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ABSTRACT. We study an initial boundary value problem for the Broadwell
model in half space. The Green’s function for the initial boundary value prob-
lem is decomposed into two parts: one is the Green’s function for the initial
value problem, we call it the fundamental solution for the whole space; the
other is the convolution of this fundamental solution with full boundary data.
A new approach to obtain the full boundary data is established here. Finally,
a nonlinear time-asymptotic stability of an equilibrium state is proved.

1. Introduction. Most of the interesting phenomena such as thermal transpira-
tion, curvature effect, in the rarefied gas are related to the presence of a physical
boundary. They can only be understood with the knowledge of the interaction
of the fluid waves with boundary layer. There have been many essential progress
on the boundary value problems for rarefied gas, numerical computations by Sone
et.al. in[7]; analytical studies, particularly structure of Green’s function in [1], [2],
[3], [5]. In this paper, our effort is to study the initial-boundary value problem of
fundamental equation for the rarefied gas in a new aspect. It is partly motivated
by [6], where the dissipative system was studied.

The most basic initial-boundary value problem in the rarefied gas is the one-
dimensional Broadwell model given incoming boundary condition b4 (¢):

WF +VO,F=Q(F), >0, t>0,
F(z,0) = Io(z), (1)

where
fr(x,t) 10 Y A
Fat) =| jo@n |- V=00 o |, Q=] - o= Ff)
@) 00 -1 1 fed-

Here the unknown functions f+7 fo, f, represent the mass densities for the gas
particles moving in x— direction with constant speed 1, 0 and —1 respectively. The
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98 LINGLONG DU
part O,F + V8, F represents the free transport mechanism in the gas flow, Q(F)
models the collision mechanism.

Even for smooth, compatible initial and boundary data, there usually exists
singularity in the solution around the boundary. The classical energy method is not
enough to study the nonlinearity due to the boundary singularity. So we need to
consider the pointwise estimates of the Green’s function for the linearized problem
and then close the nonlinearity.

For the collision operator @, the equilibrium states F are the positive-valued vec-
tor solutions of Q(F ) = 0. Furthermore, an absolute equilibrium state M satisfies

M = (1/6,1/3,1/6)".

We are interested in the structure of solutions close to this absolute equilibrium
state M, i.e., the initial data Iy(z) is a small perturbation around M.
The linearized equation around the absolute equilibrium state M is

OF +VO,F = LF, (2)

with the linearized collision operator L:

Since L is symmetric, we have the following macro-micro decomposition (Pg, P1)
introduced in [2]:

I=Pog+P;, Po L Py, I isthe identity matrix,

2 o
Po=-| 1 2 1 |, Pi=2| -1 1 -1 (3)
11 2 1 -1 1

This macro-micro decomposition (Pg,P1) satisfies:

PoL = LPy =0,
P,L=L=LP;.
The Green’s function Gy(z,y,t,7) = Gp(x,y,t — 7) for the linearized initial

boundary value problem of Broadwell model is a 3 x 3 matrix-valued function which
satisfies:

0:Gy +V0,Gy, = LGy, x, y>0, t>r,
Gb(x, Y, 0) = 6(‘T - y)Ia (4‘)
(17 07 O)Gb(()? y? t7 T) = (07 07 0)'

To construct Gy(z, y,t), we define a fundamental pair(G, H):

G:G<.’E—y,t)’ (5)
H(LC, yvt) = Gb(xu Y, t) - G(iK - Y, t)

Here the first part is the fundamental solution of the linearized initial problem of

Broadwell model for the whole space, which is also a 3 X 3 matrix valued function
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satisfying:
0:G+Vo,G=LG, z€R, t>0,
{ G(z,0) =0(x)I.
The second part H(z, y,t) satisfies the following system:
OH+Vo,H=LH, >0, t>0,

H(z,y,0) =0, (6)
(1,0,0)H(0,y,t) = —(1,0,0)G(—y, t).

By applying the first Green’s identity to (6), we have the representation for the
second part:

H(z, y, ) = /0 G(a,t — T)VH(0, y, 7)dr. (7)

Because of the pointwise description of Green’s function G(z,t) obtained in [2],
the representation (7) yields a pointwise description of the interaction of the bound-
ary data and the propagation of the interior fluid waves. However, the represen-
tation demands the full boundary data H(0,y,7), while physically the boundary
data are given only for particle moving in z— direction with speed 1. The global
boundary data H(0, y,t) can be obtained through Fourier transformation and well-
posedness of the half space problem. One can apply complex analysis to yield the
exponential sharp global estimates of the boundary data.

Once the Green’s function for the initial-boundary problem (4) is obtained, we
can get the representation for the solution of initial-boundary problem (1). As is
usually done, the solution F' is written as

F=M+W.
The boundary value by (¢), for simplicity, is assumed to be part of the absolute
equilibrium state M. To illustrate the wave propagation properties of the solution,
we assume the initial perturbation Wy (z) = In(z)— M satisfying ||[Wo(z)| < ee=1!,
with € < 1. Then the perturbation satisfies
oW + VoW — LW =Q(W), (z,t) e Rt x RT,
W(I,O) = WO(*T)’ (8)
(1,0,0)W(0,t) = 0.
Now we state the main theorem in our paper:

Theorem 1.1. There exists a constant C, such that the solution W (x,t) for (8)
satisfies

\zfﬁt\z
e~ TCnEn
W(at)| < Ce| ol 4 e(altn/C
Wz, )l < Ce Ve
1 14
voed iR Ge for @ € (0. 75t = Vi),
0, for x € (%t—\/i,oo).

The rest of the paper is as follows. In section 2, we prepare the full boundary
data through Fourier transformation and wellposedness of the half space problem.
In section 3, we will review the Green’s function for the linearized initial value
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problem, then construct the Green’s function for the initial-boundary problem by
using the aforementioned fundamental pair (G,H). In the section 4, we prove the
main nonlinear stability theorem. We list some useful lemmas for the nonlinear
wave interactions in Appendix. This problem is very interesting due to a particular
fact that the speed of the boundary coincides with one speed of the transport
matrix. The resonance between particles and boundary can be clearly realized
by the Green’s function we constructed. The analysis in this paper also provides a
unified tool for studying the initial-boundary value problem for this kinetic equation
with differential physical characteristics, as compared to the previous works in [1],
2, [3]-

2. Incoming-outgoing map. To obtain full boundary H(0,y,7) in (7), we use
the Laplace transform to construct a map (1,0,0)H(0,y,7) — (0,0,1)H(0,y, 7).
For convenience, we denote
H+(£L’7 y7t) = (1a 070)H(‘T7yut)a
Ho(xay»t) = (Oa 1,0)H(£L’,y,t),
H-(z,y,t) = (0,0,1)H(z,y,t)
HJr(xvyvt)
H(.T,y,t) = Ho(w,y,t)
H-_(z,y,1)

For a function y(t) defined for ¢ > 0, its Laplace transform and inverse Laplace
transform are defined as follows:

) = [ e

)

1 4T

yt) = — lim/ e*'Y (s)ds, Re(s) = 7,

2mi T—oo Jo_ip
s.t. v is greater than the real part of all singularities of Y (s).
Let Ly and LL¢ denote the Laplace transform with respect to time variable ¢ and

space variable x respectively. Take the Laplace transform of the first equation of
(6) in the  and t variables:

sIHL)(E,y, s) + EIHL (€, y, 5) = L [H4 (0,9, 5)

— 5 (JHL](E v, 8) =~ J[Hol(§, v, 5) + JH_)(, y, 5)),
S [HO](f,%S) - ( [HJr](g Yy,s ) [H ](57 78) [H*](gvyvs))v (9)
SI[H_(E, y, 5) — EIHL](€, y, ) = —L[H_)(0,9, )

— g JHL](E y, 8) — I[Ho] (&, y, 5) + I 1€y 9),

here J[H] = L,[L¢[H]], s > 0,€ > 0.
From (9), we have

JHL](, y,8) = Ls[H1](0,y,5) —sJ[Ho](£,y,5) ,

&ts

JH-_](§,y,5) = Lo [H_](0,y,8)+sJ[Hol(£:y,5)

—S

We substitute these two representations into the second equation of (9) to get

T[Ho) (€, 4, 5) = L (€= 8)Ls[H](0,9,5) + (€ + $)Ls[H_](0,9,5)

2 6534352
6s+1 & = S5t
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Denote A1 (s) = ,/6563513152, then

_ R€S§:)\1J[HO](§,y,S) + ReS§:,)\1J[HO](§7y,s)
5 - )\1 § + )\1 ’

here Rese—x,J[Ho|(¢, y, s) means the residue of function J[Ho](&,y,s) at A;. Take
the inverse Laplace transform of (10) with respect to space variable &:

JHo|(€, y, 5) (10)

ILls [Ho]($7 Y, S) = 6>\1$R68§:)\1J[H0](§7 Y, 8) + e_Alees§:7)\1J[H0}(§7 Y, 8)‘

The wellposedness of a differential equation imposes the solution Lg[Ho](z,y, s)
decays to zero as ¢ — oo. This implies that Rese—x, J[Ho](¢, y, s) = 0, which yields
the following relationship:

)\1—8
- ]LSH y
N s [H]+y(0, y, s)

= —(65+2— /(65 +3)(6s+ 1))Ls[H,](0,y,5). (1)

L [H_](Oa Y, 8) =

By the inverse Laplace transform of (11), we finally get the Incoming-outgoing Map
formula:

H—(O7y7t) = _6at]H[+(0ay7t) - 2H+(an7t)
—1/2t e—1/6t
——— % Oy x —— x H, (0,4, 1). 12
2yt ‘ 2V/mt +0.3.0) (12)
Here, instead of studying the inverse Laplace transform of /s, we consider ¥* =
% by the usual inversion formula of the Laplace transform:

+6(9t *

1 [ 1 1 © 1 1
L(t) = — eSt—ds:i/ e ——ds = .
") =5 /oo VAT B W

The inversion of the Laplace transform has the property that division in s corre-
sponds to differentiation in ¢.

3. Construct the Green’s function G,(z,y,t). The fundamental pair (5) yields
the decomposition Gy (z, y,t) = G(z—y,t)+H(z, y,t). Firstly, we recall the following
theorem in [2] on Green’s function G(z,t) for the initial value problem.

Theorem 3.1. There exists a positive constant C' such that

O(x —t) 0 0
G(z,t) —e /0 0 5(z) 0
0 0 Sz +1t)
lo— o= tl? ot 1
6_ C(1+¢t) 6_ C(1+¢t)
<C C —(\m|+t)/C,
= Jirt o vier | T¢°

forall x eR, t>0. (13)

To get the pointwise estimate for the function H(x,y,t), we also need the follow-
ing lemma:
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Lemma 3.2. The following estimates hold:

l—y—J=rl? Iyt Jg7I?
e oW e o (lyl+7)/C 14
Gi(—y,7)]| <0O(1 + +e” T ,
[0:G+(—y, 7]
Clmv=gsri? s il .
e C(1+7) e C(1+7)
<0(1 + 1+ +01)eWHFn/C (15
<o) (I+7) (I1+7) ( 1—1—7) (L) (15)
671/27' 671/67'
O Or G (—y,
‘ * 2/t ¥ 2/t *Gi(=y.7)
v i s i
< O(l) e C(1+7) e C(1+7) +e_(|y|+7—)/C . (16)

VIFT(1+7) * VIFT(1+7)

Proof. The fist two inequalities are straightforward. For the third one, we just apply
Lemma 4.1 in the Appendix when z = 0. O

Now we have the following theorem:

Theorem 3.3. The Green’s function for the linearized initial boundary value prob-
lem of Broadwell model satisfies the following estimate:

dz—y—1) 0
Go(z,y,t) —e /0 0 5z —y) 0
0 0 drz—y+1)
|zfy+%t\2 |m7y7%t\2 |z+y7%t\2
C(1+t) e C(1+¢t) e C(1+t)

< 0Q) |e—UelHlul+nse | € n n
< oW VI+i VIti VIti

Remark 1. The last term represents the reflections at the boundary of waves with

negative speed —% to waves with positive speed %

Proof. Denote the Oth order Particle-Wave decomposition for G(z,t) as

do(x —1t) 0 0
G(x,t) = e t/° 0 §(z) 0 + Wo(z,t).
0 0 Sz +1t)

From (7), (12) and Theorem 3.1 we have

t
H(z,y,t) = / Wo(z, t — 7)VE(0, y, 7)dr
0

0(x—(t—m1)) 0 0

t
—|—/ e~ (t=)/6 0 () 0 VH(0,y, T)dr.
0 0 0 S(x+t—1)
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For the first term, using Lemma 3.2 we have the following estimate

SO(U/O [Wo(z,t =) - (IH+(0,y, )| + [H-(0,y,7)[)dr

o= oz (=) |? o+ (=)

t - -7 - -7
gO(l)/ e~ T Ca+GE-m) n e~ cl+t-n) N o—(lal+t-r)/C
0

Vi+t—r Vi+t—r

t
/ Wo(z,t — 7)VH(O0,y, 7)dT
0

6_1/2T 6_1/6T

(1 o+ [y 0w S o S

lo— = (=) o+ (=)

t - -7 - -7
SO(l)/ e~ T Ca+-n) . e~ caFt-n) N e
0

Vi+t—r Vi+t—r

)

* G+(—y, T)

_\7y;%;'\2 _ \7y4(r%)ﬂ2
e C(1+7 e C(1+7
4 + e—(|y|+7')/c dr
vi+r Vvi+r
_ \w+y7%i\2
<0(1) |e-Ueitlin/o € 0 (17)

v1+t

For the second term, we have
o(x—(t—1)) 0

t
/ e s 0 5(x) 0 VH(0,y, 7)dr
0 0 0 dx+t—r1)
t
< o) /O e o [(0(z = (¢t =Gy (=y, D)l + 0z + (=) |G- (=y,7)l]dr
. I—v—Jz7I? |-yt JzrI?
o e OO T e T Oary
< o / e s dr—(t—1 + + e~ (WHn/C gy
W) [ Fow— - |+ e
A Ll
< o)e /o | L ~(la—an/C
- 1+ (t—2)
< O(1)e~(wty+/C, (18)
From (17), (18) and (5) we get the pointwise estimate for Gy (z,y, t). O

4. Nonlinear stability of an absolute equilibrium state. (Proof of the main

theorem)
For such a problem (8), the solution can be represented by the Green’s function

Gb(x7y7t):

W(et) = /OOOGb(x,y,wWo(y)dw /0 /Omem,y,t—r)Q(W)(yw)dydT
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o0 t o0
/ Go (2, y, ) Wo(y)dy + / / Go (s y, t — T)P1Q(W)(y, 7)dydr,
0 0 0

here P is the micro part of macro-micro decomposition (3).
W (x,t) can be solved by a Picard’s iteration:

WO (z,t) = [;° Gy(z,y, t)Wo(y)dy,
WO (,8) = WO (2, 8) + [o [ Cy(,y,t — 7)QW D) (y,7)dydr, for 1> 1.

By Theorem 3.3, there exists some constant Ky such that

Jo— L ¢|2
% PR
Gy(z,y, ) Wo(y)dy|| < Koe | ———— + = zl1+0)/C
[ Gt momatan < s | <
We make an ansatz assumption:
lo— L1 ¢|2
e~ o (lzl+0)/
W(x,t)|| <2Kpe + e~ (el+t)/C
IW (o] <2Ke |
1 1
for x € (0, ==t — V1),
oKyed VD= 075t =0
0 for xe(%t—\/ﬂoo).
(19)
We will prove that the ansatz assumption is true. Note that for G(z,t):
(w=—=1)? (@t =12
e ~Cca+o e CO+p
P+l = O(1 —(zl+t)/C
GG P = 0(1) | o+ S e

However, the algebraic decaying rate (1+t)~! of G(x,y, )Py is not necessarily true
for Gy(x,y,t)P1 globally due to the presence of the boundary.

Proof. Case 1. {0 <z < %t/Q}.
We compute W (z,t) by the forward representation:

W (z,1)]
- ||/ Gy (e, . O)Woly dy\|+// 1Go(sy. t — )P QW) (y,7) | dycr
e t
< Koo 444447+e4MHw
= 0 JI+it
[z—y+—= 1 (t 7')]2 [E*y*%(tff)ﬁ
- C(1+t ) e~ CcOFt—n W 2d d
e+ e | W

[ty =Tz (=71

=) E*W
W (y, )| *dydr 20
[ e WP (20)
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Under the ansatz assumption (19), we have:

lo—y+ = (t—7)]? [o—y— = (t=7)]?
t eS] - -
/ / e [ IW (P
+ T T
A T I+t—r1 AL
p—y— L (712
v o [ vt Tz (t=7))? I v 1)
9 9 e C(1+t—7) e C(1+t—7)
o Jo 1+t—7 1+¢t—17
_<yc—(ﬁf)>2
e 1+7 B
T + e~ WHn/C | qydr
. [e—y+ Tz (t—7)) le—y— = (t—7)]?
t ﬁT—\ﬁ e~ C’(1+t ) e~ C+t—7)
+ +
o Jo 1+¢t—17 1+¢t—71
1
dydr

(ly+ &I+ Dy — H7l+1)

By Lemma 4.2 and Lemma 4.3 in the Appendix,

_[m vtz (t-))? lemy=Jr@-nl? = gn)?

[ [ [ e e
_<z—%t>2

<o() %Jre—(mm/c

1

+o() \/(\m+%t|+1)(|x7%t|+l)
0 for xe(%t—\/f,oo).

By Lemma 4.4,

1
for z € (0, 7t — Vi),

[o—y+ = (t—7)) [w—y— Tz (t—7))?
t %"'*\/; e~ C(l\igt,—ﬂ') e~ C(1+3t—7')
/o/o T+t—7  1ti-r1
1
dydr
(ly+ &I+ Dy = 71+ 1)
< B (b )4 B (- L)
ot . Tt — .
— Y \/g’ \/g? Y 37 37
(x——L )2
Q_T\/Et)
=0(1) | V————— 4 e (altt)/C
() vV1+t

f 0, 2t —+/t
+0(1) V0=t t|+1)(|x tl+1) or € ( ' V3 Vo),

0 for me(%t—\/f,oo).
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loty— L (t—7)|2

bt o onte ,
| Iy, )l dyr
0 Jo Va+t=1)(1+y)
Lo (e letu- e @-n? =l
§O(1)K362/ /ﬁ e fe[eE==r) P eiee=o) + e—(ul+n)/C dydr
0 Jo VA+t—7)1+y) 147
loty——=(t—7)|2
O(1)K§ Q/t/“%(”) T ! dyd
+ € ydr
"o Jo Va+t—n0+y) v+ Z7l+ Dy — Z7]+1)
<O()KZEl(t+1)7 L, (21)

Here the decaying rate —1 in (21) is obtained by the similar calculations in the
proof of Theorem 1.2 in [5].
Case 2. {%tﬂ <z < %t}

Fix (z,t) and treat Gy(z,y,t,7) as an operator-valued function of (y, 7). From
a symmetry consideration, we have

etk e
1 1 e C+t—r)

Gy(z,y,t, 7P = 01 +
eyt Je-n)? lo—y— = (t-m)I?

e C+t—7) e~ CO+t—m)
1+¢t—7 + 14+¢t—7
Using the fact that, in the region x € (%t/Q, %t),
||Gb(l’7y,t, 7'):Pl” = HG(‘Ta y7taT)P1||7

by similar calculation, we can prove that

/0 /0°° Go(z,y,t = 7)QW)(y, 7)dydr

+0(1)( 4 e (@rytt=)y

Jz— 1|2
e ~ca+n 1
< OKZE(| ——— + e et/ | 4 )
Vitt \/(|x+%t\+1)(|x—%t|+l)

1
Case 3. {z > ﬁt}'

/ / T Gylary t — QW) (g, )dydr
0 0

\I*y+%(t—7—)\2 |I,y,%(tﬂ.)‘2
< e e~ T o w 2dyd
+
- ./0/0 T+t—r =, | WDl dydr
lz+y——=(t—7)|?
/t/\}g(t—T) e_yC(1\+f+ﬂ-) W (.7 Py
+ y, T yart
0o Jo Va+t—7)(1+x)

The calculation for the first term is similar to case 1. To deal with the second term,

note that ) )
<0(1)
1+2x 1+t

)
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(x—J=1)?

we bring out the decaying factor % and the left is O(1), so

< O()KZeé

t [e'e]
/0 [ Gyt = Q). dyar

lo— =t
_ V3
e C(1+¢t)

V14t

4 e~ (zl+8)/C

and the last case is proved.
Therefore, we verify the ansatz and prove the nonlinear stability theorem. O

Appendix: Nonlinear wave interactions. The first lemma is from [5].
Lemma 4.1. Suppose that A, u > 0. Then for given positive constants Dy and D1,
there exists Do > 0 such that for any x, z, t>0, and a > 1,

(17A1+Az)2

¢ _@=AG=n? | (z—ur)? _ e
e Di(t—7) e Do(r+1) ( 1 1 ) e Do (t+1)

= dr = =T T a1
Vi—T1+1 (t+1)2 z4+1)=  (t+1)z NE
Define
(t—m)]2
192, 40,15 A, 1, D / / (t—7+1)"PReBaT %y, 75, D)dydr,
where

(y=—p(r+1))2

0°(y, 751, D) = (7 +1)7/2e” DD
The following two lemmas are similar to those in [4]. For the sake of completeness,
we give a simplified proof.
Lemma 4.2. The following estimate holds:
1 1 1
I*2(2,t:0,t; —, —, D) = O(1)0(z, t; —, D
( 77 ) = O()o( 7 )

Proof. By completing the square for the exponents, we have

I%2(2, 0, t; D)
f f
[e-y= = t-11%  (y= e (r+1)?
_ D(t—7) e D(7+1) dud
- / / t—7+1 T+1 yar
(== (t+1))?
o) e Bt / N 1
B VI+1 t—7+1 W
_u—%wm?
e D(t+1)
= 0Q1)

Vt+1

1 1 ¢ 1 1
/ dr + dr
0o Vt2+1VT+1 12 VE—T+1/t/2+1

(a2 = (t+1))?
6_ D(t+1)
= 0

Vt+1
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Lemma 4.3. The following estimate holds:

1 1
1'2,2 Tt R
( ?t?07t7 \/75 f’ )
“1/4 1 1
OM)(t+1)~/2(0(x, 4 D) +6(x, \@D))
0, for m>ﬁ(t—|—1)—\/t—|—1,
Va5t
+ O(l)[@(x,t,—%,D)T‘{
(}tfxrl/?( L)~V 1 6(z,t; =, D)

for 0<a< Jo(t+1)—Vi+1
Proof. Note that

1 1
12¢2(x,t;0,t; ——,—,D)
f \/7
[I vt g (= 12 (y,%(7+1))2

D(t ) e D(r+1)
/ / dydr
t—7+1 T+1
lot L (t4+1)— 2 (r+1))2
/t N B e G
o t—T+1vVT+1 NS

We have the following cases:
Case 1. o+ J=(t+1) < (t+1)"/2
Case 2. (t+1)? <z + Ft+1) < %(H 1) — (t+1)/2
Case 3. Z(t+1)—(t+1)"? <a+ o(t+1)< Z(t+1)+(t+1)"%
Case 4. v+ J=(t+1) > Z(t +1) + (t+ 1)/
For case 1, we have

dr.

I*2(2,t;0,t; —

5= D)
f
[+ L (t+1>]2
~— Bt Vi—1 1 o2
= 01 D1GHD dr.
( ) / t—7+1y7+1 < !

= 0(1)f(z, f D)[(9) + (id) + (@ad)],

where

VIFT
(@) = / Vi L _dr=0@)(t+ 1)1/

t—T—‘rlw/T—‘,—
(i) /W F % — o)t + 1)
i) = HE+1)"
ViFLVE+ 1yt +1

_(t+2)?
e Da(t+1) (t+2)2

dr = O(1l)e D241,
\/t+ //2 VT+1 o

Dy, Dy are constants. Hence, the estimates (22) follows immediately.

(i)
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For case 2

1 1
7a77D
V3 V3 )
ot Tz (1))

(z+ 5 (t+1))/M e~ T DiEFD
= 01 / ——d7
( ) 0 (t + 1)\/’7’ + ].

12’2(95, t;0,t; —

o+ 2= (t+1) - 2 (=+1))?
t=(gt—a)/M | | ,
+/ (et — ) (a4 1)1 dr
(z+ 5 (t+1) /M V3 V3 Vvi+1
[o——L (t+1))2
/t 67% Vi—T1 1
+
t—(dst—a)/M Vi+1 t—7+1t+1
1 T %t 1 1/2 Lo 12
= O)l(z,t;——=,D)F———+ (—=t—2) "*(z+ —=t)~
(L6 3 ) T (\/?; ) \/g)
Ltz
1 V3
+0(x,t; —, D) ——+r——].
SN S =S
Here, D1, Dy, D, M are constants.
For case 3

1 1
I2’2(x7t;0,t; —

NEARVE e

t/2
= 0(1)/ (t+1)" (7 +1)" Ve Dy
0
_[w+%(t+l)—%(‘r+l)]2
t/2 t+1

1
t+1)"Y%d
/ﬁt 1\/t+1( 1 ’

= OQ)(t+1)7%/4,

Finally, for case 4.

1 1
12’2 Ivt;07t;77a 77D
( 757 )
t = e—d=+11% 2
- / t—7 1 ¥~ DD 1 dr
0t—7‘—|—1\/7'—|—1 Vi+1
= 0(1)f(x,t; D
(10(e.t: 7. D)

t/2 2 t—/IF1 —
1 1 e_g1<“21)d7——|—/ Vi—T 1
0 \/t+1\/7’+1 t/2 t—7'+1\/t+1
Vt-1 1 }
t,\/ﬁt—T-l-l\/t-‘r

(=2
e  DiitD dr



110 LINGLONG DU

1
Vit 1V +1
—C(t+1) + (t+ 1)—1/4

= O(1)0(x,t; 7 D e O Dgr 4 (t4+1)~1/4

1
om0 (x,t; —, D [e
(1)o( 7 )
This completes the proof of the lemma.
Consider the following wave interaction:

BHi (l‘7t7/’l/17u2; C)

_(m—y—ui<t—r+1>)2

p2(T+1)=v/7+1 Cl—7%D) 1
/ / dydr,
pr(t+1)+v74+1 t—7+1 (|y—u17| +1)(|N2T*y| +1)
for i = 1,2 and g < p2. We quote a lemma in [1].

Lemma 4.4. For some constant C > 0,
B#i(x,t,ul,/JQ; C)

—letad® | -G
e t e t
- C 4 o~ (zl+0)/C
V1+t
1

: € (ut + V& pat — V9),

- ol Ve e meln Vgt = Vi)
0, for € (0, it + V) U (uat — \/t,00).

fori=1,2.
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