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ABSTRACT. We consider the problem of the optimal location of a Dirichlet
region in a d-dimensional domain €2 subjected to a given force f in order to
minimize the p-compliance of the configuration. We look for the optimal region
among the class of all closed connected sets of assigned length [. Then we let
the length [ tend to infinity and we look at the I'-limit of a suitable rescaled
functional, from which we get information of the asymptotic distribution of the
optimal region. We also study the case where the Dirichlet region is a discrete
set of finite cardinality.

1. Introduction. We consider the problem of finding the best location of the
Dirichlet region ¥ in a d-dimensional domain 2 associated to an elliptic equation
in divergence form, namely
—Apu = fin Q\X (1)
v = 0 in X UOIQ,

where f is a nonnegative function belonging to L4(f2), ¢ being the conjugate expo-
nent of p and A, u stands for div(|Vu[P~2Vu). We are interested in the minimization
of the p-compliance functional defined by

C(E)Z/qu)gz,gdl‘,

where us 5 o is the unique distributional solution of the equation (1). The admis-
sible class of control variables ¥ considered here is the class of all closed connected
sets with given one dimensional Hausdorff measure. It is easy to obtain the opti-
mal configuration ¥; which minimize the compliance functional (see Theorem 2.1 in
section 2) as a consequence of Severdk’s result (see e.g. [4], [11]). We are interested
in the asymptotic behavior of ¥; as I — 4-00; more precisely, we want to obtain the
limit distribution of ¥; as a limit probability measure that minimizes the I'-limit
functional of the suitable rescaled p-compliance functional. In the literature, there
are similar results among which we may cite location problems studied in [2], irriga-
tion problems in [10] and compliance in [6]. The present paper is an extension of the
result [5], where a two-dimensional case was studied. The proofs follow the guide-
lines of [5] and difficulties are mainly of technical nature. In [5], the two-dimensional
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setting has been used in the proofs of I'-liminf and I'-limsup inequalities. More
precisely, Lemma 1 in [5] (analogous of Lemma 3.1 in this paper), which is crucial
for the I'-liminf inequality, follows from the classical Poincaré inequality while in
this paper we consider the Poincaré inequality using the notion of p-capacity of a
set. For the construction of the recovering sequence of the I'-lim sup inequality, the
analogous of Lemma 3.4 in this paper is enough in the case where the dimension
is two. The case of higher dimension requires more effort since the boundary of
the unit cube is not a one-dimensional set. To overcome this difficulty, we prove
another result (Lemma 3.5) which studies the difference between two solutions of
the p-Laplacian equation with two different Dirichlet boundary conditions. This
result together with Lemma 3.4 are sufficient for the construction of the recovering
sequence. In the last section, we deal with the case where the Dirichlet region is
a discrete set with a finite numbers of elements under the assumption that p > d.
This problem is in connection with the location problem studied in [2].

2. The p-compliance under length constraint. Let p > d — 1 be fixed and
q = p/(p — 1) be the conjugate exponent of p. For an open set @ C RY and a
positive real number [, we define the class A;(Q2) by

A(Q):= {2 CcQ, closed and connected : 0 < H'(X) <1}.

For a nonnegative function f € L?(Q2) and ¥ a compact set with positive p-capacity,
we denote by u¢ s o the weak solution of the equation

—Apu = fin Q\ X
v = 0 in Y UOIQ,

that is u € WyP(Q\ ¥) and

/Q |Vu|P~2Vu - Vpdr = /chpdx Vo € Wy P(Q\ D). (2)

By the maximum principle, the nonnegativity of the function f implies that of
u. For f >0, we define the p-compliance functional as follows:

C(S) = Fy(S, £,Q) = /Q Fupsade = /Q Vg s0fPde

= qmax{/ﬂ(v— %|Vv|p)da: (v E VVOLID(Q\E)}7

where ¢ stands for the conjugate exponent of p. The existence of the minimal p-
compliance configuration is just a consequence of a generalized Sverdk compactness-
continuity result (see [4]). For the convenience of the reader, we briefly describe the
existence of the optimal sets.

Let {£,}n, C A(2) be a minimizing sequence of the compliance functional,
then there exists a constant A > 0 such that sup,{C(%,)} < A. Since {Z,},
is a sequence of closed connected subsets of © such that sup, H'(%,) < I, by
Blaschke theorem (compactness of the sequence {3}, in the Hausdorff topology)
and by Gotab theorem (lower semicontinuity of the #! with respect to the Hausdorff
topology), up to extracting a subsequence, {X,, },, converges in Hausdor{f distance to
some ¥ € A;(Q) and H1(X) < liminf,, . H(X,). For the lower semicontinuity of
the compliance functional we need the Sverdk continuity-compactness result which
is stated as follow: Let {D,}, be a sequence of open and bounded sets contained
in a fix bounded set B. If we assume that the number of the connected components
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of the complements of D, in B is uniformly bounded by some number s, then
{Dy} converges in the Hausdorff topology to some open and bounded set D C B
and the number of the connected components of the complement of D is less or
equal to s. Moreover, if we denote by u,, € WO1 "P(D,,) the distributional solution of
the p-Laplacian equation —Ayu,, = f in D,, for some f in W~=19(B), then up to
subsequence, {u,, }, converges strongly in WP (B) (u,, are extended by zero outside
D,,) to a function v which is the distributional solution of the equation —A,u = f
in D. This result is interesting only in the case where p satisfies d — 1 < p < d
because the case where p > d is trivial due to the fact that functions in WP (B) are
continuous and the convergence of solutions follows easily. To apply this result to
our problem, we choose D,, = 2\ X,, and notice that {{2,,}, converges to D = Q\X
in the Hausdorff topology where X is the limit of 3,, (note that to avoid terminology
mix up, we did not differentiate between the Hausdorff convergence of compact sets
and of open sets). From the continuity with respect to the domains variation of
solutions, the lower semicontinuity follows easily and also the existence of an optimal
shape as given in the result below.

Theorem 2.1. For any real number | > 0, Q bounded open subset of R?, d > 2 and
f a nonnegative function belonging to L1(R2), the problem

min{C,(X) : ¥ € 4,(Q)} (3)

admits at least one solution.

As we have existence of at least one optimal set, we are interested in the asymp-
totic behavior of those optimal sets ¥; of the problem (3) as [ — +o0. To achieve
this, let us associate to every ¥ € A;(€2) a probability measure on ) that will be
called associated measure, given by

B HILY
By = HI()
and define a functional F; : P(2) — [0, +o00] by

Fyu) = { 1TTC,(8) i p=ps, S € A(Q) W

+o00 otherwise.

The scaling factor [ 7T is needed in order to avoid the functional degenerating
to the trivial limit functional which vanishes everywhere. Our main result deals
with the behavior as [ — +oo of the functional F;, and we state it in terms of
I'-convergence.

Theorem 2.2. The functional F; defined in (4) T'-converges, with respect to the
weak ™ topology on the class P(Q) of probabilities on S, to the functional F defined
on P(Q) by

fa
o
In this case g is the density of the absolutely continuous part of p with respect to

the Lebesque measure, and 6 is a positive constant depending only on d and p and
is defined by

F(u) =26 dx. (5)

0 = inf {lim inf 177 Fy (3,1, 19) : 5 € A(I%)} (6)

—+00
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1% = (0,1)? being the unit cube in RY.

According to the general theory of T'-convergence (see [7]), we deduce the follow-
ing consequences of Theorem 2.2:
e if 3; is an optimal set of the minimization problem (3), then up to a subse-
quence the associated measure py, weak® converges to p as | — +oo, where
w4 is a minimizer of F' (for the definition of F' see (5))
e since F' has a unique minimizer in P (), the whole sequence py, converges to

(d—1)
the unique minimizer p of F' given by u = cf ari—1 £ where c is such that I
. e . a(d—1)
is a probability measure, that is ¢ =1/ (fﬂ fatat da:)
g
e the minimal value of F' is equal to cht—ll, and the sequence of the values

g+d—1
T

inf {F,(%, f,Q) : ¥ € A4(Q)} is asymptotically equivalent to 177 c T

3. I'-convergence result. We will split the proof of the I'-convergence result into
two steps corresponding to I'-lim inf and I'-lim sup inequalities.

3.1. I'-liminf inequality. Before proving the I' — lim inf inequality, we need some
results and constructions. We start with a construction of a set G ; which will be
useful later. Let Q be a domain contained in I¢ where I¢ is a cube of R? of side 2a
for some positive real number a. Let M be a union of d segments of length 1 joining
at the center of the unit cube I¢ and connecting two parallel faces of the unit cube
in the given direction. The segments are made in such a way that their endpoints
coincide with the middle points of the faces of I%. We consider the set G, to be
the homogenization of the set M of order |(525)Y/(@=1)| into I¢. It is clear that,
due to the particularity of the set M, the set G.; is connected and H' (G ) = &l.
The following Lemma justifies the scaling factor in (4)

Lemma 3.1. Let Qr C R? be a cube of side R and A C Qg a closed subset of Qg
of positive p-capacity, then

(1) there ezists a constant C = C(d,p) such that, for all functions v € C*(Qp)
with nonnegative mean value and vanishing on A, we have

d
/ [v|Pdx < 07]%/ |Vv|Pdz,
Qr capy(A, Q2r) Jqp

where capy(A, Qar) stands for the relative p-capacity of the set A inside Qar.

(2) For any e >0, any 0 <l < 400, any domain Q and any function with non
zero mean value v € WyP(Q\ Gey) C WaP(Q) (Gey is the network constructed
above) it holds ||v||1r (o) < C(d,a,eo)lﬁHUHWOl,p(Q), where g9 = cap, (M, 21%).

(3) As a consequence, if we have a nonnegative function f € LI(Q), then the

. 1 1
1@ < Cl el ™ IAILG

function uy g, .o satisfies ||luyc, .o

Proof. The first assertion is a variant of the well-known Poincaré inequality. See [9]
for more details. For proving the second assertion, we first choose the function v
to be a nonnegative smooth function not identically zero on a large cube I¢ which
vanish outside 2 \ G.;. We consider the subdivision of the cube I¢ into subcubes
which are coming from the homogenization of order [(25)/(?=1] of the unit cube
into Ig and consider the associated network G. ;. The side of subcubes is of order
1V/(=d) " Tet us denote the subcubes by Qj. The set I?\ G.; can be seen as

the homogenization of order k = [(£5)/(@=D] of J¢\ M into I¢ (M is the set
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constructed above). Let us set eg = cap,(M,2I%) and notice that v vanishes on
Ge,. By applying the first statement of this Lemma (v has positive mean value), it
follows that

Ck—1 Op/(1=d)
/ [v|Pdx < / [VolPdz < 7/ [VolPdx
Q Q; Q@

cap,(k=1M,2Q);) cap, (M, 21%)

J

and by summing up over j we get

lv|Pdz < glp/(lfd) |VoulPde.
1d €o 1d

Using the fact that v vanishes outside {2, we may restrict the integrand to (2, raise
each term of the inequality to the power 1/p and thus getting the result by noticing
that the L” norm of the gradient [[Vv||Ls(q) stands for the norm [[v[[y 15 (g). The
general case follows by density. For the last inequality, we use the weak version of
the PDE and the Holder inequality to obtain

/ Vus 6., ol ds = / fug . ade < llupc.,ollo@llfll@.
Q Q

Since us.q. .0 € Wy P(Q\ G.,), by the second part of this Lemma we get

e ls

lus.6..0llyy 10 o) < lluscallr@ll Lo

)

< C(d, 5075)11/(1_d)|‘uf,Gs,z,Q||W01~P(Q)||f||Lq(Q)’
and the desired result follows. O

Before proving the I'-lim inf inequality, we need the following estimate which will
be helpful.

Lemma 3.2. Let f,g € LY(Q) be given and uy and ugy denote the solution of p-
Laplacian equation with respective right hand side f,g and with Dirichlet boundary
condition on 22 =3 UG, (where ¥; is an element of A;(Q) and G.; the above
constructed network), then

_ 1 —1
196D lup — g1y < CIQV|f — gl 857,

where C = C(d,p,eo,€). In particular, if @ = Q a cube centered at xg, g = f(xo)
and xqy is a Lebesgue point for f, then

= [QIr(Q).

Jo lf(@) = flao)lodz
Q)

Proof. For any p > 2, and any pair of vectors (z,w) we have the following mono-
tonicity formula (see [8])

2= wlP < O — Jw2w) - (= - w).

19/ ||y — ugllr1 (@) < C|Q) (

In our setting, we have p > d — 1 and d > 3 so we fulfill the requirement of the
monotonicity formula. By choosing z = Vuy and w = Vug,, we get

lluy = ugllfy 1 gy < Cllus = ugllLr@)llf = 9llLa)-

From part 2 of Lemma 3.1, the inequality |[v||prq) < Cll/(l_d)HvHWOl,p(Q) holds

. . . ’ . . . /
for every function v vanishing on ¥,;. Since the function u; —u, vanishes on ;, we
have



578 AL-HASSEM NAYAM

|Jug — ug”iv(}vp(ﬂ) < Cll/(l_d)Huf - ugHWOl’p(Q)Hf - 9||L<1(Q),
which gives
1 1
g — gl lyn gy < CIVA=D@D|| £ — g1/ R2D,
and using Holder inequality, we get
s = ugllzigy < 194V us = ugllir o)
< O1M YDy — g lyyrn ey
< MU — gl

then the first part of the statement follows. The second part is an obvious conse-
quence of the first part. O

Remark 1. Since x is a Lebesgue point for f, the number

0= (g N xo)quy“’

goes to zero whenever the cube ) shrinks around the point zg.

ﬁ

In the following proposition, we prove that the I'-lim inf functional is bounded
below by the candidate limit functional F' in (5).

Proposition 1. Under the same hypotheses of Theorem 2.2, denoting by F'~ the
functional T-liminf; Fy, it holds F~(u) > F(u) for any u € P(Q). This means that
for any sequence (£;); C Ai(Q) such that the associated sequence of measures jix,
weak* converges to p, we have

lim inf (77 / fug s, ode > F(u).
Q

l—+oco

Proof. Let ¥} = ¥; U G¢,; and set uj = uf sy 0. Since u; > u}, it is enough to
estimate the integral [7-1 Jo fujdz. Tt is obvious that 0 < uj < upq., o (by the
maximum principle) and part 3 of Lemma 3.1 gives

||’U/f,GE,L,Q||LP(Q) < C(da €05 €, f)lﬁ

It follows that lﬁu; is L? bounded, so up to a subsequence lﬁug — win LP(Q)
for some function w. Thus

lim ldqfl/gufdsc:/gwdx, Vg € LY(Q).
Q Q

l— 400

To achieve our goal, it is enough to estimate w from below. We will show that, for
almost any xg € (2, it holds

f(zo)V/ =)
()ﬁ' (7)
(fa +€)TT

Now, we first estimate w on a cube @) centered at the point xy € 2. We make

the following assumption that we will refer to as assumption (A). ¢ is a Lebesgue
point for f and

w(xg) >0

Q| i(Q) = pa(xo) as Q shrinks around xq.
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We also assume that f(xg) > 0 otherwise (7) would be trivial. We have

lim (77 [ wdr= | wdx,
=+ t
> Q Q

we use
!/ .
W2 Upsy g 2 Upag) sl ~ 1UsslQ T Utao) el @

where the first inequality comes from the fact that we add Dirichlet boundary
condition on . The second part of Lemma 3.2 gives

_q_
/Q |uf,2;,Q - uf(xo),Z;,qu < [1-d |Q|7‘(Q),

so passing to the limsup as [ — 400 yield

. 9
limsup[T-4 /Q |uf7z;7Q - uf(m0)72;7Q|dx <|Q|r(Q). (8)

l— 400

It remains to estimate the second term. First of all let us define the number
L(1,Q) = H*(Z, N Q) and observe that

U a0 50, = f(mo)l/(p—l)ul’E;’Q_ (9)

For simplicity of the notation, we denote Uy s o by v;. By a change of variables, if
we assume the side of the cube @ to be A and we define vy  := A~ %y;(Az) (thinking,
for instance that, both cubes are centered at the origin), we get v,y = Uy 15 gd-
It is easy to see that

ATIS) € Apgoyad?);

moreover, it holds L(I,Q) — 400 as | — 400, since

L(1,Q) > H'(G-1 N Q) = &l|Q)|. (10)

Using (10) and the fact that p; = [7*H1(3;), we may estimate the ratio between
L(1,Q) and [. Tt follows from the weak® convergence of p; to p that

limsup w(Q) < u(@Q).

=+

So we have

HD @ +el (1)

lim sup
l—+oco

Taking into account the definition of 6 (for the definition of 6, we refer to (6))
and the change of variables y = Az we have,

liminfL(l,Q)dqj/ vl(y)dy:hminfL(l,Q)dqj)\‘”q/ v (x)de
l Q l—+o0 7d

—+o0

= lim inf ()\_1L(Z,Q))ﬁ )\d"“H‘%/ v (z)dz
Jd

l—+oco

> )\d+q+ﬁ 0
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hence the fact that A\? = |Q| allows to get

. I \7T .
fm inf /Q vi(y)dy = Y inf (L(l, Q) ) i inf L(1, Q) /Q v(y)dy

> Adta+attg (1> ot
Q) + €| Q)

- <u<cz>'ci's|@>dl 1916-

This estimate and the equations (8) and (9) give

. . -1 _ . . 9 _
it 175 [ o= mine 17 ([ o= [ oy = 005 0107

. . —q_ . 9 _
lllglﬁgjldl/Qvldiﬂliglfl;pldl/wa,E;vQuf(mo),E;»de
Q)

o 2o)Y =) _ 0l
2|Q<M(Q)+EIQI> 67(x0) Qr(Q).

From this estimate, we deduce the lower bound of average of w on the cube @ which
is
. QL N gprn 1/
Q| 1/ wdz > —r(Q) + ( Of (zg)™ /P,
Q 1(Q) +€lQ|
By Remark 1 we know that 7(Q) tends to 0 when the cube @ shrinks to g, whenever
xo is a Lebesgue point for f. Now we let the cube @ shrinks toward zg with zq
satisfying assumption (A), then we get
0 1/(p—1)
w(zo) > %
(Ha(z0) +€)7TT
It follows that

. q
liminf [a-T / fuder > / fwdx > 9/ fiqu.
=00 Q Q Q (fa +€)TT

Letting € tend to 0 and using Fatou’s Lemma, it holds

. q
liminf a7 / fudr >0 fq dxr

as desired. ]

3.2. I'-limsup inequality. For the proof of the I'-lim sup inequality we introduce a
definition and prove some preliminary results. We start with the definition of tiling
set.

Definition 3.3. A set & € A;(I9) is called tiling if ¥ N dI? coincides with the 2¢
vertices of I%.

If ¥ € A;(I%) is tiling set and ¥, is the homogenization of order k of ¥ into I9,
then Y remains connected and
HY(Dg) = KTTHY(D).

The following result study the asymptotic behavior of the rescaled state function
associated to a homogenized set. It is a first step toward the construction of the
recovering sequence.
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Lemma 3.4. Given 3 € A;,(I?) a tiling set, a domain Q C R? and f € LI(Q),
we consider a sequence of sets

P = | wHkTSuar)na
yek—174

and consider a sequence of functions (uy)x given by
U = k‘qu]cyzk’g,

then uy, — c(Xo) fYP=Y in LP(Q) as k — 400, where c¢(Xo) is a constant given by
fQ u172071dd$.

Proof. Let us set g9 = capp(Xo) > 0, then by part 3 of Lemma 3.1 the sequence
(ug)g is bounded in LP(€2). So up to a subsequence it converges weakly in LP(2)
to some function. Let us consider the subsequence (denoted by the same indices)
(ur)r and its weak limit wy 5, 0. It is obvious that the pointwise value of this limit
function depends only on the local behavior of f. In fact, we may produce small
cubes around each point = € €2 which do not affect each other and if f =}, f;1a4,
is piecewise constant (the pieces A; being disjoint open sets, for instance), then for &
large enough the value of uy, at € A; depends only of f; (ux vanishes on k=toI?).
From the rescaling property of the p-Laplacian operator A, if f is a piecewise
constant function, it holds wy s, 0 = fl/(”_l)wl,go,g. It is clear that in the case
f =1, since we are simply homogenizing the function u, 5, ;a, the limit of the whole
sequence (ug ) exists and does not depend on the global geometry of Q, but it is a
constant and it is the same constant if we have I instead of 2. An easy computation
shows that the constant is ¢(X¢). It remains to extend the equality for non piecewise
constant functions belonging to L1(Q2). Let f € L%(f2) be a generic function and
(fn)n a sequence of piecewise constant functions approaching f in L(Q2). Up to
a subsequence it holds k%ufyx, o — wys, o and kluy s g — frl/(pfl)c(Eo) as
k — +o0. By the first part of Lemma 3.2 it also holds

1/(p—1
|k uy s 0 = KTug, seollne) < ClIf - fn”L/q((pQ) )

Taking into account the lower semicontinuity of the L*(2)-norm with respect to the

LP(Q)-weak topology, we get, passing to the limit as k — +oo0,

- 1/(p—1
gz = f3/ P eS|y < OIIF = full iy

We now pass to the limit as n — +o0o and using Fatou’s Lemma (up to a subsequence
fn converges pointwise a.e. to f), we get wy s, .0 = fY®P=D¢(50) and the proof is
completed. O

This result remain true even if ¥y is not tiling. In fact we have never used the
fact that > is tiling in the proof. We keep it for the up coming construction. One
problem in the previous Lemma is that, we have used the whole boundary of the
unit cube which is not a one dimensional set (if d > 3) and consequently the set ©*
is not a one dimensional set. In the following Lemma, we prove that uys» o may
be approximated by w £5EQ where Zf is a one dimensional closed and connected
set. This result is the second and key step for the construction of the recovering
sequence.

Lemma 3.5. Let ¥ € A;(I?%) be a tiling set such that the corresponding rescaled
state functions lﬁu‘f’z’jd are uniformly LP bounded, then there exists T; € A;(I?)
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such that HY(T}) < 1 and if we denote by u; = Uy sury, 14 and vy the solution of the
equation
~Aju=fin I*\TUT,
u=0 in XUT;,

then v; < u; + cllﬁ on I where ¢; is a constant depending on | and tends to zero
as | goes to infinity.

Proof. Let ¥ € A;(I%) be a tiling set such that the sequence
(W), = (l%u‘f,EJd)l is L? bounded and denote by wu; the solution of the equation

~Apju=f in I'\'Z
u=0 on YUY,

and by vlk the solution of the equation

~Ayu=f in I"\ZUZ
u=0 on XU Xy,

where ¥, is grid of length k contained in the boundary of I¢ and converges to it
in Hausdorff distance. Since X is tiling, we may choose ¥j such that 3 U Xy is
connected for all k. For [ fixed, (¥ U %) is a sequence of connected sets which
converges to the connected set ¥ UAI? then by generalized Sverak continuity result
(see [4]) the sequence (v})), converges strongly to u; in WHP(I9) as k — +o00. As
consequence (ldqjvlk)l (as well as [7°T (vF —u;)) is LP bounded, more precisely there
exists a constant ¢ such that

||l%(vzk —up)||Le(ray < cp- (12)

Moreover ¢ may be as small as we want for k large enough. Now let k& depend
on [ say k = k(I) and consider the set ¥; = ¥ U Xy;). We may choose k(I) such
that k(I) < ! and k(I) - 400 as | — 4o00. This makes the length of ¥, to be
asymptotically equivalent to I. (3;); is a sequence of connected sets converging to

the connected set I the closure of the unit cube then the associated sequence of

solutions converges strongly to zero in WP (1) and (lﬁvf(l))l are LP bounded.

k(1)
1

Moreover 7Ty satisfies the inequality (12). From the maximum principle we

get v; —u; > 0 (setting v; = vlk(l)

inequality it holds

) and from the above boundedness and Holder

0< / (v —wy)dx < =
Id

We obtain easily the existence of some constant ¢; (it may be different from the
above constant ¢; but it goes to zero as [ — 400) such that the inequality

v — U S Cllﬁ
holds in I and the proof is completed. O

Due to the terminology suggested in [5], the sets satisfying the hypothesis of
Lemma 3.5 that is ¥ U T} will be called almost boundary-covering sets. We have
proved the Lemma for the unit cube but the result remains true for a cube of
any side as well as an open domain with Lipschitz boundary. Now, we build an
almost boundary-covering set that will be used for the construction of the recovering
sequence for the I'-lim sup inequality.
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Lemma 3.6. For any € > 0, there exists Iy > 0 such that for all l > ly we find a
set ¥ € Aj(I%) which is almost boundary-covering, with

l%/ Ul’z’jddl‘ < (1 +€)9
Id

and consequently if we denote by u; 5, the solution of the state equation which van-
ishes only on X and not on the whole boundary of I* we get

l%/ urndr < (L4+¢)8 +¢.
Id

Proof. Given a small positive number § (0 < § < 1), by definition of 6, we may
find a set $1 € A, (I?) such that

lldfl / Ulvzl’jddm‘ < (1 + 5)9
Id

and moreover the number [; may be chosen as large as we want. Now, we want
enlarge the set ¥; to get a set X5 which is almost boundary-covering. Let v =
U= S; where S; is the shortest segment joining 3; to the jth vertice of the unit
cube I%. We set ¥y = ¥, U T}, U~ where T;, is the grid 7; in Lemma 3.5 with [
replaced by l;. Up to addition of one segment, we may assume Y5 connected. The
length Iy = H!(X3) does not exceed the number Iy + H'(T},) + (24 4+ 1)Vd. Tt is
possible to chose I so that

(h +HU(T) + (27 + 1)\/3>“ <144

Iy

This implies

_a_ l T _a_
12[171 / ul,Ez,Iddx S (12) lf71 ULZled!E S (1 + 5)29
Id 1 Id

Now if we are given a large number [, we homogenize the set ¥ of order

2

_1
k= L(li) d_lj into I? and the homogenized set ¥ belongs to Aga—1;,(I%) and is

still almost boundary-covering. For this set 3 it holds (using the rescaling property
of p-Laplacian operator)

— —_a_ %
(K 152)“1/ uyy pade =1y 1/ Uy 5, rad.
Id 14

Noticing that it < (%)q (k;d_llg)ﬁ , we get

E+1\7
lﬁ/ u17271ddl' S (Z) (1 +6)29
Id

If I > 15671, using the fact that § < 1, an easy computation shows that
1+ 1/k <1+ 6 so that we get

ldqfl/ Ul’z’jddl‘ S (1 + 5)2+q9.
Id

Finally, it is sufficient if § is chosen so small that (1 + §)?T9 < 1+ ¢ and
lo = 15671, then the result follows. O
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We have all the ingredients to prove the I'-lim sup inequality. We will start from
a particular class of measures. Let us call piecewise constant probability measures
those probability measures p € P(§2) which are of the form

p = pdz, with, pe L'(Q), /pdle, p>0,
Q

for a piecewise constant function p = 27:1 pila,, the pieces (1; being disjoint
Lipschitz open subsets with the possible exception of Qo = Q\ UL ;.

Proposition 2. Under the same hypotheses of Theorem 2.2, we have

F(u) < F(u), where FT =T —limsup F,
l— 400
for any piecewise constant measure p € P(). This means that for any such a
measure i and € > 0, there exists a family of sets (X;); C Aj(Q) such that the
measure py, weak™ converges to the measure i and moreover

. q
lim sup (-1 / furs, odr < (1+¢)8 fq dx.
l—+o00 Q Q pa-T

Proof. Apply Lemma 3.6 and take an almost boundary-covering set ¥y € A;, (I?)
such that

lgj / U172071dd$ < (1 —+ 6)0
Id

We define the set E{ by homogenizing into €2; the set 3¢ of order k(l, j) that is
= =05 N k(1 5) (2 + o).
Since Y is tiling , for k(I, j) large enough E{ remains connected and
HU(S) = [1K (15 H (Do) < 1K (15" o

Let ¥;, € A;, () be a set contained in the internal boundary of the union of §;
and converges to it in the Hausdorff topology as i1 — +o0 (¥;, may be obtained by
homogenizing some kind of grid contained in 1% of some order into UL,08;). Due
to the connectedness of ¥;,, the corresponding solution converges to the solution
associated to the internal boundary of UJL,(2; as well. Then we choose X; =
U}”:OE{ U 3;,. We may assume ¥; connected otherwise we add some segments to
connect all the pieces. The family of sets ¥; is admissible (i.e. ¥; € A;(2) and
py, — p) if we have, as | — 400,

m
Z |Qj|k(l,j)d*110 +1; <1 and is asymptotic to [;
j=0
k(lvj)dillo
l
It is easy to see that all theses conditions are satisfied if we set

k(l,j) = Kﬁollpy)dllJ :

Let us introduce the following sets

—p; for 7=0,---,m.

I =0;nk(l,§)" (2" +o1%), T,=Jr}.
J
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Thanks to Lemma 3.5 we have
9
/ fk(l,j)quf,zg,ﬂjdx < / fk(l,j)quf,zlurg,ﬂjd:c +aly . (13)
Q; Q;

In fact, we consider subcubes Q) (;,;) which are obtained by the partition of €);

made by F{, then in each subcube @y ), Lemma 3.5 gives
1
gy S U Qua,, Tkl )T
By multiplying this inequality by f (notice that f > 0), Integrating over Qy; ;) and
summing up, we get

1
/Q. fug sy dr < /Q fupsydo < /Q fug sior o,dv + alk( 5l )™
J J J

where the first inequality comes from the maximum principle and the second is
obtained by observing that on each cube Qy; ;) it holds Upsiurd 0, = U5 Quasy

We choose I3 to be a function of [ (for example I; = ld%) in such a way that [y
goes to +0o0 whenever [ goes to +0co. We are interested in the estimate of the value
of F;(X;). By Lemma 3.5 and inequality (13) we get

ldqfl / f’u,fygl,gdl'
Q

m I = ’

(]

7=0 j
_m<l)f1</ " _dHc)
< ; k(l,§)d 1 o, FE(L§) Ty s, 0, 5

> l - g o llfﬁ
=2 (kr(lj)d—l) (/Q PR3 gy g, 4+t + ] ) |

where ¢, goes to zero as [; tends to infinity. By applying Lemma 3.4 to each €2,
we get the following weak convergence in LP.

k(L 9) g saops o, = (o) ST as 1 4o

q

9 P
and the term (W) ' converges to (é—“) " asl > 4oofor j =0, ,m.
) J

The choice of the set 2o implies that IJ ' c¢(3g) < (1 +¢€)6, so we have

limsuplﬁ/ furs, ode < (1 +5)9pjdj/ fidz, for 7=0,---,m

=+ ’

and summing up over j, it holds
q

limsuplﬁ/fuf?gl’gd:vg (1+5)9/ fq dx.
Q Q

l—+o0 pﬁ

O

We have to extend the result to non piecewise constant measures. By the general
theory of I'-convergence, we know that it is enough to prove the I'-lim sup inequality
on a class which is dense in energy. Hence, due to the lower semicontinuity of the
functional F', it is sufficient to prove the following
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Proposition 3. For any measure pi € P(Q) there exists a sequence (i, )n of piece-
wise constant measures such that p, weak® converges to u and

fq

d—1
Q Ha

limsup F(p,) < F(u) =46 dx.

Proof. First observe that the inequality is trivial whenever F(u) = +o0o. Assume
now that F'(u) < +oo and we shall start proving the inequality for measures which
are absolutely continuous with respect to the Lebesgue measure and have positive
densities bounded away from zero. Given a measure p = pdx, with p > ¢ > 0, it
is possible to find a sequence of measures p,, = p,dx such that p, — p strongly
in L' and p,, are piecewise constant with p,, > c. The pointwise a.e convergence of
pn to p may be assumed and the inequality F'(u) > limsup,, F/(p,) follows easily
(we have even an equality). So we have extended the result to any absolutely
continuous measure with density bounded below away from zero. To get the result
for any measure yu € P(Q), it is sufficient to prove that any measure p may be
approximated weakly* by absolutely continuous measure p,, with densities bounded
below away from zero and limsup,, F(u,) < F(u). Let us take u = pdx + 1, where
©® is the singular part of the measure p with respect to the Lebesgue measure
and p the density of the absolutely continuous part. We construct a sequence of
absolutely continuous measure p,, by setting p,, = ((1 —1/n)p+ a, + ¢, )dz, where
an =n"" [, pdz and ¢pdx — p* with [, ¢nde = [5dp®. The fact that F(u) < +oo
implies that p cannot vanish, hence a,, > 0 and p,, = (1—1/n)p+a, + ¢, is bounded
below by the positive constant a,. We have as well that p, weak* converges to
and

) o o
Pl =0 | (= 1/n)ptant o) = , (A==

1\ /-
-9) q/(d 1)-F(M)

=~

Passing to the lim sup on the inequality above, we get the desired result. O

4. Some estimate of #. In this section, we will prove some estimate on the con-
stant # and in particular we will show that 6 is neither 0 nor +oo so that our limit
functional is not trivial. We have

Proposition 4.
0 < 400.

Proof. Let ¥; € A;(I?) be a tiling set. For any positive integer n, let us denote by
Y7 the homogenization of the set 3; of order n into I 4. Clearly, X' is connected
and 7—[1(2}‘) < n%~11. Using the rescaling property of the p-Laplacian operator, it
follows that

9 < lilr%inf(nd’ll)ﬁFp( 01T = 17T, (5,1, 1%) < 400
which concludes the proof. O

Proposition 5.
—1)g~ ¢
p>_(d=1)g

= —a >

(g+d—Twi]

where w,. is the volume of unit ball in R".
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Proof. First, we prove that

Fy (2, 1,1%) > ¢79D, (%, U dI?),
where D,.(X) = [;, he(z)"dz and hx(z) = d(z, X) is the distance from z to the set
3. For every real number A and for every real number r > 1, we have

Fy (%, 1,1%) = qmax{/ (v— %|Vv|p)dx HUNS Wol’p(Id\El)}
Ja

1
>0 [ (Ahscans(@) = 219 (Al sors(2) )P

It is well known that the distance function is 1-Lipschitz and satisfies
|Vhs,uar¢| = 1 (and consequently |V (hs,up74)"| = r(hs,us7¢)""*). Choosing r = ¢
the conjugate exponent of p, we get

»
Rt 2 = 47 (L)) [ hsanstoya

p 14

The result follows by optimizing on A (the optimal choice is A = ¢~9). In [10] it

has been proved that for any set ¥; € A;(19) it holds

q -1
lim inf /71 hy, (z)¥dz > d—i
! I (g+d—1Dwj]

Here the same proof may be adapted by doing some modification and getting the
same result even if ¥; UAI? is not a one dimensional set i.e.

d—1
(g+d— l)wE
and the desired result holds. O

)

hmlinfz%/ hs,uore (z)idz >
Id

5. Asymptotics of p-compliance-location problem. In this section, we con-
sider the case where the control variable is a discrete set of finite elements. Let
p > d be fixed and ¢ = p/(p — 1) the conjugate exponent of p. For an open set
Q C R% and n a given positive integer, we define

A Q) ={2CcQ:0<H () <n}.

For a nonnegative function f € L9(f2) and ¥ a compact set with positive p-
capacity(since p > d, every point has positive p-capacity), we denote as before
by uf .o the weak solution of the equation
—Apu=fin Q\X
u=0 in XU,

that is u € WyP(Q\ ¥) and

/Q |VulP~2Vu - Vipdr = /Q fodz Vo e WyP(Q\ ). (14)

For f > 0, we define the p-compliance functional as before and the existence of the
minimal p-compliance configuration is a consequence of the continuity of Sobolev
functions when p > d.
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Theorem 5.1. For any integer n > 0, Q bounded open subset of R?, d > 2 and f
a nonnegative function belonging to L1(Q2), the problem

min{C,(X) : ¥ € A4,(Q)} (15)
admits at least one solution.

As before, we are interested in the asymptotic behavior of the optimal set X, of
the problem (15) as n — +o00. Let us associate to every ¥ € A, (f2) a probability
measure on ), given by

ps =n"1ds

and define a functional G,, : P(2) — [0; +o0] by

ndCy(L) if p=ps,¥ e A (Q)

+00 otherwise. (16)

Gn(p) = {

The scaling factor n is needed in order to avoid the sequence of functionals G,

to converges to the trivial limit functional which vanishes everywhere. Again the

main result deals with the behavior as n — +oo of the functional G,,, and is stated
in terms of I'-convergence.

Theorem 5.2. The functional G,, defined in (16) T'-converges, with respect to the
weak* topology on the class P(Q) of probabilities on Q, to a functional G defined
on P(Q) by

f—de, (17)
Q 'u(‘ll
where g, stands for the density of the absolutely continuous part of p with respect
to the Lebesgue measure, and 01 is a positive constant depending only on d and p
and is defined by

G(p) =61

0, = inf{liminf nd F,(%,,1,1%) : B, € A,(I%)} (18)

n—-+oo

I? = (0,1)? being the unit cube in R?.

We deduce the following consequences of Theorem 5.2:

e if 3, is an optimal set of the minimization problem (15), then up to a sub-
sequence the associated sequence of measures uy, converges weak® to the
measure g as n — +00, where 4 is a minimizer of Gj

e since G has a unique minimizer in P(£2), the whole sequence py, converges

d
to the unique minimizer u of G given by u = cf a%a £4 where c is such that 1
d
is a probability measure, that is ¢ =1/ ( fQ f ata dm);

e the minimal value of G is equal to chﬂdd, and the sequence of values

inf {F,(%, f,Q) : ¥ € A,()} is asymptotically equivalent to

nd inf {G(u): pePQ)}.
This problem is in connection with the location problem, that is, the minimization
of the average distance functional [, f(z)ds/(x)dx where ds(x) is the distance from
x to the set ¥ and ¥ € A,,(2) (see [2] for more details) . We will not prove Theorem
5.2 since its proof follows the line of the proof of Theorem 2.2 but we will point out
some necessary modifications. Lemma 3.1 is crucial for the proof of the I'-lim inf
inequality. This Lemma remains valid in the case of discrete set provided that the
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power d—1 is replaced by d. In that case it suffices that v vanishes on one point since
point has positive p-capacity (remember that p > d). Another important element
in the proof of the I'-liminf inequality is the set G ;. Here, we will call it G, ,, and

its construction is obtained by the homogenization of order L(%)l/dj of the center
of the unit cube into the cube I¢ = (—a,a)? which contains €. For the I'-lim sup
inequality, proofs are essentially the same except the fact that we do not need tiling
set and replace [ by n. We conclude this section with the estimate of the constant
01. To prove the finiteness it suffice to use the set 3,, which is the homogenization
of order n of the center of the unit cube into the unit cube. For the lower bound,

the proof follows that of Proposition 5 and gives
d

(¢+ d)wd% '

V
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