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Abstract. The aim of this work is to develop a computational model able

to capture the interplay between microcirculation and interstitial flow. Such

phenomena are at the basis of the exchange of nutrients, wastes and pharma-
cological agents between the cardiovascular system and the organs. They are

particularly interesting for the study of effective therapies to treat vascular-

ized tumors with drugs. We develop a model applicable at the microscopic
scale, where the capillaries and the interstitial volume can be described as in-

dependent structures capable to propagate flow. We facilitate the analysis of
complex capillary bed configurations, by representing the capillaries as a one-

dimensional network, ending up with a heterogeneous system characterized

by channels embedded into a porous medium. We use the immersed boundary
method to couple the one-dimensional with the three-dimensional flow through

the network and the interstitial volume, respectively. The main idea consists in

replacing the immersed network with an equivalent concentrated source term.
After discussing the details for the implementation of a computational solver,

we apply it to compare flow within healthy and tumor tissue samples.

1. Introduction. The microcirculation is a fundamental part of the cardiovascu-
lar system [25], because it is responsible for mass transfer from blood to organs.
Theoretical models, with a variety of different approaches, help to understand and
quantify the main mechanisms at the basis of these phenomena. Mathematical
models become even more significant when the attention is focused on the study of
pathological conditions. A prominent case is the study of angiogenesis and the re-
lated flow and mass transport in tumors, because mass transport is one of the main
vehicles to target tumors with pharmacological agents. Among the vast literature
in this field, we mention the sequence of works by Baxter & Jain, [1, 2, 3, 4], which
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represents a consistent theoretical treatment of transport in tumors. Pathological
angiogenesis leads to a microvascular network with different characteristics than the
healthy case [7]. In particular, tumor neovasculature is generally characterized by
a tortuous geometry, leaky capillary walls and lack of lymphatic drainage network
[7, 23]. The combination of these effects, usually called enhanced permeability and
retention, has a significant impact on the flow through vascularized tumors as well
as on the ability of targeting tumors with drugs or nanoparticles [14].

The literature in this field is vast and heterogeneous, we don’t have the ambition
to provide an overview here. We rather focus on the available studies that have ad-
dressed mathematical models of microcirculation and interstitial flow. We identify
two different approaches. On one hand, the role of microvessels on a macroscopic
portion of tissue can be described by means of homogenization methods. In this
case, the heterogeneous material combining the capillary bed and the interstitial
tissue is described as a homogeneous continuum, whose effective transport prop-
erties are determined by means of averaging the solution of specific cell problems
defined on a periodic unit cell. For the application of these techniques to transport
in tumors we refer to [8, 39]. On the other hand, several authors have addressed
the same problem at the microscopic scale. Provided that the geometry of the
microvessels is available, the interaction between the network of channels and the
surrounding interstitial tissue can be modelled using the fundamental equations of
flow. The peculiar nature of microcirculation introduces additional difficulties and
allows for some simplifications at the same time. On one hand, the capillaries can
be modelled as long and narrow cylindrical vessels. Then, asymptotic expansions
that exploit the large aspect ratio of the channel can be derived to approximate
the fluid exchange from one capillary to the surrounding tissue. This idea has been
successfully exploited to study the microvascular flow in simple arrays of capillaries
[5, 15, 16]. On the other hand, vascular networks are characterized by a complex,
possibly irregular geometry. The previous semi-analytic methods may be hardly
applied to realistic configurations. We believe that numerical methods may over-
ride this obstacle. For example, the method of Green’s functions, which arises from
the previous approach, is capable to handle complex vascular networks, because it
substantially relies on numerical approximation methods. It has been extensively
applied to the study of tumors [20, 37, 38]. The same methodology has also been
recently used in [41].

Our idea stems from the latter family of methods. We aim to study the interplay
of microcirculation and interstitial flow on a space scale that is sufficiently small
to clearly separate the capillary bed from the interstitial tissue. Simultaneously,
we aim to develop a computational model that is capable to handle realistic and
extended tissue portions, where the configuration of the network is not oversimpli-
fied. Our idea is to replace the approximation method based on Green’s functions
with the finite element method, which will be applied to numerically solve the
governing equations of the flow in the interstitial and capillary domains. By this
way, we override some of the classical limitations of the previous methods, which
are restricted to the solution of linear problems and to the ability of determining
the exact expression of the fundamental solutions of a given differential operator.
To reduce the computational cost of the model, we apply the immersed finite ele-
ment method [28, 44]. More precisely, the capillary bed is modelled as a network
of one-dimensional channels. Due to the natural leakage of capillaries, it acts as
a concentrated source of flow immersed into the interstitial volume. This reduced
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modelling approach significantly simplifies the issues related to the simulation of the
flow in the microvessels. The main methodological and theoretical aspects of the
method have already been addressed in the works by D’Angelo [9, 10, 11]. However,
its application to flow in tumors, accounting for realistic capillary configurations,
is new. The main steps of the proposed methodology are summarized in Figure 1.
In particular, the derivation of the equations on the basis of general fluid dynamics
principles is addressed in Section 2 (see also Figure 1, panels (a, b)). The numer-
ical approximation and algorithmic implementation, is addressed in Section 3 (see
Figure 1, panel (c)). We finally demonstrate the ability of the model to describe
microcirculation and interstitial flow in healthy and tumor tissue samples charac-
terized by realistic transport properties (see Figure 1, panel (d)). Conclusions and
future perspectives are addressed at the end of the manuscript.

2. Model set up. We define a mathematical model for fluid transport in a perme-
able biological tissue perfused by a capillary network. We consider a domain Ω that
is composed by two parts, Ωv and Ωt, the capillary bed and the tumor interstitium,
respectively. Assuming that the capillaries can be described as cylindrical vessels,
we denote with Γ the outer surface of Ωv, with R its radius and with Λ the centerline
of the capillary network. Figure 1 (panels (a, b)) shows a description of the geo-
metrical model. The radius of the vessels could be in general a function of the arc
length along Λ. At this stage, any physical quantity of interest, such as the blood
pressure p and the blood velocity u, is a function of space (being x ∈ Ω the spatial
coordinates) and time t. These quantities obey different balance laws, depending
on the portion of the domain of interest and, in general, they are not continuous
at the interface between subdomains. We first address the fluid transport in each
portion of Ω, then we discuss the proper interface conditions in order to close the
resulting coupled differential problem. We consider the tumor interstitium Ωt as an
isotropic porous medium, such as the Darcy’s law applies, while we start assuming
a Newtonian model for the blood flow in the capillaries. The rheology of blood is
analyzed in detail in [34], where it is pointed out that non-Newtonian models may
be more appropriate to describe blood behavior in particular conditions. Microcir-
culation is an extreme case where the size of vessels is the smallest and the effect of
blood pulsation is almost negligible. We will discuss in the next sections how the
blood flow model could adapted to these special conditions.

An essential effect for the applications we have in mind is the lymphatic drainage.
The lymphatic vessels consist of one way endothelium conduits from the peripheral
tissues to the blood circulation. Excess of fluid extravasated from the blood circula-
tion is drained by lymphatic vessels and returned to the blood stream. A functional
lymphatic network rapidly removes fluid and this results in lower interstitial fluid
pressure and biochemical concentration levels [2]. For this reason, interstitial flow
and lymphatic drainage should be considered together. Unlike the capillary net-
work, we don’t have a geometrical description of the lymphatic vessels, so we can’t
directly define the interaction between the lymphatics and the tissue. Following the
work by Soltani and Chen, [40], we model the lymphatic drainage as a sink term in
the equation for the interstitial flow. More precisely, we assume that the volumetric
flow rate due to lymphatic vessels, ΦLF , is proportional to the pressure difference
between the interstitium and the lymphatics, namely ΦLF (pt) = LLFp

S
V (pt − pL),

where LLFp is the hydraulic conductivity of the lymphatic wall, S
V is the surface area

of lymphatic vessels per unit volume of tissue and pL is the hydrostatic pressure
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within the lymphatic channels. As a consequence of all the modelling assumptions,
the fluid problem in the entire domain Ω reads as follows:

∇ · ut + LLFp
S
V (pt − pL) = 0 in Ωt

ut = −k
µ
∇pt in Ωt

ρ
∂uv
∂t

+ ρ(uv · ∇)uv = −∇pv + µ∆uv in Ωv

∇ · uv = 0 in Ωv

(1)

where µ and k denote the dynamic blood viscosity and the constant tumor perme-
ability, respectively, and ρ is the blood density. At the interface Γ = ∂Ωv ∩ ∂Ωt we
impose continuity of the flow:

uv · n = ut · n = Lp((pv − pt)− σRgT (cv − ct)) ut · τ = 0, on Γ (2)

where n is the outward unit vector normal to the capillary surface. The fluid flux
across the capillary wall can be obtained on the basis of linear non-equilibrium
thermodynamic arguments, originally developed by Kedem and Katchalsky. In
particular Lp is the hydraulic conductivity of the vessel wall, Rg is the universal
gas constant and T is the absolute temperature. Because of osmosis, the pressure
drop across the capillary wall is affected by the difference in the concentration
of chemicals, namely cv − ct, where cv and ct denote the concentration in the
capillaries and in the interstitium, respectively. The osmotic pressure is modulated
by the reflection coefficient σ that quantifies the departure of a semi-permeable
membrane from the ideal permeability (where any molecule is able to travel across
the membrane without resistance).

Finally, to be uniquely solvable, problem (1) must be complemented by boundary
conditions on ∂Ωt and ∂Ωv. The prescription of these conditions significantly de-
pends on the particular features of the problem at hand, as well as on the available
data. For this reason, we postpone any further consideration on boundary condi-
tions to Section 4, where we will discuss the numerical simulations and the related
results.

2.1. Coupling microcirculation with interstitial flow. The previous fully thr-
ee-dimensional model is able to capture the phenomena we are interested in. How-
ever, two relevant simplifications may be applied without significant loss of accuracy.
At the modelling level, a quasi-static flow model can be replaced to the Navier-
Stokes equations in deformable domains. More importantly, we aim to override the
technical difficulties that arise in the numerical approximation of the coupling be-
tween a complex network with the surrounding volume. To this purpose, we adopt
the multiscale approach developed in [9, 10, 11], which is inspired to the immersed
boundary method.

2.1.1. An immersed boundary method for the interaction of a network with a bulk
volume. The concept of the immersed boundary (IB) method applied to our case
can be outlined as follows. To avoid resolving the complex three-dimensional (3D)
geometry of the capillary network, we exploit the IB method combined with the
assumption of large aspect ratio between vessel radius and capillary axial length.
This approach is represented in Figure 1, panels (a, b). More precisely, we apply a
suitable rescaling of the equations and let the capillary radius go to zero (R → 0).
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Figure 1. Panel (a): a description of the interstitial tissue with
embedded capillary network. Panel (b): the reduction from three-
dimensional to one-dimensional description of capillary vessels.
Panel (c): discretization with the finite element method. Panel
(d): a sketch of the fluid exchange between the capillary bed and
the tissue interstitium.

By this way, we replace the immersed interface and the related interface conditions
with an equivalent mass source.

We denote with f the flux released by the surface Γ, which is a flux per unit area.
The definition of f comes from the interface conditions that we have prescribed
above. At the interface between the capillary network and the tissue we require
that

ut(t,x) · n = f(pt/v(t,x)) on Γ,

where ut(t,x) with x ∈ Γ is the volume averaged interstitial filtration velocity in
the tissue and f(pt/v(t,x)) is a point-wise constitutive law for the capillary leakage
in terms of the fluid pressure, denoted here with the shorthand symbol pt/v(t,x).
The immersed boundary method is able to represent the action of f on Γ as an
equivalent source term, F , distributed on the entire domain Ω. More precisely,
F = F (pt/v(t,x)) is a measure defined by∫

Ω

F (pt/v(t,x))v =

∫
Γ

f(pt/v(t,x))v ∀v ∈ C∞(Ω), (3)

where v plays the role of a test function in the variational formulation that will
be defined with more details later on. Hence, we use the notation F (pt/v(t,x)) =
f(pt/v(t,x))δΓ, meaning that F is the Dirac measure concentrated on Γ, having
density f .

Proceeding along the lines of [9], when R→ 0 we aim to replace the mass flux per
unit area by an equivalent mass flux per unit length, distributed on the centerline
Λ of the capillary network. To start with, we recall the assumption that the vessels
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can be represented as cylinders originated by a given mean line Λ. Let γ(s) be the
intersection of Γ with a plane orthogonal to Λ, located at s and let (s, θ) be the
local axial and angular coordinates on the cylindrical surface generated by Λ with
radius R. We apply the mean value theorem to represent the action of F on v in
(3) by means of an integral with respect to the arc length on Λ. More precisely,

there exists θ̃ ∈ [0, 2π] such that∫
Ω

F (pt/v)v =

∫
Λ

∫
γ(s)

f(pt/v(t, s, θ))v(s, θ)Rdθds

=

∫
Λ

|γ(s)|f(pt/v(t, s, θ̃))v(s, θ̃)ds, ∀v ∈ C∞(Ω) . (4)

Then, we exploit the fact that capillaries are narrow with respect to the character-
istic dimension of the surrounding volume. Namely, we assume that R � |Ωt|1/d
where d = 2, 3 is the number of space dimensions of the model. Provided that f is
a linear function or operator, we conclude that

lim
R→0

v(s, θ̃)|γ(s) = v(s)|Λ, ∀v ∈ C∞(Ω),

lim
R→0

f(pt/v(t, s, θ̃)|γ(s) = f(pt/v(t, s)),

pt/v(t, s) :=
1

|γ(s)|

∫
γ(s)

pt/v(t, s, θ)Rdθ. (5)

We observe that, while v(s, θ) is a smooth function that can be evaluated on Λ, the
solution of the problem may not be regular enough to define the point-wise value
of pt/v|Λ. For this reason, the average operator on γ(s) is still applied to pt/v, even
in the limit case when R → 0. In conclusion, substituting the previous formula to
equation (4) we recover∫

Ω

F (pt/v)v =

∫
Λ

|γ(s)|f(pt/v(t, s))v(s)ds. (6)

2.1.2. Models for microvascular flow. The IB method described above is naturally
combined with the one-dimensional (1D) model for blood flow and transport in the
cardiovascular system. The derivation of such model from the full Navier-Stokes
equations is a vivid field of research. We refer the interested reader to [18, 31]
for an introduction and for instance to [6, 17, 33] for more advanced studies. For
microcirculation, however, the derivation of a reduced flow model is significantly
simpler than in the general case. To develop the model we rely on the following
assumptions: (i) the displacement of the capillary walls can be neglected, because
the pressure pulsation at the level of capillaries is small; (ii) the convective effects
can be neglected, because the flow in each capillary is slow; (iii) the flow almost
instantaneously adapts to the changes in pressure at the network boundaries, be-
cause the resistance of the network is large with respect to its inductance. This
means that the quasi-static approximation is acceptable. As a result of that, the
blood flow along each branch of the capillary network can be described by means of
Poiseuille’s law for laminar stationary flow of incompressible viscous fluid through
a cylindrical tube with radius R. Let us decompose the network Λ into individual
branches Λi, i = 1, . . . , N . We denote with λi an arbitrary orientation of each
branch that defines the increasing direction of the arc length si. Let λ, s be the
same quantities referring to the entire network Λ. According to Poiseuille’s flow,
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conservation of mass and momentum become,

uv,i = −R
2

8µ

∂pv,i
∂si

λi, −πR2 ∂uv,i
∂si

= gi,
πR4

8µ

∂2pv,i
∂s2
i

= gi, (7)

where gi is a generic source term. The governing flow equation on Λ is obtained
by summing (7) over the index i. In conclusion, we now represent the blood flow
in the capillary bed on its centerline Λ. The coupled problem for microcirculation
and interstitial flow consists to find the pressure fields pt, pv and the velocity fields
ut, uv such that

−∇ ·
(
k

µ
∇pt

)
+ LLFp

S
V (pt − pL)− f(pt/v)δΛ = 0 in Ω

ut = −k
µ
∇pt in Ω

−πR
4

8µ

∂2pv
∂s2

+ f(pt/v) = 0 s ∈ Λ

uv = −R
2

8µ

∂pv
∂s
λ s ∈ Λ

(8)

where the term f(pt/v) accounts for the blood flow leakage from vessels to tissue
and it has to be understood as the Dirac measure concentrated on Λ and having
line density f . A schematic visualization of this flow is reported in Figure 1, panel
(d), where black arrows depict the fluid exchange between the capillaries and the in-
terstitial tissue. The expression of f(pt/v) is provided using the Kedem-Katchalsky
equation (2). Since in this work we focus on flow, we drop the effects of the con-
centration gradients across the capillary walls. In this case, the constitutive law for
the leakage of the capillary walls reduces to the Starling’s law of filtration,

f(pt/v) = 2πRLp(pv − pt) with pt(s) =
1

2πR

∫ 2π

0

pt(s, θ)Rdθ. (9)

We notice that f is not a simple function, but rather an integral operator, as it
includes the computation of the mean value of the interstitial pressure pt. Since the
capillary bed is now approximated with its centerline, the average pv(s) coincides
with the pointwise value pv(s). We will discuss later on how to approximate pt(t, s)
by means of quadrature rule. We finally observe that in problem (8) the distinction
between the subregion Ωt and the entire domain Ω is no longer meaningful, because
Λ has null measure in Rd. For notational convenience, in what follows we will then
identify Ωt with Ω and Ωv with Λ.

2.1.3. Dimensional analysis. Writing the equations in dimensionless form is essen-
tial to put into evidence the most significant mechanisms governing the flow through
healthy and tumor tissue. We first identify the characteristic dimensions of our prob-
lem. We choose length, velocity and pressure as primary variables for the analysis.
The characteristic length, d, is the average spacing between capillary vessels, the
characteristic velocity, U , is the average velocity in the capillary bed and the char-
acteristic pressure, P , is the average pressure in the interstitial space. Estimates of
these values are reported in [2] for healthy tissue. The dimensionless form of (8) is
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then, 

−κt∆pt +QLF (pt − pL) = Q(pv − pt)δΛ in Ω

ut = −κt∇pt in Ω

−κv
∂2pv
∂s2

+Q(pv − pt) = 0 s ∈ Λ

uv = − κv

πR′2
∂pv
∂s
λ s ∈ Λ

(10)

In the Poiseuille’s equation we use the non dimensional radius R′ = R/d. The
dimensionless groups affecting our equations are the following,

κt =
k

µ

P

Ud
, QLF = LLFp

S
V

Pd

U
, Q = 2πR′Lp

P

U
, κv =

πR′4

8µ

Pd

U
, (11)

which represent the hydraulic conductivity of the tissue, the non dimensional lym-
phatic drainage, the hydraulic conductivity of the capillary walls and the hydraulic
conductivity of the capillary bed, respectively. We refer to section 4 for an estimate
of these dimensionless groups magnitude and the related discussion.

3. Numerical approximation. For complex geometrical configurations explicit
solutions of problem (10) are not available. Numerical simulations are the only way
of applying the model to real cases. Besides applications, the study of numerical
approximation methods for problem (10) requires first to address existence, unique-
ness and regularity of the exact solutions and then to analyse the accuracy of the
proposed scheme. These topics, already addressed for a similar problem setting
in [10, 11], are particularly relevant in this case because they inform us about the
ability of the scheme to approximate the quantities of interest for applications.

The solution of problem (10) does not satisfy standard regularity estimates, be-
cause the forcing term of equation (10)(a) is a Dirac measure. To characterize the
regularity of the trial and test spaces we resort to weighted Sobolev spaces. More
precisely, let us denote with L2

α(Ω) the Hilbert space of measurable functions such
that ∫

Ω

p2(x)d2α(x,Λ) <∞

for α ∈ (−1, 1) where d(x,Λ) denotes the distance from x to Λ. Similarly, Hm
α (Ω) is

the space of functions whose generalized derivatives up to order m belong to L2
α(Ω)

and we adopt the standard notation for the related weighted norms and semi-norms.
Let now Vt = H1

α(Ω) be the natural trial space for the problem in the interstitium
and Vv,0 be the subspace of H1(Λ) of functions which vanish on the boundaries of
Λ. We also introduce the Kontrat’ev type weighted spaces Hmα (Ω) that characterize
functions such that

‖p‖2Hmα (Ω) =

m∑
k=0

|p|Hkα−m+k(Ω) <∞.

The discretization of problem (10) is achieved by means of the finite element
method that arises from the variational formulation of the problem combined with
a partition of the domain into small elements, as shown in Figure 1, panel (c). We
multiply the first equation by a test function qt and integrate over Ω. The Laplace
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operator is treated using integration by parts combined, for the sake of simplicity,
with homogeneous Neumann conditions on ∂Ω, while we use (6) to write(

(pv − pt)δΛ, qht
)

Ω
=
(
pv − pt, qht

)
Λ
.

We proceed similarly for the governing equation on the capillary bed. We denote
with m−i ,m

+
i the extrema of Λi oriented along the arc length and with λ±i (mi) the

reference outgoing unit vectors of Λi at those points. After integration by parts on
each branch Λi separately, we obtain the following equation, for any i = 1, . . . , N

κv
(
∂spv, ∂sqv

)
Λi

+ κv∂spvqv|m−
i
− κv∂spvqv|m+

i
+Q

(
pv − pt, qv

)
Λi

=
(
pv,0, qv

)
Λi
,

where pv,0 denotes the lifting of nonhomogeneous Dirichlet boundary data for the
capillary network. Let i ∈ J be the indices that identify the branches with the
common node mj . The flow balance at mj implies that∑

i=J
−κv∂spv,i|mj qv,i|mjλi · λ

±
i (mj) = 0.

Reminding that the test functions for the pressure field on the capillary bed are
continuous on the entire network, namely qhv ∈ C0(Λ) because Vv,0 ⊂ C0(Λ) on
1D manifolds, summing up the previous equations with respect to the number of
branches, we obtain

κv
(
∂spv, ∂sqv

)
Λ

+Q
(
pv − pt, qv

)
Λ

=
(
pv,0, qv

)
Λ
, ∀qv ∈ Vv,0.

Then the weak formulation of (10) requires to find pt ∈ Vt and pv ∈ Vv,0 such that,{
at(pt, qt) + bΛ(pt, qt) = Ft(qt) + bΛ(pv, qt), ∀qt ∈ Vt,
av(pv, qv) + bΛ(pv, qv) = Fv(qv) + bΛ(pt, qv), ∀qv ∈ Vv,0,

(12)

with the following bilinear forms and right hand sides,

at(pt, qt) := κt
(
∇pt,∇qt

)
Ω

+QLF
(
pt, qt

)
Ω
,

av(pv, qv) := κv
(
∂spv, ∂sqv

)
Λ
,

bΛ(pv, qv) := Q
(
pv, qv

)
Λ
,

Ft(qt) := QLF
(
pL, qt

)
Ω
,

Fv(qv) :=
(
pv,0, qv

)
Λ
.

At the discrete level, one of the advantages of our problem formulation is that
the partition of the domains Ω and Λ into elements are completely independent. We
denote with T ht an admissible family of partitions of Ω into tetrahedrons K ∈ T ht ,
where the apex h denotes the mesh characteristic size. We also assume that Ω has
a simple shape, such that it can be exactly represented by a collection of elements.
Let V ht := {v ∈ C0(Ω) : v|K ∈ P1(K), ∀K ∈ T ht } be the space of piecewise linear
continuous finite elements on T ht . Since natural boundary conditions will be applied
on ∂Ω, we do not enforce any constraint on the degrees of freedom of V ht located at
the boundary, but the definition of at(·, ·) may be subject to some modifications.

For the discretization of the capillary bed, each branch Λi is partitioned into
a sufficiently large number of linear segments E, whose collection is Λhi , which
represents a finite element mesh on a one-dimensional manifold. Then, we will
solve our equations on Λh := ∪Ni=1Λhi that is a discrete model of the true capillary
bed. Let V hv,i := {v ∈ C0(Λi) : v|E ∈ P1(E), ∀E ∈ Λhi } be the piecewise linear and
continuous finite element space on Λi. The numerical approximation of the equation
posed on the capillary bed is then achieved using the space V hv :=

(
∪Ni=1V

h
v,i

)
∩C0(Λ).
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We observe that the continuity of the discrete pressure at the junctions of the
network is enforced by construction, by means of the approximation space. More
precisely, we will use V hv,0, that is the restriction of V hv to functions that vanish
on the boundary of Λ, to enforce essential boundary conditions on the pressure, at
the inflow and outflow sections of the capillary bed. The mesh characteristic size
is denoted with a single parameter h, because we will proportionally refine both
finite element spaces V ht , V

h
v . The discrete problem arising from (10) requires to

find pht ∈ V ht and phv ∈ V hv,0 such that{
at(p

h
t , q

h
t ) + bΛh(pht , q

h
t ) = Ft(q

h
t ) + bΛh(phv , q

h
t ), ∀qht ∈ V ht ,

av(p
h
v , q

h
v ) + bΛh(phv , q

h
v ) = Fv(q

h
v ) + bΛh(pht , q

h
v ), ∀qhv ∈ V hv,0,

(13)

where the bilinear forms at(·, ·), av(·, ·), bΛ(·, ·) are the same as before, with the
only difference that bΛh(·, ·) is now defined over the discrete representation of the
network Λh.

The solution of the problem (12) is characterized by a low regularity, namely
α ∈ (0, 1). In other words, Vt /∈ H1(Ω). For this reason, studying the convergence
properties of (12) to (13) is a challenging task. As proved in [10], the optimal
convergence of the finite element method is observed when the computational mesh
T ht is progressively refined as it approaches to Λ. Let h be the mesh characteristic
size away from the singularity, let xK be the center of mass of the element K and let
µ ∈ (0, 1] be a parameter that depends on the regularity of the solution. The desired
refinement is obtained assuming that the local mesh size hK scales as d(xK ,Λ)1−µ

up to the minimum size hK ' h1/µ in the neighbourhood of Λ. To measure the
approximation error, we need the following norm,

|||pt, pv|||2 := κt‖∇pt‖2L2
α(Ω) + κv‖pv‖2L2(Λ) +Q‖pv − pt‖2L2(Λ).

Then, in Theorem 4.1 of [10], the following properties are proved. Problems (12)
and (13) admit unique solutions in Vt×Vv,0 and V ht ×V hv,0 respectively. The index α
characterizing the regularity of the solution is positive and strictly less than unity,
namely 0 < α ≤ t < 1. Furthermore, if the exact solution enjoys the additional
regularity pt ∈ H2

2+ε(Ω) and pv ∈ H2(Λ) the following error estimate holds true
when the numerical solution is calculated using linear finite elements,

|||pt − pht , pv − phv ||| ≤ Cthp‖pt‖H2
2+ε(Ω) + Cvh‖pv‖H2(Λ), (14)

where the constants Ct and Cv are independent of the mesh characteristic size
and the convergence rate of the scheme is optimal, namely p = 1 when a suitably
refined mesh is used, that is µ ≤ (α − ε). If this restriction on the mesh density
is not satisfied, the convergence rate is restricted to p = α − ε. We conclude by
observing that (14) measures the error with a very strong norm that incorporates
the gradients of the solution over the fictitious region at a distance less than R from
the network Λ. For our applications, we are mostly interested to control the error
over the fluid flow exchanged across the capillary wall, precisely Q‖pv − pt‖L2(Λ).
The derivation of a specific error estimate for this quantity, possibly responding to
less restrictive conditions on the mesh density than (14), is the subject of current
investigation.

3.1. Algebraic formulation. We aim to study the matrix form of the variational
problem (13). Let us denote with {ψit}, i = 1, . . . , Nh

t the piecewise linear and
continuous Lagrangian finite element basis for V ht and with {ψiv}, i = 1, . . . , Nh

v

the one for V hv . These two sets of bases are completely independent, since the
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Figure 2. A basis function of the finite element space for the
interstitium, ψit, is depicted on the left. This is a classical piecewise
linear and continuous hat function. On the right, we show the basis
functions ψiv used for the approximation on the capillary network.
Note that, by construction, those functions are continuous at the
junctions of network branches.

3D and 1D meshes do not conform. A sketch of the approximation functions used
on the interstitium and on the capillary bed is provided in Figure 2. Let Ut =

{U1
t , . . . U

Nht
t } and Uv = {U1

v , . . . U
Nhv
v } be the degrees of freedom corresponding to

{ψit} and {ψiv}, respectively. Equations (13) are equivalent to,

Nht∑
j=1

U jt [κt(∇ψjt ,∇ψit)Ω +QLF (ψjt , ψ
i
t)Ω +Q(ψ

j

t , ψ
i
t)Λh ]

= QLF (pL, ψ
i
t)Ω +

Nhv∑
j=1

U jv (ψjv, ψ
i
t)Λh i = 1, . . . Nh

t

Nhv∑
j=1

U jv [κv(∂sψ
j
v, ∂sψ

i
v)Λh +Q(ψjv, ψ

i
v)Λh ]

= (Uv,0, ψ
i
v)Λh +

Nht∑
j=1

U jt (ψ
j

t , ψ
i
v)Λh i = 1, . . . Nh

v

where ψ
j

t is the average of ψjt , according to (5). The above equations form the
following linear system,[

Att +Mtt +Btt Btv
Bvt Avv +Bvv

] [
Ut

Uv

]
=

[
Ft
Fv

]
⇔ AU = F (15)

where the components of the right hand side vectors are respectively

F it = QLF (pL, ψ
i
t)Ω, and F iv = (Uv,0, ψ

i
v)Λh .

Matrices Btt, Btv, Bvt and Bvv are built using interpolation and average opera-
tors. In particular, we define a discrete operator able to extract the mean value of
ψit and another one able to interpolate between V ht and V hv . For every node sk ∈
Λh we define T hγ (sk) as the discretization of the perimeter of the vessel γ(sk). For
simplicity, we assume that γ(sk) is a circle of radius R defined on the orthogonal
plane to Λh at point sk. This set of points is used to interpolate the basis functions
ψit. Let us introduce a local discrete interpolation matrix Πγ(sk) which returns the



146 LAURA CATTANEO AND PAOLO ZUNINO

values of each test function ψit on the set of points belonging to T hγ (sk). Then, we

consider the average operator πvt : V ht → V hv such that qt = πvtqt. The matrix

that corresponds to this operator belongs to RNhv×Nht and it is constructed such
that each row is defined as,

Πvt|k = wT (sk)Πγ(sk) k = 1, . . . Nh
v

where w are the weights of the quadrature formula used to approximate qt =
1

2πR

∫ 2π

0

qt(s)Rdθ on the nodes belonging to T hγ (sk). The discrete interpolation

operator πvt : V ht → V hv returns the value of each basis function belonging to V ht in
correspondence of nodes of V hv . In algebraic form it corresponds to an interpolation

matrix Πvt ∈ RNhv×Nht . Using these tools we obtain,

Btt = VT
t ΠT

vtMvvΠvtUt,

Btv = VT
t ΠT

vtMvvVv,

Bvt = VT
vMvvΠvtUt,

Bvv =MvvUv,

where Mvv is the mass matrix on V hv , [Mvv]i,j = (ψjv, ψ
i
v)Λh .

For the assembly of (15) we use a code developed in GetFem++, a general pur-
pose C++ finite element library [32]. To solve system (15) we apply the GMRES
method with incomplete-LU preconditioning. We perform an analysis of the com-
putational cost of the different parts of the algorithm when the characteristic size of
both the 3D and the 1D computational meshes is proportionally decreased, obtain-
ing the data reported in Figure 3. It shows that, when the size h becomes small,
the major computational time is taken from the construction of the interpolation
matrices Πvt and Πvt. This is a very interesting observation, because it reveals that
computational issues may arise when dealing with the interaction of two geometri-
cal structures, such as the mesh for the network and the bulk volume. Although
this is not a severe limitation in our case, because we use moderately small domains
and meshes, it may become a problem of paramount importance for larger compu-
tations. To override these drawbacks, the development of the finite element solver
should be complemented by expertise in the field of computational geometry, in
particular for the application of efficient search algorithms and data structures to
build the interpolation matrices defined above.

3.2. Preliminary validation. Let us consider Darcy’s equation for the intersti-
tium in a slightly simpler setting than problem (1), where in particular the lym-
phatic term is neglected. An alternative way to set up and solve the problem has
been been studied in [8, 38, 41], starting from the Green’s representation of the
Laplace equation. It is possible to define pressure solution by means of boundary
potentials, using the representation formula:

G(x− y) =
1

4π

1

|x− y|

pt = p0 −
∫

Γ

G(x− y)n · ∇ptdσ +

∫
Γ

(pt − p0)n · ∇G(x− y)dσ (16)

where G(x − y) is the fundamental solution of the Laplace equation, p0 is a far-
field interstitial pressure, in particular pt → p0 as |x| → ∞, and Γ is the external
capillary surface. The two boundary integrals are called single and double layer
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Figure 3. Computational time for matrix assembly (white) com-
pared with the one required to solve the algebraic system (black).
The bars quantify the logarithm of the CPU time (log10) measured
in seconds. The results refer to the geometrical model rat98 to be
introduced in the next section.

potential, respectively. Substituting the boundary condition on the flux (2) into
the single layer potential and manipulating the double layer potential, we obtain an
integro-differential representation formula for the exact solution,

d2pv
ds2

=
8µLp
πR4

∫
γ(s)

(pv − pt)dσ,

1

2
(pt(x)− p0) =

µ

κ

∫
Γ

Lp(pv − pt)G(x− y)dσ

+

∫
Γ

(pt − p0)n · ∇G(x− y)dσ.

(17)

The solution of this model in a simple configuration featuring the flow along a single
linear capillary with prescribed boundary conditions is studied in [8]. Our goal is
to compare that solution, reported in [8], with the one obtained with our numer-
ical method using the same geometry and parameters of [8]. Prescribed bound-
ary conditions are a pressure drop along the capillary and an imposed pressure
value on the outer tissue domain, that is, pv(s = in) = 1, pv(s = out) = 0.5 and
pt = p0 = 0 on ∂Ω. We solve problem (10) neglecting the lymphatic term and we
represent the capillary pressure as a function of the arclength s, for different values

of the vascular conductivity L̂p, where L̂p =
µLp
L

and L is the domain dimension.

The results shown in Figure 4 are in excellent agreement with what is reported in
Fig.7 of [8]. This allows us to conclude that our numerical solver is correct and it
represents a valid alternative to other solution strategies.

4. Application to microcirculation and interstitial flow. Fluid and mass
transport within a tumor are governed by a subtle interplay of sinks and sources,
such as the leakage of the capillary bed, the lymphatic drainage and the exchange of
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Figure 4. Left: geometry representing an isolated capillary im-
mersed in a tumor tissue. Right: capillary pressure as a function
of arclenght for vascular conductivities L̂p = 10−4 (black line),
2× 10−6, 10−6, 5× 10−7, 10−7 and 10−8 (black dotted line).

Figure 5. From left to right, rat93 geometry, its random pertur-
bation and rat98 geometry.

fluid with the exterior volume. The aim of this section is to apply the computational
model (10) to investigate how these effects influence significant and measurable
quantities characterizing the flow into a vascularized tumor mass.

4.1. Available data. We aim to analyse fluid transport through tumor tissue in-
vivo. For the reconstruction of the geometrical model of the capillary bed, we
use the available data for a R3230AC mammary carcinoma in rat dorsal skin flap
preparation, available in [36]. We consider two datasets, obtained with independent
experiments. The first one, labelled as rat93 shows the microvascular structure over
a region with overall dimensions 250× 370× 200µm. We refer the interested reader
to [37] for more details about this experiment. The average radius of the capillary
vessels is assumed to be constant and set to R = 7.64µm. The characteristic length
of the problem is chosen as the average spacing between the capillaries, d = 50µm,
according to what reported in [27]. The second case consists of the vascular network
on a wider sample of dimensions 550×520×230µm and it is labelled as rat98. The
characteristic size D of the considered tissue samples is thus in the range of 500µm.
The details of the preparation are reported in [38].
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According to [2] and [22], a vascularized healthy tissue is characterized by an
average interstitial pressure P = 1mmHg and by a characteristic flow speed in the
capillary bed of U = 100µm/s. In the healthy case, the parameters that char-
acterize the transport properties of the tissue are the hydraulic conductivity of
the interstitium, k = 10−18 m2, the hydraulic conductivity of the capillary walls,
Lp = 10−12 m2s/kg and the plasma viscosity µ = 4×10−3 kg/(ms). The magnitude
of the lymphatic drainage, modeled as a distributed sink term, is estimated in [2]
to be LLFp

S
V = 0.5 (mmHg h)−1.

Given these data, we quantify the magnitude of the dimensionless groups reported
in (11). We obtain the following values,

κt = 2× 10−5, QLF = 5.2088× 10−5, Q = 9.6007× 10−7, κv = 2.6759. (18)

Since κv, the dimensionless conductivity of the capillary bed, is significantly larger
than the other quantities, we infer that, as expected, the transport in the coupled
capillary/interstitial medium is dominated by the flow in the vascular network.
More interestingly, we observe that the other dimensionless numbers lay in a similar
range, namely 10−6 . Q, κt, Q

LF . 10−5. This suggests that the interstitial flow,
the leakage of the capillary bed and the lymphatic drainage have comparable effects
on the interstitial flow and pressure. The significance of model (10) is the ability
to capture the interplay between these phenomena. The aim of the forthcoming
sections is indeed to use the model to analyze these effects in different conditions,
representing for instance healthy and tumor tissue.

4.2. Influence of the boundary conditions. The samples rat93 and rat98 rep-
resent microscopic regions separated from the surrounding tumor mass by artificial
planar sections. An appropriate modelling of boundary conditions is required.

For the capillary flow, we aim to enforce a suitable pressure gradient along the
network. Observing that the inflow and outflow sections of the network lay on the
lateral side of the tissue slab, see Figure 1 (d), we enforce a given pressure pin
on two adjacent faces and a pressure pout on the opposite ones. By this way, the
pressure drop pin − pout is enforced at the tips of the network. To estimate the
magnitude of the pressure drop, we use Poiseuille’s law to fit a given value of the
average blood velocity through healthy microvascular network, namely ūv = 0.2
mm/s. More precisely, using equation (8)d, we obtain

pin − pout
|Λ|

= − 8µ

R2
ūv,

which provides a pressure drop equal to pin − pout = 0.4056 mmHg for rat93 and
pin − pout = 1.2522 mmHg for rat98.

For the interstitial flow, we aim to model the in-vivo configuration, where the
available tumor sample is embedded into a similar environment. To represent this
case, we believe that the most flexible option is to use Robin-type boundary condi-
tions for the interstitial pressure,

− κt∇pt · n = β(pt − p0). (19)

In equation (19), p0 represents far field pressure value, while β can be interpreted as
an effective conductivity accounting for layers of tissue surrounding the considered
sample. Assuming that the interstitial pressure decays from pt to p0 over a distance
comparable to the sample characteristic size, D, dimensional analysis shows that a
rough estimate of the conductivity is β = κt/D. The specific aim of this section
is to test the sensitivity of the model to variations of the parameter β over a few
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orders of magnitude around the reference value κt/D, which is equivalent to 10−6

in dimensionless form.
The results of the simulations obtained using the values β = {0, 10−2, 1, 102} ×

(κt/D) and the rat98 geometry are reported in Figure 6. The analysis of the
interstitial pressure field pt shows that the results obtained using β = 0, that is
homogeneous Neumann boundary conditions, or β = 10−2κt/D are almost equiv-
alent (not shown). As confirmed by the top panel of Figure 6, more significant
differences are observed when β is further increased. In those cases, the boundary
of the domain clearly feels the influence of the reference pressure p0, which is weakly
enforced in proximity of the boundary. Anyway, this analysis leads us to conclude
that, in the case of healthy tissue, boundary conditions mildly affect the interstitial
pressure distribution. We claim that the sensitivity with respect to boundary con-
ditions is mitigated by the presence of the uniformly distributed lymphatic drainage
effect, which removes the fluid in excess released by the leaky capillary network. To
confirm this hypothesis, the same set of numerical experiments has been performed
for a modified model where the lymphatic drainage has been switched off. This is,
in fact, the assumption that is usually adopted to model tumors. The results are
reported on the bottom panel of Figure 6. A remarkable difference is observed with
respect to the previous case. Now, the physiological capillary leakage can only be
balanced by the flow exchanged through the external boundary. As a consequence
of that, the interstitial pressure field is completely saturated when homogeneous
Neumann conditions are enforced on the boundary, see Figure 6 (bottom-left). For
this reason, it is essential to correctly capture the fluid flow through the artificial
boundaries of the domain. According to the results reported here and in the forth-
coming section, we believe that the range β ∈ (1, 102)×(κt/D) is the most adequate
for this purpose.

4.3. Comparison of flow in healthy and tumor tissue models. The natural
application of the model is a comparison of flow in the healthy and pathological
conditions. To pursue this aim, we compare the following cases:

A, healthy tissue. With respect to our model, this case is defined by:
- a normal capillary network configuration. To match this condition, we

use the network rat93 available from [36], which shows a smooth and
regular ramification of capillaries.

- a normal capillary phenotype, represented by the physiological value of
the capillary conductivity Lp = 10−12 m2s/kg.

- a normal lymphatic drainage function. This effect is accounted by the
term LLFp

S
V = 0.5 (mmHg h)−1.

B, tumor tissue. With respect to our model, this case is defined by:
- a tortuous capillary network configuration that is obtained in our case by

means of a random perturbation of the points between the segments of
the rat93 geometry, shown in Figure 5 (central geometry). To obtain a
significant difference, the amplitude of the perturbations is adjusted such
that the total length of the network almost doubles with respect to the
healthy case.

- an increased leakage due to the tumor capillary phenotype. This ef-
fect is obtained by increasing the capillary conductivity up to Lp =
10−10 m2s/kg.

- absence of lymphatic drainage function, namely LLFp
S
V = 0 (mmHg h)−1.
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Figure 6. Results of tissue and vessels fluid pressures, pt and pv,
computed fixing β = 0 (top-left) and β = 102κt/D (top-right).
The other transport parameters are set to represent healthy tissue.
On the bottom panel we perform the same comparison when the
lymphatic drainage has been switched off.

In addition to these cases, we consider some intermediate configurations that will
help us to highlight the competing effects of enhanced permeability and lymphatic
drainage. The first one, labelled as case C below, represents the properties of the
tumor treated with a vascular re-normalization therapy:

C, tumor after vascular re-normalization therapy. The main characteristic
of the model are reported from [24]:

- for the re-normalized capillary bed geometry we use the rat93 data.
- a tumor capillary phenotype is assumed to be normal after the therapy.
- absence of lymphatic drainage function.

Keeping in mind that it does not correspond to an observed physiological state,
it will be interesting to compare Case C with the dual one, which arises from the
tumor model, where only the lymphatic drainage is restored to the healthy state.
Furthermore, to achieve a more direct comparison with case C, we use the smooth
vascular geometry in this case too. More precisely, the configuration, labelled as D,
is defined as follows:

D, tumor with active lymphatic drainage. This idealized case is obtained by:
- the same capillary network used for the healthy case.
- a tumor capillary phenotype and corresponding wall conductivity.
- presence of healthy lymphatic drainage function.

An extensive comparison of the flow indicators for the test cases A, B, C and
D, is reported in Table 1 below. The numerical experiments are also repeated for
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different types of boundary conditions on the artificial sections ∂Ω, namely, we vary
the parameter β as β ∈ {0, 1, 102}κt/D.

4.3.1. Analysis of blood flow in the capillary bed. Blood flow in the capillary bed
is basically represented by the average value of the velocity in the network, that is
directly computed from the pressure field in the network as follows,

uv =
1

|Λ|

∫
Λ

uv · λds = − 1

|Λ|

∫
Λ

R2

8µ

∂pv
∂s
λ · λds .

With respect to this quantity, from Table 1 we observe that cases A, C and D,
which are characterized by the same network geometry, are almost equivalent for
all numerical experiments, while the same quantity for case B is basically halved.
These results provide a strong evidence that the blood filtration in the capillary
network is inversely proportional to the total length of the network, as shown by
the expression above, while it is almost insensitive to all the other variables of the
problem. This conclusion is confirmed by the analysis of the dimensionless groups
characterizing the problem, namely (18). Since κv � κt, Q,Q

LF , the flow problem
in the capillary bed is decoupled from the one in the interstitial tissue. In other
words, the feedback of the interstitial fluid pressure on the capillary network is
almost negligible. Because of leakage, the network substantially acts as a source
term on the tissue.

Looking at the spatial variation of the blood velocity on Λ, we observe that it
is almost constant over the network, as a consequence of the fact that the pressure
pv is linearly decreasing from pin to pout. This behavior is due to the fact that
equation (8)c is linear and the leakage effect is small. Although this model is very
popular for microcirculation, see for instance [1, 8, 10, 35, 39, 41], it is affected
by some limitations. Using a linear model implies that the capillary flow is not
sensitive to the tortuosity of the network, which could be quantified in our case by
the magnitude of the angles between the individual branches. Another limitation
is that the presence of red blood cells is only indirectly accounted for, by suitably
tuning the viscosity of the fluid. Although the full three-dimensional resolution
of the fluid particle interaction, addressed for instance in [13, 29, 30], would be
too demanding for our purposes, other reduced microcirculation models, such as
[12, 26], should be in future compared to the present approach.

4.3.2. Quantitative indicators of interstitial flow. Interstitial flow directly affects
how efficiently nutrients, drugs and wastes are transported to and from cells among
the interstitial tissue. To analyze these effects we introduce two quantitative indi-
cators: the net fluid flux from the capillary network to the interstitial volume and
the equivalent conductivity of the tissue construct.

The local fluid exchange rate is defined as f(pt/v) in equation (9). In Table 1 we
report its total value over the network,

f(pt/v) = 2πRLp

∫
Λ

(pv − pt)ds .

This expression shows that f is affected by the hydraulic conductivity of the cap-
illary walls, Lp, as well as by the interstitial fluid pressure pt and because of the
negative sign these quantities have a competitive role in determining the flux.
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The other indicator is the norm of the diagonal hydraulic tensor K, defined
according to Darcy’s law for an isotropic porous construct,

u = −Kδp (20)

where u and δp are mean quantities computed over the entire tissue construct,

u =
1

|Ω|

∫
Ω

u dΩ, δp =
1

|Ω|

∫
Ω

δp dΩ

where δp is defined as the difference from the local pressure and the basal pressure,
namely δp(t,x) = p(t,x) − p0. The hydraulic conductivity tensor represents the
ease with which a fluid can move through the medium and, according to equations
(20), it is determined by the pressure drop in the construct, which in turn is affected
by the conductivity of the capillaries as well as by the lymphatic drainage into the
tissue. Since we are actually dealing with two different subregions, namely Ωv and
Ωt, to compute proper values of u and δp we use the following definitions:

uv = 1
|Λ|
∫

Λ
uvds, ut = 1

|Ωt|
∫

Ωt
utdσ,

δpv = 1
|Λ|
∫

Λ
δpvds, δpt = 1

|Ωt|
∫

Ωt
δptdσ,

u = uvπR
2|Λ|+ut|Ωt|

πR2|Λ|+|Ωt| , δp = δpvπR
2|Λ|+δpt|Ωt|

πR2|Λ|+|Ωt| .

Furthermore, observing that the sample rat93 features an almost planar network
in x and y directions, the final form of equation (20) results in:[

ux
uy

]
= −

[
Kxx 0

0 Kyy

] [
δpx
δpy

]
.

Given Kxx and Kyy from the equations above, we compute a representative value
of the tensor K using the Frobenius norm:

‖K‖F =
√
tr(KKT ).

The computed values for ‖K‖F are reported in Table 1. High values of ‖K‖F
indicate that the construct could be well perfused, conversely low values of ‖K‖F
mean that the construct is impervious. The total fluid flux f and the hydraulic
conductivity indicator ‖K‖F are affected by both the capillary leakage and the
interstitial fluid pressure. Understanding which of these two factors dominates in
different conditions will be the objective of the forthcoming section.

4.3.3. Analysis of capillary leakage and interstitial pressure. The effect of enhanced
permeability and retention. We discuss the results of the simulations case by case,
for the test cases A, B, C and D defined before.
Case A. Table 1 and Figure 7 show that f is rather insensitive to the outer bound-
ary conditions on the interstitial volume for the healthy tissue model. This is due
to the lymphatic drainage effect, which removes the excess of fluid in the interstitial
volume no matter of how much fluid is exchanged across the artificial sections ∂Ω.
In other words, the retention effect is absent for the healthy tissue. This allows
the capillary leakage to reach its physiological range. The presence of lymphatic
drainage causes the pressure field in the tissue to be very low, since the intersti-
tial pressure nearly approaches the minimum value in all the domain, as shown in
Figure 8 (top-left). The value of the ‖K‖F indicator is higher than all other cases
for the entire range of β and it slightly increases with β, due to the fact that the
artificial boundaries become more permeable to flow.
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Case B. The situation is radically different for the tumor case, because the in-
terstitial fluid pressure is highly sensitive to the conditions that regulate the fluid
exchange with the external volume. We analyze the variation of f by progressively
increasing the values of β. The first dataset of Table 1 corresponds to homoge-
neous Neumann boundary conditions for the external boundary ∂Ω. In absence
of lymphatic drainage and fluid exchange with the exterior, the interstitial fluid
pressure becomes completely saturated. More precisely, we observe that the av-
erage interstitial fluid pressure on Ω, denoted as pt, reaches the average capillary
pressure over the network, which is not reported but could easily be quantified as
(pin+pout)/2 ' 0.2 mmHg, since we know that pv linearly varies over Λ. As a result
of that, the pressure gradient pv − pt is significantly lower than the physiological
value and the corresponding flux practically vanishes, namely f = 1.0004 × 10−25

cm3/s. At the same time, the local fluid exchange is not completely negligible, ow-
ing to the variations of the pressure in the capillary bed. In the worst case β = 0,
the maximal flow rate is indeed equal to maxΛ f(pt/v) = 8.7531 × 10−14 cm2/s.
In conclusion, the fluid retention effect combined with the increased conductivity
of the tumor capillary phenotype leads to interstitial fluid pressure saturation and
significant reduction of the interstitial flow. As confirmed by Table 1 and Figure 7,
the situation progressively improves when β increases, because the exchange of fluid
with the exterior region decreases pt and restores more natural values of the capil-
lary transmural pressure gradient pv−pt. As a consequence of that, the transmural
capillary flux increases with β and it attains values larger than in Case A. This sug-
gests that the augmented capillary hydraulic conductivity becomes the dominant
factor for extravasation. Regarding the value of ‖K‖F , we observe that it is lower
than all the other cases, confirming that the overall interstitial flow is less than in
the case of healthy tissue.
Case C. The interstitial fluid pressure is again highly sensitive to the boundary
condition that regulates the fluid exchange with the external volume, since the
lymphatic system is absent. When β = 0 the value of f is similar to the value
reached in Case B, f = 4.3887×10−26 cm3/s and the mean interstitial fluid pressure
becomes completely saturated reaching the mean value pt = 0.222084 mmHg. On
the contrary, the behavior becomes more similar to Case A when the value of β
increases, namely β ∈ {1, 102}κt/D, because the boundary conditions contrast the
absence of the lymphatic drainage. Figure 7 (top) shows that the fluid flux f reaches
values similar to Case A, because the conductivity of the capillary walls is equal
to the one of healthy tissue. The two cases are comparable also with respect to
the value of ‖K‖F , although the healthy tissue model is slightly more permeable.
Figure 7 (bottom) shows that ‖K‖F increases together with the exchange of fluid
with the exterior region, namely the parameter β, because it induces a low pressure
field within the tissue, as we observe in Figure 8 (bottom-left).
Case D. This last case is characterized by all the factors that increase the leakage
from capillaries to tissue. Indeed we are considering the presence of the lymphatic
network and we choose the high value of the vessels conductivity, equal to the
tumor case. On one hand, thanks to the first effect, the interstitial fluid pressure
is insensitive to the boundary conditions on the interstitial volume and there is no
retention effect, as it happens for Case A. On the other hand, the high value of the
hydraulic conductivity leads to a considerable interstitial fluid flux for each values
of β. The inspection of the interstitial pressure field, shown in Figure 8 (bottom-
right), suggests that high conductivity and lymphatics drainage play against each
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Figure 7. Total fluid flux f (left) and hydraulic conductivity in-
dicator ‖K‖F (right) for the different cases A, B, C and D (left to
right on each group of bars).

other, causing a significant transversal pressure gradient in the neighbourhood of
the capillary bed. As a result of that, the equivalent conductivity indicator ‖K‖F is
rather small if compared to the previous cases, see in particular Figure 7 (bottom).

In conclusion, these results highlight the importance of avoiding fluid retention in
order to facilitate interstitial flow. In absence of lymphatic drainage, an appropriate
fluid exchange from the tumor mass to the exterior could increase the ability of
releasing therapeutic agents from the capillary network. In conditions where the
drainage is limited, but not completely absent, the vascular renormalization therapy
[24] has the potential to restore the physiological flow conditions.



156 LAURA CATTANEO AND PAOLO ZUNINO

Figure 8. Results of tissue and vessels fluid pressures, pt and pv,
computed fixing β = κt/D. Cases A, B, C and D are listed from
top-left to bottom-right. We represent a slice of the 3D tissue
domain Ω in z = 100 µm.

5. Conclusions and future perspectives. We have developed a computational
model able to capture the flow through a heterogeneous system characterized by
a network of leaky channels embedded into a porous medium. A model reduction
technique, inspired to the immersed boundary method, allows us to achieve simu-
lations of non trivial network geometries with a moderate computational cost. The
application of the model to the flow through vascularized solid tumors has been
extensively discussed. The efficiency of the method is tested by using the realistic
vascular geometries reported in [37, 38]. This feature suggests that the model may
be successfully coupled with a dynamic model for angiogenesis, such as the one
recently appeared in [43].

This work is part of a more ambitious research project, where flow models will
be combined with mass transport, in order to analyze the distribution of nutrients
or therapeutic agents such as drugs or pharmacologically active nanoparticles. The
application of this modelling framework to the transport of small molecules, such
as oxygen, has already been addressed in [37]. The treatment of vascular diseases
using locally delivered nanoparticles is on the edge of biomedical research [14]. The-
oretical models describing these phenomena into small arteries are currently being
developed from both computational and analytical standpoints, see for example [21]
and [42], respectively. We believe that the extension of those works to the level of
microcirculation has a great potential with respect to biomedical applications. We
also see a fertile ground for application to a variety of pathologies. For example,
very similar models have been applied to study the microcirculation in the retina
and in particular the correlation between ocular hemodynamics and glaucoma [19].
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Neumann boundary conditions β = 0

case A case B case C case D

pt [mmHg] 0.000933564 0.215985 0.222084 0.0343636

uv [mm/s] 0.19999 0.090445 0.19999 0.19999

f [cm3/s] 1.7992×10−12 1.0004 ×10−25 4.3887×10−26 6.6227×10−11

‖ Keq ‖F [m3/(s Kg)] 1.5718×10−10 1.0524×10−12 1.9409×10−11 4.1082×10−12

Robin boundary conditions β = κt/D

case A case B case C case D

pt [mmHg] 0.000923907 0.189832 0.036731 0.0340585

uv [mm/s] 0.19999 0.090445 0.19999 0.19999

f [cm3/s] 1.7993 ×10−12 7.8066 ×10−12 1.4868 ×10−12 6.6364 ×10−11

‖ Keq ‖F [m3/(s Kg)] 1.6264 ×10−10 1.1715×10−12 1.9238×10−11 4.2386×10−12

Robin boundary conditions β = 102κt/D

case A case B case C case D

pt [mmHg] 0.000723531 0.0709247 0.00260011 0.0274557

uv [mm/s] 0.19999 0.090445 0.19999 0.19999

f [cm3/s] 1.8017×10−12 6.0667×10−11 1.7693×10−12 7.0980×10−11

‖ Keq ‖F [m3/(s Kg)] 5.7370 ×10−10 9.2741×10−12 3.0191×10−10 1.5504×10−11

Table 1. Characteristic indicators of capillary and interstitial flow
for different test cases and boundary conditions.
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[6] S. Canic, D. Lamponi, A. Mikelić and J. Tambaca, Self-consistent effective equations modeling
blood flow in medium-to-large compliant arteries, Multiscale Modeling and Simulation, 3

(2005), 559–596.

[7] P. Carmeliet and R. K. Jain, Angiogenesis in cancer and other diseases, Nature, 407 (2000),
249–257.

[8] S. J. Chapman, R. J. Shipley and R. Jawad, Multiscale modeling of fluid transport in tumors,
Bulletin of Mathematical Biology, 70 (2008), 2334–2357.

[9] C. D’Angelo, Multiscale Modeling of Metabolism and Transport Phenomena in Living Tis-

sues, Ph.D thesis, 2007.
[10] C. D’Angelo, Finite element approximation of elliptic problems with dirac measure terms in

weighted spaces: Applications to one- and three-dimensional coupled problems, SIAM Journal

on Numerical Analysis, 50 (2012), 194–215.
[11] C. D’Angelo and A. Quarteroni, On the coupling of 1D and 3D diffusion-reaction equations.

Application to tissue perfusion problems, Math. Models Methods Appl. Sci., 18 (2008), 1481–

1504.
[12] A. Farina, A. Fasano and J. Mizerski, A new model for blood flow in fenestrated capillaries

with application to ultrafiltration in kidney glomeruli, Submitted.

[13] D. A. Fedosov, G. E. Karniadakis and B. Caswell, Steady shear rheometry of dissipative
particle dynamics models of polymer fluids in reverse poiseuille flow, Journal of Chemical

Physics, 132 (2010).
[14] M. Ferrari, Frontiers in cancer nanomedicine: Directing mass transport through biological

barriers, Trends in Biotechnology, 28 (2010), 181–188.

[15] G. J. Fleischman, T. W. Secomb and J. F. Gross, The interaction of extravascular pressure
fields and fluid exchange in capillary networks, Mathematical Biosciences, 82 (1986), 141–151.

[16] G. J. Flieschman, T. W. Secomb and J. F. Gross, Effect of extravascular pressure gradients

on capillary fluid exchange, Mathematical Biosciences, 81 (1986), 145–164.
[17] L. Formaggia, D. Lamponi and A. Quarteroni, One-dimensional models for blood flow in

arteries, Journal of Engineering Mathematics, 47 (2003), 251–276.

[18] L. Formaggia, A. Quarteroni and A. Veneziani, Multiscale models of the vascular system, in
Cardiovascular Mathematics, MS&A. Model. Simul. Appl., 1, Springer Italia, Milan, 2009,

395–446.

[19] A. Harris, G. Guidoboni, J. C. Arciero, A. Amireskandari, L. A. Tobe and B. A. Siesky,
Ocular hemodynamics and glaucoma: The role of mathematical modeling, European Journal

of Ophthalmology, 23 (2013), 139–146.
[20] K. O. Hicks, F. B. Pruijn, T. W. Secomb, M. P. Hay, R. Hsu, J. M. Brown, W. A. Denny, M. W.

Dewhirst and W. R. Wilson, Use of three-dimensional tissue cultures to model extravascular

transport and predict in vivo activity of hypoxia-targeted anticancer drugs, Journal of the
National Cancer Institute, 98 (2006), 1118–1128.

[21] S. S. Hossain, Y. Zhang, X. Liang, F. Hussain, M. Ferrari, T. J. Hughes and P. Decuzzi,
In silico vascular modeling for personalized nanoparticle delivery, Nanomedicine, 8 (2013),
343–357.

[22] M. Intaglietta, N. R. Silverman and W. R. Tompkins, Capillary flow velocity measurements

in vivo and in situ by television methods, Microvascular Research, 10 (1975), 165–179.
[23] R. K. Jain, Transport of molecules, particles, and cells in solid tumors, Annual Review of

Biomedical Engineering, (1999), 241–263.
[24] R. K. Jain, R. T. Tong and L. L. Munn, Effect of vascular normalization by antiangiogenic

therapy on interstitial hypertension, peritumor edema, and lymphatic metastasis: Insights

from a mathematical model, Cancer Research, 67 (2007), 2729–2735.

[25] J. Lee and T. C. Skalak, Microvascular Mechanics: Hemodynamics of Systemic and Pul-
monary Microcirculation, Springer-Verlag, 1989.

[26] H. Lei, D. A. Fedosov, B. Caswell and G. E. Karniadakis, Blood flow in small tubes: Quan-
tifying the transition to the non-continuum regime, Journal of Fluid Mechanics, 722 (2013),

214–239.

[27] J. R. Less, T. C. Skalak, E. M. Sevick and R. K. Jain, Microvascular architecture in a mam-
mary carcinoma: Branching patterns and vessel dimensions, Cancer Research, 51 (1991),

265–273.

[28] W. K. Liu, Y. Liu, D. Farrell, L. Zhang, X. S. Wang, Y. Fukui, N. Patankar, Y. Zhang,
C. Bajaj, J. Lee, J. Hong, X. Chen and H. Hsu, Immersed finite element method and its

http://www.ams.org/mathscinet-getitem?mr=MR2136164&return=pdf
http://dx.doi.org/10.1137/030602605
http://dx.doi.org/10.1137/030602605
http://www.ams.org/mathscinet-getitem?mr=MR2448012&return=pdf
http://dx.doi.org/10.1007/s11538-008-9349-7
http://www.ams.org/mathscinet-getitem?mr=MR2888310&return=pdf
http://dx.doi.org/10.1137/100813853
http://dx.doi.org/10.1137/100813853
http://www.ams.org/mathscinet-getitem?mr=MR2439847&return=pdf
http://dx.doi.org/10.1142/S0218202508003108
http://dx.doi.org/10.1142/S0218202508003108
http://dx.doi.org/10.1063/1.3366658
http://dx.doi.org/10.1063/1.3366658
http://dx.doi.org/10.1016/j.tibtech.2009.12.007
http://dx.doi.org/10.1016/j.tibtech.2009.12.007
http://dx.doi.org/10.1016/0025-5564(86)90134-3
http://dx.doi.org/10.1016/0025-5564(86)90134-3
http://dx.doi.org/10.1016/0025-5564(86)90114-8
http://dx.doi.org/10.1016/0025-5564(86)90114-8
http://www.ams.org/mathscinet-getitem?mr=MR2038983&return=pdf
http://dx.doi.org/10.1023/B:ENGI.0000007980.01347.29
http://dx.doi.org/10.1023/B:ENGI.0000007980.01347.29
http://www.ams.org/mathscinet-getitem?mr=MR2500549&return=pdf
http://dx.doi.org/10.1007/978-88-470-1152-6_11
http://dx.doi.org/10.5301/ejo.5000255
http://dx.doi.org/10.1093/jnci/djj306
http://dx.doi.org/10.1093/jnci/djj306
http://dx.doi.org/10.1016/0026-2862(75)90004-7
http://dx.doi.org/10.1016/0026-2862(75)90004-7
http://dx.doi.org/10.1146/annurev.bioeng.1.1.241
http://dx.doi.org/10.1158/0008-5472.CAN-06-4102
http://dx.doi.org/10.1158/0008-5472.CAN-06-4102
http://dx.doi.org/10.1158/0008-5472.CAN-06-4102
http://dx.doi.org/10.1017/jfm.2013.91
http://dx.doi.org/10.1017/jfm.2013.91
http://www.ams.org/mathscinet-getitem?mr=MR2203990&return=pdf
http://dx.doi.org/10.1016/j.cma.2005.05.049


FLUID EXCHANGE 159

applications to biological systems, Comput. Methods Appl. Mech. Engrg., 195 (2006), 1722–
1749.

[29] Y. Liu and W. K. Liu, Rheology of red blood cell aggregation by computer simulation, Journal

of Computational Physics, 220 (2006), 139–154.
[30] Y. Liu, L. Zhang, X. Wang and W. K. Liu, Coupling of navier-stokes equations with protein

molecular dynamics and its application to hemodynamics, International Journal for Numer-
ical Methods in Fluids, 46 (2004), 1237–1252.
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[42] C. J. Van Duijn, A. Mikelić, I. S. Pop and C. Rosier, Effective dispersion equations for reactive
flows with dominant pclet and damkohler numbers, Advances in Chemical Engineering, 34

(2008), 1–45.

[43] G. Vilanova, I. Colominas and H. Gomez, Capillary networks in tumor angiogenesis: From
discrete endothelial cells to phase-field averaged descriptions via isogeometric analysis, Inter-

national Journal for Numerical Methods in Biomedical Engineering, 29 (2013), 1015–1037.
[44] L. Zhang, A. Gerstenberger, X. Wang and W. K. Liu, Immersed finite element method,

Comput. Methods Appl. Mech. Engrg., 193 (2004), 2051–2067.

Received May 2013; revised August 2013.

E-mail address: laura4.cattaneo@mail.polimi.it

E-mail address: paz13@pitt.edu

http://dx.doi.org/10.1016/j.cma.2005.05.049
http://dx.doi.org/10.1016/j.cma.2005.05.049
http://www.ams.org/mathscinet-getitem?mr=MR2281624&return=pdf
http://dx.doi.org/10.1016/j.jcp.2006.05.010
http://www.ams.org/mathscinet-getitem?mr=MR2106596&return=pdf
http://dx.doi.org/10.1002/fld.798
http://dx.doi.org/10.1002/fld.798
http://www.ams.org/mathscinet-getitem?mr=MR2500548&return=pdf
http://dx.doi.org/10.1007/978-88-470-1152-6_10
http://download.gna.org/getfem/html/homepage/
http://www.ams.org/mathscinet-getitem?mr=MR2149927&return=pdf
http://dx.doi.org/10.1142/S0218202505000601
http://dx.doi.org/10.1142/S0218202505000601
http://www.ams.org/mathscinet-getitem?mr=MR2500544&return=pdf
http://dx.doi.org/10.1007/978-88-470-1152-6_6
http://dx.doi.org/10.1007/978-1-4612-3674-0_4
http://dx.doi.org/10.1007/978-1-4612-3674-0_4
www.physiology.arizona.edu/people/secomb
www.physiology.arizona.edu/people/secomb
http://dx.doi.org/10.1007/978-1-4615-4863-8_74
http://dx.doi.org/10.1007/978-1-4615-4863-8_74
http://dx.doi.org/10.1114/B:ABME.0000049036.08817.44
http://dx.doi.org/10.1114/B:ABME.0000049036.08817.44
http://www.ams.org/mathscinet-getitem?mr=MR2671582&return=pdf
http://dx.doi.org/10.1007/s11538-010-9504-9
http://dx.doi.org/10.1007/s11538-010-9504-9
http://dx.doi.org/10.1371/journal.pone.0020344
http://www.ams.org/mathscinet-getitem?mr=MR3031816&return=pdf
http://dx.doi.org/10.1002/cnm.2502
http://dx.doi.org/10.1002/cnm.2502
http://www.ams.org/mathscinet-getitem?mr=MR3118788&return=pdf
http://dx.doi.org/10.1002/cnm.2552
http://dx.doi.org/10.1002/cnm.2552
http://www.ams.org/mathscinet-getitem?mr=MR2071550&return=pdf
http://dx.doi.org/10.1016/j.cma.2003.12.044
mailto:laura4.cattaneo@mail.polimi.it
mailto:paz13@pitt.edu

	1. Introduction
	2. Model set up
	2.1. Coupling microcirculation with interstitial flow.

	3. Numerical approximation
	3.1. Algebraic formulation
	3.2. Preliminary validation

	4. Application to microcirculation and interstitial flow
	4.1. Available data.
	4.2. Influence of the boundary conditions.
	4.3. Comparison of flow in healthy and tumor tissue models.

	5. Conclusions and future perspectives
	Acknowledgments
	REFERENCES

