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ABSTRACT. We consider a model of mean field games system defined on a time
interval [0, 7] and investigate its asymptotic behavior as the horizon T tends
to infinity. We show that the system, rescaled in a suitable way, converges to
a stationary ergodic mean field game. The convergence holds with exponential
rate and relies on energy estimates and the Hamiltonian structure of the system.

1. Introduction. The aim of this paper is to study the asymptotic behavior, as
T goes to infinity, of the solution (ul, m?) to the mean field game system in [0, T):

(i) —ow® — AuT + L Du”|? = F(z,m")

(i1)  OymT — AmT —div(mT Du’) =0 (1)

(iii) mT(0) = mo, vl (x,T) = G(x)
Let us recall that the above system has been introduced by Lasry and Lions to
describe differential games with a infinite number of indistinguishable players [11,
12, 13]. Its heuristic interpretation is the following. An average agent controls the
stochastic differential equation

dXt = Oétdt + \[2dBt y Xo =T

where (B;) is a standard Brownian motion. He aims at minimizing the quantity

T
1
E / 5|as\2 + F(Xs,ml) ds + G(X7)
0
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His value function u” then satisfies (1)-(i) while his optimal control is -again
heuristically- given in feedback form by a*(x,t) = —Du(z,t). Now, if all agents
argue in this way, their density m(x,t) at time ¢ will evolve with a velocity which
is due, on the one hand, to the diffusion, and, on the other hand, to the drift term
—Du(z,t). This leads to the Kolmogorov equation (1)-(ii).

It is a natural question to investigate the behavior of the solution (u”', m™) of (1)
when the horizon becomes larger and larger. For this study, we assume that the data
are periodic in space, e.g. Z™ —periodic to fix the ideas, and we set Q; = [0, 1]V.
Then we introduce the rescaled maps

ol (t,z) == uT (T, x) ; pr(t,x) == mT (T, x) (t,z) € [0,1] x RN . (2)

and the ergodic problem, with unknowns (X, @, m), introduced by Lasry and Lions
in [13]:

(i) A—Au+ 3|Du* = F(z,m)
(i5) —Am —div(mDa) =0 (3)
le tidr =0, le mdr =1

Our main result states that, as 7' — +oo, v /T converges to (1 — t)A while u”
converges to m in LP for some p > 1 provided F : RN x R — R is increasing with
respect to the last variable (Theorem 2.1). If, moreover, F is uniformly increas-
ing with respect to m, these convergences hold with a (locally uniform in time)
exponential rate (Theorem 3.1).

In order to compare our result to the existing ones and explain our method of
proof, let us briefly recall what happens when the system is decoupled (i.e., F =
F(z)). In this case, the first equation becomes a standard viscous Hamilton-Jacobi
equation, for which the analysis of the long time average has been the aim of several
works in the recent years: see in particular Evans [5], Arisawa-Lions [3] and Barles-
Souganidis [4]. The main difficulty in the proof of the convergence is concentrated
in the construction of a solution (), ) of the ergodic problem (3-(i)). Indeed, given
(A, 1), one easily checks that the maps @ + A(T — t) & C are super/subsolution of
(1-(i)), and the comparison principle implies that u? — 4 — A(T — t) is bounded.
Hence u” (0, -)/T uniformly converges to A. As for the convergence of m7, it is just
the convergence of a distribution towards the invariant measure m, which can be
deduced from the convergence of Du”.

It turns out that the coupling in the system (1) radically changes the nature of
the problem: indeed, to prove the convergence of u”', it is mandatory to know that
the term F(x,m”) has a limit, while the convergence of m’ cannot be expected
unless DuT converges. Note also that initial and terminal conditions are fixed so
that we cannot expect a convergence at time ¢t = 0 or at ¢t = 7. To the best of our
knowledge, this kind of problem has been considered in the literature only in [6],
for discrete mean field games (where time and space are discrete): in that paper
the convergence, with an exponential rate, of the discrete equivalent of (1) to the
discrete equivalent of (3) is proved. To handle the difficulties due to continuous time
and continuous space, we first introduce the scaling (2) and study the behavior of
(vT, uT) into compact subsets of (0,1) x Q. The key ingredient of the proofs is the
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following energy equality, established in [11, 12, 13]:

1 T m
/O / %IDUT — Daf? + (F(z, uT) — F(z,m))(uT — m) dzdt

1 1

1 | [ 07 - 06T - mas

T B 0

(4)

The (heuristic) interest of this equality is the following: by (3-(ii)), m is bounded

below by a positive constant, while m is always nonnegative; on another hand, F' is

increasing with respect to the last variable. Therefore the above inequality implies

that the quantity ||[D(v? — @)]|2 is controlled by the right-hand side. It turns out

that this right-hand side vanishes as T' — +o00. Indeed, the mean field game system
(1) has an Hamiltonian structure which entails that the quantity

% mT (t) | Du” (t)|? der/ (DU (t), Dm™ (t)) da 7/ ®(z,m” (t)) dx

Q1 1 1
—where ®(z,-) is a primitive of F(z,-)—does not depend on ¢ € [0,7] and is
bounded with respect to 7. For ¢ = 0 this gives a bound on || DvT(0)||2, which in
turns implies that the right-hand side of (4) tends to 0. Once we know that || D (v’ —
)|z vanishes, one gets the convergence of u” to m, and then the convergence of
oTT.

Although, for simplicity, we consider here only the case of quadratic Hamiltoni-
ans, we expect that the results actually hold for much more general systems of the
form

(i) —0w — Aul + H(z, DuT) = F(x,mT)
(ii)  OymT — AmT — div(mT D, H (z, Du’)) = 0
(#5i) m(0) = mo, u(T) = G(x,m(T))
where F' and G can be local, or nonlocal, functions of m. We intend to come back
to this more general framework in a future work.

The paper is organized as follows: In the first section, we assume that F' is
increasing and prove the convergence of v’ /T and u”. In the second section we
show that the convergence is actually exponential when F' is uniformly increasing.
We complete the paper by a proof of the existence of a classical solution to (1)
without any growth restriction imposed on F'.

2. The convergence result. Throughout the paper, we assume that F' : RV x
R — R is a C' function which is Z" —periodic in = and increasing in m. We also
assume that

mo : RY — R is Lipschitz continuous, Z~ —periodic, mo > 0 and le mo = 1.
and that
G : RN — R is ZN —periodic and C2.
Under the above conditions, the Cauchy problem and the ergodic problem are well-

posed:

Proposition 1. Under the above assumptions, there is a unique classical solution

(wT,mT) to (1). In the same way, equation (3) has a unique classical solution

(A, @, m). Moreover m = e~ "/ e ™) >0.
Q1
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The proof of Proposition 1 is given in appendix. Let us stress that no condition
on the growth of F(z,-) is assumed, moreover this result actually holds under the
weaker assumption that F' is nondecreasing with respect to m.

Let us recall the notation for the scaled functions
ol (2,t) == u” (2, tT) ; wt(z,t) == m” (2, tT)

Theorem 2.1. As T — +oo,
o the map v (t,-)/T converges to (1 —t)X in L*(Q1) uniformly with respect to
t€[0,1],
o the maps v1 /T and vT fQ (t)dy converge to the maps (1 —t)\ and @
respectively in L?((0,1) x Q1),
o the map p? converges to m in LP((0,1) x Q1), for any p <

o the maps F(-,u”) and F(-,u")u” converge respectively to F( m) and to
F(-,m)m in L1((0,1) x Q1).

N+2

Remark 1. If we only assume that Fis nondecreasing, we show the same con-
vergence for the maps v7 /T and vT fQ (t)dy. However, in this case we only

prove weak convergences of the maps u’ and F(-, uT).

Remark 2. The assumptions on mp and G(z) could be weakened, obtaining the
same convergence result. In particular, the C? character of G(z) is only assumed
here to work with classical solutions. Up to a slight refinement of the preliminary

a priori estimates below, one can actually take a final cost u(z,T) = G(z,m(T))
where G is nondecreasing with respect to m.

We need some preliminary estimates. In order to simplify some computations, we
assume, without loss of generality, that F' is non negative (otherwise, one can replace
F by F —mingeq, F(z,0), which is nonnegative since F'(z, -) is nondecreasing).

Lemma 2.2. For any 0 <t; <ty <T we have

[ RGO )

/ / \Du — Du|* + (F(z,m") — F(z,m))(mT —m) drxdt =0

Proof. This computation comes directly from [13]. Since T is fixed, we simply write
m and u instead of m? and u”. We first integrate over (t1,t3) x Q1 the equation
satisfied by (u — @) multiplied by (m — m). Since le(m(x,t) —m(z))dx = 0, we
get, after integration by parts:

[ ~autm—m)+ (Dtm—m), Du - ) + 5 m ~ m)(Duf - |Daf)

/:z/l(F(x,m)F(I,m))(mm)'

In the same way we integrate over (t1,t2) x Q1 the equation satisfied by (m — )
multiplied by (v — @):

/t/ (u— @)dm + (D(m — m), D(u — @)) + (mDu — mDa, D(u — @) = 0.
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We now compute the difference between the second equation and the first one:
ta
/ O[(u —a)(m —m)] + (mDu — mDu, D(u — ))
t1 J@Q1

—%(m —m)(|Du|? — |Dal?) + (F(x,m) — F(z,m))(m —m) =0 .

To complete the proof we just note that

(mDu — mDi, D(u — @)) — %(m —m)(|Dul? — |Dul?) = M|Du — Dal*.

O

Another crucial point is given by the following lemma, which exploits the fact
that system (1) has an Hamiltonian structure. Note that this is directly related to
the optimal control interpretation of the Mean Field Games system ([12]).

Lemma 2.3. There exists a constant MT such that

1 m?T uT (t)]? dx u” mT T
5, @D e [ (Do), Dm0 d

—/ ®(z,m" (t))de = MT vt € [0,T)

1
where ®(z,m) = [J" F(z, p) dp.
Proof. We multiply (1)-(i) by 9ym® () and (1)-(ii) by d;uT(¢). Summing the two
equations we get, at (¢, x),
1
—AuTom™ + §|DuT|2 oymT — F(x, mT)(?tmT = AmTo,uT + div(m® Dul)ou”

Integrating with respect to x gives:

/ (<DuT,8tDmT> + (DmT,atDuT>) dx

1

1
o [ oDt o (i )] o~ [ Pl =
1 Q1

This means that
d 1
— {/ (Du”, DM dax + = m”|Du”|? dz —/ ®(z,m") dm} =0,
dt Q1 2 Q1 1

hence the conclusion. O

We deduce the following

Corollary 1. We have
(i) MT is bounded with respect to T.
(ii) |Du®(0)| is bounded in L*(Q1).
Proof. On one hand we have (since F' > 0 and u(T) = G(z))
1
MT = / (Du(T), Dm(T)) dx + 5/ m(T)|Du(T)|? dz —/ O(z,m(T)) dx
1 1 1

1
— Au(T)m(T) dx + 5/ m(T)|Du(T)|2 dx < Clm(T)| g, = C-
Q1 Q1

IN
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On the other hand we have

1
MT = / (Du(0), Dmyg) dx + 3 mo|Du(0)|* dx — / O (z,mp) de
1 Q1 1
where, since mg > 0,

|Dm0|2

mo

dr .

1
<= m0|Du(O)\2dm+/
4a

‘ / (Du(0), Dmo)da

1

Hence

1
MY >~ [ mg|Du(0)|*dz — C .
4 Jq,

In particular M7 is bounded both from above and from below. We also deduce
from our last inequality that

/ |Du(0)|* dz < C,

1

so that | Du(0)| is bounded in L?(Q1). O
Combining Corollary 1 with Lemma 2.2 we get:
Lemma 2.4.
/OT / MWUT — Dl + (F(z,m") — F(z,m))(m" —m) dedt < C (5)
In particular
1 /T m” |DuT |* dzdt < C (6)
TJo Ja

and

1 T
lim f/ / |Du” — Da|? dadt =0 . (7)
T—~+oco T 0 L

Proof. Using Lemma 2.2, we have
T
T _
/ / M|Du7ﬂ _ D’L_L|2 + (F(x7mT) _ F(f,m))(mT — ) dwdt
0 1

- / (W (0) — @) (mo — m)dz — / WT(T) = @) (mT(T) — )da

1 1

Recalling that u” (T') = G and the bounds assumed on G, the last term is bounded.
If we set 47 = le uT dx, we have

/ W (0)(mo — m)dz = / (W7 (0) — a7 (0))(mo — m)dz
< C ([mollse + lImlloo) 1D (0)[| 2(qy)

and using Corollary 1 we conclude that this is bounded. Therefore, we obtain that
(5) holds. O

Next we estimate the space derivative of m7.
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Lemma 2.5.

I,

where L(s) = slog(s) — s + 1.

2

Dy/mT(z,t)

T
dxdt §C’/ m?T (z,t)|Du” (z,t)|>dzdt
0 JQu

+ Lmo(a)ds

Remark 3. According to Lemma 2.4, the right-hand-side of the above inequality
is bounded by CT.

Proof. Since T is fixed in the estimate, we simply set (u,m) = (u?,m”). We
multiply by log(m) the equation satisfied by m and integrate over (0,7) x Q1 to

get
/1L(m(T))+4/OT/1 |Dy/m|” dadt < /OT/Ql |Dm|Du|+/Ql L(mo)

(Note that L'(s) = log(s) and L(s) > 0.) Since, by Young’s inequality, we have

T T 2 T
1 D 1
/ / |Dm||Du| < 7/ / |Dm| —1—7/ / m|Dul?
0 Q1 2 0 1 m 2 0 1
T 1 /T
= 2/ / |Dv/m|? + f/ / m|Du?
0 1 2 0 Q1

the desired inequality is proved. O

Corollary 2.

T
/0 HmT”LN*/(N*—z)(Ql) <CT (8)

where N, = N if N > 2 while, if N = 2, N, is any value such that N, > 2.

Moreover, if N > 2 and o = N;,r2, then we have

;/OT/I(mT(x,t))a <C. (9)

If N =2, inequality (9) holds true for every a < 2.

T 'mT). Since

Proof. As usual we set (u,m) = (u*,m
/ (Vm(t)*=1  Vvte[0,T],
1

using Sobolev inequality combined with Lemma 2.5 we obtain

T T
| IWEOR s, <0 [0+ IDVm@le) <CT. 0

Ny —2 (Ql)
where N, = N if N > 2, while, if N =2, N, > 2. In particular, we get (8). Now,

for € (0,1) and v =1 70+9NN12 € (1, %), we use the interpolation inequality

—9 9%
ImON1Z2e gy < It Im Ol & -2 o) »
to get

! ! 1 T 02N
7)) [ menydsde< g [DvmI
1

LN«=2(Q1)
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If N > 2, we have N, = N and choosing 6§ = Y22 (ie. o = 2F2) we conclude

using (10). If N = 2, for any o < 2 we can choose N, = % so that HN]:[iQ =1
and again we conclude. O

Proof of Theorem 2.1. Since (u'') is bounded in L*((0,1) x @Q;) for N > 2 (or in
L? for any p < 2 if N = 2), a subsequence converges weakly to some p. Note that
p is ZN —periodic, g > 0 a.e. and le w(x,t)de =1 for a.e. t € (0,1). Our aim is to
show that ;1 = m. Let ¢ = ¢(x) be a smooth test function. For any 0 < t; < to < T
we integrate over (t1,t2) X Q1 the equation satisfied by ! multiplied by ¢: we get

1 to to
. {/1MT¢L1 +/tl / —1TAG + uT (DT, D) = 0. (11)

Since Lemma 2.4 implies that

2
lim / / pF|DvT — Dal? dzdt = 0
T—+o00 t N

using Schwartz inequality and since ||u”||11(g,) = 1 we deduce that

ta
lim / / p?((DvT — Du), Dp) = 0.
T—+o0 t )

Thus, the weak convergence of ' implies, being u and ¢ smooth, that

/:2/1 T D¢) — /1 (D, Do) .

We let then T'— +o0 in (11) to get:
/ / —pA¢ + p(Du, Dp) =0
t1 1

for any smooth test function ¢ = ¢(z). In particular, z := (1/(t2 — 1)) f:f wis a
weak solution to

—Az —div (zDu) =0, / z=1.

The next Lemma 2.6 implies that (1/(t2 — 1)) fttf = m, and then, since t1, t5 are

arbitrary, p = m, which proves the weak convergence of (u”) to m. Note that this
weak convergence is established without using the increasing character of F' with
respect to m, see Remark 1.

Lemma 2.6. Let % : RY — R be a C? periodic function. Then there is at most one
signed measure i on Q1, which is periodic and a weak solution to

— Ap —div (uDu) =0, / w=1 (12)

We postpone the proof of the Lemma and proceed with the analysis of the be-
havior of 7. By Lemma 2.4, we have

lim / /Q(F(gc, pr(t,x)) — F(z,m(z))(u’ (t,z) —m(z)) dedt =0.  (13)

T—~+oco 0

Using now that F'(z,) is increasing, the above limit implies that (u7') converges to
m a.e. and, therefore, strongly in LP for any p < a.
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We now claim that F(-, uT) converges to F(-,m) in L*((0,1) x Q1). Indeed, let
L be a Lipschitz constant of F' on Q1 X [0, ||m||s + 1]. We have

1
/ |F(x,4") — F(x,m)| dudt
0 J@u
= //{ T>7+1}(F($’“T) — F(a,m))(n" — m) dudt

TG — F(x,m(z T
+//{NT§m+1}|F( o (x,1)) = Fa,m(z))| dedt

< ¢ + L// | (x,t)) — m(z)| dedt
T {uT <m+1)

where the last inequality comes from Lemma 2.4. Since the right-hand side vanishes
as T — 400, our claim is proved. Similarly, using (13) and since u? converges to i
a.e., we conclude that F (-, uT)uT converges to F(-,m)m in L'((0,1) x Q1).

Let us now check the convergence of v7. We know from Lemma 2.4 that DvT
converges to Du in L2((0,1) x Q7). Let us integrate the equation satisfied by v’
on 1 x (0,1):

% (/1 UT(x,t)dac — o G(x)dx) + % /tl/l |DUT|2dxds
/tl/lF(x,uT(s))dxds

where DvT — Du in L? and F(-,uT(-)) — F(-,m) in L((0,1 x Q1). So

lim ;/1UT(x,t)dx: (1—t)/1 [—;|Du|2+F(a:,m)] do = (1— )X

T—+o00

Note that the convergence is actually uniform with respect to ¢t € [0,1]. Using
Poincaré-Wirtinger inequality, we get, setting (v?) = [ o vldr and 07 = 0T —(vT),

/01/1|@Tafgc/;/lw(ﬂa)ﬁ%o

This shows the convergence in L? of 7 to @ and, since <UTT> — (1 —t)\, the
convergence in L? of %’UT to (1 —t)A.

We are finally left with the pointwise convergence of % to A(1 — t) for any
t € 0,1]. For this we note that

0 ﬁ =-AvT + 1|DUT|2 — F(x,u")
t T 2 ’
where the right-hand side is converging in L2((0,1); H=1) + L'((0,1) x Q1)). We
recall from [16], Theorem 1.1 that the space

{ve L((a,b); Hy(Qu)) with v, € L*((a,0); H™") + L'((a,b) x Q1)) }

is continuously embedded into C°([a, b]; L}(Q1)). A straightforward adaptation of

this result is possible to our case, i.e. u € L*((0,1); H(Q1)) with periodicity con-
T

ditions. Therefore, we actually conclude that % converges strongly in L'(Q1)

to A(1 — t) uniformly with respect to ¢ € [0, 1]. O
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Proof of Lemma 2.6. Let vy and 15 be two solutions. Let us set v = v — va. For
any smooth periodic map f : R — R there is a unique ergodic constant & for which
the following equation

§ — Aw + (Dw, D) = f

has a smooth, periodic solution w. Then
fdv = / (=Aw + (Dw, Da))dv =0
Q1 1

because v(Q1) = 0 and v is a solution to (12). Since f is arbitrary, this implies that
v=0. O

3. The convergence rate. In order to estimate the rate of convergence in The-
orem 2.1, we now assume that F' = F(xz,m) has a growth rate which is bounded
from below: namely we assume that there is some v > 0 such that

F(z,s) — F(x,t) > vy(s—t) Vs >t, Vo € RY . (14)
Then we have
Theorem 3.1. Let us set 4’ = u” —/ u®'(x,t) dz. Under assumption (14) there

Q1
is some k > 0 (independent of T) such that

C
~T = < —r(T—t) —rKt
a7 (t) = lr @) < 7 (e tet)  we(0,T),  (15)
c —k(T— —K
Im”(t) =l < 7 (T +e)  vie(0,T)  (16)
and
ul(t) - ( t) C
—Z 31— <= Vte (0,7 —1). (17)
T T/lpy T

Remark 4. The estimates (15) and (16) can be rephrased in terms of the scaled
functions v7', uT, giving

C —rT(1—t) —ktT

lo™ () —/ vl (t) dy -l < = (e re ) vt € (0,1)
Q1 T 1—t¢

and

) O [e—FT(=1) 4 g=riT
I () =Ml < = (

vt € (0,1).

€ (ETETY
With respect to Theorem 2.1, we obtain here that the convergences are pointwise
in time, and actually hold uniformly on compact subsets of (0,1) at an exponential
rate. Finally, (17) implies

v''(t)
T

—-A(1-1) ¢

<

LY(Q1)

providing a rate for the L!- convergence of v’ /T which was established in Theorem
2.1.

The main ingredient of the proof of Theorem 3.1 is the following energy estimate:
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Lemma 3.2. Under the assumptions of Theorem 3.1 there exists o > 0 (indepen-
dent of T') such that

(1-8T
/ / |Du” (z,t) — Du(x)|* dedt
oT 1
(1-8)T (18)
+/ / |mT (x,t) — m(z)|? dedt < Ce=7°T
oT 1
for every § > 0.

Proof of Lemma 5.2. As usual we drop the dependence on T' of (u”,m”). Let us
set

o(l) = / (it — @) (m — ) da .

It is a consequence of Lemma 2.2 that

%cp(t) :_/ {m;m|D(u—ﬂ)|2+(F(a:,m)—F(x,m))(m—m)} dz. (19)

By assumption (14) we have
(F(z,m) — F(z,m)) (m —m) > y(m —m)*

while using Poincaré-Wirtinger inequality and the fact that ming, m > 0 we have,

for some ¢y > 0,
/ %|D(u—ﬂ)|2 Zco/ i — a2 dz.
1 1

/1 {m-i-mD(U—U)|2+(F(x,m)_F(x7m)) (m—m)} de

Therefore

2
zco/ \ﬂfﬂ|2dx+’y/ (m —m)?*dx
1 1

>0

/l(ﬂﬂ)(mm)da:

for some o > 0. We have obtained so far that, for some o > 0,

d d
—p < — —p < T) .
pri s and pril vt e (0,T)

Integrating the first inequality in (0,¢) and the second one in (¢,T) we get
e " TVp(T) < o(t) < p(0)e™"t Vi e (0,T).
Since u(T") is bounded and le mdz =1 we have
SD(T) >-C,

while in view of Corollary 1 combined with the Poincaré-Wirtinger inequality, we
have

0(0) < (molloe + 7lo0) / (0] + [[afloe < C -

1

Then we conclude that

_Ke—a(T—t) < (p(t) < Ke—at
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for some constant K > 0. Coming back to (19) we deduce that

/b/l{mm]J @) + (F(w,m) = F(a,m)) (m — m)}dmdt

= p(t1) — p(t2) < K (e77 + e o(T12))
Choosing t; = §T, to = (1 — 6)T, and recalling that m > 0, we get

(1-8)T
/JT {1D(u — )| + (F(x,m) — F(x,m)) (m —m)} dedt < C Ke=°T

for every § > 0. Using assumption (14) we also deduce (18). O

Proof of Theorem 3.1. Let us consider the equation of 4 — u. Setting v = @ — u, we
have

1 _
—Ut—Av+§|Dv|2+(Dv,Da) = F(x,m)—F(w,m)—i—)\—i—%/ u(y, t)dy . (21)

Let T1(s) = max(—1,min(s, 1)) and ©1(s) = [, T1(y)dy. Observe that DTy (v) =
Dux{v|<1y a.e. We multiply (21) by T3 (v)(to — t) and integrate over (7,tg) X Q1.
Since

/ ’ / STy () (to — 1) dadt = (to—7) | ©:1(u(r)) da / " ey(v) dadt,
T 1 Q1 T Q1

/Tto/lA” Ti(){to —1) dffdt—/:ofl DT (0) 2 (to — t) dadt > 0,

we have

to

(to—7) | ©1(0(r) dz < / O, (v) dadt
Q1 Q1

T

+/:°/1 (—;|Dv|2 — (Dw, Da) (22)

+F(x,m) — F(z,m) + X+ — d (t, y)dy) T1(v)(to — t) dadt

dt

We now estimate each term in the right—hand side. Since ©1(s) < s2/2 we have by
Poincaré-Wirtinger inequality,

2
©1(v) dxg/ Yax<c |Dv?| da .
Q1 1 2 Q1
Using that |71 (v)| < min(1, |v|) and Poincaré-Wirtinger inequality again, we get

‘/ (1|D”2 +(Dv, Dﬂ>) Ty (v) dz

1 1
<50+ |Dall) [ |DoPdot JDal [ ol ds

1 Q1

[\)

SC’/ | Dvl|? da
1
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Moreover we have

Jo, 1F(z,m) — F(z,m)||T1(v)|dx = 0 —[\<1} |F'(z,m) — F(z,m)||T1(v)|dz
+ i |F(x,m) — F(x,m)||Ty(v)|dz
{lm—m|>1}

If |m —m| < 1 we have |m| < 14 ||, so that m, m are in a bounded set; since F
is locally Lipschitz continuous, we have

|F(z,m) = F(z,m)| <ylm —m| Vm,m :|m—m|<1,|m|<|m|
for some constant 4. Therefore, using Young’s inequality we have that
1
|F(x,m) — F(z,m)||T1(v)|dz < 3 / lv|dz+C [ (m—m)*de.
Q1 Q1

{lm—m|<1}

Using once more Poincaré inequality and (14), we obtain therefore

|F(x,m) — F(x,m)||T1(v)|dx

{lm—m|<1}

<C |Dv?dx+C | (F(x,m)— F(z,m))(m —m)dz.
Q1 Q1

Since obviously
/ Pz, m) — F(z,m)| [T (v)|dz < / (F(z,m) — Fz,m)) (m — m)da ,
{m—m|>1} !
we conclude that
|F'(z,m) — F(z,m)||T1(v)|dz
Q1

<C |Dv|?dx+C | (F(x,m)— F(x,m)) (m —m)dx.
Q1 Q1

In order to estimate the remaining terms in (22), let us recall that

— 1
A= [F<y,m> - |Du2} ay.,
Q1 2

d 1
ﬁ/ u(y, t)dy = / {QIDUI2 - F(y,m)] dy .
Q1 Q1

So we can argue as above to get

[ (g ) i

1
< o, Jo |[F(y,m) = Fy,m)|[T1(v)| + 5| Dvf* + (D, Dv)||T1 (v)] dudy
< C’/ |Dv|? dz + C (F(z,m) — F(z,m)) (m—m) dz.

Q1 Q1

<
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Putting all these estimates together we obtain finally from (22) that

(to — ) @1 ) dx < c/ / \Dv|2dxdt+c/ / |Dv|? (to — t) dadt
+C /T / (B (wm) — F(wm) (m = m)to 1) ddt,

which yields

/161(v(7))dx§0(1+t01_7_> /Tt/ | Dv|? dzdt

+ c/:o / (B (wm) — () (m — m)dec

Using (20) we deduce

O1(v(r))dx < C <1 +

; ) (e_” + e_”(T_tO)) Vtg € (r,T)
Q1 0o—T

Choosing tg = 7 + 3(T — 7) and since |s| < C' max(©1(s), /O1(s)) we deduce (15)
for some k > 0.

We use a similar argument in the equation of m—m. Let us denote by ¢ = m—m.
Note that ¢ satisfies

— Ap —div(pDu+mD(u— @) =0.
We multiply by T (¢)(t — to), where tg € (0,7), and we integrate in (tg, 7). We get

(t—to) da?+// |DTy (@) (t — to)dadt
:/T 5 O1(p) dxdt+/ /1 (Dt 4 D(u — @) ¢ DTy () (t — to) dadt

+ / mD(u— @) DT () (t — to)dadt
Q1

We have

| wu+pu-a)epnids < [ IDT)Pls

1 1
1 1
+f||Da||§o/ ol? dz + 7/ D(u— @) dz.
2 Q1 2 Q1
Similarly, we estimate

1 1
mD(u - )DTi(¢)ds < 5 [ |DTi)Pdo+ 5lml [ 1D( -0 da.
Q1 1 Q1

Then we deduce from (24) that

(7 —to) / O1(p(7))dx < = / / 2 dxdt
+C’/ / lp|? (t — to) dmdt+C/ / 2 (t — to)dxdt
to 1 to 1
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which yields

Jo, ©1(p(r) de < C (14 25 ) fy fo, * dudt+C [ [ |D(u— )| dadt.
From our assumption (14) on F we have

o < 2 (F(z,m) — F(z,m))(m —m).

2

Therefore, using (20), we can conclude that

O1(p)(r) do < C (1 T ) (et o) .

T —10

Q1
We choose tp =  and we conclude as before that (16) holds true.

We now prove (17). To this purpose, we first claim that
‘/ u(y,t)dy—)\(T—t)’<C vte (0,7 —1). (25)
1

Proof of (25): the computation are very close from the ones we did previously.
Recalling the notation v = @ — @ and (23), we have

5ot 5 [ ultydy = [ (Plaim) — Fam) + 5[Dof? + (Da, Dv) do
Ql 1

Hence we get
-5~ [ Sy 0y = - /Q (. Ty - / ' / (F(r,m) ~ Flam)

T
1
+/ / 5\Dv|2+<Da,Dv> dadr .
t 1

(26)
As before we estimate

/tT/l(F(x,m) — F(z,m))| < /tT/l(F(x,m) — F(z,m))(m — m)dzdr

+7 / |m — m|dzdr
{Im—m|<1}

which yields, due to (20),

/ ' / (F(rm) ~ F(am)
{Im—m|<1}

We split last integral in the subsets (¢, + 1) and (¢ 4+ 1,7, and in this last term
we use (16) obtaining

<K(1+e M +y / |m — m|dxdr .

T
|m — m|dzdr < 1+/ / |m — m|dzdr
t+1JQ,

{lm-m|<1}
T
<1+C —(e™T=7) L e ) dr < C(1 + e ).
t+1 T
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Therefore, we conclude that

[T/memwﬂmm»

Similarly we estimate the energy terms. Splitting the integral between (t,7 — 1)
and (T — 1,T) we have

T
/ / (Du, Dv) dxdr
t 1

T-1 T %
/ /(Dﬁ,Dv) dadr| + || Dl r2(q,) / /|Dv|2dxd7
t 1 T-1JQ:

T-1
/ /(Dﬂ,Dv> dxdr
t 1

due to (20). On the other hand, since

T-1 T-1
/ / (Du, Dv) dedr = —/ / vAudzdr,
t 1 t 1

using the C? character of @ and (15) we have

T—1
/ / (Du, Dv) dxdr
t 1

On account of (20), overall we deduce that

<C. (27)

<

< +C(1+e )2

T—1
1
<C = (,—k(T—T) A\ dr < C(1 —kt )
<o T e s ca e

T
1|Dv|2 + 2(Da, Dv) dzdr| < C. (28)
t 1 2

Since ug is bounded, we conclude from (26), (27), (28) that (25) holds true.
Finally, to show (17), we just note that, for ¢t € (0,7 — 1), using (15) and (25) we

get
Je

i 1

<7 QIIU(t)—u\ dr + — Q1|u| dzv-i—T’/lu(t)daz—)\(T—t)
C c _cC
—k(T—t) —kKt e
—T(T—t)< T )+T—T'

Remark 5. As addressed in [12], the system (1) can be interpreted as the optimality
system of an optimal control problem, more precisely a bilinear control problem
where the state equation is the Fokker—Planck equation

Om — Am —div(my) =0 in (0,7) x @1, m(0) =myg

and the control problem given by

r 1
igf/o /1 {2m1/)2 —i—@(axm)}dwdt
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where ®(z,m) = fom F(x,p)dp. On this viewpoint, our analysis proves the con-
vergences of the optimal control 97 = Vu” and the optimal state m” towards the
optimal control and state Vu, m of the associated stationary control problem. In
particular, Lemma 3.2 shows the exponential L? convergence (in the transient time)
when ® has at least quadratic growth.

4. Appendix. We prove here the existence of classical solutions to (1). Unique-
ness, under the assumption that F' is nondecreasing with respect to m, is established
in [12, 13]. Existence and uniqueness of the solution of the ergodic problem can be
obtained in a similar (and even simpler) way, so we omit the proof.

Theorem 4.1. Assume that the map F : RY x [0,4+00) — R is of class C!,
ZN —periodic with respect to the first variable and bounded below. Then for any
C2, periodic maps G(x), mo, there exists a classical solution (u,m) of (1).

Weak solutions for system (1) are proved to exist in [12, 13] for a general class
of Hamiltonians. In the special case of a quadratic Hamiltonian, considered here, a
Hopf-Cole transform can also be used to derive existence of weak solution through
a monotone scheme (see [9], for bounded maps F). As for smooth solutions, the
approach described in [9] can actually be used to obtain regularity results similar
to the one presented here (see [15]). Related results for the ergodic problem and
special class of F’s are also established in [7], [8], with a variational approach.

The proof of Theorem 4.1 requires several steps. First we show the existence of a
classical solution when F' is bounded (Lemma 4.2) and derive an integral estimate
for this solution. The key step is Lemma 4.4 which explains that the solution is
bounded in L*° by a constant depending mainly on the quantity

[Fllsomg := sup  |F(z,7)].
Q1x[0,2[lmoloc]
The existence of a classical solution in the general case can then be derived by
standard approximation arguments.

Since, from our assumption, F' is bounded from below, we can assume from now
on and without loss of generality that F' > 0. Moreover, we denote henceforth u(T)
by ur.

Lemma 4.2. Assume that the conditions of Theorem j.1 holds and that F 1is
bounded. Then there is at least one classical, periodic solution (u,m) of (1).
Proof. We construct a fixed point in L*((0,T) x Q1): given m € L'((0,T) x Q1),
we solve )
-0 — Au + §|Du\2 = F(z,m(t,x)), u(T) = ur
and we define ¢ = p(m) as the solution of
0o — Ap —div(pDu) =0, (0) =mg.

—u/2

Using the change of variables w = e , w satisfies the linear equation

1
0w — Aw + éwF(x,m(t,x)) =0, w(T) = e~ ur/?

Since F is bounded and uyp is C2, there is a solution w to the above equation—and
therefore a solution u of the first equation—which is bounded (uniformly with re-
spect to m) in LP(0,T; W2P(Q1)) N L>=((0,T) x Q1) for every p < oo (Theorem
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IV.9.1 of [10]). Using the bound on Du, we get a solution ¢ of the second equa-
tion which is bounded (again uniformly with respect to m) in L2((0,T), H*(Q1)) N
L>=((0,T) x Q1) while 9,0 € L*(0,T; H~1(Q1)) and, in addition, ¢ is uniformly
Holder continuous (Theorems I11.4.1, I11.7.1 and I11.10.1 of [10]). Then the map
© :m — p(m) is compact in L'. Since it is also continuous, there exists a so-
lution (u,m) of (1) with u € LP(0,T;W?P(Q1)) N L=((0,T) x Q1) and m €
L2((0,T), H*(Q1))NL>((0,T) xQ1). We obtain that the solution (u,m) is classical
by a bootstrapping argument. O

The next step consists in deriving a general estimate for the solution of (1):

Lemma 4.3. Under the conditions of Lemma /.2, let (u,m) be a classical, periodic
solution of (1). Then there is a constant ¢, depending only on T, ||F|lco.me, |ur]lcos
lwolloo, such that

/ / (z,m mdxdt+/ / (14 m)|Dul? dzdt + sup / |u(t)|dx < ¢ (29)
1 ) t€(0,7]J Q1

Proof. Since F' > 0, we have u > —|ur|l. Let us subtract inequality (1-(i))
multiplied by m to inequality (1-(ii)) multiplied by w and integrate over (7,7") x Q1:

we get
T T m
{/ um dm] +/ / —|Du|2 +mF(x,m) dedt =0. (30)
1

On another hand, integrating (1-(i)) over (7,7T) X Q1 gives

[/ udx} / / —|Du|* = F(z,m) dzdt = 0. (31)

From (31), we have

T
/ u(0) dz < / / F(z,m) dedt + ||ur||
1 0 1

// F(x,m)dxdt—i—// F(a, m) dzdt + [[uro
m2>2|lmoll m<2|moll

_

2[[mo|loo

IN

T
/ mF(x,m) dedt + C
0 J@Q

Using inequality (30) we then derive that

T
T Du? + mF(z,m) dzdt < |molles [ u(0) dz +C
0 1 2 Ql

1 (T
< 7/ mF(x,m) dzdt + C,
2Jo Ja
hence fOT Jo, B1Dul*+mF(z,m) dzdt and fOT Jo, F(x,m) dzdt are bounded. Com-
ing back to (31) gives the bound on fQ ) dx for any t € [0,T] as well as the
bound on |Du|?. O

Lemma 4.4. Under the assumptions of Lemma /4.2, there is a constant C, de-
pending only on T, N, ||ur|ls and |mollec and ||F||oo,m,, Such that any classical
solution (u,m) to (1) satisfies

[ufloc + [lmfloe < C.
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Proof. Throughout the proof, we denote by ¢ a generic constant, which might change
from line to line, and which depends only on T, N, |lur| o, [|m0llco @and || F]|co.ms-
We will use the classical idea of Moser iterations to achieve the L™ estimate as
limit of LP estimates. We will need however several steps.

Step 1: some basic estimates. Following [14], let us set

1/)::me%“.

Since ¥y = meest + %me%“ut, a straightforward computation shows that ¢ satisfies

Yy — A+ %F(m,m)w =0.

Fix v > 1. Multiplying the above equation by 1” we obtain, for 7 € [0, T],

1
T+1Jg,

/ / (z,m)p" T dodt = m0 e%“(”"l)(O) dx .
1

Py Hidz + o / / Do P ddt
(32)

On the other hand the equation of w multiplied by ezu(1+7) implies, for any 7 €
[0, 77,

2 T
T e2" 0 (7) dz + (% + 1)/ / |Duf?ez*0+) dzdt
’y T 1 (33)
2 . T .
< — ef“”“)(T)dH/ / F(z,m)ez 0+ dedt
7+1 Q1 1

Step 2:  We are going to play with the two estimates (32) and (33) in order to
bound the last term in (33). Namely we claim that:

T T
1 2 1 1
/ F(z,m)ez*0%D dpdt < ——— ez O+ )(T)da+c / / ez O+ dgdt
Q1 7+ 1Jg, 1
(34)

Proof of (34): Thanks to (33) with 7 = 0, we can estimate the right-hand side of
(32) as follows:

my LA (0) do < [lmo| / AU (0) de
Q1 Q1
< molz! / 0D (T)dy
Q1

1
+ ol 2= // Fz,mped 04D dydt
1

Plugging this inequality into (32) with 7 =T gives

1 T
= / F(x, m)m“’“e%"('yﬂ)(t) dzdt
Q1

llmoll2"

H’v+

Jo, ez 0 (T)de + lmolle (T Jo, Flw,m)ez"0+D) dadt .
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So we have
1
27+ o || 3 // F(z,m)ez*0F (1) dudt
m>2Hm0Hoo}

2| mol| 2" ’
< Al [ et @yt + ol [ [ Fem)ed o dean.
ﬂy_i_l ) 0 1

Therefore

@ /{ oy Fla e ) daat
m- mo || oo

2
<—— [ e (T)da +// F(z,m)ez*0tD dydt .
T+ 1Jg, m<2[mollo}

Hence, since 271 —1 > 1,

/ / (z,m) ez D) dody
1

uG(T) d$+2// F(z,m)er*0+D dydt
(7+1)/1 {m<2|lmolloo}

< 2 / 6%"(7+1)(T)dx +c / / 20D ddt
(v+1) Jo, o Jou

which is (34).
Step 3: Let us set vy = e1v( D) and v = v = e2%. We now claim that

T
2 < 2 2
It oy <€, 1D et et t) [© ] s s3)
Proof of (35): In view of (34), (33) implies

T
sup / 2" (1) dz + (v + 1)2/ / |Dul?e2OHD) dydt
r€(0,7] Q1 0o Jau

T
<c / 2O (T)da + (y + 1) / / 24O dydt .
1 0 1

The above inequality can be rewritten as

T
sup / |vq,(7')|2dx+/ / |Dv,|? dxdt
TE[O’T] Q1 0 Q1
T
gc/ v (T)? dx—i—c('y—l—l)/ / v |? dadt .
Q1 0 J@

Let us denote by RHS the right hand side of (36) Using first Holder inequality,
interpolating the exponent 2 + N between 2 and N 2, and then Sobolev inequality
together with (36), we have

(36)

2 N-—2
T 4 T ~ oN ~
//\vv\%ﬁ < / (/ v |2 dx) (/ lvy|¥=2 dx) dt
0 1 0 1 Q1
2 T
< swp (/ mmF) [ [ e 4100, ?) doae
T7€[0,T] Q1 0 Q1
< ¢(RHS)**!
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hence we deduce (35) holds. Note that we used here N > 2 in Sobolev inequality,
but a standard adaptation (replacmg 5 with any exponent ¢ < co) allows to deal
with the case N < 2 in a similar way.

Step 5 (Bounds on |v||,). Since, from (29), sup,cjo,7) fQ |u(7)|dz < ¢, we have,
for any 7 € [0,7] and any L large,

oy 2 Ly ((0,T) x @Qu)| =

" 41n(L)
=03

Then (35) implies, thanks to Holder inequality, that

< ¢ ellvrlle O+ 4o 4 1) // v, | dzdt + c(y + 1) L?
{vy2L}

c(y+1)
FO0,T) x Q1)| < (L)

2
||U’Y HLH% ((0,T)x Q1)

< ¢ ellurlle(r+1) < 2
ce +c(y+1) oy | {vy > L} 7 +c(y + 1)L

L2t ((0,T)xQ1)
cly+ 1) i
(In(L)) ¥+

Therefore, if we choose L sufficiently large (depending on 7y), we obtain a bound
on |jvy| by a constant ¢ = ¢(v), which implies a bound on ||v||, by a

< c elurlle i) 10212214 (.79 * 7 + DE?

LN (0.1)%Q1)
constant ¢ = ¢(p) depending only on p, T, N, |Jur|leo and |[molec and || F oo, me-

Step 6 (Bound on ||v]|«): Let us set « = 1+ %, and recall that v = e2". Then
inequality (35) can be rewritten as
1 1
ol < ello(@IE +e(y + Dol

Hence

/ [ 1 e < )20+ 41 </ [ dmdt)

Let us set I, = fo Jo, [v]*" dadt (for k € N). Then choosing y+1 = o (for k > ko,
where kg is the smallest integer for which a kg > 2) we get

Tis < cllorll” +ca® ()
So, if we set J; = max{I), |[ur||2 }, we obtain
Jir1 < ca®F(Jp)>

By induction this implies that

ak—ko_1

Jp < CTazf:_oko(k_l_l)aHl(Jko)akiko
In particular
a—ko k—k _
||U||Lak < e Zz O(k—1—1)al*t1~ k(JkO)a ko

Letting £ — +o0 gives the desired bound:

lelloe < €5 a0 ()" < e

since, from step 5, Ji, < c.

Step 7: conclusion. Since u is bounded from below by —||ur| o, the L> bound
on v = ez gives the L>° bound on u. In particular, we have now a bound for
¥(0) := mpez*® | hence we immediately deduce a L bound for  (e.g. see (32)).
Since m = we_%“, the L*>° bound on m then follows. O
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Proof of Theorem j.1. Let (F,) is a sequence of smooth, bounded functions which
converges locally uniformly to F. Let (u,,m,) be a solution of

(i) —0wu— Au+ 3|Dul? = F,(z,m)
() Oym — Am —div(mDu) =0 (37)
(#51) m(0) = mo, u(z,T) =urp

given by Lemma 4.2. Then we know from the previous step that the (u,,m,) are
uniformly bounded (since sup,, ||Fpllco,m, is bounded). Then, as in the proof of
Lemma 4.2, classical estimates apply and (u,,m,) converge to some pair (u,m)
which is a bounded solution of (1). A bootstrapping argument then shows that
(u,m) is classical. O

Remark 6. We explicitly point out that the estimates only depend on the L*
bound of my and ur and on the (local in m) bound of F(x,m). In particular,
after the above estimate, and thanks to standard compactness results, one can
prove the existence of solutions (u, m) only asking for bounded initial and terminal
conditions, and requiring e.g. F(z,m) to be only continuous (and bounded from
below). In that case solutions are so-called strong, namely they will belong to
L>=((0,T) x Q1) N L3((0,T); H(Q1)) and to LP((a,b); W*P(Q1)) for every p < oo
and [a,b] C (0,T). Such solutions are classical if in addition F is C!, and they are
regular up tot = 0 or ¢t =T depending whether my and ur are regular enough.

Moreover, the above L estimate can be easily extended to the case that u(T) =
G(x,m(T)), where G(x, m) satisfies the same assumptions as F, i.e. being Z" —pe-
riodic with respect to the first variable and bounded below. It is enough to handle
the term G(z, m(T")) in the same way as it was done with F'(z,m), in this case the
estimate will depend on [|G/|oc,m, = SUPq, x[0,2/jme ] |G (T, 7)]-
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