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ABSTRACT. In this paper we determine, in dimension three, the effective con-
ductivities of non periodic and high-contrast two-phase cylindrical composites,
placed in a constant magnetic field, without any assumption on the geome-
try of their cross sections. Our method, in the spirit of the H-convergence
of Murat-Tartar, is based on a compactness result and the cylindrical nature
of the microstructure. The homogenized laws we obtain extend those of the
periodic fibre-reinforcing case of [17] to the case of periodic and non periodic
composites with more general transversal geometries.

1. Introduction. At the end of the 19th century, it was discovered [24] that a
constant magnetic field h modifies the symmetric conductivity matrix ¢ of a con-
ductor into a non symmetric matrix o(h). This is known as the Hall effect. In the
Maclaurin series of the perturbed resistivity (o(h))~! the zeroth-order term coin-
cides with the resistivity 0! in the absence of a magnetic field [27]. In dimension
two, h is a scalar and the first-order term is an antisymmetric matrix proportional
to hJ; the coefficient of proportionality is called the Hall coefficient. In dimension
three, h € R? and the first-order term, in the Maclaurin series of (o(h))™!, is of
the form &(Rh) where &(£)j :=& x j and R is a 3 X 3 matrix called the Hall ma-
trix [16]. In this work, we consider the idealized situation when the induced non
symmetric part is proportional to the applied magnetic field: o(h) = als + & (h),
where a and 8 are two constant real numbers. For a given sequence of perturbed
conductivities o, (h), it is of great interest, in electrodynamics [27, 32], to under-
stand the influence of the magnetic field h on the effective Hall coefficient or the
effective Hall matrix through the homogenization of o, (h).
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Let us first review a few of the mathematical theory of homogenization of elliptic
partial differential equations of the form

{—div(o’nVun) = f inQ

1
u, = 0 on 09, )

where Q is a bounded open subset of R2, ¢,, is a sequence of matrix-valued func-
tions in L>°(2)3*3 and f is an element of H~1(Q). This topic has been intensively
studied for the last four decades providing a wide literature [34, 30, 31, 2]. In the
context of conduction, when the conductivity matrices o, are uniformly bounded,
Spagnolo [34] with the G-convergence theory, Murat and Tartar [30, 31] with the H-
convergence theory showed that the solution u,, € Hg(£2) of the conductivity prob-
lem (1) strongly converges in L2(£2), up to a subsequence of n, to the solution of
a limit conductivity problem of the same nature. The case of high-contrast con-
ductivities is very different since non classical phenomena, such as nonlocal terms,
may appear in the limit problem as shown, for instance, in [19, 25, 1, 18, 11, 26].
This does not happen in dimension two if the sequence o, is uniformly bounded
from below. Briane [10] and Casado-Dias & Briane [13] proved that in that case
the class of equations (1) is always compact in the sense that the limit equation
of (1) is always of the same type. In [13] they proved some extensions of the well-
known div-curl lemma of Murat-Tartar [31] and deduce several compactness results
under the assumption of equicoerciveness coupled with the L!-boundedness of the
sequence of conductivities.

In this paper we are interested in the homogenization of a class of three-dimen-
sional conductivity problems of the type
—div (6, (h)Vu,) = f inQ, @)
u, = 0 on 09,
where o, (h) is an equi-coercive sequence of high-contrast two-phase conductivities
perturbed by a constant magnetic field h € R? of the form

on(h) = (1—1q,)o1(h) + 1g, 02, (h)

where o3 ,(h) is the unbounded perturbed conductivity of the highly conducting
phase ,, and o1 (h) is the perturbed conductivity of the phase surrounding €2,,.

In dimension two, for the case of low magnetic field, Bergman [3] was the first
author who came up with a general formula for the effective Hall coefficient of a peri-
odic composite material in terms of the local Hall coefficients and some local currents
solving the conductivity equations in the absence of a magnetic field. We refer also
to the works [28, 4, 15] for other two-dimensional composites, to [5, 7, 8, 21, 22]
for composites with microstructure independent of one coordinate (the so-called
columnar composites) and to [6, 9] for the case of strong magnetic field.

Recently, in dimension two, M. Briane and the second author [17] obtained the
effective perturbed conductivity o.(h) of a sequence of isotropic high-contrast two-
phase conductivities o,,(h) in the case of strong magnetic field, i.e., when the sym-
metric part and the antisymmetric part of the conductivity are of the same order.
By extending a duality principle from [14] and using a suitable Dykhne trans-
formation, which (following Milton [28, 29]) changes non symmetric matrices into
symmetric ones, they proved that the symmetric part of the effective perturbed
conductivity o.(h) is given in terms of the effective conductivity in the absence of
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a magnetic field. They subsequently compared their two-dimensional results to a
three-dimensional periodic one and showed that the way a magnetic field perturbs
the conductivity of a composite depends on the dimension. In order to compute the
explicit perturbation formula in dimension three, they restricted themselves to a
particular periodic fibre-reinforced structure, i.e., a structure completely described
by any two-dimensional cross section transversal to the fibres (first introduced by
Fenchenko, Khruslov [19] to derive a non local effect in homogenization). To our
knowledge, only few results are known on the homogenization of both high-contrast
and non symmetric conductivities in dimension three.

The aim of this paper is to determine the effective perturbed conductivity of (2)
for non periodic high-contrast two-phase cylindrical composites without any as-
sumption on the geometry of the transversal microstructure.

We first investigate the periodic case, i.e., 0, (h)(-) = X (h)(-/e,) where X,,(h)(+)
is a Y-periodic matrix-valued function and €,, — 0 represents the size of the hetero-
geneities in the composite. In order to avoid non local effects in the limit problem,
following Briane [12], we assume the existence of a sequence of positive numbers ¢,
such that €2 ¢, tends to zero, as n goes to infinity, and satisfying the weighted
Poincaré-Wirtinger inequality
2

YV e HY(Y), /Y|En(h)(y)|‘V/Yde

For a fixed n € N*, using the theory of exact relations of Grabovsky, Milton and
Sage [21, 20] (thanks to the independence of the microstructure of the variable x3),
we obtain the H-limit (O‘n)* associated with the periodic homogenization [2] of
the oscillating sequence X, (-/¢) as € — 0. Then, we show that the sequence of
constant conductivities (o,,), converges to some o, (h) which, according to [12],
coincides with the homogenized conductivity associated with the limit problem
of (2). The obtained effective conductivity o.(h) is explicitly computed in terms of
the homogenized conductivity 7. (h) of the conduction problem posed in the (x1, z2)-
plane transversal to the columnar composite (see Proposition 1).

dy < cn/ Y. (y)VV - VV dy.
Y

Most of the arguments and tools used in the periodic case crucially lie on the pe-
riodic nature of the microstructure. Therefore, a fundamentally different approach
is necessary for the analysis of (2) when o, (h) is not periodic.

In order to study the asymptotic behavior of the problem (2) in the non periodic
case, using a method, in the spirit of the H-convergence of Murat-Tartar, we deter-
mine the limit, in an appropriate sense, of the current o,,(h)Vu,,. The key ingredient
of this approach is a fundamental compactness result (see Lemma 3.2) based on a
control of high conductivities in thin structures through weighted Poincar-Wirtinger
type inequalities. This compactness lemma, combined with the two-dimensional re-
sults of [17] and the cylindrical structure of the composite allows us to obtain an
explicit formula of o, (h), once again, in terms of the transversal homogenized con-
ductivity o.(h) and of some bounded function 6 which, in some sense, takes account
of the distribution of the highly conducting phase €2,, in Q (see Theorem 3.1).

The structure of the paper is the following: In Section 1.1 we set up some general
notations. Section 2 deals with the periodic case. In Section 3 we extend the periodic
result of Section 2 to a non periodic framework. Section 4 is devoted to some
examples illustrating both the periodic and non periodic perturbation formulas.
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Here, we give some general notations and definitions.

1.1. General notations and definitions.

Q is a bounded open subset of R® with a Lipschitz boundary. The unit
cube (—1,1)3 of R3 is denoted by Y.

272

e For any subset w of ), we denote by @ the closure of w in R3.

€n is a sequence of positive real numbers converging to zero as n goes to
infinity.
For any matrix o in R4*¢, 6T denotes the transpose of the matrix o while o*
denotes its symmetric part. For any invertible matrix ¢ in R**?, ¢=T denotes
the tranpose matrix of o~1.

I; denotes the unit matrix in R and J := (9 ').

e For any h € R?, we denote by &(h) the 3 x 3 antisymmetric matrix defined

by &(h)x := h x z, for any x € R3.

e For any 0,1 € R¥?, o <7 means that for any £ € R, o€ - £ <né - £
e For any vector £ € R3, ¢ € R? denotes the vector of its first two components

g;: (Elafz)T'

V denotes the gradient operator in R3 with respect to the variables x1, z2, 23
while V is the gradient operator in R? with respect to the first two vari-
ables 1, xo: for any u € H'(2), the function Vu is defined on Q by

~ ou ou\"
Vu = (81.1,61.2> s

where € is the projection of Q on the (z1,x2)-plane.
For any 3 x 3 matrix o, we denote by & the 2 x 2 matrix defined by

~ 011 012
g = .
021 022

e The scalar product of two vectors u and v of R? is denoted by u - v.

| - | denotes, the euclidean norm in R?, the subordinate norm in R4*?¢ and
the Lebesgue measure.
For a Borel subset w € R? and a function u € L'(w) the average value of u

over w is denoted by
1
][udx::—/udx.
w wl Je

When w =Y, we simply denote this average value by (-).

e We denote by 1, the characteristic function of the set w.
e We denote by €.(Q2) the set of continuous functions with compact support

in Q. The subspace of €.(Q2) of infinitely differentiable functions with compact
support in € is denoted by Z(2).

We denote by %5(£2) the space of continuous functions on  vanishing on the
boundary 9% of Q2 endowed with the usual norm.

For any locally compact subset X of R? M(X) denotes the set of Radon
measures defined on X.

A sequence (i) in M(Q) is said to weakly-* converge to a measure p if

[ ommldn) > [ eutda), for any o € G(®).
Q n—oo Q
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e The space of Y-periodic functions which belong to LV (R?) (resp. HL (R?))
is denoted by L%, (Y) (resp. Hy(Y)).

e 0(0) denotes a term of the form §¢(d) where the limit of {(d) is zero, as ¢
goes to zero. For any sequences (an)nen+ and (bp)nen+, an o b, means
that a,, = b, + o(by).

e Throughout the paper, the letter ¢ denotes a positive constant the value of
which is not given explicitly and may vary from line to line.

In the sequel, we will use the following extension of H-convergence for two-

dimensional high-contrast conductivities introduced in [13] for the symmetric case
and extended in [14] to the non symmetric case:

Definition 1.1. Let Q be a bounded open subset of R? with a Lipschitz boundary
and let 7, € L>(0)?*2 be a sequence of equi-coercive matrix-valued functions. The
sequence &, is said to H (M (£2)?)-converge to a matrix-valued function &, if for any

distribution g in H~1(Q), the solution u, of the problem
div (5n§un) =g in ﬁ,
{ u, =0 on 6(~2,
satisfies the convergences
Up — U in H} (),
{ Enﬁun — 5.Vu weakly-* in /\/l(§~2)27
where u is the solution of the problem
{ div (&k%u) =g in §7~
u=0 on Jf.

Let © be a bounded open subset of R? with a Lipschitz boundary and Qn be a
sequence of open subsets of Q. Let Q be the bounded open cylinder Q) := O x (0,1)
and (Q,, the sequence of open cylinders €2, := §~2n x (0,1). Consider a1 >0, 51 € R
and two sequences ag, > a; and fa, € R. Define, for any h € R3, the two-phase
isotropic conductivity

o—n(h) _ { Ul(h) = ()41I3+51(o@(h) 1DQ\Qn,

0'27n(h) = 042,71]3 + ﬁg’né{)(h) in Qn,
where
0 —hs hs
&(h) = < hs 0 h1>.

—hg h1 0
In the domain 2, the matrix-valued function o, (h) does not depend on the vari-
able x3 and models the conductivity of a columnar heterogeneous medium. The
phase €2, is the one of high conductivity: a3, and 5, are unbounded. In order to
ensure the L'(Q)3*3-boundedness of the conductivity, we assume that the volume
fraction of the highly conducting phase 6,, := |2|7!|Q,| converges to zero and that
the convergences

(3)

002 p T> as >0,
{ 0nB2,n % B2 € R,
hold. Assumption (3) can be rewritten
0n02.n(h) = 000 I3 + 6,82 n&(h) —— o2(h) 1= aolsz + B2&(R).

n—oo
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Our aim is to study the homogenization of the Dirichlet problem, for f € H~1(£),

—div (0, (h)Vu,) = f inQ, 4
u, = 0 on 0. (4)

On the one hand, we consider the case of a periodic cylindrical composite without
any assumption on the geometry of its cross section. This framework extends the
one of the three-dimensional result of [17] where the highly conducting zone is a set
of circular fibres. On the other hand, by the means of a compactness result (see
Lemma 3.2), we analyse the case of cylindrical but non periodic composites. In
both cases, we impose conditions, adapting [12], that prevent from the appearance
of non local terms so that the limit equation of (4) is a conductivity one.

In the sequel, we will omit the dependence on h of o1(h), 02, (h) and o2(h)
denoting simply o1, 02, and o3, respectively.

2. The periodic case. In this section, we study the influence of a constant mag-
netic field h € R? on the effective conductivity of a composite material where the
highly conducting phase is periodically distributed but, contrary to [17], the cross
section of which has a general geometry. Consider a sequence w, = @, x (0,1)
where @,, is a sequence of subsets of (0,1)? with |w,| converging to 0, as n tends to
infinity. Let €,, be the sequence of open subsets of Q defined by

Q,=0n U En(wn —i—k).
kez3
The conductivity of the heterogeneous medium occupying 2 is given by
on()() = S (h) (I) L vreq 5)
where %,,(h)(-) is the Y-periodic function defined by

Sn(h) = anls +b,&(h)  with { Z" : gll]{l:\\x :/80;2:]?: (6)

For a fixed n € N* let (0,,)«(h) be the constant matrix defined by
YAERE  (0n): (M)A = (S, (h)VIW,), (7)
where, for any A € R?, W} is the unique solution in Hﬁ1 (Y) of the auxiliary problem
div (S, (h)VW;)) =0 in 2/(R?) and (W, —\-y) =0, (8)

which is equivalent to the variational cell problem
{ (Sn(h)VW, - V) =0, V& e H(Y),
(Wa(y) = A-y)=0.
The matrix (0,,).(h) is the homogenized conductivity of the highly oscillating se-
quence X, (-/¢€) as € — 0 (see, for instance, [2] for more details).
The limit problem of the high-contrast three-dimensional equation (4) with o, (h)

given by (5) may include non local effects. In order to avoid such effects, we assume,
following [12], that the weighted Poincar-Wirtinger inequality

2
‘/7/ ‘/
Y

2, —— 0. (11)

(9)

YV e HY(Y), /an
Y

holds true with

< cn/ 0, |VV I, (10)
Y
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Under the assumptions (10) and (11), it was shown in [12] that the sequence of
problems (4) converges to a conduction one with a homogenized conductivity o (h).

The main contribution of Proposition 1 below is to provide a formula for the
effective conductivity o.(h) of a cylindrical periodic composite the cross section of
which has a general geometry.

Proposition 1. Consider the sequence of problems (4) where o, (h) is the conduc-
tivity defined by (5)-(6). Assume that (3), (10) and (11) are satisfied. Then, there
exists a constant matrixz o.(h) such that, up to a subsequence, the solution u, of (4)
weakly converges in Hg(S2) to the solution u of

{ —div (0. (h)Vu) = [ inQ,

u = 0 onoN. (12)

Moreover, the homogenized matriz o.(h) is the limit of (o), (h) (see (7)) and is
given by

Ox  Ps

o«(h) = <q*T a*> , (13)
pe =—[Bilz + B2 (5. — 51)55 '] Jh,

¢ = [Pl + 255 (G — 1)) JB, (14)

Q. =ay+as + 365 (61 + 52— 5.)55 " Jh - Jh,

and, for anyi=1,2,
~ a;  —Bihs
g; = .
Bihs  «;

Remark 1. For the sake of simplicity, throughout the paper, the symmetric part
of 0,,(h) is supposed to be isotropic. However, the results we obtain can be extended
to composites the components of which have anisotropic conductivities.

Remark 2. It was shown in [12] that, due to the L (Y)3*3-boundedness of %, (h)(-),
the sequence (0y,), (h) is bounded. Thanks to (10) and (11), Theorem 2.1 of [12]
ensures that the limit o, (h) obtained in the following way

where

Zal) (2) = (n), () —=> 0. (h),

satisfies the convergence

on(h)Vu, — 0.(h)Vu in M(Q)?,
and then, coincides with the homogenized conductivity matrix in the problem (12).
Remark 3. Since ), has a columnar structure, the sequence &, (h) given by
51(hs) = ar Iy + BrhsJ in Q\ Qn,
Fon(hs) = aznlo + Bonhsd  in Q.

Fu(h) = n(hs) = {

depends only on the transversal variable (z1,x2) and then is associated with the
two-dimensional problems, for any g € H~1(Q),

—div(&n(hg)%vn) = g in§~27
v, = 0 on 9.
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Similarly to (7), we define the constant matrix (&,),(hs). For any A L es, the
solution W} of (8) does not depend on the variable y3 and then

(W2 =X-5)=0 and div(Z,(hs)VW2) =0 in Z'(R?).
This equation and (8) imply that, for any A, u L es,
(00) (WA~ = (Sn (VW) - o= (S (ha) VW) - i = (G0), (ha)A - i

Hence, by Remark 2, (5,,), (hs) converges to the 2 x 2 matrix &, involved in (13).

A two-dimensional perturbation formula in [17] gives the influence of the magnetic
field h3 on o,:

Gy i=0x(h3) = 02 (a1, as + ay ' B3R3) + haBJ, (15)
0

where ¢! is a locally Lipschitz function defined on (0,00)?, and for any ay, g > 0,
the matrix 00(a, a2) is the transversal homogenized conductivity in the absence of
a magnetic field. The independence of the microstructure of the variable z3 allows
us to obtain an explicit expression of o, (h) in terms of the transversal homogenized
conductivity ¢ in the absence of a magnetic field.

Remark 4. In the case where the high conducting phase is a set of circular fibres,
it was proved in [17] that 0%(ay, ) = o115 and the limit o,(h) in (13) reduces to

ou(h) = ar Iz + [ag B2 TR R es @ es + B1E(h).

Now, let us proceed with the proof of Proposition 1.

Proof of Proposition 1. Thanks to Remarks 2 and 3, there exists a 3 x 3 matrix o, (h)
such that, up to a subsequence, we have the convergence of constant matrices

O.* *
(o), (h) —— 0u(h) = (q*T Z) (16)
where &, is given by (15) and where the constants g.,p. € R?, a, € R have to
be determined. To this end, we divide the proof into two steps. We first apply
Grabovsky and Milton’s method [21, 22, 23] to link (O’n) , to amore simple problem.
Then, we study the asymptotic behavior of the different coefficients of this new
problem.

First step. A transformation stable under homogenization. For a fixed n € N*,
following Grabovsky and Milton [23, 21], we consider two vectors pg n,qo.n € R?
and the transformation

~ On P,
oy, =1, on(h) I, = | ) (17)
7n o

I 0 ~ I
I, = T2 , I, = 2 Pom , (18)
don 1 0 1

o o —BiIh i Q\Qu, | T +piTh inQ\Q,
Pr =\ Gambom — Bondh in Qn, = L dom + Bon B in Q.
(19)

where



HOMOGENIZATION OF HIGH-CONTRAST COLUMNAR STRUCTURES 921

Let us choose the parameters pg ,, and go ,, in such a way that p,, and ¢/, are constant.
To that aim, py , and qo,, have to satisfy the identities

{ G100 — B1Jh = Gompon — BamJh,
L qom +PrJh = 03 non + BanJh,

which implies that

Pon = (ﬁz,n - 51)(52,71 - 51)7{]% and qo,n = (ﬂz,n - ﬁ1)(51 - Ez,n)fTJE.

The new matrix-valued function o/, defined by (17) is periodic and can be rewritten

S, 1l
Ve e, o (r)=X], <;> where X = <q/T ZT) (20)

Moreover, by (17), the coefficient a/, in (20) has the following explicit expression:

a’/rl = O/l,n]ly\wn + a/2,n]lwn (21)

where _

{ A =01+ G1P0n Q0.0 + B1 (Pon — Qo) - Jh,

O/Qm =g p + &Q,npo,n “qon + BQ,n (pO,n - QO,n) : JE

Let us now study the homogenization of ¢/,. Define (a;l)* as in the formula (7).
The conductivity ¥;, does not depend on the variable y3. On the one hand, as in
Remark 3, if A L ez, the solution W} of the problem (9), with the conductivity >/,

does not depend on the variable y3 and VW, = (ﬁVV,)L‘,O)T. Hence, since ¢, is a
constant, and by Remark 3,

(03) A = (ETW. (- TW) " = ((B) o 3) (22)

On the other hand, it is clear that, for A = ez, W3 (y) = ys satisfies (9) with the
conductivity ¥/ . Hence, since p), is a constant, we have

T
(o0),e3 = (@h,an) ") = (pr: {ar)) (23)
Then, by (21), (22), (23) and since |w,| ~ 6y, the matrix (o7,), has the form
n—oo

n

(00), = <(57T) . P ) : (24)

(ay,) = {al + G100, - Qo0 + B1 (Pon — Qoyn) - Jﬂ
_ (25)
+ 6, {Oéz,n + 02,nP0,n - Qo0 + B2,n (Pon — Gon) - Jh} + o(1).

Second step. Application of the theory of exact relations and asymptotic behavior
of (a7,),. By (3) and since the volume fraction 6,, converges to 0, we have

Pon = 0n(Bom — B1) (On(Gom —31)) ' Jh ——  Body T
o = On(Bom — B1) (0n(G1 — Fon)) Jh  ——  —By5; T Jh.

n—oo
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Then, by (3), (19), (18), (25) and (26) we obtain the convergences
P —  pli=[—Bila+ B2010; ] Jh,

n—oo
/ ’o._ _ p=T=-T7 17,
G =2 4= [Bil2 — Bacicy '] Jh, (27)
2
(@) — o ::Z[ai—555{15162_1J7L~JE+26261-52_1J7L~J7L},
n— o0
i=1
I 0 o ~ Iy Be5y 'Jh
I, —— Il := ~n d I, ——II:= ("2 F2%2 . (2
J— <52hTJo21 1) o o0 (0 1 (28)

Since the matrix transformation (17) preserves the H-limit in the periodic case (see,
for instance, [21, 22, 29]), we have

(97). = o (on) (1) IL. (29)
Passing to the limit, as n goes to infinity, in relation (29), using (16), (24), (27)-(28),
we obtain B ,
Ox Dy -
(q,:{ a;) = H (o) H (30)
Inverting the identity (30) and taking into account (27) and (28) leads to (14). The
proof of Proposition 1 is completed. a

Now let us turn to the non periodic case.

3. The non periodic case. In this section, we study the homogenization of the
problem (4) without any periodicity assumption. The conductivity o, (h) is defined
by

an =1gwg a1 +1g as,
:: I h \ n n e 1
on(h) = anls + B,&(h) where { Bn = 1o\q, b1 + 1o, B2,n- 8D

Consider the covering of R? by the squares QF defined by
VEeZ?, QF =c.(Y +k). (32)

We assume that, for any k € Z3, n € N*, the conductivity coefficient «,, defined
by (31) satisfies the following conditions:

(i) the weighted Poincar-Wirtinger inequality

2
v—][ v
Qn

where ¢, is a sequence of positive constants satisfying

V’UEHl(QEL), / (e70)
Q%

dz < cn/ an|Vo|? d, (33)
Q%

cn — 0; (34)
n—oo

(i7) there exists a positive constant ¢ such that, for any k € Z3 and n € N*,

][ an < ec. (35)
Qk

Remark 5. Note that, in the periodic case, the hypothesis (10)-(11) is a rescaling
of (33)-(34) which, similarly to the periodic case, prevents from the appearance of
non local effects in the limit problem. Assumption (35) ensures that the microstruc-
ture does not concentrate on a lower dimension subset through the homogenization
process since it implies that (see in the proof of Lemma 3.2)

0, g, — 0 L>®(Q) weakly-* in M(Q). (36)
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In the periodic case, (35) is clearly satisfied since

f an dz = [lan|1y) < e,
k

n

where a,, is defined by (6) and 6 = 1.
We have the following result:

Theorem 3.1. Assume that (3), (32)-(35) are satisfied. Then, there exist a matriz-
valued function o.(h) and a subsequence of m, still denoted by mn, such that the
solution u,, of the problem (4) converges weakly in HZ () to the solution u of the
conductivity problem

f inQ,
0 on ON.

Moreover, the effective conductivity o.(h) in (37) is given by

ou(h) = <5T p*> , (38)

q Qs

where G, is the H(M(Q)2)-limit of 5,(h) in the sense of Definition 1.1, € L>®(S2)
is the weak-x limit of 0, '1q  and

pe == [Bilz + o (5. — 51)55 ] Jh,
@ = [Bilz + B2 55 (G4 — 1) ] TJE (39)
a, = a1 + 0oz + (255 (51 + 062 — 5.)55 " Jh - Jh,

_ a;  —pihs
g; i— .
Bi hs o

Remark 6. The shape (32) of QF is purely technical and can be generalized into
any subset the diameter of which is of order &,,.

{ —div (o4 (h)Vu (37)

u

and, for anyi=1,2,

Remark 7. Since 2, has a columnar structure, 1o, does not depend on the vari-
able x3. Therefore,

0,1 — 0€L>(Q) weakly-* in M(Q). (40)

Hence, as in Remark 3, it was proved in [17] that there exists a function 0¥ defined
on (0,00)? and a subsequence of n, such that, for any ay,as >0, 81,82 € R,

~ ~ HM(Q)?) _ _
Un(h) :O’n(hg) —_— O'*(h) :ag(al,ag—i—az 15%]7%) "‘hSBlJ

We obtain, once again, an explicit expression of o, (h) in terms of the homogenized
perturbed conductivity in the (z1,22)-plane, in the absence of a magnetic field.
A crucial ingredient of the proof of Theorem 3.1 is the following compactness result:
Lemma 3.2. Let a, be the sequence defined by (31) such that (3) and (33)-(35)
hold true. Consider two sequences &, € L1 () and v,, € H*(Q) satisfying

& — & weakly-+ in M(Q) and v, — v weakly in H(Q). (41)
We assume that

/04;1|fn|2 dﬂ?—i—/ an|Vo,|* dx < ec. (42)
Q Q
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Then, ¢ € L?(Q) and we have the convergence, in the sense of distributions
Envn, — v in 2'(Q). (43)

Remark 8. Note that Lemma 3.2 is false when the conditions (33) and (34) do
not hold. This can be seen by considering the classical model example of non local
effects in conduction due to Fenchenko-Khruslov [19] and presented, for instance,
in [13, 10]. For the reader’s convenience, we give the main steps of the counterex-
ample. Let Q := (—%, %)3 and €2, be the i-periodic lattice of thin vertical cylin-
ders of radius n='e="". Let o, be the conductivity defined by (31) with a7 :=1
and ag., := 71 €2 which satisfies (3) and (35). For a fixed f in L%(Q), let u, be
the solution, in Hg (), of the equation

—div(a,Vu,) = f in 2'(Q).
For R € (0, %), let V,, be the Y-periodic function defined on R? by

Inr+n? |
— if r::\/yf—l-yge(e_"aR),

In R + n?
Valy) == 0 if r< e (region of high conductivity),
1 if r>R.

An easy computation shows that &, := @, Vu, - e3 and v, (z) := V,,(nz) satisfy the
assumption (42) and that v,, weakly converges to the constant function 1 in H(().
Moreover, Briane and Tchou [18] proved that

ou ou v
n=Opp— — = — + — kly-+ in M(9),
& « D5 Ds + R weakly-* in M ()
where the weak limit u of u,, in H}(Q) and the weak-* limit v of ijl;nz Uy, in the

sense of Radon measures satisfy the coupled system

—Au+2r(u—v) = f in Q
2
—872 +v—u = 0 in £,
Oxs (44)
u = 0 on 09,
o(@,0)=v(2/,1) = 0 if 2/ €(-3,1)>%

Then, if f is non zero, u and v are two different functions. Therefore, the conver-
gence (43) does not hold true since, by the strong convergence, up to a subsequence,
of v, to 1 in L?(Q) and the weak convergence of Tova, Vu, to Vu in L?(Q), we
have

ou,, ou ou ov .
gnvn = HQ\Q,LT%Un —_— 87:1:3 7é § X1l=—+ o mn _@/(Q)

Substituting the expression of v, in terms of u, in the first equation of (44) leads
to a non local term in the equation satisfied by w. The Poincar-Wirtinger con-
trol (33)-(34) is fundamental to avoid such effects. In this example, (34) is false
since (see [12] for more details) the optimal constant ¢, in (33) satisfies ¢, > ¢ > 0.

Proof of Lemma 5.2. On the one hand, by (3), the sequence v, is bounded in L(£2)
and then, up to a subsequence, weakly-* converges to some a € M(2). Moreover,
the Radon measure a belongs to L>(£2). Indeed, let ¢ € %,(€2) and denote again
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by ¢ its extension to R3 by setting ¢ = 0 on R3 \ Q. There exists a finite subset I,,
of Z3 such that

ac | e

kel,

where QF is defined by (32). As ¢ is a uniformly continuous function, we have

anp dr = E anp dr = g p(enk oy, dz + o(1). 45
/Q /Q’,g (Enk) / k ol) (45)
By (35), we have

kel, kel, Qr
Z |80(5nk)\/ a, dz <c¢ Z Q% lo(enk)| = cllellLr () + o(1). (46)
kel, Qn kel,

The weak-* convergence of o, to a, combined with (45) and (46) yields

‘ /Q o ald)

which implies that the measure a is absolutely continuous with respect to the
Lebesgue measure and a € L*(2). From (3) and the convergence of «, to a, we
have

< cllellzr )

0, 1o, = (Opaz,) Han —arloyg,) — 0:=a;'(a—a1) € L™(Q),

in the sense of Radon measures, and then a = a; + fas.
On the other hand, by the Cauchy-Schwarz inequality combined with (41), (35)
and the convergence of a;, to o + s 8, we have, for any ¢ € %p(Q2),

/Q pE(dr)| = lim ‘ /Q £ da

<c | (o1 +0az)@? dz < cllon + Ozl [[@l172q),
Q

2 2

n—oo

< limsup/ o, te dx/ ane? dz
Q Q

which implies that the limit measure £ of &, in (41) is actually an element of L?(€).
We now prove the convergence (43). Let ¢ € 2(Q) and let I, be a finite subset
of Z3 such that

—k
suppp C | J @, C O,
kel,

where supp ¢ is the support of . For any w € H'(Q), define w*" the piecewise

constant function associated with the partition (QZ) el 8 follows:

v =3 (f v ta
kel, \’@n

In order to study the convergence, in the sense of distributions, of (&,v, — &v) to 0,
we rewrite

§nvn - fU = E’I’L (Un - WE") + €n (Wen - 6En) + gnﬁan - g’U (47)
—_——

=Pn =qn =Tn

and estimate each term of the identity (47) separately.
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Convergence of the term p, in (47). Thanks to the Cauchy-Schwarz inequality, we

have
2
/ §n<vn_][ vn)‘ﬂdx)
Qk Qk
2

n

wdz2§<z

kely,

2
<lel2 | / e oy [ anfon—f | da
k€l QF Qr (48)
2
< llell2 Z/ o lenl? dxz/ ot —][ va| da
kel, kel, n

Scnnsouio/ ol dx/an\vm
Q Q

where the last inequality is a consequence of (33). Finally, the inequality (48)
combined with (42) and the convergence (34) yield

/ &n (vn — ﬁa")go dx
Q

Convergence of the term g, in (47). By the Cauchy-Schwarz inequality and (35),

we have
:
i e d _(ke! / € o du ][ (1 — ) dx)
< il ( ST IQN W tn d\// o Jal? dx/ o — v dx)
< llel2 (W \/][ an dx\// ant|€a)? dx\// = 2dm>

<Y [ aitleRarY [ wa-v

kel, ’ @n kel, ' Q%

Sc/ a tE)? dx/(vn—v)2 dx
Q Q

which yields, by (42),

’/Qé‘n(vnf 7" ) dx

Since v,, converges weakly to v in HJ (), by Rellich’s theorem, up to a subse-
quence, v, converges strongly to v in L?(£2). Hence, (50) implies that

/an (W‘S - @E")go dz —MOO 0. (51)

< ey/en — 0. (49)
n—o0

2
< cllon = v[l72(q)- (50)

Convergence of the term r, in (47). Consider, for any § > 0, an approxima-
tion 5 € €.(Q) of v for the L*(Q) norm, i.e.,

HU — 1/)5||L2(Q) = 0(5) (52)
The term 7, in (47) writes

ET — €0 =Eu (T =5 ") + & " — Ps) + (€n — )05 +E(Ws —v).  (53)
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On the one hand, since P " converges uniformly, as n goes to infinity, to ¢s € €,(€2),
the convergence (41) of &, to £ implies that the second term and the third term in
the right hand side of the equality (53) converge to 0 in 2’(2). Moreover, by the
Cauchy-Schwarz inequality and the fact that £ € L?(2), we have

/Q £(s —v)p da

On the other hand, following (50), we have

[ el =) da
Q
Hence, by (52)-(54), we have

/ (T — o) da
Q

< llellooli€l 2 15 = vll L2 (0

< cllelloollv = P52 (54)

lim sup
n—oo

< cllpps —vllL2(0) = 0o(d), (55)

for arbitrary § > 0.
Finally, putting together (47), (49), (51) and (55), we obtain that

/ (&nvn — §v)p da
Q

which concludes the proof of Lemma 3.2. O
In the sequel we apply Lemma 3.2 to sequences &, of vector-valued functions
in LY(Q)? or L1(Q)3.

= 0(9),

lim sup
n—oo

Proof of Theorem 3.1. Thanks to the equi-coerciveness o,, > 113, the solution u,,
of the problem (4) satisfies the convergence, up to a subsequence,

up — u  weakly in Hj(Q), (56)
for some u in H} (). Moreover, putting u,, as a test function in the equation (4),
we obtain that

/ n|Vu, | dz = / onVun - Vu, dz = (f,un) g-1(0),m1(0) < ¢ (57)
Q Q

Since aiiog,n =13+ a;}L B2, & (h), by (3) the sequence \aiiagﬂ is bounded.
Then, as the sequence o, is bounded in L!(Q), the Cauchy-Schwarz inequality

and (57) give
2
</ |77 Vg, | d:c> < c/ oy, d:c/ Ozn|Vun|2 dr <e.
Q Q Q

Hence, we have the convergence of the current o, Vu,, up to a subsequence,
oV, — & weakly-+ in M(Q)3, (58)

for some & € M(Q)3. Moreover, by the boundedness of |a2_7111027n| and (57), we
have

/ a;1|0nVun\2 dr < c/ 04n|Vun|2 dz <e.
Q Q

Then, by Lemma 3.2 applied to &, := 0,Vu,, the measure & is actually an element
of L2(2)3.

The rest of the proof, which is divided into three steps, is devoted to the de-
termination of the form of the limit current & . To that end, we use a method in
the spirit of H-convergence of Murat-Tartar which is based on the cylindrical na-
ture of the microstructure and the compactness result of Lemma 3.2 for sequences
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only bounded in L?(; 0’;1/2d$). In the first two steps, we compute the compo-
nents & - e; and & - es by combining Lemma 3.2 with a corrector function asso-
ciated with the transversal conductivity o,, the existence of which is ensured by
the two-dimensional results of [14, 17]. Since the corrector function considered in
the previous steps is independent of the variable z3, the component & - e3 needs a
different approach. This is the object of the last step.

First step. Building a corrector. Thanks to Remark 7, there exists a subsequence
of 7, still denoted by &,, which H (M (9)?)-converges to some coercive matrix-valued
function G,. Then, the sequence &1 H(M(Q)?)-converges to 5~*T (see Theorem 2.1

of [14]). Let A € R3 with A L es. For A = (A1, A2)T € R2, let v} be the solution of

div (5TVe}) = div(aTA) in Q,
5 ~ ~ (59)
vy = AT on 0f).
By Definition 1.1, we have the convergences
vg — X-T=A-z weakly in H(Q),
- - - - (60)
orvVuy  — i) weakly-* in M (£2)2.
Setting, for = € Q, v\ (z1, T2, 73) = vg(gcl, x2), we have the convergences
v}  — A-x weakly in H1(9), (61)
5TV — GTX  weakly-* in M(Q)2,
and the energy inequality, as in (57),
/ an|Vv2"2 dz = /~5n§v,§ . 61}5 dz <ec. (62)
Q Q

A
n

Let ¢ € 2(€2). By the convergence (58) and since v
in H'(Q), putting vy as a test function in (4) yields

converges weakly to A - x

/QU,LVun . V(v%go) dx — (frp A @)g-—1(Q),m1(Q) = /Qfo -V(pA-zx) dz. (63)

Since o,, and v} do not depend on the variable z3, we have the identity

0n Vi, - Vv,); = 5n§un . 61}2 — 03 (ﬂnevﬁ - Jh un) (64)
Then, by (64), an integration by parts gives

/ oV, - V(vpp) dz = / onVu, - Vo v} da (65)

Q Q

~ ~ 0
+ B V) - Jh u, A (66)
Q Oxs

+ / 5561}2 Vu, ¢ dz. (67)

Q

Step 2. Estimates of the terms in (65)-(67). The convergence of these terms are
consequences of Lemma 3.2 and the generalized two-dimensional div-curl lemma in
a high-contrast context of [13].
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Convergence of the term on the right hand side of (65). On the one hand, by the
boundedness of 1o, and (57), we have the inequality

/ a;l\anVun “Vol|? dz <c HV@HiO/ 0¢n|Vun|2 <ec.
Q Q

On the other hand, the convergence (58), the inequality (62), and the conver-
gence (61) of v} to A - 2, show that the sequences &, := 0, Vu,, and v, := v, satisfy
the assumptions of Lemma 3.2. Hence, we obtain

/anVun-Vgo v dx—)/&ngo)\'mdx. (68)
Q n— oo Q

Convergence of the term in (66). We first compute the limit of [3n§11%‘ in the sense

of Radon measures. We have the identity
o) v T
61‘1 ’ 8562

ﬁn%'u:; = 577,(

= 1o\a, fiV0) + Bonds [nﬂnag’n%ﬂ (69)

Lova, 51V + Banbas [FEV0R — Toy0, 5T V0],

“Bih w  —Banh
51— < a P 3) and G, = ( 2 Pa, 3). (70)

where

B1 hs a1 Ba.n 3 oy
By (3), we have

~ ~ ~ Q2 —B2 h3
BonGyn ——— ooy ', where Gy := (62 e o ) : (71)
Combining this convergence with the ones in (60), we obtain that
BaNVuo) — B+ Body T [6F — 5] A weakly-x in M(Q)2. (72)

By the boundedness of o, lo,, (3) and (62), we have
/ a; B, VR |? dz < c/ an|Vor|? <e.
Q Q

This inequality together with (57), (72) and the weak convergence (56) of u, to u
in H}(Q) show that the sequences &, := 3,Vv,) and v, := u,, satisfy the assump-
tions of Lemma 3.2. Then,

~ ~ 8<p - o~ ~ ~ 3(,0
AL e _ 1 . et
/ BNV, -Jh uy, s dz —>n (,81]2 + B [0* 0'1] Oy ) Jh-\u ; dx. (73)

Convergence of the term in (67). Integrating by parts in (67), we obtain that

/53%1}2-61@ wdx:—/?ig%v;}-ﬁgo Un, dx—f—/ﬁgﬁvﬁ-%(un@) dz. (74)
Q Q Q

On the one hand, the boundedness of a;,'o, and (62) yields

/a;lﬁgﬁvngc/ an|€v7ﬂ2§c.
Q Q



930 MOHAMED CAMAR-EDDINE AND LAURENT PATER

By the second convergence of (61), the weak convergence (56) of u,, to u in H}(Q)
and (57), the sequences &, := . Vv, and v, :=u, satisfy the assumptions of
Lemma 3.2. Hence,

/ IV - Vo up doz —s TNV u da. (75)
Q

n—o0 Q

On the other hand, since &} 61}5 does not depend on the variable x3, the second
term on the right hand side of (74) can be rewritten under the form

N 1
/ GIVV)Y -V () dz = /N GV ') -V [/ (unp) (', 23) dzs| dz’  (76)
Q a 0

where 2’ = (z1, z2).

In order to study the asymptotic behavior of (76), we apply a two-dimensional
div-curl lemma of [17] which is an extension to the non symmetric case of [13]. Set,
for any 2’ € Q,

- 1
N (2') == GE Vo (z') and w,(2)) = / (une) (2',23) ds. (77)
0
Due to the convergences (60) and (56), we have

N — LA weakly-+ in M ()2,

! ~ (78)

vp(2)  — w2 ::/ (up) (2, 23) dzs  weakly in H(Q).
0

The convergences (3) and (40), the definition (59) of the corrector UZ‘, (60)-(62)
and (78) imply that the sequences 7,, and v,, defined in (77) satisfy the assumptions
of Lemma 2.1 in [17]. Then,

~TS, A\ . ! / 7'@ ~TY ! /
o, Vo, (z') -V (unp) (', 23) dog| — o, AV (up) (2, x3) das| . (79)
0 0

Let ¢ € 9(?2) such that ¢ = 1 on the projection of the support of ¢ on the (x1, x2)-
plane. Taking ¢ as a test function in (79), we obtain

~ _ 1 -
/ FIVuM ) -V {/ (unp) (', z3) d$3:| de’ —— [ oAV (up).

Finally, this convergence combined with (74), (75) and (76) gives

/ Egﬁvﬁ NVup ¢ de —— | 57X Vu ¢ da. (80)
Q

n—oo Q

Putting together (68), (73) and (80) with the equality (65)-(67), we obtain that

n—oo

/crnVun~V(v2<p) dr —— §0~V<p)\~xdx+/5*§u~X<pdx
Q Q Q

SO ~ ~ 0
+/ (Bilz + B2 [6+ — G1] 55 ") Jh- A P dz.
Q Ox3

Since 7. depends only on the variable (x1,x2), this convergence, an integration by
parts and (63) give

/Qfo-)\apdm:/ﬂ[ﬁ*ﬁu—g;(ﬁ112+52[5*—51]521)J?L] -X@dx. (81)
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Finally, since the equation (81) holds for any ¢ € 2(Q2) and any A L e3, we obtain
the first two components of &

~ = ou
& =0.Vu— s (Bils + Bo [5. — 31] 55 1) Th. (82)
Step 3. Computation of &, - e5. By (58), we have the convergence
g + BV, - Jh = 0,Vu, - e3 — & -es  weakly-x in M(Q). (83)
3

We first study the asymptotic behaviour of a, d3u, (which also gives the limit
of B3, dsu, due to the fact that, by virtue of (3), as,, and B2, are of the same
order). On the one hand, since 6,, = |2|71|Q,,|, by the convergence (3), we have

0-110, Q
/a;1 ‘9;11Qn|2 de = =2 | | — | | S c.
Q

gna2,n ana2,n

On the other hand, by (57), the weak convergence (56) of u,, to u in Hg () and (36),
the sequences &, := 0, '1q,, and v, := u, satisfy, once again, the assumptions of
Lemma 3.2. Hence,

0, g, u, — Ou in Z'(Q).
Moreover, since 1, does not depend on the variable z3, we have

Ju ou
Lo i "(Q). 84
S o w9 @) (34)
Finally, thanks to (84) and (3), we obtain the convergences, in the sense of Radon

measures,

0, g

Ou, Oouy, _q Oouy, N ou
(7% 87 = Oél]lg\gn O3 + (Gnag,n)ﬂn ]lQn 93 (Oq + 0a2)6$3
ou ou ou ou (85)
no_ n 1 no
Bn 8963 BlﬂQ\Qn 8903 ( nﬁQ n) ]lQ 85&3 (ﬁl + 962)8 T3

Now, in order to obtain the limit of the term f,Vu, in (83), which similarly
0 (69)-(70), writes

5n%un = Blﬂsl\Qn%un + 62,715277; gnﬁun - 1(2\Qn51%uni| 5 (86)

it remains to estimate Enﬁun. Since &y is the limit of the current o, Vu, (58) and
since

YA Les, 0V A =50Vig, - A — B 8% X,
3
the equality (82) gives
= o, ou e\ T
5oV — Bn LJh — &Vu— — (B1ls + B2 [6+ — 51] 55 ') Jh,

Oxs

in the sense of Radon measures. Then, combining this convergence with (85), we
have

GV, — 5,Vu+ By 887“ (61 + 6055 —5.]55") Jh  weakly-+ in M(Q)%. (87)
3

Finally, passing to the limit in (86), taking into account (87) and (71), we obtain
the convergence, in the sense of Radon measures,

BuVu, — [Bila + B255 1(Fx — 51)] Vu+ 53 5 302 Y514 055—5.)55 L Th. (88)
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Putting together (83), (85) and (88) yields

1~ ~ T 7 =
§o-e3= [5112 + B20, 1(0* — 01)] Jh - Vu
2~—1(~ ~ a1 77 73] Ou (89)
+ (0 + 020) + B35 (51 + 052 — 5.) 55 "R ] —
3
Finally, since the current o, Vu,, weakly-* converges to & in (58), we have the limit
equation

—div(&) = f,
where, by (82) and (89),
€0 = (§0,60 - €3)" = 0u(h)Vu,
which yields to the expression (38)-(39) of o, (h). Theorem 3.1 is proved. O

4. Two examples. In this section we present two examples where the perturba-
tion formulas for the effective conductivities of non periodic high-contrast columnar
composites are fully explicitly computed.

4.1. Circular fibres with variable radius. Let p be a continuous function on
depending only on the variable 2’ = (z1, 23) satisfying
Jer,e20 >0, ¢ <p(a')<ce, Va=(a',23)€Q, (90)

and let 7, be a sequence of positive numbers converging to 0, as n goes to infinity.
We assume, without loss of generality, that

]{2;) dz = 1. (91)

Define, for any k € Z3, the sequence (7, k)nen+ by

Tnk i= Tn \/ p(Enk).

We consider the case where the highly conducting zone 2, is the set of circular
fibres wnx ={y €Y | 47 + 43 <77 .} (see Figure 1)

Q=90 | enlwni + k). (92)
keZ?
Note that the fibres w,, ;, do not have the same radius.

TTO[ 0] 0 [TUTo
O|0|0|0|0|0|0|O|O .
OoooOoooooob\

/ooooOOC)ooooo

(ooOOoOoooo/
O|o|d|o|0|O|O]|0O
~0|9]0|0|0|0

P ) Ole|o ~
/ wc)/ DQn

I /xe .
27ﬂn,k1 Q /// " DQ\Qn

FIGURE 1. The cross section of the non periodic microstructure

We have the following result:
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Proposition 2. Let Q,, be the sequence of subsets of Q defined by (92) and o, (h)
be the associated conductivity in the problem (4). Assume that

e2|lnr,| — 0. (93)
n—oo
Then, there exist a matriz-valued function o.(h) and a subsequence of n, still de-

noted by n, such that the solution u,, of the problem (4) converges weakly in Hg(£2)
to the solution u of the conductivity problem

—div(a*(h)Vu) = f inQ,
u = 0 ondQ,

where o (h) is given, for any x = (z',x3) € 2, by

aj + as B3| h)?
o (h)(x) = arls + p(z) (M

Remark 9. We can easily check that the homogenized conductivity &, (h) of the
two dimensional microstructure of the Figure 1 is given by

5*(]1) = 051]2 + BthJ = 51(h)
This leads to the simple form (94) of o, (h).

) ez @ es+ Blf(h) (94)

Proof of Proposition 2. In order to apply Theorem 3.1, we need to check that the
conditions (33)-(35) hold true. On the one hand, the Poincar-Wirtinger inequality
combined with (3) imply the existence, for any k € Z2, of a sequence of positive
constants ¢, j such that
2
v — ][ v
Qk

where QF = ¢,,(Y + k). Using estimates derived in [12], one can show that the best
constant in the weighted Poincar-Wirtinger inequality (95) satisfies

In (rn p(snk))

for some positive constant c¢. Therefore, by (90) and (93), we have

Q%

dz < Cn,k/ an|Vol? dz, (95)
Qk

n

VkeZ3 VneN', 0<cup<cel

)

0<cpr <ce2llnr,|+o(l) —— 0,
n—r oo

uniformly with respect to k € Z3. Conditions (33) and (34) of Theorem 3.1 are
satisfied. On the other hand, by the definition of €2,, and (91), we have the following
estimate for the volume fraction
|$2n| 1
0, = o} o 9] E%Q e2mr2 plenk) o nr2 A pdx = 7r2,

which, by (90), implies that for any n € N* and k € Z3,
][ oy do = oq(l — ﬂr%p(ank)) + ozgmﬂ'rip(ank) <c+clpar, <c.
Qk

Then, condition (35) of Theorem 3.1 is satisfied. Theorem 3.1 and Remark 9 ensure
the existence of an effective conductivity o.(h) which, after an easy computation,
writes, for any = = (2/,23) € Q x (0,1),

a3 + s B3 |h?

ox(h)(z) = a1l3 +0(2') ( a2+ B2h2

) es @ es + 51(5’(h), (96)
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where 0 is the weak limit of 6, ' 1, . The function 6 in (96) coincides with p. Indeed,
since p is continuous, we obtain, for any ¢ € %, (£2) extended to R? by setting ¢ = 0
on R3\ €,

1
/QH 1o, o dz = r2 Z /wnkgadx%—o Z e2nr? k)p(enk)+o(1)

" kezs3 snkGQ
which implies that

/9;1]19”90 dz = / pp dz +o(1).
Q Q

Finally 0, '1q, converges weakly-* to p in M(Q2) and, then, § = p. This concludes
the proof of Proposition 2. O

4.2. Thin squared grids. In this section, we consider the case of a columnar
composite the cross section of which is a highly conducting grid surrounded by
another conducting medium (see Figure 2). Let ¢, be a positive sequence converging
to 0 as n goes to infinity. Let p be a continuous function on €2, depending only on
the variable ' = (x1,x2) and satisfying

e, >0, 1 <pa') <cy, Va= (2, z3) €. (97)

We assume, without loss of generality, that

][pdle.
Q

Define, for any k in Z3, the sequence (¢, k)nen+ by

toi i= plenk) tn. (98)
Let ©,, be the set of non periodically distributed squared fibres
Q=90 | enlwni + k), (99)
keZ?

where
woe = {y €Y | max(jyl, y2]) = 5 — tan}-
Note that the case p = 1 leads to a periodic distribution of the squared fibres in €.

] Ly, T TOOTO ey
) ) o ) = o = = ) ]
0 ] ) ) e ] [ == Gl E EEE E R E RN
/o ) ) | o [ u] | E =R EEEEEE
() ) ) e e e (olololo O o|o0no)
) ) EENEENEE
(o} ] ] ] 4 D == E =
Oy - L )| 0o
)28 o “in
XEn', DQ\QTL
(a) Periodic case (b) Non periodic case

FIGURE 2. The cross section of the structure
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We have the following result:

Proposition 3. Let Q,, be the sequence of subsets of Q defined by (99) and o, (h)
be the associated conductivity in the problem (4). Assume that

4tna2,n —— ay >0 and 4tn52,n —_— 52 c R. (100)
n— oo

n—oo

Then, there exist a matriz-valued function o.(h) and a subsequence of n, still de-
noted by n, such that the solution u,, of the problem (4) converges weakly in Hg(£2)
to the solution u of the conductivity problem

f inQ,

{ —div (0. (h)Vu) Lons (101)

u

where o, (h) is given by

ox(h):

(5* (Th) p*> (102)
qx Oy

and, for any (z',x3) € Q,

2, A2p2
o«(h) = (041 + p(a’) a2+62h3> I> + B1hsl,
20(2
2
_ P~
o= B+ ole) Z| Tt plat)
Qg
; o (103)
/ 2 7 / 2 137
= 221 gh h,
e = |1+ ota) 2| T ot 2
_ / / ﬁ% 2 2
o = o+ plat) s + o) 22 (13 4 ).
20(2

In formula (103), p = 1 corresponds to the periodic case.

Proof of Proposition 3. Let us first consider the periodic case. In order to ap-
ply Proposition 1, we need to check that (10) and (11) are satisfied. To this
end, consider V € €*(Y) such that (V) =0. Define, for any n € N*, the sub-
sets K! i =1,2,3,4, of Y by

K= (44
o= [t 4] x [}

For instance, the projection of K!, in the (y1,y2)-plane, is the shaded zone in
Figure 3.
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Y2 Y2

QtnI //////////// -

Y1 1

F1cURE 3. The period cell of the cross section of the microstructure

By the definition (6) of a,, we have
4
/anV2 dy < / . a,V? dy+Z/ a,V? dy
Y Y\ U K}, i=17 K5
4
al/ & dy + oz p, / V2 dy
Y\ U K ;
- 4
< al/ & dy—!—on,nZ/ V2 dy.
Y i—1 7 K}

Since (V) = 0, this inequality and the Poincar-Wirtinger inequality in H'(Y), yield

4
/ a,V? dy < al/ IVV|? dy + az.pn Z/ V2 dy. (104)
Y v i=17 K5

We now estimate the second term of the right hand side of this inequality. On
the one hand, since K, is convex, the Poincar-Wirtinger constant in H'(K}) is
bounded from above by the diameter of K, divided by 7 [33] and, therefore

fviar < 2 v, 1
K1 K1 K K1
2
c</ IVV[? dy + | K| ][ de‘>.

K} K}

On the other hand, for any f% <r s t< %, we have

IA

IN

2 2
de‘ 2K de‘

1
n

(105)

IN

N

~

1
~ PN ~ 3
Vi(s)—V(r) :/ V'(t) dt, where V(t) ::/ V(y1,t,ys3) dy1dys. (106)
r -3
Integrating the first equality in (106) with respect to s € [§ — t,,, 3] and 7 € [, 3],
we have

3 RN oV
‘][ de_][de‘g][ fo [ o< [ |55 a
K} Y -t /-1 /-3 v |0y2
which, since (V) = 0, implies that
][ v dy‘ S/ IVV] dy < [[VV]|L2(v)s. (107)
K} %
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Then, combining (105) and (107) with the boundedness (100) of |K}|ag,n = tnazn,
we obtain that

a2 VZdy < c<a27n/ IVV|* dy + ||VV||2L2(y)3> < c/ an|VV|? dy. (108)
K} K} %

Similarly to (108), we have, for i = 2, 3,4,

CV2,n/
K3,

Finally, (104), (108) and (109) imply

VZdy < c/ an|VV|? dy. (109)
Y

/ a,V? dy < c/ an|VV|? dy. (110)
Y %

By a density argument, (110) is satisfied for any V € H*(Y)) with (V) = 0. Since ¢,
converges to 0, the hypotheses (10) and (11) of Proposition 1 are satisfied. Then,
there exists a homogenized matrix which is given in terms of the transversal effective
conductivity &, of the microstructure of Figure 2a. It remains to determine o,.
Since one can choose the cross-like shape of the Figure 3 as the period cell of the
transversal microstructure of the heterogeneous medium occupying €2, Proposition
3.2 of [17] ensures that

2. 52)2
5. = <a1+0‘2+ﬂz 3
20&2

) Iy + B1hsd, (111)

and formula (102)-(103) of o.(h) is a consequence of (13)-(14) where o, is given
by (111). The periodic case is then proved.

The existence of o, (h) in the non periodic case is a consequence of Theorem 3.1.
Indeed, for any k € Z* and n € N*, a rescaling of (110) gives

2
v—][ v
Qr

][ oy dr = oy (1 —4t, (1 — tnk)) +doontnk(l—thr) <c+cthos, <c
Qk

Vo e HY(QF), / an, dzgcefb/ an|Vo|? d,
Qk Qk

and, by (98),

The assumptions of Theorem 3.1 are satisfied. Then, there exist a matrix-valued
function o (h) and a subsequence of n, still denoted by n, such that the solution w,,
of the problem (4) converges weakly in Hg (£2) to the solution u of the conductivity
problem (101). In view of the formulas (38) and (39), the expression of o, (h)
becomes explicit as soon as o, and 6 are identified.

On the one hand, it is easy to check, similarly to the proof of Proposition 2, that p
is the weak-* limit, in the sense of Radon measures, of the sequence 6, 1 . Then,
the function 6 in Theorem 3.1 turns out to be p. On the other hand, by Remark 7, in
order to compute 7, one has to determine o¥(ay, ap), which is the H(M(Q)?)-limit,
in the sense of Definition 1.1, of the conductivity ,,(0), in the absence of a magnetic

field, given by, for any 2’ € €,

5(0) = { arly in Q\Qn,

0&2,7112 in Qn



938 MOHAMED CAMAR-EDDINE AND LAURENT PATER

Due to the local nature [13] of the H (M(Q)Q)—convergenge, it is sufficient to com-
pute 0¥ (aq, as) locally in Q. To that aim, consider 2’ € 2 and & > 0 small enough
such that the closed disk D(z',¢) C Q. Since p is continuous and by (97), we have

0<cie(a):= inf p(z) <p(a’) <ecgela’):= sup p(2). (112)
2€D(z’ ¢) 2€D(z! e)

(A) Bound from below (B) Bound from above

FIGURE 4. Bounds from below and above of 7, (0)

For i = 1,2, let 2, be the subset of D(z/,¢) defined by (see Figure 4)

Qi = Do) | eulk+fy e (137
kez? ) (113)
max(|y1|, |y2|) > 5= Ci,s(xl) tn})a
and let 5°, be the periodic conductivity defined on D(z’,¢) by
i { arl, in D(2',¢) \SNZ}';E,

. - (114)
a2’n12 m Q:L’E .

By the definitions (112) and (114), we have for any z € D(2/,¢), the inequalities
% (2) < Fu(0)(2) < 77°(2). (115)

For the rest of the proof, we need the following result which is a consequence of the
two-dimensional div-curl lemma, in a high contrast context, of [13]:

Lemma 4.1. Let D be a bounded domain of R? and, for i = 1,2, consider an equi-
coercive sequence of symmetric matriz-valued functions A%, € L>(D)?*2 bounded
in LY(D)**2 which H(M(D)?)-converges to AL in the sense of Definition 1.1. We
assume that

VneN*, Al <A? qe inD. (116)

Then, we have the inequality

Al < A? ae inD.



HOMOGENIZATION OF HIGH-CONTRAST COLUMNAR STRUCTURES 939

Proof of Lemma 4.1. Let A € R2. Consider, for i = 1,2, the solution v}"* of
{ div (A;%vz’i) = div(4l\) in D,
oyt = Aex on 0D.
By Definition 1.1, we have the convergences, for i = 1,2,
vyt — X.z weakly in HY(D),
{ ALV~ ALX weakly-+ in M(D)2.
On the one hand, by (116), we have the inequality, almost everywhere in D
2 AL VoM Vo2 — ALV Vot < AL Vo2 < A2V Vo2 (117)

On the other hand, applying, for 4,7 =1,2, the two-dimensional div-curl lemma
of [13] (Theorem 2.1) to &, := AL, Vo) and v, := v}/, we have the convergences,
in the sense of distributions,

Vi,j=1,2, & Vo, =AVod - Vo)l — AIX-A in 2'(D).  (118)
Finally, combining (117) and (118), we obtain
QAN N AN A< AZN- N in (D),

which concludes the proof of Lemma 4.1. O

Since, for i = 1,2, 5%¢ is an equi-coercive sequence of periodic matrix-valued func-
tions bounded in L(D(z’, €)), 5° H(M(D)?)-converges to a constant matrix 52°.
Then, applying Lemma 4.1 with D = D(2’,¢) and (115), we have

gl < oag,a0)(2) <2°  ae. z e D(2,¢). (119)
Moreover, due to the definition (113) of Q& and the convergence (100), we have
Q0|19 L., = dtpan, cic(a') + o(1) — g ¢io(z) > 0.
n—oo

Then, substituting as ¢; - (2’) for o in the formula (111) in the absence of a magnetic
field (i.e., hg = 0), we obtain, for i = 1,2,

Fhe — (a1 +eie(2) %) L. (120)
By (112) and (120), taking the limit, as € goes to 0, in the inequalities (119), we
obtain, for any Lebesgue point 2’ of 00(ay, a) in €,

@
od(ay, a) = (a1 + p(a") ;) Is.
Therefore, by Remark 7, we have
N 2 27,2
Gy = <a1 + p(z) %;f“) Iy + BrhsJ. (121)
2

Finally, we apply the formula (38)-(39) for o.(h) in Theorem 3.1, with 7, given
by (121), to obtain (102)-(103). This concludes the proof of Proposition 3. O
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