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ABSTRACT. The Gierer-Meinhardt system is a mathematical model describing
the process of hydra regeneration. This system has a stationary solution with
a stripe pattern on a rectangular domain, but numerical results suggest that
such stripe pattern is unstable. In [8], Kolokolnikov et al. proved the existence
of a positive eigenvalue, which is called an unstable eigenvalue, for a station-
ary solution with a stripe pattern by the NLEP method, which implies the
instability of the stripe pattern. In addition, the uniqueness of the unstable
eigenvalue was shown under some technical assumptions in [8]. In this paper,
we prove the existence and uniqueness of an unstable eigenvalue by using the
SLEP method without any extra conditions. We also prove the existence of a
single-spike solution in one-dimension.

1. Introduction. The development of an organism is a complex phenomenon in-
volving elementary processes such as gene regulation, alteration of cell shapes and
cell to cell interaction, cell proliferation, growth and cell movement. One of these
elementary processes is the formation of a spatial pattern of tissue structures. In
embryology and developmental biology, such a spatial pattern is believed to follow
a ground plan and result from a primary pattern of morphogen concentrations or
other physical factors which are distributed in space with gradients (see [5]).

The fundamental question in morphology is how the developmental ground plan
is established and what is the mechanism which produces the spatial pattern nec-
essary for specifying the various organs ([10]). Recently it is reported in [14] that
the interactions between two pigment cells, called melanophores and xanthophores
are observed on spotted and stripe patterns in the skin of zebrafish. Using modern
genetic and molecular techniques, the authors identify putative elements of interac-
tive networks that fulfill the criteria of short-range positive feedback and long-range
negative feedback, and state that the pigment pattern is generated in the skin by
interactions between pigment cells, that is, reaction-diffusion (Turing) mechanism.
Thus reaction-diffusion equations are fundamental models in morphology.

Also, the positive and negative feedback mechanism is observed in the regulatory
system of HyWnt3 which is a putative master Wnt ligand in Hydra axial patterning
and is expressed at the earliest phase of head regeneration. According to [15],
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HyWnit3 regulatory region consists of activator and repressor modules, which is
essential for the maintenance of spatial pattern by Turing mechanism. Although
the identity and expression pattern of the repressor molecule are not known yet,
the reaction-diffusion mechanism plays an important role of pattern formation in
head regeneration of hydra.

These biological evidences based on molecular technique clarify the existence of
the positive and negative feedback loops in biological systems and suggest that pat-
tern formation processes adopt the reaction-diffusion mechanism. In spite of the
current development of modern molecular technique, it is still difficult to predict
what kinds of spatial pattern is generated, which is called pattern selection problem.
As well as the work [14] for the pattern formation in the skin of zebrafish, the obser-
vation in [15] does not point out any nonlinear effect in the reaction process so that
the we cannot answer which spatial pattern emerges from an initial homogeneous
state. Thus theoretical analysis is necessary to study the pattern selection problem.

In 1972, A. Gierer and H. Meinhardt proposed a reaction-diffusion system to
explain hydra regeneration with local concentration of some chemical products (see
[5]). This system is given by

o4 AP
OH A"

and extensively applied to biological pattern formation. In this system, A and H
represent the activator concentration and inhibitor concentration, respectively. As
seen in [11], [12] and long literature, this system generates spiky patterns in a wide
range of parameters (see Figure 1). Some mathematicians succeeded in proving the
existence and stability of a stationary solution with spiky pattern, called a spike
solution. For example, see [2], [3], [7], [19], [24], [25], [26].

FIGURE 1. The graph of the spike solution (a, h) of (1). The solid
line is the graph of a while the dotted line is that of h. In the
numerical simulation, the parameter values were given by ¢ =
0.223607,d = 1.0,7 = 0.1, = 1.0,p = 2.0,¢ = 1.0,7 = 2.0,s
= 0.0.

It is known that other patterns, e.g. stripe patterns, hardly appear in this system
(Figure 2). The author of [13] stated that stripe patterns are unlikely to appear



UNSTABLE EIGENVALUES FOR STRIPE PATTERNS 293

in this system. However other reaction diffusion models may have possibilities
to generate stripe patterns, which was pointed out in [9], [18]. In [18], the authors
considered how the choice of the reaction terms which satisfy conditions to derive the
Turing’s instability affects the tendency to generate either striped, spotted (spotted
is equivalent to spiky), or reversed spotted pattern, and they concluded as follows:
It is because the reaction term of the first equation in the Gierer-Meinhardt system
has some constraint at A = 0 that spotted pattern are generated, and if we add more
constraints to the reaction terms, the new system may generate stripe pattern. From
their results, we understand that constraints of reaction terms play an important
role in pattern selection. Since the results in [18] are based on numerical technique,
we would like to show that their results are mathematically correct. As the first
step, we will prove that some stripe solution is unstable in the Gierer-Meinhardt
system in a two-dimensional rectangular region.

Now we formulate our problem. Since a stationary solution with spiky pattern
tends to co and approaches the Dirac’s -function as ¢ — 0, one needs to do some
rescaling of A, H such as A = ¢=9/(a7=(=1D(s+1)) g and H = ¢~ @-D/(ar=(p=1(s+1))p
Then the new functions a and h are solutions of

b p
8—?:52Aa—a+%, (z,y) € (=1,1) x (=L, L), t > 0,
oh la”
rZ —dAR — ph 4 =2, (z,y) € (~1,1) x (=L, L), t > 0,
ot € hs
(GM) da  Oh
o =0 x g€ (=L, L), t>0,
da  Oh
—=_—=0, =+L,ze(-1,1), t >0,
o~y y ze(-1,1)
where ¢, d, 4 and T are positive parameters, and the exponents p, ¢, and s satisfy
qr
p>1,¢g>0,r>0,s>0and —— > 1.
(P—1D(s+1)

The conditions for these exponents imply that the Gierer-Meinhardt system exhibits
Turing’s instability, which means that a homogeneous state becomes unstable by the
presence of diffusion (see [23]). At first we consider the following one-dimensional
steady state problem:

52a”—a+a—p*0 z e (—1,1)
hqi I ) )
la” 1)
dn’ —ph+-L —0, ze(=1,1), (
pht -2 =0, z€(-11)
a =h =0, r==+£l.

In [19], [25], it is shown that there exists some stationary solution (a(z), h(x)) with
a single spike pattern at the origin. Thus we call (a, h) a spike solution for (1) (see
Figure 1).

In this paper, we consider the stationary solution (a, k) for (1) with the following
properties. Setting (a(y), h(y)) = (a(ey), h(ey)) for —1/e < y < 1/, we assume
that there exists a constant ¢ > 0 independent of € > 0 such that (a, iL) satisfies

@ — ¢/ P Vw g2 12170y < cVE (2)
and for each R > 0,

sup |h(y) —¢| =0 (3)
—R<y<R
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as € — 0. Here w is a unique solution of

w’ —w+wP =0, ye (—o00,00),
w — 0, ly| — oo,
w(0) = max w,

which is called ground state solution and is explicitly written by

bl 1/(p-1)
w(y) = p)
2cosh”(p — 1)y/2

and ( is a positive constant given by

2/d (p—1)/(gr—(p—1)(s+1))
¢= (ﬂ tanh M> )
ffoo w"dy d

These properties imply that (d,il) approaches a spiky pattern ((%/(P~Dw, () as
e — 0. Tt seems that the existence of a solution satisfying (2) and (3) has not been
shown so far. So we shall prove it in Section 4.2 (see Theorem 4.3). Since (a,h)
is independent of y-variable and the region of (GM) is a rectangle, it is clear that
(a, h) also satisfies (GM). Thus we call (a, h) a stripe solution for (GM) (see Figure
2). In this paper, we study the stability of (a, k) in (GM).

08 06 04 02 0 02 04 06 08 08 06 04 02 O 02 04 06 08

FIGURE 2. The breakup of a stripe pattern and convergence to a
spot pattern in a two-dimensional region (—1,1) x (—1,1) in (GM).
The initial state with a stripe pattern (left figure) breaks into a
four-spike pattern (right figure, which is a snapshot at ¢ = 1000.0).
In this numerical simulation, the parameter values were given by
e = 0.223607,d = 1.0,7 = 0.1,u = 1.0,p = 2.0,q = 1.0,r =
2.0, =0.0.

In order to study the stability of the stripe solution it suffices to consider the
following two-dimensional eigenvalue problem associated with the linearized system
of (GM):

-1

aP

_ 2 ab
Ao = 206 — ¢+ pd — g, (2.9) € (~1,1) x (~L, L),
r—1 T

1/ a
TAn = dAn — pn + - <7"hs¢ - Shs+17]>a (z,9) € (=1,1) x (=L, L),

dp

A/ —+l,ye(-L,L
gx gx 07 €T )ye( ) )7
o_0n_y y==+L,ze(~1,1),

dy oy
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since (GM) is a semilinear system. Due to the lack of y-direction with (a,h),
without loss of generality, we can assume that the eigenfunction (¢,n) satisfies
(0(z,9),n(z,y)) = (o(x)Vr(y), n(@)r(y)), where ¢y is defined by ¢y (y) = cos kry/
2L (resp. sinkny/2L) if k is even (resp. odd). Hence we rewrite the above system
to the following one-dimensional eigenvalue problem:

2 1 272 ap_l a? :
Ap=¢e"¢" —(1+e1")p+p A in (-1,1),
1 r—1 T
(P) T>\n=dn”—(u+d12)77+€(7“ahs as—shfm) in (~1,1),

¢'(£1) =n'(£1) =0,

where | = kn/2L. If (P) has an eigenvalue A and lim._,o ReA > 0, we call it an
unstable eigenvalue in this paper, where “Re” represents the real part of a complex
value. Although there may be a positive eigenvalue A of (P) such as lim._,o ReA = 0,
we do not call it an unstable eigenvalue.

Now we describe our result, from which we know that (P) has exactly one real
and unstable eigenvalue. In other words, the stripe solution is unstable.

Theorem 1.1. Let (a,h) be a solution of (1) satisfying (2) and (3). Fizl # 0.
Then there exist dy > 0 and g9 > 0 such that for each d > dy and € < g, (P) has

ezactly one real eigenvalue A satisfying lime_,o A > 0. More precisely, zf A is an
eigenvalue of (P) in {z € C | Rez >0}, one has either A = X or lim._,o A = 0.

Theorem 1.1 implies not only the existence a positive eigenvalue A but also the
uniqueness of unstable eigenvalues in some sense. The study of (P) is based on a
limiting eigenvalue problem (9), given in Section 2.1. Generally speaking, however,
there is a possibility of an unstable eigenvalue in (P) close to 0 because 0 is a solution
of a limiting eigenvalue problem of (8) as ¢ — 0. In other words, the eigenvalue
problem (8) may have an eigenvalue A with ReA > 0 and lim._,o A = 0. In the
end, we do not completely know the uniqueness of unstable eigenvalues from our
result. Note that we can show the uniqueness of an eigenvalue in (8) which does
not approach 0 as ¢ — 0.

Here we remark two related results on the instability of stripe patterns in the
Gierer-Meinhardt system. One is the work of Doelman and van der Ploeg [3], and
another is that of Kolokolnikov et al. [8]. In both of these works, stationary solu-
tions with the stripe pattern depending on only one spatial variable are considered
for 2-dimensional Gierer-Meinhardt system. Hence, as described as above, eigenva-
lue problems on one dimensional space with a parameter [ arise naturally. In [3],
the eigenvalue problem is studied on the whole line by using the theory of Evans
functions, which does not seem to be powerful in the case of bounded interval. On
the other hand, in [8], the eigenvalue problem is considered on a bounded interval
as our formulation. In order to analyze the eigenvalue problem, Kolokolnikov et
al. adopt the NLEP (Non-Local Eigenvalue Problem) method. The results in [8]
implies the existence of an unstable eigenvalue, which is the same as in Theorem
1.1. On the other hand, to obtain the uniqueness of an unstable eigenvalue in the
sense of Theorem 1.1, Kolokolnikov et al. needed some extra conditions in [8]; p,
satisfy either p=r =2, orr=p+1 and 1 < p < 5. In our work, we will use the
SLEP (Singular Limit Eigenvalue Problem) method without assuming any extra
conditions on the exponents.
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The SLEP method, introduced in [17], has been used to consider the stability of
stationary solutions or traveling wave solutions of a reaction-diffusion system with
thin layers (see [16], [20]-[22]). In particular, the author of [21], [22] considered
the stability of planar interfaces on a rectangle. Hence eigenvalue problems on
one-dimensional with a parameter [ naturally arise. However, since the stationary
solution (a, h) has a spiky pattern on one-dimension and g5 contains the term 1/e,
the eigenvalue problem (P) is also quite different from theirs. This paper is the first
case that the SLEP method is used to consider the stability of a stationary solution
with a spiky pattern.

Now we give the summary of this paper. In order to explain how we use the SLEP
method, we first carry out formal calculations in Section 2.1. Then in Section 2.2,
we give some key lemmas, in particular for the stripe solution (a, k). By using the
lemmas, we describe the proof of our theorem in Section 3. In Section 4.1, we shall
prove Lemmas 2.1 and 2.2. In Section 4.2, we shall prove the existence of a spike
solution of (1) satisfying (2), (3).

We use the following useful notations throughout our paper. First we define
several Banach spaces for each open interval I of R and notations associated with
their Banach spaces:

LP(I) = the usual Lebesgue space of order p(> 1),
HP(I) = the usual Sobolev space of order p in L*(I)-framework,
(H'(I)) = the dual space of H(I),
C(I) = the space of continuous functions on I,
Il - [|x = the norm in the Banach space X,
(*;+)z2(r) = the inner product in L3(I),
(-,-) = the pairing between (H'(—1,1)) and H'(-1,1).

Secondly we introduce a new coordinate y. For each x € (—1,1), we define y = x/e.
Note that —1/e < y < 1/e. We call this stretched-coordinate. For some function
1, we denote the stretched function of ¢ by 1[)(y) = ¢(ey). Furthermore we define
P(y) = Ved(y) if ¢ € L*(—1,1) satisfies [|[¢)]| z2(_1,1) = 1. We note that

. 1/e 1
srjenio = | viewdy = / e = 1

-1

Thirdly we prepare some definitions and notations for simplicity. We define
D =qr—(p—1)(s+1) > 0. For each function ¢(y) on (—1/¢,1/¢), we extend it to
the whole line by a natural way, that is, ¢ = 0 for sufficiently large |y|. Then we do
not distinguish the extended function from the original function, and we write the
extended function as ¢.

2. Preliminaries.

2.1. Formal calculations. In this subsection, we carry out formal calculations to
describe the outline of the proof of our theorem. We rewrite (-,-)z2(_1 1) as (-, ) for
simplicity throughout this subsection. At first, we rewrite the eigenvalue problem



UNSTABLE EIGENVALUES FOR STRIPE PATTERNS 297
(P) to the following form:

(5)-( )0

where L. and M, are differential operators defined by

L.=e di"i_fgv M, = ddd22 +gh7
and f<, f, g5 and g§ are given by
€ _ _ 272 a” e_ @
fa_ (1+€Z>+p ha ) fh_ qh,q+1,
e T c_ dPtp s a
Ja = 72 Ths Ih = p e hstl

Since we consider an unstable eigenvalue of (P), it suffices to restrict A to the set
of C, Ay ={Ae€C | Rex>0}. As we will see, if A € A} is an eigenvalue in (P)
and that of L., A must be close to 0.

Lemma 2.1. Let A € Ay be an eigenvalue of (P). Then X is close to 0 or does not
correspond to any eigenvalue of L. for sufficiently small € > 0.

We shall prove this lemma in Section 4.1. From Lemma 2.1 we can solve the first
equation of (P) with respect to ¢ to obtain

¢ = (Le =N (= fim), (4)
where (L. —\)~! is the invertible operator of L. —\. We can decompose (L. —\)~*
to three parts by using pairs of eigenvalues and eigenfunctions of L., denoted by
{67, 95 12 satisfying that &5 > £f > &5 > -+ and [|¢f|p2(~1,1) = 1 for each i > 0
as follows el . )

Y0 1
(Le =N)7! - /\@0 + &\
where R, : L?(—1,1) — L?(—1,1) is defined by

N9
R\ = ; & — )\(Pi'
Substituting (4) into the second equation of (P), we have
(M: = N = =gz = —ga(Le = N) ™' (= fim)

€ (_f 777300) € ( f’?%) €
__ga{ §§h—)\ o + §1h b\ @]+ Ren(— fhn)},

Qpl +R€ A

or equivalently
—fa" 6 fran, e
(=M, — geRen(~f7) + Ny = LI e LSRG e )
§—A E—A
We see that the invertible operator of (—M. — gSR. x(—f5-) + A) exists, and is
denoted by K. : (H'(—1,1)) — H*(—1,1) (see Lemma 3.2). Applying K. » to
the both sides of (5), we have
_ (=i, ¥5)
& —

This implies that n must be written as

n= aKg))\(gZ(PS) + BKE,)\(QZ(P(%% (7)

_ fe &
e (9595) + (Jim, #5) gihi’fl)Ka,x(géwi)- (6)
1
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where «, 8 are constants. Substituting (7) into (6), we have
alen(9aws) + BEa(gaw) = adooKea(9a0) + BAo1 Ke A (920)
+adioKea(9ap1) + BANK: A(921),

where A;; = (Ko (95¥5), —fr95)/(& — A) for i,j = 0,1. Since K. x(gz¢5) and
K. A(g5¢5) are linearly independent, «, 8 satisfy

a\ _ (A Ao ([«
B Ao A ) \B)°
From (v, 8)t # 0, it follows that (Agg — 1)(A11 — 1) — A1gAg1 = 0. Hence we obtain
(Kea(9290): = fn0) — &6 + M((Eea(gapl), —frel) — &0+ A) ®)
= (Ke(920), = fa1) (Kex(9a 1), —fire0)-
It is known that £ — &5 > 0 and & — 0 as € — 0, as described in Section 2.3.
Moreover, we shall show in Section 3 that

1 1
—%fiwé — 16, —ﬁfisoi =0, Vegips — cad, Vegiei =0

in (H'(—1,1))" as ¢ — 0, where c;,cs are some positive constants and uniformly
bounded in large d > 0, and ¢ is the usual Dirac’s d-function at the origin (see
Lemma 3.1). Furthermore we see that there exists an operator K,  : (H*(—1,1)) —
H'(—1,1) such that K. y — K, ) as ¢ — 0 in a certain sense (see Lemmas 3.5, 3.6).
Finally we have in the limit of (8) as e — 0

)\()\ — 56 + C102<(5, K*’)\(5>) =0.

Since we are interested in an unstable eigenvalue satisfying lim._,g A # 0, A must
satisfy

)\ = §S — 0162<5, K*7A5>. (9)
Since (d, K. 0) is small if d is large, as shown in Section 3, the implicit function
theorem shows that there exists an unstable eigenvalue satisfying (8).

The rest of the pater is organized as follows. In Section 2.2, we shall introduce
some known results and show lemmas, which imply that a has some exponentially
decaying property and that h is bounded away from zero on [—1,1] if d is large. In
Section 2.3, we shall show that the eigenfunction @§ (resp. ¢$) corresponding to &§
(resp. &5) approaches @ (resp. $%) in HY(R), where @, ¢} are eigenfunctions for

Mo =¢" —p+puwPty, ye (—o0,0),
{sow p+pwP Ty, ye( ) 10)

(‘0—>0’ |y|—>OO,

corresponding to the unique positive eigenvalue &;,0 and satisfying [|o5]z2r) = 1
and [|@7]|z2(r) = 1, respectively. Also &, ¢5 and @] can be expressed explicitly as
&= (@+1)2/4-1>0,¢5 = wPD2/ w22 and @7 = w'/[|w']| L2 (),
respectively. These explicit expressions can be obtained by using the hypergeometric
functions (see [2]). In Section 3, we will first determine ¢; and ¢ explicitly. Their
explicit representations imply that they are uniformly bounded in large d. Secondly
we define the operators K. » and K, . In order to define them, we shall use some
bilinear forms, B,  and B, ), and apply Lax-Milgram’s theorem to B » and B, ).
Then we complete the proof of Theorem 1.1 by using the implicit function theorem.
In the last section, we shall prove Lemmas 2.1 and 2.2. In Lemma 2.2, we consider
a Sturm-Liouville type problem and show that a solution for the problem has some
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exponentially decaying property. In Section 4.2, we also prove the existence of a
single-spike solution satisfying (2), (3).

Remark 1. From the explicit expression of w, we see that there exists a constant
¢ > 0 such that

d* < oYl 11

dykw‘ < ce (11)
for each y € R and k£ = 0,1,2. Furthermore there exists a positive constant ¢ such
that w > e~ vl

2.2. Known results and some lemmas. We first consider an ordinary differen-
tial equation of an inhomogeneous Sturm-Liouville type. We expect that if the coef-
ficient functions have exponentially decaying properties, the solution of the problem
also has the same property.

Lemma 2.2. Let U(y),V(y) be continuous functions satisfying
U@)| < cue™, [V (y)| < cpe (12)

fory € (=1/e,1/¢), where u,v,c, and c, are positive constants independent of .
Suppose that there exists a positive constant co such that the solution, denoted by
b, of
¢" = (2 +UW))p=V(y), ye(-1/1/e), (13)
¢’ =0, y==l1/e, (14)
satisfies ||| (—1/e,1/e) < co for sufficiently small e, where a = oy + agi is a
complex number satisfying a1 > =y for a constant v > u independent of €. Assume
that cq is independent of €, . If v is not equal to v, then ¢ satisfies

dk
dy,ﬁ‘ < clafterly (15)

foranyy € (—1/e,1/¢), sufficiently smalle and k = 0,1,2, where p = min{v,v} and
c is a constant independent of €,«. In particular, if a1 < v and a; is independent
of €, one can take p = oy in (15).

Note that the decaying rate p of ¢ is independent of the decay rate u of U. Since
the proof of Lemma 2.2 needs length argument, we shall describe it in Section 4.1.
Throughout this paper, we often use the above lemma.

Next we shall obtain some properties of the stationary solution of (a,h). First
we show that h(z) does not approach 0 as € — 0 at any point on [—1,1]. If this is
the case, 1/h is uniformly bounded on [—1,1] as ¢ — 0.

Lemma 2.3 ([19]). The following inequality holds:
max h < eV*/4min h.

The property (3) and Lemma 2.3 imply that if d is sufficiently large and ¢ is
sufficiently small, h is close to ¢ on [—1,1].

Next we show that a(y) satisfies a similar inequality to (11). Since @ approaches
¢/ P~V as e — 0, we expect that @ has similarities to w.

Lemma 2.4. There exists a constant ¢ > 0 independent of € such that

< ce (16)

dr
i
fory e (=1/e,1/e) and k =0,1,2.
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Proof. By (2) and the fact that w decays exponentially as |y| — oo, as mentioned
in Remark 1, we show that a satisfies

a(y) < ce= W for any y € (—=1/e,1/¢) (17)

for a constant ¢ > 0 and an exponent « € (0,1) by using the same argument as in
the proof of Lemma 3.11 in [16]. Hence we omit the details of the proof of (17).
Next we show that (16) holds by using (17) and Lemma 2.2. We should note

that ¢ = a is a solution of the problem
i

¢ — (1 - T Yo =0, ye(—1/¢1/e),

¢' =0, y==+l1/e,
and satisfies ||¢|| g1(—1/,1/¢) < ¢. Since there exists a positive constant ¢ such that
aP=1/ht < ce=P=Delvl for 4 € (—1/e,1/e), Lemma 2.2 implies that @ < ce~ ¥l for

€ (—1/e,1/e). Using this and the above differential equation for a, we can easily
verify that (16) holds for k& = 1,2. O

Thus it is shown that a has some exponentially decaying property as w. In fact, a
has another similarity. By Remark 1, we have w > ée~ ¥l for y € R with a constant
¢. Then a also has this property, at least in the region where |y| is sufficiently large.

Lemma 2.5. There exist Ry > 0 and g9 > 0 such that a(y) > ce 1l for e < g,
R > Ry and R < |y| < 1/e, where ¢ is independent of e, R, d.

Proof. In what follows, we consider only the case of y € (R,1/¢). The case of
€ (—1/e,—R) can be proved in the same way.
Using (2) and Remark 1, we have a(R) > ce™ %, where c is independent of ¢, R, d
if ¢ is sufficiently small for large R > 0. Here we set ¢(y) = a(y)/a(R). Then ¢
must be a solution of

" _ L@ R,1
- +¢—mﬁa y e (R, 1/e), (18)

v(R) =1, ¢'(1/e)=0.
Since (18) is a Sturm-Liouville type problem, we can express ¢ as

V(y) = crdi(y) +c-g- ()

< / ¢+ d<+¢+(y)/yl/6¢_&(1mzzdc>7 (19)

where cy,c_ are constants, ¢, qb_ are positive functions given by

e—1/e+R R R
d+(y) = m(e?r +e W= Ry,
1

O- () = T (€T TR,

respectively, and W is a constant defined by
W =¢"(R)$+(R) — ¢—(R)¢/, (R).
We should note that ¢4, ¢_ are solutions of
_¢H+¢:05 ye (R71/5)5

satisfying
¢\ (R)=0,0+(1/e) =1, ¢-(R)=1,¢_(1/e) =0,
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respectively. From the boundary condition of ¢ and ¢_ at y = 1/¢, we can easily
show c¢; = 0. Furthermore, setting y = R in (19) and using another boundary
conditions of ¢_ and v at y = R, we see that

f s Ge®) U1 @ L
- Wl Jr a(R) ha T2
if R is sufficiently large. Hence 1 satisfies
P(y) > co¢_ —ce V= PDETE > ie*“R,
which implies that @ > ée~¥ on (R, 1/¢). O

2.3. Properties of {£5,¢5}. In this subsection we consider pairs of the eigenvalues
and eigenfunctions of L., denoted by {£5, 95}, In particular, we will study the
properties of {£5, p§} and {&5, ¢5}. Without loss of generality, we may assume that
{p5}5°, is an orthonormal system in L?(—1,1). It is not difficult to see that there
exists a positive constant « independent of £ such that

GE>7>E > 7> >8>, (20)

which can be shown in the same way as in the proof of Lemma 3.10 in [16]. We
also see that £ — &5 and & — 0 as € — 0, where &; is a unique positive eigenvalue
of the eigenvalue problem (10). We denote the eigenfunctions corresponding to the
eigenvalues £5,0 of (10) by ¢f, @7 satisfying [|@5|lz2@r) = 1 and [|@]]|L2@r) = 1,
respectively. As mentioned in Section 1, ¢§ and ¢} can be represented explicitly.
Those explicit expressions imply that ¢ and ¢f approach 0 exponentially as |y| —
00. Since the eigenvalue problem (10) is expected to be the limiting problem of

¢ — (1+e1%)¢ + y € (=1/e,1/e),
(b/ =0, Yy= :tl/€7

(21)

we expect that ¢F and ¢] have some similarities to ¢§ and @7, respectively.

Lemma 2.6. Fiz 0 < 0 < 1 arbitrarily independent of €. Then there exist a positive
constant ¢ independent of € and €9 > 0 such that

k
< ce—VTFA, ‘d 5| < cemol (22)

dyk ¥1

‘dkﬁpo

ore <eg,y € (—1/e,1/e) and k = 0,1,2. Furthermore @f, ¢] converge to pf, O3
0r P1 0, P1
in C%(R) as ¢ — 0, respectively.

Proof. Since ¢§ is the solution of the problem (21), we can easily show that ¢§
satisfies [|G m1(—1/e,1/¢) < ¢. In addition, we have paP~1/h < ce= =Dl for each

€ (—1/e,1/¢). Hence ¢f satisfies (22) by v < &5 and Lemma 2.2. Also it is not
difficult to show that 5 satisfies (22), by the same argument of ¢f, because it holds
that 1+ 212 + &7 > 0 for sufficiently small € > 0.

Next we show the last part. By [|¢§llm1(—1/e,1/e) < ¢ for € > 0, there exist
$o € H*(R) and a subsequence {e,,} such that &, — 0 and ¢5* — ¢o in (H*(R))’
as n — oo. Then ¢¢ must satisfy the problem (10) for A = &;. Using the differential
equation (10), we have

‘ (b() <C€ \/1+€0"‘I‘
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for any y € R and k£ = 0,1,2. Hence, by (22), we have [|¢g" — ¢ol/z2r) — 0 as
n — oo, which implies [[¢o||z2r) = 1. Since the eigenfunction of (10) corresponding
to & is unique, ¢o must be @f. Hence ¢§ converges to ¢ in (H'(R))" as € — 0.
Here we do not need to choose a subsequence of . Furthermore, taking account of
(10), (21), we can easily verify that ¢ converges to ¢ in C%(R) as e — 0. On the
other hand, we can show in the same way as in the proof of ¢ that ¢j converges
to @7 in C?(R) as € — 0. This completes the proof of the lemma. O

3. Proof of Theorem 1.1. In this section, we prove Theorem 1.1. In the following,
if we use a constant ¢, we suppose that it is independent of €, a.

3.1. Asymptotic behavior of f;$/\/c and /eg5¢5. In order to prove Theorem
1.1, we consider the convergence of each term in (8). As the first step, we study

the asymptotic behaviors of f;¢§/ve, frei/Ve, Vegieh and /egip] as e — 0 in
(H(~1,1)).

Lemma 3.1. Ase — 0, one has

1 1
- %fﬁ‘pg — 616’ _%f}i(pi — 07 (23)
Vegaps — 20, Vegiei — (24)

in (H'(=1,1)), where c; and cy are positive constants, respectz'vely defined by

e = gcla—p+D /(=D / WPGidy,  or = £4<q<r71>fs<p—1>>/<p71> / Wl Ghdy,

Proof. For each z € H*(—1,1), we have
L. Ve @ (@-pt0/ -1 [ ypr
- /_1 %thDOde = /—1/5 qﬁq+1 Pozdy — 2(0)g¢ /_OO w”@ody.
On the other hand, we have
1 /e g (g=p+1)/(p—1) oo
1 p 0
—/ %fﬁcpizdx:/ q#@igdy% (0 / wPw'dy =0
-1

_1/e hatl 1wl 2 ) —o

for each z € H(—1,1) by the Lebesgue dominated convergence theorem. Thus (23)
holds.

Next we will show (24). If » > 1, we can easily show in the same way as in the
proof of (23) that (24) holds, so we may assume r < 1. At first we have

1/6 ~ 1/e
(Vegavs, 2) =/ ozdy— (/ / / )
1/e T hs 1/e

From (2), (3) and Lemmas 2.3, 2.6, the first term of the right-hand side of (25)
converges to

wozdy (25)

R
;dq(rfl)fs(pfl))/(m)z(o)/ w1 Gk dy

as ¢ — 0. Next we estimate the second and the third terms of the right-hand side
of (25) from above such as

UART =

1/e
Z|dy < cf|z]| oo (<1 1)/ e~ WIF =14y gy
R

< C||Z||L°°(—171)67(' THy-14nE,
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Hence we have

1
hm/ VG gt ada — T alr==s=1)/(=1) ) /OO wr—l%dy‘
-1 T

e—0 o
< C”ZHLOC(_LI)ef(\/lJrvflJrr)R -0

as R — oo. In the same way, we see that (24) holds. This completes the proof of
the lemma. O

3.2. Asymptotic behavior of K. ). In Section 2.1, we introduced K, ) which is
the invertible operator of (—M. — g5 R. x(—f;-) + A) and K, » which is the limiting
operator of K. ) as ¢ — 0 in a certain sense. In this subsection, we give precise
definition of these operators. In order to do so, we consider the following bilinear
form:

d
Bea(z1,22) = —(21,2) = ({gaBen (= fiir) + g = A2, 22), (26)

where A\ € Ay, 21,25 € H'(—1,1). Here we abbreviate (*s)r2(=1,1) as (-,-) for
simplicity. Applying Lax-Milgram’s theorem to this bilinear form, we shall define
K x.

Lemma 3.2. For each T € (H'(—1,1))’, there exists a unique ¢ € H'(—1,1) such
that
BE,A(qbaw) = <T7'(/)> fO’I" w c Hl(_L 1)a (27)

where € is sufficiently small, d is sufficiently large and A € Ay. Moreover, the
operator

K.y:(H'Y(-1,1)) — H*(-1,1)
is well-defined by ¢ = K. \T', and satisfies
2T

K <
el < min{d, dl2 + pu}’

where || - || is the usual norm for operators. In addition, K. x is analytic with respect
to A and continuous with respect to €.

In order to prove Lemma 3.2, we first study the asymptotic behavior of
g5 R. »(—fr-) in the right-hand side of (26).

Lemma 3.3. For each z € H'(—1,1) and X\ € Ay, it holds that

_d _ dF
gaaRs,/\(*fhz) — 2(0)55

in (H'(=1,1)) as e = 0. Here F = F()) is an analytic function in A, which is
real-valued for real \, defined by

galte A (=fi2) = 2(0)F, (28)

r —1)—s(p— — r—
F()\):;C(‘I(” D—s(p=1))/(p 1)(¢07w 1)L2(R)7

where ¢g is some function belonging to H'(R) independent of €, z and has the expo-
nentially decaying property such as |¢o| < ce W fory € R, with a positive constant
c independent of A € Ay. Furthermore, as € — 0, one has

||QZR87)\(—fZZ) — Z(O)F(SH(Hl(fl,l))’ —0
uniformly in || z||gr(—11) <M and A € Ay,
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Proof. Throughout this proof, we abbreviate (-,-)r2(—1/,1/e)s | - l£2(=1/¢,1/¢), and
Il - [l (=1/e,17e) @s (+0), || - Iz, and || - |1, respectively, for simplicity. We set
¢e = Rs,k(_fh )

First, we show that @ellmr, ||dpe/dA| g1 are uniformly bounded in & > 0 and
A € A.. Since ¢, can be expressed as

e (i) e 1) e s (< fEE 0565
62 ; Eoa @ ; o (29)
we see that
I( th ”th”
||¢e||L2 Z |€s _ )\|2 ’)/ ¥ |>\|2

by using Parseval’s identity and |£5 — A\|? > 42 + |A|? for i > 2, sufficiently small e
and A € A, which implies that ||¢;5||L2 is uniformly bounded in € > 0 and A € A,.

Next we show that H¢5||H1 is also uniformly bounded in ¢ > 0 and A € A,.
By (29), ¢. satisfies (¢e,35) = 0, (¢, #5) = 0 and the following equation with
Neumann boundary condition:

{ O+ (fi = N6 = —Fiz2+ (Fi2 60086 + (Fi2 D90, ye (=1/e1/e), g
¢/ = Oa Yy = :l:]./E

Then, multiplying z to the first equation of (30) for ¢ = @. and integrating it over
(=1/e,1/¢), we have

16412 + (1 + €22 4+ Re)[de3 < (0 ¢Ea¢s) +1(fiz, 92l

< c(||¢sHL2 + 12l zo (1) 1<l 22)-

(31)

Since || ¢ | > is uniformly bounded in € > 0 and A € A, ||¢.||g1 is also uniformly
bounded in € >0 and A € A.

Next we show that ||dpe/dA|| g is uniformly bounded in e > 0 and A € A,. We
should note that de. /d\ is expressed as

dde  ~= (—f52,85)¢5
A ‘; & -2

Then we have (d¢./d)\,¢§) = 0 and (dp./d),$5) = 0. Using this and Parse-
val’s identity, we obtain ||d¢./d\|| > < |ffZ|lL2/(¥? + |A|?), which implies that
|dpe/dX|| > is uniformly bounded in & > 0 and A € A,. Then we can show in the
same way as in the case of ¢, that ||dp./dA|| g1 is also uniformly bounded in & > 0
and A € A;. Furthermore, Lemmas 2.2, 2.4 and 2.6 imply that

dse
)

|fe| < ce™?V, < ce” W (32)

for y € (—1/e,1/e) with 0 < 6 < 1 fixed arbitrarily independent of €, \.
Next we shall show that there exists ¢g € H*(R) such that

do- deo

b — 2(0) o, = Z(O)K
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in (H(R))" as e = 0. By ||¢c|lmi(—1/e.1/) < ¢ and ||dde/dN|| gr1(—1/e,1/) < ¢ for
e > 0, there exist ¢g, o € H(R) and a subsequence {e,, }2°; such that ,, — 0 and
depe,

X

in (H'(R))" as n — oo. We note that ¢g satisfies (o, ¢f) r2r) = 0, (¢0, ¢})r2r) =0
and

¢z, — 2(0), — 2(0)¢o

0 — (14 A)go + pwP "¢y
= ¢l TP/ =D (P — (WP, G5) 2y 2h — (WP, $}) L2 ) BF) (34)
= ¢l PTI/ =D (P — (WP, $5) 12y 7))

for each y € R. Here we used (w?,$])r2@) = (wP,w'/||w'||2)2@) = 0. On the
other hand, ¢y satisfies (10, 95)r2®) = 0, (Yo, $])r2r) = 0 and

o — (14 X)to + pwP~ o = o (35)

for each y € R. Owing to A € A, and the orthogonal conditions (¢o, )2 = 0
and (do, ¢71)2r) = 0, (34) admits only one solution. Moreover, (35) also admits
only one solution. These imply that

b= 20060, 22 (0w
in (H'(R))" as ¢ — 0. Here we do not need to choose a subsequence of ¢.

Now let us show that ¢ is analytic with respect to A and ¢y = doo/d\. Tt is
easy to see that ¢g is C! with respect to A € A, (see Hartman [6] section V). In
order to prove the analyticity, it suffices to verify that ¢g satisfies Cauchy-Riemann
conditions. We differentiate ¢y with respect to A = Ay — Aai if A = A1 + Aoi. Then
dgo/dA satisfies (doo/dN, §5)r2r) = 0, (ddo/dA, §7)r2r) = 0 and

¢" —(1+XNo+puPlp=0, yeR

This problem is the same as equivalent to (10), which admits only two solutions
(A, @) = (&5, cf) or (0,cpt) since A is restricted in A4, where ¢ is an arbitrary
constant. From (d¢o/dX, ¢5)r2xy = 0 and (ddo/d\, ¢7)r2r) = 0, we see that
dpo/dX is identically equal to 0. This implies that ¢y satisfies the Cauchy-Riemann
conditions so that ¢q is analytic with respect to A. Now we differentiate both sides
of (34) with respect to A. Then d¢g/dX must satisfy (35). The equality (35) with
the orthogonal conditions admits only one solution so that g = d¢g/dA. By this,
(32), (33), and the Lebesgue dominated convergence theorem, it is easy to verify
that (28) holds. Furthermore ¢q satisfies |¢o| < ce~!¥! for ¢ independent of A € A.

Next we show the last part of the lemma by contradiction. For each x > 0, we
may assume that there exist z, € {z € H'(=1,1) | ||2]lgr(—1,1) < M}, A € Ag,
and a subsequence {e,}52; such that €, — 0 as n — oo and

llge" Re,o (=57 20) — 20 (0)F(Nn)S |l (11 (~1,1)) = K-

Due to this inequality and (31), A, is supposed to satisfy |A,| < ¢ for a constant
¢ > 0 independent of n without loss of generality. Since ||z, | g1(~1,1) < M and
|\n| < ¢, there exist 20 € H'(—1,1) and A\g € A, such that 2, — 2o in (H'(—1,1))’
and A\, = \g as n — oco. Here we may replace n with an appropriate subsequence if
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needed, but we use the same notation. The space H'(—1, 1) is compactly embedded
in C[—1,1] so that z, = z¢ in C[—1, 1] as n — co. Then we have
K <192 Rey n, (=17 20) — 20 (0) F(An)4||
< llga Rex, (= f57 (20 = 20)) | + llga" Re, 20 (— £, 20) = 20(0)F (Ao)d ||

36
15 Bepr, (172 20) = 5 By a5 20)] 0
+ 1120(0)(F(Ao) = F(An))d ]l + [[(20(0) — 20 (0)) F'(An),
where we abbreviate || - [[(z1(—1,1)) as || - ||. Note that the second term of the right

side of the above inequality tends to 0 as n — oo by (28).

Next we verify that the first term converges to 0 as n — oco. For each ¢ €
Hl(_lv 1)7 <g¢Ean€n,)\(_f}ELn (Zn - ZO))? 90> can be represented by (Ren,/\(_f}sln (Zn -
20)), 95" P)12(~1,1)- For simplicity, we set ¢, = Re A(—fr"(2n — 20)). Then we
see in the same way as in the above proof that there exists a positive constant ¢
independent of n such that |[¢, | g1 () < ¢ and |¢,| < ce W for y € (—1/ep, 1/en)
with any € € (0,1) independent of n. Using these facts, we see that

1/en

(G 9P| < ellellinrny [ foalardy 0
—1/en
as n — o0o.
It is easy to see that the other terms also tends to 0 as n — oco. This is a
contradiction. Hence we complete the proof. O

Next we consider the continuity and convergence of a”z/eh**1 in (H'(—1,1))’ as
€ — 0, contained in the term gz, where z € H'(—1,1). In the following we use a
constant D = gr — (p—1)(s+ 1), which was already given in the last part of Section
1.1.

Lemma 3.4. For any z € H'(—1,1), as € — 0, one has

r

Ehs—i-l

z — 2(0)¢P/P—1) / w"dyd (37)
R

in (HY(—1,1))". Furthermore for each M > 0,

r

a
| ===z — 2(0)¢P/P~D / w"dyd|| (g (—1.1)y — 0
ho i . (H'(~1,1))

as € = 0 uniformly in || z|| g1 (—1,1) < M.

Proof. By the Lebesgue dominated convergence theorem, it is easy to verify that
(37) holds. Let us show the second part of the lemma by contradiction. We suppose
that for each x > 0, there exist z, € {z € H'(=1,1) | ||z[lm1(~1,1) < M} and a
subsequence {e, } such that £, — 0 and

aT

D/(p—1 r
||Enh78+12n — Zn(O)C /(p )Aw dy5||(H1(_171))/ Z K.

Since ||z || g1 (—1,1) < M for any n, there exists zo € H'(—1,1) such that z, — zy in
(H'(—1,1)) as n — oo. Here we may replace 2, with an appropriate subsequence
if needed (we use the same notation for the subsequence). Since H'(—1,1) is com-
pactly embedded in C[—1,1], we may assume that z, — zg in C[—1,1]. Then we
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can show in the same argument as in the proof of Lemma 3.3 that
a'f‘

- — 24(0 D/(P—l)/ Tdus
|5nh8+1 gnherlZO ZQ( )C ]Rw Y ||

+(2a(0) — 20(0))¢P/ @D / W dys]) = 0
R

r<| (zn = 20)[| + ||

as n — oo, where we abbreviate || - |[(z1(=1,1)) as || - || for simplicity. This is a
contradiction. O

Applying Lemmas 3.3 and 3.4, we can prove Lemma 3.2. In what follows, we

abbreviate (-, ')L2(71,1)7 || . ||L2(,171), H . ||H1(71,1) and || . |‘(H1(71’1))/ as (', '), H . ||L27
|l - Iz, and || - || g1y, respectively, for simplicity.

Proof. For any z1, 20 € H*(—1,1), we have

N

d di? + p+ 7|2
Beater )] < A laalebles + ST e aiealze + el ool

2
< —max{d, di* + p+ r[A}|z1 |22

where c is independent of €, d, \. Next, for any z € H'(—1,1), we have

di? + i+ TRe
[Bea(z,2) —

Y

3 + el — elali
- min{d, di® + u}
- 2T
where c¢ is independent of €,d, A. By these two inequalities, we can apply Lax-
Milgram’s theorem to B ), that is, for each T € (H'(—1,1))’, there exists ¢ €
H'(—1,1) such that

Bea(¢,9) = (T,¢) for any ¢ € H'(~1,1)

fore > 0and A € A,. Then we define the operator K, » : (H'(-1,1)) — H'(-1,1)
by K. T = ¢, which implies that K. ) is well-defined. Furthermore we take ¢ =
K. ,\T for the above equation and have an estimate such as

min{d, dl? + u} ”
2T
This implies that

2113

KTl < (T, KenT)| < Tl oy |1 KenT a2

2T
min{d, dI2 + pu}’
where || - || is the usual norm for operators.

Secondly we shall show that K. ) is continuous with respect to € and analytic
with respect to A € A4 in a certain sense. We take any T € (H'(—1,1))". Then it
holds that for each v € H'(—1,1), g,&’ > 0, \, N € Ay,

BE,)\(KE,)\T? w) = <Ta ’(/J> = BE’,/\’ (KE’,)\’Ta ¢)
Using this, we obtain
BE’,)\’((KE,)\ - KE’,)\’)T7 ¢) = BE’,)\'(KE,)\Ta 1/)) - BS,A(KE,)\T; d}) (40)
Substituting (K. x — K. »)T into ¢ and using the inequality (38), we obtain
min{d, dI* + u}
2T

[ Kl < (39)

|Ber s (Key — Koo 3)T, (Ko y — Koo 3)T)| > (Ko — Koo a0 )T %1
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On the other hand, the right side of (40) is estimated from above as

|Ba/,/\’ (/Ke,/\T7 '¢) _/ BE,)\(KE,/\T7 ¢)|
< |((92 Ra',k;(_fii ) - g‘zRa,)\(_f}i'»Ka,)\Ta ¢)|

s al s a
H(Z o VE AT )| + [N = MK n T, 9]

e BT Te gt
< (II(gZ Rer(=fi ) = GaBRe A (= Ji DT oy

s a”, s a’
T ) KonT ey + X — A|||K€,ATH1) ol

Te! hEY e pET
where we write a, h as ac, he for € to distinguish ac, h. from a./, h.,. Taking ¢ =
(Kex — Ko 2)T in (40), we obtain from the above two inequalities

I(Kex = Ko x)T | i1
T

< —"—— “Rov(—f£) = CRen(—fE ) KT /
> mln{d,dl2+ﬂ}{”((ga E,)\( fh ) Ya E,A( fh )) €,A ||(H1) (41)
s al, s al
— = - — =K ,\T F A N = M| KeaT .
+H(Ts’ REFY e h§+1) Ay +1 [Tl }
Here it follows from (39) that [|[K.\T||g1 < 27| T||(gry / min{d, dI* + p}, which
implies || K. AT || is uniformly bounded in & > 0 and A € Ay. By this and
Lemmas 3.3, 3.4, three terms of the right-hand side of (41) tend to 0 as ¢’ — ¢ and

N — A. Hence K, is continuous with respect to € and analytic with respect to
A O

Next let us define K, . Let B, ) be a bilinear form which is the limiting form
of B.  as ¢ = 0. From Lemmas 3.3, 3.4, we have

(gaR (= fr21), 22) 12 (=1,1) = F(X)21(0)22(0),
a/"‘

(Tzsﬂ 21, 22)L2(~1,1) — CD/(pfl) / w"dyz1(0)22(0)
as € — 0. Hence we define B, ) by

;o dl? 4+ p+ 7
T

Bua(en ) = S(e, ) + (21, 2) + (B~ F()2(0)22(0),

where E = s¢P/®=1 [* wrdy/T and we abbreviate (-,)r2(_1,1), as (-, ) for sim-
plicity. We apply Lax-Milgram’s theorem to B,  as well as B; ) and define K, ).

Lemma 3.5. For each T € (H'(—1,1)), there exists a unique ¢ € H*(—1,1) such
that

Bo(6,0) = (T.0)  for v € H'(~1,1), (42)

where d is sufficiently large and A\ € A. Moreover, the operator
Koy: (HY(-1,1)) = H'(-1,1)

is well-defined by ¢ = K, \T, and is analytic with respect to \.

Proof. It is easily shown that B, ) satisfies

2
|Bea(21,22)] < —maxc{d, dI* + p+ r[A ||| 22|,

min{d, dI® + u}
Burte,n) > DA e

(43)
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for 21, 22,2 € H'(—1,1). Then the proof of Lemma 3.5 is obtained in the same way
as in the proof of Lemma 3.2. So, we omit details of the proof. O

As described previously, B,y is the limiting form of B, as ¢ — 0. Hence it
is expected that K.  converges to K, x as € — 0 in a certain sense. Indeed, the
following lemma holds.

Lemma 3.6. Fizr A € Ay and T € (H'(-1,1)). Lete, > 0, A, € Ay and
T, € (HY(—1,1)) satisfy e, — 0, Ay = X and T,, = T in (H(=1,1)) as n — oo,
respectively. Then K., x, T, converges to K. \T in H'(—1,1) as n — oo.

En,
Proof. By the same argument as in the proof of Lemma 3.2, we obtain
27
win{d,d 1 i} |
+1lga" Rep n (— 17 Koy 2, T) — F(A)(E 3T (0)6]] a1y

A;MMQ“—gDﬂ¢4{/zwdmk;ATxm5mHg,+|x1—AHK%AnTmp}.
R

||K5n7>\nTn - I(*,/\THH1 < T — T”(Hl)’

s, az,
H hs—&-/l
En

This completes the proof. O

+

T

3.3. Proof of Theorem 1.1. Now we are in a position to prove Theorem 1.1.
Since K, )6 satisfies B, \(Kx 10,%) = (6,%) for any ¢ € H'(—1,1), we have

di? + p+ 71X
T

fggada"+ K, 20 = {1+ (F — E)(K,6)(0)}0.

Then we have
(Kepd)(@) = gy (1 (F = E)Ead) (0} Gaa(,0), (44)

where Gy » is the Green’s function with Neumann boundary condition for the fol-
lowing equation
d
_ Gl 2) +G(-,2) =6, ~1,1
dl2+u+7_>\ (7Z) + (7Z) On( a)a

where z € (—1,1) and ¢, is Dirac’s d-function at z. Here it follows from (44) that
(K+,20)(0) must satisfy a compatibility condition so that we can solve (44) with
respect to (K, x0)(0) to obtain

7G4, (0,0)

K, 6)(0) = ’
( A )(0) dl2 + I + 7'/\ + TGd,)\(07 O)(E - F)

where Gg 1 (0,0) is explicitly given by

NZEESTES
Gar(0,0) = .
24(0,0) 2v/dtanh(;/dI2 + i+ TA/Vd)

If d is sufficiently large, (K, 16)(0) is much smaller than £5. Furthermore, d(K, 10)
/d\ is also small if d is sufficiently large. Therefore we obtain an unstable eigenvalue
A by the implicit function theorem.

Next we show that (P) has exactly one unstable eigenvalue and it is a real number.
Let AL be an eigenvalue in A;. Then lim._,o AL exists in A} by (8) and (39). Here we
may replace € with an appropriate subsequence if needed (we use the same notation
for the subsequence). Setting X' = lim._,o AL, we have X' = &} — c1c2 (K, 1 6)(0).

£
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Since (K, x60)(0) is small, a neighborhood of £ contains X if d is sufficiently large.
If ) is not equal to \, we obtain

(K*,)\é)(o) — (K*,)\’6)(O)

A—N '
This is a contradiction because d(K, 16)(0)/dA is smaller than 1 if d is sufficiently
large. Hence we have the uniqueness of a solution of (9) in A;. Since F is a real
continuous function with respect to A if A € A is real number, the uniqueness of
a solution of (9) in A4 implies that A must be a real number. This completes the
proof.

1=

4. Proof of Lemmas and Theorem 4.3.

4.1. Proof of Lemmas 2.1, 2.2. We first prove Lemma 2.1. In fact, we can show
that an unstable eigenvalue of (P) does not approach & as € — 0, which implies
that Lemma 2.1 holds. Hence it suffices to show the following lemma.

Lemma 4.1. There is no eigenvalue of (P) which approaches £ as € — 0.

Proof. We show this lemma by contradiction. Suppose there exists an eigenvalue
of (P), denoted by A., such that A, — &} as € — 0. Then two cases can occur:
the first case is when A, is equal to &5 and the second case is when there exists a
sequence {&,} such that e, tends to 0 as ¢ — 0 and A, is not equal to & for each
n. We will denote the eigenfunction of (P) by (¢, n¢)-

In the first case, ¢. can be expressed as

(=fane P2 (-1,1) . -
: I _1)\ S0t 4 Ren(— fime), (45)
1 €

where k. is an arbitrary constant. Furthermore f;n. must satisfy the solvability
condition (—fine, ¢§5)r2(~1,1) = 0. Substituting (45) into the second equation of (P)
and carrying out the same calculations as in Section 2.1, we have (4, K, ¢xd) = 0.
However this contradicts the positive definiteness of K, » (see (43)). Hence the first
case does not occur.

In the second case, we also obtain (d, K¢ d) = 0, by carrying out the same
calculations as in the first case. Hence the second case does not occur either. This
completes the proof. O

d)s = K&SDS +

Next we prove Lemma 2.2. We denote the solution of (13), (14) by ¢ and
suppose that ||¢[|g1(—1/e,1/c) < co for a constant ¢y independent of €, . From
|l 1 (=1/e,1/¢) < co, there exists a constant ¢ > 0 independent of €, such that
|l Loe (—1/,1/¢) < ¢ for any € > 0 by Sobolev’s embedding (Theorems 8.6, 8.8 in
[1]). Hence in order to prove Lemma 2.2, it suffices to show that ¢ has an expo-
nentially decaying property on (R, 1/¢), that is, (15) holds on (R, 1/¢), where R is
assumed to be sufficiently large and fixed independently of ¢, a.

Since the problem (13) on (R, 1/¢) is of an inhomogeneous Sturm-Liouville type,
it is natural to consider the following homogeneous equation:

¢" — (@ +U(y)p =0, ye (R 1/e). (46)

Taking two linearly independent solutions of (46), we can express ¢ by using them
and their Wronskian. To show that ¢ has an exponentially decaying property, it
suffices to show that they have such property. In what follows, if we use a constant
¢, we suppose that it is independent of ¢, R, «.
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We first consider the problem (46) with the following boundary conditions:

p(R)=1, ¢'(1/e)=0. (47)
By using (12), it is not difficult to show that there exists a solution of (46), (47),
denoted by ¢_. Equation (46) can be regarded as a perturbed problem for

&' —a2p=0, ye(R1/e). (48)
A unique solution of (48), (47), denoted by ¢g, can be explicitly written as
1

- = (ema2/e—y—R) —a(y—R)
d)O(y) 1+ e—2a(1/e—R) (6 te )

and satisfies

< claffemar =R (49)

dk
b
for y € (R,1/¢e) and k =0, 1,2, where o = a3 + agi and @y, ay are real constants.

We consider that the solution of (46), (47) also satisfies (49). Indeed, the following
lemma holds.

Lemma 4.2. Let ¢_ be the solution of (46), (47). Suppose that R > 0 is sufficiently
large and fixed independently of €,«. Then there exists €y > 0 such that

dk
0| < dlafremestron (50)
for any e < eg, k=0,1,2 and y € (R,1/e). Moreover, one has
|6 (R) + o < clafe™" (51)
and
‘(b—(l/g) _ 26—(1(1/5—}%)' < Ce—al(l/s—R)—uR/2. (52)

In order to prove Lemma 4.2, we rewrite (46) to the following first order ordinary
differential system:
' = AP + U(y)Ko®, (53)
where ® = (¢_,¢" ) and

0 1 00
A= o) o= (0)
p(l 1).

o —«

1
pro (o LY pyp_ (o 0
200 \v  —1 0 —«

Then ¥ = e~ P~1d(= (¥, ¥y)?!) satisfies an ordinary differential system
U = BU + U(y)KV, (54)

where B = P7'AP — o and K = P~'K,P with the identity I on C2. For each
matrix M on C2, we put

Let

Then

Mo
|M]|| = sup u
veC? |U‘

By using these notation and definition, we shall show Lemma 4.2.
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Proof. By (54), we have the integral equation

w(y) = PO Pu(R) + [P IUO RV (59
R

Here, by (55), we obtain

Yy
By-Or Y)KU(C)d¢| < / —uC g < e ul g .
K ac| < o 19 [ eac < et (00

By assuming that R is so large that ce“f < 1/2, it follows from (55) that

U(y)| < [U(R)| + - ()],

max
2 ¢e[R1/e]
Hence we have maxcer,1/¢ [¥(¢)] < 2|V (R)| and

[P1(y) = Wi(R)| < c[T(R)]e™ ",
|Wa(y) — e 20Uy (R)| < | W(R)|e.

Setting y = 1/¢ in these two inequalities, we have
jag—(1/e)e™/ — e *F(a+ ¢_(R))| < ¢y/laf? + gL (R) 2= T,
g (1/e)e™/e — =2t (0 — ¢ (R))| < ¢y/|af? + [¢L(R)[2e~"/=— 1 T,
Then we have
o+ ¢ (R) — e 2 (0 — ¢ (R))| < ey /a2 + ¢ (R)|2e ™, (56)
which implies |¢’ (R)| < 2|a| and
la + ¢ (R)| < clale™"
if R is large and ¢ is small. Hence (51) holds. Furthermore we have
|W(1/e)| < cre /el (57)

where ¢ is a positive constant independent of ¢, R, c.
To prove (50) and (52) we next consider the following integral equation:

U(y) = PUVIU(1/e) /1/5 PUmIU () KW (C)dC. (58)

Now we define a positive constant ¢z independent of e, R by ¢z = 4¢,, /|| (201 — u).
Using (57) and (58), we obtain

1/e
W (y)| < e 2= |(1/e)] +2cu|\KH|\II(R)\/ =20 (y=0)—uc e
Yy

(59)
<(c1+ 02)6("1(_29+2/8—R)_u/5'
Note that || K|| = 1/|a| and |¥(R)| < 2e~®1E. Then we have
W (y) — eB<y—1/e>\I,(1/§)|
< cu|| K| (c1 + 02)/ =201 (1=~ (<2 2/e— R) /e g "

Yy
Cu(cl + 62) eal(—2y+2/s—R)—uy—u/s
lalu '
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Taking y = R in (60), we have
[W5(1/e)] < [U5(R)|2 P17 4 (|Q+U>RR/
< gee(-2/e+R) | C“(Cll|+02)6a1RuRu/a
alu
< <2 + <|+>) iRk
alu

Note that 2a1(1/e — R) > u(1/e + R) if € is small. Here we assume that R is so
large that

culc1 +¢2)\ _ury2 .
24 M T ) e l2 < min{—=, ¢y} 61
sty

Note that R can be given independently of a,e. Then we see that
[W(1/6)] = V2o (1/2)] < erer/zmorRmu/2, (62)
Next we shall show that

‘\11(1/5)‘ < cle—u/z—:—ozlR—muR/Q7 (63)
|\I/(y)| < (Cl +Cz)eal(—2y+2/€—R)—u/s—(m—l)uR/2 (64)

if the integer m satisfies
2a1(1/e — R) > u/e + (m+ 1)uR/2

by using the principle of induction. The case of m = 1 was already proved in (59),
(62). Next we suppose that (63), (64) hold for m. Then it follows from (58), (61)
that

1/
[W(y)| < [U(1/e)[e > @1 4 e, | K| / E e 2 WmOmu g ()
Yy

< 01672(11(yfl/e)fu/afalRfmuR/2

Me—%uﬁ-al(2/e—R)—u/5—(m+1)uR/2
|a]u
< (€1 + cp)e 21 (w=1/e)—u/e—a1 R—muR/2
Then we obtain
[U(y) —ePWmVu(1/e)]
< || K||(e1 + ¢2) 1/e =20 (y=0)—u¢ =201 (¢C~1/e) ~u/e=on R=muR/2 g

) (65)

< Cu(cl + 62) eal(72y+2/sz)fu/sf(m+2)uR/2.
|alu
Setting y = R in (65), we have
Wa(1/6)] < [Wa(R)jerer-1/9) o L) monifemimazyun
a|u
< 267041(2/671%) + Cu(cl + 02)67Q1R7u/87(m+2)uR/2'
- |erlu
If 201 (1/e — R) > u/e + (m + 2)uR/2, we obtain

|Wa(1/e)] < (24 %(Cl|—|_cz))e—a1R—u/s—(m+2)uR/2 < %e—alR—u/s—(m—i—l)uR/Q.
alu
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This implies that (63) and (64) hold for m + 1.
From the above argument, there exists an integer n such that
u/e+ (n+2)uR/2 > 2a1(1/e — R) > u/e + (n+ 1)uR/2 (66)
and
U(1/2)] < eremr/enRmm/z,
|\I'(y)| < (Cl + 62)6a1(72y+2/sz)7u/57(n71)uR/2.
By (66), we have —nuR/2 < —2a;(1/e — R) + u/e + uR so that
[U(1/e)| < erett CHEFRTUR ()] < (eq + ep)en (TRUTITIURS,
Using these inequalities and carrying out the same calculation as above, we obtain
[U(y)| < cetCHHR U (y) — PUTVIU(L/e)| < e (TR,
Hence
6 ()] < ce™™ O |6 (1)) — 27U/ < cmen(i/emmuR/2,
Since it is easy to verify that (50) holds k = 1,2, the proof is completed. O

Since (13), (14) are of Sturm-Liouville type, the solution ¢ of (13), (14), can be
represented by two linearly independent solutions of (46). We obtained one solution
¢_ in Lemma 4.2. We take another solution of (46) satisfying

¢(R) =0, ¢(1/e) =1,
denoted by ¢4. Then ¢ and ¢_ are linearly independent owing to their boundary

conditions. We can show in the same way as in the proof of Lemma 4.2 that for
sufficiently large R > 0, there exists €y > 0 such that

o eor| < datreentiey (67)

for any y € (R,1/¢), e <ep and k =0,1,2, and
|0/ (1/2) — af < claje™H, (68)
|6 (R) — 2—00/e=R)| < cemon(1/e=R)—uk/2. (69)

By ¢4 and ¢_, ¢ can be expressed as
P(y) = c+ o4 (y) + c—d-(y)

1 y 1/e
# 5 (0-0) [ ooV onm [ o-@viouc)

where cy,c_ are constants and W is defined by

W = ¢_(R)$+(R) — ¢—(R)¢(R) = ¢_(R)d+(R),
by using ¢, (R) = 0. Here we differentiate the both sides of (70) with respect to y
and substitute y = 1/¢ into the resulting equation. Then, using ¢’ (1/¢) = 0, we
have
0= crd,(1/6) + c_¢'_(1/2)
1/e 1/e

s(enam [T odovac e [ ooviow)

1/e
— . (1)0)
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Then cy must be 0, because ¢, (1/€) # 0 due to (68). Finally ¢ can be expressed
as

1/e
o(y) = c_d_(y) + ( / G+ (OV(OC + 64(y) ¢(<>V(<)dc>.<7l)

Y

Here we estimate W from below as
1 _ _
W2 lale a(l/e=R),

by using (51) and (69). The second and third terms are estimated as

S € oy [M g < € om
ot /¢>+ Vo] < e [T ag < Com )

where p = min{~v, v} and
1/e

1/e
il € Ly —(a1+v)¢ € vy
]Wm(y) ¢<<>V<<>dc] < e [emac s e
If a3 < v and a7 is independent of €, it is easy to prove that we can take p = oy
n (72). Hence if ¢_ is uniformly bounded in ¢ > 0, the proof of Lemma 2.2 is
completed by using (50), (72) and (73). In order to prove that c_ is uniformly
bounded in e, we recall |[@||p(—1/c,1/) < o for a constant ¢y independent of
€,a, R because of ||@||g1(—1/c,1/¢) < co. Substituting y = R into (71), we have
¢ > |c—| — cemP® thanks to ¢_(R) = 1, which implies that |c_| < 2¢ if R is
sufficiently large. Therefore (15) holds. This completes the proof of Lemma 2.2.

Y

4.2. Existence of a single-spike solution of (1). In this subsection we prove
that there exists a solution of (1) satisfying (2), (3). In fact, the existence of a
solution was pointed out in [7] and [25]. However it seems unclear whether the
solution given in [7] or [25] has these properties. Then we give the rigorous proof
of the existence of a solution satisfying these properties.

Theorem 4.3. Assume thatr > 1. There ezists a solution of (1), denoted by (a, h),
such that it has the properties (2) and (3).

Remark 2. The assumption 7 > 1 may be unnecessary and we may be able to
prove the existence of a single-spike solution for r > 0 though we need it in our
proof of Theorem 4.3.

In what follows, we assume that g =1 in (1) without loss of generality by some
scaling. Then we can take ¢ = 1 in (2). We use the useful notations such as

L) ={¢ € L*(I) | ¢(z) = ¢(~2)}, HZ(I)=H*(I) L),

and set H . ||L2 = H . ||L2(,1/€$1/€) and H . ||H2 = || . ||H2(71/5,1/5) for simplicity. We
need several lemmas to prove Theorem 4.3. We shall prove some of them after the
proof of Theorem 4.3.

First of all, we need the existence of a unique solution of the problem

Ts (74)

A
dT" —T+ — =0, z¢€(-1,1),
T =0, =+l

for any nonnegative function A € H2(—1,1) (see Lemmas 4.9, 4.11). We denote the
solution of the above equation by T' = T[A]. Here we set A = (w.(z/e)+p(x/e))" /e
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define T'[w. + ¢](y) = T[A](ey) for ¢ € B z(0; H2), where B (0; H?) is a closed
ball in H2(—1/e,1/¢) with center 0, radius /z, that is,

B (0 HY) = {¢ € HX(~1/e,1/e) | [¢]lm= < Ve},

we(y) = ¢V Py (y)w(y), and . is a cut-off function, belonging to C*°, which
satisfies 0 < x. < 1 and

1
17 |y‘ S ZE’
Xe(y) = 1 1
0, —<Jlyl<=
5 Shls 2
Next we consider a problem
AP
S[Al=A" — A+ = =0, ye (=1/g1/e),
A T =0 Ve (117
A =0, y=+1/e.

To prove Theorem 4.3, we find a solution ¢ € B z(0; H?) such as S[w. +¢] = 0 with
Neumann boundary condition. Now we set a linear operator R. : L?(—1/e,1/e) —

(—00,00) such as
1 1/5 r—1
R = / G(0,0) 225 gz,
L+s —1/e Twe]*

where G = G(z, z) is the Green’s function of a problem

{ _d¢l/+¢ = 5Z7 T € (_171)7

@' =0, r==+1

and can be explicitly written by

G(z,2) = \/Esinhl(2/\/[,3) cosh [1\;;} cosh {1\/{}, “l<z<z,

1 cosh [1 — x} ﬁ
Vdsinh(2/Vd) Vd Vd

Here 0, is the Dirac’s d-function at z. Note that G is a Lipschitz function, that is,
there is a constant ¢ > 0 such that

|G(71,21) — G(w2,22)| < c(|z1 — 22| + |21 — 22]) (75)

for 21,29, 21,29 € [—1,1]. In fact, it seems that R. is the linearized operator of
T[A] with respect to A = w, in the following sense.

cosh{ }, z<z<l.

Lemma 4.4. For any § > 0 and 0 < o < 1, there exists eg > 0 such that

e~ (Tw, + ¢1] — Twe + ¢a] — Re(d1 — d2))llr2 < 8|lp1 — ¢2llre,  (76)

for e < eg and ¢1,¢2 € B\/E(O;Hf) satisfying |1, |p2| < ce Y for a constant
¢ > 0 independent of €,0, and

le= N (T[we] = )llz2 < ez, (77)

fore <eg.

Proof. Throughout this proof, we abbreviate f_lﬁa as [ for simplicity. Since the
solution T[A] of (74) satisfies

1
T[A|(z) = /_ G, z)T[Ajwdz,
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we have

Tlw- + ¢1](y ) [w€+¢2

/G Ey,az +¢1 /G ey, e2) we + ¢)" —=dz
wa +¢1 w5+¢2}

— [ (i) + gr(e2) (@1 - o)z
=5 [(falecw2) + e, ) (Tl + 1] = Tlwe + 6al)ds
where fi(g,y, 2), f2(€,9,2), 01(g, 2) and ga(e, ) are defined by
+ (% — K)p1 4 ko) !
T[ws + (bl]s
_ (ws + ¢2)T
(T[we + ¢n] +0(T [we + ¢a] — [ws + ¢1]))* 7
we + (1= K)$1 + Kgy)"
T[we + ¢1]3

fi(e,y,2) = (Gley,ez) — G(O,O))T(ws

f2(€v Y, Z) = (G(€y7 ‘C:Z) - G(O’ 0))

gi(e,2) = G(O,O)T(

b

and

(U/s + ¢2)"
(TTw: + ¢1] + 0(Tw. + 2] — Tw. + ¢1]))>+!
for some 0 < k <1 and 0 <6 < 1. Note that fi, fo, 91 and gy satisfy

g2(g,2) = G(0,0)—=

[fi(e.y )| < ee(fyl + [2)e DB gy (e, 2) < cem DIz
|fale,y, 2)| < ee(lyl + |zDee12], g2(e,2) < ce AL

(78)
Here we used (89), which will be proved later. Then we have
[ osle )Tl + 1) = Tl + ol
= [men{ [tz + e o - o
=5 [(fale 2 20) + ey 20) e + 1] = Tl + e s

_ /92(€7Z)</f1(572721)(¢1 _ ¢2)dzl>dz + (/gzdz> (/91(¢1 - ¢2)dz)

s [ [ ez (Tl + 61] - Tlu + oalht ) s

S(/92d2> </92(T[we + ¢1] — Tlwe + ¢2))d )

from which we obtain

[ o210 +1¢11 Tl + ga])dz = %( [ (61— onyiz)

ﬂHW/92(6,Z)</f1(6,2721)(¢1 —<z>2)dz1>dz
_ngz(a,z)(/fz(s,z7z1)( [we + ¢1] — [we+¢z])dz1)d
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So we have
Tlw: + ¢1](y) — Tw: + ¢2](y)
= /fl(&y,z)(ébl — ¢2)dz +

S

145 [ gedz

s2

+1_’_ngm/92(572)</f2(57z721)(f‘[w6+¢1] _T[ws+¢2])d21)dz
—s [ folecw2) Tlue + 1) - T + da))de.

Now we define an operator K : L2(—1/e,1/e) — L%(—1/e,1/¢) by

2¢—alyl
Kw: ]_j—jngdz/92(€7z)</f2(572,21)6azlwdzl)dz

1+sfgwlz/gl(¢1 — ¢2)dz
/92(572)</f1(5,2721)(¢1 —¢2)d21>dz

_Se_a‘yl/fQ(Ea:%Z)ealz‘de'

From (78), we have | Kv||r2 < cg||v| L2, which implies that T — K has the invertible
operator (I —K)~! with ||(I—K)~'|| < ¢, where ||-|| is the usual norm for operators.
So we have

e~ (TTw. 4 ¢1](y) — Tlwe + ¢2)(y))

—aly|
= 14_2% /91(¢1 — ¢2)dz

efo“y‘

1+ s [godz

- M/gz(w)(/h(e,z,zl)(@ ¢2)dz1>dz}.

Using (78) again and w, < ce™ ¥l we have

”67049\(]?[105 + @] — T[w‘E + ¢a] — Re(d1 — #2))|| L2
< cll¢r — ¢all L2 (79)

. (5 + e DR L je=oll(Tlw, 4+ ¢1] — Tlwe])|| 22 + ’ /ggdz - 1D,
for sufficiently large R > 0. Because of (78), (79) and |R.¢| < ¢||¢||12, we have
e (Tfwe + 61] = Twe + ¢a]) 12 < cllér — ol r2- (80)

Similarly, we can also prove (77) because of ( = ffooo G(0,0)C%w’”/csdz. Then,
because of [~ G(0,0) (CFTw) /¢ dz = 1, |¢e] < ce=*I¥] and (80), we have

+UK){K [ o161 = daldz o [ ey )61 - o)

‘/@wﬂsdway@mu¢ﬂﬂ%mm

lemo (Pl + 6] — Fluc]) 122 + e M (Fluc] — O)llz2 +¢)
< v/
Hence it follows from (79) that
le™ W (TTwe + ¢1] — Twe + ¢2] — Re(d1 — 62))l|2 < 8]l dr — ool
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Thus we complete the proof. O

We define another linear operator L. : D(L.) — L?(—1/e,1/¢) by

Lo=d —64p %o g R,
T[ws]q T[wg]q"‘l

where the domain of L., denoted by D(L.), is defined by

D(L:) ={¢ € H(~1/e,1/e) | ¢/(£1/e) = 0}.
As well as R., we expect that L. is the linearized operator of S[A] with respect to
A = we. In addition we set a nonlinear map M (¢) : D(L.) — L?(—1/e,1/¢) such
as M(¢) = S[we + ¢] — S[w:] — Lo¢. Note that
(we + ¢)P - wf wg—l

w?
Tt ot Tt PTfwe”  Fugert =

M(¢) =

Since we would like to seek a solution such as S[w. + ¢] = 0, it suffices to show that
there is a solution ¢ € D(L.) such as M (¢) = —S[we] — Lc¢, namely,

¢ =N(¢) = L (M(¢) + S[we]), (81)
because L. has an invertible operator L.

Lemma 4.5. There is a constant k > 0 independent of € such that ||Le||r2 >
K| @|| 2 for any e < eg and ¢ € D(L.). In addition, L. is surjective.

This lemma is similar to Lemma 4.1 in [4]. However, the authors of [4] considered
the case of two-dimensional whole space, which is different from our case. So we
need to prove Lemma 4.5, which shall be done later.

We construct a Cauchy sequence in H?(—1/¢,1/¢) in order to seek a solution of
(81). We take a sequence ¢, € D(L.) such as

¢ :07
{éﬂz—u%Mwm+ﬂwu (82)

It can be shown from the following three lemmas that {¢,} is a Cauchy sequence
in H?(—1/¢e,1/¢).

Lemma 4.6. There is a constant ¢ > 0 such as ||S[w.]|z> < ce and |S[w.]| < ce™ V!
iny € (=1/e,1/e).

Proof. We obtain

w? w?  ((FTw)P

Slwe] = w! —we + =—5— = = - 4T (2w + wy!
[ ] : T[wa]q T[wa]q g1 X ¢ ( Xe XE)
= wf <1 - 1) CFTwP (X — Xe) + (7T (20X + wx?).

€ T[wg]q Cq € € £

Because of Lemma 4.4, (89) and w < ce™ %!, we have
IS[we]llz= < elle N (Tlwe] = Ol 2 + ce™/4 < ce.

Also, it is easy to verify the second inequality in the statement of the lemma. So
we omit the details of the proof. O
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Lemma 4.7. For each § >0 and 0 < a < 1, there exists g > 0 such that
[M(@)2 < 0l@llre,  [M(¢1) — M(2)llL2 < 6llpr — @2l (83)
for e < eq and ¢, d1,¢2 € D(Le) N B, z(0; HZ) satisfying |6(y)|, |61(y)], [62(y)] <

ce—ll,

Proof. We first have

C(weter  wp wp wp
MO = g T o Frodge P T et =
(et Oept w) ( . oR.6 )
‘p( T+ ot Togr)? T\ Fue v o o T Tl
for some 0 < 0 < 1. Hence we obtain
1M (6) 22
< el (e + 08y~ —wl | gx + [l (Fluws + 6] — Tlwe])122)

+ c(|[wE(Tw. + ¢] = Tlwe] = Reo)| L2 + |w?(T[w: + ¢] — T{w.])Reg||2).
From |¢| < ce= ¥l it holds that
[(we +09)P~" = wl™ Y2 < e(e™™ 4 [|[(we +0¢)P ™" = wl ™| L2~ r.m))-

From ||¢||gz < v and Lemma 4.4, we can readily show | M(¢)|r2 < 8|/ Lz-
Similarly, we also have | M (¢1) — M(¢2)|lrz < 6||¢p1 — d2||r2. We omit the details
of the proof. O

Lemma 4.8. Suppose that 1/p < 8 < 1. Then there are g9 > 0 independent of n
and ¢ > 0 independent of n,e such that ¢, € Bﬁ(O;HE) and |¢n| < ceie=Blyl for
e<egoandy € (—1/e,1/e).

Proof. Throughout this proof, we suppose that a constant c is independent of € and
n. Since L.ppy1 = —M((bn) — S[we], it follows from Lemmas 4.6, 4.7 that

[fnt1llme < (HM(%)HLZ +[ISTwelllz2) < (5H¢nIIL2 +ee) <cove  (84)

if ¢n € B /z(0; Hs) satisfies |p,| < cexe=FlYl,
Next we consider an ordinary differential equation

/! w£71 U/g —
¢n+1 -1~ Pm)ﬂ%ﬂ = —M(¢n) — Swe] + QWREd)TL-Fl = Fu(y),

recalling (82). Since the above equation with Neumann boundary condition is of
Sturm-Liouville type, as well as (70), we have

Gnt1(y) = 16— (y)
{ / O (2)Fy(2)dz + ¢4 (y )/UE(;S_(Z)Fn(Z)dZ}’ (85)

Yy
where both of ¢, ¢_ are solutions of
wl™ !

—{- T[ws} %=

satisfying the boundary conditions ¢ (R) = 0, ¢4+(1/e) = 1 and ¢_(R) = 1,
¢’ (1/e) = 0, respectively, and W is defined by

W = ¢_(R)¢+(R) — ¢—(R)¢ (R) = ¢_(R)$(R).
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Here we can show by the similar argument to the proof of Lemma 2.2 that

— <ce'TR o (y)| < ce” ),
(86)

0\»—!

|6+ ()] < ce” Voo lra(raye) 2
Using the principle of induction, we show that
|6n| < cete PV (87)
for R < y < 1/e. Because of ¢y = 0, it is clear that (87) holds for n = 0.
Next we assume that (87) holds for n. Then it follows from (84), (86), (87) and
|R¢| < cl|¢] L2 that

< cee PV

3

‘&/ / O+ (2)S[we]dz
1 1/e
O+ (1) ¢—(2)S[we]dz

Y

< cee™Y,

1 4 wP
WCZL (v) R o (Z)(ImRs¢n+1dZ

P
o | qsf(z)q%&asnmz

Furthermore we easily see that
|M(¢n)| < C{((we + 9¢n)p_1 - w§_1)|¢n| + w§_1|T[w5 + ¢n] - T[w6]||¢n|
+ w?lf[we + ¢n] — T[“’EH + wE|Renl}

so that we have
/ ¢+ ¢n dZ

1/e

\Wm(y) REECITAT

From these inequalities, (84) and (85), we obtain

c0Ve > |pniillLa(riaje) =

if R is sufficiently large and ¢ is sufficiently small. Here we suppose |[e7¥||z2 < c.
Therefore we have c,41 < coet. Using the above inequalities and (85) again, we
have

< cvee Y,
< cvee V.

i, 1 _
<c(58<1 =5 +et)ete PV,

Bp—1 1 1
< c(e¥0-P) 4 g1)gtie PV,

Cp41 1
ntl _ esei

|pni1] < coete VTR L c5eieBY < cete Py
if § is sufficiently small. On the other hand, using Sobolev’s embedding, we have
|pn| < /e for —R < y < R so that we finally obtain

| < ceie Byl
for —1/e < y < 1/e. Thus the proof is completed. O

From Lemmas 4.6, 4.7, 4.8, we have
[@nt1llaz < (HM(%)IIH + [|S[we]llr2) < (5||¢>n||L2 +ce) < Ve,
| Pns1 — ¢>n||H2 < *HM(%) = M(¢n-1)llr> < *Il¢n Pn—1llr2-

=
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Therefore it follows that {¢,,} is a Cauchy sequence in H?(—1/e,1/¢), which implies
that there exists a function ¢ € H?(—1/e,1/¢) such as ¢, — ¢ in H*(—1/e,1/e)
strongly as n — oo and ¢ = N(¢). Hence we have S[w. + ¢] = 0. Furthermore, it
is easy to show that the pair of @ = w. + ¢ and h = T|w. + ¢] is a solution of (1)
and satisfies (2), (3). This completes the proof.

In what follows, we prove the lemmas which have not been done yet. We first
prove the existence of T[A].

Lemma 4.9. For any 6; > 0 and any nonnegative function A € H2(—1,1), there
exists a unique solution Ts, = Ts,[A] of the problem

A
Tl —Ts, + ——— =0, ze(-1,1),
P R
T3, =0, T = =+1.

(83)

Furthermore Ty, [A] is even.

Proof. We take a sequence T;, defined by

1
A

To=0, Tpi1= | Glz,2)——dz.

0 +1 [1 € Z)(Tn+51)s Z

Then we can easily show that
L) < G(f O [

| T (1) — Tp(w2)| < |$1 —$2|/ Adz.

Therefore, it follows from Ascoli-Arzela’s Theorem that there exist a subsequence
T,, and a function T such that T,,, converges to T" uniformly on [—1,1] as k — oo
and T is a solution of (88). Next we show the uniqueness of a solution of (88).
Suppose that T1,T5 are solutions of (88). Then we have

A A
(Ty +61)° (Tf4+ o1)°
= d(Tl — TQ)H — (Tl — T2) — S

dTy —Tn)" — (Th — T2) +

(Tl + 61 + /§(T2 _ Tl))s-‘rl (Tl - T2) =0

for some 0 < k < 1. Multiplying 77 — T5 to the both sides and integrating it by
parts, we have
d|T{ = T3ll72—10) + I1T2 = Toll 21y
! A
* /_1 ° (Ty + 61 + K(T — T7))s Tt
which implies 71 — T5 = 0. Hence we obtain the uniqueness of a solution of (88).

Furthermore it can also be shown from the uniqueness that the solution of (88) is
even. This completes the proof. O

(Ty — Tp)*dz = 0,

Lemma 4.10. Let Tj, be a solution of (88) for a nonnegative function A € H2(—
1). Then it must satisfy

1

1 s-}—l 1 s+1
ez/d{ (1/ Adm) - (51} <T; < ez/d<1/ Adx) .
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This lemma can be shown by the same argument as in [19] and so we omit the
details.
Next we show that T, [A] approaches a solution of the problem (74) as d; — 0.

Lemma 4.11. Let Ty, [A] be a unique solution of (88) given in Lemma 4.9 for
91 > 0. Then Ty, [A] converges to a unique solution of (74), denoted by T[A],
uniformly on [—1,1] as 61 — 0. Furthermore T[A] is even.

Proof. Since Ty, [A] is a solution, we have

! A
T5, [A](x) Z/_lG(l"»Z)mdz'

Then it follows from Lemma 4.10 and (75) that Ty, [A] is uniformly bounded in
01 >0 and

5, [A] (1) = T, [A](22)] < /_1 |G(21,2) = G(xQ,z)|MA+51)sdz < clzy — o,

for a constant ¢ > 0 independent of §; > 0. From Ascoli-Arzela’s Theorem, we
have a subsequence 6y 5, of §; for k = 1,2, ..., and a solution T[A] of (74) such that
01,k — 0 and Tjs, ,[A] — T[A] uniformly on [~1,1] as k — oco. Furthermore we
can prove the uniqueness of a solution of (74) by using the similar argument for
the uniqueness of Ty, [A]. Hence Ty, [A] converges to T[A] uniformly on [—1,1] as
91 — 0. Since Ty, [A] is even, it is clear that T[A] is also even. O

From Lemma 4.11, it is easy to show that the following result holds. So we omit
the details of the proof.

Corollary 1. Let T be a solution of the problem (7}) for A € H2(—1,1). Then it

must satisfy
e T 1! T
62/d</ Adm) §T§62/d(/ Adac) .
2 —1 2 —1

From this corollary, an estimate

1 1/e 54% 5 1 1/e ?11
e 2/d (/ (we + (b)rdy) < Tlwe + ¢] < /4 < / (we + qb)rda;)

2 —1/e 2 —1/e

holds for ¢ € B z(0; HZ). Furthermore, if [¢| < ce=?l¥ with 0 < a < min{p—1,7—
1,1/2}, we obtain

1 1
1 1 [* LR L A -
2ez/d</ gplw”dy) < Twe + ¢] < 262/d<2/ Cf’lwrdy) - (89)

2/ o o

Next we prove that L. is an invertible operator. In the proof, we consider an
operator Lo : H2(—00,00) — L2(—00,0) such as

gr [T w' T gdz

wP.
s+1 ffooo wrdz

Lo =¢" — ¢ +puP ™o —

We consider that Ly is the limiting operator of L. as ¢ — 0. Then the following
lemma is useful.
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Lemma 4.12. L is invertible.

This lemma seems to be similar to Lemma 4.1 in [4]. It is true that the authors
of [4] consider the case of the two-dimensional whole space, which is different from
our case. However, we can prove the above lemma by using the similar argument to
Lemma 4.1 in [4] because the domain of Lg is H2(—00,00). So we omit the details.

Finally we prove Lemma 4.5.

Proof. Suppose that there exists ¢. € D(L.) such that ||¢.||gz = 1 and | Leel| 2 —
0 as e = 0. From |[¢]|gz = 1, there exist a subsequence ¢., and a function
¢o € H?(—00,00) such as ¢., — ¢g as ¢ — 0 weakly in H?(—o00,00). From Lemma
4.4 and ||Lede||r2z — 0, it holds that

Le, be, — Logo weakly in L?(—o00, 00)

as k — o0o. Therefore we obtain ¢g = 0 from Lemma 4.12.
Let xr be a cut-off function satisfying

_ L <R,
XR{ 0, |y|>R+1.
Since ¢, — 0 as k — oo weakly in H?(—o0,00), we have ¢., xgr — 0 as k — 00
strongly in H!(—o0, 00) by using compact embedding, which implies ¢, xgr — 0 as
k — oo strongly in H?(—o00,00) because of ||L.¢.| > — 0 as ¢ — 0. Here we may
replace k with an appropriate subsequence if needed, but we use the same notation.

Next we have an estimate of ¢ = ¢., (1 — xg). Multiplying ¢% to both sides of
L.y = Legpe,, — Le(de, xr) and integrating it by parts, we have

[kl < N[Ledellre + | Le(@e xR) |12 + ce” P DF
by using w < ce~1¥|. Then we obtain

lim sup ||[¢p|| g1 < ce”P~DE
k—o0

because ||Lee, ||r2 and || Le(pe, XR)| L2 tends to 0 as k — oo. Furthermore, from

the definition of L., we can easily verify
lim sup || g || gz < ce”@HE,
k—o0

Hence we have

1< limsup(||e, a2 + 162, (1 — x| 2) < ce”@ DR 0

k—o0

as R — oo, which is a contradiction. O
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