in Theorem 3.1. The estimates, needed for the two
scale convergence method, are derived. We also introduce the pressure in Theorem
3.3 and setup the variational formulation to be used for the passage to the limit.
In Section 4, we introduce the two scale convergence and give a number of results
that we will use. In Section 5, we pass to the limit in the variational formulation
(3.11) and get the a variational formulation for the two-scale limit. In section 6, we
write the two-scale limit solution in terms of the cell problem (6.4) coupled with
the homogenized system (6.12). We also, prove that the system (6.12) is well posed
and we finish with some remarks related to the properties of the limit problem.

2. Preliminaries and assumptions. In this section we introduce some functional
spaces and assumptions in order to study the problem (1.1).

2.1. Functional setting. Let us introduce the following Hilbert spaces
L2 := L*(D%)" x L*(00°)", (2.1)
H! := H'(D°)" x H?(90°)". (2.2)

equipped respectively with the inner products

(U, V) :/E [u(:v)-v(x)]dx—F/

00¢°

[a(z') - o(a')]do ("),
and

(U, V)) = / [Vu(z) - Vo(z)]de.

We introduce the bounded linear and surjective operator ¢ : H!(D®)"
Hz(00%)" such that vu = u|po- for all u € C™® (ﬁ)". ~°¢ is the trace opera-
tor, (see [19], pp47). We denote by H~2(d0O)™ the dual space of Hz (DO%)™.

We denote by H? the closure of V¢ in LZ, and by V¢ the closure of V¢ in H},
where for U = (u,u) € C* (75)” x v (C*® (ﬁ)n)

Ve :={U= (u,u) | divu=0, u=euondO°, u=0ondD}, (2.3)

Let II¢ : L2 — L?(D?)" be the operator that represents the projection onto the
first component, i.e. II°U = u, for every U = (u,u) € L2.
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Let us also denote by H® and V¢ the images under the operator II° of the spaces
H?® and V¢, with:

H® = {UGLQ(DE)”|divu:OinDE, u-n=0ondD, u-n:eﬂ-nonaOE}
and for u € L?(00°)".
Ve ={ue HY (D)™ | divu=0in D°, u=0on oD}

H® and V¢ are separable Hilbert spaces with the inner products and norms
inherited from L? and H! respectively:

U] = (U, 1),
IUIR- = (U, U)),

and H® and V¢ are also separable Hilbert spaces with the norms induced by the
projection II¢.

Denoting by (H®)" and (V¢)’ the dual spaces, if we identify H® with (H®)’ then
we have the Gelfand triple V= € H® C (V*)’ with continuous injections.

We denote the dual pairing between U € V= and V € (V) by (U, V) ye (vey.
When U,V € H?, we have (U, V) e (veyy = (U, V).

Assume that b is a strictely positive constant, and define the linear operator
A®: D(A®) C HE — H:

w —vAu
AU = A° < _ > = Projus [ vou b_ |, (2.4)
u —-— +-u
edn €
with
D(A®) = {U € H°| — Au € L*(D°)" and g—“ € L*(00°)"},
n
and

(AU, V) :/ l/Vqudx—i—/ eby® (u)y® (v)do.
80

Let F€ € L?(0,T; L*(D®)™ x L?(00°)") be defined by
F(t,z) = ( f(%x) ) (2.5)

Let Q; and Q2 be linear positive operators in L?(D)™ of trace class. Let
(W1(t))t>0 and (Wa(t))s>0 be two mutually independent L?(D)"- valued Wiener
processes defined on the complete probability space (2, F,P) endowed with the
canonical filtration (F3):>¢ and with the covariances 1 and Q2. The expectation
is denoted by E. If K and H are two separable Hilbert spaces, then we will denote
by Lo(K, H) the space of bounded linear operators that are Hilbert-Schmidt from
K in H. If @ is a linear positive operator in K of trace class, then we will de-
note by Lq(K, H), the space of bounded linear operators that are Hilbert-Schmidt
from Q2K to H, and the norm will be denoted by || - || and is defined as fol-
lows: [[g|3) == 2252, Ajllgesl|F where {e;}72, and {);})Z, are respectively the
eigenvectors and eigenvalues of Q).

Let us denote by

€

a0 = (" g ) Wo=mmoamm.  eo
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The system (1.1) can be rewritten:
dU=(t) +AU(t)dt = F(t)dt + G°(t)dW,
Us(0) =U5= ( "o ) . 2.7)

€ — £
Ug = €Y

Lemma 2.1. (Properties of the operator A®) For every € > 0, the linear operator
A¢ is positive and self-adjoint in HE. Moreover, it generates an analytic semigroup
that we denote by Se(t).

Proof. We use Proposition A.10, page 389 from [7] prove the lemma. The operator
is obviously symmetric, since for every U, V € D(A*®):

(AU, V) =v VuVudz +/ eby® (u)y* (v)do.
De 00¢#
We only need to show now that A€ is variational, according to the definition from

page 388 from [7]. We consider the space V¢ densely embedded in H® and the
continuous bilinear form a(-,-) on V¢, defined as:

a(U,V)=v VuVudzr + / eby® (u)y* (v)do.
Ds 00¢#
There exists a constant ¢(¢) such that:
a(U,U) > c()|[U|R-,
for every U € Ve. It will be enough to show that
D(A®) ={U € V*® | (A°U,V) < C||V||u: for every V € V°}.
But, (AU, V) < C||V]|ug: for every V € V¢ is equivalent to

1// VuVudz < Clv|[r2(peyr + C|v|[ 1290y Vv € VE <=
DE

0
1// —Auvdz + V/ 6—Zvda < Olvl|p2(peyn + Cllvl| L2902y Vv € VE <=
£ Os€
(2.8)

0
Au € L2(D°)" and a% € L2(00°)", so U € D(A?).
Viceversa if U € D(A®), then it easy to see that (A°U, V) < C||V||u- for every
V e Ve,
Now we use Proposition A.10, page 389 from [7] to infer that A€ is self-adjoint
and generates an analytic semigroup S (¢). O

By continuity, the operator A® can be extended from V into V’.
For o > 0, let us denote by (A®)® the a-power of the operator A and D((A*®)%)
its domain. In particular,

D((A®)°) =H°, and D((A%)'/?)=V".
For more details, see [8], page 152.
Lemma 2.2. Let ¢ € HY(D?). Then

Velldllz oy < Clollur (pe)-
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Proof. For each k € K¢, let ¢=* be the function defined in Y* by ¢*F(z) =
10} (ﬁ — k‘) Then, we have

[67* 1200y < C (67" 2(v+) + IV * | 2(ve)n) -
We use the change of variables x = ex + €k and add over all k£ € K¢ to obtain the
result. O

In the next section, we will set up the assumptions.

2.2. Assumptions. We assume that we are given three maps
g1 € C([Oa T]; LQl (LQ(D)nv Lz(D)n)a

g21 € C([0,T]; L, (L*(D)", H'(D)")
and
g22 € C([0,T]; L, (L*(D)", L*(90)")

such that there exists a positive constant Cr

g 1B, = Mallgr(Bejil[Fe(pyn < Cr, t€[0,T),
j=1

lg21(D1B, =D Njallga1(H)es 3 pye < Cr, t € (0,77, (2.9)
j=1

lg22 (DB, =D Nallgaa(t)ejal 1290y < Cr, t € (0,7,
j=1

where {e;1}32, and {e;2}32, are respectively the eigenfunctions for @1 and Q2,
and {)\;j1}32; and {A;2}52, are the corresponding sequences of eigenvalues. For any
element h € L?(90), we define the element R¢h € L?(0O¢) by

Reh(z) = h (g) (2.10)

where h is considered Y — periodic.

Lemma 2.3. There exists a constant C independent of ¢ > 0 and h € L?>(00)")
such that

VEIR Al L2004y < Cllhl L2 20
Proof. We use the definition of R¢h to obtain:
x! x’
IR*RII72(50:yn = / h? <> do(z') = > / h? () .
90= € nere 4905 €

After a change of variables and given the periodicity of the function h, we obtain
that

IRl Z2000)n = D €™ D IhlZ2 00y
keKe kexe

< "0 b2 a0y = Ce™ RN 2000 )5

which gives the result. O
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We define ¢5(t) by
93(t) = g21(t) + R°ga22(t),
where R¢ga2 € C([0,T); Lo, (L*(D)™, L?(0O¢)™). Moreover, throughout the paper
we will assume that U§ = (u§, u§ = £vf) is an Fy— measurable H*— valued random
variable and there exists a constant C' independent of €, such that for every ¢ > 0:

ElluglZz(peyn + €Elv5l17200e) < C- (2.11)

For any function z° defined in D® let us denote by z° the extension of z¢ to D
by

S - on D¢

z ._{ 0 onD\Df (2.12)

3. The microscopic model. This section is devoted to the study of system (1.1).
We first prove the existence and uniqueness of mild and weak solutions and state
some uniform estimates with respect to €. Since we are using the two-scale con-
vergence method for the passage to the limit on e, a variational formulation is
needed with test functions that are not divergence free . Hence, a variational for-
mulation that contains a pressure term will be recovered. However, due to the
stochastic integral and its lack of regularity in time, we will define a new process
Ue(t) = fot u®(s)ds and recover a pressure term P¢(t) € L?(D¢). Independently
from the passage to the limit in €, the results stated in this section are not classical.
In particular, theorem 3.3 and the variational formulation (3.11) are new results.

Theorem 3.1. (Well posedness of the microscopic model) Assume that (2.9) holds,
then for any T > 0 and any U§ an H®— valued measurable random variable, the
system (1.1) has a unique mild solution U® € L*(Q, C([0,T],H®) N L*(0,T;V*®)),
t t
Us(t) = S:(t)Uj +/ Sc(t— s)F(s)ds +/ Sc(t—s)G5(s)dW, te[0,T]. (3.1)
0 0

The mild solution U*® is also a weak solution, that is, P-a.s.

(UF (1), ) + / (A%)Y2U%(5), (A%)2g)ds = (U5, ) + / (F(s), §)ds-+

/0 (G#(5)AW (), ) (3.2)

fort €[0,T] and ¢ € V©.
Moreover, if (2.11) holds then for every e >0

t
E[U(t)#- +1E/ U (s)[3eds < Cr(1 + E|[U§|I:), t€[0,T] (3.3)
0
and
E sup [[U*(#)[F < Cr(1+ E[|U§|[3-). (3.4)
te[0,T)

Proof. Since the operator A® is the generator of a strongly continuous semigroup
Sc(t), t > 01in H® and using the assumption (2.9), then the existence and uniqueness
of mild solutions in H® is a consequence of Theorem 7.4 of [7]. The regularity in
Ve is a consequence of the estimates below.
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Applying the Itd formula to |[U*(¢)||3. see [9], we get that
d|U(1)|[55- = 2(U°(¢), AU (t))dt + || G*(¢) | B dt
= —2(A°U°(t), U (¢))dt + 2(F(s), U%(t))dt
+2(G*(t)dW, U (t))dt + || G* (1) |3 dt.

Hence,

t t
U (1) +2 / (A9 V205 (3) 2o ds < U5 20 + / ()] 3-ds
t t t
+/ ||UE(5)||%IEds+2/ <G6(s)dW,UE(t)>+/ ||G€(s)H2st. (3.5)
0 0 0

Taking the expected value yields

t t
E|U* ()| < B[ U2 + / IF(s)|heds + / B U (s) |2 ds

+/O 1G=(s) 13 ds (3.6)

and

t t t
E / [U=() 3 ds < E||US |4 + / ()20 ds + / E| U (s) |3 ds

+/0 1G*(s) 13 ds (3.7)

Now (3.3) follows from using Gronwall’s lemma in (3.6).
On the other side, (3.5) implies that

T T
sup [[US ()| +2 / 1U=() 13- ds < U313 + / [F(s) 2. ds
0<t<T 0 0

T

/0t<Gs(s)dW,Ue(t)>’+/o 1GE (3)]1%ds

Moreover using the Burkholder-David-Gundy inequality and the Young inequality,
we get that

T
+ [ IO lfds + 2 sup
0 0<t<T

1/2

E sup
0<t<T

/ t<G€<s>dw7U€<t>>] <E ( / N (U () ds>

IN

1 T
§IE sup \|U€(t)||%IE+C/ |G#(s)|?ds
0<t<T 0

IN

1
§E sup HUE(t)H%{E + Cr
0<t<T

Now, plugging this estimate in the previous one and using Gronwall’s lemma
completes the proof of (3.4). O

Theorem 3.2. Assume that the assumptions of Theorem 3.1 hold. Then, for every
t €10,T] and every e >0

t
Bl Ol + Bl Ol oy +E [ (0Ol + a0l ), ) 8
0

< Or(1+ E||U|[42), (3.8)
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and

E sup (uf @l + 2l Oz 000 ) < Cr(1+E[UGJ).  (39)
t€[0,T)

Moreover, for g > 2

2 (1 Ol +Blhen Ol aaoey-) < Clas Y1 +ENUGli).  (3:10)
€10,

Proof. (3.8), (3.9) and (3.10) are consequences of Theorem 3.1. O

Theorem 3.3. Let us define U*(t) = fot u®(s)ds, where u® is given by the previous
theorem, with U® € C([0,T]; V®). Then, there exists a unique vector valued random
variable P¢ : Q — C([0,T]; L2(D¥?)), such that for every t € [0,T] we have:

/5 (“E(t) — /Otf(s) - /Ot gl(s)dwl(s)) b+

/ ) (vVUE(t)V¢ — P*(t)div ¢) dx =

t
/ <€2u€(t) — % / g5 (s)dWa(s)ds — ste(t)) bdo, (3.11)
d0= 0
P-a.s., and for every ¢ € H}(D)™.
Moreover,
sup E[P°(t)[|72(peyn < C(T). (3.12)
0<t<T

Proof. We recall (3.2) which says that U®(t) = (uf,e7.(u)) is a variational solution
in the following sense:

<U5(t),¢>+/0 ((A9)2U(s), (A%)!2g)ds = <U87¢>+/0 (F(s), p)ds+

/O (G=(3)dW (), )

P —as. for t € [0,T] and ¢ € V©.
In this variational formulation we consider the test function ¢ = (¢,0), where
¢ =1II°¢ € V¢, hence P-a.s. we get

(W () — uf — v / Aus(s)ds — / £(s) - / a(s)dWi(s)d) =0 (3.13)

vt e [0,T], Vo€ Ven HL(D)".
Using Proposition I.1.1 and I.1.2. of [21], we find for each ¢ € [0, T, the existence
of some P¢(t) € L?(D?)"/R such that P-a.s.

u®(t) —ug — vAU*(t) — /0 f(s) — /0 g1(s)dW1(s) = =V Pe(t), (3.14)
where,

L*(D*)"/R = {P € L*(D°)", P(z)dx = 0} :
Ds

In particular, VP € C([0,T]; H-Y(D*)") P —as..
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The equation (3.14) may be written equivalently:

/ (1) — u) b + /D (VU (1)V — (1) div o) du

:/E/Otf(s)qsdsdx+/a/Ot91(8)¢dW1(5)d$,

for every ¢ € H} (D)™,
The equation (3.14) gives that P a.s., div (vVU#(¢t) — P*I) belongs to L?(D*)",

oUe(t
which implies that v 5 ® _ Pe(tyn € H™2(90°)" (see [21]). Hence, for every
n
¢ € HY(D?®)", with d1op = 0 we have

(3.15)

<u€<t> ~ui- | ) - / ()W (s), ¢> + [ VU - Pt dive) da

_ <V3Ua;(t) — P(t)m, ¢>

H} (005)n 1 (905)n
(3.16)

Any ¢ € H%(aOE)” such that fBOE ¢ndo = 0 is the trace on dO° of some function
from V¢ that we will denote also by ¢. We use such a function ¢ in (3.16) and get

<uf(t> —uf - / s - / ()W (s), ¢> + [ vvuH(veds -
<Va(g;(t) P (), ¢>

Now, we use the variational formulation (3.2) and obtain that for every ¢ €
Hz(00%)™ such that J50- dndo = 0, we have

€
_ <y8U ® _ pe(ym, ¢>
on H™3 (80°)",H% (90"

= /605 (52us(t) — eu§ + ebU* (t) — /Ot gg(s)dw2(5)> bdo.

H™3 (80°)n, H? (90"

(3.17)

But the orthogonal of the space of such functions ¢ is the space of functions of the
type cn, where c is a real constant. So, there exists ¢ € C([0,T]) such that if we
re-denote PS(t) = P=(t) + ¢°(t), (3.17) is satisfied for every ¢ € Hz(00%)™. Using
again (3.2), we showed that there exists a unique P¢ € C([0,T], L?(D¥?)), such that
for t € [0,T] (3.11) holds.

To show (3.12) we consider the extension to the whole domain of the pressure
P=(t), and compute

2
E|VP ()|} py =E  sup
pEHF (D)™

L<1
1911113y <

b

/ P=(t) div ¢dx
D

from (3.11). We show that it is bounded uniformly for ¢ € [0,7], and then apply
the result given by Proposition 1.2 from [21] to obtain (3.12). We estimate first
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/ P (t) div ¢da
D

/ P (t) div ¢da
D

from (3.11) and obtain by applying Holder’s inequality:

<ol mzy» (I @)llz2eyn + 14§l 2Dy + Tl fllL2 (0,77 D))

t
1603y (n / G1(8)dW1(5) | 2oy +u||U€<t>||Hg<Da>n)

t
+||¢HL2(805 n (||€ ( ) + 521}8 + EbUs(t) +/ g;(s)dWQ(S)HLz(aos)n) .
0

We use Lemma 2.2 and the estimates (3.8) for u®(¢) and (2.11) for the initial con-
ditions to get

t
E[VE*(t) [} (p)y- < C + CE| / 91 ()W B ey + CEBllu® (1) 32 00+

t t
€EH/O ng(s)dW2(5)||2L2(8OE)"JFEE”/O RE g22(8)dWa(5) |72 90% -

Ito’s isometry gives

t oo
BV Olor <C+C [ 5 alln6leali ot

CE/ zQHQQl )612||L2(305 nd8+C€/ ZAQHR 922( )612||L2(3Os)”d8

We use again Lemmas 2.2 and 2.3 and then property (2.9) to obtain that
E||VP¢ (t)Hf{_l(D)n is bounded uniformly for ¢ € [0, T7. O

4. Two scale convergence. We will summarize in this section several results
about the two scale convergence that we will use throughout the paper. Although
the results stated in theorems 4.2 and 4.4 are not new, they had to be adapted to
our setting; in fact our processes depend on w, ¢, z. On the other side, the two scale
hmlts are used in the variational formulation 3.11 that contains terms of the form

fo s)ds. Hence, we had to include a two-scale convergence result stated
in theorem 4 5 that takes into account these kind of terms. This last theorem was
not found in the literature.

For the results stated without proofs, see [1] or [26]. First we establish some
notations of spaces of periodic functions. We denote by C' j‘; (Y) the space of functions
from C*(Y), that have Y — periodic boundary values. By Li(Y) we understand
the closure of Cx(Y) in L?(Y) and by H%E(Y) the closure of C#(Y) in HY(Y).

Definition 4.1. We say that a sequence u® € L?(2x[0, T]x D)™ two-scale converges
tou € L2(Q x [0,T] x D x Y)", and denote this convergence by

w3y inQx[0,T]x D,
if for every U € L?(Q x [0,T] x D; Cx(Y))™ we have

T
lim// /us(w,t,m)\ll(w,t,x,g)dazdtdﬂ”
e—0 aJo D I
T
:// //u(w,t,%y)\ll(wj?x,y)dydxdtdIF’.
aJo JpJy
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Theorem 4.2. Assume the sequence u® is uniformly bounded in L*(Qx [0, T]x D)™.
Then there exists a subsequence (uf )erso and u® € L*(Q x [0,T] x D x Y)" such
that us" two-scale converges to u® in L2(Q x [0,T] x D)™.

Corollary 4.3. Assume the sequence u® € L*(Q x [0, T] x D)™, two-scale converges
tou® € L2(Q x [0,T] x D x Y)". Then, u® converges weakly in L*(Q x [0,T] x D)"

to / u®(w, t,z,y)dy.
Y

Theorem 4.4. Let for any e > 0, u® € L*(Q x [0,T]; H*(D*)") such that u® = 0
on 0D. Assume that u® is a sequence uniformly bounded with respect to € > 0, i.e.

sup \|U6||L2(Qx[0,T];H1(D5)n) < 0.
I

Then, there exists u® € L*(Qx[0,T]; Hy(D)") and u* € L*(Qx [0, T]x D; Hy,(Y)"),
such that
u(w, t, ) =3 u®(w, t, )1y (y)

and
V' (w,t,2) 23 (Voul (w, b, 2) + Vyul (w, £, 2,9)) Ty-(y).

Theorem 4.5. Assume that the sequence u® two scale converges to u € L*() x
[0,T] x D xY)™. Then the sequence U¢(w,t,x) defined by

¢
UE(w,t,z):/ u®(w, s, x)ds
0

t
two scale converges to / u(w, s, x,y)ds.
0

Proof. We have for the sequence u® that
T x
lim/ / / u®(w, t, z)V(w, t, z, —)dedtdP
e=0 Jo Jo D 3

T
:// //U(W,t,%y)\lf(w,t,a:,y)dydxdtd]P’,
QJo JDJY

for every W € L2(2 x [0,T] x D;C4(Y))"™. Now if we choose ¥ to be of the form
\Ij(w7 S, T, y) = H[O,t] (S)\Pl(wv z, y)a

we obtain that
t
lim///us(w,s,x)\lfl(ww,f)dmdp
e=0 Jo o JD g

t
:////U(W,S,x,y)\Ill(w,x,y)dydde,
QJo DJY

for any fixed ¢t € [0,7] and any ¥; € L?(2 x D;Cx(Y))"™. As a consequence, for
Uy € L2(Q x [0,T] x D; Cx(Y))™ the sequence

t
hg(t):///ug(w,s,m)\llg(w,t,a:,E)dazdsdIP’
QJo JD €

:// Us(w,t,x)\llg(w,t,x,f)dxdp
0JD €
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is convergent for almost every ¢t € [0,7] to

ht—//// (w, s,2,y)Vs(w, t, z,y)dydrdsdP
Q
:// / U(w,t,x,y)\lfg(w,t,x,y)dydxdp
oJpJy

By applying Holder’s inequality,

R (t) < [|ufl|Lzx (o, 11x D)y W2 (B)|[ L2 (@x DxY)n -

We use the dominated convergence theorem to deduce that
T T
/ he (£)dt — /
0 0

5. Passage to the limit in €. Now, we are able to pass to the limit in . Using

the uniform estimates obtained previously and the two-scale convergence method,

we will pass to the limit in € in each term of the variational formulation (3.11).
Since uf satisfies E||176||%2(D5)n < C according to (2.11), then using Theorem 4.2,

there exists ug € L*(Q; L*(D; Li(Y))” such that

O

a5 (z) 23 ug(z, )y« (y) in Qx D. (5.1)
Qﬂ ‘F7

We recall that the processes u® and Vu  defined on the stochastic basis (
(Ft),P) are uniformly bounded in L?(Q; C([0,T]; L*(D)™)) as well as in L?(£2; L*(0,
T; L?(D)™*™)). So using Theorem 4.4 there exist u € L*(; L2(0,T; H}(D)™)) and
uy € L*(Q; L*(0, T L*(D; Hy (Y'))™)) such that

@ (w,t,2) =3 u(w, t,2)ly-(y) inQx[0,T] x D, (5.2)
and
Vi (w,t,2) 25 (Vou(w, t, ) + Vyur (w,t,2,9)) Ly (y)  in Q% [0,T] x D. (5.3)

We use Theorem 4.5 to obtain as consequences of (5.2) and (5.3) the following
two scale convergences:

Us(w,t,2) 23 Ulw, t,2)ly«(y) inQx[0,T] x D, (5.4)
and
VU (w,t,2) 23 (Vo U(w, t,2) + VU (w,t,2,9)) Dy« (y)  in Qx[0,T]x D, (5.5)

t

¢
where U(w, t,x) = / u(w, s,x)ds and Uy (w, t,x,y) = / uy(w, s, x,y)ds.
0 0
Also (3.12) gives us the existence of P € L2(2 x [0,T] x D x Y)™ such that:
P (w,t,x) 228 P(w,t,2,y)ly-(y) inQx[0,T]x D. (5.6)

Now we are able to pass to the limit in (3.11). We will take a test function of
the form

@ (,t,2) = Blw,t,) + v(w, b, T),
such that

P(w,t,x) = p1(t)P2(w) 3(9:), (5.7)
where ¢ € C§°(0,T), ¢ € L>=(2) and ¢3 € C§°(D)™ an

Y(w,t,z,y) = 1 ()2 (w)ys (@)Y 4(y), (5.8)
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where 11 € C§°(0,T), 12 € L®(Q), ¢s € Cg°(D)" and ¢4 € C3(Y). We obtain
after integrating over Q x [0, T:

/ /T/ u° (w, t, :c)¢6(w,t,x)dxdtdp+gz/ /T /aOE W (w1, 26 (. £, 2" Yo (o dP—
// /uowx wt:cdmdtdIF’—s// /aog ¢ (w, t, 2" )do(x")dtdP+

/Q /0 /D /0 vV (w, 5,3)Ve* (w, ¢, z)dsdzdtdP+

/Q /OT /805 /Ot ebut (W, 5,2 )% (w, t, 2" )dsdo («')dtdP =

/Q/OT/D P (w, t,z) div ngE(w,t,x)dxdtd[P_,_/Q/oT /DE /Otf(S,m)¢a(w,t,$)dsdxdth+
/Q /OT /D /Ot 91(s)dW1(s)¢" (w, t, x)dzdtdP+

/Q /OT /805 /O £93(5)dW2(5)9" (w, t,2")do (") dtdP.

We will compute the limit when ¢ — 0 in (5.9) term by term:
As a consequence of (5.2) and (5.1) which implies the weak convergences in

L?(Qx[0,T]x D)™ of the sequences 1 (w, t, z) and u§(w, z) to /Y w(w, t, )Ly« (y)dy

and to / uo(w, )Ly~ (y)dy we have:

hm/ / / (w,t,2)¢% (w, t, x)dzdtdP =
e—0
|Y*|// / u(w, t, z)p(w, t, x)dedtdP, (5.9)

T
lim// /Eg(w,x)qbe(w,t,x)d;vdth:
e—0 Jo Jo
|Y*|// /uo w, z)P(w, t, x)dzdtdP. (5.10)
0

The estimates (2.11), (3.8), (3.9) imply that:

// /aoa (w,t,2)¢° (w, t, 2" )do(x")dP =

=¢? /Q/O /805 v (2)¢° (w, t,2")do (2 )dtdP = 0. (5.11)

and

0 0
We use the two scale convergences (5.5) and (5.6) and that 833438 = &f
6 K2 K3
3;/)2 ad: to deduce that
lim// /V%s(w,t,x)V¢E(w,t,x)dchtd]}”:
e—=0/Ja Jo D

T
/ / / / LV (VoU(w, t,2) + VyUi (w, t,2,v)) (Ved(w, t,x) + Vyto(w, t, z,y)) dydedtdP,
(5.12)
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and

T
lim// /Pg(w,t,x)div¢5(w,t,x)dxdtdIP’:
D

e=0 Jo Jo

T
/n /0 /D / Plw,t,2) (divs ¢, t,2) + divy ¥(w,t,2,y)) dydzdtdP.  (5.13)

Now, if we fix w € Q and ¢ € [0, 7] the sequence of integrals

/E/fsx (w,t, @, — de”’—//fsxgbswtx OV pe (2)dsda

converges using formula (5.5) from [

\Y*\//fsx (w,t,x)dsdx.

Hence, after applying Vitali’s theorem we obtain:

Eli_r%/ﬂ/oT/E/Otf(s,x)&(w,ux)dsdxdtd]P’:
V| /Q /0 ! /D /O (s, 2) bl b, 2)dsdadtdP. (5.14)

Now we compute the limits of the stochastic integrals and of the integrals over
the boundary 0O¢, and the results we obtain are shown in the next three Lemmas.

Lemma 5.1.

lim /Q /0 ' / E /O o1 (8)AW (8)6° (w, £, 2)ddtdP
|Y*|/Q/OT/D/Otgl(s)dwl(s)gb(w,t,a:)dxdtd]P’. (5.15)

Proof. We substitute ¢ (w,t,r) = ¢(w,t,z) +ep(w,t,z,Z) and use the decomposi-
tion (5.7) of ¢° and we get that (5.15) can be rewritten as

w) /OT ¢2(t)/D/Ot g1(s)dW1(s) (gf)g(x)(]lpe( )= Y|) + e (w, t, z, )) dxdtdP
—e=0 0.

Now using the Holder’s inequality, and the fact that |[1)(w,t, z, £)|[z2(Qx[0,7]x D)"
is a sequence uniformly bounded in € by [[¢)(w,t,2,y)||L2(@x[0,7]x D:iCy (YY), We

obtain:
T t "
// //gl(s)dwl(s)sw(w,t,x,f)dxdtd}P’ <
QJo JpJo €

. 2 < 2
2133)571 l[1h(w, t, z, g)HLz(QX[O,T]XD)” tGSElpT] llg1()llg, = 0.

s

lim
e—0

Using Holder’s inequality again:

T t

Lo [ oo [ [ aiamsionterto: o) - v asauce] <
T

;i_lj%||¢1HL2(0,T)||¢2HL2(Q)/Q/O

lim
e—0

2
dtdP.

; 91(s)dWi(s)¢s(x) (L pe= (z) — Y7 |)da
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We rewrite the integral as follows:
T 00 t
/ / | / SV / 01(s)ein ()dB,(5)93(2) (Lpe (&) — |Y*|)dae 2t
alo Jpim 0

where (5;)$2; is a sequence of real valued independent Brownian motions, and
(e51)$24 and (A;1)$2, are previously defined in (2.9).

We apply the stochastic Fubini theorem and the It&’s isometry and the sum
becomes

e’} - T t o el o ) ) x2 )
;)\ﬂ/ﬂ/o '/0 4l )/Dgl( Jeir (2) (e () — [Y*|) o (2)da|dtdP
oo T ¢
;)\“/0 |/o dS/Dgl(S)eil(I)(]lps(x) — Yo (x)da|?dt <

N t
C;A“'/o s [ 916)ea@) Mo (@) YD (el +

C Z /\11||91(5)6i1(50)||%2(D)m
i=N

for any N € Z% , and for a constant C' independent of N. The first sum goes to 0
from dominated convergence theorem and the weak convergence to 0 in L?(D) of
(Ipe(z) — |Y*|)p2(x). The second term goes to 0 when N — oo because of (2.9).
Hence, (5.15) follows. O

We compute the limits that involve integrals over the boundaries, and we will
make use of the techniques from [6] that give a way of transforming integrals over
the surface in integrals over the volume.

Lemma 5.2.

T t
lim// / /ebus(w,s,x')¢6(w,t,x’)dsdo(x’)dth:
e=20JaJo Joos Jo

e . (5.16)
|50|/ / / / bu(w, s, z)p(w, t, x)dsdzdtdP.
aJo JpJo
Proof. We will define as in [6] the solution of the following system:
100
—Awy, = — in Y*,
5 Y|
w1 -
o ! on 90, (5.17)

/ wp = O,

wy, —Y — periodic,

which, according to Remark 4.3 from [6] belongs to W1>°(Y*). We define w5 (z) =

ew; (%), and straightforward calculations show that wf satisfies:

— 7|6O*\ in D¢,
Y| (5.18)
=¢ on 00°E.

—Aw§
ow
on
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t
For fixed w € Q and ¢ € [0, 7], the sequence v*(w,t,-) = b/ uf(w, s, )¢ (w,t,-)ds
0
belongs to WH1(D?) and we have:

e ! " = 6w§x’vsw 2 do(z') =
/(905511 (w,t,x)da(x)—/a (z")v* (w, t,2")do(z)

Os 871

/ ) (Awi(x)v®(w, t,x) + Vi () Vo (w, t, x)) dx.

But from (3.8) and the definitions of w§ and v®,

T
|// / Vwi(x)Vo®(w,t, z)dzdtdP| — 0,
t
// / (w, t, x)dxdtdP — |Y* |b// / u(w, s, 2)p(w, t, r)dsdzdtdP,
Q c 0

which implies (5.16). O

Lemma 5.3.

811_1)1[%)// /805/5572 5)dWo(s)¢® (w, t, 2" )do (z")dtdP =
o0l | / /| / g21.(5)dW3 () (w, t, o) dadtdP
///&90/922 $)dWa(s do/qutxdxdtdIP’

Proof. Similar arguments discussed in (5.16) and (5.15) will be used here. We will

prove:
T t
lim// / /6921<S>dW2(8)¢8(w,t,$/)d0<$l>dth:
€20JaJo Joos Jo

|60|/Q/OT/D/Otggl(s)dwg(s)qﬁ(w,t,x)dxdtdIP’,

lim / / ' /6 N / R gra(5) AW (5) 6 (0, £. 2"Vl (o )b dP =

// / /922 )dWs(s dU/(bwtxdxdtd]P’
90

To show (5.19) we use the functions w; and w§ defined in (5.17) and (5.18):

(5.19)
and

(5.20)

/ /5921 )AW3(8)¢® (w, t, 2" )do (x)
00"

B /605 68121 / 921(5)dW5(s)¢° (w, t, 2" )do (2")

= [ Aui@) [ g (0)Wa(s)o ..ol

De



HOMOGENIZATION OF THE EVOLUTION STOKES EQUATION 361

+ le( )/ 921 (8)dWo(s)V ¢ (w, t, z)dx

00 , )
||Y*/ /921 )dWs(8)9® (w, t, x")do(x")

+ Vwi(x )/ 921 (8)dWa(s)V¢° (w, t, x)dz.
De 0

But

e—0

lim / / Vs (z / Go1(5)AWa(8)V 26" (w, £, 2)dadtdP = 0
DE

follows from the condition (2.9) and the definiton of wj.
Now, the same computation used to show (5.15) yields:

gi_%/Q/OT/E/Otggl(s)dW2(3)¢E(w7t,x)dxdtdIP’:
|Y*|//T/D/Otggl(s)dWQ(s)qﬁ(w,t,x)dxdtdIP’.

To show (5.20), let (e;2(x))2; and (A\2)32, previously defined in (2.9). Denote
by hi(s) = g22(s)eia € L2(00), for each i € Z, and s € [0,T]. We infer from (2.9)
that

sup Z)\ﬂ”h HLz(ao) < +00. (521)
s€[0,T] ;9
We will define w;(s) similarly as w; to be the unique element in H'(Y*) that solves:
1

—Aw;(s) =-— v oo hi(s)do in Y™,
wi(s)
an ) on 90, (5.22)

[ wits) =0

wi(s) =Y — periodic,

and w5 (s) = 2w;(s) (2) that will solve

?

1
—Auwi(s) = W o hi(s)do in D¢, 5.23)
ugrfs = eR°h;(s) on JO°.

There exists a constant C' independent of ¢ and s such that ||w;(s)||g1(y«)» <
C||hi(s)||L2(p0y» and using (5.21) we also have:

S[%P ZAQle ||H1 y*)n < 00 (5.24)
sE

Using the decomposition of ¢© and previously used computations, we have to show

that:
/ / ER 922 )dWQ( )gbz dO’ / / 922 dW2 da/ (152 dm
80¢ 80

J

converges to 0 uniformly for ¢ € [0, T]. We perform the following calculations:

dIF’

2
dP =

/Q ‘/aos /Ot eRga2(s)dWa(s)p2 (2 )do (') — /éo /(: g22(s)dW3(s)do /D ¢2(z)dz
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/Qiu oo [ Rt cnisiosa6ane) - [ [ maenisioio) [ sawaa| =
/Q gkiz /Ot /605 ehf (s)¢2(z')do(z")dB; (s) — /Ot ./ao hi(s)do /D So(x)dzdf; (s) Yap =

ii Ai2 /; ds /;906 chS (s)a(a)do(z') — /;O hi(s)do /D ba(@)da| =

S [las| [ 5D er@hac) < [ niiorio [ e2(wrae =

i / / Aws (s)$2(x) + Vws (5)Vea(e)) de — /ao hy(s)do /D bo(@)de|” =

i 2 [as| [ [ nits)aa (ﬁnps (@) — 1) da(@)de + [ Twi () Von(a)de "o

? 2 [Fas|[ [ nits)da (tpe (@) = 1¥* 1) oa(a)is

"t
+CZ >\i2/ ds
i=1 Y

2
/DE Vw; (s)dx

The second term of the sum will be bounded by

oo T
Ce? Z)\ig/ ds / Vw;(s)dx
i=1 0 *

Using (5.24) it converges to 0 uniformly for ¢ € [0, T].
We decompose the first term similarly to (5.15), into

N t
;/\ﬂ/o ds /D hi(s)do (1pe(z) — |Y*|) po(z)dx
Z )‘iZ/ ds

i=N+1

2

_|_

00
/ §)do (1 pe (z) — [V*]) da(a)dz
o0

The first sum goes to 0 for any fixed IV because of the weak convergence to 0 in

L?(D) of (1p-(z) — |Y*|)¢2(x). The second sum goes to 0 when N — oo because
of (5.21).

Using the limits obtained in the variational formulation we get

T T
Y* P_|y* .
| \/Q/O /Du(w,t,a:)¢(w,t,:c)dzdtd | I/Q/O /Duo(w,:c)qb(w,t,x)dxdtd +
T
/Q/O /D/*/Oty(qu(cws,:c)+VyU1(w7s7ac,y))(quﬁ(w,t,x)+Vyw(w,t,a:,y))dsdydacdtdp

T
— / / / P(w,t,z,y) (dive ¢(w, x) + divy P (w, t, z,v)) dydzdtdP+
oJo JpJy*

|8O\/Q/OT/D/Otbu(w,s,x)zﬁ(w,t,:r:)dsdxdtd]}”:
[ s mote e dsasarae

Y| /Q /0 ! /D /0 tg1(s)dWl(s)¢(w,t.x)da:dtdIP’+
|00 /Q /0 ! /D /O ' go1(8)dWa(s)p(w, t, z)dwdtdP+
/Q /0 ! /a i /0 ' gaa(s)dWa(s)do /D $(w,t, x)dwdtdP.

(5.25)
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6. Homogenized equation. This section contains the main result of this paper.
We will prove that the two-scale limit (u, P) that satisfies the variational formulation
(5.25) will be solution of a stochastic partial differential equation coupled with a
cell problem Moreover we will write the SPDE associated with the weak limit
u*(w,t,z) = [y u(w,t,z,y)dy.

6.1. The cell problem. We separate the terms in (5.25) according to ¢ and % and
consider their decompositions introduced in section 5, which means that U; and P
satisfy the following equation for every ¢ € [0, 7], almost every € D and w € Q:

/* v (Vo U(w,t,x) + VUi (w,t,2,y) Vya(y) — P(w, t,x,y) divy Y4(y)dy = 0,

(6.1)
for every ¢y € CF(Y)".
We have also, as a consequence of (5.5) that
div, U(w, t,x) + divy Uy (w, t,z,y) = 0, (6.2)

g
being the two scale limit of the sequence div, U (w,t,x).
Equations (6.1)—(6.2) lead us to define for every A € R™"*", wy € H%E(Y*)" and
qa € L%(Y*), as the solution of the following problem in Y*:

9 Ay wa0) V,000) ~ as(w) divy 6(5)dy =0 for all o € HA(Y)"
divy (Ay + wa(y)) =0 inY™

(6.3)
which is equivalent to the system:
—vAwA(y) + Vaaly) = in Y*
divy (Ay + wa(y)) =0 in Y*
9 (Ay +wa(y))
v galy)n =0 on 00 (6.4)
wp, qn Y — periodic
wa(y)dy =0
Y)K
Define C the linear form on R™*"  by:
cA= [ (r(A+ Vyun) - as)]) dy, (65)

where I € R™*" is the identity matrix.

Let e;; € R™*™ be defined by (€;;)kn = 0i0;n, for every 1 < k, h < n, and let w;;
and g;; be the solutions of the cell problem (6.4) corresponding to A = e;;. Then,
by linearity:

wp(y) = Z wi;(y)Aij and ga(y) = Z i5 (y)Aij, (6.6)
4,j=1 ,j=1
and the linear form C can be given componentwise:
k
J

owy:
(Ceij)kh = / (V(Sikéjh +v ayh (y) — qijékh> dy. (67)
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6.2. The homogenized system. According to (6.6) the solutions U; and P of
(6.1)—(6.2) are given by

Ui(w, t,z,y) = Z 5‘:5) (w,t, ), (6.8)
=1 J

P(w,t,z,y) Z qi; (y 3 (w,t,x), (6.9)
4,j=1 Ij

and the equation (5.25) becomes

& |/ (w,t,z)ps(x)dr — |V |/ uo(w, x)ps(x )d:c+/ (CVU(w, t,z)) Vs (z)dz—

\60|//bu (w, s,x)ps3(x dsdx—\Y|//fsx¢3 )dsdx+

v /D / 01(5)dW (3) o () dz + (00| /D / g21(5) AW () s () da+

/ao /Ot ggg(s)dWQ(s)da/Dqﬁg(:r)dx

for every ¢35 € C5°(D)™, for every t € [0,7] and a.s. w € §, which implies that u is
the solution of the following stochastic partial differential equation:

(6.10)

du(t) = {divaC (CV u(t)) + ||?,O*| bu(t) + f(t)} dt

—|—gl(t)dW1(t) + |Y*| <|80|921(t) +/ gzg(t)dd’) de(t) in l)7
a0
u(0) =g in D.
(6.11)
If we denote by u* the weak limit in L?(Q x [0,T] x D)™ of the sequence u°¢,
according to (5.2), then it will solve a similar equation:
du*(t) = [divy (CVu*(t)) + |00[bu*(t) + |Y*|f(t)] dt
—HY*‘gl(t)dWl(t) + <|80ggl(t) + / ggg(t)dO’) dWQ(t) in D,
o0
u*(0) =|Y"*|ug in D.
(6.12)

Let us define now the operator A* : D(A*) C L*(D)" — L*(D)", by A*u =
—div (CVu) for every u € D(A*), where

D(A*) = Hy(D)" N H*(D)",

and C is introduced in (6.5).

Lemma 6.1. (Properties of the operator A*) The linear operator A* is positive and
self-adjoint in L?(D)".

Proof. All we have to show is that the operator C defined in (6.5) is symmetric and

positive definite. Let A; and As be two matrices from R™*™ and let us compute
CA;-A

Chi Do = [ (84 Vo, () - an, ()0) - Ay,
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Using wp, as a test function in (6.4), for A = A; we get that:

8+ 0, ) ~ 0, ) - Vundy =0,

and given that divy ga, (y) = divy, ga,(y) =01in Y™,

[ 09, om0 - )y = [ 09, (g + 0 0) - as, )y =0

*

Using these relations, elementary calculations will give us that
CA1- Ay = / v (A1 + Vywa, (v)) - (A2 + Vywa, (y)) dy, (6.13)
which implies that C is symmetric and positive definite. O

As a consequence, we have the following existence result:

Theorem 6.2. (Well posedness of the homogenized equation) Let S*(t);>0 be the
semigroup generated by the operator A* and assume that assumption (2.9) is satis-
fied. Then, the equation (6.12) admits a unique mild solution u* such that

u* € L*(Q;C([0, T, L*(D)") N L*(0, T Hy (D)"))
given by

ut () :|Y*|5*(t)u5+|50|/0 S*(t—s)bu*(s)ds+|Y*|/0 S*(t — s)f(s)ds
Y| / S*(t — 5)ga(s)AWa (s) + |00 / S°(t— $)gar(s)dWa(s)  (6.14)

+/O' S*(tf S) AO QQQ(S)dO'dWQ(S), te [O,T]

Remark 6.3. 1. The solution of (6.12) is not divergence free, so the homog-
enized equation does not contain a pressure term. However, the effect of
the pressure P¢(t) appears implicitely through the matrix C, hence the cell
problem.

2. The overall effect of the boundary condition is seen in the homogenized equa-
tion through the Brinkman term |0O|bu*(t) and through an extra stochastic

forcing acting in the volume, (|80|ggl(t) + / 922 (t)da) Wa(t).
00

3. The convergence of the sequence u® to the limit v* is strong in the probabilistic
sense, but weak in the deterministic sense. In particular, the sequence u® of the
extensions by 0 of u® inside O° converges to u* weakly in L*(Q x [0,T] x D)".
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