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ABSTRACT. We consider integro-differential models describing the evolution of
a population structured by a quantitative trait. Individuals interact compet-
itively, creating a strong selection pressure on the population. On the other
hand, mutations are assumed to be small. Following the formalism of [20],
this creates concentration phenomena, typically consisting in a sum of Dirac
masses slowly evolving in time. We propose a modification to those classical
models that takes the effect of small populations into accounts and corrects
some abnormal behaviours.

1. Introduction.

1.1. The first model. We study the dynamics of a population subject to muta-
tions and selection due to competition between individuals. Each individual in the
population is characterized by a quantitative phenotypic trait x (for example the
size of the individual, their age at maturity, or their rate of intake of nutrients).
For simplicity, z is taken here in R even though all the arguments could easily be
extended to higher dimensional cases.

Probabilistic models are usually considered as the most realistic in that setting.
They consist in birth and death processes for each individual X;, Poisson processes
more precisely, with for instance birth rate b(X;) and a death rate which increases
with the competition between individuals, for example

di =d(X;)+ Y I(X; — X;),
J#i
where I denotes the interaction kernel, i.e the effect that an individual with trait
X; has on the death rate of an individual with trait X;.

When a birth occurs, it simply adds another individual with the same trait,
except when a mutation takes place with small probability. In that case the new
individual has a different random trait, obtained through some distribution K. We
refer to [28] and the references therein for a nice introduction to the probabilistic
approach.

Of course this is only one possible model and there are many variants. One
can modify the interaction between individuals for instance by introducing explicit
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resources (with chemostat like interactions maybe). The competition could influence
both the birth rate and the mortality rate...

When the total number of individuals is too large (it can easily reach 100 —
10'2 for some micro-organisms), it becomes prohibitive to compute numerically the
solution to this process. In that case one expects to be able to derive a deterministic
model as a limit of large populations. Such a derivation was proved in [10] and one
obtains integro-differential equations like

Opu(t,x) = (b(x) —d(z) — /I(x —y)u(t,y) dy) u(t,z) + M(u)(t, z), (1)
where the mutation kernel is for instance

M(u)(x) = /RK(z) bz + 2)u(z + 2z) — b(z) u(z)) dz.

1.2. The scaling of fast reaction and small mutations. Eq. (1) is easy and
fast to solve. However in most situations, small parameters appear and complicate
that. Three scales are naturally important for the model

e The reproduction rate, which is also the inverse of the typical time scale to
observe one birth or one death.

e The rate of mutations or the inverse of the time scale to see one mutation.

e The size of one mutation when it occurs, i.e. the typical size of the change in
trait due to one mutation.

The two small scales that are typical for this problem are:

e The size of each mutation is small.

e The change in traits due to mutations, which is the product of the rate of
mutations by the size of each mutation, is very small in comparison to the
reproduction rate. As we wish to see the evolution of traits generated by the
mutations, this means that we need to rescale the equation in time and will
hence get a large reproduction rate.

To simplify again our equations, let us now assume that b = 1 and denote r(z) =
1 — d(z) the reproduction rate of an individual without competition.

Taking the two scalings into account, one has in fact to deal with an equation
like

1
Opue(t, 2) = - (r(z) — I xue) ue(t, 2) + Me(ue)(t, 2), (2)
where the mutation kernel now reads

M, (u)(x) = é /RK(Z) (b(x +ez)u(z+ez) — b(x)u(z)) dz.

Note that M.(f) is indeed of order 1 if bu € C* for instance.

Eq. (2) is now much more delicate. The properties of the solution might depend
on ¢ (its smoothness for instance) and solving it numerically can become again very
costly if ¢ is too small (a typical value for many applications would be & ~ 107%).
Therefore one would wish to derive a new model as ¢ — 0.

Eq. (2) is strongly similar to a reaction-diffusion equation with a strong reaction
term. However a crucial difference here is that the reaction term is non local. As
we will see this completely changes the behaviour of the solution.

This scaling was introduced in [20] and formally studied there. We briefly repro-
duce the main argument here. The starting point is to introduce a large deviation
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scaling (which makes sense in view of the original probabilistic interpretation of the
model)

e(t, z) = € log ue. (3)
Then it is easy to see that Eq. (2) becomes
Oppe =1 — I *ue + He(pe), 4)
where
H(f) = /RK(Z) (e(bf(af+82)—bf(x))/€ _ 1) s, (5)

Using the theory of viscosity solutions to Hamilton-Jacobi equations, one can pass
to the limit in (4) and obtain for the limit ¢ of ¢,

Op=r—Ixu+ H(D:p), (6)
with u the weak limit (in the space of measure) of u. and
H.(f) = / K(2) (@St bI@)/e 1) gz, (7)
R

Of course at the limit, ¢ and u are no more connected by a relation like (3).
Therefore Eq. (6) is no more closed and the question of how to recover w from
@ is one of the main difficulties here, which is now fortunately better understood
though.

1.3. The problem with Eq. (2). Let us focus here on one other delicate issue
with this approach which is the main motivation for the current work. In the scaling
under consideration, one has growth or decay of order exp(C/e). In particular one
can see that the ratio between the maximal value of u. and the value at most other
points is of this order exp(C/e). However if we come back to the starting point,
which means a total population of 10'°—10'2 and € ~ 10™%, then there is an obvious
problem. If (and it can be proved) u,. is of order exp(C/e) over a fixed interval of
traits I then the total population over this interval includes in fact much less than
one individual!

This has several consequences. First of all it means that given the scales under
consideration here, the limit of the probabilistic models to the deterministic one is
not fully justified (the total number of individuals would have to be much higher
with respect to €). This, in itself, could be ignored as anyway with 10'2? individuals
the obvious solution, use the probabilistic model, is not practical. Hence one could
reasonably accept to still work with the deterministic model if its predictions were
qualitatively in agreement with the behaviour of the stochastic one. That is not the
case.

The first indication of a serious flaw comes from the case where we do not put
any mutations in the model. Making M. = 0 in (2) still allows to perform the
same analysis. In such a case, one would expect that nothing happens anymore
at the limit as no evolution should be possible without mutations. However this is
not the case and numerical simulations in particular show a remarquably similar
behaviour between the cases with and without mutations (see [33] for example).
This phenomenon is entirely due to the persistence of very small subpopulations
which should actually be extinct but are kept by our deterministic model and can
therefore re-emerge later if the conditions are right.

A second important problem concerns the issue of branching. Biologically speak-
ing branching is the process by which one population divides itself into two (and
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then possibly more) subpopulations. Mathematically one expects that at the limit,
u will be a sum of moving Dirac masses

u = Z a;(t) 6zi(t)~

Branching then corresponds to the case when one Dirac mass becomes two. This
phenomenon is one of the main motivation to study models like (2) instead of the
adaptive dynamics approach for instance (see [18] for an introduction). At the limit
(6), branching occurs at infinite speed, i.e. if Dirac mass ad, ;) divides itself after
some time tp into a10,, (¢) + @20, () then

d
a\ﬂfz(t) — 21(t)]t=t, = +00.

This is observed numerically but it can also be obtained through a formal analysis
of the equation (we refer to [20]). Instead probabilistic models predict a finite speed
at branching...

Those qualitative disagreements are important and should be corrected. One
would then hope to derive models that are both able of dealing with very large
populations and still treat correctly the small subpopulations. It is for the moment
a completely open question of how to keep the stochastic effects for the small pop-
ulations. But one could at least try to truncate the populations with less than 1
individual, which is expected to be enough to correct the qualitative flaws of the
deterministic models.

There are already some attempts in this direction, see [33] and very recently [32].
The proposed correction in [33] consists in studying equations like

Opue(t,x) = % (r(z) — I xue) ue(t,z) — % \/? + M (ue)(t, x). (8)
€
The added mortality term has the effect of killing (in times of order ¢) any popu-
lation with a density less than @.. From the modeling point of view, this is quite
satisfactory as it corrects most of the problems with (2).

Unfortunately the mathematical analysis of an equation like (8) is for the mo-
ment untractable. The only situation that is understood is when u. is chosen like
exp(—@/c). However this is exactly the scaling that was giving less than 1 individ-
ual and it is not satisfactory. Instead given our scalings, one would like to work
with u. that are polynomial in €.

However that would mean truncating every value less than C'eloge in ¢., which
implies at the limit, as ¢ < 0, everything...

1.4. The proposed correction. We propose here a change in the model that that
it completely corrects all the abnormal behaviours of (2) at the limit. In addition it
is for the moment the only correction for which one can derive rigorously the limit.
That means in particular that one can obtain numerical simulations for realistically
low €.

Unfortunately this correction is for the moment purely phenomenological. It
cannot be derived while staying in the framework of asexual reproduction with
pure competitive interactions.

It is inspired from the case with sexual reproduction where similar terms are
rather common. There indeed exists a well known phenomenon in the case of
sexual reproduction which drives to extinction small populations. If the population
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is too small then the probability of meeting a partner is very low and hence the
birth rate declines. This is the idea that we follow here.

Let us explain it first in this context of sexual reproduction. Consider a subpopu-
lation with trait , if the density of population for z, u.(x) is below a critical value
e then we assume that the probability for an individual with trait = to meet a
partner is too low. Instead this individual will reproduce with an individual with a
different trait y such that u.(y) is large enough. Typically one can expect then that
y should be the closest trait to « with a population large enough. However as the
two traits are different, the individuals are not as compatible and the corresponding
birth rate should decrease with the distance |z — y|.

Since we are mostly interested in organisms with asexual reproduction here, this
phenomenon unfortunately does not seem to be very relevant. However it is possible
to find the same type of effects by taking into account some cooperative interactions.
Selection-mutation models rightly focus on competition between individuals as the
main interaction mechanism in order to observe selection (and hence evolution).
Nevertheless cooperation usually exists as well. In order to justify formally our
correction term, we introduce some cooperative interactions in the model. We just
assume that it takes place at smaller scales of population than the competitive
interactions so that when looking at the dominant traits, competitive interactions
still dominate.

We are for example led to add to the reproduction rate a cooperative effect of
the kind

win (o, [ @i/ =P ay). 0

€
for a small parameter 7. and a decreasing ®. Note that the maximum effect of
cooperation is capped (obviously birth rates cannot blow up).
The model would now become

Au. = % (ermin <C’0, /CI)(|x —yl/n.) “En(y) dy> - J*UE) ue + M. (u.).
R

=

Of course to see an effect on the small population then it is necessary that the
reproduction rate without cooperation be negative, which means here 7 < 0. In fact
the actual reproduction rate observed for the large populations would be r = 7+ C
which then should be positive.

It is possible to simplify (9) (for numerical purposes for instance) while keeping
the same structure and the same effects. When one combines it with the lower value
of the reproduction rate, and assume for instance a linear ®, then it is essentially
possible to replace (9) by a regularization of

Co — Kd(z, {u. > 1u.}). (10)

Those are the type of corrections that we consider here, with K large enough.
Adding a term of this kind to the model essentially keeps the competitive inter-
action between the individuals. Actually by taking r = 7 + Cj, one finds exactly
the term given by Eq. (2) for populations u, > @.. The new term only add a
penalization for populations that are too small to benefit from some cooperation.

1.5. A brief overview of the various approaches for selection, mutation
dynamics. The stochastic approach is based on individual-based models. As we
mentioned before, they are related to evolutionary PDE models as those here or
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in [16, 26] through a scaling of large population (see again [10]). Using a simulta-
neous scaling of large population and rare mutations, a stochastic limit process was
obtained in [8] in the case of a monotype population (i.e. when the limit process
can only be composed of a single Dirac mass), and in [13] when the limit population
can be composed of finitely many Dirac masses. Other features can be added to
those models, age-dependence for instance as in [29].

At the deterministic level, one approach consists in studying a simultaneous scal-
ing of mutation and selection, in order to obtain a limit dynamics where transitions
from a single Dirac mass to two Dirac masses could occur; the famous branching
phenomenon that we have already mentioned. This is where the deterministic mod-
els presented here fit. More is said about the contributions in that area in the next
subsection.

Another approach consists in completely separating the two scalings. One then
tries to directly characterize evolutionary dynamics as sums of Dirac masses under
biologically relevant parameter scalings, instead of obtaining it as some limit. This
is a key point in adaptive dynamics—I[25, 30, 31, 17, 9].

A classical way of justifying this form of the solution consists in studying the
stationary behaviour of an evolutionary model involving a scaling parameter for
mutations, and then letting this parameter converge to 0. The stationary state has
been proved to be composed of one or several Dirac masses for various models (for
deterministic PDE models, see [6, 7, 16, 26, 21], for Fokker-Planck PDEs corre-
sponding to stochastic population genetics models, see [5], for stochastic models,
see [36], for game-theoretic models, see [15]). Closely related to these works are
the notions of ESS (evolutionarily stable strategies) and CSS (convergence stable
strategies) [31, 18], which allow one in some cases to characterize stable stationary
states [6, 16, 26, 15].

In this context the phenomenon of evolutionary branching, which is especially
important for us, simply corresponds to the direct transition from a population
composed of a single Dirac mass to a population composed of two Dirac masses,
31, 22, 23].

1.6. An overview of the works around Eq. (2). The scalings and the first
formal results have been obtained in [20]. This was followed by several works on
other models and on the corresponding Hamilton-Jacobi PDE [7, 34].

The main difficulty as mentioned before is the identification of the weak limit
of uw in terms of ¢. There is usually one additional information which comes from
uniform bounds on the total mass, it is that

max e(t,.) =0, Vt.

One solution is then to try to see the undetermined I x u as a Lagrange multiplier
for this additional constraint.

For example if ¢ solves (6) then our constraint should imply that r — I *u is non
positive on the set {¢ = 0} and vanishes on at least one point.

Unfortunately, it is in general even formally not possible to identify I x v with
that. For instance if ¢ attains its maximum at one point then one has only one
constraint which is not enough in general.

There are however special cases of competitive interactions where this is enough.
Suppose for instance that I = 1. Then I xu is just the total mass and formally one
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simply expects that

w(t,y)dy = max r(x).
[ttty = max  oto)

This is typical of so-called one resource interaction, meaning that the individuals
interact only through one average quantity. In general that means considering
interactions of the type

R (a: /n(x)u(t,:z:) dx) , (11)

with R increasing in the x variable.

For models of the type we consider here, rigorous results (especially for the well
posedness of the Hamilton-Jacobi eq. at the limit) mainly only exist in this case with
just one resource, see [4] and [3], [27] (one resource but multidimensional traits).

However it is possible to extend the theory, see [11]. Formally one expects the
limit u to satisfy the following conditions

(4) suppu(t,.) C {p(t,.) = 0},
(i) r—ITxu<0, on{p,.) =0} (12)
(#t) r —Ixu=0, onsuppu(t,.).

This corresponds to the definition of an evolutionarily stable strategy. If one as-
sumes a strong competition, i.e. that the operator I'x is positive, then there exists
a unique measure satisfying (12) (see [26]).

This is the approach followed here as well. With respect to the case with one
resource, there are nevertheless additional difficulties. It is much harder to control
the time oscillations of the reaction term, which is usually increasing and hence BV
in time for one resource.

2. The model studied and the results. According to the previous considera-
tions, we study the following equation

atus(t,x) = 2(7" — I x, us(t; ) - Ds(ue)) Us(tvx) + Ms(us)(tvx)a (13)

where we recall that the mutation kernel M, reads

M) = 1 [ KE)(lates) = f@)dz, (14)
for a smooth K such that [, 2K (z)dz = 0. Following [20], one defines ¢, as
u. = e%</*,  or ¢, = ¢ logu., (15)
and obtains the equation
Oppe =1 — I v ue + He(pc), (16)
with
H.(f) = /R K(2) (e<f<f+“>*f<f>>/€ - 1) dz. (17)

We now detail the various assumptions that we require on the many terms present
in the model.
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Assumptions on the reproduction term and the distribution of initial traits. First of
all we need to make sure that only the traits in a compact interval are important
(to avoid traveling waves effects for instance). This can be simply ensured by asking
all traits out of an interval to have a negative reproduction rate. Our assumption
on r is hence

re L°NC%*MR), IR>0, Trg>0, Viz|>R, rx)<—r. (18)

Of course the whole population should not vanish immediately, and it is necessary
that a non negligible part be concentrated on [—R, R]. The total population should
also be bounded which leads to

sup/us(t:(),.)dx< 00,
e Jr

(19)

Ro
ARy min r(z) > 0, inf/ ue(t =0,2)dz > 0.
|z|<Ro e J_Ry

Assumption on the interaction kernel I: Strong competition and concentration. We
need an assumption of what we call “strong competition” on I, namely

rectk vieM'®\0). [ Ie-nd@dw>o. @0

which means that the Fourier transform I of I is positive.

We also need to ensure some sort of symmetry for the interactions between
individuals, for instance to guarantee that if an individual with trait = influences
one with trait y then the converse is true (i.e. I(y —z) # 0 if I(z —y) #0). In its
most general form, see [26], this assumption reads

(@), N(@) 20, I(y—=)=M(@)I(z—y) N(y). (21)

It is essential to obtain entropies for the competition term in the system. To keep
things as straightforward as possible here, we assume the simpler

I(—z) = I(z). (22)
This for instance allows us to define uniquely the ESS as per

Proposition 1. Assume (20), (18), (22) and that v, I € C(R). For any closed
Q C R, there exists a unique finite nonnegative measure u(2) satisfying

1) supppu C Q

W)r—Ixp<0inQ, r—Ixu=0on suppp.

Note however that sometimes, one may have uniqueness of the environmental
variables whereas the population measure is not unique (and (20) is violated), most
of our method would remain valid in such a case. This is the situation of a single
resource, where almost nothing is required, see [4]. Nevertheless in more general
situations, the conditions for which this kind of property holds without (20) are not
currently identified.

We need an additional assumption to make sure that the ESS can only be con-
centrated on a set of measure 0

39 € O(Ry) with S(0) = 0 s.t. Vu € M (R;)
{z, |r(@) = T p(z)| < v} < S(v). (23)
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This condition is in part technical and is required to avoid some time oscillations.
However it also corresponds to the natural biological idea that only a few traits can
be present at a given time.

It is probably hard to check (23) in specific models, but it is at least satisfied
in large classes of parameters. One easy example is if the derivatives r*) and 1%
are positive (or negative) on the interval [-R, R] for some k. It has in fact been
proved, see [24], that generically in r and I the ESS is discrete (a finite sum of Dirac
masses) and hence (23) should be satisfied.

Assumptions on the correction D.. As for D., we assume that there exists a critical
scale @, s.t.

sup Stllp(|Da| + |8xD€(ta 33)|) < 00, Ssup sup@e |axocDe(ta JI)| < 0,
e ta

€ t,x
D.(t,z) =0 if @.(t,x) > —@. (24)
10:De| 2 210,r| if d(z, {y, ¢e(t,y) = —Pc}) 2 2 ¢
Those assumptions are compatible with corrections like (9) and (10). They intro-
duce a new scale in the problem —p. which corresponds to a critical population
density of exp(—@./¢). In line with our previous consideration, we would like to

take this polynomial in € which means —@. ~ ¢log e or more precisely for a constant
C uniform in &

1 1
sloggg@nglogg. (25)

There is no need to be more precise on D, to study the properties of Eq. (16).
However if one wants to identify the limit, it is necessary to specify what D, should
look like at the limit. Therefore we make the additional assumption that there
exists positive constants L, Dy, for any fixed f € C(R), non positive

D. = D.(f) — min(Ld(z, {f =0}), Do) as € —0. (26)

This corresponds to (10) but other shapes would be possible and would essentially
work the same.

Assumptions on the mutation kernel. We simply assume that
KeC2(R), K=>0, /ZK(Z)dZZO. (27)
R

The main result. Formally, we can hence expect that as ¢ — 0, Eq. (16) will lead
to

Ao =1 — I x5 p({p(t,.) = 0}) —min(Ld(z, {f =0}), Do)+ H(0pp). (28)

where the Hamiltonian H. became

H(p) = /RK(z) (eP? —1) dz. (29)

This is indeed what one can prove

Theorem 2.1. Assume (18) on r, (19) on the bounds for the initial population,
(20)-(22) on the interaction I together with (23), (24) on D with (25)-(26) on the
limit of D, and (27) on the mutation kernel K. Finally assume that the initial
data u.(t = 0) > 0 or p.(t = 0) are W N C?, with

inf inf O (t = 0,2) > —o0, (30)
e zeR
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and that p.(t = 0,-) converges to a function ¢° for the norm || - || Lo (r).

Then for any T > 0, up to the extraction of a subsequence in €, p. converges
to some continuous @ uniformly on any compact subset of [0,T] X R and ¢ is a
solution to (28) almost everywhere in t,x and in the viscosity sense with initial
condition ¢(t = 0,-) = ©°. In particular the function I xu. converges to I xu in
Lr([0,T], C(R)) for any p < oo, where u(t,.) = u({p(t,.) = 0} is defined from ¢
by Prop. 1 and is continuous in time.

From a practical point of view, computing the solution u. of Eq. (13) is often too
costly for small . This result allows to approximate the population density u. for
small £ by the simpler u({¢(¢,-) = 0}), where ¢ may be obtained by a discretization
of (28), in the manner of those done in [20]. Rigorous numerical analysis of this
kind of Hamilton-Jacobi equations is however still very preliminary.

Section 3 gives a short sketch of the proof of Prop. 1 and can be safely ignored
if one is familiar with [26], [35].

The proof of Theorem 2.1 is given in the next section and being quite technical is
divided into several lemmas. Lemma 4.0.1 just corresponds to the classical a priori
estimates on equations like (16). Lemma 4.0.11 essentially follows the step of [11]
and can also be skipped if the reader is familiar with that work.

In the proofs below, C' denotes a numerical constant which may change from line
to line but which only depends on T, norms of the initial data or the coefficients,
but which is always uniform on .

We define as usual the distance between a point and a set

d(e,9) = inf |2~y

We also define the semi distance §(O1, O3) between two sets O; and Oz as usual by

6(01,03) = sup inf |x —yl.
(01,09) mglye%\ Y|

A small 6(O1,05) indicates that O; is almost included in Oy and in particular
(5(01,02) =0iff O; C OQ.

We denote by M*'(w) the set of signed Radon measures on the subset w of R
equipped with the total variation norm.

3. Sketch of the proof of Prop. 1. A complete proof of this proposition can
be found in [26], and [35]. We only show uniqueness and give a rough sketch of the
existence part. For a given compact set €2, assume that we can find two measures
w1 and po with support in £ and such that

r—Ixpu; =0 on supp u, r—1Ixp; <0 on .
Compute
02/(7"—1*,“1)4#2Z/I*(Mz—ul)dlm-

Summing with the symmetric term, one obtains
/I*(uz — 1) (dpg — dpy) < 0.

However since I > 0 then the corresponding quadratic form is positive and we can
conclude that p; = po.
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For the existence, one considers the equation

1
Oupte = —(r = Ixpie) pe + e M(ue),  pe(t =0) = p(t =0),

for a well chosen initial data p(t = 0). If Q is fully discrete, Q = {z1,...,x,}
then one may choose p(t = 0) = ) . 6,,. If  is an interval then one simply takes
u(t =0) = 1. The general case is trickier and consists in taking an initial measure
w(t =0) s.t. for any § > 0 and zp € Q

/ dp(t = 0) > 0.
Qﬂ[zgfé, I0+(§]

It is then easy to obtain lower and upper bounds for the total mass [ p.(t,dz).
Note that though there is also a mutation term here, its scaling is completely
different from (13). The scaling does not involve small mutations and moreover the
mutation rate is of order ¢ (instead of 1) thus vanishing at the limit.
Passing to the weak limit, u. — u, gives a measure that has the desired properties
(but is by no means easy to show).

4. Proof of Theorem 2.1.

4.1. A priori estimates. We start by stating and proving the obvious a priori
estimates that one can obtain for the problem. Those essentially follow the lines of
previous works.

We show the following estimates on the solution to (16)

Lemma 4.0.1. Let ¢, be a solution to (16) with the assumptions of Theorem 2.1.
Then for any T > 0

10c el Loe (0,11 xR) + [|02PellLoe (0,17, ®)) < O, (31)
vt < T, z € R, 8zw905(ta-r) > _%7 HE(SOE) > _Cia (32)
VE<T, &< [gue(t,z)de < C, oc(t,x) <elogl/e+ Ce, (33)

where C' only depends on the time T, [, e?e(@)/e dy, 10202 || Lo (r)y and the infimum
of 022%(x). Finally . has level sets, uniformly bounded in ¢.

Proof. Almost all proofs here are taken directly from [11] and reproduced for the
sake of completeness. Some resulting bounds are different and much worse than in
this former article, more precisely the lower bounds on 0., . and H.. Nevertheless
even for those, the proofs, i.e. the way to obtain the bounds, are very close. As
such we may skip some technical details.

Step 0: Upper Bound on the total mass. First notice that because of (18), there
exists R > 0 s.t.

V|z| > R, r(x)—1Ixu(t,z) < —rp.

Let ¢ be a smooth test function with support in |z| > R, taking values in [0, 1] and
equal to 1 on |z| > R+ 1. Using the previous bound, we compute

%/Rl/)(m)ug(t,x) dxg—%éw(x)ua(t7x) dx
1

+ : L K(2)(¢(x —ez) — (x)) uc(t,x) dz dz
To
< —*/Rw(x)ug(t,x)dx+C/RuE(t,x)da:.

3



816 PIERRE-EMMANUEL JABIN

On the other hand, on the bounded domain [-R — 1, R+ 1] as I(z) > 0 for all
x, one has for some constant C'

Vig| < R4+ 1, Ixu.(t,x)> C/(l—w)usdx.
R

Therefore with the same kind of estimate

d
(1—¢( ) ue(t, x) dx SC/RuE(t,sc) dx

dt
+% (sup r—C /R(l — ) ue da;) /]R(l —(x)) ue(t, x) du.
Summing the two

;Zt/us(t x)dx<1 <Sup7’C/(11/;)usd;c) /(l—w)usdz
/w ugtxdx—l-C/ugtw

Since the sum of the first two terms of the r.h.s. is negative if [ u. is larger than a
constant independent of €, this shows that [ u.(t, ) dz remains uniformly bounded
on any finite time interval.

Step 1: Bound on 0,p.. This is a usual bound for solutions to Hamilton-Jacobi
equations and we have to check that it remains true uniformly at the ¢ level. We
follow exactly [11] for instance. Compute

3t3m905 = Oy — Oyl *u. — 0y D,
e (t,ztez)—pe(t,x - — Oy , 34
+/K(z)e (rten)—ecta) Oype(t, 2 + €2) — Bupe(t, @) (34)

dz.
€

By our assumptions and the upper bound on the total mass
|0y — OpI * ue — 0y De| < C.
First note that this shows that ||0;¢.(t,.)||L~ remains finite over a (possibly very
short) time interval [0, ¢.].
Now we use the classical maximum principle. Fix ¢ € [0,T] such that C.; :=
1020 (t, )| L) < co. For any x € R such that 0,¢c(t,x) > sup, Or¢e(t,y) — a,
where the constant a > 0 will be specified later, we have

OO0, pe(t,x) < C + / K(z)e‘z‘ Crel gz < C’(l + gecc“‘f).
R g €
Therefore, choosing a = ce~¢ “#< | we obtain

d
il <
i sgpﬁwwe(tw) <C,

for a constant C' independent of ¢t < t. and of €. Using a similar argument for the
minimum, we deduce that ¢, > T and that 0,¢. is bounded on [0,7] x R by a
constant depending only on T and [|0,¢2|| 1 (r)

Step 2: First bound on H.(p.) and bounds on Orp. and ¢.. First remark that

/K dZ<H (ps /K 99E(tz+52) aos(tx)d —/K

< /K(Z) el# 0z ¢cllLoe (o, 110y 1, <C.
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This is not optimal, more precisely the lower bound is atrocious, but will suffice for
the moment.
Directly from Eq. (16),

|00 | < sup |r| + sup |I| /ugdm—HDE\—|—C§C7
R

hence ending the proof of the full Lipschitz bound on ¢..
To get the upper bound on ., we use this Lipschitz bound to get

P=(t,y) > e(t,x) — Cly — =l
S0
/ we(t,y) dy > / e#e(ta)/e g=Clu=al/e gy, > 901 g ges(ta)/e,
R R
Hence the bound on the total mass yields that . < e logl/e + Ce.

Step 3: Lower bounds on O, 0. and H.. Here we start paying for the introduction
of an additional mortality term as the second derivative of D. is not bounded
uniformly in €. As before we use a maximum principle, from (16) and (24)

81:5951905 2 __g + / K(Z) e
Pe R €

pel(t,ztez)—pe(t,z (91 5t7 —830 Et, 2
+/K(z)e(+s> <>(<p(33+5zg) w(x))dz.

e(taten)—oe(t2) Opppe(t, @ 4+ €2) — Opppe(t, ) &

The last term is of course non negative and so with the same argument as before,
we get
d C
il >
o H;f Ozape(t,x) > 2
This proves the uniform lower bound on 0., p.. Let us turn to the sharp lower
bound (32) on H.(p.). Let us write

<(pe) /K exp (/ zawwg(t,x—&—ezs)dt?) dz—/K(z)dz
R

By differentiating once more

1
/ 20, p:(t,x+0ze)df > 20, p:(L, )
0

1 1
+/ z/ 0z 0pppe(t,x + 0'02¢)d0’ dO
o Jo

> 20 p:(t,x) = C _i 22.

Pe

Eventually
H.(pe) > / K (z)exp(z 0ppe(t, z) — 0522/¢5) dz — / K(z)dz
R R

> H(Dap-(t,)) — C —,
Pe
where H is defined as in (29) and since K is compactly supported. Because we
assumed that [, 2K (z)dz = 0, we have H(p) > 0 for any p, which gives the final
bound.

Step 4: e has uniform compact level sets.
Observe that ¢.(t = 0,2) — —oco when x — +oo since [, u-(t = 0,2)dz < oo and
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O,¢-(t = 0) is bounded. Because of the uniform convergence of . (t = 0) to ¢° on
R, one moreover deduces that the convergence ¢, (t = 0,z) — —oo is uniform in .
Since dyp. € L*™([0,T],R), this remains true at any time ¢ € [0, T, uniformly
in e.
Therefore, the set
Q. ={(t,z) € [0,T] x R: (¢, z) > -1}
is bounded for any [, uniformly in €.

Step 5: Lower bound on the total mass and p..
By the previous steps we know that
Ue
Pe

Note that D. = 0 whenever u. > e~%?</¢. Therefore by (19), choose Ry s.t.
min, <x r > 0 and integrate (13)

Ue
M.(u) = =H. > ~C

d 1
— ugde(minr—Ce—C ugdx)/ U do.
dt Jie|<x € \|z|<K Pe R le|<K

This implies that by (19)

1 t
log/ ug(t,x)dxz—C—I—f/ (min T—C'_i—C uE(s,x)dx> ds,
|| <K 0

€ lz|<K Pe R

or obviously

¢
log/ue(t,x)dxz —C—i—l/ (min r—Ci—C’ ue(s7:r)dx> ds.
R 0

€ |z|<K Pe R

This allows us to conclude that the total mass remains bounded from below uni-
formly in e.
In particular by step 4, this lower bound means that max p. > —¢@..

4.2. Passing to the limit in the equation: First steps. By the uniform bounds
provided by Lemma 4.0.1, we can extract a subsequence in e (still denoted with
¢), and find a function ¢ on [0,7] x R such that d;p € L>([0,T] x R), dpp €
L*>(]0,T] x R), with max ¢ = 0 satisfying by the Arzéla-Ascoli theorem

we — ¢ uniformly in C(J) for any compact J of [0,7] x R, (35)

Note that by the upper and lower bounds on ., one has max ¢ = 0.

Since u. is uniformly bounded in L!, it converges (still after an extraction) in
the weak-* topology of measures to some v € L>([0, 7], M'(R)). This in turn
implies a weak convergence of I xu.. Note that it is indeed only a weak convergence
in spite of the convolution because it regularizes only in x and time oscillations are
still possible.

D, is uniformly bounded and can hence be assumed to converge weakly to some
D e L.

We wish to use the notion of viscosity solution (see [4] for instance) and the
uniform bound on 0. to obtain the convergence of H.(p.) to H(0zp).

In order to do that, a natural idea is to try and follow the strategy of [20] and
get that

t
¢:<p—|—/ Ixu(s,.)ds
0
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should be a viscosity solution to
t
Op =1 —D+ H(0xp — / Oz I *u(s,.)ds).
0

Unfortunately this requires more than just weak convergence in L>° for D.; it
requires some uniform convergence.
In summary our candidate for the limit is for the moment

Opp =1 —Ixu(t,.) — D+ H(0:p). (36)

Unfortunately D and u are still unidentified. This is now our main aim but it will
require a much more precise understanding and control of the time oscillations of
the set where the population is concentrated.

In addition in order to derive the limit, one needs to obtain some uniform con-
vergence on D.. And finally in order to prove that ¢ is a viscosity solution and not
only 1 (see again [20]), we will need continuity in time for w.

4.3. Continuity in time of the set {x| ¢ = 0}. At the limit, it is possible to
show that the points where the population is concentrated move at most at a finite
speed given by

1
V'=2sup sup */eng(z)dz—l.
e lel<2lBuielloe €]

We comment on that again at the very end of the proof. However we do not have
yet enough tools to prove such a strong statement. For the time being we will be
satisfied in proving a continuity result. The first step is to do it at the limit

Lemma 4.0.2. Assume that for some point xg, some t > tg and 6 > 0
d(xo, {¢(s,.) =0}) 26,  Vse€[to, t],
then ¢(t, o) < 0.

Before turning to the next result, let us point out that Lemma 4.0.2 actually
implies the following

Ir € C(Ry) with 7(0) =0, s.t. Vs > ¢,

Vo € {p(s,.) =0}, Ty e{p(t,.) =0} with |y — x| < 7(s —1). (37)

One of the main idea in the following proofs is to follow the characteristics corre-

sponding to the Hamiltonian H. However Eq. (16) involves the modified Hamilton-

ian H. which does not have characteristics per se (it is non local for example). Some

modifications are hence needed and follow the usual ideas for parabolic problems,
which is why we use the following lemma

Lemma 4.0.3. Introduce the intermediary scale /€ |pc| = €/€ = €@, and consider
any interval [a, b]. Define a(t) = a+(t—1to) V/2, b(t) =b—(t—to) V/2. We denote

t) = t..).
me(t) ahax we(t,.)
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la(t), b(t)]

t) < to, -
ma( ) - [a—é@rng,al)f-i-égﬁg] 905( 0 )

me(t) — me(to) > /t: ( min (r(x) — I x, us(s,z) — De) — 5955) ds

t
+ / max (r(2) — T %0 u(t,2) — D + 28) ds.
to la(s)—& @e, b(s)+€ @]

Proof of Lemma 4.0.3. The part

. C_
[a(glg(t)](r(x) — I %3 ue(s,z) — D) — e < ﬁms(s)
is direct once one recalls that for any x € [a(t), b(t)] then
Oppe(s,x) = r(x) — I %5 uc(s,x) — De + He(0e) (s, )

C

> (r(z) — I x4 uc(s,xz) — D;) — z@:,

min
[a(t), b(?)]

by the lower bound (32).

Let us turn now to the upper bound which is trickier and involves the velocity
V.

Consider x. a regularization of (|0, 1 ()+, with ()4 the positive part, at
the intermediary scale € ¢, , i.e.

Xe(z) =0, ifz<0,

/ 3 : _ (38)
Xa(x) = EHBGCSOE”L‘”? if z > EPe,
together with the general bounds
3 _ 3 __
0 < Xe < §H6ISOE||L°° ($)+ + € Pe, Xe > §||ax30€||L°° (:E)Jr — € Pe, ( )
39
_ C _
0 < Xe(2) < 2[100peflp Lozo + 0., IXZ(2)] < &
With that one defines
Ye(t,z) = —xe(a(t) — x) — xe(z — b(t)).
Note that 1. satisfies the following inequation
\%4
atwe é _5 |ax/(/)5|
This has for consequence that Vz € supp K C [—1, 1]
/ exp <|1/Js(t,x + 522) - ws(t,x)|) K(z)ds -1
§ ) (40)

, |4
g/ezamwg(t’l)K(z)dz—l—i—ég 7 10nte] + .
R

As ¢, and 1. are smooth functions, it is easy to study

me(t) = sup(pe(t,.) + ¥e(t,.)) = max(p:(t,.) + Ve (t,.)).
In general this maximum is attained at one (or several) point & € wy, (). First note
that at such a point, one has

O (pe(t, ) +1be(t,2)) = 0.
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By (38) this implies that

wm (t) C [a(t) — E@e, b(t) + E@e]. (41)
Now in general
d .
d—mg(t) < sup  Oi(pe(t,x) + e (t, ).
TEWm ()

Note that by the definition of the maximum, Vz € supp K
@E(ta x+ ‘C:Z) < @E(ta'r) + d)E(tax) - ’(/)E(tax =+ ‘C:Z)'

Now for & € wy,(r)

H. (o) (t0) = [

exp (soa(t,erEZ) - %(t,x)) K(2)ds -1

R 9
— Ve t7 € t,
</exp< Velt,oFe2) + e m)) K(z)dz—1
R 9
Vv _ _
< b |021)e| + & < =0t + E.
Therefore
d
—me(t) < sup (r(x) — I %z uc(t,z) — D)+ &
dt xewm,(t)
< sup (r(z) — I %4 us(t,x) — D.) + &,

z€la(t)—C Epe, b(t)+C E@.]
<  sup (r(z) = Ixpuc(t,z) — D.)+2¢€

z€la(t), b(t)]

by (41).
Note that by (38) and (41)
t) <m(t) < t),
melt) < Mel®) < e erepn ™)
which allows to conclude. O

Let us now turn to Lemma 4.0.2
Proof of Lemma 4.0.2.
Step 1: Semi-continuity of {¢ = 0}
Let us start with the following crucial observation
Vt, E'Tt € C(R+) with ’Tt(o) = 0, s.t. Vs Z t,
Vo € {p(s,.) =0}, Jy € {e(t,.) =0} with |y — z| < (s —¢).

This is a sort of semi-continuity for {¢ = 0}. It is proved very simply by contradic-
tion. If it were not true, then

3t, 3o > 0, Is, = t, s, > t, Tz, € {@(sp,.) =0},
d(xnv {@(ta ) = O}) 2 7o,

where d(z,w) = infy¢,, |x — y| is the usual distance.

Since all the z,, belong to a compact set , we can extract a converging subsequence
xn, — x. As @ is continuous, p(t,z) = 0 or & € {p(¢,.) = 0}. On the other hand
one would also have d(z, {¢(t,.) = 0}) > 79 which is contradictory.

Therefore the result of the lemma is obviously true if ¢ is such that 7, (t) < 4.

Step 2: The connection between 1, and the Lemma.

One does not have in general a uniform control on 7;,. In that case, one would find
a sequence t,, a number 6 > 0 s.t. ¥n > 0, limsupr, (n) > 0.

(42)
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The result of Lemma 4.0.2 would precisely rule this out and we argue by contra-
diction. Denote by ¢ the first time when such a jump occurs. That means that

e 7 can be chosen uniform till ¢, d.e. 37 st. Vs < t and ¥y € [0, t — s],

7s(1) < 7(n).
e There is a jump at ¢ of size 0 > 0, which means Iz, Itg < t s.t. @(t,29) =0

but
d(xo, {p(s,.) =0}) >0, Vse€ [to, t].
Note that one can take ¢y as close to t as one wishes and in particular we may freely
assume that ¢ — o is small enough s.t. 7(t —tg) < §/8.
Step 3: The contradiction.
First of all, note that as ¢. — ¢ in L* norm, one has that for € small enough and
some interval I, with |I.| = 0ase—0

)
d(x07 {906(53 ) 2 *SZE}) Z 57 Vs € [tOv t] \IE'
Indeed one observes that

{908(3’ ) 2 _855} C {‘P(Sa ) > =@ — H‘pa - WHL‘”}'
And by the continuity of ¢

o({e(s:) = =@ = llve = ¢llz=}, {#(s,.) =0}) — 0,

for almost every s.
In particular we point out that one may define I. with |I.| — 0 and 7. — 0 s.t.

(5({(,05(8, ) > _955}7 {(»0(87 ) = 0}) <N, Vse€ [th t] \ I.. (43)

Now define the following interval
Li(s)=[ro—08/4+ (s—to)V/2, mo+0/4+ (s —to) V/2].

Moreover denote by yo the closest point on the left from zq in {¢(tg,.) = 0}. Assume
for instance that yy < xg.
Next for any e small enough, and any s € [tg, t], denote

y=(s) = sup{z < zo, ¥e(s,2) = —@:}.

By (43), one has that y.(s) < yo + 7e + 7(s — to) for any s € [to, t] \ I.. The same
result can be obtained for the closest point on the right.

By the assumption on z in the Lemma, this implies that I; remains at a distance
larger than §/4 > C @, of {¢:(s,.) > —@c}.

By the properties of D, we deduce that for any s € [sq, t],

rln(a))(r - I*l’ UE(S, ) - DE < r(ye) - I*m Ue(&ys) - DE(Says) - 05/4
1(s
< 7(yo) — I %g uc(s,90) — De(s,90) — C (/4 —n. — 7(s — o))
< T(yO) — I x Us(&yo) - DE(svyO) - 06/167

by choosing ¢ small enough.
Now let us apply Lemma 4.0.3 to I; to deduce that

t
rln(ag)wa(t, ) S/ (r(yo) — I %5 u=(s,y0) — D=(s,%0)) ds
1 to

5
~O g to) +OILI+

16 (t07 )

max
20—35/4, T0+35/4] e
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Note that by (32)

Ce
at@s(sayO) Z r(yO) - I*m UE(S,yO) - Ds(&yo) - —_
1=
So
5
o(t,z0) < |l — wellp= + max @ (t,.) <@e(t,yo) — e (to, o) — C 16 (t—to)
1

+C|IE‘+H90_90€”L°°+ @s(th')'

max
[x0—36/4, xo+36/4]
To conclude, just observe that (o, y0) = 0 so that

@ (t,y0) = @< (to, yo) + C || < |l — @el[Le +elloge| + C|I| — 0, ase—0.
Therefore taking e small enough, one concludes that

t, o) < to, - — e~ <0,
pltzo) < - max g Po ) Hlle = el

which gives the desired contradiction. (|
4.4. Control of the oscillations. Before obtaining the continuity of the set {¢. >

—@.} which is our main goal, we have to control the oscillations in time of the
reaction term.

Lemma 4.0.4. There exists a positive function ae(s) with fOT al(s)ds <1, s.t. for
any to € [0, T] and any t > tg
¢

1
I % uc(t,.) — I xus(to, )|l < —= [ ac(s)ds.
Ve i

With this control, we can first show that the reaction term r — I x u. essentially
vanishes on the set {v: > —@.}

Lemma 4.0.5. There exists ¢ — 0, I. composed of at most C =3/ intervals of
size 3/* s.t. for any to € [0, T\ I., for any xq s.t.

3t € [to, to+e"], pe(t zo) > e
then one has for any s € [to, to +&3/4],

r(zo) — I *uc(s,z9) < E.

This last lemma enables us to be very precise concerning the growth rate at any
point without mutations

Lemma 4.0.6. For any ty and t > to with t —ty > CE, for any xo and any
v > CVE then

either / (r(zo) — I % (s,20) — De(s,20)) ds < —C(t — tg) (v? — &),

to

t
or / D.(s,20)ds < C(t —to) v.
to

With this control on the growth rate, it is possible to make sure that at most
times the set {¢(¢,.) = 0} is of measure 0 or more precisely
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Lemma 4.0.7. For any tg € [0, T}, define the set Qu, by xo € Qy, iff
zo € {p(to,.) = 0}, I, = t, n € {(tn,.) =0} s.t. 2, — xp.
Then || = 0.

We now turn to the proofs of those results
Proof of Lemma 4.0.4. The proof uses one of the entropies of the system (and a
different one from [11]). Start by the following

%[/ug(t,x) I(z — y) ue(t,y) de dy — 2/%(’57@ |

- 3/@« Tt ) et x) (I x (uelt, ) — 1) da

€
+ 2 /Ds(t,:c) ue(t, z) (I *ucs(t,.) —r)de
€
+/M5(ug)(t,:c) (I xue(t,.)—r)dz.
Note that as D.(t,z) = 0 if . > —@. then

D.u. < Ce %/5 < Ce.

Similarly for any smooth function v, by a simple change of variable

[ Meuiieyde =2 [ K ualt,o) (9o - £2) = w(a)) do < Ce [V~

Hence one first obtains that

::/OT/(T_I*us(tw))QuE(tw)dxdtgc, (44)
Now note that
Fouelte) = Dranltn) =2 [ Tl Touton)) o) s
1

I / I x (DE(S, ) Us(sv )) ds

e to

+/Umu%@»m

to

With the same bounds as before, one obtains that

7% ) = et 1 < C 0= t0) 5 2 [ [ =T dds

<(Mt—m)+;%lj(i/@—J%uA&JFUA&)Mﬁui

by Cauchy-Schwarz. Defining

a.=C+ (1/(7"—I*ue(87~))2ue(s,~)dw)l/z,

3

allows to conclude. O
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Proof of Lemma 4.0.5. First of all, consider the intervals I; = [2ie%/4, 2(i +
1) &34 for i =0...Te 3/*/2. As a. is uniformly bounded in L? then there are at
most C e~3/8 indices i s.t.

2
/ a2(s)ds > e=3/* </ a:(s) ds) > e3/8,
Ii Ii

1 / 1/16
— as(s)ds > ¢ .
N (s)

Define I. as the union of the intervals I; = [2ie%/* — 2£3/4 2(i 4 1) e3/* 4 2£%/4]
for such indices i.
Now for any to ¢ I. and any t € [to, to + /4], one has that

1 te3/4
- / e (s)ds < /16,
E Jt—_e3/4

that is

1/16 gyer the interval

Therefore by Lemma 4.0.4, I x u.(s) changes by at most ¢
[t — 34, t+£3/4).
Define
g— /16 +C_i 4 el/8,
Pe
Choosing any zg s.t. @.(t,29) > —@. and any s € [t — &3/, t + £3/4], we argue
by contradiction. If
r(zo) — I *uc(s,z9) > &.

Then at any other s’ € [t —3/4, t 4+ £%/%], and in particular for s’ = to,
r(zo) — I *uc(s',z0) > C = 4 els,
Pe
Note that D.(t,z¢) = 0 and hence

€
Arpe(t,20) > rwg) — I % uc(to, z0) — C — > e'/8.
Pe
By continuity that means that ¢.(s’,z) is increasing in s’ over a (possibly very
small) interval [t, ¢t + v]. Define v such as to make this interval maximal. At
t+ v, ot +v,m0) > @e(t,20) > —Pe which means that D.(t + v,z0) = 0 and if
t+v<t+e3/4
€
Orpe(t +v,20) > (o) — I *xu(t +v,9) —C — > el/8,
Pe
This implies that ¢t + v > t + €%/%, and hence that ¢.(s',z¢) > —@. on any s’ €
[t, t + &3/4]. Therefore

Orpe(s wo) > €'/,
or finally
et +€¥*,m0) > —pc +7/5,
which is impossible as the maximum of . is of order ¢ |loge]|. O

We turn to the next proof
Proof of Lemma 4.0.6. For any s € [to, t] \ I, one has either that z( is at
distance less than v of {p.(s,.) > —@.} or it is at distance larger than v. Let us
decompose accordingly [tg, ] into I. U, UJ, where I, consists of the set where
is at distance less than v of {¢:(s,.) > —@:}.
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We observe that on J, by the properties of D, and since on {p.(s,.) > —@.},
one has by Lemma 4.0.5 that r — I % u(s,.) is less than £ then

(o) — I % uc(s,0) — De(s,20) <€~ Cv < —Cu.
On the other hand, on I, then still by 4.0.5, one has that
r(xo) — I *uc(s,x0) — De(s,20) <€,
and moreover
D.(s,29) < Cv.
Therefore

t
/ (r(xo) — I *xus(s,29) — De(8,20))ds < |I| + CE I — Cv|J,,

to

and
t

D.(s,x9) < Cv|I,|+C|J,|.
to

We recall that || < £3/8 which is asymptotically much smaller than £2. Therefore
either |J,| > (t — to) v and we find the first possibility or |J,| < (t — to) v and we
find the second one. O

The next proof is
Proof of Lemma 4.0.7. Note first of all that by Lemma 4.0.2, one may in fact
take any sequence t, — to for any xg € .

Choose any tg, any 7 > 0 and any xo in {¢(to,.) = 0}. Observe that for any
t> 1o

t
€
we(t, o) > @e(to, o) Jr/ (r— I xuc(s,m0) — De(s,70)) ds — Ca.
to €
Therefore we first deduce that
t
€
/ (r—Ixue(s,z0)— De(s,20))ds < Celloge|+C (t—to) @——i— loe — @l Loo- (45)
to [

Next find x; the closest point from zg s.t. ¢(z;) = 0. By definition ; — 29 — 0.
We define the small interval around z; for tg < s <t

Iy =[x — (t —s)V/2, s + (t — s)V/2].
By Lemma 4.0.3
t
“llo = pellie < llogel + [ (r(an) T xy uels,z0)) ds
to
+C(€_+ |£C0 —$t| + (t—to)) (t—to).
This implies that

t
r(xo) — I %, ue(s,z0))ds > — ||¢ — wel|pe —€|loge
| o) (5,20)) ds 2 = llp = pellu | loge "

—C(§+|$Q—$t|+(t—t0)) (t—to).

Now define v s.t.

— o I
C(l/2 _ €) _ H‘p ()OEHL 5‘ og£|

C (& — t—1to)).
ra— iy TOEH o —ml+ (t—t0))
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Note that as long as € is small enough one has that v > €. Moreover v can be
chosen arbitrarily small by taking ¢ close enough to tg. By applying Lemma 4.0.6
for this v, (46) means that we are necessarily in the second case which means

¢
D.(s,z0)ds < C (t —to) v.

to
We combine this inequality to (45) to deduce that

/t:(r—l*us(s,xo))dsSC(t—to) (_84_1/2) _ (47)

€

Now, we define the average

and from (46) and (47), we get
|r(zo) — I % pe(z0)] < C (; + 1/2> . Vag € Q.
g

By the fundamental property (23), we deduce that

1| <s<c (5+u2)>.
Pe

To conclude take t — to s.t. v — 0 and then e small enough to obtain that
|94, = 0. O

4.5. Continuity in time of the set {z|p. > —@.}. As a first consequence of
our control over the oscillations of the reaction term, one may simply obtain the
continuity in time of the set {p. > —@.}

Lemma 4.0.8. There exists I, with |I.| — 0 ase — 0 s.t. if for some ty € [0, T\L,
any point xy, any t >ty and § > 0
d(IIZ(), {Qos(sa ) > *Sbs}) > 57 Vse [t07 t]a
then for € small enough with respect to 4,
we(t,z9) < —@e — C 0 (t — to).

for some constant C independent of €.

Unfortunately Lemma 4.0.8 does not imply a result like (37) with a function 7
uniform in e. It guarantees that there cannot be jumps of significant size in the set
{¢e > —@.} but that set could still be propagated very fast.

However we can combine it with Lemma 4.0.7 to finally deduce a uniform (in ¢)
continuity in time for the support of {p. > —@.}.

Lemma 4.0.9. There exists I. with |I.| — 0 as e — 0 s.t. for any to € [0, T)\ I,
Vo > 0, there exists T > 0 s.t. Vg, if

d(.’IJ07 {@8(1507 ) Z _SBE}) Z (57
then for e small enough with respect to 6 and T, for anyt <to+ 7

%(t,zo) < =P — C(t - tO) < —Pe.

Lemma 4.0.9 in particular directly implies
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Corollary 1. For any to € [0, T\ I., 37, € C([0, T)) with 1,,(0) = 0 s.t. for any
t>t

6<{90€(t’ ) Z _9275}’ {%(tm ) Z _555}) S Tto (t - to).

We turn to the proofs
Proof of Lemma 4.0.8. Let first characterize the “good” t;. We define

I. = {to, 3t > 0 with |I. N [to, t]| > &t — tol}. (48)

Note that of course I. C I. (just take t = to + £3/%). We can estimate |I~E\ the
following way: If ¢ty € I then there exists an index k > 0 s.t. ¢y € If where If is
defined as the union of the intervals [i 2% £3/4, (i + 1) 2% £3/4] for those i s.t.

[I. N [i2F 3/4, 2k e3/4 4 ok 3/4)| > 9k=3 53/4,

Each ff is composed of at most ny such intervals and since |I.| < C %8, one has
that
ng < 23—k 0 g=3/8 z71
Consequently
\*| <cedBet,
Since k < C'|loge|, we conclude that
|| < Ce¥® e logel,
which indeed converges to 0 as € — 0.
Now define y_ (s) similarly as in the proof of Lemma 4.0.2 by
Ye (s) = sup{y <o, @-(s,y) = @<},
and y by
yZ (s) = sup{y > 2o, p:(5,y) > —@:}.
Define again the interval
Li(s)=[ro—d/2+ (s —to) V/2, xg+0/2+ (s —to) V/2].

It remains non empty for s € [to, t].
For s € [to, t] \ I, one has that

1}32}){(7" —Ixpus(s,.) — D) < maxr — I %puc(s,.) — De(s,.) Y (s)
- Co.
Apply now Lemma 4.0.5, if s ¢ I. then this implies that
rIn?))((r — Iy ue(s,.) —D.) <E—-C§ < -C6,
1(s
provided that ¢ is small enough with respect to §.
We now apply Lemma 4.0.3 to I; to deduce that
masc (1) S22(t — to) = O (¢ = to = |1 N fo, 1]
1
+C|I€m[t07 t]|+[ (t07')'

max
20—30/4, z0+35/4] ve

Now since tg ¢ I. then

t—to

|Igﬂ[t0, t]l Sg(t—to), t—to—lfgﬁ[to, t]| > 5
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Hence

r}l?gsos(u )< =@ = (t—=1)(C6 - C&) < —p. — CI(t —to),

provided that ¢ is small enough with respect to §, which concludes the proof. [

Proof of Lemma 4.0.9. By Lemma 4.0.2 and Lemma 4.0.7, we know that for
a.e. ty then

{e(to, )} =0.

Let us choose such a ty with as well ty & fE and denote the corresponding interval

I.. Now for any §, divide the domain in intervals I; of size §/2. And denote
m = sup i?f o(to, ).

By the previous property m < 0. Define 7 = —m/(3||¢||w1.).
Now for any xg at distance larger than 6 from {¢.(to,.) > —@.}, there exists
Y1 < xg and y2 > x¢ S.t.

lyi — w0l >6/2,  p(to,y:i) < m.

Obviously for any t < tg + T,

and hence for any y s.t. |y — y;| < 7 then

o(t,y) <m/3, w(t,y) <m/3+ |l — pcllL~ < @, (49)

provided ¢ is chosen small enough.

Now we apply a first time Lemma 4.0.8 with § = 7 which means that for ¢ small
enough with respect to 7, there cannot be a jump of size 7 in {p. > —@.}. If for
some t <tg+ T

1, y2] N{pe(t,.) = —@c} # 0,
then by Lemma 4.0.8 with § = 7, it means that for some s € [tg, t], one can find a
point y with |y — 11| < 7 or |y — y2| < 7 s.t.
905(87y) 2 _9567

which contradicts (49).
Hence we know that xz( stays at distance §/2 of the set {p. > —@.}. We apply
once more Lemma 4.0.8 to conclude. 0

4.6. Identifying the limit terms: Final steps. The first step is to characterize
the limit of D.. Of course there is a natural candidate for that which is
D = min(Ld(z, {¢ =0}), D). (50)

By (43), we essentially know that at most times ¢, the set {p-(t,.) > —@} is
included in a neighborhood of {¢(t,.) = 0}. However to prove (50), we need to show
the contrary namely that {¢(¢,.) = 0} is included in a neighborhood of {p.(t,.) >
—@.} at most times ¢. This is what the following lemma shows

Lemma 4.0.10. For any fized § > 0, denote

Je={tc[0, T, o({e(t,) =0}, {p(t,.) = —pc}) > o}
Then J. — 0 as € — 0 and consequently (50) holds.
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The last step is to identify the weak limit u of u.. Fortunately we now have all
the required tools and we can follow the same ideas as in [11]. Therefore let us
define

pe = p(t) = p({e(t,.) = 0}),
where p is given by Prop. 1.
We prove the intermediary result

Lemma 4.0.11. For any fized ty € [0, T]\ I, there exists a function o € C(Ry)
with o(0) =0 s.t.

t
//|I*u€(s7x)—I*,u(to,x)|2dwds§C(t—t0)7(t—t0)+a(6),
to JR

where T is given by (37).
Then simply by passing to the limit one deduces that
Corollary 2. For any fized tg,

t
/ / [T % u(s,z) — I % p(ty, )| deds < (t —to) T(t — to).
to /R

This means that any ¢y is a Lebesgue point of I x u and then necessarily that
I*u(to, ) = I*/},(to, .),

which as I > 0 lets us conclude that u = 1. We have identified all the terms in the
limiting equation. It remains to actually obtain this equation and explain in which
sense, which is done in the next subsection. We conclude this subsection by giving
the proofs of Lemmas 4.0.10 and 4.0.11.

Proof of Lemma 4.0.10. Choose a time t, € [0, T\ I.. Apply Corollary 1 and
Lemma 4.0.9 and find ¢ s.t. 7, (t —¢o) < 6/2 and the 7 from Lemma 4.0.9 satisfies
t<to+T.

Then for any s € [to, ¢] and any zg s.t.

d(wo, {pe(s,.) = —@c}) > 0.

First by Corollary 1,

d(zo, {e(to,.) = —@e}) > d/2.
One has then by Lemma 4.0.9 that on [to, ],

©e(s,m0) < =@ — C (s — to).
That implies that on s € [to + C 6~ |l¢ — @c|lL=, t] then

xo & {90(53 ) = O}
Therefore for any s € [tg + C 1 || — ¢c|lpe, 1]
3({e(s,.) =0}, {p=(s,.) = —@c}) < 6.
We conclude that for any to & I. there exists ¢ > 0 chosen uniformly in ¢ s.t.
J- N [to, t] C [to, to +C " |l — pellpec]-

which implies that |J.| — 0. O
Proof of Lemma 4.0.11. The steps are mostly the same as in [11]. We give
them for the sake of completeness but we do not repeat all the details here. Part of

the proof can also be simplified by using the more precise results that were proved
before in the present article.
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Step 1: The functional.
We look at the evolution of

PO = [ Toguc(t. ) duny () = = [ u(t.0) sy o),

for s > ty. Compute

d

aFa(t) :é /R (r = Ixue — D) dpyg,(x)

1
+1 / H. (1)) e dps,.
€ Jr
Write

1 d
E/R(T_I*uE_DE)thO( )= dt/ug(t x)dx
1
2 [ =T = D) (el do = dy (),
R
As r — I % j1;, vanishes on the support of pi,,

1

g/R(T—IMLE—DE) dﬂto($)=%4“€(t’x)_

1 1
2 [ (e = ) (uc(t) do = dpy (@) + = [ Dec o
€ Jr € Jr

At)

with
At) = / (r—1Ixps) u(t,z)de + / D.dpy,.
R R
Notice that

% et = ) (welto) dn = )

controls ||I x (uc(t,.) — p1¢,) |32 since r<ci.
So we deduce since D, > 0

Elf/to HI* (UE(S, ) - Mto)”%ﬁ ds < / IOg (( )) d,uto

—A<ug<t,x>—u5<to,z>>dx+[ ) ~//H e (10)) dite.

Step 8: Easy bounds.
Lemma 4.0.1 tells that

_HE(QOE) <C _i

Pe
The total mass stays bounded in time so

—/(ug(t,a:)—ug(tmx))da: < /(ug(t,x)—i—ug(to,a:))dx <C.
R

R
And

ue(t, ) 1 /
log ——— dus, =— <(t,x) — pe(to, x)) disg,
/R gus(to,l') o c ]R(@ ( ) @ ( 0 )) Ut

3

1 2
< 2 [ tott.0) = plto.a)) diy + = 9 = Pl
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Note that by Prop. 1, pu, is supported on {¢(s,.) = 0}. Since in addition we know
that ¢ <0,

ue(t, )
log ——=d o () -
/Rogus(to, ) Hrg < = ||905 ol (Q)

Consequently we deduce from (51) the bound

C tA(s
/W*% L R Y TC)
to

Step 4: Control on A.
The key point here is that supp iy, = {¢(to,.) = 0} is very close to {¢. > —@.} as
implied by Lemma 4.0.10.

First of all D.(s,.) is Lipschitz in = and vanishes on {¢<(s,.) > —@.}, so one has
that

/ /D (s,2) dpy, ds < C 5(Supputo, {pe(s,.) > —@e}) ds.
t() tO

By the definition of y, its support is included in {¢ = 0} and by Lemma 4.0.2 we
finally deduce that

/t / D (s,z)dus, ds <C7(t —tg) (t — to)
fo K (53)

+cl&w&o=mw%@»z—@ww

This was the only additional term with respect to [11]. The other term is treated
the same by decomposing

¢ ¢
/ /(7‘ — I % ) ue(s,z)dxds :// (r—1Ix pey) ue(s, )y (s,0)<—g. dxds
to /R to/R a
t
—I—/ / (r =1 % pty) ue (s, )y (5,0)>—p. drds.
to JR

For the first part, note again that by (18), there exists R s.t. V|x| > R, r—I*u;, < 0.
Therefore, we may simply dominate

t
/ / (T - I*:u‘to) u5(57x)Htp5(s,w)§_¢E deds <C (t — S) eitﬁf/s,
R
Concerning the second part, just note that {¢.(s,.) > —@.} C {¢(s,.) > —a.}

with @ = @ + || — pellL~ and that r — I x u¢, is non positive on {¢(tg,.) = 0}.
Hence

/t /R (r — T % pgy) ue(s, x)]I%(S,I)Z,@ dz ds
SCfémmdzf%LW%J:@M&

to
By Lemma 4.0.8, this implies that

t
/ / (r =1 % pgg) ue(8,2)y_(5,2)>—. drds < T(t —to) (t —to)
R

+c/6w ) > —ac}, {p(s,.) = 0})ds.
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Inequality (52) now becomes

¢ Ce 5. /e
11 % (ue(s, ) = pey) || F2ds < 7 +2|lpe — @l + C(t—5) e %/
to €
t
+C7(t—to) (t—to)+0/ 5({w(s,.) = —ac}t, {o(s,.) = 0})ds (54)
to

e / 5({e(s,) = 0}, {pe(s,) > —p.}) ds.

Conclusion. Eq. (51) indeed gives Lemma 4.0.11 if one defines
Ce

(}(5) = — 4 2“()05 — @HLO"(Q) + CT€_¢E/E
e

T
e / 5({p(s.) > —ac}, {p(s.) = 0}) ds

T
e / 5({p(s,) = 0}, {pe(s.) > —@e}) ds.

Thus, in order to complete the proof of Lemma 4.0.11, we only have to check that
&(e) — 0 when € — 0.
It is obvious for the first three terms. For the second note that
T

C d({e(s,.) > —ac}t,{p(s,.) =0})ds — 0 ase — 0,

since by dominated convergence it is enough that for any s
5({90(87 ) > 70‘6}7 {30(57 ) = 0}) — 0.

For the last term, we use Lemma 4.0.10 to show that it converges to 0 as € — 0.
Indeed for any § one has

T
/O 5({p(s,) = 0}, {pe(s,) > —@})ds < || +T6,
with |J.| — 0. 0

4.7. Obtaining the limit equation in the sense of viscosity solutions. This
is the final step in the proof of Theorem 2.1, which we postponed until now. With
the many properties that we have been able to show, we are now able to obtain ¢
as a true viscosity solution (and not in the modified sense of [20]) to

Orp=r—TIxu(t,.) — D+ H(0z0). (55)
First of all let us summarize the important properties on D and I xu that we need

Lemma 4.0.12. The function D is continuous in x and left-continuous in time.
The function I *u is continuous on [0, T| x R. Moreover ase — 0

T
/O (ID(p(t: ) = Delpe((t, )l + T+ ult, ) = I ue(t, . )l|ze) dt — 0.

Proof of Lemma 4.0.12. It is simple and uses previous estimates. First of all by
Lemma 4.0.2 and property (37), {¢(t,.) = 0} is continuous on the left in time. The
formula (50) for D then immediately implies the continuity of D in x and on the
left in ¢t. Notice in addition that any jump on D in time is decreasing.
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We have seen that I x u(t,.) = I *u(t,.). As I is smooth then I xu is of course
continuous (and even more) in z. By the stability estimates in [26] for instance, we
know that the equilibrium measure u defined by Prop. 1 is continuous in the set 2.
As again {¢(t,.) = 0} is continuous on the left in time, p(¢,.) is continuous on the
left in time with value in Mi_ for some weak topology of measures.

From the continuity on the left and Corollary 2, we finally deduce that I x p is
continuous on both sides in time.

Let us now turn to the convergence estimates, first for D.(¢.). For any 7, there
exists d s.t. if

(5({(,0(t, ) = 0}7 {(Pa(tv ) > _QBE}) <4,
6({pe(t,) =2 —@c}, {o(t,.) =0}) <4,

then |D.(p:) — D(¢)| < n. By Lemma 4.0.10 the first is true for any time ¢ €
[0, T]\ Je. By estimate (43), the second is true for € small enough and for any time
t €10, T)\ I.. Therefore

T
/0 ID=(po(t,.)) — Dig(t, ) dt < TF+ || + |L.].

As |I.| and |J. converge to 0 with ¢, this proves the convergence on D..

Concerning [ * u., Lemma 4.0.11 implies that I x u. converges strongly to I x u
in L%([0, T] x R) (see [11] for the complete argument for instance). As I is smooth,
this then implies that I x u. converges strongly to I xu in L?([0, T], L>(R)) and
hence a fortiori in L}(LS°). This concludes the proof of the lemma. O

With the estimates of Lemma 4.0.12, it is now straightforward to show that ¢
satisfies (55) in the viscosity sense and we only sketch the main steps. For instance,
one may define . as the solution to

Oppe =1 —I*xu— D(p)+ H(pe). (56)

Note that in this equation we have taken the limit for I x w and D but not on the
hamiltonian. Applying the maximum principle, one deduces that

%Hsﬁs(t, )= ety e <ITruc(ts ) = Irult,.)lpe
+ 1D (e(t, ) = De(pe(t, )l zoe-

So by Lemma 4.0.12, 4. also converges uniformly to ¢. The standard theory of
viscosity solutions may now be applied (see [1], [2] or [14]) since the source terms
in the righthand side of (56) are now continuous (or semi-continuous for D). We
conclude that @, converges to a viscosity solution of (55) and since the limit of ¢,
is ¢ that ¢ is this viscosity solution.

4.8. Concluding remarks: Finite speed of propagation of the support. It
is now easy to obtain additional properties for the limit ¢, for instance the finite
speed of propagation of the support. We just sketch quickly here which properties
one should be able to obtain without giving proofs.

First by the definition of x, one has that

r—Ixpu({p(t,.)}) <0, on{p(t,.) =0}

One then deduces immediately that for any x

r(z) = Ixp({e(t,.)}) - D(t,z) <0,
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since D = min(Ld(z, {¢(t,.) =0}), D). That means by Eq. (55)
3t90 S H(a:ﬁa)

Just by the following the characteristics of the Hamilton-Jacobi equation, one ob-
tains that the set {¢ = 0} can only propagate at finite speed V.

We mentioned in the introduction that, for the non corrected model, branching
occurs at infinite speed. Therefore one may wonder whether branching is possible
in the corrected model. First of all numerical simulations suggest without doubt
that the correction do not prevent branching.

Second the formal analysis in [20] that showed the infinite speed at branching
cannot be carried anymore with the correction. This analysis required the solution
to be C? near the branching point but the correction actually ensures that this is no
more possible. Indeed as soon as branching occurs and the set {((¢,.) = 0} includes
at least two points x1(t), z2(t) then the function d(z, {¢(t,.) = 0}) necessarily has
a singularity between x; and xs.

Of course a conclusive argument would be to exhibit an explicit solution that
branches. This is already unavailable for the uncorrected model and hence even
more so here.

Finally let us mention that some time regularity should also be available on .
For instance the set {¢ = 0} is continuous in time by Lemma 4.0.2 and we have
already seen how to deduce from it that u({¢(t,.)}) is continuous in time. But as a
matter of fact the finite speed of propagation of {¢ = 0} should even imply Holder
continuity in time for p. This is certainly more delicate and it might require the
reworking of the stability estimates in [26].
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