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ABSTRACT. We consider a reaction-diffusion system of activator-inhibitor type
arising in the theory of phase transition. It appears in biological contexts such
as pattern formation in population genetics. The purpose of this work is to
prove the convergence of the solution of this system to the solution of a free
boundary Problem involving a motion by mean curvature.

1. Introduction. In physics, biology or chemistry many phenomena are modelled
by the following large class of coupled reaction-diffusion system

up = diAu+ f(u,v) vy = daAv + rg(u, v).

For instance this system describes pattern formation in an activator-inhibitor model
and it has been thoroughly studied by many authors. They highlighted in particular
that the patterns observed are produced by the interaction between kinetics and
diffusion effects. In activator-inhibitor models, u is the activator variable and v is
the inhibitor variable. Moreover d; and ds are respectively the diffusion rates of u
and v while r represents the ratio of the reaction rates of v and v. As a consequence,
the order of magnitude between d;, d2 and r has a major impact on the formation
and evolution of patterns.

In this paper, we consider the case where u diffuses very slowly and v diffuses
and react slowly, namely d; = €2, d = r = . More precisely, the system we study
after rescaling in time is given by

1
u; = Au® + ?f(us,eva) in Qx (0,7) (1.1)
(P) ev;y = Av® — 40 +uf in Qx(0,7) (1.2)
ous O
u®(z,0) = ug(x), v°(x,0) = vg(x) for z € Q, (1.4)

where v is a strictly positive constant and
f(s,w) == s(1 - s%) —w. (1.5)
We also suppose that  is a smooth bounded domain of RY with N > 2.
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The purpose of this paper is to prove that the solution of Problem (P*¢) converges,
as ¢ tends to 0, to the solution of the following free boundary Problem

1 x € QL(t)
u(z,t) :{ 1 zeo (Hur,

Av(z,t) =~yv(x,t) —u(z,t) x€QL()UQ_(t), t € (0,T)
(P) Ov ol

4o =0 (x,t) € 02 x [0, T

v, = (N—1DK - 3p(x,t) zel,=0\(Q(t)UQ_(t)

V2

I-_‘|ii=0 = FOv

where I'y CC Q is a smooth compact hypersurface without boundaries dividing
) into two subdomains Q_(¢) and Q4 (¢), such that 9Q(¢) = I'y and Q_(¢) =
QN (Q4(8) UOQL(t)). Moreover V,, and K denote respectively the outward normal
velocity and the mean curvature of T';.

The existence and uniqueness locally in time of the solution of (P) have been
provided in [2]. Moreover in [2] the authors claim the convergence of the solution
of (P¢) to the solution of (P) and here we will prove rigorously this conjecture.

Let us mention that the convergence of the solution of variant of problem (P¢) has
been extensively studied. For example E. Logak in [8] considered the case where the
equation of v° is an elliptic equation and showed the convergence to the solution
of (P), for some prepared initial data. In [1] the authors studied the Fitzhugh-
Nagumo system, where the equation of v° is a parabolic equation and demonstrated
the convergence to the associated free boundary problem. We also refer to X. Chen
(see [4]) for the study of another scaling of the Allen-Cahn equation. In our case the
main difficulty is that the parameter ¢ is also introduced in the parabolic equation
(1.2) of v, as a consequence v° satisfies a parabolic equation while its limit v
satisfies an elliptic equation. To overcome this difficulty we construct a function,
which satisfies an approximation of the elliptic equation of v.

Denoting by dist(z,I';) the signed distance from z to I'; such that

dist(z,Ty) <0 ifx € Q_(1),
we make the following hypotheses about the initial data:
(H1) ug is bounded in C?(Q) and satisfies the compatibility condition
8UO
— =0 Vx € 90Q. 1.6
o € (1.6)

(H2) Ty := {z € Q, ug(z) =0} is a C*T compact hypersurface with « € (0, 1)
(H3) The open set 2, (0) defined by
Q1 (0) :={z € Q, up(x) >0}

is connected and Q4 (0) CC Q.
(H4) vy satisfy the elliptic problem

Avg = yvg — ug forallmeQand?:0 for all z € 99.
n

(H5) There exists a positive constant, 79, such that

uo(x) > nodist(x,Ty) if x € Q4(0)
uo(x) < nodist(xz,Ty) if © € Q_(0).
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Under this assumptions we will prove the convergence of (u¢,v¢) to (u,v), as €
tends to 0, namely

Theorem 1.1. Assume the hypotheses (H1) — (Hb5). Let (u®,v%) be the solution of
Problem (P?) and let (u,v,T) with I' = (I'y x {t});¢(o 7 be the solution of the free

boundary Problem (P) on [0,T]. Then (uf,v¥) converges to (u,v), as e | 0. More
precisely

u® converges to u everywhere in U0<t<7(§2ti x {t}),

ve converges to v uniformly on Q x [0,T].

In the first step, we will prove that for any initial data ug the solution u® becomes,
at time of order O(?|In¢l), close to £1 except in a small neighborhood of the initial
interface I'g. Moreover for short time the function v® stay close to its initial data
vg. Precisely the Theorem of Generation of Interface reads as follow.

Theorem 1.2. Assume (H1)— (HA4) then there exist positive constants o, My and
To such that for all e € (0,g0] we have
—1 — Moe < uf(z,t5) < 14 Moe, for all z € Q

with t§ := 10| In¢e| and

s (z,t§) — 1| < Moe, for all x € QF,

|us(z,t5) + 1| < Moe, for all x € QF
where ~ ~

Q5 = {z € Q, up(z) > Mo/z|Inel},

QF ={z €, up(r) < —Mo\/2|lnel}.
Moreover v satisfies

[0S (1) — vo(x)| < Moe|Inel|, for all x € Q and t € [0,t5]. (1.7)
In a second step we will establish the propagation of the interface, namely

Theorem 1.3. Assume (H1) — (H5) and let T be the time existence of the smooth
solution (I',v) of the free boundary problem (P), such that I' = U,co 71 CC

Q x [0,T]. Then there exist positive constants M and €* such that the solution
(uf,v¢) of Problem (P°?) satisfies for all € € (0,&*] and for all t € [t§, T| that

|u(z,t) — u(x,t)] < Me|lne], (1.8)
forallx € {x € Q, |dist(x,Ty_4z)| > My/e[Inel} and
[0 (x,t) — v(z,t)] < M\/e|lne|, (1.9)

for all xz € Q.

Clearly, Theorem 1.1 is a direct consequence of Theorem 1.3.

This paper is organized as follows : In section 2, we state some properties of the
solution of the free boundary Problem (P). In particular, we prove that the deriva-
tives in time and in space of the function v are bounded in the whole domain
Q7 = 2 x [0,T]. In section 3, we follow the ideas of X. Chen in [4] to get a pre-
cise result on the generation of interface in a short time of order O(g?|Ine|), which
will imply Theorem 1.2. In section 4 we first study the solution, k¢, of an elliptic
equation which approximates the equation satisfied by v. Then we use this function
k* to built sub-supersolution of v¢. Moreover we also construct sub-supersolution
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of u® which have the form of the travelling wave. The last part of the section 4 is
devoted to the proof of Theorem 1.3. Further in section 5 we consider the Green
function associated to the operator (—A ++) with Neumann Condition and an arbi-
trary hypersurface H, which depends continuously on A € A with A a compact set
of R™. We then justify rigorously that the integral of the Green function on My,
is uniformly bounded on €2 x A. As a consequence we establish a useful estimate
namely, the integral of the Green function on I'; is uniformly bounded on Q7.

2. Properties of the solution of the free boundary Problem (P). We first
recall the result of Existence and Uniqueness of the solution of Problem (P) obtained
in [2].

Theorem 2.1. Let a € (0,1) and assume that Ty is a C*T® hypersurface which
is the boundary of a domain Q4 (0) CC Q then there exists a positive constant T
such that the limit free boundary problem (P) has a unique smooth solution (v,T’)

on [0,T], with T = <1"t x {t} € 2+ %5 gnd v|p € C¥F 5
te[0,T)

Next we prove that the derivatives of v are bounded in the whole domain £ X
(0,7).

Theorem 2.2. There exists a positive constant V > 0 such that

[o(z, )] + [ve(z, £)] + [Vo(z, )] + [Av(z, 1) <V, (2.1)

for all (z,t) € Q x [0,T).

Proof. Using a Maximum principle for elliptic equations, see for instance Theorem
20 in [10], we have that v is bounded on the whole domain Q7. Moreover since
Awv is bounded we note that v(.,t) € C1*7(Q) for v € (0,1). To prove that v; is
bounded in Q7 we adapt the idea of E. Logak given in [8]. Denoting by G the
Green function associated to the operator (—A + v) with Neumann Condition, we
have

v(z,t) :/G(x,x')u(z/,t)dx’
Q
—/ G(x,x’)dx’—k/ G(z,2")dx'
Q1) Q4 (1)

G(z,2")dx' — 2/ G(z,2")d2/,
Q Q_(t)

so that

vi(z,t) = =2 [ G(z,2")V, (2, t)da’, (2.2)
Iy

where V,,(2',t) is the normal velocity of a point 2’ on I';. Using the smoothness of
I'; we deduce that there exists a positive constant C' such that

vt(:r,t)‘ <C [ |G(z,2")|dx'. (2.3)

Iy

This gives in view of (5.15) that [[v¢|| 1~ (q,) < C and concludes the proof of Theo-
rem 2.2. O
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3. Generation of interface. We state below the existence and uniqueness of the
solution (u®,v%) of Problem (P¢).

Lemma 3.1. For all T € (0,00), Problem (P¢) admits a unique solution (uf,v®).
Moreover there exist positive constants Coy and €9 > 0 such that for all e € (0,&0]
we have

[uf (z, t)] + |v°(x, t)| < %, for all (z,t) € Q x [0,T) (3.1)
and

[v® (2, t) — vo(z)| < %t, for all (z,t) € Q x [0,T]. (3.2)

Proof. The existence of a unique solution of (P¢) follows from standard theory of
parabolic system. From the theory of the invariant region (see for instance [11]),
we obtain that u® and v® are bounded, so that

|uf (z,t)] + [v°(z,t)] < C, for all (z,t) € Q x [0,T].
Next we prove (3.2). Let £§ be the parabolic operator associated to (1.2), namely
L5(u,v) :=evy —Av+yv —u (3.3)

we have for B > sup, g |Avo| 4 vsup, g |vo| + sup, g |u®| that
L5(uf,v9 + gt) = B — Avg +yvg + 7§t —u® >0,
for all (z,t) € Q x [0,T]. By comparison principle applied to (1.2) we deduce
v (z,t) <wv(x) + gt, for all (z,t) € Q x [0,T7.

Similarly, one can prove that v®(x,t) > vo(x) — Ft in Q@ x [0,T]. Thus taking
Co > max(B,2C), we obtain (3.1) and (3.2), which concludes the proof of lemma
3.1. 0

We now state preliminary definitions, which will be useful in the sequel. For

weB:= (—2@3@)

, the equation
flu,w) == u(l —u?) —w =0,

has three solutions, which we denote by h_(w) < ho(w) < hi(w). Note that
h+(0) = £1, ho(0) = 0 and we list below the main properties of hy and hy.

Lemma 3.2. For w € B := (—2@,2@) the functions hi(w) and ho(w) are
smooth functions such that

w — hy(w) are strictly decreasing and w — ho(w) is strictly increasing.  (3.4)

Further, let o € (0,1/4), then there exist positive constants H, Hy, Hy, H3 and Hy
such that

|hs (w) = het (V)] 4 [ho(w) — ho(v)] < H|v —wl, (3.5)

for all (v,w) € (—2@ + %,2§ - %)2 and
ha(w) 4+ H16 < hy(w — 6) < hy(w) + Had, (3.6)
hi(w) — H3d < ha(w +6) < ha(w) — Had (3.7)

for allw € (—2§ + %,2@ - %) and § € (O,—Zf].
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Proof. Differentiating the equality f(h+(w),w) = 0 with respect to w, we obtain

Ohy (w) 1
= . 3.8
ow 1 —3(hs(w))? (8:8)
Since by construction |hy(w)| > %, we deduce from (3.8) that
(W) o for all w e B (3.9)
ow
and similarly since —% < ho(w) < 13 we have 3haol(uw) =1 3(]10(11}))2 > 0,

which implies (3.4). (3.5) follows directly from the smoothness of hy and hg on B.

3 3
Further we have for w € (—2% + %,2% - %) and § € [0, %] that

Oh(0)
ow

ha (w — 8) = hy (w) — s, (3.10)

where 6§ € (w —d,w) C [—2@ + %,2@ — %] Thus (3.9) and the continuity of
Ohy (w)

gives (3.6). In the same way one can check (3.7) and conclude the proof
of lemma, 3.2. O

In order to prove the generation of interface we now introduce some useful notations.
Let s — p(s) € C*°(R) be the cut-off function defined by

p(s) =1, if |s| <1,
p(s) =0, if |s| > 2,
0<p(s) <1, if 1 <ls| <2,
-2 <sp'(s) <0, ifseR,
lp" (s)] < 4, if s € R,
then we set py — p<U;ho<v>),p+ _ p(u—’u(v)) and p_ — p<u—3h(v)>
eZ|lne| ez|lnel eZ|lne|
and
= u— ho(v hy(v) —u h_(v) —u
f(u,v) = po ol )+p+ +(0) +p- ) + (1 —=po—p-—p+)f(uv).

|Inel [Inel [Ine|
(3.11)

As it is done in [4], we first prove some properties of the function f .

Lemma 3.3. Let

3

VB h+(2\9/§—2)=\/§—h<—2\/§+0)’
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then there exist positive constant € and Cy such that for all € € (0,€] and v €
[_%/g +g, 248 %] the function f defined by (3.11) satisfies

2’9
|f(u,v) — f(u,v)| < szs%|hr1€|7 for all u € [—Cy, Cy] (3.12)
| fu(u,v)| < Cy and | fo(u,v)| < Cf, for all u € [~Cq, Co] (3.13)
z 1 V3 V3
> A Ay .

Su(u,v) > TER for allu € | 3 +0, 3 7] (3.14)
. 1 3 3

fulu,v) < — Tne]’ for all u € [—Cy, f% —7U [% +7,C) (3.15)
Fonl0)] < 52— for all w & [~Co, Co] (3.16)

ez|lne|
: : Vi
| fo(u,v)| < Cf|fu(u,v)|, for allue [—Co,Co], |ut ?| >a, (3.17)

where Cy is defined in lemma 3.1.

Proof. Since the proof is very similar to its of lemma 3.1 in [4], we only give the
sketch of the proof. We set

A(v) :
={n, |n — ho(v)| < 2¢%|Ine or | — h_(v)| < 2¢%|Ine or | — hy(v)] < 2¢%|Inel}

and we note that f = f for u ¢ A(v). Thus the inequalities of lemma 3.3 are
obvious for u ¢ A(v).
1. We now consider the case u € A(v). Indeed we first assume that

lu — ho(v)| < 27| Inel. (3.18)
If € is small enough then p_ = p; =0 and
z u — ho(v

Fluv)i= po ™2 (1= o) (o). (3.19)

Using (3.18) and the fact that f(ho(v),v) = 0 we deduce that
U—ho(’U) —f(U,U) 1 f(u,v)—f(ho(v),v)

|Ine| |Ine| u — ho(v)

< Ce?|lnel.

(3.20)

= |u — ho(v)]

So by (3.19) we have

< CE%HHE\7

o) = fuo)
which coincides with (3.12). Differentiating (3.19) with respect to u one has

. o (u ho(v) flu, v)) L P (1 po)fu(uv).  (3.20)

fulw,v) = [Ine| [Inel
As in [4] one can check that the first term of (3.21) is positive and thus
7 Po
> 1— > -
fu(u,v)_ |1HE| +( PO)fu(va)_ ‘11’15|’
which implies (3.14). Using (3.19), (3.20) and the fact that p’ and f, are bounded
we obtain the first part of (3.13). Differentiating (3.19) with respect to v one gets

~ p/h6 (’LL— ho(’l)) —f(u ’U)> . p0h6

o (U, v) = ——
fulw, ) £3|Inel [Ine] |Ine|

e2|Ine|

+ (1= po)fo(u,v),  (3.22)
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so that by (3.20) the last part of (3.13) is obtained. Comparing (3.21) with (3.22)
and using the same arguments as in [4] one can check (3.17). Differentiating (3.22)
with respect to v we have

Fooluy ) = 2 A0 (“ o) _ 4, v)) e (1) (3.23)

(e2|Ine[)> \ [Ine| % |Inel

which together with (3.20) implies (3.16). Similarly one can obtain (3.12)-(3.17) in
the cases [n — h_(v)| < 2¢2|Ine| and | — hy(v)| < 223 |Ing|. This concludes the
proof of lemma 3.3. O

In what follows, we prove that in a short time of order O(£?) the solution u° can
be approximated by the solution of the following ordinary differential equation

wr (¢, T,w) = flw,w), for all 7> 0,
oon{ S

where ¢ € [-Cp,Cp] and w € B. We next recall some qualitative properties of w
and we refer to lemma 3.2 in [4] for the proof.

Lemma 3.4. Assume that ¢ € [—Cy,Co] and w € (— 2\[ + 772% ) and let

w(¢, 7, w) be the solution of (ODE). Then w € C?([—Cp, Co] x RT x (—2% +
%,2§ — %)) and
we (¢, 7, w) > 0. (3.24)

Moreover there exist positive constants 7o and g9 such that for all e € (0,g9] and
T > 79| lne|, we have

w(C, 7 w) > hy(w) — 262 |Ine|, V¢ € [ho(w) + 267 | Inel,00),  (3.25)
w(C, 7 w) < h_(w) + 2¢2|Ine|, V¢ € (—o0, ho(w) — 27 |Inel],  (3.26)
and
h_(w) — 263 |Ine| < w((, 7, w) < hy(w) + 262 |Ine|,V¢ € [-Co,Col.  (3.27)
Further there exists a positive constant Cy such that for all € € (0,e0] and 7 €
[0, 70| Ine|], we have

w
lweel < Clg—g, (3.28)

lwol < C1(1 +we), (3.29)
(1 + wc)

3
2

|wCU| + |w1w| <C (330)

€

We are now in a position to prove the generation interface result, namely

Lemma 3.5. Assume (H1)-(H/j) then there exist positive constant €9, My and 7
such that for all € € (0,g0] the solution (u,v®) of Problem (P%) satisfies

h_(evg) — Moe? | Ine| < uf(x,15) < hy(evo) + Moe? | Ine|,Va € Q (3.31)
with t§ := 10| In¢e| and
|uf (2, 15) — by (evo)| < Moe?|Inel,Va € 7, (3.32)

|uf (z,t5) — h—(evp)| < M05%|1n5\,Vx e QF, (3.33)
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where _
Q5 = {z € Q, uo(x) > ho(evo) + Mo/e|Inel},
QF = {x € Q, up(x) < holevg) — Mo/e|Inel}.
Proof. By (3.2) we have
[vf(x,t) — vo(x)| < Cotoe|Inel, for all (z,t) € Q x [0, 5]. (3.34)
We set

t ¢ :
ut(z,t) = w(uO:I:lls, Ez,svo(x)ZFlgsglnd), for all (z,t) € Qx[0,T], (3.35)
£2

where [, and I, are two constants to be chosen later. We now prove that v~ and u™
are respectively sub- supersolution to the parabolic equation (1.1). To that purpose,
we compute the derivatives of uT, namely

l 1
uf = %WC + —wr, (3.36)

£2 S

and by (3.28)-(3.30)
|Aut| = |Auowe + |Vu0|2w¢¢ + 2eVug. Vuowew + eAvowy, + €2|Vvo\2www|
~ 1 wg

Aol —= + = |, 3.37
o(2+5) 0

where Ay is a positive constant. Denoting by L3 the parabolic operators associated
to (1.1) we have using (3.36) and (3.37) that

LS (ut,v%) > llswg—;lo(\}g-l-:g)+612<f(w,£vo—l253|lns|)

—f(w,evo — lae? | Ine) + (v — vo) + 1253|1n5>.

This in view of (3.34) and (3.12) gives

Ine| Ay we i
EE+8>| lo = C¢ — C - =L -4
T(u™,v®) > NG (2 f 0T0VE |1n5)+5§ 1 0/,

for t € [0,70€2|Ine|]. Choosing I} > Ay and Iy > Cy + Coov/E + %, we deduce
that £5(u™,v%) > 0. Similarly, one can check that £5(u~,v°) < 0. By comparison
principle, this gives since

u®(x,0) = w(ug, 0, ev0 F lye? [Ine|) = ug(x)

and
out _ Ouw o Ow_ Ou
on S on “on  On
that
u”(x,t) <uf(x,t) <ut(x,t), for all (z,t) € Q x [0, 706?|Inel]. (3.38)

Let us apply (3.38) at t = t§ = 1e2|Ine|; then since ug(x) + 1170%\ Ine| = up(z) +
litoveE|Ine| € [-Cy, Cp] for € small enough, we deduce from (3.55)2and (3.27) that
U (2, 15) < hy(ev — loe? | Ine]) + 262 | Ine| < hy (cvo) + (Hly + 2)e? | Ine|

and
u®(z,t5) > h_(evg + l2€%|ln5|) - 2€%|ln5| > h_(evg) — (Hly + 2)5%|hr15\7 (3.39)
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which gives (3.31). Similarly, by (3.5), (3.26) and (3.38) we have

u (2,15) < ut(x,t5) < h_(cvg — lae?|Ine|) + 2¢3 | Ine]
< h_(evg) + (Hly + 2)e2 | Ine|,

if ug(z) + l170v/E| Ing| € (=00, ho(evy — lae2|Ine|) — 263 | Inel], which is fulfilled if
UO(l‘) < ho(ﬂ)o) — (l17’0 —|—4)\£| ln5|.

This together with (3.39) implies (3.33). In the same way one can prove (3.32) and
achieves the proof of lemma 3.5. O

Proof of Theorem 1.2. Finally, Theorem 1.2 follows directly from (3.5) and lemma
3.5.

4. Propagation of interface.

4.1. Preliminary results. We now state preliminary definitions, which will be
useful in the sequel. Let (U(z,w),C(w)) be the solution of the system

U..(z,w) + C(w)U,(z,w) + f(U,w) =0,Vz € R,
(TW) < lim, 400 U(z,w) = hy(w), lim, oo U(z,w) = h_(w),
U(0,w) = ho(w).
The velocity C(w) is a smooth function, which satisfies

1 3

Clw) = —=|2ho(w) — h_(w) — hy(w) | = —

() = 5 (2tol) = - w) ~ e (0)) =

so that C'(0) = 0. Next we describe some qualitative properties of the travelling
wave solution (U(z,w), C'(w)).

ho(w), (4.1)

Lemma 4.1. There exist positive constants A and B such that for all w € B

U <A, 0<U, <A and|Uy| <A, foralzeR (4.2)
|U. (z,w)| + |U..(z,w)| < Ae Pl for all z € R (4.3)
and
|U(z,w) — hy(w)] < Ae™P* if 2 >0, (4.4)
|U(z,w) — h_(w)| < AeP* if z < 0. (4.5)
Moreover the velocity C(w) satisfies
C(w) = %w + O(|w|?). (4.6)
Proof. We refer to [6], [4] or [5] for the proof of (4.2)-(4.5). Further since hj(0) =
1 —
T—3R2(0) 1 we have
Clw) = —ho(w) = ——w + O(w?)
- \/§ 0 - \/i I

which coincides with (4.6) and concludes the proof of lemma 4.1. O
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We now introduce a smooth truncated approximation of the signed distance
function, namely

dist(x,Ty)  if & € () UQ_ (1) and |dist(z,T;)| < &
L if x € Q4 (¢) and |dist(x,Ty)| > L

—L if z € Q\ Qu(t) and |dist(z,Ty)| > L
<<t it L <|dist(z,Ty) < L.

d(z,t) =

Taking L small enough we may assume 0 < L < § where § is defined by (5.1) and

also —dist(z,Ty) > L for all (z,t) € 9 x [0,T], so that

%(x,t) =0 for all (z,t) € 9Q x [0,T]. (4.7)

We next state an auxiliary result, which will be useful to obtain sub-supersolution
of (P*).

Lemma 4.2. Let D1, D>, S1 and my be strictly positive constants and let Go be
the constant defined in Corollary 1, then the solution k® of the following elliptic
problem

—Ak® + Pyké‘ — Dl\/a 1DE| =+ DQX{—QS“/E\ In elem1t <d(z,t)<0} in
(K) k= _ on 0)
on

satisfies for all (z,t) € Q x [0,T]

0 < Kmvellne| < k%(z,t) < Ky (t)ve| Inel, (4.8)
where K,, = %, Ka(t) = % + D3CG22S1e™t. Further there exists a constant,
K, independent of D1, S1 and my such that

|VES (2, t)| + |AKS (2, t)| <K, for all (z,t) € Q x [0,T)] (4.9)
and - B
|kf (z,t)| < K, for all (z,t) € Q x [0,T]. (4.10)

Proof. We first note that (K) admits a unique solution, k£, and that %ﬁ| Ine| is

a subsolution of (K), so
D _
kS (z,t) > fﬁl Ine| > 0, for all (z,t) € Q x [0,T]. (4.11)
Y
Further k¢ is determined by

kIE(CL‘,t) = /QG(Q?,.%‘/) <D1ﬁ| 1DE| + D2x{7251\/5| 1n56m1t<d(x/’t)<0})dx/, (4.12)

where G is the Green function associated to the operator (—A + ) with Neumann
Condition. We remark that

1
/ G(z,2")dz' = =, for all x € Q
Q v
and thus D
0 < k(z,t) < 71\/5\ Ine| + Dy E(z, 1), (4.13)

where
E(Z‘,t) = /Q |G($,l‘l)|X{,231\/g| lne\eml‘gd(m’,t)go}dx/~ (414)
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Next we estimate E. Taking L small enough we assume that
Ty(L) := {2’ e RY, |d(z',t)] < L} cC Q.

One can remark that the existence of such L is ensured by lemma 5.1. Next we

introduce for any fixed t € [0, T] the change of variables
{ Ft(L> — Iy x [—L7L]

' = (pyr),

where p = p(a’,t) is the projection of 2’ on I';. We write this change of variable as
a2’ = X(p,r) = p+rn where n denotes the normal vector to I'y pointing from Q. (¢)
to Q_(¢). Thus

0
E(a,t) = / Gla, X (p, ) Jac(X (o, r))dpdr,  (4.15)
—2S1+v/2|Inglem1t JT;

where Jac(X (p,r)) is the Jacobian of the change of variable, X. Since X is smooth,
one gets

|Jac(X)| < C for all (p,7) € Ty x [-L, L] and all ¢ € [0, 7],
so that
0
B(a,t) < C / Gz, p + rn)|dpdr.
—2S51V¢|Inelem1t JTy

Thus setting ¢(p) = p + rn we have

0
Bwozc | | I6G@ qldadr
—251y¢€|Inelem1it JTy+rn

Therefore by (5.17) we deduce that
E(z,t) < CG22S1y/€|Ingle™*,

which with (4.13) gives (4.8). Furthermore by the elliptic equation satisfied by k°
we have

AR | 1@, < C. (4.16)

As it is done in Theorem 2.2 to prove that [|[Vv||pe(qr) < V, one can deduce from
(4.16) that ||Vk®| L~ (q.) is also bounded. This together with (4.16) implies (4.9).
To achieve the proof of lemma 4.2, it remains to check (4.10). By (4.12) we have

Elo.t) = DivElne] [ Gloa)as' 0 [ Gl [

Q_(te)

G(m,x’)dw'),
(4.17)

~®
where
Q_(t,e) :=={x €Q, d(x,t) <0}, with d*(x,t) = d(x,t) + 2511/ Inele™".

Let Q4 (t,e) := {z € Q, d°(x,t) > 0} and I'y, := 0Q,4 (¢, ) then differentiating
(4.17) with respect to ¢ one has

k (x,t) = Dg( G(z, 2" )V, (2, t)dx’
Iy

—/ G(z, 2" )V (2, t) + 2S1m1/e| ln€|em1t)d:c'>. (4.18)
Tte
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Using (2.1) and (2.2) we obtain

‘/ (x, 2" )V, (2, t)da’
I

Moreover by (5.16) and the smoothness of T'; we have

<1y (4.19)

‘ G(x, ) (Vn(x',t) +2S1m1Ve| 1n€|em1t>dx’ < CGy,

Ft,a

where C' is a positive constant. This with (4.18) and (4.19) gives (4.10) and con-
cludes the proof of lemma 4.2. O

4.2. Construction of sub-supersolution. Let Sy, m1, Sa, be some positive con-
stants to be chosen later, we set

S5(t) = S1vE|Ingle™ (1 + 1) (4.20)
S5 = SQE%HHE\. (4.21)
Moreover we define for all t € [0, T]
d(x,t) £ S§(t
Ut (z,t) = U<($7)Esl(),5(v F2k%)(x,t) F SS) (4.22)
and
VE(x,t) = v(x, t) £ k5 (z, 1), (4.23)

where k° satisfied the system (K).

Lemma 4.3. Let L5 and L5 be the parabolic operators associated to (1.1) and (1.2)
respectively, then we have

L5(UT, V) >0, (4.24)
L5(U-,VvH) <o, (4.25)
L5UT,VT) >0, (4.26)
L5(U, V™) <0, (4.27)
in Q x [0,T].
Proof. We first prove (4.24). By a standard computation we have
1 1
LU, V) =I1+Ig+13+gk5+5—255, (4.28)
with
Uzz 2
I= = (1-|vd (4.29)
— 9k€) — §¢
I = % (dt _Ad+ 0(5(1} Ek' ) SQ) + (Sf)t> (4.30)
Is = e(v —2k5)U, —2(Vd.(Vv — 2VE®))U»,
—e(Av = 2Ak5)U, — €2(Vov — 2VE®)2U,, (4.31)

and where the derivatives of U are evaluated at the point

(W,g@—zka)(m) —S§>~

€
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Using the definition of d and the property (4.3) of U we have

U.. (W,e(v ) (s t) — S§> ‘

| ) + Sf(t)‘
d(z,t) + S7(t)

U.-(1— |Vd|2) < SUp|q|>L

L/2 — S5(t)

< Asupldlz% e < Ae~P 3 .

This gives since lim. o S5(7T) = 0 that
I > -Ch. (4.32)

Next we estimate the term I5. Since V;, = d; and Ad = —(N — 1)K, we first note
that the motion equation

3
dy = Ad — v, Vo €Ty,
t NG t
together with the mean value theorem and the smoothness of the function d implies
3 - _ _
dy — Ad+ —v| < DId|, in Q x [0,T],

where D is a positive constant. This yields in view of (4.30) and the fact that
U, > 0 that

B> % |- bassi| + o, (433)
with Cle(v—2k)— S5) 3
T € el — °)— 53 N Qe
IQ = |:(Sl)t + - 2/ _ E’U — DSl:| . (434)
Moreover we have by (4.6) and (4.8) that
C(e(v — 2k°) — S5) — %(av 9kt — SE)| < e, (4.35)

Substituting (4.35) into (4.34) we obtain

- - 3

Iy > Slﬁ| hlé‘lemlt(t + 1) |:m1 — D:| + \/g| 1n£| l:Sl — Cli — SQ:| — 3\/§k56
|Inel V2

Thus choosing m; > 2D and S; > 1 + %Sg and also using (4.8) we deduce

Iy > Ve|Ing| (Sle"”tnjll — 3\/§D1g> + Ve|Ing|Sye™t (77311 - 6\/5092),

for € small enough. So for m; > 24v/2D5C Gy and mq > 12/2D1G we obtain 1:2 > 0.

~ €
This together with (4.33) gives I > —DUZM and then by (4.3)
I, > —ADsup(|zle Py > —Cs. (4.36)
R

Moreover since U, v, k* and their derivatives are bounded we have
I3 > —Cs. (4.37)
Substituting (4.32), (4.36), (4.37) into (4.28) we obtain
1 S| 1
LiU*VT) 2 =Cr = Cy = Gy + —k° + L‘f'
Since k° is a positive function, we conclude that
L5(UT, V™) >0, for £ small enough. (4.38)
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Next we compute L5(U1,VT). We have that
L5UT V) =+ k) — A+ k%) = Ut + (v + k).

Since v satisfies the limit equation —Av = u — yv one has

LU, VT) =eki — Ak* +9k" +evy+ (1= U )xqas0y + (=1 = U )x{a<o}- (4.39)
Using (3.5), (2.1), (4.8) we note that

|h(0) — ha(e(v — 2k%) — S5)| < H(e|v — 2k°| + S5) < (HV + 1)e. (4.40)

Moreover we have

1—U* X am0y < [1—hs ((0—2k%) = 5) [+ b ((v—2K7) = S5) Ul (asop (4:41)

W,E(U_%e)(m,t)_s;) For d > 0

we have S1v/e|Ine| < d+ S§(t), which together with (4.4) gives

where U is evaluated at the point (

d+S§(¢) |Ing|

hy(e(v — 2k%) — S5) = Ulxqasoy < de P72 < Ae 777 <& (442)
for € small enough. By (4.40), (4.41) and (4.42) we obtain
1= U [x{as0y < (HV +2)e, (4.43)

for € small enough. Similarly, we have

| =1 =Ulxqa<oy <[ —1—h_(e(v—2k%) — S5)[X{a<—25: (1)}
+Hho(e(v—2k%) = 55) = Ulxqa<c—2s: )y + | — 1 = Ulxq-2s:(t)<a<oy-  (4.44)

€ €
d+ 651 ®) _Sls(t) < _51““\/5 < 0 and then in

Further for d < —255(t) we have
view of (4.5)

d+5S§ () |Ineg|

h_(e(v — 2k%) — S5) — Ulx(ac—2s: (1)) < AP~ = < Ae™ P07 <e, (4.45)
for € small enough. By (4.2), (4.40), (4.44) and (4.45) we obtain
| —1=Ulxqacoy < (HV+2)e+ (1+ A)x{—2s:(t)<d<0}- (4.46)
Substituting (4.46) and (4.43) into (4.39) and also using (2.1) we deduce that
L5UT, V) > eki — Ak® +yk° — (V4 2HV + 4)e — (1 + A)x{_25: (1)<a<0}-

Let us apply lemma 4.2 with D; =V +2HV +4 and Dy = 1 + A, then we deduce
from the elliptic equation satisfied by k° that

L5(UT,VT) > ¢ekf + D1v/e|Ing| — Dye. (4.47)
This with (4.10) gives £5(U™, V) > 0, for € small enough.

Thus choosing Dy =V + 2HV +4, Dy =1+ A, S; > 1+ \%52 and

my > max (2D, 24v/2D5CGa,121/2D;) we have shown that the estimates (4.24) and
(4.26) are satisfied. Similarly one can check (4.25) and (4.27) and conclude the
proof of lemma, 4.3. O

Furthermore using (4.7) and the fact that % = % = 0 we obtain

out oU~- oVt oV~
on _ on _ on _ on =0 (4.48)

‘We now check the initial conditions.
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Lemma 4.4.

V= (2,0) < v°(x,t5) < VT (x,0) (4.49)
and

U™ (z,0) < u(x,t5) < U™ (x,0). (4.50)

Proof. Tt follows from (3.2) that
vo(z) — ComoelIne| < v¥(z, 02| Ine|) < vo(z) + CoToe| Ine|,
thus by (4.8) and the definition of V*, (4.23), we have
V= (2,0) < v°(x,t5) < VT (x,0), for e small enough. (4.51)

To obtain the initial condition for u® we consider two cases, namely d(z,0) <
—2%\ﬁ| Ine| and d(x,0) > —2%\/E| Ine|, where My and 7 are respectively de-
fined in lemma 3.5 and in asumption (H5).

1/ We first suppose that d(z,0) < 72%6| Ine|. Then else d(z,0) = dist(z,Ty) <
0 or dist(z,Ty) < —L/2; thus z € Q_(0) and

dist(z,Tg) < —2%\/5| Ineg|.
This gives in view of (H5) that
up(z) < —2Mov/e|Inel.
Then using (3.1), (3.5) and the fact that ho(0) = 0 we deduce
up(z) < —2Mov/e|Ine| < —Mo/e|Ing| + ho(evg), for € small enough,
so that z € Q¢ . Thus by (3.33) we obtain

uf (z, 70e%| Ing) < h_(evg) + Mye? |Inel. (4.52)
Furthermore since
d(z,0)+ S 1 :
U*(x,0) = U( (2, ”8“5' Rl o) — 26 (2, 0)) — stilnso

we deduce from (3.4) and (3.6) that
Ut(x,0) > h_(e(vo(z) — 2k*(x,0)) — Sae2|Ine|) > h_(evo(x) — Sae?|Inel)
> h_(evo(x)) + H1S26% | Ine|.
Thus by (4.52) we deduce
Ut (z,0) > uf(z, 0% Ing|), (4.53)
M,
> 0.
for Sy > I,
2/ In the case d(z,0) > 72%ﬁ| Ine|, we have for S; > 2% + %, where 3 is
defined in lemma 4.1, that

d(z,0) + S14/¢|Ine| 2_2%|lne| (2]\4()+1>|1n5| _
€ o Ve n B
This implies since U, > 0 that

1|lneg]

Ut (x,0) >U<ﬂ NG

,e(vo(x) — 2k%(x,0)) — Soe? | ln£|>.
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Thus using (4.4) and (3.4) one gets

_llne|

Ut(x,0) > hy(e(vo(z) — 2k%(2,0)) — Sae2|Ine|) — Ae™ V=
> hy (evo(x) — Sqe2 |Inel) — Ae2,

which in view of (3.6) gives
Ut (2,0) > hy(evo(z)) + HyS267 | Ing| — Ae>. (4.54)
Furthermore by the estimate (3.31) we have
uf (z, 7% Ingl) < hy (evp) + MQE%|1DE|,
which together with (4.54) implies
Ut (x,0) > u(x, 0e?|Ing|),

for Sy > MOTTA and € small enough. This with (4.53) proves that U™ (x,0) >

uf (2, 79| Ingl) for all x € Q. Similarly one can check that
U~ (z,0) < uf(z, 19e?| Ine|) for all z € Q and concludes the proof of lemma 4.4. [

4.3. Proof of Theorem 1.3. We are now in a position to prove Theorem 1.3.
Using (4.51) and the lemmas 4.3, 4.4 and A.1 with £ = t§ = 79e?| In¢|, we have
U™ (x,t) <us(x,t5+t) < UT(2,t), (4.55)
V= (z,t) < vf(z,t5 +t) < VT (a,t), (4.56)

for all (z,t) € Q x [0, T]. From the definition of V*, (4.23), and the property (4.8)
of k* we obtain

v(@,t) — Kar(T)VeE| Ine| < vf (2,5 +t) < v(z,t) + Kar(T)vE| lne|,  (4.57)

for all (x,t) € Q x [0,T]. Thus using (2.1) and noting that

t

v(x,t) — v(x,t — 12| Ing|) = / ve(x, s)ds

t—7oe?|Ine|
we obtain
v(z,t) — Ky (T)ve|Ing| — Vroe?| Ine| < v (w,t)
<w(z,t) + V2| Ine| + Ko (T)Ve| Ingl,

for all (z,t) € Q x [roe?|In¢l, T|, which implies (1.9). Next we show (1.8). We have
by (4.55) and the definition of U*, (4.22), that

U(W,s(v(ac7t)+2k8(ac7t))+5’2£g|ln£|> < uf(w, 70e?|Ing| +1t) (4.58)

and

(z,t) + ST(t)

d 3
u (x, 702 | Ing|+t) < U( 6 ,E(v(x,t)—2k5(x,t))—5252|1n6|>, (4.59)

for all (z,t) € Q x [0,T].
Let (x,t) € Q x [0,T] such that dist(x,T;) > 255(T) then we have

d(z,t) — S5(t) > S1ve|Ing| > 0. (4.60)
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Thus using (4.58), (4.59), (4.4) and the fact that U, > 0 we deduce that

hy (€(U(l‘,t) + 2k°(x,t)) + 52€§|ln5|> _ Ae—ﬁw

< uf(x,70e%| Ine| +t) < hy <s(v(x,t) —2k%(x,t)) — Sg€3|ln6|>.

In view of (3.5) we deduce that

_ _ d(x,t) — S5(t
hy(0) — H(gV + 2Ky (T)ev/e| Ine| + Spe2 |Ine|) — Ae_ﬁw

< uf(z, 02| Ine| + ) < by (0) + H(EV + 2K (T)ev/z|Ine| + Sae? | Ine|).
Further by (4.60)

_Bd(z,t)—sf(t) _Bs [Ine|
e Ve <e 1"VE < g, for € small enough

and thus for all (z,t) € Q x [0, T] satisfying dist(x,T;) > 255(T) we conclude that
1 —eM; <uf(z,m0e?|Ine| +t) < 14eMy,

where M, is a positive constant. In the same way, one can show the existence of a
positive constant Ms such that

—1—eMy < uf(x, 06| Ine| +1) < —1 4 eMy,

for all (z,t) € Q x [0,T] satisfying dist(z,T;) < —2S5(T). This implies (1.8) and
concludes the proof of Theorem 1.3.

5. Integral of the Green function on a family of hypersurface (Hj)xeca.

5.1. Preliminary notations. Let Hy be a compact hypersurface of R of class
CF, with k > 2 and vy : Ho — R” a unit normal vector on H of class C¥~1. Let
0 > 0 be such that the function 1y defined by

. Ho x (—0,6) — RV
Yo : { (x,s) = o(@,5) = & + svo(x)

is a diffeomorphism from Hy x (=4, ) to a tubular neighborhood Ho(d) of H,.
(5.1)

Let A be a compact set and ¢ : A x Hg — R” a continuous function satisfying the
two following assumptions :

(A1) For all A € A, ¢y : = = ¢()\ z) is a C*-diffeomorphism from Hy to a
hypersurface Hy,

(A2) The differential of ¢, depends continuously on (A, z) € A X Hy.
Let vy be the unit normal vector on H, of class C*~1. We denote by Jac(¢px(x)) the
jacobian of ¢y. Since by (A2), Jac(ox(x)) is a continuous function on the compact
set A x Ho we deduce that there exists a positive constant Cy such that

|[Jac(pr(x))| < Cy, for all (A, x) € A x H,. (5.2)
Finally, we define ¢* by

¢*'{ AxHoxR —RY
' (A, z,9) = o*(\, x,8) = da(x) + sva(dr(x)).
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Further in what follows we denote by B(z, R) the open ball of R of center z and
radius R.

5.2. Uniform tubular neighborhood of .
Lemma 5.1. 1/ There exists so > 0 such that for all A € A the function

. Ho % (—s0,50) — RY
2% { (z,s) — ¢y (x,s) = ¢*(\, z, 5)
is a C*=1 diffeomorphism from Hy x (—sg,50) to the tubular neighborhood of H
denoted by Hx(so)-
2/ Setting 1y the diffeomorphism defined from Ho(so) to Ha(so) by
Py =@} o (1o)™Y, then there exists a strictly positive constant ¢ > 0 such that

[Ya(2") — a(2)| > c|z' = 2|, forall A € A and z,2" € Ho(so). (5.3)

Proof. We first claim that

there exists s1 > 0 such that for all X € A and all (x,s) € Ho % (—s1, 1), Dpi(x,s)
is an isomorphism from T, Ho x R to RY, where T,H, is the tangent hyperplane
to Ho at x.

Proof of the claim : Let A(\ z,s) := |det (Dq&’;\(%s)) ‘, then A is continuous on

A x Ho x R. Moreover we deduce from (A1) that A(A,2,0) > 0. Further from
(A2) we deduce the continuity of A on the compact set A x Hg. Thus there exists
a constant m > 0 such that A(\, z,0) > m, for all (A\,xz) € A x Hy. Since A is
uniformly continuous on the compact set A x Hy x [—1,1] there exists s; € (0,1)
such that

AN, z,8) — A(A, z,0)| < m, for all A € A and all (z,s) € Hg X (—s1,51),

which implies that
AN, z,s) >0, for all A € A and all (z,s) € Ho X (—s1, $1)- (5.4)

Thus the preliminary claim is obtained.

Further since ¢y € C*(Hg % (—s1,51)) and since (\, z, s) — Dy (z, s) is continu-
ous on A X Hg X (—s1, s1) we deduce from the previous claim and the local inversion
theorem with parameter that there exist 7 > 0 and ¢ > 0 such that Hq(n) C Ho(s1)
and

[Ya(2) — i (2")| > c|z — 2’|, YA € A and all (z,2") € Ho(n).
Choosing sq € (0, 7], we obtain (5.3), which in particular implies that ¢ is injective
for all A € A. Finally by (5.4) we conclude that ¢y is a diffeomorphism from Hg(sg)
to Ha(so), which achieves the proof of lemma 5.1. O

5.3. Volume of the balls of the hypersurface H,. We first estimate the volume
of a ball of Hy. More precisely setting for @ € Ho and r > 0 f(x,r) := B(z,r)NHo =
{y € Ho, |z — y| < r} we prove the following lemma

Lemma 5.2. There exists a constant C such that
Vol(B(z,r)) < CrN=Y for all (z,r) € Ho x (0,00). (5.5)

Proof. Let x € Hy. There exists ¢ € {1,..., N} such that the projection, p; from RY
to the hyperplan H; of equation X; = 0, induces a diffeomorphism from an open
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neighborhood O, C Hg of = to an open set O, of H;. We denote by ¢, the inverse
of the restriction of p; to O,, namely

Pgp = (pl‘ol)_l . le — Ow.

Let R > 0 be such that the closed ball of center p;(z) and radius R, B(p;(x), R), is
contained in O, then there exists a constant C, such that

|Jac(x(y))| < C, for all y € B(pi(z), R), (5.6)

where Jac(p,) is the Jacobian of ¢,. Further we set U, := ¢, (B(p;(x), R)). Since
Ho is compact there exists an open finite subcover of Ho, (U, )jcq1,.,73- Let p >0
be the Lebesgue number of the cover (U, ) eq1,..., 7}, then by definition of p every
subset of Ho having diameter less than p is contained in some Uy;.

Let x € Ho, there exists j € {1,...,J} such that §(z,r) C Uy, for all r < p/2. By
the previous remark, there exists a projection p;, which is a diffeomorphism from
Uz; to piy(Uz,;) = B(pi,(x4), R), so that for all 7 < p/2

Vol(B(x,r)) = do(x) = Jac d
(B(z.)) /ﬂ L dote) /WW))| (o)) ldy

</ [Jae(p(u)|dy.
B(pio (Ij),’r‘))
Setting C' := max(Cy, , ..., Cy ) this gives in view of (5.6) that

Vol(B(z,r)) < C/ dy = Can_1vN~1 for all r < p/2, (5.7)
B(pio (I)7T)

where an_; denotes the volume of the unit ball of RN ~1. Moreover since A >

Vol(H) is continuous on the compact set A one has

Vol(B(x,r)) < 2N=1Vol(Hy) 2Nt

— < — < =———C, for all r > p/2.
N1 T VT

This together with (5.7) implies (5.5) and concludes the proof of lemma 5.2. O

We now consider a ball of H and prove a similar estimate to (5.5).

Lemma 5.3. Setting B\, x,r) = B(x,r) N Hy for x € Hy and r > 0, then there
exists a constant C such that for all A € A we have

Vol(B(\, 7)) < CrN=Y, for all (z,r) € Hx x (0,00). (5.8)
Proof. Using the change of variables ¢ on gets
Vol(pOver) = [ dni)= [ [Jac(x(2)ldoo2)
Bla,r)NHA o3 (BN a,r)
< OyVol(g (B, z,7))). (5.9)

Further let M, M’ € ¢, (B(\,2,7)) C Ho and let N,N’ € B(\,x,7) such that
N := ¢ (M) and N’ := ¢»(M'), then applying lemma 5.1, there exists so > 0 such
that for all A € A the diffeomorphism ¥y from Ho(sg) to Ha(so) satisfies (5.3), so
that in particular
1
M = M| < L gn(M) ~ 2 (M) (510)

Noting that M, M’ € Hy and then ¥y (M) = ¢x (M), YaA(M') = dpA(M'), we obtain
from (5.10) that [M — M’| < 1|N = N'| < 20 Thus diam(¢; " (B(\, 2, 7)) < 2~ and
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qS;l(B(x,r) N H,) is contained in a ball, B, of radius ' = 2% Finally, by lemma

5.2 we obtain
o\ V1
doo(y) < C(c) )

Vol(65 (B(Mz.7)) < /

HoNB’

which together with (5.9) implies (5.8) and achieves the proof of lemma 5.3. O
5.4. Integral of the Green function on H,. We set for N > 2 and p € N*

1 J , if — > 1
J(x,y) = ——w— and Jp(z,y) = { ngx_zy) if | —y| P

|z — y| otherwise,

and for N =2 and p € N*

: _ 1
J(z,y) := |In|z —y|| and Jp(z,y) = J(z,y) if |z y| D
In(p) otherwise.
Let
P\ ) ::/ J(z,y)dor(y) and P,(A, x) ::/ Ip(z,y)dox(y) (5.11)
7'[)\ H/\

we prove below that P and P, are bounded.

Lemma 5.4. Let the assumptions (Al) and (A2) be satisfied, then the function
(A, z) = P(\, z) is continuous on A x R™ . Moreover there exists a positive constant
P such that

P\ z)= / J(z,y)dor(y) <P, for all \ € A and z € RV, (5.12)
Ha
Proof. We first consider the case N > 2. Using the change of variables ¢, on has

B\ z) = 5 Jp (@, A (2))[Jac(pa(2))|doo (2)-

Since (A, z,2) = Jp(z, ()| Jac(px(x))| is continuous and bounded by Cyp™¥~2,

which is integrable on Ho, we deduce that (A, z) = P,(\, z) is continuous on A xR
We next prove the uniform convergence of (P,) to P on A x RY, as p 1 co. We
have

0< PO =R = [ I B AR )

< / J(2,y)do(y). (5.13)
’HAQB(Z,%)

Let g € N, we set B, = Ha N B(amp%), so that |z —y| > pzq% for y € B4\ Bg+1-
We obtain from (5.13) and lemma 5.3

0 <P z) = Pp(X,2) < Bgen J(z,y)dox(y)

Bq\Ba+1
< Vgen P27V 2V ol (8, \ Bys1) < Bgen (p297H)N 2V ol (8,),
so that

N2 1 N aN
0 S P()\,.’L') _Pp(>\,$) S quN(p2q+ ) - <p2q> C = P C
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Thus the sequence of continuous functions (P,) converges uniformly to P on AxR”Y,
as p T oo and then P is continuous on A x RY. Further let Ry be such that
d(A x Ho) C B(0, Ry) then the continuity of P on A x RY implies that

P is bounded on the compact set A x B(0, Ry + 1). (5.14)

Moreover let x ¢ B(0, Rg + 1) we have 0 < J(x,y) < 1 for y € H,, so that

PO\z) < [r[ dor(y) = /H | Tac(éa(x))ldoo(2) < CyVol(Ho).

This together with (5.14) implies (5.12) and concludes the proof of lemma 5.4 in
the case N > 2. Similarly, one can show lemma 5.4 in the case N = 2. O

Finally, we deduce from lemma 5.4 that the integral of the Green function on
T'; or on continuous perturbation of I'; is bounded. More precisely we will apply
lemma 5.4 with successively A = ¢, A = [0,7T] and with A = (¢,&), A = [0,T] x [0, &)
with &y to be chosen later to deduce the following Corollary.

Corollary 1. Let (u,v,T), with T = (T'y x {t})te[o,f] be the solution of the free
boundary Problem (P) and let G be the Green function associated with —A +~y with
Neumann condition then there exists a positive constant G such that

|G(z,2")|dz’ < J/ |J(z,2")|dx’ < G, for all (z,t) € 2 x[0,T]. (5.15)
T ¢

Moreover, setting
[y :={x€Q, d(z,t) =0}, where d*(z,t) = d(x,t) + 251/¢| Ingle™ "’

then there exist €9 > 0 and a positive constant G1 independent of S1 such that
/F |G(z,2")|dz’ < Gy, for all (z,t,e) € Q x [0,T] x [0,&]. (5.16)
Similarly th;re exists a positive constant Go such that
/F |G(z,2")|da’" < Ga, for all (z,t,r) € Q x [0,T] x [-L, L], (5.17)
+rn

where n is the normal to T'y and L € (0, so).

Proof. We recall (see for example [3] p.1214) that there exists a positive constant
J such that

|G(z,2")| < TJ(x,2), for all (z,z') € Q2. (5.18)

Since I' € C2+®*5* | the function ¢, related to I' and defined by (A1) is a C?F@
diffeomorphism from Ty to Iy and t +— Ty € C72*([0,T]) ¢ C([0,T]). Thus
applying lemma 5.4 we deduce from (5.12) and (5.18) the estimate (5.15). Further
let ¢ small enough such that 25;v/z|Inele™T < s¢ then since (t,e) — Ty, €
C*5*°0([0,T] x [0,&]) € C([0,T] x [0,&0]) we also obtain from lemma 5.4 the
estimate (5.16). In the same way, assuming that L < so and then using (5.12) and
the fact that (£,7) — Ty +rn € C*2%([0,T] x [~L,L]) € C([0,T] x [-L, L)) we
deduce (5.17). This ends the proof of Corollary 1. O



SINGULAR LIMIT 803
Appendix A. Appendix : Comparison principle. In this Section, we recall a
classical comparison principle lemma and we refer to [4] for its proof.

Lemma A.1. We assume that u, v, w and v are four bounded functions satisfying
the following inequalities

$(w,v) >0 and L5(u,7) <0 in Q x (0,T) (A1)

L5(w,v) > 0 and L5(u,v) <0 in Q x (0,7T) (A.2)
%gog%and%goga—g on 9 x (0,T) (A.3)

w(x,0) < uf(x,t) < u(z,0) for x € Q (A.4)

v(z,0) < ve(x,t) < v(x,0) forx € Q, (A.5)

for some t € [0,T). Then we have

w(x,t) <uf(z,t+1t) <a(z,t) inQx[0,T) (A.6)

v(z,t) < vi(z,t+1t) <o(x,t)  in Qx[0,T). (A7)

Moreover w and u are called respectively supersolution and subsolution of u®. In the
same way, v and v are called respectively supersolution and subsolution of v=.
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