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ABSTRACT. We consider pulse-like localized solutions for reaction-diffusion sys-
tems on a half line and impose various boundary conditions at one end of it.
It is shown that the movement of a pulse solution with the homogeneous Neu-
mann boundary condition is completely opposite from that with the Dirichlet
boundary condition. As general cases, Robin type boundary conditions are
also considered. Introducing one parameter connecting the Neumann and the
Dirichlet boundary conditions, we clarify the transition of motions of solutions
with respect to boundary conditions.

1. Introduction. Reaction diffusion systems have been widely treated to describe
and study spatio-temporal patterns in dissipative systems. Among them, many
reaction-diffusion systems which possess various types of localized solutions such
as pulse-like localized solutions and front-like ones have been proposed while we
omit the detail and merely refer to books ([8], [7] ). To understand the dynamics of
such solutions, reaction-diffusion systems have been studied under various situations
such as one or higher dimensional spaces, bounded or unbounded domains, and
the Neumann boundary conditions or the Dirichlet ones according to considered
problems. In fact, the dynamics of solutions drastically change depending on the
situations even if considered equations are same. As one example, we consider in
this paper, the effect of boundary conditions on the dynamics of solutions, which
is also important from a practical point of view. In fact, a boundary condition is
one of the most important factors collateral on e.g. temperature, by which we can
control inside states from outsides. Then we are interested in how inside patterns
are controllable by adjusting boundary conditions.
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Here we show how the dynamics changes drastically depending on the boundary
conditions. Let us consider the following one dimensional problems of the Allen-
Cahn equation on the half line R := (0, 400):

1
ut:um—i—iu(l—zﬁ), t>0, r€ R, (1)
with the Dirichlet boundary condition u = —1 or the Neumann boundary condition

u, = 0 at x = 0, respectively.

Let ®(z) := tanh(z/2), which is a stable stationary front solution of (1) on the
whole line R. If the initial data of (1) is sufficiently close to ®(z — lg) for Iy > 1,
then the solution of (1) with the Dirichlet boundary condition moves toward the
right hand side while the solution with the Neumann boundary condition moves
toward the left as in Fig 1.1.
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FIGURE 1.1. Movements of front solutions of (1) on R;. Left

Neumann boundary condition at z = 0, Right : Dirichlet
boundary condition at £ = 0. Solid lines denote the 0-level lines
{z € Ry; u(t,z) =0}.

These phenomena are understood as follows by reducing to the interaction be-
tween two front solutions: The problem with the Neumann boundary condition is
interpreted as the interaction between a kink solution u™ (¢, z) := ®(z — I(¢)) and
anti-kink solution v~ (¢, z) := ®(—x — [(¢)), which has been extensively investigated
and attractive interaction was shown ([1], [5] and [6]). That is, the front solution
close to ut(t,x) is attracted to the reflected solution uw~(¢,z), which means the
front solution approaches the boundary = = 0.

On the other hand, the problem with the Dirichlet boundary condition is essen-
tially interpreted as the interaction between u™ (t,z) = ®(z —I(¢)) and —u~ (¢, z) =
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—®(—x —I(t)). The repulsive interaction in this case can be shown in quite a simi-
lar way to the Neumann boundary case. Thus completely opposite motions appear
only by changing boundary conditions.

Motivated by the fact, we introduce one parameter, say (3, into boundary condi-
tions as

Oyu=pPBu+1), =0 (2)

and investigate the dependency of motion of a front solution on S because the
parameter 3 connects the Neumann boundary condition (8 = 0) to the Dirichlet
boundary condition (8 = 00). Applying results obtained in Section 2 to the problem
(1) with (2), we can show that the motion of a front solution wu(t,z) ~ ®(z — I(t))
is essentially given by

A 1200-8)

- 1+p8

dl
which gives precise dependency of the motion on 3. Specially, i —12¢72 <0

dl
when 8 =0 and — = 12¢~? > 0 when 8 = oo, which correspond to the Neumann

and the Dirichlet boundary conditions, respectively.
In this paper, we deal with fairly general types of reaction-diffusion systems

wy = Duy, +F(u), t >0, 2€ R, uec RY (3)

with boundary conditions at x = 0 and mainly consider the dynamics of a pulse-like
localized solution while a front-like localized solution is also treated by the similar
way, where D := diag{dy,--- ,dy} and F : RN — RY is a sufficiently smooth
function.

First we consider the problem (3) on R

u; = Dug, + F(u), t >0, z € R, (4)

and assume several conditions for (4) as follows:

A1) There exists a symmetric stationary pulse solution, say S(z), satisfying S(z) —
e~®l*lg as x| — oo for @ > 0 and @ € RY.

Here we note that F(0) = 0 holds, where 0 := *(0,---,0) € RY. We also
assume the stability of S(z) in L?(R) space as follows: Let L := D0, + F'(S(x)),
the linearized operator of (4) with respect to S(x) and Lo := D0y, + F'(0).

A2) The spectrum o (L) of L is given by (L) = o9 U o1, where oy := {0} and
o1 C {ReX < —v} for 7o > 0. Moreover, 0 is a simple eigenvalue of L.

A2)’ The spectrum o(Lg) satisfies 0(Lg) C {A € C; Re(\) < —70}.

By Al) and A2), there exists an eigenfunction ¢*(x) of the adjoint operator L*
of L satisfying L*¢* = 0 and ¢*(z) — e **a* as © — +oo for a* € RY. Note
that we can take ¢*(x) as an odd function and ¢*(z) is uniquely determined by the
normalization ( Sg,¢* ). = 1.

Under A1), A2) and A2)’, similar phenomena to (1) are observed in (3) accord-
ing to the weak interaction analysis by [3]. If we impose the Neumann bound-
ary condition at = 0, the solution w(t,z) of (3) is approximated by w(t,x) ~
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S(x —1I(t)) + S(x +1(t)) and the dynamics is essentially given by

dl
i 20 Mpe ™2, (5)

where My := ( Da,a* ).

In order to consider the Dirichlet boundary condition u(t,0) = 0, we assume
F(—u) = —F(u) holds for simplicity. Then —S(z) is also a stable stationary
pulse solution of (4) on R and the solution of (3) satisfying the Dirichlet boundary
condition is approximated by w(t,z) ~ S(z — I(t)) — S(z + I(t)) and the dynamics
is essentially given by

% = —2aMpe 2! (6)
with the same constant My as (5) ([3]). Thus, just opposite motions appear by
changing only boundary conditions.

In order to consider the relation between the Neumann and the Dirichlet bound-

ary conditions, we impose the boundary condition
Uy =pPu+da, x=0 (7)

on the problem (3) by introducing parameters 8 and a sufficiently small ¢ while
we do not assume F(—u) = —F(u). In fact, § connects the Neumann and the
Dirichlet boundary conditions by taking 8 = 0 and 8 = oo, respectively. § gives the
perturbation of the boundary conditions from the ground state 0. Then Theorem
2.1 in Section 2 says that the solution wu(t, ) of (3) with (7) is close to S(x — I(t))
and the motion of a pulse solution is essentially governed by the ODE

dl 2«

dt a+p
for the same constant My. For simplicity, let us consider the case of § = 0. Then
(8) is

Mof{(a — B)e 22l — ge—o1} (8)

dl 2a(a—p)

dt  a+8
which implies that the direction of the motion of a pulse solution changes in the
neighborhood of f = « and that the case of 5 = 0 (the Neumann boundary con-
dition) and the case of 8 = oo (the Dirichlet boundary condition) are with just
opposite signs in the motion. Thus, the connection between two boundary condi-
tions is clearly drawn.

Moe~2t,

2. Main results. Throughout this paper, we define X, := L?(R,) with the L2-
norm denoted by || - [[4 and the inner product in Xy by (w,v), :=

/000 (u(x),v(z) )de for u, ve Xy.

2.1. Motion of pulse solution. In this subsection, we will give some preliminaries
and the results on the dynamics of pulse-like localized solutions.

A2)’ means the followings: Let k;(x;A) (j = 1,2,--- ,2N) be the fundamental
functions of the ODE

(Lo—ANu=0, z€R. 9)
Then kj(z;\) € RN for A € C with Re(\) > —vg are the forms of

Ej(x;A) = (x4 )N etriNzp (0 k() =0,1,---, bj(\) € RY, p;(\) >0
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by the assumption A2)’. We assume 0 < pi(A) < -+ < ,uN(/\) (T A) = (z +
1)kiNe=mi(Nzp,(\) for j = 1,--+, N and k; ( \) = (3: + 1)ks e Wb \) for
j=N+1,---,2N. Defining «; :—u](O), == k;(0), a; := b;(0 )andm](x) =
k;(z;0) = (z + 1)k e**%a;, we add one more assumpmon for the operator Ly.

A2 my(z) =e *aand 0 < a; =a<as <--- < ay.

Remark 1. Assumption A2)” means « in the assumption Al) is a simple root of
det(u?D + F’(0)) = 0 and a is an eigenvector satifying (a?D + F’(0))a = 0.

Next coming back to the original problem (3) on the half line R, we impose the
boundary condition (7) on it. Then we have

Theorem 2.1. Assume A1), A2), A2)’ and A2)”. If the initial data uw(0,z) is
sufficiently close to S(x —ly) for lo > 1, then the solution u(t,x) of (3) satisfies

la(t, ) = S(- = 1(t)|c < O +6)
as long as I(t) > 1 for 1> 1. I(t) satisfies

dl 2aMy —al —al 1 2
— _ [e3 [e% 1 0
= e g ) (1 0T+ 8%)
for a positive constant +'.
Let Ho(l) := 204M0{( —B)e~ —5}e~. Then

a+p

- dH,
Corollary 1. If there exists I* > [ such that Ho(I*) = 0 and 70(1*) <0 (>0

resp.). Then there exists a stable (unstable resp.) stationary solution u*(x) of (3)
satisfying
lu* = S(- =) < O™ +34).

2.2. Motion of front solution. Next, we consider the case of front solutions for
(3). We assume the followings for (4) on R.

A3) There exists a stationary front solution, say S(x) satisfying S(z) — St +
e~=llgy as z — +oo for oy >0, ay € RY and Sy € RY.

Here we note that F(S1) = 0 hold. Let L := D3,, + F'(S(z)), the linearized
operator of (4) with respect to S(x) and Ly := D0y, + F'(S4).

A4) The spectrum o(L) of L is given by (L) = o9 U 01, where oy := {0} and
o1 C {ReA < —yp} for 79 > 0. Moreover, 0 is a simple eigenvalue of L.

A4)’ The spectrum o (L4 ) satisfies 0(Ly) C {ReX < —7}.
In the following, we only give an assumption for L_ for simplicity while we assume
a similar assumption on Ly. Let k;j(x;A) (j = 1,2,--- ,2N) be the fundamental
functions of the ODE
(L. —MNu=0, x€R. (10)
Then kj(z;\) € RN for A € C with Re(\) > —vo are the forms of k;(x;\) =
(x 4+ D)k NeFniNzp (N for kj(A) = 0,1,---, bj(\) € RY and p;(\) > 0 by
the assumption A4)’. We assume 0 < u1(A) < -+ < punv(A), kj(z; ) = (2 +
1)kiNe=msNzp (N) for j = 1,--- ;N and kj(z;)) = (z + 1)FiNeriNzp(\) for



196 SHIN-ICHIRO EI AND TOSHIO ISHIMOTO

=N+1,---,2N. Defining «o; := p;(0), m; := k;(0), a; := b;(0) and m;(x) :=
( ;0) = (a: + l)kieio‘ﬂ a;, we assume:

A4y my(z) =e “Faand 0 < a1 = a- < ag < --- < ay. A similar assumption
is assumed for L .

By A3) and A4), there exists an eigenfunction ¢*(z) of the adjoint operator L* of
L satisfying L*¢* = 0 and ¢*(x) — e~ *=I%la} as x — 400 for a’. € R". By the
normalization ( Sg, ¢* ). =1, ¢*(z) is uniquely determined.

Next coming back to the original problem (3) on the half line R, we impose the
following boundary condition on it:

Uy =Pu—S_)+da_, x=0 (11)
for sufficiently small 4. Then we have

Theorem 2.2. Assume A3), A4), Af)’ and A4)”. If the initial data uw(0,z) is
sufficiently close to S(x —lg) for lo > 1, then the solution u(t,z) of (3) satisfies

lu(t, ) = SC = 1(t)]|c < O(e™*®)
as long as I(t) > 1 for 1> 1. I(t) satisfies
d— 2a_M_

- —20 1 _ —a_l 1 —~'l 2
= (o = ) =6 1+ 0+ )
for a positive constant v, where M_ := { Da_,a* ).
Let Ho(l) = _2;__4]:46_ {(a_ — B)e= ' — §}e=!. Then

- dH,
Corollary 2. If there exists I* > [ such that Ho(I*) = 0 and 70(1*) <0 (>0
resp.). Then there exists a stable (unstable resp.) stationary solution u*(x) of (3)
satisfying
lw* = S(- =)o < O™ +0).
Proofs of Theorem 2.2 and Corollary 2 are quite similar to those of Theorem 2.1

and Corollary 1 and we will give proofs only of Theorem 2.1 and Corollary 1 in
Section 4.

3. Applications. In this section, we will apply results in Section 2 to examples of
a front solution for the Allen-Cahn equation and a pulse solution for the Gray-Scott
model.

3.1. Dynamics of a front solution for the Allen-Cahn equation. In this
subsection, we consider the dynamics of a front solution for the Allen-Cahn equation

Ut = Uz + f(u), t>0, x€ Ry, (12)
where u € R' and f(u) = su(1 — u?). Then, the problem (12) on R has a stable
} o

standing front solution S(z) gi

which is linearly stable and connecting Sy = +1 ([4]).
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Let us consider the dynamics of a front solution u(t, ) ~ S(z —1) for I > 1 with
the boundary condition

uy =PBlu+1)+da_, x=0, (13)
where 8 > 0 and |0] < 1. The asymptotic form of S(z) as x — +oo is
S(z) — T2l £ 1,

On the other hand, the eigenfunction ¢*(x) is easily obtained as
. 3
¢*(z) = §Sw (x)

together with its asymptotic form ¢*(z) = 3e~1*! as 2 — d00. Thus, all of necessary
quantities in Theorem 2.2 are given by

D=1, a_=1, a_-=2, a* =3.
Hence, M_ can be calculated as
M_=D-a_-a*=1-2-3=6
and we get the equation of | as
jod_ 12
da 1+p

The effect of boundary conditions on the dynamics of a front solution for the Allen-
Chan equation is analyzed by considering the function

qac(l;8,0) == (B —1)e " +4.

We consider four cases with respect to the values of 8 and § as follows:

(B=1e 2 +6e )1+ 0" +6%). (14)

(D) If 8> 1and 6 > 0, then gac(l) > 0 for any I. From (14), this implies that the
velocity [ is positive for any position [(¢) > 0, which means that the front solution
goes away from the boundary z = 0. The direction of this motion is same as the
Dirichlet boundary case(8 = +00).

Z ¢

500000

(a)

FIGURE 3.1. (a) The flow of the ODE (14). ((b) The movement
of a front solution for (12) with (13) in the case of § > 1 and
d >0 (8 =20.0 and § = 0.01). Solid line denotes the 0-level line
{z € Ry; u(t,z) =0}.
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(II) If 8 > 1 and ¢ < 0, the sign of gac (1) depends on the value of I. Now, we define

1-p

5
If I > I*, then gac(l) < 0, which means [ < 0. If I < I*, then gac(l) > 0, which
means [ > 0. That is, [ = [* is a stable equilibrium of (14), which corresponds to
the stable stationary front solution @(z) = S(z — I*) + O(e™" +0).

I* :==log
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Ficure 3.2. (a) Flows of the ODE (14). (b) Movements of
front solutions for (12) with (13) in the case of § > 1 and § < 0
(8 = 20.0 and 6 = —0.01). Solid lines denote the O-level lines
{z € Ry; u(t,z) =0}.

(II) If 0 < B < 1 and 6 > 0, the sign of gac(l) depends on the value of I, Now, we
define
1-p

5
If | > I**, then gac(l) > 0, which means [ >0. If | <I**, then gac(l) < 0, which
means | < 0. That is, [ = [** is an unstable equilibrium of (14), which corresponds
to an unstable stationary front solution @(x) = S(z — I**) + O(e™"" 4 9).

™ :=log

(IV)If0 < 8 < 1and § <0, then gac(l) < 0 for any I. From (14), this implies
that the velocity [ is negative for any position [(¢) > 0, which means that the front
solution approaches the boundary x = 0. The direction of this motion is same as
the Neumann boundary case(8 = 0).
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FIGURE 3.3. (a) Flow of the ODE (14). (b) Movements of front
solutions for (12) with (13) in the case of § <1 and é >0 (8 =0.3
and § = 0.001).
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FIGURE 3.4. (a) The flow of the ODE (14). (b) The movement
of a front solution for (12) with (13) in the case of 8 < 1 and § <0
(8 =0.3 and § = —0.001).

3.2. Dynamics of a pulse solution for the Gray-Scott model. In this sub-
section, we consider the dynamics of a pulse solution for the Gray-Scott model

{ Up = Uy — uv? + A(1 — u),

vt = Dyvys — Bv + w2, t>0, zeRy (15)

where u := ‘(u,v) € R?, A and B are positive constants. For the problem (15) on
R, Doelmann et al. ([2]) showed the existence of a stable standing pulse solution,
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say S(z) under the assumptions
D,=A=¢% B=¢"
for a small parameter e > 0 and 0 < v < 1. The adjoint eigenfunction ¢*(x) was also
calculated under the same assumptions as above in [3]. Since S(x) — ¥(1,0) =: S*
as |z| — +o0, let us consider the dynamics of pulse solutions u(t,z) ~ S(z — 1) for
I > 1 with the boundary condition
Uy = B(u— S*)+da, z=0, (16)
where § > 0 and |0] < 1. The asymptotic forms S(z) and ¢*(x) are respectively
given by [3]
S(z) — ella + 5 ¢*(x) = eI7la*
as x — o0, and all of necessary quantities in Theorem 2.1 are given by
D =diag(1,¢*), a=¢, a="-a;, 0), a* = t(—53/4ai, 0)
for positive constants ay, a’ . Hence, the constant My in Theorem 2.1 is
My ={(Da,a* ) = 5(—a+)(—53/4a*+) = 57/4a+a*+ > 0.
Thus, we get the equation of [ as
. dl 2¢e
[i=— = Mo((e — B)e™ " —de™*")(1 4+ O(e™' + 67)). 17
= M= A — s (10 ). ()
The effect of boundary conditions on the dynamics of a pulse solution for the Gray-
Scott model (17) is considered to be captured in

qas(l;3,6) == (e — Ble < — 6.
We consider four cases about the value of 8 and ¢ as follows:
(D If0< p <eandd <0, then ggs(l) > 0 for any I. From (17), this implies that

the velocity [ is positive for any position I(¢), which means that the pulse solution
goes away from the boundary x = 0.

Z ¢
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(a) (b)

FIGURE 3.5. (a) The flow of the ODE (17). (b) The movement
of a pulse solution for (15) with (16) in the case of 8 < e and § <0
(8=0.01, 6 = —0.01 and £ = 0.1).

(I) If 0 < B < € and ¢ > 0, the sign of ggs(I) depends on the value of I. Now, we
define
1 e—p

*==1
Eog 0
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If I > I*, then ggs(l) < 0, which means [ < 0. If I < I*, then qgg(l) > 0, which
means [ > 0. That is, I = [* is a stable equilibrium of (17), which shows the
existence of a stable stationary solution @(z) = S(z — I*) + O(e " +6).
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Ficure 3.6. (a) Flows of the ODE (17). (b) Movements of
pulse solutions for (15) with (16) in the case of 8 < € and § > 0
(8=0.01, 6 =0.01 and £ = 0.1).

(III) If B > € and § < 0, the sign of ggs(!) depends on the value of I. Now, we
define
e-p

4]

If I > I**, then ggs(l) > 0, which means [ > 0. If I < I**, then ggg(l) < 0, which
means [ < 0. That is, [ = [** is an unstable equilibrium of (17), which shows the
existence of an unstable stationary solution @(z) = S(x — I**) + O(e™%""" +9)
(IV) If B > € and 6 > 0, then ggs(l) < 0 for any I. From (17), this implies that
the velocity [ is negative for any position I(t), which means that the pulse solution
approaches the boundary = = 0.

1
I** := —log
3

4. Proofs.

4.1. Proof of Theorem 2.1. Define the function g(x) = g(z;l) on Ry by the
solution of

0 = Dg.+ F'(0)g, >0,

9z = Bg+BS—S,+daatz=0, g(co)=0,

where S = S(z—1), whose existence is due to A2)’. Since the fundamental functions
of the ODE 0 = Dy, + F'(0)u are m;(x), g(x;1) = Y21, ¢;(1)m;(x) holds by the
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FIGURE 3.7. (a) Flows of the ODE (17). (b) Movements of
front solutions for (15) with (16) in the case of 8 > ¢ and § < 0
(8=0.2, 6 =—0.01 and e =0.1).
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FIGURE 3.8. (a) The flow of the ODE (17). (b) The movement
of a front solution for (12) with (13) in the case of 8 > e and § > 0
(B=02, 6 =001 and & = 0.1).

condition g(+o00) = 0. In a neighborhood of = 0, S(x — [) has the asymptotic
profile as | — oo

S(z—1) = e*@Va, Sy(z—1) = ae*@Da.

Hence

(1) = O1) == = {(a = Ae™! =8}, les(1)] < 0™ (22
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as | — oo in order that S(z —1) + g(z;1) satisfies the boundary condition (7). Thus,
we see g(x;1) = C(l)e~*"a+O(e~20+9)) with ||g|l; < O(e* +6) for afy, > a. We
put the solution u(t, ) of (3) with (7) as u(t,x) = S(z —I(t)) + g(z;1(t)) + v(¢, z).
Substituting it into (3), we have
{=S.+aq}+v,=Ll)v+ L(l)g+ G(g +v), (18)
where L(l) := D02 + F'(S(x — 1)), G(u) = G(u;l) := F(S(z — 1) + u) — F(S(z —
) — F'(S(x —1))u = O(|u|?) and v satisfies the boundary condition at z = 0
= fuv. (19)

Lemma 4.1. Let Lg be the operator on Xy = L?(R.) with the boundary condition
(19). Then {/\ € C; Re(N\) > —m1} C p(Lo), the resolvent set of Lo and ||(Lo —

N7y <

Cy > 0.

B holds for A € C with Re(\) > —v1, where 0 < 71 < 79 and

Proof. Give arbitrary f € X, A € C with Re(\) > —v; and consider the equation
(Lo — M)u = f. We define the operators Ky and Kp by

wxlfle) ={ JU5 170 wolnw={ J0r7h

Then Kn[f], Kp[f] € L?*(R) and by the assumption A2)’, there exist unique
solutions W, WP € H?(R) satisfying (Lo — \W"N = Ky[f] and (Lo — WP =
Kplf], respectively. Since (Lo — /\)(WD — WH) = 0 holds for z > 0, WP(z) is

represented as WP (z) x)+ Z ajk;(z; \) for a; € R. Since WP (0) = 0 and

W™ (0) = 0 hold, we see

N N
— > ajk;(0;A Zag L 0 WP(0) =" ay(ky (V) — p15(A)bs(N)
j=1 =1
(20)
and there exists a matrix Uy such that Upd, WP (0) = W (0). Here, we note that
we may assume k;(A) — p;(A) # 0 and we can take Up. In fact, if £j(A) —p;(A) =0
for some j, then it suffices to replace the fundamental function by k;(x; \) = (z +
a)kiNe=riNzp(\) for an appropriate a such that k;(\) — ap;(\) # 0. Let U(z)
(x > 0) be a smooth matrix function satisfying U(0) = Uy and U(z) =0 for z > 7
for a sufficiently small n > 0 and define
u = ulf](r)
= W¥(z) + U (x)WP (2)
= (Lo~ N)'En[f](z) + BU(2)(Lo — )" Kp[f](x)
for > 0. Then
d,u(0) = 9.WN(0) + BU0 WP (0) + BO.U(0)WP(0)
= BWN(0)
= B{WN(0) + BUO)WP(0)}
= Bu(0)
holds. That is, the boundary condition (19) is satisfied by wu.
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On the other hand, for x > 0,
(Lo = Nu = f + B(Lo — NU(x)(Lo = X\) ' Kp[f] =: (Id+ B)f

holds, where Id denotes identity and B := (Lo — \)U(x)(Lo — A\)"'Kp. Here
we can take U(x) by taking appropriately small 1 such that || B||+ becomes small,
which means Id+ B is invertible. Then u = u[(Id+ B)~! f] satisfies (Lo — \)u = f
for > 0 and the boundary condition (19). Thus A € p(Lg) and the estimate of the
resolvent is easily shown. The proof is completed. O

Lemma 4.2. Let Ly(l) be the operator L(I) on X4 with the boundary condition
(19). Then the spectrum o(l) of Ly(l) consists of oo(l) C {A € C; |\ < O(e~2°)}
and 01(1) C {A € C; Re(N) < —m1}.

Proof. Fix 1 > 0 sufficiently large and take [ > [. Let B(z;1) := F'(S(z—1))—F’(0).
Then Ly(I) = Lo + B(l), where Lo = D33 + F’'(0) is the operator on X with (19).

Let lj = %l (] = 1,2,3,4), Il = (lg,lg), IQ = (11714) and Xl(.f), XQ(.I), Xg(l?) be
smooth functions satsfying

1, x <y,

Xl(fc):{ 0. x>l Xz(fc):{

and

Oa x < l?a
1

v > 1, 0<xj(x) <1, xa(x) + x2(x) =1

3

1, ze€l,
xg(:v)z{o J:QI; 0<xs(z) <1.

We consider the equation (Ly(I) —A)u = f for f € X ;. Define the operator D()\) on
X4 by D(A) := x1(Lo—A) " +x2(L(1) =N 71Ky for XA € p(L(1))Np(Lo), where L(l)
is regarded as the operator on L?(R) here. Then for f € X, (Ly())=A\)D\)f = f
holds for x > I3. For 0 < z < Iz, D(\)f = (Lo — A)~! f and hence

(Lo() =MD f = (Lo+B() =N (Lo = A" f
= f+BU)(Lo-N""f
= f+0(™)f
holds because |B(z;1)| < O(e=!) for 0 < z < la.
Let us consider the case for Iy < o < I3. Let u; = (Lo — A\)"'f and uy :=
(L(1) = \) 7K n|[f]. Then for z > 0,
(Lo—Nus = (Ly(l) = BU) = N(L() — N Kn[f]
= f-BO(LO) - N Kn[f]
holds. Since |B(x;1)| < O(e=®) for x € I, = (I1,14) and hence |x3(x)B(z;1)| <

—al
O(e=) holds for z € R, we have ||x3B(I)(L(l) — \) 73 < 02|i| and || x3B(l)
(L) =X < e~ 2% holds for |A| > Cae~ 2L, Defining A(l) := {\ € C; Re()\) >
o, N = Cae 20} and gy i= —xs BU)(L(L) — A)~ K lf], we let Ws € H2(R,)
be the solution of (Ly — A)Wa = g, for A € A(l), which satisfies

_1g
IWall 2 (ryy < Callgall+ < Cae™ 2| f|+

for C3 and Cy > 0. Since (Lo — A)(u2 — u1) = g, holds, we see (Lo — A\)(uz —
w1 — W3) = 0. Then us — u; — Wa is given by the fundamental functions k;(z; \)
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(j=1,---,2N) of the ODE (Ly — A)u =0 as
2N
wa(a) = wn(e) = Wale) = 3 ajh, (@) 1)

for > 0. Here we note that ; = u;()) are positive constants satisfying u,(A) > o
for a constant 2 > 0 independent of A € A(l) by Re(A) > —~v1. Since |luz(x) —
uy(x) — WQ(I)||H2(R+) < Cs]| fll+ holds, uz(x) — w1 (z) — Wa(z) is bounded on Is,
specially |ugz(z) — uq(z) — Wa(z)| < Cs||f|l+ holds at « = Iy, Iy for C5, Cs > 0.
This fact and (21) imply [luz — w1 — Wal|g2(1,) < Cre= 572 ]| 1 for C7 > 0. Then
xu(@)ui () + xe(@)ua(r) = xa(@)ui () + xz(e){uwi(z) + uz(z) — ui(2)}

= wi(z) + x2(@){uz(z) — ui(2)}

= wi(z) + Ws(z)
holds on I;, where W3(z) := xz(x){uz(z) — ui(z)} = xa2(z){uz(z) — ui(x) —
Wa(z) + Wa(z)} satisfying ||Ws|| m2(r,) < Cse™ 3| f]|+ for 0 < 3 < min{3a, +72}.
Therefore, it follows that

(Lo(1) = NDN)F = (Lo(l) = A)(u1 + Ws)

(Lo — A+ B(I))ur + (Ly(l) — \)Ws
f+B()ur + (Le(l) — A)Ws
= f+0(f

on I7.
Thus, we have for any x > 0

(Lo(1) = NDNf = f + Bi(A D) f
with [|B1(A;1)[|+ < O(e™#!). By taking I so large that ||By(\;1)||l+ < 5 for I >,
we see (Id + B1(1))™! exists and
(Lo()) = N)DNId + Bi(\1)) 7 = 1d
holds, which means A € p(Ly(1)) and
(Ly(1) = N)~" = DIN(Id + B (M 1)~
Thus A(l) C p(Lp(1)) and the proof is completed O

Let Qp(1), Rp(l) respectively be projections on X, corresponding to spectral
sets oo(l), o1 (1) and let Q, R respectively be projections on L?(R) corresponding to
spectral sets 0¢, o1 of L. We also define Ey(1) := Qp(1) X+, Ej- (1) := Rp(1) X4, E :=
QL*(R) and E+ := RL?(R). Then the assumption A2) implies Qu = (u,¢* );> Sy
for u € L*(R).

By Lemma 4.2, the resolvent (Ly(l) — X)~! for A € A(l) is expressed as

(Ly(1) =)™ = DI + Ba(X;1))
with || B2(A;1)]|+ < O(e™#!). Then taking the Dunford integral around (1), we
easily know Qp(l) = x2Q()Kn + B3(X\;1) with ||Bs(\; )|l < O(e=3!), where
{Q)ul(z) == (u,¢*(- — 1) )2 Su(x — 1) for w € L*(R). This means ||Qy(l) —
Q)Kn|l+ < O(e™!) <« 1 and therefore Ej(l) and Q(I) Ky X are homeomorphic
each other. Thus, there exist A\o(l) € R, ¢(I) € X4 such that oo(l) = {Mo(l)}
with [Ao(1)] < O(e=2) and Ey(l) = span{¢(l)} with ¢(1)(z) = x2(2)Ss(z — 1) +
O(e™ ) = S, (x — 1) + O(e~!). The adjoint operator L;(I) of Ly(l) also has the
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same properties, specially there exists ¢*(I) € X satisfying L (I)¢* (1) =
(o(1),0*(1) ), = Land ¢*(I)(x) = ¢*(x—1)+O(e~73"). We note that E;-
by By (1) = {v € X4; (v,0*(1) ), =0}.

Now we consider the solution u = w(t,z) of (3) with the boundary condition
(7) and put wu(t,z) = S(z —1(t)) + g(x;1(t)) + v(t,z) with v(¢) € E;-(1). Then (3)
becomes (18), that is,

H{=Sa+ g1} +v: = Ly(l)v + L(1)g + G(g + v), (22)

where S, = S, (x — [(t)). Here we note to distinguish between the operators L;(1)
and L(l) by regarding them as the operator on X with the boundary condition
(19) and the operator on L?(R) restricted within X, respectively. By operating
Qp(1) and Rp(1) on (22), we have

(A o(D)o™ (1),

1) is given

{ Rb(ll)vt = fb,(l)v +J, (23)
where
(L)g+Glg+v),¢"(1) )
(S, 0*(1) ) = (g 0% (D) ),
J = J(l,v):=R(D){LN)g+ G(g+v)} + H{l,v)Rp(1){Ss — 91}

Lemma 4.3.

H(l,v) = 2aMoC (e (1 + O(e™7h)) + O((e 2 +6%)e ™ + |[v]|2)
holds for v4 > 0.

Proof. First, we will show |( G(g +v),¢*(1) ), | < O((e™2* + §%)e™ + |lv||%,).
Since |G(g + v)| < Cs(|g|? + |v|?) holds, it follows that

[(Glg+v),6"(1) ), | < Os/ooo{lg(z)|2+Iv(I)|2}|¢*(l)($)ldI

H = H(lLv):=-

IN

Cs / " lo(@)1* (1) (=) dz + Cillw] / 16 W) (@) da

IN

GICW [ e etz + Clol
0

O(ICPe" +lv]IZ.)

O((e7 +6%)e ™ + [|v]1%,)

because g(x;1) = C(l)e *%a + O(e~*20F2)) with of > o and |¢*(1)(z)| <
O(e~l==! hold.

Next, we show ( L(l)g,¢*(1) ), = —2aMoC(l)e=* (1 + O(e™!)) for 74 > 0.
As in (21), let kj(z;A) = (z + 1)Metrivhy e R be the fundamental solutions
of the ODE (Lj — Mu = 0, where pu; = p;(\), kj = k;j(A) and b; = bi(\)
w1th 0 < p1(A) < p2(X) < ---. Note that u;(0) = «; and b7(0) = a*. Since

Ly()¢* (1) = Xo(l)¢* (1) and ¢*(1)(z) = ¢* (x — 1) + O(e™7*!) hold, we see ¢*(1)(z) =
—e‘“()‘o(l))(w Dbt (Ao(1)) 4 O(er2PoW)@=DY) a5 | — 0o, specially

¢"(1)(0) = —e~ BTN (1)) + O(e =) = —e~a”(1+ O(e 7)) (24)

and

IN A

99" (1)(0) = —ae_o‘la*(l + O(e‘”“l)) (25)
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for 74 > 0. Here we used p1(Mo(1)) = a+O0(e~2), bi(Ao(l)) = a* + O(e~2%") and
p2(Ao(1)) > a + 4. Hence we have
(L(D)g, " (1) )+

= [(DOg(x),¢"(1)(x) ) — ( Dg(x),0:¢"(1)(x) Mg + (g, L* ()" (1) ).

= —(D3g(0),6*(1)(0) ) + ( Dg(0),0:¢"(1)(0) ) + Ao(l) (g, 0" (1) ) 1

= —2aC()e ' (Da,a* ) (1+0(e™")) + 0|\ ()C () [le™)

= —2aMyC(l)e (1 4+ O(e ).

Finally, the denominator in the definition of H(l,v) is 1 + O(e~®") because

llgill+ < O(e=®!). Thus the proof is completed. O

Remark 2. Let H(l,v) = Ho(l) + Hi(l,v), where Ho(l) := 2aMoC(l)e~*" and
Hy(l,v) := H(l,v) — Ho(l). Then

(1) <O (7 +)e™ + [[v]%)
and
|Hy(l,v) — Hi(I',0")]
<O ({4 8%)e! + (7" + 8)e™ T W= U] + ([]loe + [0/ ]l) [0 = v]loc)
hold for o > «.

Lemma 4.4.
1T, 0)l4+ < O((e! +8)e™ 5 + [[v]|%)
holds.

Proof. Tt suffices to show || L(1)g||+ < O((e~*+8)e~3°). Since g(z;1) = C(l)e **a
+ O(e=2(42)) with ay > a and |S(z — )| < O(e~*1*=) hold, we see

ILMDg(x)| < |Log(x)| +|(L(I) — Lo)g(x)]
< |F'(S(x = 1)) = F'(0)] - [g(=)]
< O(e el jo@)le).
Then it follows that [|L({)g]|+ < O(|C(1)|vIe=®!) < O((e= + §)e 7). 0

Now we define the map II(I) : Ej-(I) — E;-(1) by v(l) := H()w for w € E(1),
where v(l) is the solution of

dv

{ T = —(wsi0), e,
v(l) = weEH().

The existence of II~*(1) is obvious because the solution v(l) in the above equation

is solvable in the inverse direction with respect to I. Tranforming (23) by v(t) =
II(I(t))w(t), we have

[ = H*,
{ wy = A()v+J*, (26)
where H* = H*(l,w) := H(,I()w), J* = J*(l,w) := I-(1)J(I,I(l)w) and
A(l) :== T (1) Ly(DII(1). Let X« (1/4 < w < 1) be the fractional powered space of
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X4 by A(l) embedded into L*° (R, ) whose norm is denoted by || - ||,,- Since
17(w) = I )l
<0 ({(em! + e 4 (7 + 8)e™HU Y1 = 1 + (Jvllos + [0/l oc) [0 = vlc )
hold, J* also have the estimates
|7 w) = T (W)« (27)
< o({e +o)em ol (e 4 ) H UYL= 1] + (o]l + [0/l - 0]l

Here we may assume the estimates of Lemmas 4.3, 4.4 and (27) for any | € R by
using appropriate cut-off functions.

Let W(D1, D2) := {w() € C(R; B (1) N X°); Jw(l)[l, < Di((e* + 6)e 1),
w(l) —w(l")||, < Daf(e™* 4 8)e™ 3 + (e~ +§)e~ 3" }[I = I|}. Then by quite a
similar way to the proof of Theorem 2.1 in [3], we can show the existence of an ex-
ponentially attractive invariant manifold M := {({,X(1)); | € R, ¥ € W (D1, D3)}
for (26) by taking appropriate positive constants D; and Ds. Thus u(t,z) =
Sz = 1(t)) + g(z; 1(t) + TIA(E))X((t)))(z) is the solution of (3) and the proof
is completed. O

4.2. Proof of Corollary 1. The dynamics on the manifold M constructed in the
proof of Theorem 2.1 is given by

% — () = 51, TI)S()). (28)

As in the Remark 2, we see H(l) = Ho(l) + H1(l) with Hy(l) := Hy,(I,TI(1)2(1))
and H(l) satisfies

[H: (1) = Hi (V)]
< O(fle 4 a)eet 4 (e e -1
FUIED oo + 12 o) 12 = 2 [lo0)
0 ({(e—a” +62)e o 4 (e 4 5%)e L} - 1)
_|_{(efal_|_5)ef%al + (efal’ +5)67%al’}
X{(e—al +6)e—%al + (e—al’ + 5)6—%al’}|l . l/|>

IN

"y

+o%)e - 1))

for o’ > a. Let I* > [ be the value satisfying Ho(l*) = 0 and %(l*) = —7* <0.
We shall show the existence of an equilibrium Tof H satisfying 1= *(1 4+
O(e=!")) for 45 > 0 and H(I) is monotone decreasing in the neighborhood of
1, which means { is a stable equilibrium of the ODE (28).
Substituting [ = I* + h into H(I* +h) = 0 for |h| < 1, we have 0 = —y*h +
O(h?) + H,(I* + h) and

< 0 ({(efa”l_kéﬂ)efal + (670‘

h = %E(z* + h) + O(h?). (29)

Since v* = O ((e=*"" +8)e="), Hi(I* + h) = O ((e‘o‘l* + 5)6_"”*) and o/ > a,
nyl—*ﬁl (I* + h) = O(e=7"") holds for 46 > 0, which means to become sufficiently
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small by taking I* > [ sufficiently large. Then it is easy to show the right hand side

of (29) is contraction in the set Wy := {|h| < Dze~ 7!} for an appropriate D3 > 0.

Thus the fixed value, say h* = O(e~7!") gives the equilibrium T=1"+h* of H(l).
In the neighborhood oflA, H(l) is written as

—_—~

H(+h) = —v*h+O(h? + (h*)?) + Hy(I* + h* + h) — v*h*.
Hence by the estimate of [H1(I) — H1(I")|, we have
H(I+h) —HI+ W) ={-7+0 (|h| FR 4+ (e + 52)6—6”*) Y(h — ).

—_~

o” > o means H (I + h) is monotone decreasing for sufficiently small h and A'.
Other cases are similarly shown. O
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