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ABSTRACT. We study a two-point free boundary problem in a sector for a
quasilinear parabolic equation. The boundary conditions are assumed to be
spatially and temporally “self-similar” in a special way. We prove the existence,
uniqueness and asymptotic stability of an expanding solution which is self-
similar at discrete times. We also study the existence and uniqueness of a
shrinking solution which is self-similar at discrete times.

1. Introduction. Consider the problem

Uy = a(ux‘)uxwa =& (t) <z < 52(t)7 t>0,
U’I‘('I7t) = 7k1(tau('rat))7 U(:L',t) = 7‘Tta‘nﬂ for z = 751(15)5 t> 07 (1)
ug(z,t) = ka(t,u(x,t)), u(z,t)=xtanf for z = &(¢), t >0,

where a € C?(R), a(-) > 0, B € (0,%) and ki, ks € C?([0,00) x [0,00),R). In this
problem, u, &1, & are unknown positive functions to be determined.

The equation in (1) includes the heat equation and the curvature flow equation
as special examples. In [2, 3, 4, 8, 9, 12], the authors considered problem (1) with

constant k; (i = 1,2), that is,

Uy = a(ux)uzwa _Cl(t) <z < <2(t)7 t>0,
Ux(l’,t) =71 U(:Z?,t) = 7‘Tta‘nﬂ for = 7Cl(t)a t> 07 (2)
uz(z,t) =v2, w(z,t) =ztanB for = =C(a(t), t >0,

where 71,72 are constants. They proved the existence of solutions of (2) for some
initial data. Moreover, in [2, 4, 12], they proved that when 1 + 72 > 0, any time-
global solution u is expanding (that is, it moves upward to infinity) and it converges
asymptotically to a self-similar solution: /2t ¢ (az/\/ﬂ) In [3, 8, 9], they proved
that when v, + 72 < 0, any solution shrinks to 0 as ¢ — T for some T > 0; if a is
analytic, then the rescaled solution u/+/2(T — t) converges to a shrinking/backward
self-similar solution with the form: v (z/\/2(T —t)) ast — T.

Problem (2) arises in the model of flame propagation in combustion theory. It
also arises in the study of the motion of interface moving with curvature in which
the studied problem is confined in the conical region bounded by two straight lines
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and the interface has prescribed touching angles with these two straight lines (cf.
[2, 3,4, 7, 8,9, 12] etc.). In this paper we will consider a more general problem
(1). In this new problem, the boundary conditions are spatially and temporally
inhomogeneous, which mean that the touching angles between the interface and
the boundaries of the sector domain depend on the spatial and temporal variables.
Clearly, self-similar functions like 2t ¢(z/v/2t) or \/2(T —t) ¥ (z//2(T —t)) is
no longer a solution of (1). We have to adopt new concepts for the analogue of self-
similar solutions. Our results in this paper show that problem (1) has an expanding
solution which is self-similar at discrete times if ki, ko have some special “self-
similarity” (see (5) below) and if min k1 + min ks > 0. On the other hand, problem
(1) has a shrinking solution which is self-similar at discrete times if k1, k2 have some
special “self-similarity” (see (11) or (14) below) and if max k; + max ks < 0.

Definition 1.1. Let (u,&1,&2) = (U,E1,Z2) be a solution of (1) defined for ¢ €
(0,00). Tt is called an expanding self-similar solution if
WU (z,t) = U (bz,b*) for —E(t) <z < Ea(t), t >0, (3)
for some b > 1, and if
bEi(t)=2; (b*t) fort>0 (i=1,2). (4)
From (3) we see that, for any tg > 0,
ce=bU (b e, b2 tg) = Uz, to) = b U (b, bPtg) = -+ .

This means that U(z,t) is similar to U(z,ty) only at discrete times: t = bt (m €
Z). In this sense we may also say that (U, Z1,Zs) (or, just U) is a discrete expanding
self-similar solution and /2t @(x/\/ﬂ) is a classical expanding self-similar solution.

It is easily seen that a necessary condition for the existence of a discrete expanding
self-similar solution is that ki and ko are self-similar in a special way:

ki(t,u) = k; (b*t,bu)  for t,u > 0. (5)
We will give more explanation on this condition near the end of this section. For

simplicity, we also impose another technical conditions on k;: there exists o €
(0, tan 8) such that

|ki(t,u)| < (tanfB) —o for t,u >0 (1=1,2). (6)
Theorem 1.2. Assume that k1, ko satisfy conditions (5) and (6). Assume also that
min &y + min ks > 0 (7)

holds. Then problem (1) has a discrete expanding self-similar solution (U, Z1,Es).
In addition, if k;(t,u) = k;(u) (i =1,2), then
(i) the expanding self-similar solution is unique and Uy > 0, Eq; > 0, 2o > 0 for
all t > 0;
(ii) U is asymptotically stable in the sense that

du(T(0),7(1) < CEV2 ast— oo, s)
where T'(t) is the graph of U, ~(t) is the graph of any time-global solution u
of (1) and dy denotes the Hausdorff distance.

The existence, uniqueness and asymptotic stability conclusions in this theorem are
proved in subsections 3.6, 3.8 and 3.7, respectively.
Next we consider self-similar solutions which shrink to 0 in finite time.
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Definition 1.3. Given T > 0. Let (u, &, &) = (U, Z1,Z,) be a solution of (1) for
te[0,7). If |U(-,t)||pe — 0, E1(t) = 0, Ex(t) > 0ast —T —0,
Uz, ) =bU (b e, b2t + (1 = b~2)T)  for —E,(t) < < Za(t), 0<t < T, (9)
for some b > 1, and if
Et)=bZ,(0"H+(1-bH)T) for0<t<T  (i=1,2), (10)
then (U,Z4,Z,) (or, just U) is called a shrinking/backward self-similar solution of
(1) on time interval [0,T).
Since U (z, t) is similar to U (z, to) only at discrete times: ¢ = b~2™tg+(1—b~2™)T
(m € Z and 2m > log(172)/logb), we may also say that (U,Z1,Z5) is a discrete

shrinking self-similar solution on [0,T).
A necessary condition for the existence of such a solution is that

ki(t,u) =k (b2t +(1—b"2)T, b'u) for 0<t<T, u>0. (11)
Replacing ¢t by T — t’ then we see that (9), (10) and (11) are equivalent to
U, T—t)=bU (b7 'z, T —b7?t) (12)

for =21 (T —t") <ax <Eo(T—t),0<t' <T,

S(T—t)=bZ (T-b%) for0<t'<T (i=12), (13)
and
k(T —t,u) = k(T — b2 b7 u) for0<t' <T,u>=0 (i=1,2), (14)
respectively.

Theorem 1.4. Given T > 0, assume that ki,ks satisfy condition (11) or (14).
Assume also that (6) and
max k1 + max ks < 0 (15)

hold. Then problem (1) has a discrete shrinking self-similar solution (U,Z,,Z3) on
[0,7).

In addition, if k;(t,u) = k;(u) (i = 1,2), then the discrete shrinking self-similar
solution is unique and Uy < 0, 214 <0, Z9p <0 fort € [0,7T).

The uniqueness for shrinking self-similar solutions is not necessary to be true,
even for the special problem (2) (cf. [8, 9])). But the above theorem shows that it
can be unique under certain assumptions.

Definition 1.3 and Theorem 1.4 deal with shrinking solutions on finite time in-
terval [0, 7). If we take a time shift, these solutions can be regarded as solutions
defined on [T, 0). More precisely, let ((7 , gl, ég) be a shrinking self-similar solution
of (1) on [0,7T). Then

U, t;T) :=U(z,T+1t) for —Z1(T) <z < Ep(t:;T), t € [-T,0),

and R _
Zi(t;T) :==i(T+t) forte[-T,0) (i=1,2)
satisfy
Uz, t) =bUb '2,b72t) for —Z1(t) <z < Ep(t), T <t<0, (16)
and

[11)

() =bE(b72) for —T<t<0 (i=1,2). (17)
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So (U,Z1,Z,) (which is defined on [~T,0) and shrinks to 0 as t — 0 — 0) is a
self-similar solution of
U = a(Ug)Uge, —E1(t) <z <E&a(t), t <O,
Ug(z,t) = =k (T + t,u(z,t)), u(z,t)=—ztanf for z=—-&(t), t <O,
ug(x,t) = ko(T + t,u(x, 1)), ul(w, ) =ztanf for z=&(t), t <O.
(18)
We now consider shrinking self-similar solutions defined in (—o0, 0).

Definition 1.5. Assume that k;(t,u) = ki(u) (i = 1,2). Let (U,Z1,Z5) be a
solution of (18) defined for ¢ € (—o00,0). If it satisfies (16) and (17) for some b > 1
and ¢ € (—o0,0), then it is called a discrete shrinking/backward self-similar solution

of (18) in (—o0,0).

Theorem 1.6. Assume that k1 = ki(u
ki(u) = ki(bu) for all w > 0 and some
discrete shrinking self-similar solution (
0, Z9t <0 fort € (—00,0).

) and ke = ko(u) satisfy (6), (15) and
b > 1. hen problem (18) has a unique
[7 =h E 2) in (—00,0), and U, < 0, S <

Our theorems extend the results about classical self-similar solutions in [2, 3,
4, 8, 9, 12] to problem (1) with nonlinear boundary conditions. Our approach
is essentially different from theirs though we will use their classical self-similar
solutions as lower and upper solutions to give the growth bound for the solution of
(1). We will convert problem (1) by changing variables to a new problem in a fixed
domain. Then we use a convergence result in [1] to show that the w-limit of the
unknown in the new problem is a periodic solution, which corresponds to a discrete
self-similar solution of (1).

Our boundary conditions are given by functions k; and ko which are self-similar
as in (5). We now give some examples and/or backgrounds on such kind of self-
similarity. First, some reactions in chemistry occur in a media with obstacles (cf.
[18]). When the obstacles arrange in a regular way, it is possible to be studied from
a mathematical point of view. For example, if we consider a Belousov-Zhabotinsky
(BZ) reaction in a media with obstacles arranging in columns, then the interface
propagation in the BZ experiment can be studied through a curvature flow in a band
domain with undulating boundaries (cf. [15, 16]). Similarly, if we consider the BZ
reaction in a media with obstacles arranging in radial rays with center at origin O,
and if the ratios of the sizes of adjacent obstacles are constant, then the interface
propagation can be studied through a curvature flow in a sector with undulating
boundaries, which is essentially a similar problem as our (1). Another example is
the following. In geology, Liesegang rings are colored bands of cement observed
in sedimentary rocks, which are often referred to as great examples of geochemical
self-organization (cf. [17]). Generally, the Liesegang rings are arranged in a regular
self-similar way: the ratios of the widths of adjacent annuluses are constant (cf.
[10, 11, 17]). If we cut off a sector with apex at the center of the rings and consider
the interface propagation in this notch, then the problem is reduced to one like (1).

In Section 2 we give some preliminaries, including the selection of the initial data,
the local existence result and comparison principles. In Section 3 we consider the
expanding case and prove Theorem 1.2. In Section 4 we consider the shrinking case
and prove Theorems 1.4 and 1.6.

2. Preliminaries. We use notation S := {(z,y) | y > |z|tan3, = € R}, and use
015 and S to denote the left and right boundaries of S, respectively. For any
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to > 0, let (u(x,t),&1(t),&2(t)) be a classical solution of (1) on the time interval
[0, to] with some initial data. Then we write

Quy = {(z,8) | —&1(t) <z < &(t) and 0 < ¢ < to}.

2.1. Initial data. We will consider the problem (1) with initial data

u(z,0) = up(z), —&o1 <z < &o2s (19)
where UO(.Z’) >0, éo1 > 0 and &p2 > 0 satisfy
up(—&o1) = o1 tan B,  up(&o2) = o2 tan (20)

and the compatibility conditions:

(u0)z(—=8o1) = —k1(0,u0(=01)),  (u0)z(602) = k2(0, uo(&02))- (21)

Since our main purpose in this paper is to construct self-similar solutions, we
will not focus on general solutions of (1) and (19) for general ug as it was done in
[2, 8, 12], but choose uy € C?TH([—&p1, &o2]) for some p € (0,1), and only consider
classical solution u of (1) and (19) in C?+#1+1/2(Q, ) for ty > 0. Moreover, we
require that ug satisfies

|(uo)z(z)| <tanf — o for — &1 <o < o2, (22)

where o is as in (6). This inequality does not conflict with the compatibility condi-
tions by (6).

In summary, in this paper we choose initial data from the following set of admis-
sible functions:

24p
Cad = {’LLO

ug € C?TH([—&o1,€02]) for some u € (0,1), where (23)
o1, o2 > 0 and up(+) > 0 satisfy (20), (21) and (22) [~

2.2. Gradient bound of u.

Lemma 2.1. Let ug € C2{" for some pu € (0,1), u(z,t) € C*FHIT#/2(Q, ) be a
solution of (1) and (19) on [0,t0]. Then

luz(2,t)| < tan B — o for (z,t) € Q,, - (24)
Proof. By (6) we have
Uz (€2(1), 1) = ko (t,u(&2(t), 1)) < tan 8 — o,
and
Ug(—&1(1), ) = —k1(t,u(—=£1(t), 1)) < tanf — 0.

Combining these inequalities with (22) we obtain u, < tanf — ¢ by maximum
principle. u; > —tan 8 4 o is proved similarly. O

Corollary 1. Let ug and u be as in the previous lemma. Then, for any 6 € [—6y, 6o)
with 0 := 5 — 3, there holds

ocos B < (1 +ug(z,t)tanb) cosf <2—ocot B for (z,t) € Q- (25)
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2.3. Change of variables. To study the local and global existence of solutions of
the initial boundary value problem (1) and (19), it is convenient to introduce new
coordinates that convert the sector domain S into a flat cylinder. More precisely,
we will make a change of variables (z,y,t) = (0, p, s), which gives a diffeomorphism
(S\{0}) x [0,te0) = D X [S0, Sco), Where
DZ:{(H,p)€R2 | —90<9<907 —OO<p<OO}

with 0y := 5 — . The functions 6 = 6(x,y,t), p = p(x,y,t) and s = s(t) are to be
specified below. With these new coordinates, the function y = u(x,t) is expressed
as p = w(6, s), where the new unknown w(#, s) is determined by the relation

The function w(,s) is well-defined provided that the map ¢ — s(t) is strictly
monotone for ¢ € [0,tx) and z — 0(z, u(z,t),t) is strictly monotone for each fixed
t €]0,t5). We will see later that these monotonicity conditions always hold for the
class of solutions that we consider. Indeed we will prove

%s(t) > 0, %0 (z,u(z,t),t) = 0y + Oyuy > 0. (27)
Once w(6, s) is defined, then substituting it into the relation y = u(x,t) yields
Y (0,w(8,s),s) =u(X(0,w,s),s),T(s)), (28)

where the map (6, ,5) = (X(0, 9,5), Y(0, p, ), T(5)) : D x [0, 500) = (S\{0}) x
[0,to0) is the inverse map of (x,y,t) — (0(x,y,t), p(x,y,t),s(t)). The expression
(28) gives a formula for recovering the original solution u(z,t) from w(f, s). In order
for u to be smoothly dependent on w, we need the map 6 — X (0,w(0,s),s) to be
one-to-one for each fixed s and that s — T'(s) is strictly monotone for s € [sg, S0 )-
Indeed we will prove

0 0
gT(s) >0, %X (0,w(8,s),s) = Xg+ X,we > 0. (29)

2.4. Local existence. To get the local existence we make the following change of
variables.

= arctan 3 (z,y) € S\{0},

1 _
p=5log(@® + %), (w.y) € S\{0}, (30
s=t, t>0.

The inverse map is
x=ePsinf, (0,p)€ D,
y=-elcosl, (0,p)€ D, (31)
t=s, s € [0, 00).
Clearly, 8 = 6y and 8 = —0, correspond to J2S and 015, respectively.
Let u(z,t) > 0 be a classical solution of (1) and (19) for ¢ > 0, then

plz,u(z,t),t) = w@(z,u(z,t),t),s) < @) cosh = u(e“’(e’s) sin G,t). (32)

defines a new unknown p = w(#, s) for s > 0. This function is well-defined since

0 pwu(w ).ty = 2 (arctan &) = L= tatand
or 7’ YT e u(zx,t) _U'(1—|—tan20)

by (25).
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Differentiating the expression e*(?*) cos @ = u(e*(?*) sin §, t) twice by # and once
by t we obtain

wy cosf —sin b wee — wg -1 e“w,

Ugz = : U =
T ew(cos O + wysinh)3’

~ cosf +wgsinf’ cos @ + wgsin’
Therefore, problem (1) with (19) is converted into the following problem
wp cos O — sin 6 wpp — wi — 1

Ws = a ’
° <cos€ + wp sin@) e2%(cos 0 + wy sin 6)?

0 e (—90790), CES (0,00),

wa(—0 ) —h(s,w(—00, ), s € [0,00),
WG(G 78 = (S W(HO»S))V s € [0700)7
w(6,0) = ©(6), 6 € [—bp, o).
(33)
where @ is defined by (32) at t = s = 0 and
h?(s,w) _ sin Oy + ki (s, e* cos ) cos Oy _1,9) (34)

cos By — k;(s,ev cosby) sin by
Estimate (24) implies that
wp cos § — sin 6
o —tanf < uy = m tan—o for 0 € [<0p,60], s 0.  (35)

Thus cos 6 + wp sin € > 0 since it is positive at # = 0 and it can not be zero by (35).
Considering the second inequality in (35) we have

wy[cos@ —sinf(tan 8 — o)] < sinf + (tan 8 — o) cos 6. (36)
Note that, for 6 € [-60,00] (6o = 5 — ), we have
cosf — sinf(tan f — o) > cosbp[l — tan by (tan 5 — o)] = o cos S,
cosf —sinf(tan 5 — o) < cosO[1 + tanbp(tan f — 0)] < 2 — o cot 5.

S0 sin@—&—(tanﬁ—a)cosé’<Q _1+4+tanf—o
S cosf—sinb(tanB—o) - ocosf
Using the first inequality in this formula we have, for 6 < 0
. 1 1
cos6 +wpsin > cos —sinf(tan 5 — o) Z 61 = 2—ocotf’

Similarly, considering the first inequality in (35) we have

" sinf — (tan 8 — o) cos 0
97 cos +sinf(tan g — o)

and cosf + wgsinf > e, for 8 > 0.
Summarizing the above results we have

|wo(6,s)] <1 and cosh+wysinh =e1 >0 (37)

for 0 € [—0y, 6p] and s > 0.

By the standard theory for parabolic equations, we see that (33) has a classical
solution on time interval s € [0, 27] for positive 7 = 7(k1, k2, 11, @).

The second inequality in (37) implies that, once the solution w of (33) is obtained
then we can recover it to the original solution w of (1). In fact,

5} 0
%X(G w(,s),s) = %e

Consequently, we have the following local existence result.

2 _Qla

@(0:9) sin § = €~(%%) (cos 0 4 wp sin ) >
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Lemma 2.2. Problem (1) with initial data ug(z) € C2* (1 € (0,1)) has a classical
solution u on time interval [0,27], where T depends only on ki, ks, pu and ug.

2.5. Comparison principle. Let vi(x),v2(2) be two functions whose graphs lie
in S and meet the two boundaries of S. Hereafter, when we write

v1 < Uy (resp. v1 K vy ),

we mean that vq(z) < ve(z) (resp. vi(z) < va(x)) for all x with (z,v;(z)) € S (i =
1,2); when we write

v 2 U

we mean that vy (x) < ve(x) and the “equality” holds at some z.
_ Assume further that |vi|, [v2,| < tanB. Then for each z with (z,v1(z)) €
S\{O}, there exists a unique Z(z) such that

- vy(Z(x)) = Z(x) - v (2),

that is, (z,v1(x)) and (Z(z),v2(Z(z))) lie on the same line passing the origin. By
a simple geometric observation we have

v vy & 22 +vi(x) < Z3(z) +v3(Z(x)) for x with (z,v1(z)) € S\{O} (38)
and
v L vy & 22 +oi(x) < Z%(x) +vi(Z(2)) for x with (z,v1(z)) € S\{O}. (39)

For some to > 0, let ui(x,t) € 02’1(Q§;)) and ug(z,t) € C1( g)) be two
positive functions, where, for i = 1,2,

QW o= {(x,) | € (1) <z < &(1), 0 <t <to},

wi(—€0(),1) = €0(t) - tan B, wi(6)(t),t) = £(¢) -tan B, 0 <t < to,
and |(u;)q(z,t)| < tan .

Definition 2.3. Let to > 0 and u; € C* I(Q( )) (1 = 1,2) be positive functions as
above. Then u, is called a lower solution of (1) on [0, to] if

U1t < a(U1z)Ulza for — 5(1)( t)y<z< f(l)( t), 0<t<ty,
ure(2,8) > —ki (tur (z,1))  for w = —é”( t), 0<t < to, (40)
wra(t) < Faltur(at))  fora = (1), 0 <t <to.

Similarly, us is called an upper solution of (1) if the opposite inequalities hold.
The following comparison principle holds.

Lemma 2.4. Let ty > 0. Assume that uq(x,t) and uz(x,t) are lower solution and
upper solution of (1) on [0,to], respectively. If ui(-,0) < wua(-,0), then ui(-,t) <
uz(+,t) for 0 <t < to. Ifui(-,0) <wua(-,0) and ui(x,0) # uz(x,0), then ui(-,t) K
uz(+,t) for 0 <t < to.

Proof. We change variables by (30) and (31), that is, using

e’ cosf = u;(e’ sinb, s),
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we define implicit functions p; = w; (6, s) (i = 1,2). Since uy(z,t) is a lower solution
of (1), it is easily seen that wy (0, s) is a lower solution of (33):

wig cosB — sinf w190 — W%e —1
s < . . 9 0 70 ,9 ) Oat )
Wis 54 (COSQ + wig sm9) €21 (cos  + wyg sin 0)? € (=00, 00), 5 € (0, o]
(,«}19(—90,8) 2 —h?(S,W1(—90,S>), ERS [Ovto]a
wig(6o,s) < hY(s,w1 (0o, s)), s € [0, to].

Similarly, wo (0, s) is an upper solution of (33). By (38), ui(-,t) < usa(-,¢) is equiva-
lent to wy (0, s) < wa(d, s). The latter follows from the comparison principle for (33),
which is a problem in a fixed domain. Similarly, the conclusion uy (-, 1) < ua(-,1)
can be proved by using (39). O

3. Expanding self-similar solutions. In this section we always assume that (7)
holds.

3.1. Classical expanding self-similar solutions. We will use classical self-similar
solutions of (2) as upper and lower solutions of (1) to give the growth bound for
the solution u of (1) and (19). For any 1,72 € R, consider the problem

a(¢’'(2))¢"(2) = p(2) — 2¢'(2), 2z €R,
¢'(=p1) = =71, ¢(—p1) = p1 tan j, (41)
©'(p2) = 72, @(p2) = p2tan .

In [2, 4, 12], the authors obtained the following result.

Lemma 3.1. For any given 1,72 with v1 + v > 0, there exists a unique pair
p1,p2 > 0 such that problem (41) has a solution ¢(z;7y1,7v2), which is positive on

[*Pl,pz]-

It is easily seen that the function
x
V2t ¢ (\/27;71,72) for —¢1(t) <x < (G(t), t>0,

with ¢;(t) = piv/2t (i = 1,2) is an expanding self-similar solution of (2). Set
E? := mink;(t,u) and K :=maxk;(t,u) (i =1,2), (42)
and define
07 (2) = (5 k9, k), ¢t (2) = p(2: KT, K3).

Then /2t ¢~ (x/+/2t) and v/2t o (2/+/2t) (both are expanding self-similar solutions
of (2)) are lower and upper solutions of (1), respectively.
Since the initial data ug > 0, there exist t+,¢~ > 0 such that

The comparison principle implies that

2(t+t—)<p_< ><U('7t)< 2(t+t+)w+<

2(t+ 1) 2(t+t+)>.
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3.2. Changes of variables. In subsection 2.4 we gave a local existence result.
One difficulty for deriving the global existence is the lack of the growth bound for
w. To give the global existence we adopt another change of variables.

Let 7 be the constant in Lemma 2.2 and let ¢t~ > 0 be as in (43). For any n € N
satisfying

1 1
n>— and n>—, (45)
t— T
we introduce new variables by
6 = arctan g, (z,y) € S\{0},
1. n(z*+y?) _
p 2 og— =1 (@y) € S\{0}, t>0, (46)
s:flog(t+f), t> 0.
2 n

The inverse map is

x =e’efsing, (0,p) € ?, s € [—%bgn,oo),
y=e’e’cosl, (0,p) €D, se€[—1logn,o0), (47)
t=e*—-1" se[-1logn,0).

Clearly, 8 = 6y and 8 = —0, correspond to 025 and 015, respectively.
Let u(z,t) > 0 be a solution of (1) and (19) for ¢ > 0, then a similar discussion
as in subsection 2.4 shows that
1
plz,u(z,t),t) = v(0(z,u(z,t),t),s(t)) < e’ @) cosh = u(ese“(e’s) sin 6, 625—7)
n
(48)
defines a new unknown p = v(6, s) for s € [—4 logn, 00). Differentiating the second
equality twice by 6 and once by s we obtain

vg cos @ — sin @ vgg — vg — 1 e’ (1 4+ vs)
= u = :
esev(cosf +vgsinf)3’ ' 2e5(cosf + vg sin )

Ugy =

" cosf+vpsing’
Therefore, problem (1) is converted into the following problem

9 vg cos — sin 0 ’U@g—vg—l
Vs = 2Q . .
cos @ +vgsinf ) e?(cos 8 + vy sin 6)

5 — 1, 0] <bo, s> —%logn,

UQ(_H(MS) = —91(8,1}(—90,8)), sz -3 logn,
Ug(eo,s) = 92(571](0075))’ s 2 3 logna
(49)
where

gi(s,0) = n (i=1,2). (50)

cosfy — k; (625 — L esevcos 00> sin 6,

sinfy + k; (628 — L e%e? cos 00) cos By

3.3. Gradient bound of v. In a similar way as deriving (37) in subsection 2.4
one can obtain

[vg(0, )| < Qa(0,8) and cosh + vgsinb > ex(o, 5) >0 (51)

for 6 € [0y, 0] and s € [—3 logn, 0o).
The second inequality in (51) implies that, once the solution v of (49) is obtained
then we can recover it to the original solution u of (1), since

%X(@,v(@, s),8) = %ese“(e’s) sinf = e*e*(%%) (cos 0 + vy sin ) > 0.
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3.4. Bound of v. The local existence result Lemma 2.2 implies that v exists on
s € [~3logn, +log(2T + 1)]. We have changed u(z,t) to a new unknown v(6, s).
Similarly, we define v by % in the following way

+ 1 esev” sinf
e’e” cos = \/2(625 - =+ ti) ot

n s 1
\/2(62 ~n +t:t)

By (44) we have ese’’ cosf > u(eseer sinf, e?*—1). Noting e*e’ cos = u(ee” sin 6,
e** — 1) we have
1
(e”+ —e")cost = uy, (19, e — 7) . [(e”+ —e")sinb),
n

where ¥ = e* sin f(se? + (1 — ¢)e”") for some ¢ € [0,1]. Therefore v > v by (25).
On the other hand, by the definition of v we have

1 1
e cosh = <p+(-)\/2 + (t+ - E)e—QS <2+ tH/r maxpt for s > §log7'.
(52)

So

v(8,5) <v'(6,5) < log

2+t + 1
i /Tmax“p] for 0 € [0, 6], 5 > - log .

sin 8
A similar discussion as above shows that
1
v(f,s) = v (6,s) =log[2 minp~| for 6 € [—6, 0], s> 3 log 7.

Remark 1. The definition of v depends on n, it is not easy to give a uniform (in
n) bound for v on [—% logn, o), but the above results show that a uniform bound
for v is possible on [% log 7, 00).

3.5. Global existence. Now we consider problem (49) with initial data v(0,
—1logn) = vo(#), which is defined by (48) at s = —1logn. Using the growth
bound and gradient bound in the previous subsections and using the standard the-
ory of parabolic equations (cf. [5, 6, 13, 14]) we can get the following conclusions.

Lemma 3.2. Problem (49) with initial data v(6, —3logn) = vo(f) has a unique,
time-global solution v(0, s) € C2HH1+1/2([—0y, 0] x [—3 logn, o0)) and

||U(9, S)||C2+u,l+u/2([—90,90]x[% log 7,00)) < Cp < o0, (53)
where Cy depends on ki, ko, pt and ug but not on s and n.
This lemma implies the global existence of u.

Lemma 3.3. Problem (1) and (19) has a unique, time-global solution u(z,t). More-
over, u € C*HrIH1/12(Q ), where Qoo = {(x,1) | —&1(t) < = < &(t),t > 0}. For
any to > T,

||u($at)||c2+u,1+u/2@t0\QT) < Ci(to, k1, ko, p, ug, 7) < 00.

Indeed, studying the relations between v and u more precisely, it is not difficult to
see that C7 in this lemma can be replaced by Cs+/tg+ C3 for some Cso, C5 depending
on ki, ko, i, ug and 7.
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3.6. Existence of self-similar solution. Since the solution v in Lemma 3.2 is
defined for s > —% logn, we write it as v,. By Cantor’s diagonal argument, one

can find a function V€ CZF11/2([—f, 0] x [logT,00)) and a subsequence
{ni} € {n} such that, as i — oo,

1
vn, (0,5) = V(0,s) in 01203 ([—90,90} X [ilogr, oo)) topology. (54)
Moreover, V satisfies the estimate

VO, $)l o212 (1= 85,00] x 2 log 7.00)) < Co < 00, (55)

and V is a solution of

B vg cos — sin 0 ’Ugg—’l]g—]. 1
vs = 20 (cos@—l— vg sin@) ¢2(cosf + vgsinf)2 L 161 <80, s = 3log,
vo(—00,8) = —G1(s,v(—bp, s)), s> LtlogT,
vg (0o, ) = Ga(s,v(bo, s)), 5> 5logr,
(56)
where

sinfy + k; (628, esev cos 90) cos by
Gi(s,v) = (i=1,2). (57)
cos by — k; (625, ese? cos 00) sin 0

Here G; and G, are log b-periodic functions in s by (5).
Now we use a result in [1].

Lemma 3.4. Let u be a time-global solution of

{ up = d(t, z,u, Uy )Uge + f(E,z,u,u,), >0, 0<z <1, (58)

ug(4,t) = g5 (¢, u(i, 1)), 1=0,1, t >0,
where d, f, g; are C? functions, T-periodic int. If u(-,t) is bounded in H?(0,1), then
there exists a T-periodic solution p of (58) such that tlim lu(-,t)=p( )| r2(0,1) = O-
— 00
By this lemma, problem (56) has a solution P(#,s) € H?(—0y,60p), which is
log b-periodic in s, and

lim [|V(-,8) — P(-,5) 52(—60,60) = O-

S5— 00

By (55) we indeed have

1P(8, $)l| cztmatnrz(—6,,00xr) < Co (59)
and

khﬁn:)lo ||V(9, s+ klog b) - P(Ov s)||02=1([—00,90]><[0,10g b)) — 0. (60)

We now recover P to a solution of (1), the corresponding change of variables
should be the limiting version as n — oo of (46) and (47), or for s € (—o0, ).
Using these variables we define U by

e*e? cos = U(e®el sin6,e*) for 6 € [0y, 0], s € (—00,0). (61)
By (51), (54) and (60) we have
d

_ 0 s, P(0,s) o; _ ,s,P(0,s) .
%X(G,P(Q,s),s) =2 (e e sm6‘> =e’e (Pysind + cos ) > 0,
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so the function U(x,t) is well-defined for all ¢ > 0. Moreover, by the definition of
U and the periodicity of P we have

bU(e*e” ) sin,e%%) = be®el (@) cosh = esH108LP(O:sH1o8b) (50

U(eerlog beP(O,erlog b) sin 07 625+2 log b)

= U(be®e” ) sin 0, b2e?).
Hence
VU (x,t) = U(bx,b%t) for —Z(t) <z < Ea(t), t >0,
where —Z;(t) and Es(t) are the z-coordinate of the end points of the graph of U.
Since t = e%* we have

Za(t) = e®eP %) sin gy = VieP0o:31028) gin g for ¢ > 0.
So
o (bt) = by/teP (b0, 3 log t+logd) i 0o = by/teP (P03 logt) iy 0o = bE5(t) for t > 0.

Similarly we have =;(b*t) = bZ;(t) for ¢t > 0. Consequently, we obtain a discrete
expanding self-similar solution of (1) and this proves the existence part of Theorem
1.2.

3.7. Asymptotic stability. In this subsection we assume that k;(t,u) = k;(u) (i =
1,2) and prove the asymptotic stability result in Theorem 1.2:

dy(D(t),7(t)) < Ct™2, t — oo,

where T'(¢) is the graph of the discrete expanding self-similar solution U, ~(¢) is
the graph of any solution w of (1) with some initial data, and dy is the Hausdorff
distance.

When k; and ky are constants satisfying (7), in [2, 4, 12], the authors proved
similar results for problem (2) by constructing precise lower and upper solutions.
We will use the change of variables and the a priori estimates but do not construct
lower and upper solutions. So our approach is different from those in [2, 4, 12].

For any initial data ug € Cj;r”, there exists t; > 0 such that

By comparison principle Lemma 2.4 we have

UGt) <u(,t) UG, E+1), t>0. (62)

For any given ¢ > 0 and any Z with (Z,u(z,t)) € S, denote § = arctan ﬁ
The line § = 6 contacts I'(t) (resp. I'(t + t;)) at exactly one point A (resp. Aj).

Denote the z-coordinate of A (resp. A;) by
7 =270)=Z(z,t) (resp. 7y = Z,1(0) = Z1(z,t) ).
It follows from (62) and the equivalence in (38) that
(22 +U%(Z,0)]Y? <[22 +u?(2,0)])Y? <[22 + U%(Zy,t+11)]Y2 (63)

Set s = 3 logt and s(t;) = 3 log(t + t1). By the definition of U in (61) we have

Z =eeP09) sin U(Z,t) = e*eP %) cos

and
7y = (1) PO0s(t) giy g U(Zy,t+11) = s (1) P O:5(11)) ¢og ),
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where P is that in (59). Since
tq

s(t) — s = % + 0(%) (as t — 0),

by (59) we have
[Z12 + UQ(Zl,t+t1)]1/2 . [Z2 + UQ(Z7 t)}1/2 _ es(tl)eP(é,s(tl)) _ eseP(é,s)
< Cit7V2 ast — oo,
where C depends on t; and Cy in (59), but not on § and t. Therefore, we have

dy (D), 7(t)) < dp(D(t),T(t+ 1)) < Cit ™% ast — .

3.8. Uniqueness of self-similar solutions. In this subsection we still assume
ki(t,u) = ki(u) (i = 1,2) and to prove the uniqueness conclusion in Theorem 1.2.
The uniqueness for general k;(¢,u) is still open.

We begin with choosing a convex initial data ug, that is,

a(qu)ancw > €

for some € > 0. Such a choice is possible. For example, draw a line ¢; from
A; := (—1,tan 8) with slope —k;(tan ). Denote the contacting point between ¢4
and 025 by A}, then Af := (2/, 2’ tan §) with

o tan 8 — k1 (tan 3)

" tan B+ ky(tan B3)’

Choose Ay := (z' + €, (2’ + € ) tan 3) € 325 for some small € > 0, then Ay is above
A}. Draw a line ¢y from Ay with slope ko((2' + €') tan 8). Since

ko((z' + €)tan B) = kY > —kY > —k; (tan ),

f2 must contact £1 at some point Az € S provided € > 0 is small enough. Now we
smoothen A; Az + A3As such that the smoothened curve C is strictly convex, it is
tangent to A; Az at A;, tangent to A3As at As. Now the corresponding function
ug of C is a desired initial data.

Let u be the solution of (1) with the above constructed initial data ug. Denote
7 = uy. Differentiating the problem (1) by ¢ we have

e = (g )Nea + 0" (Ug) Uz, —E1(8) < < &2(F), t >0,
nx(_fl(t)’t) = fl(t)n(_gl(t)7t)v nx(£2(t)’t) = f2(t)n(§2(t)7t)’ t> 07

Tl(% 0) = a(UOz)UOII =2€e>0,

where f; and f5 are continuous functions. Maximum principle implies that n = u; >
0 for ¢t > 0. In a similar way as in the previous subsection 3.6 we can get a discrete
expanding self-similar solution (U,Z1,Z3). Moreover, using the same notions as
above we have 1 +v; >0 and so 1+ V, > 0 for s > %log 7. Using (60) one has
1+ P, > 0 for all s € R, this implies that U; > 0. Finally, the strong maximum
principle implies that U; > 0 for all ¢t > 0, and so E14(t) > 0, Za:(t) > 0 for ¢t > 0.

Suppose that (U*, 27, Z%) is another discrete self-similar solution of (1). We want
to prove that U(x,t) = U*(x,t). Otherwise, either

U (-,t) <U(-,t) and U(x,t) ZU"(x,t) forallt >0, (64)

or
U(-,t) <U*(-,t) and U(x,t) ZU"(x,t) forallt >0, (65)

holds. We now derive a contradiction from (64).
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Since U(xz,t) — 0 as t — 0, for any tg > 0, there exists 7 € (0,%y) such that
U('7t0 — 7') < U*('7t0). Set
7(to) :=inf{r | U(-,to — 7) K U*(+,t0)}-
Then either
(a) U(z,tg — 7(to)) = U*(x, o), or
(b) Uz, to —7(to)) # U™ (x,to) and U(:,to — 7(t0)) = U* (-, to)
holds. By (64) and by U; > 0 it is easily seen that 7(t9) > 0, and so 7(t9) € (0, o).
We first show that (b) is impossible. Otherwise, by Lemma 2.4 we have
U(-to — 7(to) + (b° = Dto) < U*(-, 1o + (b* = 1)to) = U*(-,b%to).
On the other hand, by the self-similarity we have
U(bx,b%(tg — 7(to))) = bU (2,9 — T(to)) = bU*(,t9) = U*(bx, b*t).
Combining these inequalities with the fact that U; > 0 we have
bty — 7(to) < b*(to — 7(to))-

This is a contradiction.

Now, (a) implies that, for any ¢ > 0, there exists 7(¢t) € (0,t) such that U(zx,t —

7(t)) = U*(x,t). Hence, for any t,s > 0 we have

U, t—7)+s)=U"(z,t+s)=U(x,t+s—1(t+5s)).
So 7(t+s) = 7(t) for all t, s > 0. Thus, 7(¢) is a constant 7* > 0 and U(x,t —7*) =
U*(x,t) for all t > 0. Taking limits as t — 7* + 0 we have U*(z,7*) = U(z,0) =0,
and so 7* = 0, a contradiction.

The above discussion shows that (64) is impossible. In a similar way, one can
show that (65) is also impossible. So U(x,t) = U*(x,t), and (U,E1,E5) is the
unique discrete expanding self-similar solution of (1). This proves the uniqueness
result in Theorem 1.2.

4. Shrinking self-similar solutions. In this section we always assume that (15)
holds.

4.1. Classical shrinking/backward self-similar solutions. First, recall the
classical self-similar solutions of (2). For any 71,72 € R, consider the problem

a(@' ()" (2) = 2¢'(2) —¥(2), z€R,
Y'(—q1) = -7, ¥(—q1) = q1 tan 3, (66)
V' (q2) = 72, ¥(g2) = gz tan B.

In [8, 9], the authors obtained the following result.

Lemma 4.1. For any 71,72 satisfying 71 + v2 < 0, there exists a pair q1,q2 > 0
such that problem (66) has solution 1(z;v1,72), which is positive on [—q1, q2].

It is easily seen that the function
x
2(T —t _— for —G(t) <z < t), t >0,
\/ﬁ¢< 2(T—t)> Gi(t) G(t)

with (;(t) = ¢:v/2(T —1t) (i = 1,2) is a classical shrinking/backward self-similar
).

solution of (2
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We use (¢ (2),q; ,q3 ) to denote the solution of (66) with v; = kY (i = 1,2),
use (Y7 (2),q]", q5) to denote the solution of (66) with v; = K? (i = 1,2), where &
and K? are those in (42).

By (15), K + K§ < 0 and so (¢%)” < 0. For any Ty > 0, the function
V2(Ty —t) Y~ (x/+/2(Ty — t)) and the function 1/2(Ty — t) ¥+ (x/1/2(Ty — t)) (bo-
th are shrinking/backward self-similar solutions of (2)) are lower and upper solu-
tions of (1), respectively. Since the initial data ug > 0, there exists TT, T~ > 0
such that

V ’(b T 7< 0( ) =V ’ll)
Comparison principle 1mphes that

V2AT— —t) ™ <2(T__t)> L u(-,t) K 2ATT —t) T (2(T+_t)>

(68)

W) . (67)

on the time interval where these three functions are defined.

Lemma 4.2. Let * and T* be as in (67). Then Tt > T~ = 6T+, where

4 +\2
5:5(ﬂ70—7k?7K0) (2tanaﬂ—0)4 ’ 522—32 > 0.

Proof. We first prove T+ > T~. The areas D*(t) of the regions enclosed by the
graph of \/2(T* —t) y*(x/\/2(T* —t)), 015 and 9,5 are given by
G2(t)

DE(t) = o V2(TE —t) ¢F (i_ﬂ) dr — %[Cf(t) + ¢2(t)] tan B.

2T

A simple computation shows that

K3 k3
() = a Y (t) = a .
@O = [ awn. 00 = [ aGiip
Since DT(T*) = D=(T~) = 0 we have

/ " /K p)dp, D (0) = /O U /k g_k?a(p)dp. (69)

By (15) we have k§ < K9 < —K? < —k?, and by (67) we have D*(0) > D~(0).
Therefore, we have T > T~ by (69).

Next we prove T~ > §T+. For i = 1,2, denote Q7 (resp. Q; ) the end points of
the graph of V2T+ ¢ (x/v2T+) (resp. the graph of V2T~ ¢~ (z/v2T~)) on 9,9,
respectively.

Connecting QT and Q;r we get a line segment Qf‘Q;‘ . It is below the graph of
V2T+ opF (2 /V2T+) since ()" < 0. Draw a line from Q] (resp. QF) with slope
—tan S+ o (resp. tan 8 — o). Assume that it contacts 025 (resp. 01.9) at Az (resp.
Aq).

By (67) the graph of uy contacts the line segment QJFQQ+ Since |ugz| < tan f—o,
we see that the graph of ug is above the line segment A; As.

If for some Ty > 0, the graph of /2Ty ¢~ (x/y/2Tp) is tangent to A; Ay from
above, then (note |(¥)7)| < tan3 — o) the graph of /2Ty v~ (x/y/2T0) lies above
the line segment By By, where By (resp. Bs) is the contacting point between the
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line passing As (resp. A;) with slope tan — o (resp. —tanf 4 o) and the left
boundary 915 (resp. right boundary 92S). Therefore, Q; are above B; for i =1, 2.
Using the coordinates of Q; = ((—1)%r; cos B, r; sin ), where

V2T +gf
rp=——45t
cos 3
one can easily calculate the coordinates of B; and Bs:

(i=1,2),

((fl)iazri cos 3 o?r;sin B ) (i=1,2)
i = 5 =1, .
(2tanf —0)? ' (2tanf — 0)?
The fact that )5 is above By implies that
VI > o2 cos B V2T +qf
= (2tanB —0)?  cosf
So )
- { o4y } .
T+ 7 |g; (2tan 3 — )2
This proves the lemma. O

4.2. Shrinking time for solutions of (1) and (19). In this subsection we con-
sider the shrinking time for the solution u = u(x, t;ug) of (1) with initial data wug.
We give two results. The first one is about the shrinking time of u = u(z, t; ug) for

any given ug, the second one is about the existence of ug for given shrinking time
T.

Lemma 4.3. Let ug € C2 (u € (0,1)) be an initial data. If it satisfies (67), then
there exists T € (T~,T) such that the solution u(x,t;uo) of (1) and (19) exists
on time interval [0,T), and

lu(-,t)lLe =0, & () =0, &) —0 ast—T. (70)
Proof. We use polar coordinates = rsinf, y = rcosf for § € [0y, 6y, that is,
rcosf = u(rsiné,t)
defines an implicit function r = r(6,t) by (25). Problem (1) is then converted into

rgcost — rsinf o9 — 27“3 — 72
Tt = a

0 e [—00,90], t>0,

rgsing +rcos® ) r(rgsin + rcos6)?’ (71)
’I‘@(—Qo,t) =~ —hl(t,'l"(—eo,t))7 t 2 O,
7"9(00,75) = hQ(t,T(eo,t)), t > 07
where

~ sin 0y + k;(t,r cos 6y) cos Oy .
hi t, = N = 1,2 .
(¢7) cos 6y — k;(t,r cosbp) sin Qor (i )
By (68) we have rcosf = u(rsinf,t) < vV2T*tmaxy™. So 0 < r(0,t) <
V2T+ max ¢t /sin 8. By (24) and (25) we have

sin 0 + u, cos <1+tanﬂ—a V2T+ max ™
cos —uysinf |~ ocosf sin 3 '

ro| =

Thus the standard a priori estimates (cf. [5, 6, 13, 14]) show that the solution of
(71) with initial data r(6,0) will not develop singularity till minr(-,t) - 0ast — T
for some T' > 0. Moreover, T~ < T < Tt follows from (68) and Lemma 4.2.
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Now we prove (70). If w(0,7 4 0) = 0 but u(z,T + 0) > 0 for some Z # 0, then
there exists & lying between 0 and Z such that

lu(z, T + 0) — u(0, T +0)]

o (2, + 0)| =

> tan 3.
|z]
This contradicts Lemma 2.1 and so the first limit in (70) holds. The last two limits
in (70) follow from the first one. This proves the lemma. O

Lemma 4.4. For any given T > 0, there exists an initial data uy such that the
solution u(x,t;ug) of (1) and (19) exists on [0,T) and it shrinks to 0 just at time
T.

Proof. Choose two initial data ugi, ugs € Ci? " Moreover, ug; is chosen so large
such that (67) holds for ug = ug; and for some T~ > T. By Lemma 4.3, the solution
u(x,t;up1) shrinks to 0 as t — Tvl for some ﬁ > T~ > T. On the other hand, we
choose ugz small such that (67) holds for ug = ug2 and for some T < T. By Lemma
4.3 again, the solution u(x,t;ug2) shrinks to 0 as t — Tg for some fg <T*T <T.
Now we modify the initial data from wuge to wugy little by little such that the
modified initial data is still in C’,f;r“. Since the solution u(zx,t;ug) of (1) and (19)
depends on the initial data ug continuously, we finally have an initial data ug such
that w(z, ; ug) shrinks to 0 at time T’ € (Ty, ). O

In the following, we fix T' > 0 and choose the initial data as in Lemma 4.4.

4.3. Change of variables. Lemma 4.3 gives the existence and boundedness of r
(and so, of u), but the time interval is finite: [0,7). So Lemma 3.4 can not be
applied to give a periodic solution. To get a shrinking self-similar solution of (1),
we introduce new coordinates. Set

f# = arctan E, (z,y) € E\{O}»
1 ?{’62 + 92 =
p=—jlog . (e,y) € S\{0}, 0<t<T, (72)

4
1
s:—ilog(T—t), 0<t<T.

The inverse map is

z=e*ePsinb, (0,p)€D, se[-1logT,o0),
y=e e Pcost, (0,p)€D, se[-3logT,o0), (73)
t=T—e 2, s € [—5logT, 0).

A similar discussion as in subsections 2.4 and 3.2 shows that in these new variables,
the original function y = w(x,t) is converted into a new function p = w(4,s).
Differentiating the expression

e e w(05) cog ) = u(e_se_“’(g’s) sinf, T — e™2%) (74)
twice by 6 and once by s we obtain

wg cos B + sin e*e® (wpg + wi + 1) e*(1 + wy)
Uy = ——F————, Ugg = " , W
7 wysinf — cos 6 o (wp sin 6 — cos 6)3 K

- 2e® (wg sin @ — cos )
(75)
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Therefore, problem (1) is converted into the following problem

9w [(Wocosf + sinb weg + w3 + 1
ws = 2e“%a - - —
wysinf — cosd ) (wysinb — cos 6)?
—0p < 0 < by, s€[—1logT,00), (76)
w&(feoas) = 91(8711/(790,5))7 s € [7%10gT5 00)7
w6(9075) = 792(571”(0035))7 s € [7% IOgT,OO),

where
sinfy + k(T — e72%, e *e~" cos ) cos Oy

cosby — k;i(T — e=25,e=%e~" cos b)) sin Oy

gi(s,w) = (1=1,2). (77)
4.4. Bound of w. We derive the boundedness of w in a series time intervals:
[0,62T), [6*T, T — (1—6%)T), [T — (1—6%)T, T —(1—62)3T),---, where § € (0,1)
is that in Lemma 4.2.

In the first step, we choose ¥»* and T+ as in (67), and consider (1) on time
interval ¢t € [0,0%T] (note that 0T < §°T+ < 6T~ < 6T < 6T+ < T7), or,
equivalently, consider (76) on time-interval s € [—11log T, —% log T — 1 log(1 — §2)].
In this period,

1
—2s 2 25
e =T—-t>1-T = e T§1_62.
Thus,
1—
e(TT —t) < [(TT-T7 )+ (T —t)] <e* T5T—+(T—t)
1-6 , 1
< —e*T+1<6;:=1 .
5 ¢ + g +5(1+5)

By (68) we have, for t € [0,6%T] or s € [~1log T, —3logT — 3 log(1 — 62)],

e e eosh =u(-,T —e %) < /2(T+ — t)maxep™.
So

max T
e

—w

max T
2(T+ —1) < v/ 267.
cos by ( ) co !
On the other hand, in the same time interval ¢ € [0, 62T we have

T-T" T-T" T 6T 1
< < = :
T—1t T 62T ~ T 62T 146

So
26 i (T--T)+ (T -1 1 )
T R
Thus by
e fe™cosh =u(-,T —e %) > \/2(T~ —t)miney~,
we have
e > miny~e’\/2(T~ —t) > miney~ 275
149

Therefore we obtain the bound of w for s € [—3 logT, —3log T — 3 log(1 — §2)]:

max T o _ ] 26
- <w< — -
log [ cos 0o \/251] <w< —log [mlnw 53

Note that the lower and upper bounds do not depend on s.

. (78)




876 BENDONG LOU

Take a another pair T.7,7 > 0 such that

0 o | — | < u(-,0°T) < VTt vt | — |.
Vi v () st < v v ()
Lemma 4.2 implies that 7.5 > T > §T.F. From time 62T, u will shrink to 0 in
time Ty := (1 — 62)T, we consider another time interval: ¢t € [§2T, 6T + 62T5] =
[6°T, T — (1 — 6%)°T], or s € [—3logT — Slog(1l — 6%),—1logT — log(1 — 42)].
Replacing TF by T in the above discussion we see that (78) holds on this time
interval.

Repeat such processes infinite times we obtain the estimate (78) for w on [0,T).

4.5. A priori estimate for w. The gradient bound of w is similar as that for w
in subsection 2.4 and that for v in subsection 3.3. Using the standard theory of
parabolic equations (cf. [5, 6, 13, 14]) we can get the following conclusions.

Lemma 4.5. Problem (76) with initial data w(6, —5 log T) (which is defined by (74)
ats = —1logT) has a unique, time-global solution w(0, s) € C*Hr1+1/2 ([, O] x
[—3log T, 0)) and

[w (0, )l g24n140/2((=00,80]x [~ 1 log T,00)) < C < 00,
where C' depends only on p, k;,o and B but not on t,T and ug.

The global existence of w is not new, it has been obtained from the existence of
r on [0,T) in subsection 4.2. The estimate is important and will be used below.

4.6. Proof of Theorem 1.4. In this subsection we prove the existence and unique-
ness of a discrete shrinking self-similar solution on [0,7). Conditions (11) and (14)
imply that g1(s,w) and ga(s,w) are logb-periodic in s. A similar discussion as in
subsection 3.6 shows that (76) has a solution 15(0, s), which is log b-periodic in s,

Hﬁ(evs)||Cz+uvl+u/2([_90,00]><R) < C(M7 k1, ko, 0, 5)7 (79)

and ||w(-,s) — ﬁ(',8)||cz([_90790]) — 0 as s — 00.

Now we recover P(6,s) back to a corresponding solution of (1), that is, define
U,Z; (i=1,2) by
e=se=Pcos = ﬁ(e‘se_ﬁ sinf, T — e~2%), (80)
Ei(T —e %)= (—1)e e P03 singy, for s> —3logT.
They are well-defined as in previous subsections. Moreover,
bilﬂ'(efse*ﬁ(e’s) sinf, T —e %) = ble=se=P0:9) o5 9

—s—log be—ﬁ(0,5+log b)

= e cos

= U(b_le_se_ﬁ(‘g’s) sin@, T — b~ 2e™2)
and for i =1, 2,
b—léi(T _ 6—25) _ (_1)ie—s—logbe—ls(Oo,s-Hog b gin 0y = gz(T _ g—2s—2log b).
Hence, for t/ := €25 € (0,T] and —Z1(T — ') < 2 < (T — t') we have

b U (x, T —t)=Ub 'z, T —b"2t), b 'E(T—t)=E(T—b2) (i=1,2).
(81)
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This means that (U,Z;,Z,) is a discrete shrinking self-similar solution of (1) on
[0,T).
We now prove the uniqueness result under the assumption that

ki(t,u) = ki(u) (i=1,2).
First, it is convenient to take a time shift and consider the problem on [—T,0).
More precisely, as in section 1, we define

Uz, t;T) :=U(z, T +1t) for —Z1(tT) <z < Zp(t:;T), t € [-T,0),  (82)
with
ST = E-(T+t) fort € [-T,0) (i=1,2).
Then (81) implies that U, E; and Z, satisfy (16) and (17). (l?
discrete self-similar solution of (18) on time-interval ¢ € [T, 0) nd
converge to 0 as ¢ = 0 — 0.

Next, we construct self-similar solutions which decrease monotonically. Indeed,
as in subsection 3.8, under the assumption (15), we can choose a concave initial data
ug such that a(ug,)us,, < 0. Let u*(z,t) be the solution of (1) with initial data
ug, then uy(z,t) < 0 by maximum principle, and «*(x,t) shrinks to 0 as ¢t — T™* for
some T* > 0. Moreover, for any given T > 0, we can choose uf, sufficiently large
such that 7" > T.

Converting this u*(z,t) to a new unknown w*(6, s) as in subsection 4.3 we have
14w*(0,s) < 0 by (75), and so the w-limit P* of w* as in (79) satisfies 14 Pr (0,5) <
0. Consequently, the correspondlng functions U* =27 and _3 defined by P* as in
(80) satisty Ut < 0. In addition, U* is a shrinking self-similar solution of (1) on
[0,7*). Hence,

~
—

—1
~

U*(w,t; T*) = U* (2, T* + 1), (83)
which is defined for ¢ € [-T*,0) and
—EH(t) = B (T +t) < 1 < Ep(T* + 1) = Z3(t),

is a shrinking self-similar solution of (18) on [~T*,0). By U; < 0 we have U} <0
By the strong maximum principle we even have

Uf <0, Ef, <0, E5<0 for te|-T"0). (84)
Lemma 4.6. Let U be as in (82) and U* be as in (33). Then Ul(x,t) = U*(z,t)
fort e [-T,0).
Proof. Suppose on the contrary that, there exists tg € [-T,0) such that

U(to) U™(to) but U(x,to) # U" (., to), (85)

or
U*(-,to) <U(-to) but U*(w,to) # Uz, to). (86)
Then we derive a contradiction from (85) (In a similar way one can derive a con-
tradiction from (86)).
By (85) and by U < 0, there exists 7(t) € [0, —to) such that

U to) 2 U* (-, to + 7(ta))- (87)

By comparison result Lemma 2.4 we have

(7(- tﬁ) = ﬁ(-,to + Z—g —to) < ﬁ*(-,to+7(to) +

B2 ) = 0" (srito) + 33).
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On the other hand, by (87) and the self-similarity (16) we have

Co

0. lg) 20 ot 10))

mbining these inequalities with the fact that Ut* < 0 we have 7(ty) > b7(to), a

contradiction. This proves the lemma. O

This completes the proof of Theorem 1.4.

4.7. Proof of Theorem 1.6. Under the assumption k;(t,u) = k;(u) (i = 1,2),
Theorem 1.6 follows from the previous subsection easily.

and define U%(z,t) on (z,t) € [—Ehl(t)ﬁg(t)]

Indeed, we can define positive functions Eﬁ (t) and Eg (t) for t € (—00,0) by
EN(t) == Er(t) forte[-T*,0), i=1,2,
X (—00,0) by
Ub(z,t) := U*(z,t) for z € [<Ei(t),EL(t)], t € [-T™,0).

Lemma 4.6 implies that the functions U%(x,t), Eh(t) and Eg(t) are well-defined
(i.e., they do not depend on T*). The triple (U*, =1, Eg) is unique on time interval
[-T,0) for any T > 0, and so is unique in (—o0,0). Moreover, we have

by

Uf(z,t) <0, Z4,(t) <0, E3,(t) <0 fort <0
(84). This proves Theorem 1.6.
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