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ABSTRACT. We study the approximation of Wasserstein gradient structures by
their finite-dimensional analog. We show that simple finite-volume discretiza-
tions of the linear Fokker-Planck equation exhibit the recently established en-
tropic gradient-flow structure for reversible Markov chains. Then we reprove
the convergence of the discrete scheme in the limit of vanishing mesh size using
only the involved gradient-flow structures. In particular, we make no use of
the linearity of the equations nor of the fact that the Fokker-Planck equation
is of second order.

1. Introduction. In this work we consider gradient structures for reversible con-
tinuous-time Markov chains on finite sets arising from finite-volume discretizations
of drift-diffusion equations. We treat the simplest drift-diffusion problem, namely
the linear Fokker-Planck equation with a drift coming from a given, sufficiently
smooth potential ®:

U=U'+Ud)  in]0,T[xQ, (1)
under suitable initial conditions and no-flux boundary conditions on an interval
2 C R. Since the seminal work of Otto [32, 19, 33] it is known that the Fokker-
Planck equation can be interpreted as a (metric) gradient flow in the space of
probability measures X equipped with the Wasserstein distance dw and with the
relative entropy € : X — R as driving functional. Recently, in [26] it was shown that
general reaction-diffusion systems with reactions of mass-action type, satisfying the
detailed-balance condition, can also be written as gradient systems with respect to
the relative entropy. The dissipation mechanism is given in terms of a so-called
Onsager operator, i.e., the evolution of the system can be written in the form

=—-Ku)DE(u) = -V &) < Gu)yi=-DE(u), (2)

where the Onsager operator K(u) is a symmetric, positive semidefinite and, in
general, state-dependent operator which maps thermodynamic forces to rates (see
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also [31]). Moreover, G(u) denotes the metric tensor corresponding to (u) and Vg
denotes the metric gradient.

The reversible Markov chains discussed in this paper are special cases of reversible
reactions, namely exchange reactions with a rate matrix A € R"*™ that lead to the
linear ODE system @ = Au in the state space

X, = {U € ]R”|ul >0, Z?:l U; = 1}

Here, reversibility means that there exists a unique positive steady state w € X,
such that

Aijwj = Ajlw’b for all 1, j € {17 . 7n}.
(we include the irreducibility — the uniqueness of w — into the definition of reversibil-
ity). Thus, reversible Markov chains are a special case of more general reaction-

diffusion systems with the gradient structure in the sense of (2) given in terms of
the relative entropy E,, and the Onsager matrix K, (u):

En(u) = Y wilog(usfwy) and  Ko(u) = 3 Ayus A%, %) (e;—e))@(ei—¢;).
i=1 i<j
where A(a,b) = (a—b)/log(a/b) denotes the logarithmic mean. By duality theory
and chain rule, the finite-dimensional metric gradient flow in X, can be equivalently
formulated as entropy/entropy-dissipation balance

T
E,(u(T)) + /0 [Rn(u, w) + Ry, (u, —DEn(u))] dt = B, (u(0)), (3)

where R, (u,-) and R} (u,-) are Legendre duals. We note that this entropic gradient
structure for reversible Markov chains was found independently in [27, 23, 8]. We
will review some of their results in Section 2.

In our case, (3) arises from a two-point flux finite-volume discretization scheme
for the Fokker-Planck equation with the transmission rate coeflicients containing
the drift and the geometric information of the mesh. We (re)prove the convergence
of the scheme by establishing a I'-convergence-type result for the discrete entropy
and dissipation functionals, hereby relying only on the structure in (3) (see e.g. [11,
Theorem 4.2] for a convergence result based on classical PDE methods). In the
limit of vanishing mesh size we obtain the integrated Wasserstein formulation of
the Fokker-Planck equation, namely

T ! 112
E(U(T)) + 1/ / e+ W+ U 4t < £0(0)) )
2 Jo Ja U
(we refer to Subsection 2.4 for a precise definition). Thus, we show that the Markov
gradient structure gives a discrete counterpart to the continuous Wasserstein for-
mulation. A crucial point here is that we do not exploit classical a priori estimates
or compactness properties in Sobolev spaces.

We highlight that a related result was recently established in [17]. It is based on
the results in [23] which characterize the Riemannian distances d,, on the manifolds
X,, induced by the metric tensors G, (u) = K, (u)~!, where by definition and the
positivity of v € X,,, K(u) is invertible with respect to the subspace of R™ of
rates preserving mass. It is shown in [17] that the metric spaces (X,,,d,,) converge
in the sense of Gromov-Hausdorff to the (continuous) Wasserstein space (X, dwy).
Combined with the abstract convergence result in [16] for metric gradient flows with
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geodesically convex and I'-converging driving functionals the limit passage for the
discretized pure diffusion equation on the d-dimensional torus is shown.

In contrast, our result does not use the geodesic convexity of the relative en-
tropies, a property that is hard to show and seems to hold in our setting only for
(almost) equidistant discretizations (see [27, 9]). This makes our approach interest-
ing for the extension to driving functionals which are even in the equidistant case
not geodesically convex, see e.g. [10] for an important example. Moreover, we allow
for a drift given by the gradient of the potential ®, opposed to the diffusion-only
case in [17].

In [25] another interesting numerical scheme for a nonlinear drift-diffusion equa-
tion on an interval is considered using the Lagrangian formulation of the problem.
The discretization is based on the time-incremental formulation of the equation’s
gradient flow structure with respect to the (continuous) Wasserstein distance. In
particular, no gradient structure of the discrete problems is exploited.

The limit passage in terms of gradient structures we present here is interesting for
a number of reasons. The first is that the Wasserstein gradient structure provides
a natural and physically meaningful formulation of the problem (see e.g. [1] for the
connection to large deviation principles for particle systems). It would be interesting
to investigate if this meaning is reflected in the discretized structure.

The second reason is that Wasserstein gradient structures for diffusion problems
and the related structures for reaction-diffusion systems introduced in [26] can be
found in a wide range of problems. Therefore, any method that uses only the
structural properties of the systems has the potential for a wide application and
helps to devise more efficient numerical schemes for reaction-diffusion problems.

Finally, it is in general of great interest to use variational tools such as I'-
convergence to pass to the limit in nonlinear time evolving systems that are driven
by functionals, see e.g. [34, 29, 30, 22, 20].

The outline of the paper is as follows. In Section 2 we briefly discuss the general
setting of gradient systems upon which our result is based. We explain the well-
known Wasserstein formulation of the Fokker-Planck equation in (4) and present
the framework and the notation for gradient systems introduced in [26] for reversible
Markov chains using Onsager operators.

The Markov chains we consider here arise from finite-volume schemes of the
Fokker-Planck equation. We discuss their derivation in Section 3. In particular,
the Markov chains satisfy the reversibility condition by construction and we can
rewrite the finite-volume scheme as a gradient-flow equation with respect to the
relative entropy. The discrete steady state is given by the discretization of its
continuous counterpart. Moreover, we comment on the possibility of using different
upwinding schemes such as the renowned Scharfetter-Gummel scheme. Finally, the
main result is given in Theorem 3.1.

The limit passage is shown in Section 4. The crucial point is to establish lower
liminf estimates for the discrete entropies and dissipation functionals in terms of
the Wasserstein gradient structure. The first step consists of constructing suitable
interpolants for the discrete quantities, where suitable means that the convergence
of the interpolants is compatible with the variational convergence of the entropy and
dissipation functionals. The lower estimate for the relative entropies follows easily
from their lower semicontinuity properties with respect to weak™ convergence in the
space of probability measures. In order to prove the corresponding lower bound for
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the discrete dissipation functionals we exploit a useful lower semicontinuity result
for the Wasserstein distance, which is an adaption of [2, Theorem 5.4.4].

2. Abstract gradient flows. We first briefly discuss gradient flows on a smooth
n-dimensional Riemannian manifold X in order to fix some notation and give heuris-
tics for the well-known Wasserstein gradient structure of the Fokker-Planck equation
and for the recent entropic gradient flow approach to its discretization. For a similar
presentation we refer to [3].

2.1. Riemannian point of view. On a smooth n-dimensional manifold X we
consider a differentiable energy functional F : X — R and a Riemannian metric
g, i.e., a family of state-dependent inner products g, (v1,v2) = (G(u)v1,v2) on the
tangent spaces T, X ~ R™ at u via a Riemannian tensor G(u). Here, (-,-) denotes
the Euclidean inner product in R™ which gives the dual pairing on T, X x T X.
The gradient flow of E' in X is then given by the equation

u(t) = =VgE(u(t)) € TypnX. (5)

Here and in the following we use overdots to denote time differentiation. The
gradient Vg E(u) is characterized as the unique element of T, X such that

(DE(u),v) = gu(v, Ve E(u)) for all v e T, X.
It is given by G(u)"'DE(u) with DE(u) € T} X being the (Fréchet) differential of
E. We can use the equivalence

= VG B() & gulis ~VaB(w)) > 39.(1) + 59.(VaBw), VoB(w)

for the inner products to show that by the chain rule %E(u) = (DE(u),u) the
formulation

T
BT) +3 [ [aulini) + 0.(VaB(w). Vo)) dt < Bu(@),  (6)

is equivalent to (5) for smooth solutions w : [0,T] — X.

2.2. Onsager point of view. When considering Markov chains on finite domains,
we will take on an “inverse” perspective. Given an equation in the form

i = —K(u)DE(u), (7)

where K (u) is a linear, symmetric, and positive definite operator for all u € X,
we call K(u) an Onsager operator and (X, E, K) an Onsager system in relation
to Omnsager’s famous principle [31]. To this system we associate the dissipation
potential

1
R(u;v) = §<K(u)_1v,v> forve T,X.
and the dual dissipation potential given by Legendre transform,
" 1
R*(u;€) = sup { (€, v) — R(w;v) [v € T, X} = (& K (w)E).
Then, as before, an equivalent formulation of the gradient flow equation (7) is
Eu(T)) + J(w0,T) < E(u(0)),

where the dissipation functional

T
J(u:0,T) = /0 [R(u, i) + R*(u, ~DE(u))] dt (8)
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gives the total dissipation along a curve. If K(u)~! =: G(u) defines a Riemannian
metric on X, this is equivalent to (6).

The advantage of the Onsager formulation is that in the case of the Wasserstein
and Markov chain gradient flows the operator K is explicitly given. Moreover,
the Onsager structure allows in general for easy and thermodynamically consistent
modeling e.g. of reaction-diffusion systems (see [28]).

2.3. Abstract metric setting. The above approaches in terms of the functional
J can be generalized to an infinite-dimensional and non-smooth setting, given a
topological space X and a suitable metric d : X x X — [0,00[. The square norm
of the gradient in (6) can be generalized by the square of the so-called metric slope
|0E)q of £ : X — ]—00, 0], given by
E(u) — E(a))
0€|q(u) := lim sup —
Moreover, the square norm of the velocity vector of a curve u can be generalized to
the square of the metric velocity |4|q of u via
. . d(u(t),u(t+ h))
t) := lim ————== 10
ia(r) = Jim S (10)
which exists for a.e. t € ]0,T[ if u € AC(0,T;(X,d)) is an absolutely continuous
curve in X with respect to the distance d, see [2, Theorem 1.1.2].
The dissipation functional J given in (8) is generalized to

- (9)

T
JwaTyZ%/ [Jif3 + 10€]a(w)?] dt. (11)

0
We use the following definition of a metric gradient flow and refer to [2] for an
extensive survey on this topic.

Definition 2.1. Let (X,d) be a metric space, £ : X — |—00,00] and J as in
(11). Then a curve u € AC(0,T; (X, d)) is called a solution of the gradient system
(X,€,d) if £(u(0)) < oo and

Ew(T)) + T (u;0,T) < E(u(0)). (12)
In particular, the gradient flow satisfies the identity, if the additional property
E(u(s1)) + T (1 s0,51) = E(u(s0)) (13)

holds for all w € C([sg,s1]; X). This is guaranteed if the metric slope |0€|q is a
strong upper gradient for € in (X,d), cf. [2, Definition 1.2.1].

In the subsequent section, we briefly recall the Wasserstein formulation of the
Fokker-Planck equation in the space of probability measures with respect to the
relative entropy functional. Then we consider suitable finite-volume discretizations
of this equation which carry an analog gradient structure in the space of probability
measures on the finite domain.

2.4. Wasserstein formulation of the Fokker-Planck equation. In a bounded
domain Q C R? we consider the Fokker-Planck equation

U=div(VU+UV®)  inQ, (14)
subject to the non-flux boundary condition (VU+UV®)-v = 0. Here, for simplicity,
the drift potential ® is assumed to satisfy

d € CHOQ;R) N CL(Q), (15)
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such that the system has the steady state W (z) = cge~®®), bounded from above
and strictly positive. Here, c¢g := 1/ fQ e~ ®@) dz is the normalization constant.
In order to introduce the gradient structure of [19, 33], we define the space of
probability measures on Q

X = {p € Mxo(Q) | () =1},

where M () denotes the set of nonnegative Borel measures on 2. The relative
entropy functional on X with respect to the equilibrium density W is defined as

E(p) = {fg U(z)log(U(x)/W(z))dx if p=Udz,

400 otherwise.

In the following, we will simply write £(u) = £(U) if p is absolutely continuous with
density U and do not distinguish between measures and densities in this case. The
space X is endowed with the weak™ topology of measures and is (pseudo-)metrized
by the 2-Wasserstein distance dw. It is well-known that dw admits two interesting
characterizations. The first is based on the theory of optimal transport, while the
second is given in the form of a dynamical characterization and is well adapted to
the gradient-flow setting. We briefly recall this characterization, which gives rise to
a Riemannian structure in X, see [4, 19].

Definition 2.2. Let p : s, s1[ = & be a family of measures and V' : ]sg, s1[ x Q —
R? a measurable velocity field such that

s1
/ / |V (s,2)|pu(s,dx)ds < +o0.
S0 Q

We say that (u,V) € CE (CE for Continuity Equation), if x4 and V satisfy the
continuity equation in the sense of distributions, i.e.

/31 /Rd(\if(s,x) +V(s,z)  VU(s,z))u(t,dz)dt =0,

for all ¥ € C°(]sg, s1[xR?), where p and V are trivially extended by 0 outside of
Q.

For two measures pg and p1 in X the distance dw can be defined in terms of
couples (i, V') by the famous Benamou-Brenier characterization [4]

dw(po, p1)? = min { [y [, [V (t,2)2u(t, dz) dt | (1, V) € CE, pu(0)=puo, pu(1)=p1}.

In particular, this identifies V' as (Wasserstein) velocity field tangent to the curve
. Moreover, this interpretation is reflected in the characterization of the metric
time derivative in (10). We quote the following result from [2, Theorem 8.3.1].

Proposition 2.3. If u € C(sg,s1;X) and V are such that (u,V) € CE, then
1€ AC(s0,51; X) and |fiay (t) < [, [V (t, 2)|2u(t,dz) for almost all t € |sg, s1].

Following Otto’s formalism we can associate an Onsager operator K(u) with
the Wasserstein distance. In particular, the velocity fields V are chosen to be the
gradient of a function = such that g = —div(pVE) =: K(p)€. Then, the metric
tensor G(u) = K(u)~* is induced by the identification i — VE|, as follows:

(G(wv1,v2) = Ve (x) - VE,, (2)p(dz).
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In the sense of Definition 2.1, we recover the gradient system (X,&,G) for the
Fokker-Planck equation,

EU(T)) + J(U;0,T) < EWU(0)), where

T
J(U:0,T) = 1/ / {U\VP + l|WV(U/W)|2} dedt,  (16)
with (U, V) € CE.

Here, F(U) = 3 [, |WV/(U/W)|?>/U dz is the Fisher information, which gives the
square of the metric slope of € (see (9)). Note that F(U) =2 [, W|V/U/W|*dx,
so that F(U) is finite if and only if U € WH1(Q). We refer to [2] for a comprehensive
survey on the theory of Wasserstein gradient flows.

We call (16) the entropy/entropy-dissipation formulation of the Fokker-Planck
equation in (14). Note that dissipation has the physical dimension of energy over
time. Since the entropy has the dimension energy over temperature, we introduce
the term “entropy-dissipation” to reflect this conceptual difference to energy dissi-
pation.

2.5. Entropic gradient structure for reversible Markov chains. It was shown
in [23, 27, 8] that the structure of the entropic Wasserstein gradient flows can be
carried over from the continuum equation to Markov chains on finite domains. We
will first briefly discuss a general class of reversible Markov chains in this context
and then later on consider processes which appear as finite-volume discretizations
of equation (16) only. On {1,...,n}, n € N, we introduce the space

Xn = {U S Rn | U; > 0, Z?:l U; = 1}

The evolution of a time-continuous Markov chain is given by the ODE system with
transmission matrix A € R"*™, where A;; is the rate for a particle moving from
position j to ¢, viz.

U= AU, where Aij > 0 for 4 7&] and A“ = — Z Aﬂ (17)
Jii#i

Many different gradient structures for the Markov chain (17) can be written down
(see Remark 2.4). However, we are interested in a discrete Wasserstein-type gradient
structure with respect to the discrete relative entropy functional. This entropic
gradient structure was discovered in [26, Section 3.1] and independently in [23, 8].
The geodesic convexity of the relative entropy with respect to the Markov gradient
structures was studied in [27] (see also [21]). In order to state them we make two
basic assumptions: (i) The Markov process is irreducible, i.e., for all ¢ and j there is
a path connecting both states.. (ii) The matrix A satisfies the reversibility condition
also called detailed-balance condition, i.e.,

T35 1= Aijwj = Aﬂwl for all 1,] € {1, . ,n}. (18)

Clearly, conditions (i) and (ii) imply the existence of a unique strictly positive steady
state w € X, such that Aw = 0. With this we define the discrete relative entropy
functional via

E,(u) = Z u; log(ui Jw;).
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Using reversibility and the calculation rules for the logarithm it is straightforward
to check that (17) has the Onsager structure

4= —K,(u)DE, (u), (19)

where DE,, (u) = (log p;); is the differential of E,, on X,, with p; := u;/w; denoting
the relative density. The Onsager operator K, (u) is given via

Kn(u) =Y miiMpi, pj)(ei—e;)@(ei—e;) € R (20)
i<j

with e; being the standard unit vectors in R™. Moreover, the function A : ]0, 00[2 —

10, oo is the logarithmic mean of ¢ and b and is given by
a—b

Aa,b) = —2—2
(a,8) loga —logb

fora#b and A(a,a) = a. (21)

Clearly, for each u € X,,, K, (u) is a symmetric and positive semidefinite matrix
with ker K, (u) = span{(1,...,1)T}.

As in Subsection 2.2, we define the dual dissipation potential associated with the
Omnsager operator K, (u) via

. 1 1
R} (u:6) = 5 (& Kn(u)6) = 5 Y mijMpi p) (& — )%
i<j
The dissipation potential R,, is given by Legendre transform
Ry (uiv) = Ry (w;6)  with v = Kp(u)éy.

As before, it follows that an equivalent formulation of (19) is given by
T
E,(uw(T))+ / [Ry,(u;w) + R}, (u; —=DE, (uw))] dt < E,,(u(0)). (22)
0

As in the Wasserstein case, we call (22) the (discrete) entropy/entropy-dissipation
formulation of the Markov chain equation in (17). Note that this structure on the
open simplex X, is also Riemannian in the sense of Subsection 2.1 with tensor
Gn(u) = K,(u)~! and inner products g7 (vi,ve) = (v1,Gp(u)ve) on the tangent
space

R" '~ {veR"| 37" v; =0} ~R"\ ker K, (u).

As in Definition 2.2 for the Wasserstein case we introduce the discrete continuity
equation and write

(u, ) €CE, ifueCh0,1;X,), u=K,(uk. (23)
Here, Cé(O, 1; X,,) denotes the piecewise C! curves in X,, with respect to the euclid-

ian metric. In particular, the matrix K, (u) induces a distance d,,, which is given
by a discrete version of the Benamou-Brenier formula

dn(u()a U1)2 = min { fol <€a Kn(u)§> ds | U= Kn(u)€}7

where the minimization is over all curves u € Cé(O, 1; X,,) connecting ug and u;. We
refer to [23] for an extensive and rigorous study of X,, equipped with this structure.

Remark 2.4. The ODE system in (17) is induced by many different gradient
systems if the reversibility condition (18) holds. Indeed, for ¢ : Ry — R strictly
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convex and twice differentiable we consider the driving functional given by E?(u) =
iy é(u; /w;)w;. Moreover, we define the Onsager matrix via

Zﬂ'm (s ZJJ (ei—ej)®(e;—ej),

i<J
where O(a,b) = (a—b)/(¢'(a)—¢' (b)) and O(a,a) = 1/¢"(a). Then, it is easy to
check that the system (X,,, E?, K?) also induces (17).

3. Discretization scheme. In this section we discuss the finite-volume discretiza-
tion of the Fokker-Planck equation in (14) using a simple two-point flux scheme.
In particular, we highlight that the ODE system arising from this discretization
scheme exhibits the Markov chain gradient structure detailed in Section 2.5.

Finite-volume methods are well adapted to drift-diffusion problems as they au-
tomatically conserve the local numerical fluxes between cells and hence the total
mass. Moreover, they can be built to also conserve the positivity of solutions. These
features make finite-volume methods quite attractive when modeling problems for
which the flux is of importance, such as in fluid mechanics, semiconductor device
simulation, heat and mass transfer, etc. (see e.g. [5, 6, 18, 7, 15, 13, 12]). The good
properties of the finite-volume method are due to its balance approach: a local
balance is stated on each control volume. By the divergence formula, an integral
formulation of the fluxes over the boundary of the control volume is then obtained.
We refer to [11] for a survey on finite-volume methods and to [14] for a discussion
of the properties of some finite-volume schemes.

3.1. Finite-volume discretization. In the open interval @ = ]0,1[ we consider
for each n € N a partition I, = {zI'}; such that 0 = 2} < 2} < ... <z} = 1.
Given such a partition, we introduce the n+1 midpoints between the vertices 7
via

n o __ n __ n._1l/.n n S
oy =0, o,=1, op = 5z +x7) fori=1,...,n—1.

In view of finite-volume schemes in higher dimensions we shall call ¢ (Voronoi)
edge between 2}’ and ' ;. In particular, the open interval wj' = |o}' |, 0}'[ denotes
the Voronoi control volume with respect to the vertex z7'. We denote the length of
the control volume w}' by h}' = ol'—0}" ; and set h" = max; h', the fineness of the
partition. In particular, we assume that the partitions satisfy h™ — 0 as n — oo.

As in Subsection 2.4 we consider a potential ® € C*(Q2)NCy,(Q) with which we
associate the equilibrium density W (z) = cge™®*). We rewrite the Fokker-Planck
equation in (14) using W and find

U=WU/W)) inQ and (U/W) (t,z) =0 for = € {0,1}. (24)
Integrating the equation in (24) over the control volume w] gives
% fwln U(t,.’b) dz = fz - fi717

where f; = (W(U/W)')(o}*) denotes the flux across the edge of*. We expect u;(t) to
approximate f Ul(t,x) dx and that the fluxes f; can be appr0x1mated by m(w’ill —
w@) Here, w denotes the discrete counterpart of the steady state W which we set
to w; = e, W(x)h? with ¢, such that w € X,,. In particular, ¢, tends to 1 as
n — oo by definition. Moreover, x; are given transmission coefficients satisfying the

consistency condition r;(x},,—x}")/W(o;) — 1. Many different choices for x; are
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possible (see Subsection 3.2 for a discussion). Following [27, Section 5] we use for
simplicity the geometric mean of W (z}, ;) and W (z}), i.e

W (@i )W (27')
Ki = , fori=1,...,n—1. (25)

n n
Lit1— %4

which obviously gives a consistent discretization scheme in the above sense.
Introducing the rate coefficients a; = k;/w; and 8; = k;/w;yq1 fori=1,...,n—1
we can write the discretization of the Fokker-Planck equation in (24) as
Ui = Qi 1Ui—1 — (ai—&—ﬁi,l)ui + Bittit1 fori=2,...,n—1, (26)

while at the boundary we have 11 = Sius — aqu; and U, = Qp_1Up—1 — Bp—1Un-
For the initial value, given Uy € X such that £(Up) < oo, we define

(uh): = [, Vo) da, (27)

which yields ug € X,,.
From this discretization scheme we obtain a Markov chain with tridiagonal trans-
mission matrix @ € R™*", viz.

— Q] (651 0 e 0
B —(aa+P1)
Q=1 o 0
: Bn—Z 7(an—1+ﬂn—2) Qp—1
0 0 Bn_1 —Bn-1

Obviously, the detailed balance condition a;w; = B;w; 41 is automatically satisfied.
Hence, we are in the situation of Subsection 2.5 and can provide an entropic gradient
structure for the finite-volume discretization. In particular, the Onsager matrix
takes the form

n—1

Kn(u) = Z Kil(pit1, pi)(eir1—ei)@(eir1—€i),

i=1
where as before e; € R™ is the ith unit vector, p; = u;/w; are the relative densities,
and A(a,b) denotes the logarithmic mean of ¢ and b. With the Onsager matrix
K, (u) we can associate the total dissipation functional for a curve u € C}(0, T; X,,),
cf. (23), which is given by

Jn(u;0,T) = /0 [Rn(u, @) + Fy,(u)] dt,

where R, (u, %) = 3(K,(u)~,4) and F,(u) = 1(DE,(u), K,(u)DE,(u)) are the
discrete dissipation potential and the discrete Fisher information, respectively. The
former can be written as

n—1 i
1 q;
Ro(wi) =25 — % ith g =Y 28
(u, ) 2 1221 kiN(pit1, pi) T k=1 " )

and the latter as

_ I (pz+1
— . 29
2 g A Pz+17Pz) ( )
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Following Definition 2.1, we say that u™ € C([0,T]; X,,) is a solution for the gradient
flow problem associated with (26) if

Ep(u™(T)) + Jo(u™;0,T) < By (ug). (30)

By classical Markov theory, for every n € N, given a partition II,, and an initial
value ufy € X,,, a solution u™ of (30) exists and even equality is satisfied in (30).
We prove the convergence of the piecewise constant interpolant associated with u”
to a solution U of (16) using only the gradient structure of (30). In particular, the
main result reads as follows.

Theorem 3.1. Let the potential ® be given as in (15), let the initial value Uy €
X be such that E(Uy) < oo, and consider a sequence of partitions (IL,)nen such
that ™ — 0 as n — oo. Moreover, let (u™)nen be a sequence of solutions of the
entropy/entropy-dissipation formulation (30) with initial values (uf)nen as in (27).
Then, denoting by U™ (t,x) = ul(t)/h} for x € wl the piecewise constant interpolant
in X one has up to subsequences U™ > U in M>o([0, T]xQ) with U € AC(0,T; X)
solving

T / 72
£(U(T)) + 1/ / [U|V|2 n w} dedt < E(Up),

where (U, V) € CE, i.e., V gives the metric time derivative of U.

3.2. On the choice of transmission coefficients. In the last section we chose
the transmission coefficients x; to be given by the geometric mean in the form

Oeo (W (22 1), W (2
K = geo( (Z:Hl) — (] )) with  Ogeo(a,b) = Vab.
Lit1—%;

However, other choices of mean functions 6 are possible. Indeed, the specific form
of 6 is crucial for the properties of the finite volume discretization (see e.g. [14]).
Numerical stability for the drift-diffusion equations is increased substantially by the
use of upwind schemes in general. Here, “upwind” refers to the property that the
direction of the drift is respected by the discretization.

It will become clear in the proof of the convergence result in the subsequent
section that we only need the mean function 6 to have the natural property

min{a, b} < 6(a,b) < max{a, b}. (31)

An important example with excellent stability properties is given by the Scharfetter-
Gummel scheme (see e.g. [24, 5]), which is widely used in semiconductor device
simulation. In our setting the Scharfetter-Gummel scheme reads
_ A1 1)1
93(;(@,[))—/\(573) )
where A denotes as before the logarithmic mean. We easily check that this particular
choice is also admissible in the sense of (31).

4. Limit passage. In this section we connect the gradient structures of the Fokker-
Planck equation in Subsection 2.4 and of Markov chains in Subsection 2.5 by prov-
ing the limit passage stated in Theorem 3.1. As described above, the motivating
question is whether we may pass to the limit in the entropy/entropy-dissipation
formulation for the Markov chain in (30). This question has two parts: (i) Do
(interpolants of) solutions of (30) with uniformly bounded initial entropies have
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beneficial compactness properties that allow us to extract subsequences converging
in a suitable topology 77 (ii) Using this topology can we show the lower estimate

u" U : liminf J,(u™;0,T) > J(U;0,T),
n—oo

where J, is the dissipation functional in the discrete case and J its Wasserstein
counterpart in (16)? Our answers to these questions are affirmative. In particular,
we use only information associated with the gradient structures for the proofs.

4.1. Interpolation of discrete quantities on 2. The first step in the conver-
gence proof is the embedding of the discrete problems introduced in the last section
into the continuum setting. The crucial point is the construction of interpolants de-
fined on the whole of €. We show that the interpolants converge in a suitable sense
to limits which permit lower liminf estimates for the discrete dissipation functionals
and relative entropies.

With a given vector u = (ug,...,u,) € X,, we associate the piecewise constant
interpolant U™ via

U™(z) =U; :=wu;/hY for x € w}. (32)

Analogously, we define the piecewise constant interpolant W"(x) = W; := w;/h?
for © € w?, such that W™ — W in L>°(2), as W is uniformly continuous on 2. In
particular, this definition allows us to rewrite the discrete relative entropy as

Eo(u) = E,(U) := /Q U™ log(U™/W™) da. (33)

In order to prove lower limits for the dissipation potentials we have to find a suitable
estimate for the logarithmic mean A(p;41, p;). Here, in view of the elementary esti-
mate A(a,b) < (a+b)/2 it is natural to define interpolants by taking the maximum
value with respect to adjacent control volumes, i.e.

ﬁ”(x) :=max{U;_1,U;,U;11} forzew], i=2,...,n—1, (34a)

while at the boundary cells we set

0" (2) = max{Uy, Uz} for x € Wi, (34D)
© | max{U,_1,U,} forx € wl.

Replacing max with min and U; with W; in the definition above we define the

interpolant = +— W”(x) analogously. It is easy to check that W™ — W in L (Q),
too. Using the definitions of U™ and W™ we arrive at the estimate

W"(2)/U™(x) < 1/A(piz1,p;)  forzew?, i=2,...,n—1.

Finally, we introduce the discrete gradient of the relative density p; = u;/w; and the
interpolant Q™ for the discrete fluxes ¢; in (28) as the piecewise constant interpolants
G™, Q" via

G"(z) = Pit1l — Pi

- — and Q"(z)=gq forme]x?,x?ﬂ[, 1=1,...,n—1.
Tit1 — T

(35)

We are now in a position to state the following result which gives a lower estimate
for the discrete dissipation functional R,, in (28) and the discrete Fisher information

F,, in (29) for fixed n.
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Lemma 4.1. For a curve u € Cllj(O,T; X,) let ﬁ", G" and Q™ be the interpolants
defined in (34) and (35), then for all t € [0,T],

. Q)P
R (u(t), u(t) > 2= 2 o Tn(t)

with v, = 1 for n — oo.

1 (Wn)2
dz and Fn(u(t))ZQ/Q 0

|G (t)]* dx

Proof. For notational simplicity we drop the dependence on ¢ in the following. We
use the following estimate for the logarithmic mean
1 <U7;+1 +ljz) S max{UH_l,Ui} ( 1 + 1 >

=2\ Wi W, 2 Wi W;

In particular, using the definition of the transmission coefficients x; in (25) we

obtain
[ i Uz 7U
Ai = ki Apiss pi) < ; < W, 1 / ) max{ +1 }
z+1

Due to the assumptions on the potential ® the term in the parentheses tends to 2
uniformly in i. Hence, we can assume that v, A\; < max{U;1,U;}/(z}, —xf) with
constants -y, satisfying v, — 1 as n — oco. Summing over cells instead of edges

(hence counting each edge twice) we estimate

. _1q1 qll 2 1qnl
Bufud) =353, F 4Z< ) i

A(pz+17 pZ)

—_

n|2 n|2
Z%nz/ |Q| /|Q|da:,
i=1"%i-1 Un
where we have used that zI'—o? | = (a—2? ,)/2 for i = 2,...,n and ol —z} =
(xf  —ap)/2fori=1,... ,n—1.

The proof of the estimate for the discrete Fisher information follows along the
same lines noting that the estimate

1 max{UiJrh Ul}
$?+1—1'? min{Wi_H, W1}2
is satisfied. O

1
;A(Piﬂ,f)i) < fori=1,...,n—1

Combining (33) and Lemma 4.1 we arrive at the following proposition which is
the starting point for the limit passage n — oo in the subsequent section.

Proposition 4.2. Letu € Cé(O, T, X,,) denote a solution of the discrete entropy/en-
tropy-dissipation formulation in (30). Then, the interpolants U™, ﬁ”, G" and Q"
n (32), (34) and (35) satisfy the entropy/entropy-dissipation formulation

£, (U™(T)) +%/0 /Q%[|Q”|2+(W”)2|G”|Q} dedt <E,(UF)  (36)

with Q™ associated with U™ in virtue of
Q"(t,0i) —Q"(t,0i-1)
0; —04—1

with boundary conditions Q™ (t,00) = Q"(t,0,) = 0.

U"(t ) =

Ead 2

fori=1,....n (37)
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4.2. Proof of the main result. In this section we provide the actual proof of
the limit passage stated in Theorem 3.1. The main step relies in establishing a
lower liminf estimate for the entropies and dissipation functionals .J,,. The notion of
convergence that we use here is that of weak™ convergence in the space of probability
measures X'. More precisely, we write p — p in X if

VO eCh(Q): [¥(x)p"(dz) — [, ¥(x)pu(dr) asn — oco.

Note that since the domain €2 is bounded, X is compact within this topology by
Prokhorov’s theorem.

After having embedded the discrete solutions of the Markov chain the next step
consists of describing the compactness properties of the interpolants U™. More
precisely, we show that we can extract (not relabeled) subsequences which converge
pointwise for each t € [0,7] in X. In particular, we show that the limit is continuous
with respect to the 1-Wasserstein distance. Here, we follow the proof of [3, Theorem
3.1] which is based on the dual formulation of the 1-Wasserstein distance:

dw, (111, 12) = sup { [ U(@)pn(de) = [, W) (da) | € CON(Q), [ W']|oe < 1}

We show that the family of discrete solutions is equicontinuous with respect to dw,
and apply a metric Arzela-Ascoli theorem. To shorten notation we introduce the
open set Qp =0, T x Q.

Proposition 4.3. With the same assumptions as in Theorem 5.1 let u™ be the
solution of the discrete entropy/entropy-dissipation formulation in (30) and U™ the
associated piecewise constant interpolant, then, up to subsequences, U™(t) = u(t)
in X for allt € [0,T] and the limit measure satisfies p € C(0,T; X).

Proof. We consider ¥ € C%1(Q) satisfying |¥'(z)| < 1 for every x € Q. As before we
set ¥; = U(2?) and define the piecewise constant interplant ¥”(z) = ¥, for x € wl.
The dual formulation of the 1-Wasserstein distance gives for 0 < to < t; < T

dw, (U™ (to), U™ (t1)) §/Q\I/"(x)U"(tO,x)dx—/Q\Il”(x)U"(th:r)dx—i-en

t1 .
:/ /\IJ"(m)U”(t,x)dxdt—i—en,
to Q

where g,, = 2||[U—U"||. Using summation by parts, the discrete continuity equa-
tion in (37) then yields

ty
/ /\Il" VO™ (t, ) dz dt = / /Q"tx (z)dzdt
to

n—1 nol v
t — 4 |ai (1)
/t ; f—a)la(t)]dt < Cvii—to (/o ; Kil(pit1(t), pi(t)) dt) .

Here, we used Holder’s inequality and the conservation of total mass Y ;- u; = 1.
Indeed, exploiting A(a,b) < (a+b)/2 and p; = > we obtain the estimate

n—1 n—1
\/71\ x?+1—x? +1 uz Wi ulJrl
Z Liv1— i+1 pz+17Pz = Z B h
H—

i=1 i=1

Noting that b}, > (z}_ ,—2})/2 and A} > (QU;LH_% )/2 we see that the sum is
uniformly bounded. Finally, since R, (u,) is uniformly bounded in L!(0,T) we
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have shown the equicontinuity of ¢t — U"™(t) € X. Applying the metric Arzela-
Ascoli theorem [2, Proposition 3.3.1] we obtain a (not relabeled) subsequence with

U™(t) = p(t) in X for all t € [0,T] and p € C(0,T; X). O

Using the lower semicontinuity properties of the relative entropies (see e.g. [2,
Lemma 9.4.3]) and the convergence W,, — W in L*>°(Q) we obtain the following
corollary.

Corollary 4.4. The limit i in Proposition 4.3 satisfies
o n S
forallt €10,T): hnrglgf E,(u™(t)) = E(u()).

It is easy to see that the limiting measures u(t) are absolutely continuous with
respect to the Lebesgue measure on € and we denote pu(t,dz) = U(t,z)dz. In-
deed, let us consider the time-reversed curves u"(t) = u™(T—t), which satisfy
Jn(@;0,T) = J,(u™;0,T). Using the property (13) and the uniform boundedness
of the initial entropies and the dissipation functional we get sup,, E,(u™(t)) < oo
for every ¢ € [0,T].

Moreover, we can canonically identify the curves U™ with elements in M>o(Qr).
In particular, we also have the weak™ convergence of U™ in this space, i.e.,

VU eC@r):  limgse f) [, U dedt = [ [, VUdzdt.  (38)

Also note that the construction of the initial values uf in (27) yields Uy = Uy
in X. Moreover, U} is a recovery sequence for &, Le , namely, using Jensen’s
inequality we obtain

lim sup E,(ug) = lim sup &,(UF) < E(Up) < 0. (39)
n—oo n— oo

In the following lemma we show that the interpolant U™ defined in (34) also
converges weakly™ to U.

Lemma 4.5. With the same assumptions as in Theorem 3.1 let U™ and U™ be the
interpolants, given via (32) and (34), associated with the solution u™ of the discrete
entropy/entropy-dissipation formulation in (30), then U™ — U™ — 0 in LY(Qr) for
n — oo.

Proof. We again start out from a pointwise estimate in time (omitting again the
dependence on t if possible). Denoting U; = U™ (x) for « € w* we compute

)

7 = sy = Yo A1~ Bl < 3 W10V + 3 A0V
i=1 iely iel_

where the index sets Iy correspond to the cases in which the maximum in (34)
is attained at the left and right of i, respectively. The relative densities p; sat-
isfy U; = W;p;. Hence, the discrete analog of the product rule f;y19;41—figi =
fix1(giv1—g:i) + gi(fir1—fi) leads to the estimate

Z R} |Ui=Usga | < Z hi' (pi’WiJrl_Wi’ + Wi+1|ﬂi+1—PiD

i€l icly

< Z (Uz} WVYH —1] + hnWi+1|pi—m+1\),

i€l
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where we used that u; = h]'U; and h™ = max; hﬁL The first term vanishes as n — oo
due to the continuity of z — W (z) and >, u? = 1, which holds at every time.
The second term can be estimated from above using the inequality,

1/2 1/2

n n ki(piy1—pi)° w2

h E Witilpi—pit1| < h +7 E LA (pit1, pi)
‘ — Apit1,pi) : K

i€l i€l i€l

(3

(40)
The first term is the square root of the discrete Fisher information F,(u). It is
uniformly bounded in L2(0,T) by assumption. Using the definition of x; in (25)
and that Z?Zl u; = 1, we find that the second term is even uniformly bounded in
time. More precisely, we compute

le“A(p-H pi) < (@} —af) Wiy ( Uit Z)

K 2 /Wi W, \Wiyr Wi

n n 1 n n 3
i1 =%y (Wigr\ 2 Tig1 =% (Wig1\2
—_— Uig1 + ——— i

= Tonrn, W, oy \ W,
where we used the elementary estimate A(a,b) < (a+b)/2 again. Hence, we have
shown the strong convergence U™ — U™ — 0 in L!(Qr). O

Corollary 4.6. The interpolant Um in (34) associated with the solution u of the
discrete entropy/entropy-dissipation formulation in (30) converges to U as in (38).

We are now in position to proof the lower liminf estimate for the dissipation
functional. The proof of the following proposition is based on [2, Theorem 5.4.4.].

Proposition 4.7. With the same assumptions as in Theorem 5.1 let u™ be the
solution of the discrete entropy/entropy-dissipation formulation in (30) and U the
limit in (38), then

T 1 T / P’ 2
liminf/ [Rn(u”,0") + Fy(u™)] dt > f/ / [U|V|2+w} drdt, (41)
0 2 0 Q U

n—roo

where (U, V) € CE, see Definition 2.2.

Proof. We define the velocity fields V™ = Q”/ﬁ” and V" = W”G’”/(}” In partic-
ular, due to (36) and the boundedness of the initial entropies we have

T
sup/ / (V™2 + |V 2]U" dz dt < cc. (42)
n Jo Jo

We proceed in four steps:

1. Eaxtraction of converging subsequences.  Here, we only argue for V", the
case of V" being analog. For brevity we denote y = (t,x) € Qp. Moreover, in
the space M>q(Q7rxR) we introduce the family of measures given by the push-
forward p" = (ide”)#ﬁ”. In particular, for all suitably integrable functions
g: Qr x R = R we have

/R/QT g(y,v)u"(dy,dv):/ (. V" () T"(y) dy.

Qr
We aim to show that the family of measures u™ converges weakly™ (up to sub-
sequences) to a limit g € M>o(QrxR) and that a limit velocity field V can be
recovered from . For this we denote by 7!(y,v) = y and 7%(y,v) = v the canon-
ical projections onto Qr and R, respectively. We note that the first marginal of
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ﬂ%&u” = U™ converges weakly in M>o(Q7). Moreover, the second marginal satis-
fies due to (42)

sup/ |v] (Wi,u")(dv) = sup/ V™ (y |U” )dy < +o0.
n JR n Jor
Hence, by [2, Lemma 5.2.2] the sequence u" is relatively compact in M(Qr xR) and
we can find a (not relabeled) subsequence and a limit p € M>o(QrxR) such that
p"™ = pin Mo (QrxR). In particular, since by (42) v ~ |v| is uniformly integrable
with respect to u" and by [2, Proposition 5.1.10], this yields the convergence

lim // y)v u"(dy, dv) // y)v p(dy, dv), (43)
n— 00 Qr Qr

where U € C(Qr) is an arbitrary test function.

Let us denote by p,, € M>o(R) the disintegration of 1 with respect to the limit
measure u(dy)=U (y)dy, which is p-a.e. uniquely determined, see [2, Section 5.3]. In
particular, for every bounded or nonnegative measurable function f : Qpr x R — R,
the disintegration satisfies

/ an y,v) p(dy, dv) = /QT [/ fly,v Hz(dv)} Uly) dy.

Choosing f(y,v) = v gives the barycentric projection V(y vauy (dv) of the
measure p. Now, using the definition of p" and the convergence in (43) with
U € C(dr) arbitrary we arrive at

Jim W)V ()0 (y) dy = / Y(y)V(y) Uly) dy.
n—oo Jo. Qr

2. Lower liminf estimate. Let g : R — [0,00] be convex. Part (d) of
Lemma 5.1.12 in [2] and Jensen’s inequality yield

liminf/ g(V*(y)) U"(y) dyfhmmf// "(dy, dv)
Qr

n—oo n—oo

//QT uldy, dv) = /QT9</RWy(dU)) U(y)dy
-/ V) V) dy

In particular, for g(v) = |v|? we obtain

n— oo

hminf/OT (R (u, @) + Fo(u)] dt > ;/()TLU(t,z){|V(t,z)|2+|1A/(t,x)|2} dz dt.

3. Identification of the limit V. In this step we verify that the limits U and V
satisfy the Wasserstein continuity equation, i.e., (U,V) € CE. To this end, let us
consider a test function ¥ € CX(]0,T[ xR) and define W;(t) = (¢, z}) as well as
the piecewise constant interpolant U™, i.e., we have ¥"(¢,x) = ¥,(¢) for x € w].
Using integration by parts and (37) we obtaln

/ / U™(t,2)V(t,z)dedt = / O{Q™ (04, t)—Q" (041, 1) } dt —
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where €, = |[W—¥"||, — 0 as n — oco. Hence, summation by parts leads to the
identity

T ) Tn—1
_/0 /QU”(t,x)\If(t,x)dxdt+sn:/O ZQ” (t, o) {Wi(t) Wiy ()} dt

,/0 /Qvn(t,x)\p’(t,x)ﬁ”(t,x) de

where we have used the boundary conditions Q™ (t,09) = Q™ (¢, 0,) = 0. Now, using

(44)

the convergence of U™, U™ and V™ as in (43), we can pass to the limit in (44) to

find
/OT /Q U(t,z)¥(t, ) dedt = /OT/QV(t,x)\Il'(t,x)U(t,x) dt,

which is the verification of the continuity equation. Notice that although € is
bounded, the continuity equation is posed on the whole real line R and therefore
provides a weak formulation of the Neumann boundary conditions.

4. Identification of the limit V. We show that V = U’ /U + ¥, which identifies
the continuum Fisher information. We fix again a smooth test vector field ¥ €
C(]0,T[ x Q) and using (35) we compute

T Tn—1
/ /V"\I!U"dzdt:/ Z’ZLL/ W™ dz dt
o Jao i—1 Lit1

=1

/Tifpwl (O {Weeto)

L it+1 /I/f//"x\I/,J?fWJi\I/,O'i dzx ¢ dt.
*aﬂ_wﬁn[ (@0t 2)- W (o) B (t, )]

Due to the assumptions on the potential ® and the smoothness of the test field ¥
the last term in the braces vanishes as n — oo. Hence, with summation by parts
we obtain

T
/ /V"\I/U”dxdt:—/ sz {W o)V (t,0;) W(ai_l)\l'(t,cri_l)}dt—Fan
o Ja

/ /U” T dxdtJrsn.

Finally, passing to the limit n — oo and exploiting that 1/WW € L>(Q) yields the
identity

T T /
/ /V\I/dedt:—/ /U@dxdt / /U —®' W) dz dt.
0 Q 0 Q w

Hence, we obtain V = U’/U + U®'. O

Proof of Theorem 3.1. Since the limit satisfies (U, V) € CE, i.e., the Wasserstein
continuity equation is satisfied, we have U € AC(0,T; X') by Proposition 2.3. More-
over, combining Corollary 4.4, Proposition 4.7, and the limsup estimate for the
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initial entropies in (39) we arrive at
E(U(T)) + J(U;0,T) < liminf [En(u™(T)) + Jn(u™;0,T)]
< limsup E, (u™(0)) < E(Up).
n— oo

Hence, with Definition 2.1 we have shown that U is a solution for the Wasserstein
formulation of the Fokker-Planck equation. O

4.3. Recovery sequences for the dissipation functional. For the limit passage
in the proof of Theorem 3.1 we only need to proof the lower estimate for the dissi-
pation functional. However, to complete the picture we provide the construction of
recovery sequences to show that the converse estimate is also satisfied.

Proposition 4.8 (Recovery sequence). For all p € AC*(0,T; X) with p(dx) = Udx
there exists a sequence u™ € C1([0,T]; X,,) such that U™(t) — u(t) in X and
limsup J,(©";0,T) < J(U;0,T). (45)
n—oo
Proof. Let U € AC?(0,T;X) be such that J(U;0,T) is finite, which yields U &
LY0,T; WH1(€Q)), cf. (16). By adapting the mollification argument of Lemma 8.1.9
in [2] we find smooth approximations Us and Vj satisfying Us € C1(0,7T;C>(Q))
and (Us,Vs) € CE. Moreover, we have Us > 0, Us(t) — U(t) in X, for § — 0, as
well as the estimates

/T/ Vs(t,2)*Us(t,z) dzdt < /OT/QV(??,CU)QU(t,x) de dt

//Uétx (Us(t,z)/W(x) dmdt</ /Utx ,2)/W(x)))” da dt

(see also [2, Lemma 8.1.10]). Hence, by a simple diagonal argument it suffices to
construct a recovery sequence for every smooth U € C1(0,T;C®(Q)).

In this case we define @' (t) = ¢,h?U(t,z}"), where ¢, is chosen such that u" €
Xy, ie. S0 4P = 1. Using A(a,b) > Vab and denoting p' = u} /w}* we proceed
similar to the proof of Proposition 4.7 to verify that

Tn—1
p7,+1 2
7}1—{20 Z Ao (t ) / / U( t x) @)/ W (@))')” da dt.

(46)
Moreover, with @;(t) = ¢n >y ﬂ:(t) for i = 1,...,n—1 we have that the asso-

ciated piecewise constant interpolant defined by @(t, x) = qi(t) for x € Jaf, 2} ]
converges uniformly to Q with Q(¢,z) = fox U(t,y)dy for all t € [0,T]. From this,
we infer that

Tn-1 2 T 2
. ) _ Q(tax) . v /
nl;rréo E A Pz+1(t) @) dt = /0 /Q U, 2) dedt, with U =Q".

Hence, combined with (46) this gives the upper estimate (45). O
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