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ABSTRACT. We extend the results on conservation laws with local flux con-
straint obtained in [2, 12] to general (non-concave) flux functions and non-
classical solutions arising in pedestrian flow modeling [15]. We first provide
a well-posedness result based on wave-front tracking approximations and the
Kruzhkov doubling of variable technique for a general conservation law with
constrained flux. This provides a sound basis for dealing with non-classical
solutions accounting for panic states in the pedestrian flow model introduced
by Colombo and Rosini [15]. In particular, flux constraints are used here to
model the presence of doors and obstacles. We propose a “front-tracking” finite
volume scheme allowing to sharply capture classical and non-classical discon-
tinuities. Numerical simulations illustrating the Braess paradox are presented
as validation of the method.

1. Introduction. Several phenomena displayed by vehicular traffic can be modeled
using conservation laws in one space-dimension, see for example [22] for a survey
of available models. In particular, specific situations as the presence of toll gates,
construction sites, or even moving bottlenecks caused by slow moving large vehicles,
can be realistically modeled by imposing a local constraint on the flux, see [12, 13,
14, 19, 21]. In all these works, the flux function of the involved model is assumed
to be concave, which strongly simplifies the structure and the analysis of solutions.

Besides, Colombo and Rosini [15] introduced a model for pedestrian flow ac-
counting for panic appearance and consisting in a scalar conservation law in one
space-dimension displaying nonclassical shocks. Such a simplified model can be used
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for example to describe the motion of a crowd along a corridor or a bridge. More-
over, in [16] the authors show that the flux constraint represented by the presence of
a door may cause the onset of panic states from a normal situation. In this model,
the flux function is not concave (nor convex) and therefore it does not match the
available results about conservation laws with constrained flux. A rigorous analysis
of this pedestrian flow model thus needs the extension of the above cited results to
general fluxes. Moreover, the study of the non-convex case constitutes a non-trivial
generalization which is interesting from the analytical point of view.

In this paper, we are interested in the Cauchy problem for scalar conservation
laws with local unilateral constraint of the form

dp+ 0. f(p) =0, t>0, z€R, (1)
p(0,2) = po(z), r eR, (2)
fp(t,0)) < F(t), t>0. (3)

Having in mind the pedestrian flow model described in [15], we fix R > 0 to be
the maximal density supported by the model and we assume that the flux function
f 10, R] = R is Lipschitz continuous with Lipschitz constant L

(F.1) fe Wbh ([0, R];[0,+00c]) and piecewise Ct

(so that left and right derivatives f’(p+) are well defined for all p € [0, R]), and
satisfies
(F.2) f(p)20, £(0)=f(R)=0,
(F.3) there exists a finite set of points {p1,...,pn} C[0,R], N > 1,
which are strict local minima or maxima of f, i.e.
f(p) = f(pi) <0 (or >0)
for p in a neighborhood of p;, i =1,..., N, and
fl<pi) 7é 0 for all pE [O7R] \ {pla'-' apN}

We will also denote by fiax the maximum of f on [0, R]:

Jmax = nax, f(p).

The paper is organized as follows. In Section 2 we define the constrained Rie-
mann solver and the entropy condition associated to (1)-(3). This allows to prove
a well posedness result based on wave-front tracking approximations and Kruzhkov
doubling of variable technique. (Details of the proof are collected in Section 5.)
Section 3 revises the finite volume scheme introduced in [2]. Finally, Section 4 deals
with the pedestrian flow model proposed in [15]: we define the constrained non-
classical Riemann solver and we propose a “front-tracking” finite volume scheme
allowing to sharply capture classical and non-classical discontinuities, and to ver-
ify the flux constraint. Numerical simulations illustrating the Braess paradox are
presented in Section 4.5.

2. Well posedness.

2.1. Definition of the constrained Riemann solver. Let R be the standard
Riemann solver for (1), (2), with

. pr if x <0,
p(07x)_{ Pr iffE>O, (4)
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whose first descriptions in the scalar case date back to Gel'fand [23] and Dafer-
mos [18]. More precisely, the map (¢t,z) — R(pi, pr)(z/t) is the standard weak
entropy solution to (1),(4).

Let F(t) = F € [0, fmax] be constant, and pf',... p4, € [0,R], 1 < M < N +1,
be the roots of the equation

f(p) =F.
In connection with (4), we denote
P {min{pf,.--,pﬂ:pfzf)z} if f(o) >F 5)
: max {p{’,....p5: pf <puf if f(p) <F
5= {maX{pf,..,,pM pp <pr} i f(pr) > F (©)
’ min {p{’,...,pir: pf > pr} i fpr) < F

whenever p; > p¥’, respectively p, < pk;. We note here that, as showed below, if
pi < pf" and p,. > pt, the solution of the constrained Riemann problem coincides
with the non-constrained one, and (5), (6) are of no use in the following definition.

Definition 2.1. The constrained Riemann solver RY : (p;,p.) = RE(p1,pr)
for (1)-(3) is defined as follows.

It f (Rp1, p,)(0)) < F. then R (1, p,) = Rlp,p,)-

' p | R(p.pF)(N) ifA <O,
Otherwise, R" (p;, pr)(A) = R(/}ﬂpf)()\) ifA>0.

We now check that Definition 2.1 defines a self-similar weak solution to (1), (4),
subject to the constant constraint F. First of all, we note that the stationary
discontinuity between pf” and pI at z = 0 satisfies Rankine-Hugoniot condition,

since £(F) = F = f(pF) by (5), (6).

Next, let us remind that the classical entropy Riemann solver satisfies

min _f(p) if pr < pr,

o [p1:pr)
R @) =4 P @)
pE[pr,pi]

Let us analyze the left-hand side of the solution (i.e. for A < 0, the analysis for
A > 0 being similar). First of all, let us observe that if f (R(ps, p-)(0)) > F, then (7)
implies p; > p¥". We have to distinguish several cases.

o If p; < pI", we have by (7)

f(R(pl7pT)(0)) < F, hence RF(Plapr) = R(plypr)'
o If f(p)) > F, then by (5) pf > p; and (7) implies

F(R(pup)(0)) = min_ f(p) = f(pi) = F,
p€lpr,pf]
hence R(py, pf’) does not contain waves With positive speed.
o If f(p) < F and p; > pf, then by (5) pf" < p; and (7) implies

F(Rpe, 7)(0)) = JJnax (o) = fl) = F,

Py sP1
hence again R(p;, ﬁlF ) does not contain waves with positive speed.
Remark 1. The stationary jump from pf to pf doesn’t satisfy the Liu’s entropy
condition [28]. In fact, two cases can occur if f (R(p, pr))(0)) > F:

o If p; < p,, then by (7) we infer that f(p;), f(p,) > F and therefore pf" < p; <
pr < pf by (5), (6).
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e If p; > p,, then (7) implies that there exists p* € [p,, p1] such that f(p*) > F.
Therefore, by (5), (6) we can conclude that pf" < p* < pf".
In both cases, Liu’s entropy condition is not satisfied. We will refer to such discon-
tinuities as non-classical shocks.

2.2. Entropy conditions. Having in mind the analysis of the model for pedestrian
flow introduced in [15], and in order to reduce technicalities and the number of
cases to be considered, from now on we will restrict the study to flux functions that
fit the hypotheses in [16]. Nevertheless, we believe that the results hold true for
more general fluxes. We will require the following properties (see Fig. 2, right, in
Section 4.1):

(F.2)  f(p) =0if and only if p € {0, R};

(F.3.1) f has alocal minimum at r € [0, R]

(F.3.2) the restrictions fijo,,j and fjj. g are strictly concave;

(F.3.3) [(rar) = max {f(p): p € 0,7} > f(Rar) = max {f(p): p € Ir, R[}.
Further requirements will be added in Section 4.1.

The definitions of entropy weak solutions introduced in [2, 12] can be generalized

to the present case. Let us introduce the function

®(a,b) = sgn (a —b) (f(a) — (b)) = f(aTb) — f(alb),
where aTb = max{a,b} and aLb = min{a, b}.
Definition 2.2. A function p € L*(R™ x R; [0, R]) is a weak entropy solution of

(1)-(3) if
(i) it satisfies the following entropy inequalities: for every ¢ € CL(R* x R;RT) and
all k € [0, R],

+oo
/0 / (Io(t, 2) — w10, + B(p(t,2), )s) plt, ) dr dt

+oo
+ [ Ion(o) =l pl0.0) do+2 [ (F(8) = LP@) 9(0.0) dt 20, (3
0
(ii) it verifies the constraint:
F(olt,0-)) = F(p(t,04)) < () for aue. £ 0, 9)
where p(t,0+) denote the operators of left and right strong traces at {x = 0}.

It is easy to check that the constrained Riemann solver introduced in Defini-
tion 2.1 gives a weak entropy solution of (1)-(3) in the sense of the above Defini-
tion 2.2.

Proposition 1. Let p(t,x) = R (pi, pr)(x/t) be the weak solution to (1), (3) and
(4) constructed in Definition 2.1. Then p is a weak entropy solution in the sense
of Definition 2.2. Moreover, the entropy condition (8) and the constraint (9) single
out the maximal stationary discontinuities satisfying the constraint.

Proof. Let us consider an admissible nonclassical stationary shock at x = 0, i.e.
assume p(t,0—) = pf" and p(t,04+) = pL'. In particular, we know that f(pf) =
f(pE) = F and pf" > pI’. Take now a non-negative test function & € CL((0,+o0))
and take ¢, = w.€ with € > 0 in (8). Here w, is the cut-off function defined by
1 if |z] <,
we(w) =9 2—|z|/e ife<|z| <2, (10)
0 if |z| > 2e.
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Then the entropy inequality (8) becomes

i 16) + 7€) 2 0,
/ / lp — K|0: + @(p, £)0x€) we dx dt,

+oo +oo
@[ [ de a2 [ (0 £ 1P) €00 at

Clearly, lim._,o I(¢) = 0. Moreover, using the definition of traces, we deduce

+oo
i 1) = [ (200000000 = B(p(2.04),

e—0

25 (k) - f(num) €(t) dt.

which gives for all k € [0,1] and a.e. ¢ > 0 (dropping the time dependence)

O(p~, k) = @(p", k) +2(f(k) — f(K)LF) 20, (11)
where we have set p* = p(t,04). In our case, (11) writes
®(pi's k) = D(pr s ) + 2 (f() = f(k) LF) 2 0. (12)

To check (12), let us consider the case pf” < rk < pf’, so that the left hand side of
(12) rewrites

FB0) = f(R) = f(R) + f(p7) + 2 (f(k) = f(r) LF)

=2F = 2f(k) + 2(f(r) — f(r)LF)

= 2F — 2f(k)LF > 0.
The cases x < pf” and k > pf’ can be checked in the same way.

Let us now check that other possible non-classical stationary discontinuities are
ruled out by (8):

e Assume first that p= > p*, f(p7) = f(pT) f < F, and there exists

k € [pt, p~] such that f(<) > f. In this case, (11 _)becomes for p" <Kk <p7,
Fp7) = f(k) = () + £(p7) + 2 (f(x) = f () LF)
=2f =2f(r) +2(f(r) = f(r)LF)
=2f —2f(k)LF.
If we now choose k = R, we get
of — 2f(R)LF =2 (f— f(;%)J_F) <0,
hence the discontinuity is not admissible. .

e We consider now the case where p~ < p*, with f(p~) = f(p*) = f < F
and there exists & € [p(t,0—), p(t,0+)] such that f(%) < f. In this case, for
p(t,0—) < k < p(t,0+), (11) becomes

F(&) = f(p7) = J(p™) + f(r) +2(f(r) = f(r)LF)
=2f(k) = 2f +2(f(r) — f(K)LF)
=4f(rk) — 2f — 2f (k) LF

Taking k = K in the above expression we get

4f(R) - 2f —2f(R)LF =2 (f(R) - f) <0,
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FIGURE 1. Example of traces at x = 0 that are not ruled out by
condition [12, (3.2)]

To conclude the proof, it now suffices to write (8) with test function &(1 — w,)
(which gives a positive term since the solution is a classical entropy solution away
from z = 0), add it to I(e) + J(¢) and pass to the limit as ¢ — 0. O

Remark 2. Condition (8) differs in the last integrand from the entropy condition
given in [12]. More precisely, the condition given here is finer, in the sense that (8)
implies the inequality [12, (3.2)]. In fact it is straightforward to check that

F(t)

max

f(&) = f(k)LF(t) < <1 - > f(k), forallt>0, xel0,R]
Moreover, condition [12, (3.2)] does not work in the setting of non-concave fluxes,
since it is not sufficient to rule out some non-maximal non-classical stationary
shocks. In fact, let us consider for example the situation depicted in Fig. 1, where
p~ > pt, f(p7) = fpt) = f, F = f+¢, for some ¢ > 0 small, and fuay > f(k)
for all k € [p*, p~]. Condition [12, (3.2)] would give

(b(pivﬂ) - (I)(p+7/§) +2f(’{) (1 - F/fmax) Z 0

instead of (11), and taking k € [pT, p~], the left-hand side of the above inequality
would read in this case

25 = 2£(k) + 2 (5) (1 = F/ fonax) = 2 (F = FO9)F/ fax)
= f(l — f(K)/ fmax) — €f(K)/ frnax;

which is positive for every x € [pT, p7], if € is taken sufficiently small. This shows
that traces p~, p would have been admissible under condition [12, (3.2)], even if
they satisfy the constraint with strict inequality, which we do not allow for non-
classical shocks (this would prevent uniqueness of solutions).
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Condition (8) was first found by the authors when passing to the limit in the
discrete entropy inequality for finite volume approximations in the concave case (see
the proof of [2, Proposition 4.7]). In that case, the two formulations turned out to
be equivalent.

In order to formulate a second (equivalent) definition that does not need the
explicit condition (9) on traces as in [2], and based on assumptions (F.1) - (F.3.3),
we introduce the following sets:

e Gi(F)={(ci,cr) €[0,R)%¢; > ¢, fer) = f(cr) = F,3r € [, ]

s.t. f(r) > F},
* G2(F) ={(c,c) € [0, R] f(c) < F},
o G3(F) = {(a,er) € [0, R f(a) = fle) < F, (¢ = a)(f(e*) = fla) =
0Ve* € [erLer, e Ter}
and denote
G(F) = Gi(F) U Go(F) U Gs(F).
Remark that the sets G and G3 contain the traces of classical entropy weak solutions
(continuous parts or entropy admissible shocks), while G; contains the traces of
nonclassical discontinuities that can even result by superposition of classical and
nonclassical shocks at zero speed. Globally, the set G contains nothing but the
traces allowed by Definition 2.2, as stated by Lemma 2.4 below.
We also define the functions ¢ : R — [0, R]? by

| aq ifz<0,
ofz) = { ¢, ifx >0, (13)

with (¢, ¢,.) € [0, R]?.

Definition 2.3. A function p € L=®(R* x R; [0, R]) is a weak entropy solution of

(1)-(3) if there exists M > 0 such that for every p € CL(RT x R;R") and all ¢
defined by (13),

+o00
A AmmJ»—mma+¢@mmwmwm>ﬂuwdxﬁ

“+o0
+/muwdwwmwM+M/ dist ((c1, ), G(F(£))) o(t,0) dt > 0.
R 0 (14)

The above definition follows the more general approach based on admissibility
germs presented in [3], and references therein. In particular, other definitions of
the reminder term in (14) are possible. Here, we kept the notion of “distance” in
accordance with [2].

Definitions 2.2 and 2.3 are equivalent. In fact we can prove the following

Proposition 2. A function p € L=®(R* x R; [0, R]) satisfies (8)-(9) if and only if
it satisfies (14).

The proof is detailed in [2, Proof of Proposition 2.6]. We only need to verify
that [2, Lemma 2.7] still holds. We report it below for completeness, the proof
being postponed to Section 5.

Lemma 2.4. [2, Lemma 2.7]
(i) If (bi,b.) € G(F), then
V(e er) € G(F), ®(by,cr) > (b, cp). (15)
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(i) The converse is true, under the following form:

if (15) holds and the Rankine-Hugoniot condition (16)
f(by) = f(by) is satisfied, then (by,b,) € G(F).

To conclude this section, we state a well-posedness result for (1)-(3).

Theorem 2.5. For any py € L>(R; [0, R]) and F € L™ (R*; [0, fmax)), there exists
one and only one entropy solution p € L>®(RT xR; [0, R]) to problem (1)-(3) (in the
sense of Definitions 2.2 and 2.3). Moreover, assume F',F? € L®(R¥; [0, fmax]),
and p§, p2 € L=(R, [0, R]) such that (p}—p2) € LY(R). Assume that pt, p? are
entropy solutions of (1)-(3), corresponding to the initial data p§, p3 and to the con-
straints F1, F2, respectively. Then, for a.e. T > 0, we have

T
[l = lra) o < 2 [P - P+ [ 10 slwds ()
R 0 R
The proof of this theorem is postponed to Section 5.2.

3. Finite volume numerical schemes for the constrained problem. We now
present a class of numerical schemes which easily account for the constraint (3).
The idea is exactly the same as the one proposed in [2]. First of all, let us present
some usual notations. We introduce a space step Az and a time step At, both
assumed to be constant, and we set v = At/Azx. We define the mesh interfaces
Tjr1/2 = jAxz for j € Z and the intermediate times t" = nAt for n € N. At each
time ¢, p? represents an approximation of the mean value of the solution to (1)-(2)
on the interval [x;_; /2> Tjq1 /2), j € Z. Therefore, a piecewise constant approximate
solution = — p, (z,t") is given by

pu(z,t") = p} forall x € Cj = [x;_1/9,2j11p2[, JEZ, neN.
When n = 0, we set

0 1 Tj+1/2 .
=z /35]1/2 po(z)dx, for all j € Z.

In the case of classical conservation laws (1), a well-known class of finite volume
approximation is defined by the so-called three-point monotone schemes:

Pj+1 =Pj — F{I;(fj-&-l/Z - fj—1/2) (18)

where f7, , = 9(p}, p}yq) for any j € Z and n € N, and g satisfies the following
assumptions:
e Lipschitz continuity: g € W*°([0, R]?) with Lipschitz constant L,.
o Consistency: Va € [0, R], g(a,a) = f(a).
e Monotonicity: ¢ is nondecreasing w.r.t. its first variable and nonincreasing
w.r.t. its second variable.

Under the CFL condition )

such a numerical scheme converges to the classical (Kruzhkov [26]) entropy weak
solution of (1), (2), see for example [20]. In [2], the authors proposed to modify
such a scheme at the interface where the constraint (3) acts:

fiye = min(g(pg, p7), F(t")), (20)

(19)
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keeping elsewhere
fiv2 =90 pjy1) Vi #0. (21)

The most important remark is that the local modification of the numerical flux
(20) does not affect the monotonicity of the scheme:

Under condition (19),

n+1 . . : n n n (22)
p; " 1s a nondecreasing function of p7_,, pj and pj,,.
Therefore, we can easily deduce the L*° bound for the numerical scheme:
0<p, <R ae. (23)

and, as a result of the Crandall-Tartar lemma [17], we have the discrete time con-
tinuity estimate (see [6]):

D10y =71 < ool (®)- (24)
jeL
It is clear that it is very difficult to control the variation of the p, in the space
direction due to the nontrivial treatment of the interface. However, one may follow
the successful strategy developed in [6]. Using the estimate (24), it is possible to
prove BV bounds far from the interface, let us say on [-B,—A] U [A, B], with
0 < A < B. For almost any T > 0, these take the form

K
lpv (T, ) |BV(a,B) < |polBV(A,B) + e (25)

where 0 < 7 < A and for Az sufficiently small (smaller than ). Though this bound
blows up when A — 0 (since 7 — 0), convergence as Az — 0 can be achieved
on [—B,—A] U [A, B] for any fixed A by the Helly’s theorem. Therefore, taking a
decreasing sequence (A,, ), and letting Az tend to 0 for each A,,, one may use the
Cantor diagonal process to extract a subsequence to the numerical approximation
which converges almost everywhere to a function of L®(RT x R).

Now we have to identify this limit. To do so, we derive the discrete entropy
inequalities verified by the numerical scheme. Following [2], one may check that,
for any (k;)jez C [0,R], j € Z and n € N,

|P;L+1 — K| — |P§l — K|+ V(F]ﬁ+1/2 - FJTL—1/2) —vH" <0 (26)
where
9(0} Tk, 1 Thj1) — 9(p] Lk, pfq Lejn) 5 #0
Fily o = q min(g(p} Thi, plfy Thj), F(17))
7min(g(p;‘llniap;ﬁrlj‘ﬁj-‘rl)ﬂF(tn)) ifj=0
and

| min(g(ko, K1), F(t")) — g(k-1,k0)| if j =0,
H]" = { |g(k1, ko) —min(g(ko, k1), F(t"))] ifj =1,
0 else.

Starting form inequalities (26), one may use the proof of the Lax-Wendroff theorem
to deduce that any limit p € L®°(RT x R) of the numerical scheme satisfies for all
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(a,c) € [O,R]2
/R ) / (16(t, ) — ()]0 + B(p(t, 7). c(x))Ds) lt, ) dr dt
+ / 1po(z) — ()] 9(0,2) da

+12L, . dist ((¢r,¢), G1(F(t)) UGa(F (1)) w(t,0) dt >0 (27)
R

where c¢ is defined by (13). The proof can be found in [2], but let us comment the
last term. Actually, it attests to the fact that the scheme is able to preserve exactly
any initial data po(x) = c(z) with ¢ given by (13) and (¢, ¢,) € G1(F) U Go(F'), as
soon as F' is constant in ¢. For the case (¢, ¢.) € G3(F), which corresponds to a
stationary shock wave, most of numerical schemes cannot preserve such initial data
since they introduce numerical diffusion. The last step is now to prove that if p
satisfies (27), then it also satisfies (14). Once again, the answer can be found in [2],
Lemma 4.8.

Remark 3. In the case of a bell-shaped flux function f treated in [2], the authors
prove the convergence of the numerical scheme to the entropy solution of (1)-(3).
The proof relies on the use of constrained entropy-process solutions, which generalize
the concept of entropy solution to Young measures. Morevoer, if the numerical flux ¢
is the Godunov flux, it has been shown in [7] that error estimates can be obtained, on
the basis of modified BV estimates. Here, though the numerical scheme is exactly
the same, the extension of the analysis of convergence to constrained solutions
associated with flux functions which comply with properties (F.1)-(F.3.3) is not
straightforward. Therefore, we have used the strategy developed in [6], which allows
us to avoid the study of measure-valued solutions (this method has been also used
in a similar framework in [1]). The proof is much simpler and we have stated here
only the main guidelines. Note, however, that the derivation of error estimates with
these more complex flux functions is an open question, since the techniques of [7]
are very dependent on the bell shape of f.

4. Application to pedestrian flow modeling. The theory developed in the
previous sections cannot be applied directly to the one-dimensional pedestrian flow
model introduced by Colombo and Rosini [15], because of the presence of non-
classical solutions, which are the characteristic feature of the model. Therefore, the
definition of constraint-satisfying solutions has to be adapted to the non-classical
Riemann solver, whose description is recalled in Section 4.1.

Due to the presence of non-classical discontinuities, beside the stationary one
caused by the flux constraint, entropy conditions and uniqueness results are not
available in this framework. In fact, L!-stability does not hold even in the un-
constrained setting, see [16, Prop. 3.6] and [31, Prop. 3.3]. Nevertheless, the
well-posedness result proved in Section 2.2 still holds if no panic arises. Moreover,
the numerical techniques developed in Section 3 prove to be useful for the construc-
tion of a numerical scheme capable to deal with flux constraint even in the presence
of non-classical waves, as detailed in Sections 4.4 and 4.5.

4.1. A non-classical Riemann solver. The model of pedestrian traffic flow in-
troduced in [15, 16] is based on a flux function f like the one represented in Figure 2.
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FIGURE 2. Left, a flow satisfying hypotheses in [16]. Superimposed
are experimental measurements from [24]. Crowd density, p, is
on the horizontal axis and flow, pv, on the vertical one. Right,
notations used in the paper. (Figures taken from [13, 16].)

In particular, f has a local minimum at r, which is the maximal density in normal
(non-panic) situations, while bigger densities r < p < R can be reached in case of
panic.

For simplicity, it is assumed that the restrictions fjjo, and f, r) are strictly
concave. Hence there exists a unique point ra; € |0, r[ such that

f(rar) = max{f(p): p € [0, 7]}

and a unique point Rys € |r, R[ such that
F(Rar) = max{(p): p € [r, R}

The evolution of the solutions to (1) is governed through the introduction of
non-entropic shocks, which violate the maximum principle and then allow the ap-
pearance of panic from non-panic regimes.

As it is usual when dealing with non-classical scalar conservation laws, see [27,
Chapter II], in [15] authors introduced the auxiliary functions ¢ and ¢, see Figure 3,
left.

Let ¢(r) = r and, for p # r, let ¥(p) be such that the straight line through
(p, f(p)) and (¥(p), f o 1b(p)) is tangent to the graph of f at (¢(p), f o ¢(p)). Let
rp € ]0,r[ and Ry € |r, R] be such that ¢(rp) = Ry and ¢(Rr) = rr (see Fig. 2,
right). Besides, for p € [0,rr[, the line through (p, f(p)) and (¢(p), f o ¥(p)) has a
further intersection with the graph of f, which we call (¢(p), f o ¢(p)). In [15], the
authors introduce two thresholds s and As such that

$>0, As>0, s<ryandr>s+As>p(s) >rr>r—As. (28)

Here we will also assume that
f(s) > f(r).

The nonclassical Riemann solver R ¢ is then defined as follows. Let

pr it A< Alpr, pr),
NS » FT A =
(o1, pr)(N) {pr if A\ > A(p, pr),
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FIGURE 3. Left, the functions ¢ and : their geometrical meaning.
Right, the Riemann Solver: in C, the solution consists of classical
waves only; in A/, also non-classical shocks are present.

denote the non-entropic jump joining p; to p, and moving with the speed given by
the Rankine-Hugoniot equation

A(ﬂlvPr) = W

o If pi,p. €[0,r] and p; > s, p. — p; > As, then
NS(pi, o (p))(A) i X< f'(¥(p1)),
R((p1), pr) if A > f'(¥(m))-

o If p; < 7 < p, and the segment between (p;, f(p1)) and (pr, f(pr)) intersects
the curve f = f(p), then

Ryc(pr, pr)(A) = {

NS(pi, v(p)(N) if A< f'(¥(m)),

RNC(plva’)(A) = {R(lﬁ(ﬂl)vﬁ) if A > fl(¢(pl))a

if pr <¥(pi1), and
RNC(pla pT') = NS(,O], p?‘)

if pr > ().
b4 OtherWise7 RNC(pl7p'f‘) = R(plapr)'

4.2. The constrained non-classical Riemann solver. As in Section 2.1, we
construct the constrained Riemann solver derived from R y¢.

Definition 4.1. A Riemann solver Ry : (o1, pr) = RAc(pi, pr) for (1)-(3) is
defined as follows.

If f (Rnc (i pr)(0)) < F, then Rio(p1s pr) = Rclpi, pr)-
Otherwise, if s < p; < r and pf" > p; + As then

P ~f Ryelo, RE)(N) if A <0,
RNC(phpr)()‘) - { RNc(ﬁf,pr)(A) FAS0.
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In all the other cases

» _ | Ruclp i)V iEX <0,
Ric(pi;pr)(A) = { Rc(pF, pr)(A) if A > 0.

In order to check that the above definition is correct, observe first of all that if
f(p) < F, then pf' < p; and consequently Ryc (o1, pf) = R(pi, pf'), falling in the
setting of Definition 2.1. Similarly, if f(p,) < F, then p!" > p, and consequently
RNC(ﬁfva) = R(ﬁf,ﬂr)

Consider now the case f(p;) > F. We have to distinguish three cases:

o If F € [f(Rum), f(ran)], then Rc(pi, o)) = Ripw, if)-

o If F € [f(r), f(Rum)], and moreover p; > s, pf* > p; + As, then Ryc(pi, pf)
would contain positive waves, and would not satisfy the constraint (9). On
the contrary, Ryc(pi, IA%]I\Z) = NS(pi, RII\J/[) consists of a shock with negative
speed. In all the other cases, we have Ryc(pi, pf) = R(pi, pl').

o If F €0, f(r)], Rnvc(pi, pf') contains only waves with negative speeds.

We now check the right hand side of the Riemann solver, i.e. for A > 0, and
f(pr) > F. We distinguish two cases:

o If Fe [f(r)v f(TM)]v then RNC([)f,pT) = R(ﬁfvpr)
o If F €0, f(r)[, then Ryc(pL, pr) contains only waves with positive speeds.

Note that non-classical shocks can appear both in Ry¢(pr, ﬁf) and Ryc(pE, pr)
as, for example, if FF < f(r), p; € [0,rp] with f(p;) > F and p, € [r, Rps] (which
implies f(p,) > F).

4.3. A numerical scheme for classical and non-classical solutions. We pro-
pose here a numerical scheme for computing classical and nonclassical solutions of
(1)-(2), which follows the same “sharp-interface approach” as in [8, 9]. It is made of
two steps. The first step tracks the (classical or non-classical) discontinuities arising
in the Riemann problems set at the mesh interfaces. The second step consists of a
random sampling strategy in order to avoid dealing with moving meshes.

Let us first define the set A € [0, R]> made of the pairs (p;, p,-) such that the
Riemann solution Ry (pi, pr) is actually non-classical, that is to say contains a non-
classical shock. Similarly, we define the set C € [0, R]> made of the pairs (p;, pr)
such that the Riemann solution R yc(pr, pr) is made of classical waves. (See Fig. 3,
right.)

Let us now present the numerical scheme for classical and non-classical solutions.
We keep the notation of Section 3 and, being given the sequence (p?)jeZ at time

t™, the point is now to propose a definition of (p}”l) jez by a recurrence relation.

Step 1: Tracking the discontinuities and averaging (" — t"17) The idea of this
step is to first track the non-classical or classical discontinuities in the Riemann
problems set at each mesh interface, and then to average the solution on both sides
of these discontinuities.

As is customary in the classical Godunov method, one first solves theoretically
the Cauchy problem (1)-(2) with pg(z) = p,(z,t™) for times ¢ € [0, At]. Under the
usual CFL restriction

L max(I7 ()} < 5. (29)
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for all the p under consideration, the solution is known by gluing together the
solutions of the Riemann problems set at each interface. More precisely

T —=Tjt1/2

; ) V(z,t) € [z),2541] % [0, At], (30)

p(,t) = e (o o) (

Tj—1/2 +Tjy1/2
where x; = M.

2
In order to track the discontinuities, we then define the sequence
(U;L+1/2 = U(P?, P?+1))jez
of characteristic speeds of propagation at interfaces (x;1/2);jcz as follows :
o if (p?, Py '+1) belongs to NV, then a;.’ t1/2 coincides with the speed of propagation
of the non-classical discontinuity in the Riemann solution Rxc (o}, p741);
e if (o7, p}j, 1) belongs to C, then O’;l+1/2 coincides with the speed of propagation

of the classical discontinuity in the Riemann solution Ryc (o}, p}1), if any;

3 n J—
e otherwise, Oy = 0.

Assuming that, for all j € Z, the interface /o moves at velocity J?H/Q
times t” and t"T1 = t" 4+ At, it is natural to define the new interface §?+1/2 at time
tTLJrl by

between

f?+1/2 = 1’j+1/2 =+ U?+1/2 At, ] S Z (31)

We also introduce the notation Ax; = j?+1/2 — T?—I/Q’ j €.

At last, averaging the solution on C? = [f;?_l /2,f§‘ 1 /2[ provides us with a piece-
wise constant approximate solution p,(x,t"*!1—) on a non uniform mesh defined
by

7, (x, 1" ) = *;-”17 for all z € 6?, jE€Z, neN,

with

1 T 1/2
= [ e b0 ez

. v
J ji—=1/2

It is worth noticing that the modified cells 5;‘ may be either smaller or larger

than the original ones C;, depending on the signs of the velocities U;‘_H/Q, ] EZLL.
This is illustrated on Figures 4 and 5 below.
et T
i+t Ti—1/2Ti41/2
: : VO :
I I / Vo I
| 1 / "\ 1 1
1 1 rd Y 1 1
i v/ Vo i
. b/ \ .
1 r/ '\‘ 1 1
i v/ Vi i
tn ! /a (?" :
f.l"j_3/2 :‘vj—l/Q f.l"j_,_l/g .’I“j+3)/2

FIGURE 4. A first example of modified cells tracking the discontinuities.
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FIGURE 5. A second example of modified cells tracking the discontinuities.

Actually, using notations introduced on Figures 4 and 5 and integrating (1) over
the element F = (abed) with use of Green’s theorem, we classically obtain the
simpler formula

AJ? At —n,— =n,+
s = =t — — (£ — ;0 for all j € Z. 32
Pj Amj' Py ij ( j+1/2 j 1/2) J (32)
The numerical fluxes are defined by

-t n o n n,+ n n n n,+
fj+1/2 =f (RNC(pj ’pj+l)(0j+1/2)) - Uj+1/2RNC(Pjan+1)(f7j+1/2)a (33)

n,+

i1/ to denote the left and

for all j € Z where we have used the usual notations o

right traces of the Riemann solver at A = o /2

Remark. The conservation property

I (Rac(0 0)(07510) ) = 2 o Rve (o o ) (055 )
= (34)

n o n n,+ n non n,+
f (RNC('OJ' ’pj+1)(0j+1/2)) — 071 Rue(pf pj+1)(‘7j+1/2)

remains valid thanks to Rankine-Hugoniot conditions.
. == =+ .
We finally introduce the notation f~ (p}, plf1 1) = 7; +1/2 for the numerical fluxes,

with of course
= _ n n n,t n n n n,t
f (pjapj+1) =f (RNC(pjvpj+l)(aj+1/2)) - Uj+1/2RNC(pj7pj+1)(aj+1/2)' (35)

Recall that o7, , = o(pj, pj,) by definition.
To conclude this first step, let us emphasize that when the Riemann solution

between p7 and p’,; does not present discontinuities, then o )2 = 0 and the

. -t . . .
numerical fluxes f;4, coincide with the usual numerical flux

T} 05) = F (Rne(pf, p}41)(0))
associated with the Godunov method. This numerical flux may of course be replaced
by any consistent numerical flux for the sake of simplicity. In the proposed numerical
simulation below, we replaced for instance this Godunov numerical flux by the
Rusanov numerical flux as soon as the solution joining p} to p},; does not display
discontinuities. This amounts to set

T 2) = 5 (P + F(an) = g olpfan = 73), (36)
with

ji1/2 = max (f'(07), f'(Pf11))-
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Step 2 : Random sampling (t"T1— — t"*+1) In order to avoid dealing with moving
meshes, we propose to define the new approximation p?“ at time t"*! on the
(uniform) cells C;, j € Z, using a random sampling strategy. More precisely, we
propose to pick up randomly a value between ﬁ?fllf, ﬁ?“f and ﬁg‘_ﬁ*, according
to their rate of presence in the cell C;. Given a well distributed random sequence
(ay) in the interval ]0, 1], this leads to set:

ﬁ?jll_ lf an-l—l S (07 % ma‘X(U?—l/W O))’
ntl _ ) Sntl— p c[Rt (o 0),1+ £L min(o” 0))
pj — pj 1 Ap+1 A Hiat,X ()']»_1/27 s Ag N U.j+1/2’ )
P an € (1 A min(ohyy 0), 1),

(37)
for all j € Z.
Following Colella [11], we consider in practice the low-discrepancy van der Corput
random sequence (a,,) defined by

m
i =3 20,
k=0
where n = ZZL:O ix2%, i, = 0,1, denotes the binary expansion of the integers
n =1,2,.... This concludes the description of the modified Godunov scheme.

To conclude this section, it is worth emphasizing that, due to the sampling
procedure, the proposed algorithm is not strictly conservative in the classical sense of
finite volumes methods. However, we observed that this drawback does not prevent
the approximate solutions to converge to the right one (see also for instance [8, 9]).
In particular, discontinuities propagate with the right speed and conservation errors
tend to zero with the mesh size. On the other hand, it is easily seen that if we focus
on initial data leading to a solution that consists of an isolated (classical or non-
classical) discontinuity, the proposed method coincides with the Glimm’s random
choice scheme and then converges to the exact solution.

4.4. A numerical scheme for constrained classical and non-classical solu-
tions. We propose to describe in this section how to deal with constrained solutions.
In practice and as motivated in the previous section, such constraints will appear
at the exit of a corridor and possibly at suitable obstacles like columns posed before
the exit of the corridor in order to lessen the crowd pressure. In this paragraph, we
denote by 11/ = (je + 1/2)Az the mesh interface associated with the position
where such a constraint takes place (that is typically the position of the exit or of
an obstacle).
In the framework of the numerical scheme proposed for non-constrained classical
and nonclassical solutions in the previous subsection, first of all we have to define
. . —n,+ -+ .

07 412 and the corresponding numerical fluxes f?c t1y2 = f (P}, P}, 41)- Since the
non-classical shock possibly arising because of the constraint is stationary, we set
J;i_,rl/? = 0 and we define the numerical flux at the interface x; 4,2 as in Section
3 by the following constrained formula

—Zn, % -+ N

Filae =T (0%, P 1) = min (F(p}, P} 1), F),
where F' represents the flux constraint and ?(p}’c, Py, 4+1) is given by the Rusanov
formula (36).
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We face two possibilities. The first one corresponds to the non-constrained situa-
== - .
tion f~ (p}., P}, +1) = f(p}, p}.+1) < I, where we use the classical Rusanov numer-

ical flux. The second one corresponds to the constrained situation ?i<p?0’ Py, 1) =
F'. In that case, the numerical flux is given by the constraint itself. From the the-
oretical point of view, a stationary discontinuity is expected to take place between
the left and right states given by

(RY;,pnfL)) if s < p? <rand pif" > o7 + As,

- + _
(pju+1/2’pjc+1/2) {(ﬁ?f,ﬁ?cﬂﬂ otherwise,

see Definitions 2.1 and 4.1 of the constrained classical and nonclassical Riemann
solvers.
In order to take into account this theoretical statement at the numerical level,

. .- . -n,t —n,E
we propose to modify also the definition of the numerical fluxes f;-ifl /2 and f;L +3/2

by setting
—n,+ —+ _
fjcf1/2 =f (p}LCfl?pijr]/Q)

and N N
—n, 5 I "
fjc+3/2 =f (pjc+1/27pjc+2)a

with fi(., .) defined above by (35).

4.5. Numerical experiment and Braess paradox. As an illustrative simula-
tion, we perform the so-called Braess paradox numerical experiment described be-
low. Following [13, 16], we consider a corridor modeled by the segment [0, L], with
an exit at x = D, with 0 < D < L. Then, the dynamics of the crowd exiting the
corridor is described by (1)-(3), with the Riemann solver described in Section 4.1.
In emergency situations, it is well known that the pressure of the people seeking to
exit may dramatically reduce the door efficiency. To prevent this, suitable obsta-
cles (such as columns) can be posed before the exit to reduce the crowd pressure.
Paradoxically, the insertion of obstacles may reduce the evacuation time, although
most individuals may have a slightly longer path to reach the exit. This remarkable
behavior mimics the Braess paradox [4] typical of networks and is captured by the
model considered here.

We assume that a group of people is uniformly distributed on the segment [a, b],
with 0 < @ < b < D, and an obstacle is placed at = = d, with b < d < D, see
Figure 6.

L4

O

0 a b d D €

FIGURE 6. A corridor with an obstacle before the exit.

The dynamic of the crowd is then described by

{ O¢p + awf(p) =0 f (p(tv d_))
p(0,2) = po(x) f(p(t,D—))

ININA
Q
<
—~
¥
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Since it is well known that exit capacity is reduced in panic situations, we assume

that
alp) = {

_ Q it p € [0,7] . A <
Aiming at pedestrian flow management and exits design, the evacuation time 7T is
particularly relevant and can be computed integrating (38)—(39) numerically fol-
lowing the procedure described in Sections 4.3 and 4.4 below. If the initial datum
is particularly simple, i.e. constant on a given segment, an analytical study is also
possible, see Figure 7.

it poc [0r] with ¢ > ¢

it p € |nR)]

K

(39)

t t

tR

FIGURE 7. Wave-front tracking applied to (38)—(39). Left, the
structure of the solution without obstacle (¢ > max(f(p))): the
evacuation time is ty. Right, in the presence of the obstacle, the
evacuation time is tg < ty. (Taken from [13, 16].)

The detailed construction of these solutions can be found in [16, Section 4.2].
Note that the darker regions in Figure 7, left, represent the regions where the crowd
density attains panic values, i.e. p € |r, R]. The presence of the obstacle avoids the
density to reach panic regimes, thus allowing for a faster evacuation of the room.
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The simulation parameters have been chosen as follows. We have considered the
flow function [16, Section 4.3]

_ p(7T—p) 3(p—6)(2p—21)
o) = max { 2120 20022

whose diagram is given in Figure 2 (left), leading to
r ~ 6.842786, R = 10.5.
The nonclassical Riemann solver parameters are given by
s=12, Ag=05.6.

The computational domain modeling the corridor corresponds to the interval [0, L]
with L = 3.6, and the the exit is located at x = D with D = 3.1. The position of
the obstacle (when present) is d = 2.45. The initial datum is chosen to be

() = 0 if z<a=01 and z>b=1.1
PP =1 53 if a<ax<b,

and is represented on Figure 8 below.

t=0.000000 ——
6.842786 --—

(5]
T
1

FIGURE 8. Braess paradox simulation : initial data

The constraint functions ¢ and @ in (39) are considered with the following pa-

rameters : A
Gg=1, Q=02 Q=0.1793.

Note that the constraint function ¢ is not active when the obstacle is not present
while the parameter § entering its definition does not play any role since no panic
will be observed at the obstacle position. Note also that, from a numerical point of
view, these flux constraints are imposed at both interfaces j. 4+ 1/2 associated with
the obstacle and exit positions. The left traces d— and D— of the density in (38)
are then naturally considered to be p;, .

We show here the results of two simulations, one without obstacle and one with
obstacle, where we used a 500-point mesh and a CFL condition equal to 0.5. We
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propose on Figure 9 four snapshots of each numerical solution. The numerical
results without obstacle are depicted on the left side and we clearly see on the
second picture that panic arises as expected since the density gets greater than r
near the exit position. The numerical exit time is ¢ = 28.833. On the contrary,
no panic is created when the obstacle is present and the computed exit time now
equals t = 24.883.

5. Proofs.

5.1. Proof of Lemma 2.4. (i) We want to check that
Y(er,er), (b, br) € G(F)  @(c,bi) > (e, by). (40)

o If (¢,¢r), (b, by) € Gi(F), then f(e) = f(¢r) = f(b)) = f(b,) = F and
@(Cl,bl) =0= (I)(Cr,br).

o If (c',c") € Gi(F), (b,b") € Go(F) (then b = b, = b and f(b) < F). In
this case, either F € [0, f(r)[ U ]f(R},), f(Rm)] and Gi(F) = {(pf, p{)}, or
F e [f(r), f(Ry,)] and

GL(F) = {(p1s 1), (P05 ) (015 05)s (05,01 )s (03,01 } -
We have to check several cases. If b < p¥’, then
D(cr,0) = ®(cr,b) = fla) = f(b) = fer) + f(b) = 0.
If b > max;{p!}, then again
D(cy,0) — ®(cr,b) = f(b) = fler) = f(b) + fler) = 0.
If pI" < b < pt', then we may have ¢, < b < ¢; and
®(cr,b) — (cr,b) = f(a) = f(b) = f(b) + fler) =2F —2f(b) = 0.

o If (¢;,¢.) € Gi(F), (b,b,.) € G3(F), then we can face several situations. If
by < ¢ < ¢ <by, then

D(cr,br) — P(er, br) = fla) = f(br) = f(br) + fer) = 2F = 2f(bi,r) 2 0.
If b;,b6, < ¢, < ¢, then

®(cr,bi) = P(er, by) = fle) = f(be) = fler) + f(br) = 0.
If by, b, > ¢; > ¢, then

®(cr,bi) = (cr,br) = f(br) — fler) = f(br) + fler) = 0.
Finally, if ¢, < b, < b; < ¢, then
(e, br) = (cr, br) = flar) = f(bo) = f(br) + fler) = 2F = 2f(bir) 2 0.

o If (c1,¢r), (b, by) € Go(F) U G3(F), then the pairs (b,b,.), (¢, ¢;) correspond
to the Kruzhkov stationary solutions

b(t,z) == billzcoy + brlizsoy, C(t,7) = cllizcoy + crllzsoy

of the conservation law (1); inequality ®(c;,b;) — ®(cr, b)) > 0 is well known
in this context (see [33]).
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FIGURE 9. Braess paradox simulations: density profiles at times
t1 = 0.598629, to = 3.597943, t3 = 5.998629, t, = 23.9976, without
obstacle (left) and with obstacle (right). The exit location of the
exit door is D = 3.1 and the obstacle is located at d = 2.45. The
horizontal dashed line represents the value of the transition between
panic and non-panic densities r = 6.842786.
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The remaining cases are deduced by symmetry of ®; this proves (40).

(ii) Let us reason by contradiction. If f(b;) = f(b.) but (b;,b.) ¢ G(F), then
either f(b;,) > F, or f(b,) < F and there exists b* € [b;Lb,, b Tb,| such that
(0* —by)(f(b*) — f(br)) < 0. In the first case, we can take ¢, < by, < ¢, then

®(cr,br) = B(er, br) = fler) = f(br) = f(br) + fler) = 2F = 2f (bir) <O

In the second case, we distinguish two subcases. If b, < b;, we can take b, < ¢, <
¢ < by, and we get

(e, b)) — (e, br) = f(bi) — fle) = f(er) + f(br) = 2f(bi,) — 2F <0.
If b, > by, we take ¢; = ¢, = b* € )by, b.[ and we get

(0%, br) — @67, by) = f(07) = f(br) = f(br) + f(b7) = 2f (b") — 2f (bir) <O

Thus in all the cases, we arrive to a contradiction with assumption (15).

5.2. Proof of Theorem 2.5. We first prove the well-posedness result in a BV
setting. Due to the constraint (3), one cannot hope to find a uniform bound of
the total variation of approximate solutions constructed by wave-front tracking (or
any other approximating technique). To overcome this difficulty, we introduce an
extension to the usual Temple functional [32]. We therefore define

/ 1F(5)\ds. (41)

We assume that the initial datum pg € L™ (R; [0, R]) satisfies U(po) € BV (R; [0, R])
and F' € BV(R™; [0, fimax]), and we follow the procedure in [12, § 4.2].

Fix a positive n € N, n > 0, and introduce in [0, R] the mesh M,, by M,, =
712 "N)U{p1,...,pn} Let PLC, be the set of piecewise linear and continuous
functions defined on [0, R] whose derivatives exist in ]0, R\ M,,. Let f* € PLC,
coincide with f on M,,.

Similarly, introduce PC,,, respectively PC , as the set of piecewise constant
functions defined on R, respectively RT, with Values in M,,, respectively in f(M,,).
Let F € PC], coincide with F on f(M,,), in the sense that F'(t) = F"(t) whenever
F(t) € f(M,,). We write

o= X ] with p? € M,
P — pm o - M (42)
N 0 X[07t1] + 5;1 B X]tg,tﬂﬂ] wit B € f( n)

for some z, € R, a € Z (where we set zp = 0), and tg € RT, 8 € N, such that
TV(F") < TV(F). Both the approximations above are meant in the strong L'
topology, that is

lim (||Pn - p”Ll(R;]R) +[[F" = F||L1(R+;R)> =0.

n—-+oo
Let D, = {p € PCy,: ¥(p) € BV(R;R)} and D,, = D, x PC;. For any couple
(p™, F™) € D,,, written as in (42), define the Glimm type functional

= [ W(pl) =Wl +5 Y [FR — Fp| + (0" F"),  (43)

tg>0
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where y(p™, F™) is defined as follows. Let G1(F') be decomposed in the subsets:

gf(F) = {(Clycr) S gl(F) tcp > Ry, o < TM},
GUF) = {(a,¢) €Gi(F): ;> Ry, rar < ¢ < Rur},
gi(F) = {(Cl,CT)Egl(F)IT‘M<Cl<RM, CT<’I°M}.

Then, if F™(0) < f(r),
V(" F") =0, if (p"(0-),p"(0+)) € Gi(F"(0));
if F(0) = f(r),

(" F™) =< w=4(f(rm) —

otherwise
V(" F") =70 = 4(f(rar) — f(r) + F(Rar) — F(0)) -
Observe that 0 < v(p", F™) < 7,.

We then follow the nowadays classical wave-front tracking technique which dates
back to [18], see also [5, § 6] and [25], or [12] for the constrained case. We fix
a piecewise constant initial datum pf such that TV(¥(pf)) < TV(¥(po)) and
limp, 400 PG — pollpr(rg) = 0. At any interaction, the functional T either de-
creases by at least 27", or remains constant with the total number of waves in the
approximate solution that does not increase (see Appendix for details).

A standard application of Helly’s Theorem, see [5, Theorem 2.4], yields the exis-
tence of a subsequence of approximate solutions, still denoted by p™, converging in
LY (R* x R) to a solution p of (1)-(3) in the sense of Definitions 2.2. In fact, the
entropy inequality (8) is easily recovered by passing to the limit in the approximate
solutions. In order to verify the constraint (9), we consider the weak formulation
of (1) in the half-domain RT x R* (RT x R~ respectively), which gives us, for all
p € CLRT x R;R™),

/0 /O (p" 00 + f(p")0pp) dx dt

Ammﬂﬂfﬂﬁﬁ+wdﬁ)ﬁ

Awfmwa&m>¢amdt
< /0 F(t) o(t,0) dt

where v, (f(p™))(t) are the weak normal traces of the divergence-measure field
(p, f(p)) defined in [10], and we have applied the Gauss-Green formula and the
existence of strong traces guaranteed by [30]. Passing to the limit in the first and
last integral we get

| roewoa = [T [T 0ow s d
- A F(p(t,04)) (1,0) dt,

where the last inequality results from the fact that p is a weak entropy solution of
(1) on RT x R, again by [10, 30], see also [2, Remark 2]. Since the above inequality
holds for all p € CL(R* x R;RT), we conclude that p satisfy (9).
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To conclude the proof of Theorem 2.5, we have to verify that (17) still holds in the
case of non-concave fluxes, in the BV setting: assume F', F? € BV(R™; [0, fmax]),
and the initial data pg, pg € L°°(R, [0, R]) satisfy (pj—p2) € L*(R) and ¥(p}), ¥(p3)
€ BV(R; [0, R]). We consider the entropy formulation (8) with test functions ¢ €
CL(RT xR\{z = 0}; RT). The method of doubling of variables of Kruzhkov, applied
in the domains {£z > 0}, yields the so-called Kato inequality for the comparison
of pt, p?:

/ /(Ip1 -0’10 + ‘P(pl,pz)@x) @ dx dt > 0.
R+ JR
Now, fix R > 0 and replace ¢ in this inequality by a sequence of approximations

of the characteristic function of the set {¢t € (0,7),0 < |z| < R+ L(T —t)}, for
instance @¢(t, ) = (1 — we(x))xe(t)€:(t, ) where

1 fo<t<T,
Tt )
Xs(t): T-i-l lfT§t<T+€,
0 ift>T+e,
we is given by (10), and
1 if || < R+ L(T —¢),
R+L(T—-1) -
E(t,x) = + (6 ) |x|+1 ifR+L(T—1t)<|z| <R+L(T—1)+e,
0 if |2 > R+ L(T —t) + .

This provides at the limit € — 0

R R+LT
[ - do [ o= e do
—R —R—LT

+ / T(¢<p1<t,o+>,p2<t,o+>> — D(p!(t,0-), p%(t,0-)) ) dt > 0. (44)
0

Thanks to Proposition 2, we know that (p'(¢,0—), p'(t,0+)) € G(F*). To conclude,
we need the following Lemma.
Lemma 5.1. For every F', F? € [0, fuax] there holds

D(cy,cp) — O(cy,cf) < 2|F' — F? (45)

for all (c},cl) € G(F) and (c?,c2) € G(F?).

Proof. Without loss of generality, we can assume that F! > F2. We make a case
study quite similar to the one of the proof of Lemma 2.4.

o If (ci,cl) € Go(F) UGs(F?), i = 1,2, then both the standing waves
ﬁi(tv ’1}) = cgﬂ{7;<0} + Ciﬂ{w>0}7

i = 1,2, are Kruzhkov entropy solutions of the (unconstrained) conservation
law (1). Therefore we have the inequality
D(cl,e2) — B(ch,c}) <0 (46)

which is well known since the work of Vol'pert [33].

o If (c},cl) € Gi(F') and (c?,c2) € Go(F?) U G3(F?), then we can use (15) to
justify (46). Indeed, the definition of G; and assumption F'' > F? lead to the
inclusions G;(F?) C G;(F!) for j = 2,3.
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o If (¢}, c}) € Go(F') and (cf,c2) € G1(F?), then ¢f = ¢} =: ¢!, f(c') < F! and
2 < ¢}. We have to distinguish three cases:
—ifel < CE,
O(ct, ) = ®(c',cf) = f(c7) = f(e!) = f(ef) + f(c') = 0;
—if 2 <t <,
e, ) — (e, ) = f(e) — Fe) — F(e]) + F(h) < 2F' — F?);
—if et > cl2,
O(ct, ;) — (e, cf) = f(c') = f(e7) — f(e') + f(ef) =
o If (c},cl) € G3(F') and (c?,¢?) € G1(F?), we have for sure ¢ < ¢7. We have
to detail several possibilities:
— if Czl,r < 037
O(cp, ;) = Bley,cf) = £(c7) = flen) = f(ef) + flep) = 05
— if Cl,r > cl7
O(cp, ;) = Bleg,cf) = flep) = f(e?) = fler) + f(ef) = 05
— ifcr Sclﬂ, Scl,
Dlel,2) = Dlek, ) = fleb) — F(e) — F(eD) + F(e}) < 2! — F?);
- 1ch§cl §clz<c1
®(cy, ;) = Pley,cf) = flep) = F(eF) = £(ef) + fle)) < 2(F' = F?);
—if¢f < <l <F(t,0-),
Oy, ;) — ®e,cf) = flep) = () = flef) + fle) < 2(F" = F?).
o If (ci,cl) € Gi(F?), i =1,2, then f(cfw) = F' and
®(cp, ;) — ®e,cf) < [fle) = F(eD)| + [ f(er) = f(eD)| = 2(F" — F?).
Thus in all cases, we have

O(cp, ;) — ey, cf) < 2|F' — F2|(t).

From (44) and (45) we have
R T R+LT
[ s dos [ o - FPlodes [ b sl de
—R 0

R—LT
letting R tend to 400, we recover (17) for data of the BV setting.

Let us turn now on the L* setting. One may remark that the proof of (17)
is also valid for data pg and F in L°°. In order to obtain the existence result in
the general L case, we have to construct, from an initial datum py € L*°(R)
and a constraint F' € L>(R"), a sequence of initial data (pf),>0 and a sequence
of constraints (F'),>¢ which satisfy the aforementioned BV assumptions, using
classical trunctation functions and mollifiers, such that

oo — po in LYjo(R) and a.e; F™ — Fin LY;),.(RT) and a.e. .

Following [2], if (p™)n>0 denotes the sequence of associated weak entropy solutions
(in the sense of Definition 2.2 or Definition 2.3), one could try to pass to the limit
in the last integral of (14) to obtain a solution p in L>°(R* x R). But in the present



458 CHRISTOPHE CHALONS, PAOLA GOATIN AND NICOLAS SEGUIN

(non-concave) case the map F — dist ((¢;, ¢), G(F)) is not continuous as a map in
LYoc(RT) with values in R*. We use instead Definition 2.2: the convergence in (8)
is classical while the constraint (9) becomes when n — +o0o

() =7 1f(p)(t) < F ()
where 4% are the left and right trace operators. The convergence of the traces of
the flux is possible using the compactness result for conservation laws in bounded
domains stated for instance in [29, Remark 7.33, Chapter 2].

Appendix.

Lemma 5.2. For anyn € N and (p2*, F™) € D,,, let p" be the approximate solution
to (1)-(3) obtained by wave-front tracking. At any waves interaction, the map t —
T(t) =T (p" (1), F"(- + 1))

either: decreases by at least 27,

or: remains constant and the number of waves does not increase.

Proof. The proof is obtained considering the different interactions separately, de-
pending on the position of the interaction point Z and on the flows of the interacting
states. We will consider interaction points < 0, the case T > 0 being symmetric.
It is not restrictive to assume that at any interaction time either two waves interact
or a single wave hits x = 0.

M

Pl pF |y

Pl
21 Pr

i Pr Pr
f’:’_ﬂ

FicUrE 10. Notations for the proof of Lemma 5.2.

(I1) T # 0. As in the classical scalar case, either the two jumps have the same sign,
and the interaction results in a single discontinuity (and the number of waves
diminishes), or the jumps have opposite sign, and TV(¥(p)) decreases by at
least 27"*1, seealso [5, § 6.1], see Figure 10, left.

(I2) A wave hits Z = 0 at time ¢ = ¢ coming from the left. We have to distinguish
between several situations.

Assume first that p,, = p.. If R¥(p;, p,) = R(pi, pr), then the wave simply
crosses ¢ = 0 and AY(¥) = Y(t+) — Y(t—) = 0. Otherwise, f(p;) > F and
pF > p;. This implies

AY(E) = () — W)+ |2 (pf) — ¥ (p)]
+|F) = T(p)| +7 = (o) — T(pr)| — Yo
= 20(p) —2¥(p) + 7 — 70 < 27"

Above, v = 0,74, 7, Ve depending on the situation.
Let us consider now the case in which the wave (p,, p) is an entropic shock
or a rarefaction wave satisfying the constraint. If R (p, p.) = R(pi1, pr), we
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are exactly in the case (I1).
If R (o1, pr) # Rlpui, pr), we have py > p, and f(pm) = f(pr) < F, hence

ﬁf > pr. We can estimate
AY(E) < [W(p) =W+ [%(p) — ¥ (pr)|
+ () = ®(pr)| +7 = ¥ (o) — ¥ (pr)| — Yo

If p; > pf, we have AY () < y—vp < —227". If p; < pf’ (and hence f(p;) > F),
we obtain

AT (F) <20 (p]) =20 (py) +7 =7 < -2

Assume now that the wave (pm,,pr) € Gi1 is a non-classical shock resulting
from the application of RY. If the segment joining f(p,) and f(p,) does
not intersect the graph of f, then p; < p,, no new wave is created and easy
calculations show that

AY (1) W (o) = ¥(pr)| + 70
=¥ (p1) = ¥(pm)| = [¥(pm) — ¥(pr)|

= 2¥(pr) = 2¥(pm) + 7 = 0.

If (pm,pr) € G and F™(t) > f(r), then p; > r and we have

AY(®E) = [W(p) =W ()| + ¥ () — ¥ (p)| + e
=¥ (1) = ¥(pm)| = [¥(pm) = ¥(pr)| = Ya
2U(p1) — 2¥(pm) + e — Ya

= 2(f(p) — F"()) < —2'""™

The case (pm, pr) € GY is similar. Finally, if (pm, p) € Gf, we have to distin-
guish two cases, depending on the position of p;. If p; < p,, the case can be
treated as above. If r < p; < Ry, then pf > p; and (pf, p.) € G¢. Then the
number of waves remains constant and

[W(p) = (p0)] + [ (B) = ¥ (pr)| + 7

- |\Ij(pl) - \I/(pm)l - |\I’(pm) - \Ij(p7')| — Ve
= 20(p) = 2%(p1) + 70 — 7 < 0.

ATY(#)

A wave hits T = 0 at time ¢t = ¢ coming from the right. If p; = p,, and
R¥(p1, pr) # R(p1, pr), then it must be f(p,) > F and p;” < p (and f(pr) < F
and pf" < p;). We have

AY(E) = [W(p) = ()| + %) — ()|
HOE) = V(o) |+ = [¥(o) = Clpr)| =70
= 2U(p) = 29(5) + 7~
< 2(F—f(pr) < 27
Above, v = 0,74, 7, Ve depending on the situation.

Let us now assume that (py, pr,) is an entropic shock or rarefaction wave,
and RF (pi, pr) # R(pi,pr). Then we have f(p)) = f(pm) < F, and thus
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pF < pi. Moreover, p, < p;. Then
AY(E) < [W(p) = ()| + %) — ()|
+[(57) = Uor) |+ = (o) = ¥pr)| =7
= Wpy) = W) +[2(5) = Uon)| +7 =
If p, < pE, we have AYT(f) < v — v < =227 If p; > pF" (and hence
f(pr) > F), we obtain
AY(F) <2U(p,) = 20(p) +7 = 70 < 2(F = f(pr)) < —2"7"

Assume now that the wave (p;, pm) € Gi is a non-classical shock resulting
from the application of R¥. If the segment joining f(p;) and f(p,,) does
not intersect the graph of f, then p; < p,, no new wave is created and easy
calculations show that

AY(7)

W (1) = ¥ (or)| + 70
—[W(p) = C(pm)| = [¥(pm) — ¥(pr)|
— 2W(pm) — 2W(p) + 7 = 0.
If (p1, pm) € G¢ and F™(t) > f(r), then the case p; < p, can be treated as the
previous case. Otherwise, if r); < p. < r, we have
AY(E) = [U(p) = ()| +[¥(r) = Llpr)| +
=¥ (o) = ¥(pm)| = [¥(pm) = ¥(pr)| = a
= 2¥(pm) —29(pr) + 1 — Ya
= 2Af(p) —FT) < -2
The case (pi, pm) € G§ is similar. Finally, if (p;, p) € G2, we have to dis-
tinguish two cases, depending on the position of p,.. If p. > p,,, the case
can be treated as above. If p. < p,, < 7, then f(p,) > F and pf" < p, and
(p1, pE') € G¢. Then the number of waves remains constant and
AY(t) (W (o) = C(p7)] + (57 ) = Tlpr)| + 7
=¥ (1) = ¥(om)| = [¥(pm) = (pr)| —
= 2U(p,) = 29(57) + 7 —
2(F = f(pr)) < 0.

The constraint F™ jumps downward, see Fig. 10, right. We have to check
several cases.
If pp = p, = pand F"(t+) < f(p) < F"(t—), two waves will exit the point
(£,0) with pt" < p < pt':
AT(E) = [B(p)— WD) + W) - W)
+[W (") = W(p)| + 7 =70 = BIF"(I+) — F™(I-)|
= 20(p") =20 (p") + v — 7 = 5 |F(I+) — F"(i-)]
= —5|F"(t+) - F"(t—)| < —-5x27"
Above, v = 0,7, or 7., depending on the position of p.
If (p1, pr) is an entropic shock, and F"(t+) < f(p1) = f(pr) < F™(t—), then
AY(E) = (o) =)+ (A7) = (50| + [ (5) — (py)|
+v =¥ (o) = U(pr)| = 70 = BIF"(E+) — F" ()]
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Therefore, if p, < r < p;, then pf" < p, < p < pf" and (pf", pI') € G
AT(@E) < 20(p) = 2U(p) +2¥(p,) — 29(py)
Y — Yo — b (Fn({_) - Fn(t_+))
= —A(f(p) = f(r) +4(F"(t+) = f(r)) = (F"(t=) = F"(t+))
< -2
otherwise, if p; < p,, then pI' < p; < p, < pf" :
AT(E) < 20(pF) = 20(5F) + 7 — 9 — 5 (F"(E=) — F(E+)
= —(F"({—)—F"(+)) <—-27"
Finally, if (pi, pr) is a non-classical shock, and F™(t+) < f(pi) = f(pr) =
F"(t—), then pI' < p,. < py < pf” and
AY(E) < 20(p) = 2W(p)) +2W(p,) — 29(py)
+(t+) = (=) =5 (F"(i—) — F"(t4))
< —(F™t—)— F"(t+)) < —27".
(I5) The constraint F™ jumps upward. We need to check only the case in which
(p1, pr) is a non-classical shock, and F"(t+) > f(p1) = f(pr) = F"™(t—).

If f(R(p1, pr)(0)) < F™(t+), then the solution becomes classical and the vari-
ation of the functional can be estimated as follows

AY(#) W (o) = ¥(pr)| + vo(t+)
—[W(p1) = W(pr)| = v(t=) =5 (F"(t—) — F"(1+))
< (F(f-) - Fr(I) < -2
Otherwise, if f (R(pi, pr)(0)) > F™(t+), we still have a nonclassical shock and
pr <Py <pj <pr
AY(E) = |¥(p[) — U (p)| +(E+)
—[W(p1) = W(pr)| = v(t=) =5 (F"(t—) — F"(1+))
< (F(f-) - FM(I4)) < -2
Indeed, observe that
[W(p) = W (p0)] < [W(pr) = ¥(py)]

and

() = () = 5 (F () = F"(#4)) < = (F"(F-) = F"(E+))
O
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