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ABSTRACT. Pipeline networks for gas transportation often contain circles. For
such networks it is more difficult to determine the stationary states than for
networks without circles. We present a method that allows to compute the sta-
tionary states for subsonic pipe flow governed by the isothermal Euler equations
for certain pipeline networks that contain circles. We also show that suitably
chosen boundary data determine the stationary states uniquely. The construc-
tion is based upon novel explicit representations of the stationary states on
single pipes for the cases with zero slope and with nonzero slope. In the case
with zero slope, the state can be represented using the Lambert—W function.

1. Introduction. Essential parts of the transport infrastructure can be modeled
as networked systems of hyperbolic balance laws (see [2]). For the management and
control of these systems it is important to know the stationary states that exist on
the networks.

In this paper, we study pipeline networks for gas transportation. The modeling,
analysis and optimal control of gas pipeline networks has been the subject of several
studies, for example [6]. As in [6, 12], the flow through each single pipe is modeled
by the isothermal Euler equations. An important effect in the pipeline flow is the
pressure loss in the gas along the pipe. This effect is modeled by a friction term
in the pde that distinguishes this application from the case of conservation laws,
that appear for example in the context of traffic flow models (see [10]). For the
case without friction, a more general model, the p-system, has been studied in [5]
where solutions with bounded total variations are constructed. Also in [18], where
numerical models for isothermal junction flow have been studied the friction term
does not appear in the balance law. Apart from the friction, the influence of the
gravity on the gas flow in the case of non horizontal pipelines is also modeled in
the source term. The flow through the pipe junctions in the network is governed by
the conservation of mass that yields the Kirchhoff condition and the condition that
at the junction in each moment the gas density is the same at all adjacent pipes.
The well-posedness of general networked systems of balance laws systems is studied
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in [19]. Recently, the resilience of natural gas networks during conflicts, crises and
disruptions has been studied in [3]. Mixed integer models for the stationary case of
gas network optimization have been considered in [17].

For the management of pipeline networks for gas transportation we study sta-
tionary solutions in the case of subsonic flow where the absolute value of the velocity
of the gas is strictly less than the sound speed in the gas. This is the case that is
relevant for gas transportation networks, because if the velocity of the gas in the
pipelines is too large, vibrations of the pipes can develop and cause noise pollution.
Moreover excessive piping vibration can damage the system. Therefore, there are
upper bounds for the velocity of the gas in the operation of gas pipelines. A detailed
study of fluid-induced vibration of natural gas pipelines is given in [21]. In the op-
eration of the networks it is desirable to avoid shocks in the gas flow. Therefore we
look at classical stationary states.

Due to the friction term, the stationary states are not constant along the pipe
except for two cases: The first case is the case of horizontal pipes where the gas is
at rest. The second case is the case where the gas flows downhill in the pipe and the
gravitational term is in equilibrium with the friction term. It is comparatively simple
to construct the stationary states for networks without circles (see [12, 11, 13, 9])
but often the graphs of the pipeline networks contain circles. In this paper we
develop a method to construct stationary states for certain networks of this type.
Moreover, the construction can also be used to show that the stationary states are
uniquely determined by the boundary data.

In our analysis we first look at the stationary states of the governing hyperbolic
partial differential equations on a single pipe. We present an explicit representation
of the stationary states on each pipe. This result is similar to the representation
given in [12] for the case of pipes with zero slope, but even more explicit, since
the stationary states is given in terms of a well-known special function, namely
the Lambert-W function. Moreover, we also present a representation for pipes with
non—zero slope. We show important monotonicity properties of the stationary states
with respect to the boundary values, that allow to compute the subsonic classical
stationary states on certain gas networks with circles. In addition, we show the
uniqueness of the stationary states for suitable boundary data.

This paper is organized as follows. In Section 2 we state the isothermal Euler
equations. In Section 3 we consider the stationary states on the edges. We state the
differential equations for the density and the squared Mach number. Starting from
the discussion of a general class of differential equations in Section 3.1 we derive
explicit representations of the stationary states. In Section 3.2 we consider the case
of horizontal pipes. Moreover, important monotonicity properties of the stationary
states with respect to the boundary data are stated. Using these properties, in
Section 4 stationary states on networks are constructed. At the beginning of Section
4 the node conditions that govern the flow through the junctions are stated. In
Section 4.1 we consider networks with a finite number of parallel pipes and in
Section 4.2 we consider networks that contain a circle with a finite number of parallel
chords. In Section 5 an explicit expression for subsonic classical stationary states
for a sloped pipe is derived. At the end of the paper conclusions are stated and an
outlook is given.

2. The pde-model: A system of balance laws. Let a graph G = (V, E) of
a pipeline network be given. Consider a pipe that corresponds to the edge e €
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E. Let D° > 0 denote the diameter, A%,;.(z) > 0 the space-dependent Lipschitz
continuous friction coeflicient and a°(z) € (—oo, 0o) the space-dependent Lipschitz
continuous slope. Define 2¢(x) = sin(a®(z)) and 6¢(x) = Afg’“g(x). Let g denote
the gravitational constant and let a > 0 denote the sound speed in the gas that we
assume to be independent of the pipe. We study the isothermal Euler equations

{ pi+ a5 =0,

e\2 e e
qte + ((qp(’) +a2pe)x — _%aeq p‘g | _pegze

that govern the flow through a single pipe. Here p¢ denotes the gas density and ¢©

denotes the flow rate. In our analysis, the velocity v = Z—Z and the Mach number

% will play a central role.

3. The stationary states on the edges. Each edge e € E of the network graph
corresponds to an interval of the length L¢ > 0 with the boundary points x = 0 and
x = L°. In this section we determine the stationary states on these intervals. The
first equation in the isothermal Euler equations implies that for every stationary
state, the flow rate ¢¢ is constant. The density p° satisfies an ordinary differential
equation on [0, L¢] namely

e\2 e e
q c 1,4¢1q e e
((pe)+a2p) =50 9] e, (1)

pe
As stated in the introduction, we consider classical stationary states. Consider the
velocity v® = g—;. Define n¢ as the square of the Mach number

-()-(5)

For the subsonic states that are relevant in the applications we have ¢ < 1. Since
¢ is constant for stationary states, multiplication of (1) by a%pﬁ yields

q°
(o (V) 2 L n(g) L9 )
pe a p¢ 9 gnlyg az(pe)z a2’

Hence for the values of n¢ for the stationary states we get the ordinary differential

equation
gz°
). (@

1
(2 6° sign(q®) n° +

We define

e 297
07 a2 ge sign(q°)

and obtain the ordinary differential equation

(&

ny = (0°sign(q®)) (n°+¢5) - (5)

1—ne
Equation (5) has the constant solution n® = 0 and if ¢§ is constant also the constant
solution

n° = —cg. (6)
In our application, since n° > 0 this case is only relevant if ¢§ < 0 (that is sign(z°¢) =
—sign(q®) that is the gas flows downhill).
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3.1. Solutions of a class of differential equations. The following three lemmas
contain results on a general class of ordinary differential equations that have the
same structure as the equation (5) for n°. After the statements and proofs of the
Lemmas we will apply them to the case of the isothermal Euler equations.

Lemma 3.1. Let an interval I C (—o0,00) be given. Let the function F : I —
(=00, 00) be continuously differentiable. Assume for allT € I we have F'(1) < 0 and
that 2 is Lipschitz continuous on I. Let the function dg : (—o0,00) — (—00, 00)
be continuous.

Let g € I and ng € I be given. Consider the differential equation

v 1 N
1) =~y ) 7

Then the unique solution n of (7) that satisfies the condition n(xg) = 1o is given by
) = P (Flm) ~ [ dafs)ds) ®)
Zo
for all x € I(wo, F,do) = {7 : F(no) — [, do(s)ds € F(I)}.

Proof. Since F'(1) < 0, F is strictly decreasing on I, hence the inverse function
F~1is well-defined on F(I). By (8), n is differentiable and the derivative is
T]/(ZE) — 7d0(x)x — *do(ﬂ?) )
FI(F=Y(F(no) = [, do(s)ds))  F'(n(z))
Hence 7 satisfies (7). Moreover, by (8) we have n(x¢) = F~1(F(n0)) = no. The
uniqueness of the solution follows by the Picard-Lindel6f theorem. O
Lemma (3.1) allows us to determine the sensitivities of  with respect to 1. This
is stated in the following Lemma.

Lemma 3.2. For the function n(x) given in (8) we have for all x € I(xo, F, do)

O(e) = s >0, )

Thus n is strictly increasing as a function of ng.

Proof. The definition (8) implies that for the partial derivative we have

_ F'(no) _ F'(m)
877077(‘7;) - / 1 T - F/ .
FI(F=(F(no) — [, do(s)ds)) (n(x))
Since F’ only attains strictly negative values, this implies 0,,n(x) > 0. O

If T is a finite interval it can happen that there is a blow-up in 7'(x) at the
boundary of I(xg, F,dp) if the derivative of F' vanishes at b. First we consider the
case that dj attains positive values.

Lemma 3.3. Assume that I = (a,b], F is continuously differentiable on I, F'(z) <
0 for all x € (a,b) and 1in}) F'(z) =0. Let zg € (a, b) and ny € (a, b) be given.
xrT—r
Let the function dy : (—o0,00) — (—00, 00) be continuous. If
inf  do(z) >0 (10)

z€(—00,00)

define the real number x. as the unique solution of the equation

[ dalsyds = Pa) — F0). (1)
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Then xg < x. and for n as defined in (8) we have n(z.) =b and
lim 7n'(z) = oo, (12)

TTe

that is at x. the classical solution of (7) breaks down as x approaches x..

Proof. Since 1y < b and F is strictly decreasing we have F(ng) — F(b) > 0. As-
sumption (10) implies that the integral in (11) is strictly increasing to infinity as a
function of z., hence (11) has a unique solution x. > xg. Due to (11) we have

) = FH(F )~ [ " do(s) ds) = 7 (F(B) = b

Zo

Using (10) and —F'(z) = |F'(x)| we get

' . —do(z)
L —do(z)
Am @) = i e
1
> fd :
>t dol@) Jim e =
and (12) follows. D

If dy attains negative values, a different blow up situation occurs: The derivative
of n approaches minus infinity, as it is described in Lemma 3.4.

Lemma 3.4. Assume that I = (a,b], F is continuously differentiable on I, F'(x) <
0 for all x € (a,b) and 1i1r}) F'(x) =0. Let xg € (a, b) and ng € (a, b) be given.
T—r

Let the function dy : (—o0, 00) — (—00, 00) be continuous. If

sup  do(x) <0 (13)
€ (—00,00)
define the real number x. as the unique solution of the equation (11). Then xg > x.
and for n as defined in (8) we have n(x.) =b and
lim n'(z) = —oo0, (14)

T—T,

that is at . the classical solution of (7) breaks down as x approaches x..
The proof is similar to Lemma 3.3.

3.2. Horizontal pipes. In this section we study subsonic (that is with |¢?] < a p®)
stationary solutions of the isothermal Euler equation for the flow through horizontal
pipes, that is with zero slope af(x) = 0, hence we have z¢ = 0. In order to derive
an explicit expression, we use the Lambert—W function. For the convenience of
the reader, we recall the definition of the Lambert—W function. The LAMBERT-W
function that is also known as product logarithm (see [4, 7, 15, 20]) is the inverse
of the map
w — wexp(w) = z.

In our analysis we need the branch W_;(x). This special function is defined as the
inverse function of z exp(z) for x € (—oo,—1). Thus W_;(x) < —1 is defined for
z € (=1, 0). The definition implies W_1(—1/e) = —1 and yields the derivative

%W,l(fn) R U O N (15)

x(1+W_q(x))
Figure 1 shows a plot of W_;(x).
The following lemma gives the stationary solutions for horizontal pipes.
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FIGURE 1. The graph of W_;(z) for z € [-1/e,0).

Lemma 3.5. Assume that z° = 0. Let xg € [0, L] be given. Assume that n°(xq) <

1. Then the unique solution of (5) is given by
1

= (= exp (=(c§ = signla) [, 0°(s) ds)) )
with
= 776(1960) +In (n°(20)) -

For the corresponding density p© that solves the differential equation
_ =304 lg°| p*

(W)e = B — ()2

(18)

pi(x) = a\}% = |f‘ \/—Wl <— exp (— <C§ — sign(q°) /w: 0e(s) d5>>>~

Proof. Since the slope is zero, (5) has the form

(n°)?
1—ne
Define do(z) = 6°sign(¢®) and for 7 € (0, 1] define

1y = 0° sign(q°)

Fy(r) = % + In(7).
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Then Fp is differentiable and for the derivative F{j(1) = Z5* we have Fj(1) < 0,
thus Fy is strictly decreasing. The second derivative is F/(7) = 257 and we have
F}/(t) > 0, thus F} is convex. There exists an inverse function Fj, ' that is strictly
decreasing on the set (1, 00). The definition of Fy and dy implies that the differential
equation (20) has the form of (7). Hence Lemma (3.1) yields the solution in the
form (8) where F; ' appears. The definition of the Lambert-W function implies
that for f € (1, co) we have

1

FOil(f) = —W_l(—eXp(—f)). (21)
This can be seen as follows. For 7 € (0, 1] we have
1 1
~W_i(—exp(=Fo(7))) — —W_i(—exp(~In(7)) exp(—1))
1

Wy ((_%) exp(—%)) -
Now (8) yields (16) with ¢§ defined by (17). By (2) and (16) we have (19). O

Example 1. For A%, = 0.005, D° = 1, ¢¢ = 800, p¢(0) = 40, a = 500 and
Le = 100000 we get the stationary density p¢(x) that is shown in Figure 2.

40

35

30 1

1 5 I I I I
0

FIGURE 2. The graph of the stationary density p¢(z) for = €
[0, L°] with z¢ = 0, A%,;. = 0.005, D¢ = 1, ¢° = 800, p°(0) = 40,
a = 500, L¢ = 10°.

ric
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Remark 1. In the supersonic case the stationary states can be represented in a
similar way using the other branch Wy of the Lambert—W function.

We introduce the notation
2

n(p, q) = 2 (22)

and define the function

lal 1 1 . Le . .
(p, q) = { %\/—W,1 (—m exp (—m +sign(q) [, 0 (s)ds)) if q#0,

p if ¢g=0.
(23)

Then for x = L° we can write (19) in the form

p°(L%) =7°(p(0), ¢).- (24)

Note that if ¢¢ > 0 we have the critical length z. > 0 as defined in (11) with
b =1, since Fj(1) = 0. If 6° is constant we have (as already shown in [12])

Fo(r(0)) 1

(o (0)) = D (25)
In general z&(n¢(zo)) is determined by the equation
zc(n°(20))
sga(e) [ 6(s)ds = Fulo*(wo)) - 1 (26)
Z

with the choice g = 0 if ¢° > 0 and zo = L if ¢° < 0. At 25(n°(xo)) the state
becomes sonic, that is the Mach number approaches b = 1 and there is a blow up in
the derivative p,. Hence at this point the stationary state breaks down as a classical
solution. Note that since at the critical length the velocity of the gas approaches the

sound speed, it is much to high for the operation of a gas transportation network.
If

sign(q®) L < zc(n°(0)) (27)

we have the equation

n°(L¢) = Fy ! (Fo(ne(o)) —sign(qe)/o 0°(s) d8> (28)

and if
—sign(q®) L < zg(n®(L9)) (29)
we have

W) = Ry (Fome(m) roima) [0 ds> . (30)

Equivalently, if (28) or (30) hold we have
Fy(u' (1)) = Fila (0) = sign(a’) [~ 0°(s)as. (1)
Example 2. For a = 500, ¢ = 800 and py = 40, we have n(0) = 1/625. By (25)

this yields the critical length x¢ = %617.5622... With Agpe = 0.005, D = 1, this
yields z¢ = % 617.5622... = 1.2351... % 10°.
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3.2.1. Computation of the sensitivities of the stationary states. In this section we
analyze how changes in the boundary data affect the solution. More precisely, we
want to know how changes of the boundary data at x = 0 affect the values of the
solution at the other end x = L¢. The following lemma gives the partial derivative of
p¢(L¢) with respect to p¢(0) for a fixed value of ¢¢. Moreover, we present the partial
derivative of p®(L¢) with respect to ¢¢ for a fixed value of p°(0) in the subsonic case
with ¢¢ # 0.

Lemma 3.6. Assume that a subsonic classical stationary solution exists on [0, L¢].
For subsonic states with q¢¢ # 0 we have the partial derivatives

O (L) = () 4%) = LN L0
(L) _n°(L) = 1°(0)
qe 7’]6(0)(1 _ ne(Le))

In particular, p¢(L€) is strictly increasing as a function of p¢(0) for a fixed value
of ¢¢. Moreover, p¢(L¢) is strictly decreasing as a function of q°.
If ¢¢ = 0, we have p¢(L°) = p°(0). Thus for ¢° =0, we have

Dpe(0yP* (L) |ge=0 = 9,0°(p°(0), 0) = 1

> 0, (32)

Oy (L) = 0,7°(5°(0), ¢°) = - <0, (33)

and also in this case p°(L°) is strictly increasing as a function of p®(0). We have
Oy P (L) —0 = 0,7 (6 (0), 0) = 0. (34)

Proof. Let x and xg € [0, L¢] be given. By (2) we get

e q°
O (@) = Optay (') )

n°(z)
_ el t e ¢
T a <_2(778(x))3/2> One (w0)1° (@) Dpe (o) (%0). (36)

We have 0,c (z,)1°(70) = —2# and (9) yields

pe(x0)?
By (z) = m (37)
_ (f(@)® n(o) — 1
= UF@o)E @) =1 (38)
(@) o) —1 (39)

With the choice zp = 0 and = L¢ inserting this in (36) yields (32). By (2) we get

e '

Ogep®(x) = Ope | ——— 4

q° P ( ) q (a ne(x)> ( 0)
sign(q°©) %]

/@) Za () e (@) G (o). (4D)
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e

We have 9,n°(x¢) = > and inserting (39) in (41) yields

2q
a? p©(x0)
o)~ P ) (@) ) =1 20
q° 20g°P (po(@)* n°(x) =1 a?p®(x0)?
p(x) 1 (p°(x0))* n°(x0) — 1
¢ g pe) () -1
With the choice 29 = 0 and « = L° this yields (33).
For ¢ = 0 we have p®(L°?) = p°(0). By the definition of the partial derivative
this yields

p°(L?) — p°(0)

0 (Lo = Jlim P
L¢, ¢

o B @)

- qe_)o q(i :

From (18) we get

L® 7loe pe
e e I e 2 7 —
Oqe p°(L)|ge=0 = qlelglo lq |/0 a2(p®)2 — (¢°)2 dz =0
and (34) follows. O

4. Stationary states on networks. In this section we study subsonic stationary
states for networks of horizontal pipes. The node conditions that determine the
flow dynamics are given in [1] for the case that all pipes have the same diameter
De.

Let a finite connected directed graph G = (V, E) be given. Each edge e € E
of the graph corresponds to an interval [0, L¢]. At the vertices v € V, the flow
is governed by the node conditions that require the conservation of mass and the
continuity of the density. Let Ey(v) denote the set of edges that are incident to
v € V and z°(v) € {0,L°} denote the end of the interval [0, L¢] corresponding to
the edge e that is adjacent to v. Define

(e,0) = -1 if z¢(v)=0and ee€ Ey(v),
TEY =Y 1 if a2°(v) =Lfand e € Ey(v).

Then for all e, f € Ey(v) continuity of the density means that we have the
equation
p°(zc(v)) = p! (27 (v)). (42)
Moreover, we have the Kirchhoff condition

Y olev) (D) ¢ (a(v) = 0. (43)

e€Ey(v)

For networks that do not contain circles, subsonic stationary states can be con-
structed as follows. Since the Kirchhoff condition is a linear equation for the flow
rates, the flow rates of a stationary state can be computed independently of the
densities by solving a system of linear equations if the flow rates at all but one at
the boundary nodes are given. With our explicit representation (19) for p¢(L¢) as
a function of p¢(0), the flow rate ¢° in the pipe and the pipe data, it is easy to
compute the corresponding densities of stationary states if the density at one of the
boundary nodes of the tree is given. The reason is that if the density at one pipe
that is adjacent to a junction is known, by (42) this value determines the density at
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FI1GURE 3. A graph with two parallel pipes

all adjacent pipes. To obtain a classical stationary state on the network, the length
of each pipe where the value of € (0, 1) at the end point where inflow occurs is
given must be less than the corresponding critical length that is defined in (26).

4.1. Networks with parallel pipes. First we study the stationary states in a
network with two parallel pipes. For our system with A% ;. > 0 we give sufficient
conditions for the existence of a unique subsonic stationary solution that satisfies
the node conditions. By induction we also get the solution for a network with NV
parallel pipes where N is a natural number.

Let a graph with the structure of Figure 3 be given. We have the set of vertices

V= {a‘07 bOa Co, dO}

Assume that at the first vertex at the left-hand side ag the density pp > 0 is given.
Moreover, assume that at the last vertex at the right-hand side dy the flow rate
go > 0 is also given and that D(®0:bo) = D(co.do)  Agsume that the value of the
squared Mach number 7y = % € (0, 1) is sufficiently small such that for the
flow from ag to dy no blow—up occurs.

Due to the conservation of mass that is (43), at the parallel pipes we have flow
rates of the form g,cq = A qo (D(®0:%0))2 /(D"*?)? for the upper parallel edge in Figure
3 and guue = (1 — ) qo (D(@0:20))2 /(Dbue)2 for the lower parallel edge with a real
number A. Here D(%:%) denotes the diameter of the pipe from ag to by, D"¢? the
diameter of the pipe corresponding to the upper edge and D¢ the diameter of the
pipe corresponding to the lower edge.

At the edge (ao, bo), as in (co, dp), the stationary flow rate is also equal to ¢q.

In order to determine the value of A\ (that fixes the flow rate in the parallel pipes)
we have to take into account the densities at the vertices. The flow rate ¢y at the
edge (ag,bp) and the density py together with the data of the pipe determine the
density p; at the vertex by.

At the vertex ¢, a given value of A determines the densities p,.q(A) at the end
of the upper parallel pipe and ppiye(1 — A) at the end of the lower parallel pipe. For
a stationary state on the network, the value of A must be chosen in such a way that
these two densities are be equal. Define the auxiliary function

d(A) = prea(N) = porue(1 = A).

Then we have d(0) = preqa(0) — priue(1). For zero flow rate, the density is constant
along the pipe, hence p;.q(0) = p1. Moreover, due to (18) for positive flow rates
the density value is strictly decreasing along the pipe. Hence we have d(0) = p; —
Poiue(1) > 0and d(1) = prea(1) — piue(0) = preda(1)—p1 < 0. Moreover, the function
d is continuous and due to the monotonicity property (33) of p presented in Lemma
3.6, it is strictly decreasing. Hence for |A\| > 1, we have d(A) # 0 and Bolzano’s
intermediate value theorem implies that there exists a unique value A, € (0, 1) such
that d(A«) = 0. This value of A, determines uniquely the distribution of the flow
rates in the parallel pipes and the density at the vertex ¢g. Since on the edge (co, do)
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the flow rate gg is known, also the density in dgy is known. Hence the stationary
state on the graph V is uniquely determined by the boundary data py and qq.
Moreover, due to the existence of the partial derivatives with respect to g given
in Lemma 3.6, by the implicit function theorem the value of p, at the vertex cq is
strictly decreasing with respect to gy and is continuously differentiable as a function
of q0-
(D(@0-b0)y4
(Dred)a
(19) the number A, is in fact determined by the equation

Ly
A2 red Wy ( L exp( 1 i) exp( 01(s) ds))
0

Azrred m /\3 Tred M1

(D(@0-b0))4

Remark 2. Define rp.q = and Tpue = DTy For g > 0, due to

= (1A e W (— 1 ! ! ! ) exp( 0L2 B (s) ds))

(1 - )\*)2 Tblue E xp (_ (]- - >\*)2 Tblue a
2
where n = % and fOLl 01(s)ds is the value for the upper parallel edge and

fOL2 02(s) ds is the value for the lower parallel edge.
For the computation of A, it is useful to look at the auxiliary function

a(A, n1, 01, L, 02, L2)

= NreaW —ex f¥+/h€(s)ds 1
- red -t P m A2 Tred 0 ! m )\2 Tred

1 b 1
s (e 1)
( )Tbl 1( eXp( m (17)\)2rblue 0 2(8) 3 m (17)‘)27“““6

since A, is the unique root of (-, m1, 01, L1, 02, La).

Example 3. Let n; = 1/625, 8; = 62 = 0.03. By (25), the corresponding critical
length is xg = 20585.4.... Let Ly = 20000, Ly = 0.5 L;.
Figure 4 shows the graph of o on (0, 1) for these parameters with r.cq = Tprue = 1.

600~

FIGURE 4. The plot of a(-, 11,601, L1, 62, Ly) for 2 € [0.001,0.999]
and (1,01, L1,02,Ls) = (1/625, 0.03, 20000, 0.03, 10000). The
horizontal line is the x-axis.
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Example 4. If foLl 91 (S) ds = 0L2 92(8) dS, we have ()\*>2 Tred = (1 . )\*)2 _— It
Tred = Thiue this yields A, = %

Now we consider the more general case of a graph with N > 2 parallel pipes,
where N is a natural number. Figure 5 shows the graph for the case N = 4.
We show the following result about the corresponding subsonic classical stationary
states.

Theorem 4.1. For a natural number N > 2 let a network with N horizontal parallel
pipes of the type shown in Figure 5 with the corresponding pipe data (lengths and
values of 0¢) be given be given. Let the density po > 0 at ag and the flow rate gg > 0
at dy be given. Assume that pg > 0 is sufficiently large in the sense that for the
squared Mach number we have

%
= <1
@ (p)?
and the length Lo of (ag,by) satisfies Ly < xﬁ"“’bf’)(no), with xga“’b(’)(no) as defined

in (26).
Assume that for each of the N parallel pipes, the corresponding length L; (i €
{1,...,N}) is less than the corresponding critical length as defined in (26) with the
2

squared Mach number n; = az(q#)g, where p1 is the value at the vertex by. Moreover,

assume that also the length of (co, do) is sufficiently short to allow for a classical
subsonic stationary state.

Then on the network there exists a unique classical subsonic stationary state
with constant flow rates along each pipe that satisfies (18) on each pipe and the
node conditions (42), (43) at the junctions by and co.

The common density at the vertex cq is continuously differentiable as a function
of qo and is strictly decreasing with respect to qq.

Proof. For N = 2, we have proved the assertion in the discussion at the beginning
of the section. Now we consider a graph with IV > 3 parallel pipes. Then the flow

(ag:b0)
(D0 0)" where SN =1

rates at the i-th parallel pipe has the form ¢; = A; g0 “—p5—,

Note that we have

N—-1
> Ai=1-An.
i=1

For our proof by induction we assume that for a graph with N —1 parallel pipes, for
any inflow ¢ at by and density pg at by there is a uniquely determined distribution
(A1, .., An—1) to the pipes. This distribution determines the corresponding station-
ary state and depends continuously on ¢. The common density at the vertex cq is
continuously differentiable as a function of ¢ and is strictly decreasing with respect
to q.

This implies that for any choice of Ay, we can determine (\q, ..., Ay—1) such that
they generate a stationary state for the flow rate ¢ = (1 — Ax) go. This determines
uniquely a density g (1 — A\y) at ¢o that corresponds to the value for the N — 1 first
pipes. Similar as in the first step, we can consider the auxiliary function

h(AN) = pn(An) — p(1 = AN).

Then as d(A\) in the step for N = 2, the function h is strictly decreasing and
continuous and we have h(0) = p1 —p(1) > 0 and h(1) = pn(1) —p1 < 0. Now again
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FIGURE 5. A graph with four parallel pipes

Bolzano’s intermediate value Theorem implies that there exists a unique value A, €

(0,1) such that h(As) = 0. Then the unique stationary state is determined by the

D(20:b0))2 D(20:00))2
flow rates gy = An qo (1)72) = A Qo (Diz)
N N

and (A1,...,A\x—_1) are uniquely
determined as the stationary state for N — 1 pipes with the flow rate (1 — A.)go at
bp. The common density at the vertex cg is equal to py(An) = 5(1 — An)-

Thus by induction, we have shown that for any natural number N, for NV parallel
pipes we get a unique subsonic stationary state by suitable boundary data ¢y and
po and that the common density at the vertex ¢q is continuously differentiable as a

function of gy and is strictly decreasing with respect to qg. O

4.2. Networks with a circle with parallel chords. In this section we want to
consider more complicated networks where in particular the direction of flow is not
clear a priori. For this purpose, we consider the graph depicted in Figure 6 that
contains a circle with the chord e4. The sign of the flow rate ¢ is not obvious, it
can be positive, negative or zero depending on the system data.

Assume that at the first vertex at the left-hand side ag the density py > 0 is
known. Moreover, assume that at the last vertex at the right-hand side dy the flow
rate go > 0 is known. We have the set of vertices

V= {CLO, bO; Co, d07 €0, fO}

We want to show that if pg is sufficiently large there exists a classical subsonic
stationary state that satisfies the node conditions at the junctions.
Note that for the graph that is obtained if one of the five edges

(bo, €0), (€0, co), (eo, fo), (bo, fo), (fo,co)

is taken away from the graph in this example, the question of existence of a unique
stationary state has already been solved in the last section.

As indicated in Figure 6, for the seven edges of the graph, we introduce the
notation [ (ao,bo), €y = (bo,ﬁo), €3 = (bo,fo), €4 = (eo,fo), €5 = (60,00), € =
(fo, o), er = (co,dp). Hence we have the set of edges E = {eq, e2, e3, €4, €5, €, €7}

For i € {1,2,3,4,5,6,7}, let g; denote the constant flow rate on the edge e;. Let
Q denote the set of all flow rates (g;); that satisfy the imposed boundary conditions
and for which the Kirchhoff node conditions (43) are satisfied for all v € V. In
this section we assume that all the pipes have the same diameter, hence the factors
(D®)? can be omitted from (43). Hence the set @ is the solution set of the linear
equation

—qo0
q2 0
q3 0
M| q4 = 0 =:b(qo)
qs 0
g6 0
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62/'\65
(a0)—"—(to} i () —">(a)
€3 €6

FIGURE 6. A diamond graph

-1 0 0 0 0 0 0
1 -1 -1 0 0 0 0
with the matrix M = 0 1 0 -1 -1 0 0
0 0 1 1 0 -1 0
0 0 0 0 1 1 -1
Since M has rank 5, the kernel of M has dimension 2. We have the representation
qo0 0 0
q0 1 0
0 -1 0
Q= 0 | +span 11, 1
90 0 -1
0 0 1
o 0 0

Let us first look at the case where gy = 0. Then for g, =0 (k € {1,2,3,4,5,6,7})
the density is constant along the pipes and thus with p¥ = pg for all v € V we
obtain a subsonic stationary state that satisfies the node conditions on the network.
Moreover, it is the unique stationary solution for gy = 0. This can be seen as follows.
Suppose that we have a nonzero flow. Then the structure of @ implies that the flow
is given by nontrivial a linear combination of the two basis vectors of the kernel of
M that appear in the definition of @). In the network, such a linear combination
corresponds to a nonzero circular flow. However, this leads to a contradiction to
(42), since in the direction of flow the density values are strictly decreasing along
the pipes.

The following lemma states that the function p defined in (23) is continuous with
respect to ¢ at ¢ = 0 and states that in the subsonic case the partial derivatives of
p with respect to ¢ and p are continuous at ¢ = 0.

Lemma 4.2. We have
lim p°¢ =p=7° . 44
ql Op (pa Q> p=p (pa O) ( )

The partial derivatives of the map (p, q¢) — p°(p, q) exist in a neighborhood of
(po, 0) and we have



310 M. GUGAT, FALK M. HANTE, M. DICK AND G. LEUGERING

;ig%) 9pp°(po. @) = 1=209,p"(po, 0), (45)
lim aqﬁe(,ooy q) = 0= aqpe (p07 0) (46)
q—0

Proof. We use the notation

K = exp (sign(q) /0 0°(s) ds) .

We have
N gl 1 1
lim 5%(p,q) = lim —4/-W_5 | — exp(— K 47
7 ) =0 a "\ e, a) ( n(p, Q)) ()
1 1 1
= plim ——/-W_,; <— exp(— )/1) (48)
40 ——L \/ n(p: q) n(ps q)
n(p, )
Moreover, we have lim —1— = co. With (15) I'Hospital’s rules yield
q—0 1(p; @)
L W (€ exp(—6) )
§—o0 5

lim —W_1 (=€ exp(=§) w)
¢—oo =€ exp(—&) K [1 4+ W_y (=€ exp(—=§) k)]
= lim el 1

(§—1) exp(=§) &

Now with (48) with the choice & = % we obtain (44). In order to prove (45) we
consider the equations

(}lg(l)p (po, ¢) =po  and (}g%n(p (Pos 4), @) = n(po, q)- (49)

With the notation pe(Le) = ﬁe(pﬂv q), o = 77(00, q)v nL = U(ﬁe(ﬂoa q)v q) from (32)
we get

. e L Po 1—mno
lim. 8,0%(po, ) = lim =1

a—=0 p%(po, q) 1 —ni]
which yields (45). Furthermore, in order to prove (46), from (33) we get for g # 0

—e - 1 e~ sign(q) T - ﬁTL
947" (po, @) = —sign(q)~ — [1 —77L‘| = =
‘We have
Voo 1o, ] <p3—pe(po, q)2>.
no L 7°(po, q) lq|

Now we consider the corresponding limit. We get

2 _ —e 2
i 0P (po, q)
q—0 lq]



STATIONARY STATES IN GAS NETWORKS 311

.1 lq? ( 1 1
= lim — |pp4+ %W | ———exp(———) K
40 [q]| [ O a2 U (oo, 9) ( n(pos q))
1 1 1
= lim ———— | p§ + nlpo, q) pg W-1 (— exp(——— n)]
7=0 a po \/n(po, q) { o 1(po- @) o n(po, q) ( n(po, q))

— lim - NG [1 +iw, (=€ exp(—=¢) H)}

£—00 a po 3
iy PO [5+ W_1 (=€ exp(=¢) F»)}
= lim —
£—oo a \/g
14+ 125
— lim 2 1’5] —0.
E—oo a ﬁ%
From (50) this yields the first equality in (46). The other equation in (46) has
already been stated in Lemma 3.6. Thus we have proved Lemma 4.2. O

In the next lemma we give the flow rate ¢° for a subsonic stationary flow through
the pipe corresponding to the edge e if at both end points of the pipe suitable
values for the densities are prescribed, that is values that are sufficiently close to
each other.

Lemma 4.3. Let e = (v,w) € E, p¥ > 0, p* > 0, L¢ > 0 and 0° > 0 be given.
Assume that if p¥ # p* the distance |p¥ — p¥| is sufficiently small in the sense that
we have

min{(p")*, (p*)*} ﬁ—sinv_w Lgess
(p*)2 — (p¥)? [21n<pv) gn(p P)/(; 9()d]>1_ (50)

The solution q° of the equation

P =0(p",q°) (51)

w

is giwen by the equation ¢ = 0 if p¥ = p».
stationary flow with

If p¥ # p%, a we get a subsonic

sign(¢®) = sign(p” —p“), (52)
(p)? — (p”)2
| = a — (53)
21n (’:7) — sign(q fo (s

lq

Proof. If p* = p*, ¢° = 0 solves equation (51).
So let us assume in the sequel that p? # p*. With the definition (23) of the
function p°, for n as defined in (22), (51) implies the equation

n(p", ¢°) ( 1 1 ) N / ‘

———~ =exp — exp( sign(q 0°(s) ds). 54

n(p*, ¢°) n(p®, q°)  nlp?, ¢°) (slgn(e") 0 (e)ds). (54
This yields

(p")? ( 2 (P)° = (p”)2> : / )
=exp|a exp( sign(q® 0°(s)ds). 55
(,0”)2 (qg)z ( ( ) o ( ) ) ( )
This is in turn equivalent to equation (53).

If p¥ > p», since p° is decreasing with respect to ¢¢ we have ¢¢ > 0. On the other
hand, if p¥ < p this yields ¢¢ < 0, and (52) follows.
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Inequality (50) implies that we have % =< min{gg:))j’ (")} > 1 that is the flow

is subsonic. Thus we have shown Lemma 4.3. O
Lemma 4.3 motivates the definition of the function
N v w (p?)2—=(p%)? if ) w
ae(pv7 pu)) _ blgn(p P ) CL\/Q ln(%)Jrsign(pv,pw) foLe 06(5) ds 1 P 7é P
0 if p'U — pw
(56)

that is g°(p?, p*) is defined as the solution of (51). Note that g° is strictly increasing
with respect to p¥ and strictly decreasing with respect to p*.

The following lemma presents a representation of the function g°® that is more
suitable for the construction of the stationary states on the network.

Corollary 1. For p¥ > 0, with

=2 >0
p
we can write g° in the form q°(p*, p*) = Q°(¢, p*) with
w _ 21 .
Qo py = { P Sen(C - Da \/2 Qe JFema LS L 5
0 if (=1

Then Q€ is continuous and strictly increasing with respect to ¢ and with respect to
p¥. For ( # 1, Q° is continuously differentiable.

In order get unique subsonic stationary states on the graph depicted in Figure 6

for gg > 0 and py > 0 with

q0

—<a

Po
we introduce some auxiliary functions. For our arguments the monotonicity prop-
erties of these auxiliary function are essential.

From the given boundary data, the density at the vertex by is determined to be

P’ =D (po, q0) (58)

and the flow rate is ¢; = qo. For a real number g5 € [0, ¢1] define the functions

p(@2) = 70" q2)
pf(qQ) = ﬁeg (pb,ql - q2)a
(@) = T (@), p'(2))-

By Lemma 3.6 and Lemma 4.2, p€ is strictly decreasing and p/ is strictly increasing.
With Corollary 1 this implies that g4 is strictly decreasing. Now we define the
auxiliary function

Bgz2) =P (p°(¢2), 42 — qa(q2)) — 7°° (0" (2), 1 — @2 + qa(q2))- (59)

Remark 3. The function value of 3 is a measure for the violation of the node
condition (42) at ¢o with the flow that is generated with g2 = ¢* as defined in (60)
below. The equation 8(¢*) = 0 holds if and only if (42) holds at ¢o. In this case,
q2 = q* generates a classical subsonic stationary state on the whole network.

We have p°(0) = p*, p/(0) = 2% (p*,q1) < p", 4a(0) =7 (p", p’(0)) > 0. Hence
we have

B(0) = p(p", —q4(0), Ls, 05) — p(p” (¢2), @1 + qa(0), Lg, 06) > p” — p’ = 0.
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On the other hand we have p¢(q1) < p°, p/(q1) = p°, ¢4(q1) < 0. Hence we have

Ba1) =5 (p°(q1), @1 — q4(q2)) — P°° (0", qu(qa)) < p® — p® = 0.

The monotonicity properties stated above imply that 3 is strictly decreasing. More-
over, 3 is continuous on the interval [0, ¢1]. Thus Bolzano’s intermediate value the-
orem implies that there exists a unique value g. € (0, ¢1) such that B(g.) = 0. If
we extend the domain of 3, the extended function (that is well-defined as long as
a subsonic state exists) is still decreasing, hence for subsonic flows with ¢ > ¢; we
get B(q) < B(g1) < 0 and for ¢ < 0 we get 5(¢q) > 5(0) > 0. Hence no feasible flow
exists outside of (0, g1).
Using g., we get a stationary state as follows: We define the feasible flow

q1 q0

q2 q«

q3 qo — g«

g | = q4(q«) €qQ (60)
s ¢x — qa(q«)

de qo — q= + qa(qx)

qr q0

that satisfies (43) at the junctions by, cg, eg and fy. We define the densities

a

p Po

p p

pf | _ | P (p°(as), 4 — qa(gs))
p? P°7 (0%, q0)

p° P°(qx)

p! p!(q.)

with p® as defined in (58). Then the densities satisfy (42) at the junctions by, co,
eo and fo, since B(g.) = 0 implies

p° =70 (p’ (0:), 90 — ¢« + qa(qs)).

Thus we have shown that also for the diamond graph in Figure 6 a unique
subsonic stationary state exist for suitable given boundary values pg and gqg. This
result is summarized in the following Theorem:

Theorem 4.4. Let a network with 7 horizontal pipes of the structure shown in
Figure 6 with the corresponding pipe data (lengths and values of 6°) be given be
giwen. Let the density po > 0 at ag and the flow rate go > 0 at dy be given. Assume
that po is sufficiently large in the sense that for the squared Mach number ng we
have )
do
2 (p)?
and the length L' satisfies L' < z.(no), with x. as defined in (26). Let p® as in
(58) denote the density at by. Assume that for the remaining pipes, for all the paths
that connect by and dy, classical subsonic stationary states exist for the density p°
at by and the flow rate qq.
Then on the network there exists a unique classical subsonic stationary state
with constant flow rates along each pipe that satisfies (18) on each pipe and the
node conditions (42) and (43) at the junctions by, co, eg and fo.

<1
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€3 €11

€6 €9
(——

FIGURE 7. A graph with a circle with 2 parallel chords

Remark 4. For the computation of the stationary state, we can consider the prob-
lem to find a root of the function S defined in (59). By the definition of 3, this
requires the computation of the functions p and g as defined in (23), (56).

Example 5. If [ 02 (s)ds = [ 0=s(s)ds and [} 0°(s) ds = [ 6% (s) ds
we have p®? = p* and p® = p° and thus ¢, = %qo and ¢4 = 0.

Similar as in Section 4.1, by induction we can generalize this result to the case
of a graph that contains a circle with IV parallel chords. For the case of N = 2
parallel chords, we can depict the graph as in Figure 7.

The graph consists of the V-shaped part Gy = (Vy, Ey ) with the vertices Vy, =
{ao, bo, eo, fo} and the edges {ei, ea, e3}, a finite number of graphs that contain
the chords and the junction part that is for the case N = 2 from Figure 7 given
by Gy = (VJ,EJ) with V; = {io, Jo, Co, do}, E; = {610, €11, 612} that are glued
together.

Again we assume that the density pg > 0 and the flow rate go > 0 at the
input node are given. In order to avoid technicalities, in the derivation of the
classical subsonic stationary states, we assume that pg is sufficiently large such that
throughout the construction, only subsonic flows occur in the network (that is, the

values of fOLe 0¢(s) ds for the pipes are sufficiently small).

For the construction of the stationary state, we start again as in the case of the
graph from Figure 6 (that is with N = 1 chord). At the bifurcation at by the gas
flow is determined by the parameter ¢, that describes how the flow is distributed.
As in the derivation of Lemma 4.4, we consider the graph G; = (Vi, E}) with
Vi = {ao, bo, €0, fo, g0, ho}, E1 = {e1, e, €3, e4, €5, €6}. In this graph each value
of g2 € [0, ¢1] for the distribution of the flow at by generates a state with the given
inflow g9 and the given density py at ag where in general the generated density
values at the vertices gy and hg will not be equal.

The induction argument works as follows: Suppose that for the graph that con-
sists of the first bifurcation Gy and is extended such that it contains the edges of
the IV parallel chords, the data at the output nodes are known as a function of the
parameter g € [0, ¢1] that determines the distribution of the flow at by. We call
the upper output node (for N = 1 this is gg) e}y and the lower output node (for
N =1 this is hg) €}y. We make the following induction assumption that holds for
N =1 by the derivation of Lemma 4.4:
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'

FIGURE 8. The notation for the vertices at the right-hand side of
the graph with (IV 4 1) parallel chords.

The functions pelN (q2), p°N(q2) are known and continuous and pei\f is strictly
decreasing, p°N is strictly increasing. Moreover, we assume that the corresponding
flow rates qeé\f (q2), ¢°~ (q2) are known and continuous and qeé\f 1s strictly increasing,
q°N is strictly decreasing. Moreover we assume the inequalities

“~(0) < 0 (61)
¢N0) > @ (62)
pN(0) > p(0) (63)
¢“N@) > @ (64)
(@) < 0 (65)
PN (@) < PN (@) (66)

The interpretation of (61) in terms of the flow for N = 1 is that if go = 0, that is
the complete flow is lead through es, then there is a suction effect at gg since the
flow through ey is strictly positive. Hence at hg, not only g1 but also the flow that
enters at go and passes through ey arrives, which implies (62). So in this situation
we have a flow from gg to hg. Since the gas flows from points with higher density
values to points with lower density values, this implies (63). The assumptions (64),
(65), (66) can be interpreted analogously.

In the induction step to obtain the graph with N + 1 parallel chords the next
parallel chord is glued to the output nodes of the given graph with N parallel chords.

For example, for the step from N = 1 to 2 we go from the graph G; to
the graph G2 = (VQ, Eg) where with Vé = {ao, bo, €0, fo, 90, ho, io, jo}, E2 =
{e1, ea, €3, €4, €5, €, €7, €5, €9}. Using the functions p and g, we can give an ex-
plicit representation of the flow through the resulting graph.

Figure 8 shows the notation for the vertices at the right-hand side of the graph
with (IV + 1) parallel chords. We have

! [ ! ! .o ! r
PN (g2) = PN N+ (0 (g2), 4N (g2) — TN N (0N (g2), P (g2))-
Note that pelNH (g2) is strictly decreasing. Analogously we have
3 s r I3 r 1 3 1 3
pNTL(g2) = PN N+ (0N (q2), 4N (g2) + TN N (p°N (qa), p™V (2)))
and p°N+1 (g2) is strictly increasing. Now we define the function

1 g
BNt (gg) = p™N+i(ga) — pN+1(ga).
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Then BN*! is strictly decreasing.
Due to (63), (61) and (62) we have

¢°¥+1(0) <0 and ¢°¥+1(0) > g1 (67)
Moreover we get
PN (0) > poi (0). (68)
This implies
gN*L(0) > 0.

Moreover, we have shown that for N + 1 our induction assumptions (63), (61) and
(62) hold. Due to (66), (64) and (65) we have

¢ () > qu and ¢V (gy) < 0. (69)

Hence we get

P (@) < p (): (70)
This implies
Y ) <.
Moreover, we have shown that for N + 1 our induction assumptions (66), (64) and
(65) hold.

By induction, this implies that for all N the function SV has a unique root ¢* in
the interval [0, ¢1]. Moreover, since § is decreasing, there cannot exist a root that
corresponds to a subsonic state outside the interval [0, ¢1].

If the vertices ey, and e}y, are now identified to the edge ¢y (that is in the
case N = 2, ip and jy are identified with cg, that is the edges e;g and e;; vanish
as edges of length zero), this value of ¢* determines the unique subsonic stationary
flow through the graph with a circle and N chords that do not intersect.

5. Stationary states for sloped pipes. In this section we consider the case of
pipes with nonzero slopes z¢ # 0. This case is of particular importance for pipelines
that transport gas over mountains. In this section we assume that 6° and z¢ are
constant.

First we consider the case ¢° = 0. Then for p°¢ the stationary states are deter-
mined by the ordinary differential equation

This yields the density

(&

o) = p°(0) exp(~ L5 ). (71)
In the sequel we assume that ¢ # 0. We define the number
e 2g2°
0= G2ge sign(q®)’
Define the interval
7. — { (0, 1), if c§>0;
‘o (—c§, 1), if c§e(—1,0).

For 7 € I define the auxiliary function

Fig(r) = = (1+¢5) I(lc + 7)) = In(r).
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Then ch is differentiable and for the derivative
T—1

F/e - ———<

R

we have F, 0/8 (1) <0, thus F is strictly decreasing on I.e. The second derivative is

—r24 27+ co
For cfj > —1 and 7 € Iz we have F{c(7) > 0, thus Feg is convex.
With the function F¢, we can write the differential equation (4) in the form of

the differential equation (7) with dy = 6°sign(q®). Due to Lemma 3.1 for n°(0) € I,
we can represent the solution in the form

17 _
FCS (T) -

() = Fre' (Feg (o) — 6 sign(q®) ) . (72)
If ¢f is a rational number, c§ = 7' with integers n and m, with the notation

[ = Fee(7) the number 7 = FC_Sl(f) is a solution of the equation

n+m

=0.

exp(m f) 7" — ‘ﬂ +7
n
Example 6. For cf = f% this yields

1 1
F1 =-ef (1— 1—2€_f>:—.
g (=5 % BRYip

Observe that chl(f) is defined for f € (In(2), 00) and is decreasing from 1 to 3.

Since F(c(1) = 0, For ¢* > 0, Lemma 3.3 implies that there is a critical length
. > 0 where the state becomes sonic and there is a blow up in the derivative p,.
Hence at this point the stationary state breaks down as a classical solution. For
q°¢ < 0, this follows from Lemma 3.4.

Analogously to Lemma 3.6, we can derive the sensitivities of the stationary states
with respect to ¢¢ and p°(0).

Lemma 5.1. Assume that a subsonic classical stationary solution exists on [0, L¢].
For subsonic states with ¢° # 0 and 7°(0) € I.e we have the partial derivatives

F'.(n¢(0
e _ P () Fyr(o)
Guep L) = g (“m(Le) F;g<ne<Le>>><0' ™

In particular, p¢(L¢) is strictly increasing as a function of p¢(0) for a fixed value
of ¢¢. Moreover, p¢(L®) is strictly decreasing as a function of ¢°.
If ¢° = 0, we have p°(L¢) = p°(0) exp(—L5- L°). Thus for ¢° = 0, we have
e(re 92 ;e
0 (L= = exp(~ L5 1)

and also in this case p°(L°) is strictly increasing as a function of p(0).

Proof. Let x and z( € [0, L¢] be given. By (2) again we get

¢ g (1 1 e e
Ope(@o)p(z) = — T2 @) e 2y (%) Dpe (o) (20).  (75)
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We have 0,c (2,0 (70) = —2 - 5 and (9) yields

aZ pe(z0)®
. Fre(n®(w0))
a776(900)77 (@) = F'. (ne(x)) (76)

With the choice zg = 0 and « = L° inserting (76) in (75) yields (73).
By (2) again we get

e _ sign(g®) |4° e e
aqep (SE) - a\/m - 2(1(776(17))3/2 87]6(2?0)77 (.’E) aqn (1’0) (77)

We have 0,1°(z0) = % and inserting (76) in (77) yields (74) with the choice
1o = 0 and = L°. The fact that the auxiliary function He(7) = 7'FC'8 (1) < 0is
strictly increasing implies that the partial derivative in (74) is negative. O

5.1. The case 1°(0) < —c§. As already stated, for n°(0) = —c§, the differential
equation (5) has the constant solution (6) and for 7¢(0) = 0 it has the constant
solution zero. Now we consider the case where ¢§ < 0 and 7°(0) € (0,1) satisfies
n°(0) < —c§. In this case the corresponding trajectories are caught between the
two constant solutions. Define the interval

Io = (0, 1)1 (0, —cf).

For 7 € I we have F{.(1) > 0. Therefore in contrast to the case that we have
considered in the previous section for 7¢(0) € Iy we define dy = —6° sign(¢°) and for
7 € Ip we set F'_ (1) = —Fee(7). Then we have F” (1) < 0, and with the function
F_, for n°(0) € Iy we can write the differential equation (5) in the form of the
differential equation (7) and the assumptions of Lemma 3.1 hold. Thus we can
represent the solution in the form (72)
Note that (5) implies that in this case 7¢ is strictly decreasing for ¢° > 0.
m

If c§ is a rational number, c§ = > with integers n and m, with the notation

f = F_(7) the number 7 = F~'(f) € I, is a solution of the equation

exp(—m f) 7"7‘%+T = 0.

Example 7. For ¢§ = —3 this yields

1
FYf) = ———.
() 1+ v1+ 2ef
Observe that for negative values of f, F;gl( f) is close to % and decreases rapidly
around zero to values close to 0 that are attained on the positive half-axis. In
particular, F~! is neither convex nor concave. Note that in this example where
c§ € (—1,0), the solution of (5) for n°(0) € Iy exists on the whole real line.

The representations of the partial derivatives that we have given in (73) and (74)
from Lemma 5.1 hold also for the case that we consider in this section since

Fie(°(0)  F(°(0))

FL (L))~ FL(n°(L%))’

In particular, p®(L°) is strictly increasing as a function of p°(0) for a fixed value of
q°, since also in this case we have d,c()p°(L°) > 0. In order to analyse the sign of
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the partial derivative with respect to ¢°, also in this case we consider the auxiliary
function Hee(7) =7 F, C/S (1) > 0. For the derivative of H. we have

1+ c§
(r
for ¢§ > —1, thus H.e is strictly increasing. Therefore as in (74) for ¢§ > —1 we get
0qep°(L°) < 0, hence p°(L°) is strictly decreasing as a function of ¢°.

We summarize our results in stating that for all e € E, both for the case of
horizontal pipes where z¢ = 0 that we have discussed in Section 3.2 and in the case
of sloped pipes for ¢f > —1 where 2¢ # 0 that is discussed in Section 5, the value
p°(L°) is strictly decreasing as a function of ¢° for a fixed value of p©(0). Moreover,
for a fixed value of ¢¢ the value p¢(L¢) is strictly increasing as a function of p¢(0).

H. (1) = >0 (78)

6. Outlook. In this paper we have shown how subsonic classical stationary states
for the isothermal Euler equations can be constructed for certain networks that can
contain an arbitrary number of circles. We have also shown that the stationary
states are uniquely determined by the prescribed boundary values.

The construction of the states has shown that in many case, for example for
horizontal pipes, if the input pressure is too low, the stationary state breaks down
as a classical solution at some point in the pipes (the critical length) where the Mach
number converges to one, that is the state is sonic. For the purpose of gas transport,
such a state is not suitable. Sound speed is much to fast for the transportation
of gas because pipe vibrations can occur that can damage the system and cause
noise pollution. From the mathematical point of view, the stationary solution can
be continued over the critical length by considering a weaker notion of solutions,
where a singularity in the derivative is allowed. For a discussion of such solutions
see [6].

Our construction of classical stationary solutions on networks of horizontal pipes
with circles has also clarified that due to the continuity of the density, reversed flow
in parallel pipes cannot occur. In fact nonzero circular flows do not satisfy the node
conditions. If we follow a nonzero circular flow, then along the circle, the density
values are strictly decreasing, thus there cannot be a continuity of the density in
the circle.

In the future, we want to generalize the construction of stationary states to
obtain a method that works for networks that have a structure that is given by an
arbitrary graph. Moreover, the questions of exact controllability between stationary
states and stabilization are of interest. The control action in the system is driven
by compressors that are located in the interior of the network, see [13, 14].

The stabilization of the flow in fan—shaped graph has already been investigated
n [11]. For more general graphs, as in [11], the existence of classical solutions in a
Cl-neighborhood of the stationary states can be shown using Theorem 2.1 in [16].
In order to show the exponential decay of the system with linear Riemann feedback,
a network Lyapunov function of the type that is defined in [11] can be used. This
Lyapunov function is an extension of the Lyapunov function introduced in [8] by
Coron, d’Andrea-Novel and Bastin.
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