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ABSTRACT. We analyze the continuous time evolution of a d-dimensional sys-
tem of N self propelled particles with a kinematic constraint on the velocities
inspired by the original Vicsek’s one [29]. Interactions among particles are spec-
ified by a pairwise potential in such a way that the velocity of any given particle
is updated to the weighted average velocity of all those particles interacting
with it. The weights are given in terms of the interaction rate function. The
interaction is not of mean field type and the system is non-Hamiltonian. When
the size of the system is fixed, we show the existence of an invariant manifold in
the phase space and prove its exponential asymptotic stability. In the kinetic
limit we show that the particle density satisfies a nonlinear kinetic equation
of Vlasov type, under suitable conditions on the interaction. We study the
qualitative behaviour of the solution and we show that the Boltzmann-Vlasov
entropy is strictly decreasing in time.

1. Introduction. The analysis of a network of a large number of coordinated self
propelled particles (agents) is a sub discipline of control theory which has seen a
rapid development during the last decade [8, 30, 21, 13, 4, 14, 12]. This is due
to its several potential application in understanding the collective behavior in bi-
ological systems (for example fish schools and bird flocks) [13], computer science
[25, 8], engineering [21, 14, 12], economy [18] and social sciences [30, 4]. Explaining
the emergence of these coordinated movements in terms of microscopic decisions
of each individual member of a network is a hot matter of research in the natural
sciences. To model the particle self-organized behavior one assigns to each particle
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a simple communication/interaction rule in order for the whole system to dynam-
ically reproduce, in a given regime of the model’s parameters, specific phase space
patterns.

The emergence of phase space patterns persistent in time described by a large
connected cluster of coherently moving particles is called flocking or swarming (also
schooling or herd behavior). Basic models of flocking behavior generally follow three
simple rules: 1) separation, that is to avoid crowding neighbors (usually modeled
by short range repulsive interactions); 2) alignment, i.e. to steer towards average
heading of neighbors; 3) cohesion, i.e. to steer towards the average position of
neighbors (usually modeled by long range attractive interactions).

The seminal work in the direction of modeling flocking behavior is the one of
Vicsek et al. [29]. They proposed a model of N interacting particles located on a
two-dimensional torus of diameter D. The velocity of each given particle belongs to
the unit circle and at each time step its direction is updated at the empirical average
of the velocity’s directions of all the particles lying in a neighborhood of radius 1
from the given one, including itself, plus a random perturbation. Particles positions
are then updated according to their velocity. Computer simulations proved that,
when the particle density % is sufficiently high and the noise intensity sufficiently
small, the distribution of the velocities of the particles concentrates around the
velocity of the barycenter of the system, although this is not a quantity preserved
by the dynamics.

We propose a simple model of continuous time noiseless multi-agent evolution
closely inspired to the original Vicsek’s one. The particles interact (communicate)
with each other trough a pairwise interaction potential in such a way that the
velocity of any given particle is updated to the weighted average velocity of all
those particles communicating with it. This choice makes the interaction not of
mean field type. Furthermore, the system is non Hamiltonian. As a result, there
is a tendency of neighboring particles to align their velocities. This is the crucial
element in the mechanism of the emergency of a coherent motion.

For what concerns flocking behaviour our model takes into account alignment
and cohesion, but violates the separation rule since the particles can overlap.

We prove for such model two type of results. First, we analyze the N particle
dynamics in R?. We show that there exists an invariant manifold in the phase space
and prove exponential asymptotic stability of the invariant manifold when the initial
conditions for particles dynamics are suitably chosen. This implies that the system,
under the chosen initial conditions, will reach a state of flocking. Then, we study
the kinetic limit (N — oo) of the system. Since the interaction is not of mean
field type care needs to be taken in the definition of the velocity field in the phase
space and consequently in the evolution of the particle density. We explain in more
details how to deal with these difficulties in Section 4. We prove that the particle
density satisfies a Boltzmann-Vlasov equation when the particles are confined on a
torus and subject to a short-range potential of Gaussian type. Similar result holds
in R? when the interaction among particles is given by a suitable regularization of
a finite range potential. We further show that the Boltzmann-Vlasov entropy is
strictly decreasing in time. As a consequence, one can argue that, even if the initial
distribution of the particles is absolutely continuous w.r.t. Lebesgue measure, the
limit density distribution is singular w.r.t. Lebesgue measure. This is consistent
with what one expects from the model. For time long enough the position and
velocity particle distribution will concentrate on specific phase-space patterns.



DYNAMICS & KINETICS FOR VICSEK-TYPE PARTICLES 271

A continuous time version of Vicsek’s model, as well as its stochastic counterpart
driven by the Brownian motion, has been proposed in [15] and the corresponding
kinetic equations heuristically derived and studied. In fact, at present time, to our
knowledge, a rigorous derivation and analysis of Vicsek’s model kinetics, as well as
hydrodynamics, is lacking.

Another basic model for flocking is the Cucker-Smale one [14]. In this and re-
lated models [17, 3] the variation in time of the momentum of a given particle is
the weighted sum of the differences between the particle’s momentum and those
of the other system’s components, with weights depending of the relative distances
among particles divided by the total number of particles N. It is worth notice that,
for all these models, the interaction between two given particles is of order 1/N,
therefore when the size of the system becomes large, particles tend to decorrelate.
On the contrary, in the original Vicsek’s model, the interaction between a given
couple of particles is of order one. Moreover, Cucker-Smale dynamics preserves the
velocity of the barycenter, which is not the case for Vicsek’s. The order of the
interaction with respect to the size of the system is the peculiar feature distinguish-
ing Vicsek’s from Cucker-Smale algorithm. Therefore, in our opinion, variants of
the Cucker-Smale momenta updating rule taking into account only the differences
among the directions of the momenta of the particles, rather than those of the
momenta as vectors, are somewhat improperly ascribed to variants of the Vicsek’s
model [7]. Cucker-Smale and related models have been more deeply investigated in
the mathematical literature and their mean-field limit equations rigorously derived
and studied in [20, 19, 11, 9, 3] in the noiseless case and in [6, 7] in the stochastic
case driven by Brownian motion. Moreover, the hydrodynamics equations for these
models have also been rigorously studied but formally derived [20, 10, 9].

Recently, a model analogous to the one we propose in this paper, but with com-
munication rate function restricted to the Cucker-Smale model one has been intro-
duced and analysed in [23]. The authors prove that the strategy originally proposed
to study the emergence of flocking behaviour for a system of self-propelled particle
updating their velocity with the standard Cucker-Smale algorithm also applies to
this case with the same restrictions on the decay of the communication rate func-
tion. It turns out that the model we propose in the present paper is more general
than the one proposed in [23], since includes also sufficiently smooth compactly sup-
ported communication rate functions, and so are the results about the emergence
of flocking behaviour for the particle system.

The plan of the paper is the following. In Section 2 we describe the model, set
the notations and present the main results. In Section 3 we analyze the system
when the number of particles is fixed. In Section 4 we analyze the system when
the number of particles goes to infinity. In the appendix we collect proofs of results
used along the previous sections.

2. Description of the model, notation and results.

2.1. Notations. Given z € R% d > 1, we denote by 2’ its i-th component,
i =1,..,d, with respect to the canonical basis (ey,..,eq). For any x,y € R? we set
Ty = Z?Zl 2'y* to be the scalar product between 2 and y. Hence, we denote by
|z| := /7 - = the associated Euclidean norm and by B, (z) := {y € R : |y — x| < r}
the ball of radius » > 0 centered at x and B, := B, (0). Furthermore we set
llz||, = maxj—1, 4 ’331‘ )
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Given an integer N > 2, we denote a point in RN? by x := (21, ..,2x) € RV its
norm by |x| := /X -y, where x -y := Zivzl x; - .  We denote by
B, (x) :={y € RV : |y — x| < r} the ball of radius 7 > 0 centered at x.

Partial derivative w.r.t. any component 2’ of z € R? will be denoted by 0,:, so
that V. stands for (0,1, .., 0,4) while, for any q € RN9 we set Vg := (Vg,, .., Vgy ) -

Moreover, we denote by L, (R) the space of linear operators from R" to itself
and by |[|-|| and |-, the operator norm induced by respectively the Euclidean and
the supremum norm. In particular I, 0, € £, (R) denote respectively the identity
and the null operator.

2.2. The model. Let N > 2 be an integer. We consider N particles of unitary
mass in R? evolving according to the equations:

dqé:gt) = pz(lef)
dps(t) _ T35 Vs (®O—a; )0y 0=pi))
o 3 Ulas(t)—q; () ,i=1,.,N (1)

2:(0) = ¢ 5 pi(0) = p?

where, for i = 1,..,N, (gi,p;) € R? x R%, (¢?,p?) are the initial conditions and U
is a pairwise interaction. We assume that U(-) is a spherically symmetric positive
function, sufficiently smooth, with support the ball of radius R centred at zero
and so that U(0) > 0. This implies that the denominator in the second equation
of (1) is always strictly positive. The choice of R does not play any particular
role in the analysis. Without loss of generality we assume that f U(z)dr =1 and
sup,ere U(x) = U(0). Namely, for agent-based models it is reasonable to assume
that self-interaction is stronger than the interactions between two different particles.
A simple example to have in mind for the potential U is U(z) = C(d)(1—|z|)Ip, (z),
where C(d) is taken such that [U(z)dz = 1 or smoother versions of this. In this
example, the particle ¢; interacts only with particles at distance 1. The vector field
in (1) is Lipschitz, therefore the existence and the uniqueness of the solution is
granted at least for short time. Since the vector field increases at most linearly in
w = (q, p) the solution w(t, w®) with initial datum w? exists and it is unique for all
t>0.

To derive the kinetic limit results, the interaction must satisfy further require-
ments which will be presented and discussed in the following.
2.2.1. Flocking. Given a particle configuration q € RV¢ we introduce the notion of
communication graph. We use only basic definition of graph theory useful to define
the flocking behaviour for the system (1). We refer the reader to basic textbooks
such as [5] for an account on this subject.

Definition 2.1. Given a particle configuration q € RV, we define the communi-
cation graph G (q) := (V(q),€(q)), where the set of vertices V (q) = {q1,...,qn}
is the collection of the N points of R? associated to q and

£(a)={(¢gd") V() xV(a): U(g—q) >0} (2)
is the set of edges.

Two vertices ¢ and ¢’ are said to be connected if there are qi,...,q vertices
in V(q),k € {2,...,N}, such that 1 = ¢,qx = ¢'and U (¢; — gi+1) > 0, for
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i =1,...,k — 1. The graph G (q) is said to be connected if any two of its ver-
tices are connected'. We will set V; :=V (q(t)) and G (t) := G (q (t)).

Definition 2.2. The system (1) with initial conditions w® = (q°,p?) is said to
exhibit a flocking behavior if there exists v € R? such that, for any € > 0,37, > 0 :
vt > T,

e pi (t,uw’) € B (v),Vi=1,..,N;

e the communication graph G (t) is connected.

We remark that our definition of emergence of flocking behaviour differs from the
one given for models with long interaction (e.g. Cucker-Smale model [19], [11]). In
the latter case the communication graph is always connected, while this is not true
for short range interactions. Therefore we have in Definition 2.2 two conditions,
one on the particle velocities and the other on the particle positions.

2.3. Results for finite size system. Let Z be the (N + 1)d linear manifold
T = Upern Z(0) | 3)
where
Z(v) = {(q,p) e RN xR™ : p; =0v,i=1,..,N} . (4)
It is immediate to see that Z is invariant for the evolution (1). Namely, if the initial
data belong to Z (v) the particles evolve independently one from the other with
constant velocity v. The only critical point of the system (1) is (0,0). We denote,

for any w € R24V,

dist (w,Z) = inf |w —w°| (5)
wleT

and by w(t, w") the solution at time ¢ of (1) starting from w! € R24V, We have the
following results.

Theorem 2.3. The manifold T is stable for the evolution (1).

This means that, for any ¢ > 0, there exists d(¢) < e such that, for all initial data
w® € RN satisfying dist(w®,Z) < 6(e), then dist(w(t,w?),Z) < € for all t > 0.
Stability of the manifold Z does not imply that the system exhibits a flocking
behaviour when starting from w®. Theorem 2.3 is quite easy to show, see for the
proof Corollary 1.

Next, we show a stronger result. Assume that at initial time the particle posi-
tions are chosen so that the communication graph is connected and their velocities
are conveniently taken; then, at later times, the particles will not split into non
interacting groups and the velocity of each one converges exponentially fast to a
velocity vector which is the same for all the IV particles. In other words, the system
exhibits a flocking behaviour, see Definition 2.2.

Theorem 2.4. Let w’ = (q°,p°) € T and assume that the communication graph
g (qo) is connected. There exist three positive constants ro = ro(w®), T =T (wo) ,
€ = € (wo) and a set B(rg,ep,w?) C R*V such that, for any initial datum
wt € B(ro, €9, w?)

tlog2

dist (w(t, w"),Z) < eg(w®)e " T . (6)
The proof of Theorem 2.4 is presented in Section 3.

ISince U is spherically symmetric, the communication graph is undirected. Hence, in this case,
the usual notions of strongly connected graph and connected graph coincide.
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2.4. Results for infinite size system. The main difficulty in deriving the kinetic
limit, from system (1) is that the interaction, see (1), is not mean field, i.e. it is not
divided by N, the total particle number. This creates problems in the definition of
the evolution of the particle density since the velocity field in the phase space may
be ill defined if further assumptions on the interaction U and on the configuration
space are not taken into account. We will discuss this point extensively in Section
4. We overcome these difficulties in two ways. The first way is adding € > 0, which
will be kept fixed, to the denominator of the second equation of (1). We keep the
interaction U of compact support and assume for definiteness sup, VU (z)| < 1.
We will refer to the system (1) modified in such a way as e—regularized system. A
second way is to confine the system (1) in the torus of linear size D > 0, Tp, and
taking interactions U verifying the following assumptions.

Definition 2.5. Assumptions on the interaction Let U : R — R4 be such
that either

sup |V log U(m)‘ <K (7)
z€R4
or
~ 1 _l=i?
Ulz) = ———e 27 . (8)
(27 R2)z

We then define U to be the periodization on the torus 7p of one of the previous U :

U(z) = Z U(z +nD). (9)

Remark 1. The assumption (7) is quite strong. An interaction U verifying this

. |z . .
assumption should decay for |z| large as e” = , for some R > 0. Interactions with

compact support do not satisfy this assumption as well as the interaction (8).

Next, we define the space of measures and the metric we will be using. We
denote by M the space of probability measures on (X x By, B(X X By)), where
the symbol X stands either for R¢ or for the torus 7p, B1 denotes the ball of radius
1in R? and B (X x Bj) is the Borel calgebra on X x B;. We will prove that there
is no loss of generality to confine the velocity in a bounded set and for definiteness
we identify this set with B;. We will be using the same notations either to denote
the space of probability measure on Tp x B; or the space of probability measure on
R? x By, unless we will have the need to distinguish between the two configuration
spaces in which case we will use the notation M(X x By). In this space we introduce
the bounded Lipschitz distance dp, defined as follows. The d,, distance between
two measures p and v in M is given by
/g(a:, v)pu(dx, dv) — /g(x, v)v(dz, dv)

db[)(:u7 V) = sup ) (10)

g€D

where
2 2
Di={9|95X><Bl—>[071] o) — g w)] < o —wlP + |zl }
(1)

The metric dy, generates the weak* topology”? on M: for a sequence u¥ € M and

weM

2We refer the reader to [22] for an account on the notion of weak convergence of measures and
to [28] for the relation between the bounded Lipschitz distance and the Kantorovich-Rubinstein
(Wasserstein) distance.
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lim dye (Y, 1) =0
N—o0
is equivalent to
Jim [ gt (aw) = [ gwiutaw). (12
for all bounded and continuous function g on X. In the following we denote the
convergence in (12) by u¥ =% p.
For (gj,p;) € R* j=1,..,N, we denote by p the empirical measure

1

N
pN (dx, dv) := N Z5(qj —x)d(p; — v)dzdv, (13)

where 6(z — y)dz is the Dirac measure at y € R%. Hence, u¥ denotes the empirical
measure (13) when the ((g;(t),p;(%)), 7 = 1,.., N, are the solutions of (1). In this
case we say that u is the empirical measure at time ¢ associated to w(t, w®), where
w® = (q°, p°). Given a smooth function g on X x By and u € M we denote by

ulg) = /X glao)uldz, o (14)

and
Usne) = [ Ul yuldy.du).
X xXBq
We have the following main results.

Theorem 2.6. Let w® = (q°,p°) € (Tp x B1)N and pl, t > 0, be the empirical
measure associated to w(t,w®), the solution of (1) with U chosen as Definition 2.5.
Let g € M be such that

lim dyr (), o) = 0. (15)

N —o0

Then, there exists p € M such that
lim dyz (1), ) = O, (16)

N —oc0

where py is the measure solution of the following equation

W:Ht(v~vzg)+ut(M(.’.7Mt).vvg) NgeD, (17)

and for v € M,
Jroxp, Ulw = y)uv(dy, du)
Jrox 3, Ul —y)v(dy, du)

The next result establishes that under regularity assumptions on the initial mea-
sure i and on the interaction U the solution p; of (17) is regular as well.

Tp x By 3 (z,v) — M (z,v,v) :( )vERd. (18)

Theorem 2.7. Take U as in Definition 2.5. If po(de,dv) = fo(z,v)dzdv, then
pe(dz, dv) = fi(z,v)dxdv and f; is the weak solution of

S+ 0 Vefule, ) Vo Mo, f)fe 0] =0 (19)

Furthermore, if fo € C¥(X x By),k > 1, and U € C*(X) then f; € CF(X x By).
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In Section 4, see Remark 5 and Remark 6, we will show that Theorem 2.6 and
Theorem 2.7 hold also for the e— regularized system (1) when considering the con-
figuration space X to be either R? or Tp and, for any v € M, M (-, -, v) is replaced
by

U(x — y)uv(dy, du
XxBla(x,v)%Me(x,v,y):(fXXBl @~ yJurldy )>v€Rd.

fXxB1 Uz — y)v(dy,du) + €

(20)
The results are shown adapting to our context the method reported in Spohn’s book
[26, Section5] (see also Neunzert [24] and Dobrushin [16]) and some classical tools of
dynamical systems. The main difference between the case considered here and the
one presented in [26] is that, in our case, the dependence of M(,-,v) from v is not
linear. We are able to overcome this problem when the denominator of M(:,-,v)
is strictly bigger than a positive number. This is the case when the U in M(:,-,v)
is chosen as in Definitions 2.5. Notice that the denominator in M.(-, -, v) is always
strictly bigger than e.

The existence and the uniqueness of the measure solution of equation (17) is given
in Theorem 4.4. The existence of weak and strong solutions of (19) follows from
Theorem 4.5. The qualitative behaviour of the solution of equation (19) is analyzed
in Subsection 4.1. In particular, in Lemma 4.7, we show that the Boltzmann-Vlasov
entropy is strictly decreasing in time.

3. Particle dynamics. In the following we analyze the evolution of N particles
according equations (1). In this section N is kept fixed, so we omit in the notation
to write explicitly the dependence on N.

3.1. Stability. We first notice that if the velocities of the particles at time zero
are bounded, that is, for all i = 1,.., N, p{ € B, for some r > 0, then they will lie
in B, for later times. In fact we have the following result:

Lemma 3.1. For any i = 1,.., N, assume that p; (0) € B,.. Then, p;(t) € B, for
all t > 0.

Proof. Assume, without loss of generality that » = 1 and that there is a t* such
that there is at least one p;(t*) such that |p;(t*)| = 1 and |p,;(¢t*)] < 1 for j # 1.
Then

Ld ) = S Ulai(t™) — q;(t)) [ (t*) = pa(t*)] - pi(t%)
2dt ™ SN Ulg(t*) — g;(t%))

<0. (21

O

Remark 2. The result of Lemma 3.1 holds for any positive smooth interaction U,
regardless of its support. In particular, it holds if U does not have compact support.

Next result shows that if at time ¢ = 0 the particle velocity vector is close to its
mean velocity vector, then, at any further time ¢, it will always remain close to the
mean initial velocity vector. Let 2 € L4 be the operator such that

RN 5 x —Ox € RV | (22)

: ‘ N
where x is the vector in RN whose component are the vectors (Qz); = % Y14 ;

€ R% Vi = 1,..,N. Notice that by definition € is the orthogonal projector on
{xERNd:mlz--~:xN}.
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Theorem 3.2. Let w(t,w®) = (q(t),p(t)) be the solution of (1) at time t starting
from w® = (q°,p%) € R2N4. Given € > 0, assume that |p® — Qp°| < e. Then

Ip(t) — Qp°| < e, Vt>0. (23)

Proof. Denote by v;(t) := p;(t) — (on)i € R% i =1,..,N, then proceed as in the
proof of Lemma 3.1. O

Note that, for any w € R2N¢,

dist (w,T) = inf |w—w’| = inf p—p’|=[p—9p|, (24)

woel {p?eRN4:w=(q",p°)ET}
where 2 is the operator defined in (22). From Theorem 3.2 one deduces that the
invariant manifold Z is stable for the evolution (1).

Corollary 1. For any € > 0 let B(e,I) = {w € R*V¢ : dist (w,T) < €} be a neigh-
borhood of radius € of Z. Let w(t,w®) be the solution of (1) at time t starting from
w® = (q°, p°) € B(e,Z). Then

dist (w(t, wo),I) < 2¢, Vt>0. (25)

Proof. By (24) we have
dist (w(t, "), T) = [p(t) — Op(t)] < [p(t) — %] + [9p(H) — | . (26)

By definition of €2, see (22),

Qp(t) — Qp°| = [2(p(t) — %) < [p(t) — p° . (27)

Hence, by Theorem 3.2,
dist (w(t, w’),Z) < 2|p(t) — Qp°| < 2¢ , Vt>0. (28)
O

3.2. Asymptotic stability. To prove Theorem 2.4 we rewrite the non linear sys-

tem (1) as follows:
an oy _ a(t)
(F)cn(s)  w

q(0) =q’,p(0) =p

where
0 I
RV 5 q— C ::( N >e£ R) , 30
q (a) Ong L(q) and (R) (30)
L(q):=A(q) —ILya (31)
and A(q) is the linear operator valued function so defined
ari(@)le  a12(q)la s a1,n(q)la
RN 5 q— A(q) = |a2,1(Q)la  a2,2(q)la R az,n(Q)lq | € Lyna (R)
an1(q)la e an,N-1(Qls  an,n(q)la
(32)
ai;(q) : _Ulsi-a) j=1,.,N, i=1,.,N. (33)

Y UG —a)
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Remark 3. Notice that for q € RV¢
a; ;(q) = a; ;(q+ Ox), vx € RV, j=1,.,N, i=1,.,.N (34)

and N
Z aij(q) = 1. (35)

These two properties are important when studying the spectrum of C' (q) for a fixed
value of q.

3.2.1. Spectral analysis of C(q). Let q € RV? be fixed. The eigenvalues of C (q)
are the roots of the characteristic equation

Det [C' (q) — Mana] = (=AM Det [L (q) — Aya] = 0. (36)

We need then to study the spectrum of L (q) and therefore, by (31) the spectrum of
A(q). To do this it is convenient to introduce the tensor space RY @ R%. We denote
by F the isomorphism

N d
RV 5 x — F(x) ::ZZm{ei@)ejeRN@Rd, (37)
i=1 j=1
such that F(x);; = x{, i=1,.,Nand j=1,..,d.

To ease the notation we omit in the following to write the dependence on q if
no confusion arises. We therefore set A := A(q). One obtains immediately that
A:RNY 5 RN acts on RY @ R? as follows

Al :RYN @ RT — RY @ R? (38)

where, by (33), setting a; ; := a; ;(q),

B aii a2 ai,N
A= az i ag 2 . as N . (39)
an 1 ... AGN,N-1 ON,N
Namely, one has that
(Ael) Fox) = F(4x) . (40)
Furthermore, denoting by X(A4) C C the spectrum of A,
(A) =S(Ae],) =S(A)S(1,)° . (41)

Since the only eigenvalue of I; is 1 with multiplicity d, the problem is reduced to
study the spectrum of A. The matrix A is a (right) stochastic matrix, that is it
has non-negative entries and, by (35), Zj\;l a;; =1,Vi =1,..,N. Then, if it is
irreducible one can apply the Perron-Frobenius Theorem.

Recall that a matrix D € £,, (R) with non-negative entries is said to be irreducible
if there exists an integer m such that D™ has strictly positive entries. We have the

following.

31f Z := {21, .., 2n} and W := {wy, .., wm } are two discrete subsets of C we denote by

ZW i={zw; €C:i=1,.,n; j=1,..,m}.
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Lemma 3.3. Let /I(q), q € RN?, be irreducible. Then 1 is the mazimum eigenvalue
and all the other eigenvalues A(q) € C are strictly smaller in absolute value of 1,
i.e. |A(q)] < 1. The eigenspace associated to the eigenvalue 1 is one dimensional
and it is generated by the eigenvector n, n; = ﬁ fori=1,..,N. There are no
other positive eigenvectors except multiples of 7.

Proof. Because for any q € R4, ||/~1(q) loo < max;—1,. N Zjvzl a;;(q) = 1, we
have that the maximum eigenvalue is 1 and any other eigenvalue A(q) € C is
strictly smaller in absolute value of 1. By Perron Frobenius Theorem the maximum
eigenvalue is simple and the associated positive eigenvector is n with n; = \/iﬁ for

i=1,.,N.

It is possible to show, assuming that A (q) is irreducible, that the spectrum of
A(q) is indeed real, although this information is not relevant for the proofs of the
results.

Remark 4. For any q € RV A (q) represents the transition matrix for the Markov
chain with state space Sy := {1,..., N}. By (33) we have that A (q) is reversible

w.r.t. the probability distribution {1; (q)},cs, such that Vi € S,

_ Y Ua — 4))
S U (g —a5)

(for an account on reversible Markov chains we refer the reader to and [27]). Let
Hy (q) be the space RY equipped with the scalar product

RY xRN 3 (f,9) — (f,9)q = Z wi (@) gifi eR. (43)

i€VN

pi (Q) : >0, (42)

It is easy to verify that A (q) is selfadjoint on Hy (q), hence the eigenvalues of A (q)
are real.

Lemma 3.4. For any q € RNY, such that A(q) is irreducible, let A(q) be the matriz
as in (32). We have that 1 € £(A(q)) is the mazimum eigenvalue. The associated
eigenspace is the d-dimensional manifold {p € RN? : p; = v, i = 1,..,N;v € R%}.
All the other eigenvalues A\(q) € L(A(q)) are such that |\(q)] < 1.

Proof. Tt is an immediate consequence of (41) and Lemma 3.3. O

We have finally the following result.

Theorem 3.5. For any q € RN?, such that fl(q) is irreducible, let C(q) be defined
in (30). We have that 0 € X(C(q)). The (N + 1)d dimensional manifold T defined
in (3) is the eigenspace associated to the eigenvalue 0. All the other eigenvalues of
C(q) have real part strictly negative.

Proof. From (36) and Lemma 3.4 we deduce that 0 € X(C(q)) and all other ei-
genvalues have real part strictly negative. It is immediate to see that the algebraic
multiplicity of 0 is Nd + d. The (N + 1) d-dimensional manifold Z defined in (3)
is the associated eigenspace. Namely, if w € Z then C(q)w € Z. From this one
deduces that Z is an eigenspace for the matrix C'(q). Moreover, since the kernel of
C?(q) is Z, we get that Z is the eigenspace associated to the eigenvalue 0. O
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We denote by a(q) the spectral gap of the matrix C(q), that is
a(q) :=min {|Re(A(q))| : A(q) € £(C(a)), Re(Ma)) <0} . (44)
Let q € RV? such that A(q) is irreducible. By Theorem 3.5, T is the eigenspace
associated to the 0 eigenvalue of C(q) for any q. We can therefore decompose R?V?
as follows:
RN = W(q)®Z (45)
in such a way that W(q) and Z are eigenspaces of C(q) and denote by II(q) the

projection operator
M(q) : R* » W(q) . (46)
3.2.2. Asymptotic analysis. Let w® = (q°, p°) € Z be such that A(q°) is irreducible
and let us set, for any r > 0 and € > 0,
B(r,e,u’) :={w=(a,p) eR**:|a—q’|<r; [p-p°|<e}. (47

(
Denote by g the biggest value of r such that, for any w = (q,p) € l”;’(r(h e, w?), fl(q)
is still irreducible and a(q) > $a(q®). We set

B(ro, e, w?) := {w =(q,p) € é(ro,e,wo) ca(q) > ;a(qo)} . (48)

The existence of rg is granted since, by assumption, fl(qo) is irreducible and U is
smooth. To apply the spectral results obtained for C'(q) (q fixed) to the nonlinear
system (29) we write

C(a(t)) = C(a(0)) +I'(a(?)) , (49)
where
)= (03 sty ) )
and
B(q(t)) :== A(a(t)) — A(a(0)) - (51)

Next we estimate the norm of B(q(t)).
Lemma 3.6. Let (q(t),p(t)) be the solution of (29) starting from the initial data
(q°,p®). We have

S e (VU@
U(0)+ (N =1)n(a(t),q%)

)
x sup (¢ —aqp) + ai(t) — qu(t)
ike{l,..,N}

1B(a(®)[l < 2N

)

where n(q(t),q") > 0 is defined in (147).

We defer the proof of this result to the appendix. In the proof of (2.4) we will
use Lemma 3.6 taking n(q(t),q%) = 0.

Proof of Theorem (2.4). For any s > 0, we define

Q(s,w’) := {w = (q,p) € R*N: |[Iyg - Q] (a—a") | < s}, (52)
where € is the operator deﬁzled in (22). Denote by sy the largest value of s such
that, for any w = (q,p) € Q(so,w"), A(q) is still irreducible and a(q) > 1a(q?).
Such a value sg exists since fl(qo) is irreducible and U is smooth. Let us set

Qsuu) = {w = (ap) € Qsuw) s al0) > Ja@)} . (69
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We have that

B(ro, e, w’) C Q(sp,w°) , Ve >0. (54)
Namely we have that s > rg since requirement (48) is stronger than (53) and
v —A(a—a”) < la—a°[ <o (55)

Let w(t,w') = (q(t,w'), p(t,w')) be the solution of system (29) starting from an
initial datum w! € B(rg, e, w’) and let t*(w;) > 0 be the first exit time of w(t, w)
from Q(sp, w®). If w(t,w') € Q(sp, w?) for all t > 0, then we set t*(w!) = co. Next
we analyze the solution for ¢t < t*(w') and we will show that t*(w!) = co for any
initial datum w' € B(rg, e, w"), provided that € in (47) is suitably chosen. Let us
define

£(t) :=T(a(t,w"))w(t,w') , (56)
x(t) == (loya — O(q(t,w")) w(t,w') , t<t*(w'). (57)
By construction x(t) € Z,£(t) € W(q(t,w')). We then have

600 = () ) wie.w!) + a0 3
~ (gta)

dt dt
w(t,w') +(q(t)Cla(t)w(t, w') .
Taking into account that w(t,w') = £(t) + x(t) we get
d d
G600 = (5 ) €0 + ((FMa(0) ) x(0) + TaO)Cla)e . (69
Since for any given w € Z, by the definition II(q(t)), we have 4II(q(t))w = 0 and
C(q(t)) and II(q(t)) commute, we obtain

w(t,w') (58)

60 = () ) €0 + Clans (60)
Setting
Ca(t) = C(a(0) + Ta(t) (61)
where T'(q(t)) is defined in (50), we get
60 = (F1a) ) €0 + CaOlew +Tamen . (©)

By the formula of variation of constants:

£(0) = e aOe(0) + [ 0@ [ Fnita(e) ) o) + Tlale)e(s) ds. (63

Performing the exponential of the matrix C(q(0)) one needs to take into account
that, because of the possible presence of Jordan blocks, powers of ¢ might appear.
We control such terms paying e~ z2(a(0)t and multiplying the remaining exponential
by a constant D(C(q(0))) which depends only on C(q(0)). Since q(0) € B,, (q°),

which is a compact set in RN%, we denote by Dy := SUPgcB D(C(q)), which

0 (qo)
depends only on C(q°) and ry. Therefore, we get

(1) <Dge 2O |£(0) |+

w00 "~ ola) =9 {1 (et ) (o) + Irtatepecs) s

ds
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Next we estimate ||%H(q(t))|| - Let II(q(t)) = {m;(a(t)) ®Ia}, ;_, . we then
have
4 11(a(1) = {Vawms(al) PO @}, |, (64)
= {Vqumiia®) - [p(t) -] L}, .,y -

The last equality holds since, by (34), TI(q(¢)) = (q(0)),Vt € R7 when q(t) is the
evolution given by the flow on the invariant manifold, i.e. when p(t) = Qp(t). We
get by Corollary 1

FRCOIE sup sup }le’wu] )| Ip(t) ~ 2p(0)
{a€RM4 : w=(q,p)€Q(s0,w)} i=1,.
(65)
< D'(so)e , vt € [0,t* (w')) ,
where D’(sg) > 0. Furthermore, by (50) and Lemma 3.6, we have
N
IT@ED] = I1Ba®)ll <2555 sup VU (2)]
( ) zERY
1<I?2}<(N |—(a — ) + ait) — a(t)]
and, by Theorem 3.2, for i,k =1,.
l0:(8) — an(0) -—%|—/n% (/)] ds (66)

= / Ipi(s') — i +pp — pr(s')] ds’ < 2et,
0

where p? = p? since (q",p°) € Z. Thus, setting D; := 2%'0?(]@)‘,

vt € [0,t*(w!)) we obtain
|€(t)] <Dge 2Ot ()| +
e (67)
+D06/ e~ 3@O)(=5) (D! (50) + 2N Dys] |€(s)[} ds .
0

Given K > max{D’ (so),2D1}, take T € (0,¢*(w")). A suitable choice of T will be
done later. Then, Vt € [0,T],

t
(0] < Dye™ 3O g(0)| + DRI {14 TN} [ bl =e(ayias, . (69
0

By the Gronwall’s inequality we get
1€(t)] < Dol&(0)]e 1z @O=<] < pie(o)etlza@ =] = wiefo,T], (69)

where we made use of (53) and set § := DoK {1+ NT}. Let us choose € such that
Ea(qo) > eDoK {1+ NT} . (70)

Then,
[£(0)] < Dolg(0)]e 5@ vt e [0,T]. (71)
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Since
dist (w(t, '), T) = inf [w(t,w!) =@l = it [x(t)+ €0 —al  (72)
< €@ + inf |x(t) —wl =€),
we have

dist (w(t, w"),T) < Dol¢(0)]e~* 5@ | vt e [0,7] . (73)
Then, recalling that dist (w(t,w'),Z) = |p(t) — Qp(t)|, and, since for w' € B(ro, e,
w®),

£(0)| < D(s0) dist (w',Z) < D(so)e , (74)
we have
p(t) — Qp(t)| < DyD(so)ee” 1) < ¢(DD(sp) v 1)e~ 162" | vt € [0, 7] .
(75)

From this we get

IIna — € (at) —d°) | < |[Ina — 2] (a(0) — q°) | +/0 |[Ina — Q] p(s)lds  (76)
16

< [q(0) — @°| + (DoD(s0) V 1) ——m=e(1 — e~ 1521

a(q”)
< [q(0) — a°] + (DoD(s0) V 1)) —orce .
a(q”)
Let us choose € such that
16 1
ro + (D()D(S()) V 1>)70¢(q0)6 < 58() , (77)
and denote this chosen value by €. Now we first choose T such that
10 1 1
DoD(s0) V 1)e 1@ = Z n 78
(DoD(50) v 1)e™ 50 55 (78)

and denote this chosen value by Tp, then we choose €; in such a way that (70) holds
with T replaced by Ty. We then set

€o = min {gl, 62} . (79)
Notice that, by (77),
16 16 1
€ < DyD V1 < = 80
S < 1o+ (DoD(s0) ))a(qo)ﬁ_fo (80)
so, since « (qo) <1,
- 1
€ < € < 3350 - (81)

We remark that the choice of Ty and ey depends on w® € Z. Therefore, at time Tp
we have

v — 9 (alTo) - @°) | < 550 (s2)

and
dist (w(To,wl),I) = |p(To) — Op(Ty)| < %0 . (83)

We can then repeat the previous argument for the solution of the system (1) starting
at time Ty from the initial datum (q(7p), p(7p)). We need to recall that a(q(Tp)) >

1a(q%). In a similar way we can show that that for ¢ € [Ty, 27],

p(t) — Qp(t)] < Dolé(Tp)le~ =Tt | vt e [Ty, 2T,) - (84)
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Therefore, by (78), we have

. €0 €0
dist 2T 10)),T) = 2T0) — Op(2TH)| < ———— < 85
18 (w( O’w( 0))7 ) |p( 0) p( 0)| — 22(D0D(SO) v 1) — 22 ) ( )
and, by (84),
t
IIna — ] (alt) — qO) | < |[Iva — 9 (a(To) — qo) | + I[Inva — Qp(s)|ds (86)
To
t
< |[Ina — €] (q(To) — qo) | + Dol&(T0)| e~ (= To) Fgea®) g
To
11
S gsot s
the last inequality being a consequence of (77) and (78). Thus, at time T} = 27}
Ina — Q] (a(T1) — )|<780+f (87)

4

Hence, we have that (q(T1),p(T1)) € Q(so,w?). Iterating this procedure m times
we get

. €0
dist (w(Ton, w'), T) = [P(Tn) = W (T)| < 537 (88)
and
Ing — Q) (a(Tm) —d°) | < SOZ 2k+1 . (89)
Since 35, 7+ = 3 we obtain the thesis of the theorem. O

4. Kinetic limit: Vlasov type equation. We study system (1) when the number
of particles N goes to infinity and derive the kinetic equation for the density fi(z,v)
of particleb at z with velocity v at time ¢. The heuristic argument goes as following.
Let u¥ be the empirical measure see (13) at time ¢ associated to w(t, w"), solution
of the system (1), where w° (q ,p%), ||p9|| <1,j=1,..,N. By Lemma 3.1 and
Remark 2 p¥ has support on R? x By, for all £ > 0. Writing the second equation
of (1) in term of u¥ we get

dpi(t)  Jpaxp, Ul@i(t) —y) (u—pi (1) p (dy, du)

dt Joarn, Ul@i(t) = y)ud (dy, du) (90)
=t M(q;(t), pi(t), i").
Therefore, the evolution of ¥ is given by
o N
w = 1 (v Vag) + p (M (1) - Vog) (91)

where g is a smooth test function. In the equation (91), N is fixed. To study the
limit as N — oo we assume that at ¢ = 0 there exists o9 € M such that

1 == po- (92)
We want to show that if (92) holds at time ¢ = 0, then

e == s (93)
where p; is the measure solution of the following equation

Ape(g))

e pe(v - Vag) + pe(M (-5, pe) - Vag) (94)
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which is the formal limit of (91). To prove it rigorously one needs to have M (-, -, v)
well defined and Lipschitz continuous in (z,v) for all v € M. But, already at N
finite, the denominator of (90) is equal to zero when the supports of U and ul are
disjoint. To overcome these problems we consider two classes of interaction U. The
first one is the class of interactions in Definition 2.5. In this case we define M (z, v, v)
as in (18). The second one is the class of smooth interactions U with compact
support. In this case we fix ¢ > 0 and define M, (z,v,v) as in (20), the e— regularized
system. Hence, in the case U has compact support, we modify the interaction
term in such a way that when [y . U(z —y)v(dy,du) = 0 then M (z,v,v) = 0,
when fXXBl U(zx — y)v(dy,du) > € then M (z,v,v) = M(x,v,v)+ O(€), when
€> [y p, Ulx—y)v(dy,du) >0 then M(z,v,v) is a large perturbation of M (, v,
v). It is easy to see that for any measure v on X x B; we have

sup  |M(z,v,v)] <2, sup  |[M(z,v,v)] <2. (95)

(z,v)EX X B (z,v)EX X B

The Lipschitz continuity of M (-, -,v) with respect to v follows from the linearity of
M(-,-,v) as a function of v. The Lipschitz continuity of M(-,-,v) with respect to z
does not hold in general even if one takes smooth interactions U, due to the presence
of the denominator in M(-,v,v). In Lemma (4.1), Lemma 4.2 and Lemma 4.3 we
show for three different type of interactions, respectively for U defined trough U as
in (7) and (9) and for the e— regularised system, that M(-,v,v) is Lipschiz for all
v and v. We denote by

Al v) = (fTDXBl Uz — y)uu(dy,d@) |

S wm, Ule = y)v(dy, du) (96)

Lemma 4.1. Let U be the interaction defined on Tp through the periodization of
U as defined in (7). For v e M and A(-,v) as in (96) we have

’Ai(x,l/)—Ai(Z,V)’ < Lz -2z, z,2z€Tp, i=1,..,d, L=2K. (97)
Proof. Yi =1, ..,d, we have
_Jvldy, dwjv(dy’, du')u’ [VaU(z — y)U(z —y') — Uz —y)VaUlz —y')]

(VoA (x,v)

[(U+v)(@)]?
(98)
Taking into account that |u| < 1 we have
i Jv(dy, du)v(dy’, du’) |V U(x — y)|U(z — ¢')
(VoA <2 (@~ )@
_J vy dwv(dy', ') |VoU(w — ) T8 U(x —y) 0
- (EDIE: .
VoU(z — y)

< ZSgp Ue—y) <2K .

O

Lemma 4.2. Let U be the interaction defined on Tp through the periodization of
U as defined in (9). For v e M and A(-,v) as in (96) we have

. . D
|A*(z,v) — A'(z,v)| < L|z — 2| z,z€Tp, i=1,..,d, L:ﬁ . (100)
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Proof. Let us write

) . L
Ao ) = A'Cp)| = | [ dsgai(sa+ (1= s)z,m] (101)
d
< sup |—A(sx 4+ (1—38)z,u)| , 1=1,..,d,
sef0,1] | A4S

and set ¢ = sz + (1 — s)z. We obtain

d . r—z
EAz(QjOHLL) = ( R )CZ(.’E(),R“LL)

where

| _ YR~y ULy — ) [ ()’ i(dy’ du')pu(dy, du)
Cileo. B ) = 0o —9) J ey dupu(d, )~ 0D

Recalling that |u| < 1, we obtain

|C (@0, R, )| <

SV

(103)
since in the torus |y’ — y| < D and the result follows by (101). O

For any v € By,v € M, M.(-,v,v) is easily seen to be Lipschitz continuous in X.
In fact we have the following:

Lemma 4.3. Let v € M, e > 0,U(:) a smooth interaction whose support contained
in a ball of radius R such that sup,cp, |VU(x)] < 1 and Mc(-,-,v) as in (20).
Then, for any v € By, M(-,v,v) is Lipschitz continuous in X :
A . 2
|MZ({E,U7V)—MZ(y,’U,I/)|§L|.’E—y| ) xayeri:L"vdv L=-.
€
(104)
To prove the existence of the solution of (94) we prescribe a curve t — p; € M

weakly continuous in ¢ and we consider the following non-autonomous system of
ordinary differential equations:

Lo(t) = v(t)
{ %v(t) = M(x(t),v(t), ue) (105)

Under the assumption that M(-, -, u¢) is Lipschitz continuous in X x B; there exists
an unique global solution of (105) for any given initial datum. The correspond-
ing time dependent two parameters flow is denoted by T} s[u.]. Under this time
dependent flow any initial measure evolves as

vy =vg o Ty fp.] (106)

where v o Ty ¢[pe.] is the push forward of the measure vy under the flow. For any
test function g we have that

vi(9) = vo(g o Trolp]) (107)

where g o T} o[p.] is the pull back under the flow of any test functions g. By the
existence and uniqueness of the solution of (105) for any initial datum, the inverse
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flow (T3,s[u.]) ! is well defined. The equation for the evolution of v, easily derived,
is

8(%&9)) _ d(vo(g Oaft,o[lk])) =1((vVag) o Tyolp])+ (108)
+ v (M (2, v, 1) Vog) © Tro[w])

=1 (v Vyg) +vi(M(x,v, 1) - Vog) -

One immediately realizes that proving the existence and uniqueness of the solution
of (94) is equivalent to prove the existence of a fixed point for the time dependent
flow pe = po 0 To+[pe.]. This is the content of the next theorem.

Theorem 4.4. Let U be as in Lemma 4.1 or as in Lemma 4.2 and let M(-,-,v)
be defined as in (18) for any v € M(Tp x By). The equation (94) has an unique
solution in the space M(Tp x By) if ug € M(Tp x By). Furthermore, take two
solutions of (94), wt starting at po = p and vy starting at vy = v then in the
bounded Lipschitz distance

doe (e, ) < e“dpr(p,v) | (109)

where ¢ is a constant which depends on the Lipschitz constant of M(-,-,v) and on
infoer, U(z) =1 a > 0.

The proof is obtained adapting the method explained in [26, Chapter 5] to our
context. To facilitate the reader we report the proof of Theorem 4.4 in the Appendix.

Remark 5. Theorem 4.4 does not hold in R% x B; when U satisfies Lemma 4.1.
Although in this case U is globally Lipschitz continuous in R?, we are not able to
show that M (x,v,-) when = € R?% v € By is Lipschitz continuous with respect to
v € M in the dy, metric. The theorem applies with obvious modification to the
e—regularized system where M is replaced by M, defined in (20) and holds either
for the system defined on 7p x By or on R? x B;. The constant ¢ in the statement
of Theorem 4.4 will then depend on ¢, the lower bound of the denominator of M.

The proof of Theorem 2.6 is an immediate consequence of Theorem 4.4. The
validity of Theorem 2.6 for the e—regularized system, where the local mean velocity
increment is M., is immediate as well.

Theorem 4.5. Let M(-,-,p1) be as in (18) and assume that M(-,-, u) € CH(X x
By) for p € M. If po(dx,dv) = fo(x,v)dxdv, then pi(dz,dv) = fi(z,v)dzdv and
fi is the weak solution of (19). Furthermore, if fo € C*(X x By),k > 1, and
M(-,- i) € CH¥(X x By) for p € M, then f; € C*(X x By).

Proof. We start showing that for any given weakly continuous curve t — p; € M, if
vo(dz, dv) = go(x,v)dzdv, i.e. absolutely continuous with respect to the Lebesgue
measure, then v;(dz, dv) = ¢(x,v)dxdv, where

0
&qt(x,v) + Vg (z,v) v+ V- [M (2,0, 1) g (z,v)] =0, (110)

and, if g9 € C*(X x By) and M(-,v,u) € C*¥(X x By) for any u € M, then
gt € C*(X x Bj). Note that (110) corresponds to a linearization of (19) since
M(z,v, ut) does not depend on ¢. once y; is given. In Theorem 4.4 we proved
that the fixed point equation p; = g o Tp ¢[p.] holds. Therefore, by this result and
the validity of (110), one immediately obtains that p; has density and the thesis
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of the theorem is proven. We are then left with the proof of (110). Let us set
w = (z,v) € X x Bj. For any test function g we obtain

vi(9) = vo o Toi[p-)(9) = vo(g o Troln]) (111)
[ wlwgoTialuw) = [ afw)(goTiolu]) (w)d
X x By Xx By
— [ aw)o (ol )T w pg(w)io
X XBq
where J (w, ) = Det [9.(Ty,0)[p.]) " (w)] is the Jacobian of the flow (Tyg[u.]) ™

computed in w. Since the divergence of the vector field (v(s), M (z,v, pis)) is given
by

{81} n M ({E,U,Ms) =d, (112)

ozt vt

i=1
by Liouville Theorem (see [1] or [2]) for any weakly continuous curve t — p; € M,
we have

Det [0.(Ty0)[1.])] (w) = e~4 | Ywe X X By, (113)
hence,
T (w, py) = et | Ywe X x By . (114)
Then, from (111) and (114), we obtain
v(g) = /xm e (qo 0 (Troln])™") (w)g(w)dw = /xw g (w)g(w)dw ,  (115)

where we denote by

ge(w) := ™ (g0 o (Ty0[u]) ™) (w) - (116)
Notice that g;(w) is weakly continuous in time, since p. is weakly continuous. Fur-
thermore, if, for k > 1, M(-,-,p) € C¥(X x By),u € M and gy € C*(X x By), then
q: € C*(X x By). Writing e=%(q; o T} o[11.]) (w) = qo(w) and differentiating with
respect to ¢t we get

0

25 (e~ 0 (Tuolu]) (1)) = ~de™ (qu o Tyolpu])(w)+ (117)
e (g 0 Tugln])(w) + e~V (s o Tuolp ] w) v o Tyolpe +

+e~ "V, (g 0 Trolp])(w)) - (M-, pe) 0 Tyolp]) (w) =0 .

Multiplying both members of the previous identity for e and applying to (Tio
[11.])"1w we obtain

0
—dgi(x,v) + a%(xav) + Veqi(z,0) - v+ Vyqi(z,v) - M(2,0, ) =0 . (118)

Notice that this last equation is linear in ¢. since p. is given. Therefore, the equation
for f; is

%ft(‘x’v) - dft(l‘,’U) + vwft(xvv) CU M(l‘,’l),ft) ' vvft(xvv) =0 (119)

which corresponds to (19). O
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Remark 6. Theorem 4.5 holds also for the e—regularized system. In such a case
the local mean velocity increment is M., see (20), and the phase space of the system
can be either R% x B; or Tp x By. The difference from the computations in Theorem
4.5 is that

(U ps) ()
(U ps) () + €

For any weakly continuous curve t — pu; € M and any w € X x B, by Liouville
Theorem, we have

V- M (z,v,ps) = —d = —dhi(z) = —dh(us)(x) . (120)

Det [0 (T o[1n.])] (w) = e~ 4o ds(hieTsolieDw) (121)
therefore
j(wy,ut) — Det [6.[(Tt,0[u.])_1]] _ edfg ds(h5oTs ¢[p.])(w) . (122)
Then, from (111) and (122), we obtain
v(g) = / e o dsioTe b)) (o o (T o[pn]) ™) (w)g(w)dw (123)
X x By
:/ gt(w)g(w)dw |
X x By
where
gi(w) 1= e®Jo T D) (o o (T, 5[1]) ™) (w) . (124)

Notice that ¢;(w) is weakly continuous in time, since p. is weakly continuous.
Furthermore, if M(-,-,pu) € C*(X x By),u € M and qo € C¥(X x By), then
q: € C*(X x By). Writing

ey ds(hgoTs,o[u-])(w)(qt o Tyolp])(w) = qo(w) (125)
and differentiating with respect to ¢ we get

8 _ v ds(h€oT, w
5 (e s Tl D) (g, o (T, gl ]) () =
— d(h{ o Ty o)) (w)e =@ o dstieTeoluD@) (g, o T, o[4.]) (w)
— t ‘o 9
+e d [y ds(hg (TS’U[H'])(w)&(Qt © Tt,O[M'])<w)
+ e 4o ds(hioToolb D) g (w) o Ty o[p.] - v o Tholpe.]

+ e Mo BT olDIT (g 0 Tyl ])(w)) - (Mc(-, -, ) © Tuplp)(w) =0 .

t

Multiplying by e®Jo ds(hzo(TeolnD(w) and applying to (Ty0lp.]) 1w we obtain

0
= dh(pe)(@)qe(2, v) + 5,60(2,0) + Vaae (@, v) -0+ Vo (2, v) Me(2, 0, 1) = 0, (126)

which is linear in ¢. since p. is given. Therefore the equation for f; is

%ft(l‘,v)—dhe(ft)(.%‘)ft<$,U)+wat($7’U) -U—I—ME(.T,U, ft)'vvft(xav) =0, (127)

which corresponds to (19) with M replaced by M., taking into account the definition
of he in (120).
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4.1. Qualitative behaviour of the solution of (94).

Lemma 4.6. Let M as in (18) and t — pp € M be the solution of (94) with initial
datum po. We have

t
pl) = po(e) + [ pao)ds (128)
0
/ o] e (e, dv) < / [v)? po(dz, dv) . (129)
X XBq XX By
Proof. By (94) we have
4 2y (da, dv) = pe (V') i=1,.,d, (130)
dt Jxxp,

which implies (128). To obtain (129), again from equation (94) we get

d d
G | o e de) = Snllol?) = (v T lof?) + ML) - Vo o)
XX B

—2Zut ey o) <0 (131)
Namely, for i = 1,..,d, when M*(-,-, u;) # 0, we obtain
e o) = [ g, o) v (132)
XXBl
fXXB —y) (viul — ),ut(dy,du)
= / we(dz, dv)
X x By fX><B1 U(.I? y)ut(dy’du)

Ulz — y)viul )
Jxwn, U@ — ) (dy, du)

:/(X . e (dzx, dv) pg (dy, du)
X b1

—/ we(dx, dv) (vi)2 <0,
X X B,

by Schwartz inequality. O

The Jensen inequality and (129) imply the boundedness of the mean velocity

pe(v).
Let f; be the solution at time ¢ of the equation (19). We denote by H(f;) the
Boltzmann-Vlasov entropy

Hf) = — /X )i )dzdo (133)

In the next lemma we show that the Boltzmann-Vlasov entropy H( f;) is a decreasing
function of time. Notice that equation (19) is not time reversible, i.e. invariant
under simultaneous reflection t — —¢ and v — —wv.

Lemma 4.7. Let f. be the solution of (19) with M chosen as in (18), then

d
SH(F) =—d. (134)

Let f€ be the solution of (19) with M replaced by M, chosen as in (20), then

L =—d [ hi@) (e, 0)dado (135)

XXBl
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where, as in (120), h§ = (((Jli;fi}re

Proof. We start showing (134). The proof of (135) is similar and we will only outline
the differences.

iH%)“wa¥@wwmﬁ@w)HMMv (136)

= / (In fe(z,v)) [v- Vafi(z,v) + V- M(x,0,t) fe(z,v)] dedv .
X x B,
Integrating by part the last term in (136) we get
d
ﬁH(ft) =- /XXB1 Ve (In fi(z,v)) - vfi(z, v)dzdv (137)
[ Va0 (Mo ) fl, o) dodo
X xXBq

= 7/ Vo fi(z,v) - vdxdv — / Vo fi(x,v) - [M(z,v, f)] dedv .
XX B1

XXBl

The first integral gives zero contribution since fXXBl fi(z,v)dxdv =1 for all £ > 0,

ie. f, € LY(X x By). For the second term notice that V, - [M(x,v, ;)] = —d,
therefore
/ vat(xvv) ’ [M(SC,’U, ft)] dzdv = */ ft(I,’U)vU ’ [M(I7U7ft)] dzdv
XXB1 XXBl
= d/ fe(z,v)dedv =d . (138)
XXBl

We then obtain (134). To get (135) we proceed in the same way. We need only to
modify (138) as

/ vaf(x,v) : [Me(xvvvff)] dxdv = _/ f;(l‘,’())vv ' [ME(xv’vatE)] dzdv
X x By

XXBl
=d hi () fi (z,v)dzdv . (139)
XXBl
O
By the above lemma,
tlim H(f:) =—00. (140)
— 00

From this we can deduce that even starting at time ¢ = 0 from a measure which is
absolutely continuous with respect to Lebesgue measure in X x By, having therefore
finite Boltzmann-Vlasov entropy, at infinity the asymptotic measure is singular with
respect to the Lebesgue one. The same conclusions can be also drawn for the
e—regularized system.

5. Appendix.

5.1. Proof of Lemma 3.6. Denote by b; ;(-),fori=1,...,Nandj=1,..., N the
elements of the matrix B(-) = {b; ;(-) ® I}  defined in (51). By definition

of B(q(t))

4,j=1,.;

bij(a(t)) = ai ;(q(t)) — ai;(q°), (141)
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where {a; ;(-)} are defined in (33). Writing a; ;(q(t)) as
1

a; ;(q(t)) = ai,j(qo) + /0 dsd%ai,j((l — s)q0 + sq(t)), (142)
we have )
besfalt) = [ dsgan (1= s)a + sax(h) (143)
Therefore, setting
xi,j(sat) = (1 - 3)(qg - QS)) +s (qi(t) - Qj(t)) , Lj=1, N (144)
we have
d d U((1=5)(qf — qf) + s(qi(t) — q;(t)))
—a; j(1-5)q"+s = — e
a5l = o) salt) ds<254U«1—@m9—¢>+4%w—waw»>
(145)
:d< U(wi,(s,1)) )
ds \ 002, Ui (s, 1)
_ VU(@i(s,1) - [~(a — ) + a(t) — ;)]
Yorey Uwik(s,t)
~ Ulzii(s,t) Soaly VU (@i(s,8) - [—(a9 — qf) + qi(t) — qu(t)]
5 .
(T Ulwinls0))
Hence,
al SN VU @ (s,8)] |~ (0 — a9) + ai(t) — q;(t)]
bij(qt)] <272 ’ . 146
;I J(a))] SN U (s.) (146)
N
=250 + (N - Dlatd), @) b, VU@
max | —(q) — ¢j) + ai(t) —q;(t)] ,

i,j€{1,...N}

where

na(.a’)= inf - inf U0 s)(a? ) s ((t) ~ 0u(1) 2 0. (147)

Since

o0

N
IB@) < ||Ba@®) = max 3 bija) (148)
v 2
we get the thesis.

5.2. Proof of Theorem 4.4. We adapt to our model [26, Theorem 5.1] and divide
the proof in two steps.

Step 1. We start proving (109). Assume that v and u; solve (167). We have, by
the triangular inequality, that

dor(Ve, pue) = dipe (Vo © To e[v.], po © To[pe.]) (149)
< dpr(po o Toe[v.], po © To[p.]) + die(po © Toe[v.], vo 0 To[v]) -
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Denote by w = (z,v),V(u.)s(w) := (v(s), A(x(s), ps) — v(s)) the vector field on
the right hand side of (105). The second term can be bounded as

Lt sup

feD

dyr(po 0 Tos[v.]),vo 0 Toe[v]) = e

/ [duo — dvo] (e_Ltf o Ttyo[l/.])
Tp X B1

(150)

< eldyr (1o, 10)

where L is the Lipschitz constant of V' (u.)s(+). Notice that the Lipschitz bound of
V(u.)s(+) can be easily derived from the Lipschitz bound of A(-, u.). We get (150) if
we can show, since f € D, that e X foT; ¢[v] is Lipschitz continuous with constant
one and therefore it belongs to D. Let w(t) = (x(¢),v(t)) be the solution of (105)

with initial condition wo = (xg, v) and let w(t) be the solution of (105) with initial
condition Wy = (&g, Vo), then we need to show that

[f(w(t)) — f(@(t)] < C(t)|lwo — ol , (151)

with C(t) < elt. Writing

wwm+AWm%m@> (152)
and
wmwoﬁfvm%m@u (153)
since f € D, we have
F(w(t) = F@0)] < ft) - (b)) - (154)
Furthermore,
|mw—wmShm—wd+AWwM%mw»—vm%mwmw (155)

t
< o = ol + L [ fuls) ~ als)lds
0
By the Gronwall’s inequality
lw(t) — w(t)] < e"wy — o (156)

proving e Lt f o T} o[v.] € D and so (150). We are then left with the estimate the
other term in (149) which, since f € D,

dy (pto © To¢[v.], pro © To¢[p.]) = sup /T B dpo {f o Tyolv.] — foTiolp]}

feD

<[ oldw) gl = TrolpJul = A0
Tp X B
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where T} o[v.] and T o[p.] are both solutions of the equation (105) with the same
initial conditions but with different vector fields. We have

A(t) = /T  polduw) (T ol = Tl ol (158)

:[rDXBl dw/dsV o /dsV o [])’

S/TDxBI to(dw) /0 ds {V (v.)s(Ts o[v.Jw )v(u.)s(Ts,o[u.]w)}’

+ / fo(dw)
To X B1

The first term of (158) can be estimated by the Lipschitz property of the vector

field
/ pio(dw)
TpoxXB1

<t o) [[dsitoleto=Toainlo)
N /dS/TDXBl (dw) | Ty ofvJw — TsofpJw]| = L/Ot/\(s)ds.

For the second term of (158) we have

/ o(dw)
TD ><B1

</m31 o(dw) [ as]Vu)s (Tuolp ) = V(). (Tugliulo)

[ st so[u]m—V<u.>s<Ts,om.}w>}\ .

[ s (Tualilu >—V<u.>s<TS,oww>}\ (159)

/ ds {V (1) o (T ol Jw )—V(V)s(Ts,o[#-]w)}‘ (160)

= [Cas [ ol V). Talidi) = V)T
[ [ @) Ve w) - Vo)
0 Tp X By

[V (p)s(w) = V(v.)s(w)| < Az, ps) — Az, vs)| (161)
fTDXBl Uz — y)ups(dy, du) — fTDXBl Uz — y)uvs(dy, du)
S w5, U@ = y)ps(dy, du)
Jrpxm Ule = y)us(dy, du) — [ 5 Ulx —y)vs(dy, du)
I w5, Ul — y)us(dy, du)

Since for any measure v € M, fTDxBl U(x — y)vs(dy,du) > inf e, U(z) = a, we
have

But,

+

fTDxBl Uz — y)ps(dy, du) — fTDxBl Uz — y)vs(dy, du)
Jroxm, Ul = y)ps(dy, du)

< SWsery, [VU(2)| + sup,e7, U2)
- a

(162)

db[, (,u“sv VS)
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and

fTDxBl Uz — y)ups(dy, du) — fTDxBl U(r — y)uvs(dy, du) (163)

I x5, Uz = y)ps(dy, du)

- i fTDxBl Uz — y)upg(dy, du) — fTDXBl Uz — y)ulvy(dy, du)

- i=1 fTDxBl U(x - y)ﬂs (dy, du)

< dsupwETD |VU($)| + Supa:ETD U(l‘) dbl:(/Js; Vs) )

a
Therefore,
sup, VU(zx)| + sup,, Uz
1V (10)o ) = V), )] < 202070 VOO 2 00rery U0 5 (1

a
C
= Eodb[,(,uw Vs) y

where we have set co := 2d(sup,c7, |VU(z)| + sup,cr,, U(z)). It is essential that
a > 0. This is the case for interactions considered in the Lemmata 4.1 and 4.2 once
the system is confined on the torus 7p*. Thus, by (158), (159), (160) and (161) we
have that

t t
A(t) < L/ )\(s)derC—O/ dyr (s, vs)ds . (164)
0 a Jo
Hence, since by (158) A (0) = 0 we obtain
t
A(t) < 50/ P ) dyr (1, vg)ds (165)
a Jo

Taking in account (149), (150), (157) and (165) we get

t
C —s
dyc (e, ) < eLtdbE(MOJ/O) + EO/ ettt ‘)dbL(MS,Vs)dS . (166)
0

Applying the Gronwall’s lemma we get bound (109).
Step 2. To prove the existence of a solution for the fixed point equation

e = pio © Toe[ie] , (167)

we use the Banach fixed point theorem. Let p be the initial condition. To every
curve [0,T] 5t — ur € M, ug = p, we relate the solution curve

[0,7] 5t —s poTy.lp] € M (168)

Let us denote this map F : Cay — Caq, where Cz is the space of weakly continuous
function [0,T] — M with puo = p. We equip Cpq with the metric

do(p(-);v() = sup [e™dpe(ve, )] (169)
t€[0,T)

for some a > 0 which will be suitably chosen. Since (M, dpz) is a complete metric
space, 8o is (Caq,dy). Now from Step 1 we have

e (v, p) = e (FO)OFO) < 2 [ ey (uw)as (170

4In the case where U is with compact support and M is replaced by M. we have that
inf (U * > e
nf (Uxv)(@) e e

In this case X can be either R? or Tp.
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and therefore
Co

. . <9 Y-
do(F(u(-))(#), F(v(-))(t)) < e _L)da(u( ),v()) (171)
for a > L. By a suitable choice of « this proves that F is a contraction. O
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