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ABSTRACT. This paper addresses group consensus problems in generic linear
multi-agent systems with directed information flow over (i) fixed topology and
(ii) randomly switching topology governed by a continuous-time homogeneous
Markov process. We propose two types of pinning control protocols to en-
sure group consensus regardless of the magnitude of the coupling strengths
among the agents. In the case of randomly switching topology, we show that
the group consensus behavior is unrelated to the magnitude of the couplings
among agents if the union of the topologies corresponding to the positive recur-
rent states of the Markov process possesses an acyclic partition. Sufficient con-
ditions for achieving group consensus are presented in terms of simple graphic
conditions, which are easy to be checked compared to conventional algebraic
criteria. Simulation examples are also presented to validate the effectiveness
of the theoretical results.

1. Introduction. In recent years, the study of distributed coordination in multi-
agent systems has attracted increasing attention from researchers in diverse fields
of engineering, physics, biology, and mathematics. An important problem in co-
operative control of multiple agents is to design appropriate protocols such that
the states of a group of agents converge to a consistent value with information ex-
changes between each other. Such a problem is usually called the consensus problem,
in which design of consensus algorithms, convergence analysis and consensus speed
are well-researched topics [16]. The consistent state in consensus problems could
represent the position and velocity in multivehicle formation control, anticipated
processing rate in distributed task management, or common phase pattern in dis-
tributed oscillator networks, etc. Consensus problems have a long history in control
theory starting with the pioneering works [4, 34]. Seminal theoretical frameworks
for solving consensus problems were introduced by Olfati-Saber and Murray [17]
and Jadbabaie, Lin, and Morse [11]. Since then various consensus problems, such
as average consensus [26], asynchronous consensus [35], finite-time consensus [24],
and stochastic consensus [33], have been extensively studied. For details, we refer
readers to survey paper [16] and the references therein.
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Note that the above works concern the complete consensus, where all the agents
in a network share a common value. However, in the course of accomplishing some
complicated tasks or reaching some goals, a group of dynamic agents may evolve
into several subgroups in response to unanticipated situations or changes. This
might give rise to agreements that are different with the changes of environments,
situations, cooperative tasks or even time [27, 28, 38]. Group consensus was first
introduced by Yu and Wang [38] to represent such consensus where the states of of
all agents in the same subgroup achieve the same consistent state while the states of
agents in different subgroups may not coincide. Group average consensus problems
for continuous-time single-integrator agents under fixed and undirected topology
were explored in [38]. By using the Lyapunov direct method and double-tree-form
transformations, the same authors later extended the results to the case containing
switching topologies and communication delays in [39]. A common assumption in
these above works that the sum of adjacent weights to every agent in one group
coming from all agents in another group is equal to zero (called the in-degree balance
condition) was further relaxed in [32] by transforming the system into a reduced-
order system. This technique turns out to be viable even in the presence of random
noises and time delays [27]. Algebraic criterions for group consensus in agents
with discrete-time single-integrator dynamics were established in [10] and were later
adapted to the situation accommodating stochastic inputs [25]. Group consensus
for second-order multi-agent systems and linear time-invariant systems under fixed
communication topology was addressed in [9] and [28], respectively. Non-linear
agent dynamics was considered in [31] via pinning control.

We mention that another line of research in parallel with (but precedes tempo-
rally) group consensus is the group and cluster synchronization, which have been
mainly studied in the physics literature. The difference between cluster synchro-
nization and group synchronization is that the former analyzes the case that the
uncoupled systems are all identical, while the latter considers a situation where the
systems in each group are characterized by different local dynamics [7]. Group and
cluster synchronization can be viewed as a generalization of the group consensus
problem to encompass nonlinear dynamics. We refer to [1, 3, 7, 29] for more details
and history in this exciting field.

In all the previously mentioned publications on group consensus, certain algebraic
criteria were proposed to ensure the consensus. These conditions, as pointed out
in [19], are often very difficult to be checked. For example, linear matrix inequality
conditions (without discussing the feasibility) were introduced in [38, 39], and other
conditions involving eigenvalues of interaction topologies were proposed in [9, 27,
31, 32]. Recently, Qin and Yu [19] investigated the group consensus problems for
generic linear time-invariant systems from a novel perspective; under the in-degree
balance condition, they showed that group consensus can be achieved regardless
of the magnitude of the coupling strengths among the agents when the underlying
communication graph has an acyclic partition. This result is both theoretically
interesting because it only requires simple graphic conditions to guarantee the group
consensus, and practically appealing because it accommodates the realistic situation
where coupling strengths among agents are not allowed to be large. The consensus
speed was also estimated in [19].

In this paper, continuing with previous works, we tackle the group consen-
sus problems in continuous-time linear time-invariant systems via pinning control.
Firstly, we investigate the group consensus over fixed directed topology by looking
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into two different types of pinning control protocols. The first protocol was used
in [19], under which we will show that the group consensus can be achieved with
any speed when the agent dynamics is controllable. Likewise, we propose a second
protocol which guarantees group consensus regardless of the magnitude of the cou-
pling strengths among the agents if the communication topology admits an acyclic
partition. Under this protocol, the in-degree balance condition can be largely re-
laxed to only demand that the sum of adjacent weights to every node in one group
coming from all nodes in another group is a constant. Thanks to this relaxation,
we are able to discuss how to choose appropriate pinning controllers for reaching
group consensus, which offers further insights on the influence of network topology
on group consensus behaviors. In general, selecting pinning nodes is a key prob-
lem in pinning control of complex networks [5, 37], since it is costly and literally
impossible to control every node in a network.

Next, we extend our theoretical framework to address group consensus for a net-
work of dynamic agents whose communication topology is modeled by a randomly
switching graph. Specifically, the switching is driven by a continuous-time homoge-
nous Markov process. Each communication (possibly directed) graph corresponds
to a state of the Markov process. Such stochastic consensus is desirable since sys-
tems in real world are often operating under random uncertain environments. For
both protocols considered here, we show that group consensus can be achieved in
mean square and almost sure senses regardless of the magnitude of the coupling
strengths among the agents if the union of topologies corresponding to the positive
recurrent states of the Markov process has an acyclic partition. When the agent
dynamics is controllable, the speed to group consensus can be achieved arbitrarily
fast. We mention that there have been some works concerning consensus problems
over Markovian switching networks, see e.g. [13, 14, 15, 23, 36], where nevertheless
only complete consensus is addressed. In all these works, without using pinning
nodes (or virtual leaders), the ultimate consensus value is either not specified or the
average of initial states of all agents.

The rest of the paper is organized as follows. In Section 2, some preliminaries,
lemmas and the problem formulation are introduced. Section 3 deals with group
consensus under fixed topology, and Section 4 addresses the case for Markovian
switching topologies. Simulation examples are presented in Sections 3 and 4 respec-
tively to facilitate discussions and illustrate our theoretical results. Conclusions are
finally drawn in Section 5.

Notation. The following notations will be used throughout the paper. R (C)
denotes the set of real (complex) numbers. Let 15 be the indicator function of an
event F. Let 1, be the n-dimensional column vector with all entries equal to one.
I, is the n-dimensional identity matrix. We often drop the subscript n when the
dimension is compatible with the context. We say A > B (A > B) if A— B is
positive definite (semi-definite), where A and B are symmetric matrices of same
dimensions. Amin(A) denotes the smallest eigenvalue of symmetric matrix A. AT
(A1) is the transpose (conjugate transpose) of matrix A. diag(Aj,---,A,) is the
block diagonal matrix with the i-th main diagonal block being square matrix A;. Let
||| signify the Euclidean norm of a vector . A® B refers to the Kronecker product
of two matrices A and B [21]. The notation * represents the matrix elements to be
determined.
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2. Preliminaries and problem formulation.

2.1. Communication graphs. Let G = (V, £, A) be a weighted directed graph of
order N, in which V = {vy,va,--- ,vn} is the set of nodes (or agents), € CV x V
is the set of directed edges, and A = (a;;) € RV*N is the associated weighted
adjacency matrix. A directed edge from node v; to node v; is represented as an
ordered pair (v;,v;), indicating that agent v; can obtain information from agent
v;. Here, v; and v; are called parent node and child node, respectively. The entry
a;; # 0 if (vj,v;) € €, and a;; = 0 otherwise. Moreover, we assume a;; = 0 for all 4.
The set of neighbors of the agent v; in G is denoted by N; = {v; € V : (vj,v;) € £}.
The Laplacian matrix £ = (I;;) of the weighted directed graph G is defined as
lij = —aij, i # j, and L = Y0 ;4 ai;. Clearly, L1y = 0. 23| a;; is called the
in-degree of agent v;.

A directed path from agent v;, to agent v;, consists of a sequence of nodes
Viy s Vig, -+, Vs, such that (vy,_,,v;) € € for j = 2,--- k. If, in addition, v;, = vy,
then it is called a directed cycle. G is said to be a directed acyclic graph (DAG)
if it contains no directed cycles. The following result is a useful property of DAG,
which simplifies its matrix representation [2, 19].

Lemma 2.1. Fach DAG can be relabeled in such a way that the index of the parent
node is smaller than the index of the child node for each edge. Therefore, each DAG
can be relabeled such that its adjacency (and Laplacian) matriz is lower triangular.

We say G contains a spanning tree if there exists an agent (referred to as root)
such that every other agent can be connected via a directed path originating from
the root. It follows from [20, Lemma 3.3] that G has a spanning tree if and
only if £ has a zero eigenvalue with algebraic multiplicity one and all the other
nonzero eigenvalues are with positive real parts. For an integer s, the union of
s graphs G = (V, €M AM) ... G = (V,£6) A®)) is defined as US_,G*) =
W, Ui E® S AR, Clearly, if the union is a DAG, so is each G*).

2.2. Group pinning control over fixed topology. Consider a multi-agent sys-
tem containing N agents with interaction graph represented by a fixed directed

graph G. For an integer r, {Vy,---,V,} is said to be a partition of the node
set Vif Vo # 0, Uj_ Ve =V, and Ve N Vy = O for £ # (. Without loss
of generality, we assume V; = {vy, - ,on,}, Vo = {UNy+1," " yUN 4N by *° s

Vr = {vgr-1 g1 5 on ) and >9—1 Ne = N. The dynamics of agent v; takes
the following form

l‘l(t) :Axi(t)—i—Bui(t), i=1,2,--- ,N, t>0, (1)

where z;(t) € R™ and u;(t) € R™ represent the state and control input of agent v;;
A € R"™™™ and B € R™ "™ are constant matrices. It is apparent that (1) reduces
to the single-integrator dynamics by setting n = m, A = 0, and B = I,. To
exclude any trivial case, we assume that A is not Hurwitz (If A is Hurwitz, the
group consensus can be achieved by taking zero gain in view of Definitions 2.2 and
2.3 below).

Let y1(t),- - ,y-(t) be the solutions of the homogeneous system (t) = Ay(t) such
that lim; oo [|ye(t) — yer (¢)|| > 0 for £ # ¢'. Note that it is feasible since A is not
Hurwitz. We remark that a solution of an isolated node, i.e., y(t) = Ay(t), is called
a synchronized state. A possible approach to study stability of the synchronized
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solution is through a master stability function (see [1, 18]), which provides necessary
and sufficient conditions for local stability of this solution.
The following group pinning consensus protocol

wnilt) = K (Y aisa; () = @:t) + dilyi(t) — (1)) (2)

v eN;

is adopted in [19]. Here, K € R™*™ is the common consensus gain matrix to be
designed, and 7 is the subscript of the subset to which the agent v; belongs, i.e., if
v; € V, then i = £. Moreover, d; > 0 if agent v; is pinned, and d; = 0 otherwise;
a;; > 0if i = j, and a;; € R otherwise.

Motivated by the protocols used in [9, 27, 32, 39], we also address in this work
another group pinning consensus protocol as follows.

w(t) = K ayle; () —w@®)+ Y ayws(t) + dily(t) - wi(t), (3)
v €N v EN\NG;
where K, a;;, and d; are defined as above; Ny = {v; € V; : (v;,v;) € £} means the
set of neighbors of v; in V;. By definition, Uj_,; Ny = N;.

Definition 2.2. The multi-agent system (1) under the control law (2) or (3) is said
to achieve group pinning consensus if there exists a consensus gain K such that for
any z;(0) € R",

lim [las(t) = i (®)]| =0, fori=1,-+,N.
t—o00

In addition, if there exist positive numbers x, C, and tg such that ||z;(t) — y;(¢)]| <
Ce™" for all i and t > t(, we say the consensus is achieved exponentially fast with
a speed K.

G is said to possess an acyclic partition {V1,- -+ , V. } [19] if the contracted graph—
obtained by replacing each subset V, with a single node and adding an edge (V¢, Vi)
if there exist u € Vy and v € Vyr such that (u,v) € E—is a DAG. Acyclic partition
turns out to be a critical topological condition for reaching group consensus irre-
spective of how weak or strong the couplings among the agents are. We make the
following assumption.

Assumption 1. The communication topology G has an acyclic partition {Vy,--- ,

V).

Under Assumption 1, thanks to Lemma 2.1 we can relabel the indices of all the
nodes in G such that its adjacency matrix is in a block lower triangular form

-/411 0
A=| o o 4)
Arl T A'rr

where Ay, specifies the information exchange within subgroup Vy, and Ay specifies
the information exchange from subgroup Vy to V,. Similar notation can be made
for the Laplacian matrix £. For £ = 1,--- ,r, the induced subnetwork of G on Vy
is denoted by G,. In what follows, we assume the above relabeling and hence the
adjacency and Laplacian matrices of G take the form in (4). We mention that the
special block matrix form (4), resulting from Assumption 1, remarkably enables
us to apply the Algebraic Riccati Equation tool and simplifies the proof in the
convergence analysis later.
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Assumption 2. For £ > (', each row sum of Agp is equal to ayge, where agp are
constant.

Note that it is not necessary that all ayy are equal to zero, which implies that the
commonly used in-degree balance condition (see e.g. [9, 19, 31, 39]) is considerably
relaxed. When all oy are equal to zero, it is easy to check (c.f. (4)) that L
becomes the Laplacian matrix of G, for £ =1,--- ,r.

2.3. Group pinning control over random topologies. When the interaction
topology among agents is described by a randomly switching graph G(t) = (V, £(t),
A(t)), the group pinning consensus protocols (2) and (3) can be modified, respec-
tively, as follows:

w(t) =K (30 ay0)@;(t) - wi() + di®) (1) — (1)) (5)

v €N (t)

and

w®) =K (D ayO)a (1) —w(0)

v ENG, ()

Y et +dOw0) - n)). (6)

v €N (8)\ N, (1)

The randomly switching graph G(t) is governed by a time-homogeneous Markov
process 0(¢), taking value in a finite set S = {1,2,-- , s}. More specifically, G(¢) €
{GW ... /G where GF) = (V, £ AR, G(t) = G if and only if A(t) = k for
k € 8. In addition, assume that d;(t) = d\*) (i = 1,--- , N) if and only if (t) = k
for k € S. For ¢ = 1,---,r, the induced subnetwork of G(¢) on V; is denoted by
Ge(t). Similar notations will be made for gé’“) for k € S. The protocols (5) and
(6) indicate that the communication topology (together with its pinned nodes) is
switching among a set of s systems—each of which can be viewed as a static one
introduced in the previous section—as time goes on.

Let (Q, F,P) represent the underlying probability space for the Markov process
0(t). Its generator I' = (v;;) € R**® is formally delineated by

. . iih 4+ o(h), if @ # j,
o+ m) =iy = =, o0 2

where o(h) denotes an infinitesimal of higher order than h, i.e., lim;,_,o+ o(h)/h = 0.
Here ;; is the transition rate from ¢ to j if ¢ # j, while v;; = — Z#i 7i;. For ease
of presentation, we assume that 0(t) is ergodic (see Remark 7 below for the case
of non-ergodic processes). Hence, each state of the process is reachable from any
other state, and there exists a unique invariant distribution 7 = (71, -+ ,74)7 such
that m > 0 for each k € S [22].

Definition 2.3. The multi-agent system (1) under the control protocol (5) or (6)
is said to achieve group pinning consensus if there exists a consensus gain K such
that for any 2;(0) € R™ and initial distribution of 6(0),

lim E(|la:(t) ~ y(0)]?) =0, fori=1,--- N,
t—o0
where the expectation E is taken under the measure P. In addition, if there exist

positive numbers x, C, and to such that E(||z;(t) — y;(t)||*) < Ce™" for all i and
t > ty, we say the consensus is achieved exponentially fast with a speed «.
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The group pinning consensus in Definition 2.3 is defined in the sense of mean
square convergence. This further implies that the consensus can also be achieved
in the almost sure sense (see [8, 14]). Denote by G the union of the topologies in
the set S, i.e., G5 = u;zlg@ For ¢ =1,---,r, the induced subnetwork of GS on
V, is denoted by Qf. We make the following assumption.

Assumption 3. The union communication topology G has an acyclic partition

Vi, Vb

Under Assumption 3, we can similarly relabel the indices of all the nodes in G
such that its adjacency matrix is in a block lower triangular form

Afl 0
AS= ] (7)
A A

where A3, specifies the information exchange within subgroup V,, and A3, specifies
the information exchange from subgroup Vp to V. Since Assumption 3 implies
that each G(¥) (k € S) has the same acyclic partition as G°, similar notations
can be made for A®), A(t), and their Laplacian counterparts £5, £*) and L(t),
for k € S, t > 0. In what follows, we assume the above relabeling and thus the
related matrices mentioned above all take the same form as in (7). The following
assumption is similar to Assumption 2.

Assumption 4. For{ > {' and k € S, each row sum of AEIZ,) s equal to aélz,), where
aél;,) are constant.

To conclude this section, we collect a couple of lemmas which will be used in the
convergence analysis.

Lemma 2.4. (Schur complement [21]) Let X,Y,Z be given matrices such that
Z > 0. Then
X Y -0
YT Z
if and only if X —YZ71YT > 0.

Lemma 2.5. ([6]) Suppose that f(t) is F-measurable and that B (f(t)1(e(t)=r})
ezists. Then for k € S,

E (f(t)d(1ipt)=k})) = Z VB (f () 1o0)=53) dt + o(dt).

3. Group pinning consensus analysis: Fixed topology. In this section, under
Assumptions 1 and 2, we focus on group pinning consensus of system (1) with
control laws (2) and (3) over fixed network topology G. In Section 3.1, we first
address a special case of protocol (3) with r = 2, i.e., the network G consists of
two subnetworks, and then generalize the result to general r. In Section 3.2, we
complement the consensus result obtained in [19] with protocol (2) by applying an
analogous argument in Section 3.1. We discuss the choice of pinning nodes, group
partition, and compare the two protocols in Section 3.3.
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3.1. Convergence results for system (1) under protocol (3). Without loss
of generality, we first assume that the network G consists of Ny + N, = N agents
such that ¥V = V; U Vs, i.e., the case of r = 2.
Let D; = diag(dy,- - ,dn,) and Dy = diag(dn, 41, - ,dn). Define an (N + 2)-
dimensional matrix
- Hy O
"= [ Hor Ho } ’

where

iy = [ —6121 8 ] € RW2+Dx(Ni+1).

i, — { EzJ(;De *’DélNe } e RINe+ D)X (Net1)

and Ly is the Laplacian matrix of Gy for £ =1, 2.

Set 'f(t) = (xf(t)a e 7‘23%1 (t)7 y{(t)v xlj\}1+1(t)7 o ,J}%(t), yg(t))T € Rn(N+2)' As
a consequence of Assumption 1, the system (1) under protocol (3) can be recast in
the following compact form

2(t) = (In;2 ® A —H® BK)Z(t), (8)

where we have used the fact that y; (¢t) and y2(t) are solutions of the system §(t) =
Ay(t). Let o(t) = (a1 (t) — a3 (), i (t) — szTvl (1), 21 () = yi (1), 28, 1 (1) —
TN o), afy o (8) — 2k (8), 2%, 1 (1) — 3 (t)) € R™™. We have the following
result regarding the evolution of error dynamics.

Proposition 1. Under Assumptions 1 and 2, we have for t > 0,

5(t) = (In ® A— Z® BK)(t), (9)
2010 UAH, Uy 0 i
where Z = |-ZLi 2 =F |- B e F~1, F = diag(RiUy, Rol),
Zoni 2 Us'Ho1 Uy i Us HoUs

Ry = [11\/1 — INJ, Ry = [1]\/2 — INQ]’ and Uy € (C(NlJrl)XNl and Uy € (C(N2+1)XN2
are arbitrary matrices such that ®; := [1N1+1/\/N1 +1 Ul] and $o = [1N2+1/
vVNy +1 UQ] are two unitary matrices.

R 0

Proof. Set R = { 0 Ry

} It follows from (8) that

5(t) = (R® I,)%(t) = (R® A — RH ® BK)Z(t). (10)

Let Ry = [RT 1n,44]" and Rgii [RY 1n,.1]7. Then R; and R, are invertible.
For £ =1,2, Rely,+1 =0 and H¢1ln,+1 = 0. Assumption 2 implies that A1y, =
a211y,. Hence, a straightforward computation yields

RH =RH (R"(RR")'R) = RHR"(RR")'R. (11)
Combining (11) with (10), we derive
o(t) =(In ® A)(R® I,)(t) — (RHRT(RR")™' ® BK) (R® I,)%(t)
=(In® A— RHR"(RR")"' ® BK) §(t). (12)
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Since ® := diag(®P1, P2) is unitary, it is direct to check that

RHR"(RRT)™' ® BK =(R®)(®"#{®)(R®)" ((R®)(RD)") ™"

B Uit o _[U; 0 1
[ g A o]

where F' = diag(R1U;, RoUs). This concludes the proof in view of (12). O

For ¢ = 1,2, since H,1 = 0, by the Schur decomposition theorem [21] we can
choose Uy in Proposition 1 such that H, admits an upper triangulation, i.e.,

_ 0 *
with
)\2(7'2@) *
Ul HoUp = : : )
0 Aner(He)

where {1 (H¢) = 0, A\o(He), -+, An,+1(He)} form the spectrum of H,.

For every ¢, let Gy denote the “extended” version of subnetwork G, such that a
virtual agent y, and a directed edge from y, to the node in G, that is pinned are
added.

Theorem 3.1. Suppose that (A, B) is stabilizable. Under Assumptions 1 and 2, if
the agents in subgroups are pinned such that each Gy, ¢ =1,--- ,r, has a spanning
tree, then the multi-agent system (1) under protocol (3) can achieve group pinning
consensus exponentially fast.

Moreover, if (A, B) is controllable, the group pinning consensus can be achieved
with any speed.

Proof. Set r = 2. If we label the virtual leader y; as the last node in each subgroup,
the Laplacian matrix of G, is exactly H, for £ = 1,2. In the light of the comments
in Section 2.1, the condition that G, contains a spanning tree indicates that all
eigenvalues of L, + D, are with positive real parts. By (13) and Proposition 1,
this means all the eigenvalues of Z,, £ = 1,2, are also with positive real parts.
The Lyapunov algebraic equation then implies that there exists a Z; > 0 such that
=02 + ZgEz > 0, £ = 1,2. Thanks to Lemma 2.4, we can choose some €1, > 0
such that AZZ + ZTAZ > 0, where A = diag(e1In,,c21n,) and = = diag(Z;, Za).

Define Q = (VAZ) 1 (AEZ + ZTAZ)(VAE)~!. We have Apin(Q) > 0. Since
(A, B) is stabilizable, by the algebraic Riccati inequality, there exists a P > 0 such
that

PA+ ATP — X\uin(Q)PBBTP < 0.
Moreover, we can find a 8 > 0 such that
PA+ ATP — X\puin(Q)PBBTP + 3P < 0. (14)
Define the following Lyapunov function

V(t) = 6T (t)(AZ @ P)4(t),
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and take the gain matrix K = BT P. We obtain
V(t) =T (t)(VAE® I,) (In ® (ATP + PA) — Q® PBB"P) (VAE ® I1,,)3(t)
<T(H(VAE® I1,) (In @ (ATP + PA - \uin(Q)PBBT P)) (VAE ® I,,)3(t)

where we have used (9) and (14). By the comparison principle, we obtain V(¢) <
V(0)e=#*, which implies that the multi-agent system (1) under protocol (3) can
achieve group pinning consensus exponentially fast with a speed .

Moreover, if (A, B) is controllable, there always exists a P > 0 solving (14) for
any positive 5 [12]. Therefore, the group pinning consensus can be achieved with
any speed. O

Remark 1. For the case of general r, Theorem 3.1 can be proved in the similar
way as above. We leave the details to the reader.

Remark 2. A similar (but non-linear) pinning protocol is also used in [31] to ensure
group consensus. Their paper differs from the current work mainly in the following
two points: (a) Assumption 2 is also proposed in [31], but all ayy are required to
be zero. (b) Some complicated algebraic conditions are introduced on interaction
topology as well as pinning control gain d; in [31] to guarantee group consensus,
while our paper focuses on seeking group consensus on graphs with acyclic partition
regardless of the magnitude of the coupling strength and d;. The methodology used
are totally different.

Remark 3. In the practical application, it is desirable to make the number of con-
trollers as small as possible. Theorem 3.1 reveals that only r controllers may drive
the multi-agent system (1) under protocol (3) to group consensus with r subgroups.
Favorably, this number does not rely on the coupling strength. In complete con-
sensus problems, the question of determining controller number is discussed in e.g.
[5, 37], where small number of controllers typically requires large coupling strength.

3.2. Convergence results for system (1) under protocol (2). The same tech-
nique developed in the proof of Theorem 3.1 can be used to show that multi-agent
system (1) with protocol (2) will achieve pinning group consensus exponentially
fast with any speed when (A, B) is controllable, which complements/modifies the
convergence result in [19]. We reformulate the result as follows and omit the proof.

Theorem 3.2. Suppose that (A, B) is stabilizable. Under Assumptions 1 and 2 with
all oy = 0, if the agents in subgroups are pinned such that each G, £ =1,--- .7,
has a spanning tree, then the multi-agent system (1) under protocol (2) can achieve
group pinning consensus exponentially fast [19, Theorem 1].

Moreover, if (A, B) is controllable, the group pinning consensus can be achieved
with any speed.

Comparing Theorem 3.1 with Theorem 3.2, we see that the protocol (3) surpasses
protocol (2) in the sense that no in-degree balance condition is needed. We will see
in Section 3.3 that this really makes a difference in some situations.

A word is in order now about the necessity. The acyclic partition condition, i.e.,
Assumption 1, unfortunately is not a necessary condition for group pinning consen-
sus. (A counterexample is constructed in [19, Fig. 6], where the communication
graph consisting of 5 nodes is partitioned into two subgroups with bidirectional
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edges running between them.) That said, we will soon see in Section 3.3 that the
acyclic partition is not too limited.

3.3. Discussion on partition scheme. In this section, we discuss on how to
partition the network and choose the controllers appropriately so that the desired
group consensus could be achieved under our pinning protocols.

In view of the results developed in the previous sections, two natural questions
are in order. First, could the acyclic partition condition (i.e., Assumption 1) be
too restrictive? A remarkable result of Stanley [30] asserts that the number of

labeled DAGs on r nodes grows approximately as 1.7 - 2(;)7"!(2 /3)", which ensures a
sufficient pool of candidates for any finite r. Indeed, the first few exact numbers for
r=1,2,3,4,5,--- are 1,3,25,543,29281, - - -. One also notices that if the contracted
graph is a tree, then it must be a DAG.

Second, what if the desired partition of the communication graph G does not
admit an acyclic partition?

Va ¥i Va Y m e
ar e ey

GG, Gl N < new G

S hde 10

s G s Gy

F1GURE 1. An example where the original partition of G results
in a directed cycle in the contracted graph (see the left panel).
The subnetwork G; is decomposed further into two subnetworks
to “break” the cycle (see the right panel, where the dashed arrow
indicates possible edges from new G; to G5 ). Notice that no edges or
nodes are actually added/deleted—the network structure remains
the same except an additional node is pinned.

A generic scenario example is depicted in Fig. 1, where the contracted graph
of the whole network G contains a directed cycle. (Recall that each node in the
contracted graph represents a set of agents.) From our results above, the desired
pinning group consensus for all kinds of coupling strength cannot be guaranteed
under protocol (2) or (3). However, there are possible solutions at the expense of
extra controllers as indicated in Fig. 1—splitting a subnetwork into two new ones
so that either they are not linked to each other or they are linked but in a way that
inhibits directed cycles; exercising the same value of y, on each new subnetwork.
Note that the protocol (2) imposes a stronger condition on Assumption 2, which
limits largely its applicability in many situations compared to protocol (3).

To further illustrate the idea mentioned above, a concrete example is worked
out as follows. Consider a group of N = 6 agents with two subgroups G; =
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FIGURE 2. Partitioning a network to meet Assumptions 1 and 2,
while maintain desired group consensus.

{v1,v2,v5,v6} and Gy = {w3,v4} (see Fig. 2 left panel). Clearly, the in-degree

balance condition holds true but there is a directed cycle in the contracted graph.

Theorems 3.1 and 3.2 cannot be applied directly. To overcome this problem, we

make a further partition and get three subgroups G; = {vi,v2}, Go = {vs,v4},

Gs = {vs,v6} (see Fig. 2 right panel). This partition satisfies Assumptions 1 and

2, but not the in-degree balance condition (since the edge weight ¢ is non-zero.)
Take n = 3, m = 1, and let the agent dynamics (1) be specified as

-1 0 0 0
A= 1 1 0 and B=|1
0 1 -1 0

The pair (A, B) is stabilizable. We choose D, = diag(1,0), £ = 1,2, 3 as the pinning

control gain, and AZ = diag(1.2,1.2,0.75,0.5,0.2,0.2). It is easy to solve the Riccati
4.1624  3.0015 —0.1445

equation (14) that P = 3.0015 7.7823 1.0241 with Apin(Q) = 0.4272
—0.1445 1.0241  2.0920

and 8 = 0.2. Thus, the gain matrix K = BT P = (3.0015, 7.7823,1.0241). We take

the initial states x;(0), i = 1,--- ,6 randomly in [—2,2]3, and the initial values y; (0)

and y2(0) arbitrarily just to satisfy lim; o ||y1(t) — y2(t)| # 0.

Define the quantities A (t) = ||x1(¢) — y1 ()] + [|[x2(t) — y1 ()], A2(t) = ||x3(¢) —
yo (O + llza(t) = yo ()], and A(t) = [l (£) =1 (D) + | (t) — 1 ()], which measure
the norm of error trajectories within subnetworks. Fig. 3(a) shows that the desired
group consensus is achieved for ¢ = 1 and ¢ = 0.1 under protocol (3). This agrees
with Theorem 3.1. Since the in-degree balance condition fails, Theorem 3.2 does
not apply. By taking a small ¢, for example ¢ = 0.1, as shown in Fig. 3(b), the
group consensus cannot be achieved under protocol (2). Of course, this shows the
limitation of protocol (2), but by no means implies the necessity of the conditions
in Theorem 3.2.

4. Group pinning consensus analysis: Randomly switching topologies. In
this section, we reveal the effect of Markovian switching topology G(¢) on the group
pinning consensus problem under Assumptions 3 and 4. The stationary distribution
7 of the Markov process 6(t) is shown to be vital in the design of common consensus
gain. The system (1) with control laws (5) and (6) is tackled in Sections 4.1 and
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FIGURE 3. Norm of error trajectories Ay(t) for multi-agent system
(1) with fixed topology. (a): protocol (3), ¢ = 1 in the main panel,
and ¢ = 0.1 in the inset; (b): protocol (2) and ¢ = 0.1.

4.2, respectively. In Section 4.3, simulation results are presented to illustrate the
effectiveness of the theoretical results.

4.1. Convergence results for system (1) under protocol (5). Fori=1,---,
N, let 6;(t) = x;(t) — y;(¢). If Assumption 4 holds with all afglg,) = 0, we obtain for
any t > 0,

N r
Z aij(0)(w;(8) = 2o() = = D Y Lig(0)(w;(t) = ye(t) + ye(t))

{=1v;EV,

N T
SR IGULIOEDS ( > lij<t>)w(t>

=1 (=1 Mv; eV,
N
— Z aij(t)(8;(t) — 6;(1)),

where L(t) = (1;;(t)) is the Laplacian matrix of G(t) assuming the lower triangular
form as in (7). Recall that g,(t) = Aye(t) for £ = 1,--- ,r. We are led to the
conclusion that system (1) with protocol (5) can be rewritten as

N
0;(t) = Ad;(¢t) + BK(Z a;;(£)(8;(t) — 6;(t)) — di(t)di(t)>
j=1
fori=1,---,N.
Set §(t) = (6T (t),--- ,0%(#)T € R"N, and D(t) = diag(di(t), - ,dn(t)). Then
we have the following compact form of the error dynamics

5(t) = (In ® A) — (L(t) + D(t)) @ BK)d(t). (15)

Recall that, for £ = 1,--- |7, gf is the induced subnetwork of the union inter-
action topology G on V,. Similarly as in the previous sections, let Qf denote the
“extended” version of subnetwork g;,? such that a virtual agent y, and a directed
edge from y, to the node in gf that is pinned at some time t are added. Note that
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G¢ is not unique (more precisely, has at most min{s, Ny} versions) by definition
since the pinned nodes in gé’“) can be different for different k € S (c.f. Fig. 4).

Theorem 4.1. Suppose that (A, B) is stabilizable. Under Assumptions 3 and 4
with all aélz,) =0 (£> '), if the agents in subgroups are pinned such that each Gf,
£ =1,---,r, has a spanning tree, then the multi-agent system (1) under protocol
(5) can achieve group pinning consensus exponentially fast.

Moreover, if (A, B) is controllable, and K = 0BT P, where the coefficient o >
(minges )"t and P > 0 is given in (16) below, the group pinning consensus can
be achieved with any speed.

Before proceeding to the proof, we remark that the spanning tree condition in
Theorem 4.1 is imposed on only one version of Gi for each £. To see why this may

suffice, we recall that the Markov process 6(t) is ergodic. Hence, given k € S, gé’“)
will be visited infinite times, which is reminiscent of the well-known “frequently-
connected” condition proposed for achieving consensus in deterministic switching
networks [20].

Proof. Under Assumption 3, the Laplacian matrix of the union topology G°, de-
noted by £°, has the lower triangular form as in (7). Therefore,

L3 - 0
ESI:£$+DS: +d1ag(DfaaD;g)a
/;51 .e. LS

where DS = diag(D$,--- ,D5) = S25_, D® DK = diag(d™, .-, dl).

Since Assumption 4 holds with all aéf,) =0 (¢ > (), LS, is the Laplacian matrix
of graph G for £ = 1,--- ,r. The Laplacian matrix of the “extend” graph Qf is thus
£f€ + D‘l? 7DZ§1N@ RWNe+1)x(Ne+1)  Ag i

0 0 € . As in the proof of Theorem
3.1, the spanning tree conditions imply that all the eigenvalues of Efé + De‘s are
with positive real parts. Thanks to the Lyapunov algebraic equation, there exists a
Z¢ > 0 such that Z,(L3, + DY) + (L5, + D)2 >0, £ =1,--- ,r. Tt follows from
Lemma 2.4 that we can select some &, > 0 such that AZLS + (£L%)TAZ > 0, where
A = diag(e1In,, - ,erIn,.) and 2 = diag(Eq,- - ,E;).

Define @ = (VAE)™! (AELS + (£5)TAE) (VAE)™L. We have Apin(Q) > 0.
Since (A, B) is stabilizable, by the algebraic Riccati inequality, there exists a P > 0
such that

given by

PA+ ATP — \uin(Q)PBBTP < 0.

Furthermore, we can select a 8 > 0 such that
PA+ ATP — X\uin(Q)PBBTP + 8P < 0. (16)
Define the Lyapunov functions by
V(t)=E (6" (t)(AZ ® P)i(t))

and
Vi(t) = E (67 ()(AZ @ P)3(t)110()=k})
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for k € S. By Lemma 2.5 and (15), we obtain

dVis(t) :E(déT(t)(AE ® P)3(t)1gg()—t) + 67 (1) (AZ ® P)dd(t)l{g(t):k}>
+ Z v, Vj(t)dt 4 o(dt)

:E(éT(t) (AE ® (PA+ ATP) — (L(t) + D(t)TAZ® KTBTP

FAS(L(H) + D) ® PBK))é(t)l{g(t)zk}>

+ i v V; (£)dt + o(dt). (17)
j=1

Since the Markov process 0(t) is ergodic, without loss of generality, we assume
that it starts from the invariant distribution 7. Note that V() = >7_, Vi(¢),
S 1%k =0, and £S5 = Y7 _ (L% + D). By taking K = oBTP with ¢ >
(minges Wk)_l > 71',;1 for any k € S, we derive from (17) that

V(t) g]E(dT(t) (AE ® (PA+ ATP) — (£5)TAZ + AZLS) ® PBBTP)cS(t)>
:E(aT(t)(\/E ®I,)(In ® (PA+ ATP) - Q ® PBBTP)(VAE® In)é(lﬁ)).

Employing (16) we further have

V(t) < ~BE(67(O)(VAZ @ L) (In © P)(VAZ @ L)i(t)) = BV (1)

By the comparison principle, we obtain V(t) < V(0)e™#*, which implies that the
multi-agent system (1) under protocol (5) can achieve group pinning consensus
exponentially fast with a speed .

In addition, when (A, B) is controllable, there always exists a P > 0 solving
(16) for any positive 8 similarly as in the proof of Theorem 3.1. Hence, the group
pinning consensus can be achieved with any speed. O

Remark 4. From the perspective of the design of gain matrix K, the choice of
positive definite matrix P in (16) depends on both the agent dynamics and the
network topologies. This differs from the design in [36, Theorem 1] for complete
consensus, where the selected matrix is independent of graphs.

Remark 5. It is worth noting that the same group consensus protocol over deter-
ministic switching topology was considered in [19]. Given a partition {Vy, -, V;}.
It is assumed that the contracted graphs of the communication topologies are time-
invariant and acyclic (see Assumption 4 therein). Indeed, it suffices to only require
that the contracted graph of the union topology over time is acyclic. The same
proof presented there is still valid in such circumstances.

Remark 6. Note that we do not require balance of the underlying graphs (a graph
is called balanced if the out-degree is equal to the in-degree for every node [17]). This
provides additional flexibility on many applications as compared to the continuous-
time complete consensus over Markovian switching graphs, where the balance con-
dition is commonly assumed; see e.g. [14, 23, 36]. The balance condition is also
imposed in [19] to ensure group consensus over deterministic switching topology.
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Remark 7. When the Markov process 0(t) in question is not ergodic, the state
space S = {1,2,--- ,s} can be decomposed uniquely into the form & = {7 U S; U
- U8}, where each Sj (j = 1,---,¢) is a closed set of positive recurrent states
and J is a set of transient states [22]. The assumption in Theorem 4.1 needs
to be modified into that the agents in subgroups are pinned such that each Q_fj ,
{=1,---,r,and j = 1,--- ,q, has a spanning tree. Similar treatment has been
proposed in [15, 36] for complete consensus problems.

4.2. Convergence results for system (1) under protocol (6). As in Section
3.1 we here only focus on the case of r = 2 for ease of presentation. The general
case can be proved in the same way but the details are left to the readers.

Recall that 6(t) = (mlT(t) —af @), 2T (t) - :EZTT\,l ), 2T (t) —y'@), xqj\}1+1(t) —
ah o), s ak () — 2k (1), 2k, () —y3 (1) € R™N. GF denotes the “ex-
tended” version of subnetwork gf such that a virtual agent y, and a directed edge
from gy to the node in Qf that is pinned at some (any) time ¢ are added.

Theorem 4.2. Suppose that (A, B) is stabilizable. Under Assumptions 3 and 4, if
the agents in subgroups are pinned such that each Gf, {=1,---r, has a spanning
tree, then the multi-agent system (1) under protocol (6) can achieve group pinning
consensus exponentially fast.

Moreover, if (A, B) is controllable, and K = o BT P, where the coefficient o >
(minges )"t and P > 0 is given in (19) below, the group pinning consensus can
be achieved with any speed.

Proof. Set r = 2. In view of Proposition 1, we obtain for ¢t > 0,

o(t) = (In ® A— Z(t) ® BK)d(t), (18)
Zi(t): 0 UHH, (U | 0 L
where Z(t) = [-moreieemeee =F |-t Shah el S F=1 Ha (1)
Zo1(t): Z2(2) U Ha1 (t)Ur | UF Hao (1) Us
_ —A(2)1(t) 8 € RN+ D)X (Ni+1) 97, (4) = [ L(t) -(f)-Dz(t) —De(ot)lNz }

€ RWetD)x(NeAD) Dy (1) = diag(dy(t), -+ ,dn, (1)), D2(t) = diag(dn,4+1(t),---,
dn(t)), and Ly(t) is the Laplacian matrix of Gy(t), £ = 1,2; U, is determined by the
Schur decomposition of Hy (i.e., replacing H, with Hy in (13)) for £ = 1,2; F is de-
& : L os _ | L2 +D7 —Dilw, (Ne+1)x (Ne+1)
ned as in Proposition 1. Here, Hy = [ 0 0 } e R\ et
where L% is the Laplacian matrix of GF and DY is defined as in the proof of Theo-
rem 4.1, for £ = 1,2. Similar notations will be made for Z5, Zf, Z(k), Zék), ?f[gi),
ﬁ(gk), etc. for {=1,2, k€ S.
Following the similar reasoning as in Theorem 3.1, we define a positive definite
matrix

Q = (VAE)H(AZEZS + (25)TAE)(VAE) ™!
with Apin(Q) > 0. Here, A = diag(e1ln,,e21n,) and E = diag(Z1,Z2) are taken
such that 2,28 + (Z5)TZ, > 0 (£ = 1,2), and AZZS + (29)TAZE > 0.
Since (A, B) is stabilizable, again by the algebraic Riccati inequality, there exist
a P > 0 such that

PA+ ATP — \uin(Q)PBBT P < 0,
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and a 8 > 0 such that
PA+ AP = A\yin(Q)PBB"P + 8P < 0. (19)
Similarly, define the Lyapunov candidates by
V(t)=E (6" (t)(AZ ® P)i(t))
and
Vi(t) = E (67 (t)(AZE @ P)5(t)11o(1)=4})
for k € S. By Lemma 2.5 and (18), we obtain

dVi(t) =E (d(;T(t) (AE® P)(S(t)l{g(t):k} + (5T(t) (AE® P)dé(t)l{g(t)zk}>
+ i fyjij(t)dt + o(dt)
:E(aT(t) (AE ® (PA+ ATP)— (2T (t)AZ @ KTB"P

+AZZ(t) ® PBK))(S(t)l{g(t):k}) + Z v,k V;(t)dt + o(dt). (20)

Without loss of generality, we assume that the Markov process 0(t) starts from
the invariant distribution 7. Note that V() = > "7 _; Vi(t), >p_; 7k = 0, and
S
gs_ | HT 0 | _
e ]

7P o 1 )
o o | =2 A
= L Hao Ho =1

Hence, Z5 = 22:1 Z®) as F, Uy, and Us are time-invariant. Taking K = o BT P
with ¢ > (minges ;)" > 7, ' for any k € S, we derive from (20) that

S

V(t) g]E(aT(t) (AE ® (PA+ ATP) — ((25)TAZ + AZ25) @ PBBTP)cS(t))
:E(aT(t)(\/E ® I,)(In @ (PA+ ATP) — Q® PBB"P)(VAE ® In)é(t)).

Accordingly, we obtain from (19) that

V(1) < ~BE(37())(VAE @ L) (In © P)VAE @ 1,)(1)) = BV (1),

The rest of the proof follows as in Theorem 4.1. Therefore, we conclude the proof
as desired. 0

The remarks after Theorem 4.1 can be applied here analogously.

4.3. Simulations. Consider the multi-agent system (1) with N = 6 agents divided
into two subgroups V; = {v1,vs,v3} and Vo = {v4,vs5,v6}. The communication
topology among agents will randomly switch between G(V) and G (see Fig. 4
first row) following a time-homogeneous Markovian process 6(t) with generator
I = { _21 _12 } and state space S = {1,2}. The initial distribution of 6(t) is
given by its invariant distribution = = (2/3,1/3)7.

Take n =2, m = 1, and let the agent dynamics (1) be specified as

a=[70] wa me[0]
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sl
Gi Gz

FIGURE 4. Network topologies: G, G?), and their union G =
¢MW UG®@ . Note that we have chosen one version of gf out of two
possible ones.

The pair (A, B) is stabilizable. With G (¢ = 1,2) displayed in Fig. 4 last row, it is
straightforward to check that all assumptions in Theorems 4.1 and 4.2 are satisfied.
We take the initial states z;(0), i = 1,---,6 randomly in [—2,2]?, and the initial
values y1(0) and y5(0) arbitrarily just to satisfy lim; o |ly1(t) — y2(t)|| # O.
Firstly, we consider the system (1) with protocol (5). Take DY) = diag(1,0,0, 1,0,
0), D@ = diag(0,0,1,1,0,0) and AZ = diag(1,0.1,0.5,0.3,0.2,0.1). It is easy to
L 0) -
and 8 = 0.1. The gain matrix is solved as K = (4.7103,15.0684). Fig. 5 shows a
sample path of the consensus seeking process, which agrees with Theorem 4.1.
Next, we consider the system (1) with protocol (6). Take D), D) as above, and
= = diag(1,1,0.8,0.3,0.1,0.1). Solving the Riccati equation (19) with A\pin(Q) =
. 1.2852  2.3049
0.5721 and 8 = 0.1 gives P = [ 93049 7.9334
K = (6.9147,21.7002). Fig. 6 shows a sample path of the consensus seeking process,
which is consistent with Theorem 4.2.

solve the Riccati equation (16) that P = [

]. The gain matrix is solved as

5. Conclusion. In this paper, the group consensus problem of continuous-time
linear multi-agent systems has been studied. Two different types of pinning control
protocols are proposed to ensure group consensus regardless of the magnitude of
the coupling strengths among the agents. Sufficient conditions guaranteeing the
group consensus under directed fixed interaction topology and randomly switching
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FIGURE 5. Error trajectories for multi-agent system (1) under ran-
domly switching topology using protocol (5).
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FIGURE 6. Error trajectories for multi-agent system (1) under ran-
domly switching topology using protocol (6). The same sample
path of 6(¢) is used as in Fig. 5.

topology are derived in terms of simple graphic conditions. For one of the pro-
tocols studied here, the commonly used in-degree balance condition can be largely
relaxed. In the case of randomly switching topology, where the underlying networks
are governed by a continuous-time Markov process, it is shown that the group con-
sensus behavior is unrelated to the magnitude of the couplings among agents if the
union of the topologies corresponding to the positive recurrent states of the Markov
process has an acyclic partition. Numerical simulations are presented to illustrate
the effectiveness of our theoretical results and facilitate discussion on the choice of
pinning schemes.

Acknowledgments. The author appreciates the handling editor and anonymous
referees for their careful reading and helpful comments and suggestions on the man-
uscript of this paper. The author also thanks Singapore University of Technology
and Design, where most of this work was carried through.



572

[1]
2]
3]
[4]
[5]

[6]

(7
(8]

[9]

(10]

(11]
(12]

(13]

14]
15]
(16]
(17]
(18]
(19]
20]
21]

(22]
23]

24]
[25]
[26]

27)

YILUN SHANG
REFERENCES

A. Arenas, A. Diaz-Guilera, J. Kurths, Y. Moreno and C. Zhou, Synchronization in complex
networks, Phys. Rep., 469 (2008), 93-153.

J. Bang-Jensen and G. Z. Gutin, Digraphs: Theory, Algorithm and Applications, 2nd Ed.,
Springer-Verlag, London, 2009.

V. N. Belykh, I. V. Belykh and M. Hasler, Hierarchy and stability of partially synchronous
oscillations of diffusively coupled dynamical systems, Phys. Rev. E, 62 (2000), 6332-6345.
V. Borkar and P. P. Varaiya, Asymptotic agreement in distributed estimation, IEEE Trans.
Automat. Control, 27 (1982), 650-655.

T. Chen, X. Liu and W. Lu, Pinning complex networks by a single controller, IEEE Trans.
Circust Syst. I, 54 (2007), 1317-1326.

O. Costa and M. Fragoso, A unified approach for stochastic and mean square stability of
continuous-time linear systems with Markovian jumping parameters and additive distur-
bances, SIAM J. Contr. Optim., 44 (2005), 1165-1191.

T. Dahms, J. Lehnert and E. Scholl, Cluster and group synchronization in delay-coupled
networks, Phys. Rev. E, 86 (2012), 016202.

X. Feng and K. A. Loparo, Stability of linear Markovian jump systems, Proc. of the 29th
IEEE Conf. Decision and Control, Honolulu, HI, (1990), 1408-1413.

Y. Z. Feng, J. Lu, S. Xu and Y. Zou, Couple-group consensus for multi-agent networks of
agents with discrete-time second-order dynamcis, J. Franklin Institute, 350 (2013), 3277—
3292.

Y. Han, W. Lu and T. Chen, Cluster consensus in discrete-time networks of multiagents
with inter-cluster nonidentical inputs, IEEE Trans. Neural Networks and Learning Syst., 24
(2013), 566-578.

A. Jadbabaie, J. Lin and A. S. Morse, Coordination of groups of mobile autonomous agents
using nearest neighbor rules, IEEE Trans. Autom. Control, 48 (2003), 988-1001.

Z. Li, Z. Duan and G. Chen, Dynamic consensus of linear multi-agent systems, IET Control
Theory Appl., 5 (2011), 19-28.

W. Lu, F. M. Atay and J. Jost, Consensus and synchronization in discrete-time networks of
multi-agents with stochastically switching topologies and time delays, Netw. Heterog. Media,
6 (2011), 329-349.

I. Matei and J. S. Baras, Convergence results for the linear consensus problem under Mar-
kovian random graphs, SIAM J. Control Optim., 51 (2013), 1574-1591.

G. Miao, S. Xu and Y. Zou, Necessary and sufficient conditions for mean square consensus
under Markov switching topologies, Int. J. Syst. Sci., 44 (2013), 178-186.

R. Olfati-Saber, J. A. Fax and R. M. Murray, Consensus and cooperation in networked multi-
agent systems, Proceedings of the IEEE, 95 (2007), 215-233.

R. Olfati-Saber and R. M. Murray, Consensus problem in networks of agents with switching
topology and time-delays, IEEE Trans. Autom. Control, 49 (2004), 1520-1533.

L. M. Pecora and T. L. Carroll, Master stability functions for synchronized coupled systems,
Phys. Rev. Lett., 80 (1998), 2109-2112.

J. Qin and C. Yu, Cluster consensus control of generic linear multi-agent systems under
directed topology with acyclic partition, Automatica, 49 (2013), 2898-2905.

W. Ren and R. W. Beard, Consensus seeking in multiagent systems under dynamically chang-
ing interation topologies, IEEE Trans. Autom. Control, 50 (2005), 655-661.

A. H. Roger and R. J. Charles, Matriz Analysis, Cambridge University Press, Cambridge,
1985.

E. Seneta, Non-negative Matrices and Markov Chains, Springer, New York, 2006.

Y. Shang, Multi-agent coordination in directed moving neighborhood random networks, Chin.
Phys. B, 19 (2010), 070201.

Y. Shang, Finite-time consensus for multi-agent systems with fixed topologies, Int. J. Syst.
Sci., 43 (2012), 499-506.

Y. Shang, L' group consensus of multi-agent systems with stochastic inputs under directed
interaction topology, Int. J. Control, 86 (2013), 1-8.

Y. Shang, Continuous-time average consensus under dynamically changing topologies and
multiple time-varying delays, Appl. Math. Comput., 244 (2014), 457-466.

Y. Shang, Group consensus of multi-agent systems in directed networks with noises and time
delays, Int. J. Syst. Sci.


http://www.ams.org/mathscinet-getitem?mr=MR2477097&return=pdf
http://dx.doi.org/10.1016/j.physrep.2008.09.002
http://dx.doi.org/10.1016/j.physrep.2008.09.002
http://www.ams.org/mathscinet-getitem?mr=MR2472389&return=pdf
http://dx.doi.org/10.1007/978-1-84800-998-1
http://www.ams.org/mathscinet-getitem?mr=MR1796442&return=pdf
http://dx.doi.org/10.1103/PhysRevE.62.6332
http://dx.doi.org/10.1103/PhysRevE.62.6332
http://www.ams.org/mathscinet-getitem?mr=MR680323&return=pdf
http://dx.doi.org/10.1109/TAC.1982.1102982
http://www.ams.org/mathscinet-getitem?mr=MR2370589&return=pdf
http://dx.doi.org/10.1109/TCSI.2007.895383
http://www.ams.org/mathscinet-getitem?mr=MR2177308&return=pdf
http://dx.doi.org/10.1137/S0363012903434753
http://dx.doi.org/10.1137/S0363012903434753
http://dx.doi.org/10.1137/S0363012903434753
http://dx.doi.org/10.1103/PhysRevE.86.016202
http://dx.doi.org/10.1103/PhysRevE.86.016202
http://dx.doi.org/10.1109/CDC.1990.203842
http://www.ams.org/mathscinet-getitem?mr=MR3123418&return=pdf
http://dx.doi.org/10.1016/j.jfranklin.2013.07.004
http://dx.doi.org/10.1016/j.jfranklin.2013.07.004
http://www.ams.org/mathscinet-getitem?mr=MR1986266&return=pdf
http://dx.doi.org/10.1109/TAC.2003.812781
http://dx.doi.org/10.1109/TAC.2003.812781
http://www.ams.org/mathscinet-getitem?mr=MR2807941&return=pdf
http://dx.doi.org/10.1049/iet-cta.2009.0466
http://www.ams.org/mathscinet-getitem?mr=MR2806078&return=pdf
http://dx.doi.org/10.3934/nhm.2011.6.329
http://dx.doi.org/10.3934/nhm.2011.6.329
http://www.ams.org/mathscinet-getitem?mr=MR3040365&return=pdf
http://dx.doi.org/10.1137/100816870
http://dx.doi.org/10.1137/100816870
http://www.ams.org/mathscinet-getitem?mr=MR2998059&return=pdf
http://dx.doi.org/10.1080/00207721.2011.598961
http://dx.doi.org/10.1080/00207721.2011.598961
http://dx.doi.org/10.1109/JPROC.2006.887293
http://dx.doi.org/10.1109/JPROC.2006.887293
http://www.ams.org/mathscinet-getitem?mr=MR2086916&return=pdf
http://dx.doi.org/10.1109/TAC.2004.834113
http://dx.doi.org/10.1109/TAC.2004.834113
http://dx.doi.org/10.1103/PhysRevLett.80.2109
http://www.ams.org/mathscinet-getitem?mr=MR3084481&return=pdf
http://dx.doi.org/10.1016/j.automatica.2013.06.017
http://dx.doi.org/10.1016/j.automatica.2013.06.017
http://www.ams.org/mathscinet-getitem?mr=MR2141568&return=pdf
http://dx.doi.org/10.1109/TAC.2005.846556
http://dx.doi.org/10.1109/TAC.2005.846556
http://www.ams.org/mathscinet-getitem?mr=MR832183&return=pdf
http://dx.doi.org/10.1017/CBO9780511810817
http://www.ams.org/mathscinet-getitem?mr=MR2209438&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2862258&return=pdf
http://dx.doi.org/10.1080/00207721.2010.517857
http://www.ams.org/mathscinet-getitem?mr=MR3006300&return=pdf
http://dx.doi.org/10.1080/00207179.2012.715753
http://dx.doi.org/10.1080/00207179.2012.715753
http://www.ams.org/mathscinet-getitem?mr=MR3250592&return=pdf
http://dx.doi.org/10.1016/j.amc.2014.07.019
http://dx.doi.org/10.1016/j.amc.2014.07.019
http://dx.doi.org/10.1080/00207721.2013.862582
http://dx.doi.org/10.1080/00207721.2013.862582

(28]
29]
(30]
(31]

(32]

GROUP CONSENSUS WITH ACYCLIC PARTITION 573

Y. Shang, Group consensus in generic linear multi-agent sytesms with inter-group non-
identical inputs, Cogent Engineering, 1 (2014), 947761.

F. Sorrentino and E. Ott, Network synchronization of groups, Phys. Rev. E, 76 (2007),
056114.

R. Stanley, Acyclic orientations of graphs, Discrete Math., 5 (1973), 171-178.

W. Sun, Y. Q. Bai, R. Jia, R. Xiong and J. Chen, Multi-group consensus via pinning control
with non-linear heterogeneous agents, Proc. 8th Asian Control Conference, Taiwan, (2011),
323-328.

C. Tan, G.-P. Liu and G.-R. Duan, Couple-group consensus of multi-agent systems with
directed and fixed topology, Proc. 30th Chinese Contr. Conf., Yantai, (2011), 6515-6520.

[33] B. Touri and A. Nedi¢, On ergodicity, infinite flow, and consensus in random models, IEEE

Trans. Autom. Control, 56 (2011), 1593-1605.

[34] J. N. Tsitsiklis, Problems in Decentralized Decision Making and Computation, Ph.D. Disser-

tation, Massachusetts Inst. Technol., Cambridge, MA, 1984.

[35] F. Xiao and L. Wang, Asynchronous consensus in continuous-time multi-agent systems with

switching topology and time-varying delays, IEEE Trans. Autom. Control, 53 (2008), 1804—
1816.

[36] K. You, Z. Li and L. Xie, Consensus condition for linear multi-agent systems over randomly

switching topologies, Automatica, 49 (2013), 3125-3132.

[37] W. Yu, G. Chen and J. Lii, On pinning control synchronization of complex dynamical net-

works, Automatica, 45 (2009), 429-435.

[38] J. Yu and L. Wang, Group consensus of multi-agent sytems with undirected communication

graphs, Proc. 7th Asian Control Conf., (2009), 105-110.

[39] J. Yu and L. Wang, Group consensus in multi-agent systems with switching topologies and

communication delays, Syst. Control Lett., 59 (2010), 340-348.

Received December 2013; revised June 2014.

E-mail address: shylmath@hotmail.com


http://dx.doi.org/10.1080/23311916.2014.947761
http://dx.doi.org/10.1080/23311916.2014.947761
http://www.ams.org/mathscinet-getitem?mr=MR2495364&return=pdf
http://dx.doi.org/10.1103/PhysRevE.76.056114
http://www.ams.org/mathscinet-getitem?mr=MR0317988&return=pdf
http://dx.doi.org/10.1016/0012-365X(73)90108-8
http://www.ams.org/mathscinet-getitem?mr=MR2848271&return=pdf
http://dx.doi.org/10.1109/TAC.2010.2091174
http://www.ams.org/mathscinet-getitem?mr=MR2454750&return=pdf
http://dx.doi.org/10.1109/TAC.2008.929381
http://dx.doi.org/10.1109/TAC.2008.929381
http://www.ams.org/mathscinet-getitem?mr=MR3092665&return=pdf
http://dx.doi.org/10.1016/j.automatica.2013.07.024
http://dx.doi.org/10.1016/j.automatica.2013.07.024
http://www.ams.org/mathscinet-getitem?mr=MR2527339&return=pdf
http://dx.doi.org/10.1016/j.automatica.2008.07.016
http://dx.doi.org/10.1016/j.automatica.2008.07.016
http://www.ams.org/mathscinet-getitem?mr=MR2674834&return=pdf
http://dx.doi.org/10.1016/j.sysconle.2010.03.009
http://dx.doi.org/10.1016/j.sysconle.2010.03.009
mailto:shylmath@hotmail.com

	1. Introduction
	2. Preliminaries and problem formulation
	2.1. Communication graphs
	2.2. Group pinning control over fixed topology
	2.3. Group pinning control over random topologies

	3. Group pinning consensus analysis: Fixed topology
	3.1. Convergence results for system (1) under protocol (3)
	3.2. Convergence results for system (1) under protocol (2)
	3.3. Discussion on partition scheme

	4. Group pinning consensus analysis: Randomly switching topologies
	4.1. Convergence results for system (1) under protocol (5)
	4.2. Convergence results for system (1) under protocol (6)
	4.3. Simulations

	5. Conclusion
	Acknowledgments
	REFERENCES

