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ABSTRACT. We prove that, in some simple situations at least, the one-dimen-
sional wave equation is the limit as the microscopic scale goes to zero of some
time-dependent Newton type equation of motion for atomistic systems. We
address both some linear and some nonlinear cases.

1. Introduction.

1.1. Motivation. We investigate here the macroscopic limit of the time-dependent
Newton equation ruling the evolution of a set of particles at the microscopic scale.
The equation we find in the limit is, not unexpectedly, a wave-type equation. We
perform our study in a simplified context. The setting is one-dimensional. The
interaction law between our particles is either quadratic (thus giving rise to linear
forces) or nonlinear (with suitable additional conditions). In the latter case, when
no particular convexity is assumed, we will only be able to prove results in the
linearized context (in a sense made precise below).

To begin with, we need to mention that, formally, the connection between the
Newton equation of motion and the wave equation is clear. Consider indeed the
Newton equation of motion for N particles that have positions i + X;(t) € R,
indexed by i € Z% N [1, N]¢ and functions of the time ¢. For simplicity here, i is
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assumed to be the equilibrium position of the atom labelled by i. The equation
reads

d*X; o
e =—§‘ IV~ i+ Xi - X)),
i (1
¢
X‘ - O i = .O
(0) = X0, SH0) =V,

Assuming that
it
Xi t)=N AT AT |
0= (%)

and considering a macroscopic time 7 = ¢/N, we rewrite (1) as

10% (i t it j ot

—= | =|=—) VV|i—j+N — =] -9 =, = .

N8T2<N N) g [’ I ((/)(N N) ¢<NN

JjF

Note that in this formal presentation, we do not concern ourselves with the conver-

gence of the above series, and that we take all particles alike, thus all interaction
potentials as being one single “universal” potential V. As N — oo, we remark

V(o (vow) o (%)
Vo (;va) (i 5) ~ D% <jva) (i — i — j).

Since VV is odd (due to action-reaction principle),

102 (i t it
NW(N’N)NkZﬂVV{k—FVQS(N’N).k}

=0

1 ) it o (it
+2Nkz7éoDV{kJrV(;S(N,N)Jc}Dgi)(N,N)(k,k).

=VI[VV(k+Ve(&. % )k)-k]

Hence, assuming that {/N — =z, a fixed macroscopic point, we conclude that ¢
satisfies the nonlinear wave equation:

2
%(m, 7)—div[DsE(V¢)] =0, (2)
where
E(A) == S V(k+ Ak), (3)
kezda\{0}
for A € R4x4,

The question of mathematically proving in some suitable circumstances that the
above formal limit holds true has already been investigated by several authors and
we in particular wish to cite [2, 5]. We provide here our own view on the subject.
The results we obtain are definitely limited. Even proving that an equation of the
form (2) is well posed in dimension larger than two is a difficult subject [4]. In the
current state of our understanding, we do not know how to significantly extend the
results we present here. In our opinion, the mathematical state of the art is thus
far from covering the formal derivation we have just recalled above.
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1.2. Summary of our results. As mentioned above, we restrict ourselves to the
one-dimensional setting (see Remark 3 below for a comment on this simplification).
Equation (1) then writes

d*X; .
dt? = _ZV/(Z_J + X _Xj)a
i @
dX;
x0) = x0 D) - v,

while (2)-(3) reduces to

¢ 9 |1 / 9¢ _
¢

¢(x’0) = d)o(x)’ a(xvo) = d)l(l‘),

supplied with the boundary conditions ¢(0,¢) = 0, and ¢(1,t) = 0.

We will devote some of our attention to the simplest possible case of a nearest-
neighbour interaction (henceforth abbreviated as NN interaction). Equation (4)
then becomes

d®X; p /
pToa V(14X — X)) = V(1 + X — Xi0),
6
e (©)
X;(0) = X7, dt 0) =V,

with the convention that Xy = 0, Xy41 =0, and (5) reads

0? 0 0
a—;f(xm) ~ 3 {V’ (1 + ai(mn’))] =0,
¢

(@,0) = ¢°(2), 5-(,0)=¢'(2),
¢(0,7) =0, ¢(1,7)=0.
The linear wave equation is obtained for the specific interaction potential V(z) =
Lz —-1)2
5 .
For a next-to-nearest-neighbour interaction (henceforth abbreviated as NNN in-
teraction), (4) reads

(7)

d*X; , ,
gz = Vil X = X)) = VI + X5 — Xiy)
Vo2 + Xi = Xip2) = V5(2+ X — Xi), (8)
dX;
X;(0) = X9 v =0
=X, o=V,
with the convention X; =0 for ¢ € {—1,0, N +1, N +2}. and (5) reads
826 9 96 96
W(xm) 9 {Vl’ (1 + az(xﬁ)> + 2V, (2 + 2(%(:5,7))} =0,
0 9
6.0 = @), 2 (2,0)= ¢'(@) ®)

¢(0,7) =0, ¢(1,7)=0.
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Again, the linear wave equation corresponds to the case Vi(z) = ¢ (z — 1) and
Va(x) = 2 (x — 2)?, see (40) below.

We will examine the linear case and prove indeed the convergence of the Newton
equations (6) and (8) to (7) and (9), respectively, in Subsections 2.1 and 3.1 (convex
case) and 3.2 (non convex case) below. In the convex case, the strategy is to use
the energy conservation of both systems (the discrete one and the continuous one).
Since both the corresponding energies are convex, this implies convergence. For the
non convex case, we will provide two different strategies of proof. The first one uses
an explicit spectral decomposition of the underlying finite difference operator. The
second one is more general, and is based on the fact that energy preservation for the
discrete system implies the existence of bounds, which in turn implies compactness
in weak topology. This allows to pass to the limit in the equation. Next, strong
convergence is proved using energy conservation for the continuous equation.

Not surprisingly, the nonlinear setting is significantly more difficult. If convexity
is present in the problem at the microscopic scale, then it is possible to conclude,
and the argument is actually simple. A typical case, which will be addressed in
Section 2.2, is a convex nearest-neighbour interaction. Indeed, in such a case, up to
some technical details, the proof is very similar to the linear case.

Extending the argument to other cases seems not possible. Of course, a trivial
situation is when all interactions (nearest neighbour, next-to-nearest-neighbour,
etc) are convex. The proof of Section 2.2 may then be straightforwardly extended,
(see Subsection 3.3) to cover this situation. A more interesting case is when the
energy functional present in the limit equation (2) is convex, but the equation at the
microscopic scale does not have interaction potentials that are all convex. Loosely
stated, some microscopic interactions disappear in the passage to continuum and
therefore need not be assumed convex. Formalizing the argument is however beyond
our reach and we are unable to prove convergence of (6) to (7) nor of (8) to (9).
In the nonlinear “non-convex” setting, we are only able to prove convergence in
a different regime, which we call the linearized regime. This is the purpose of
Section 3.4. We introduce a parameter v € (0,1) and modify the Newton equation
as follows:

A2 X, Xip1 — X; Xi— Xi_
7 _ % 7 i+1 1 o 7 7 1—1
XN [v (”m ) v (HM )]

(10)

dX;
X(0)= X%, o) =1,

in the NN case, with the convention that Xy = 0 and Xy41 = 0. Then we can
prove that the corresponding limit is

¢ i1y 020 _
) V) S ) =0,
8,0 = @), T2(w,0) =o' (2) =

#(0,7) =0, o¢(1,7)=0.
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Similarly, in the NNN case

d2X; Xis1 — X, X;— Xi_
i % 7 1+1 7 _ / 7 1—1
=N [Vl (1 + = ) Vi (1 + = )
Xivo — Xi X — Xi_
/ i+2 1 N / 7 1—2 o 12
+Vy (2+N7 ) V) <2+N7 )} =0, (12)
dX;
Xi(0) = X0, ZH0) =V,

with the convention X; = 0 for ¢« € {-1,0,N 4+ 1, N + 2}, we obtain the limit
equation:
¢ >
O ) — () +(2) S ) =0,
¢

(b(.%‘,O) = ¢O<x)’ E(l"o) = (bl(x)’
¢(0,7) =0, ¢(1,7)=0.

Here, our second strategy of proof developed for the linear (non-convex) case, that
is, the one using weak convergence, applies. It is however necessary to slightly adapt
it in order to treat the nonlinear terms in the equations, since weak convergence
does not allow to pass to the limit in such terms. However, the fact that v € (0,1)
implies that the equation becomes linear in the limit N — oo, which saves the
situation.

Note that V; (= V in the NN case) is supposed to be minimum at its equilibrium
length, that is, 1, while V5 is minimum at 2. This is consistent with the assumption
made above that the lattice Z is an equilibrium state of the discrete system.

Also, let us point out that, in the nearest-neighbour case, equations (6) and (7)
are left unchanged if we add an affine function to V. Hence, we will assume, when
necessary, that V(1) = V’(1) = 0. Similarly, in the next-to-nearest neighbour case,
we will assume, when necessary, that V4 (1) = V/(1) = 0 and V2(2) = V5(2) = 0.

(13)

2. Nearest-neighbour interaction.

2.1. Linear case. We begin with the simplest possible case, where interaction is
only considered between nearest neighbours and the interaction potential is taken
as V(z) = £(z — 1)2, (hence V/(z) = z — 1). Then (6) reads

2Y.
ax Xiy1 —2X; + X1,
0 dX; 0
Xi(0) = X7, (0) =V,
dt
with Xo = 0 and Xn41 = 0, while (7) reads
0% 0%
ﬁ(fﬂ,'r) - @(.’I;,T) = 07
¢ (15)

¢(x,0) = ¢°(x), 3¢ (%,0) = ¢! (x),

¢(0,7) =0, ¢(1,7)=0.
We have the following.
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Proposition 1. Let (¢°,¢) € [H*(0, 1)]2 be such that ¢°(0) = 0 and ¢°(1) = 0
Define, for all N € N, and for all1 <¢ < N,

X0 = Ngo (L vo—g (L), 16
(3 ¢ (N I 7 ¢ N ( )
Let X;(t) be the unique solution to (14), with the convention Xo = 0, Xn41 = 0,

and let ¢ € L™ (R+,H1(O, 1)) be the unique solution of (15). Then, we have the
convergences

1 1
V1 >0, élilSpN’NXi(NT)—¢<N,T> Njgoo, (17)
and
e 06 [ i
< Nt)— 2 [ = . 1
oo [ mp |[Trom -3 (For)] o 19)

Proving this Proposition amounts to proving consistency of some natural (cen-
tered second order) finite difference scheme for the wave equation. Such a proof can
be found in [6] for instance. For consistency, we provide an elementary proof below.
But before we get to that, let us briefly explain the bottom line of the proof. For
this purpose, we argue somewhat formally and have to introduce some notation.
The notation will be useful throughout this article. For a function ®, we denote by

D.®(z) = H(®(x +¢/2) — ®(z —/2)), (19)
where, of course, ¢ plays the role of 1/N. This discrete differentiation can be
iterated. We for instance have

D2® = 3(®(z +¢) —20(2) + &(x —¢)).

Using this notation, proving (after renormalization in time) the convergence of the
solution to (14) to the solution to (15) basically amounts to proving (if we omit the
truncation error terms) that the solution ®. to
0?®,
ot?
with suitable (vanishing) initial and boundary conditions, vanishes with e. This is
an immediate consequence of the fact that ®. satisfies the energy equality

d 0

The proof of Proposition 1 actually formalizes the above argument rigorously.

— D2®, =0, (20)

2
+ ||D5<I>s||2> =0. (21)

Proof. We start by recalling that in view of [9, Theorem 3.1.2], the solution ¢ to
(15) is unique in C°(R*, H'(0,1)), and satisfies

¢ € C°(RY,H"(0,1))

Next, we define

() = X7 = 0 (7))

with the convention 6%, ,(7) = 0. Using (14) and (15), we have

d?6; 9?%¢ (i
—% = N (X;41(N7) —2X,;(N7)+ X, _1(NT1)) — 92 (N,T) .
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Hence,

d?s;
dr2

o () ()0 () S5 )

(0it1 —20; + 0i—1)

Ox?
Using a Taylor expansion, it is clear that DV () in (22) satisfies

N ||¢( Tz,
‘D ‘ N3/2 ’

for some universal constant C' > 0. Hence

iﬁ:DN(T)Q < C||¢||%{4(0,1)
N= -

Ni (23)
Multiplying equation (22) by d‘s , we obtain

1d (dé; dd; dé;

SO 2% N2 —9 = DN(r)—=.

2d7<d7) (s =20 +80) 57 ™

Summing over i, we get, since dn11(7) = do(7)

=0,
N

d ds; d dd

—> = E N*( N2 (8 _2§ DN (1)

dr o (dT> (Gupr = 80"+ (5 +ox) i=1 dT ’

that is,

4 f:(dé) JFZN2 =) 2ZDN
dr | = \dr (Oi+1 B

This estimate is the rigorous formalization of (2
inequality, we find, setting Fiy = % > (

(24)

1). Using the Cauchy-Schwarz
déi)Q

1/2
Fn(r) = Fn(1) = Fn(0) < /( ZDN ) VEN(s)ds,

where we have used the fact that 6;(0) = 0 for all i. Hence, applying (23), we infer
that

Fn(r) < C||¢||CU(R+ H*(0,1)) / \/7ds

with C' > 0 independent of N. This clearly implies

||¢||CO(R+ H4(0,1))
Fy(r)<C N7 ©, 7'2,
SO

(25)
ds;

< C||¢HCO(R+,H4(0,1))
1<i<N dr

N32 T, (26)
which proves (18). Integrating (26) with respect to 7, yields (17)
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Remark 1. Actually, the exact agreement (16) between the discrete and the con-
tinuous initial data is not necessary. A condition on the smallness of X? — N¢® (&)
(and a similar condition on V; — ¢! (%)) is sufficient. This remark also holds for
Propositions 2, 3, 4, 6 below. The exact formalization of “small” depends on the
case under study, and is typically an exponential decay as N — oc.

Remark 2. It is clear in the above proof that the convergences in Proposition 1 can
be made more precise. For instance, we have (26), which gives a rate of convergence
for (17) and (18). Further, using (23), (24), and (25), one easily proves that

N 2
d 2 9l o @+, m4(0,1 110 R+, H4(0,1
dr [.EON2 (8is1 — ;) ] <C (N (0,1)) Fy(r)<C (NS o)

Integrating in time, we find

4 (o (5) - (5)]

<OH¢||200(R+7H4(071)) 2
= N4 i

hence

o (w7)
vr >0, sup |Xit1(N7)—X3(NT7)— — | —=,T
s (X () = ) - 92 (1
|1l o+, w2 (0,1)) +CH¢||CO(R+,H4(0,1))
- N N3/2
This may be seen as a convergence of the discrete space derivative of X; to the
space derivative of ¢.

Remark 3. It is immediately seen in the above proof that we could equally well

argue with the potential V(z) = 1(||z||> — 1) (or any second-order polynomial) in

dimension d > 1, where || - || denotes the Euclidean norm. This remark also holds

true for all our proofs and results of Sections 2.1, 3.1 and 3.2 below. The difficulty is

that, in our understanding, no such potential makes physical sense for the problems
1

we study. The d-dimensional (d > 1) analogue of V(z) = 3(z — 1)® would be

Viz) =1 (||z] - 1)%, a potential which we do not know how to treat. In the one-

dimensional setting, it reduces to %(z — 1) since we deal with models for nearest
neighbours where we implicitly assume particles are ordered. This is the current
intrinsic limitation of our work that forces us to only treat the one-dimensional

setting.

2.2. Nonlinear convex case. We now consider a general nonlinear, not necessar-
ily quadratic nearest-neighbour interaction V. In order for our limit equation to
naturally make sense, we assume V' convex. Then, we have

Proposition 2. Assume that V € C*, V'(1) = 0 and that V"' > a > 0 for some
constant . Assume that ¢ € C° ([0,T),C*([0,1])) is a solution to (7). Let N € N,
and define, for all 1 <i < N,

0 _ 0 i 0 _ 41 i
xoova (1), voeo (1),
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Let X;(t) be the unique solution to (6), with the convention Xo = 0, Xn41 = 0.
Then, we have the convergences

1 )
V1 e (0,7), sup ‘Xi(NT) —¢ <Z,T> — 0, (27)
1<i<N N N—oo
and
dX; oo}
vr e (0,T), 1215]\]‘ 7 (N1)— r (N T> N:;O. (28)

Remark 4. Local existence for (7) is proved for instance in [7, Theorem II, Theorem
IV], under the assumption that ¢° € H**! ¢! € H*, and V" € C*, with s > 3/2.
The solution is then in C°([0,T), H**1(0,1)) N C*([0,T), H*(0,1)). If V € C*, we
can apply this with s = 2, hence ¢ € C°([0,T), H3(0,1)) only. This is why the C*
regularity of the solution needs to be assumed in the statement of Proposition 2.

Proof. We define
1 )
3(r) = X0 =6 (55.7)
ith the convention that 03 (7) = 6)(7) = 0. Using (6) and (7), we have

d?s;
dr2

=NV'(1+ Xi11(N7) = Xi(N7)) = V'(1 4+ X;(NT) — X;—1(NT)))

22 (o))

The main idea of the proof is to introduce the following energy
+1 i

NV’[H—N@Z)( ;1 )—N¢<J©,T>}(5i+1—5i)a (30)

where the presence of the last term, the first order derivative, basically allows to
proceed as if the potential V' were quadratic, and therefore reduces the proof, up
to technicalities, to the proof performed for the linear case in the previous section.
Let us formalize this. Consider its variation in time

ax,

= NV XV - X

7))
eno(5e) o)
+N [v’(1 4 Xi1 (NT) — X,(N7))
—v <1+N¢(Z;1 )—Nqs <]i/,7'>)
—NV”( +No (’;1 7) _No (2N7'>) (6141 —50]
(e (5) -7 (57))

(31)
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Multiplying (29) by % and summing over 4, we have

-

V' (1+ X;(N7T)— X, 1(]\77'))} (cilf'

Lol (e ) &

N
d
= —NY V' (14X (N7)— X;(N7)) - (i1 = 6)
=0

" } 92¢ (i dé;
o8 ()58

Adding the sum over i of (31) to this equality, we have
d <= [1(ds;\?

m%lz (%) +=

_ al i+1 i\ d
szZ;V <1+N¢(N> N¢< ))d(ml 8:)
) ve(w))

1o (52) () -] (2 (522 4)
N 826 ds;
2vn (3)a ()

Rearranging the first sum of the right-hand side, we have
d & ds; AN s,
dTZ[ (dT) NE:N3 dr
, i+1 i
+NZ[ 1+ X1 — Xi) — V(1+N¢<N)—N¢<N>>
- .
NV <1 Y N¢ (Z; > ~N¢ (&)) (Bis1 — 51-)]
¢ (i+1 ¢ (i
(o (%) -5 (5)
ATy v (L) v (4 V' [1+N Ng (=1
v =V e () <o () [ v e () - ve ()
" o (1 ¢ (i
v (7)) 7 (%)

+
=
NMZ

[ (14 X1 — Xi) — V(1+N¢(

with
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We also have, using a Taylor expansion,
B R O e
-G ()] (55 () i (57))
el RG]

with 6} € (0,1), where B satisfies:
’BN ’ <Clle(-, 7 )”204(0,1)’
for some universal constant C', and where C’-N satisfies

|CY ()] < Cllo(- ) Ea(0.1)-

Hence,
AV <C {HVNHLW||¢('7T)||O4(0,1) F VOl 80,1y

HIVO el oMo, | (33)

Next, we use a Taylor expansion of the term in the second sum of the right-hand
side of (32), writing it as

V(A + Xipn — X)) =V <1+N¢ (Z;1> —N¢ (&))

— NV <1 + N <’ ;Lvl) ~N¢ (;{)) (Girt — 1)
—y® <N¢ <Z ;1) _No <1) 4 NO:(S541 — 5¢)> N2 (5ip1 — 62, (34)

for some 0; € (0,1). As a result, we have

N 2 N
d 1 [/ dd; 1 do;
dTZMdT) +Ei]—‘N2, A

i=0 =0
N ‘
0¢ (i+1 0
NY DN (r)N?*(biy1 — 6:)* | =
PN DNV —ar (52 () - 52 () @
with AN satisfying (33), and, according to (34), DN satisfies
DN ()] < [V == (36)
Hence,
N 2 N
d 1 /do 1 dé
el il < N e
725 () +r)| s m el

N
+ Y IDN (D) N?(Si11 — 6?9l 2@+ x(0,1))  (37)
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We now return to the definition of E;, that is, (30), and using a Taylor expansion
and the fact that V"' > « > 0, we easily prove

El(T) Z %NQ (§i+1 — (51)2 . (38)
This, together with (37), (33) and (36), implies
N N 271/2 N
d do; A 1 (do; ,
dle (dT> +Bi|| < 337 ;2((17) +A ;E (39)

where
A<C {HV"HLM||¢(-7T)||c4(o,1> VO |6 ) Ea 0,1y
HIV Ol 6, a0, -
for some universal constant C', and
A< 2V e bl oy

Hence, (39) implies

N3/2

dF
dr

Y1 ds?
VF + A'F, where F (1) = Z s\ + FE;

- T
i=1

This also reads

avF

A A’
+ —VF.
dr

Sonee T

Hence, applying Gronwall’s Lemma, we have

A Al
VE®) < g (37 -1).
This and (38) imply that
N 2
do; 242 4 2
i) < T (=TT
Z (d) < o (51

2A2 Al 2
— < - > T .
b =0T S TN (e 1)

Mz

i=1
The first line clearly implies (28), while the second one, together with the fact that
(50 = (SN+1 = O7 implies (27) O

We conclude this section by mentioning that, using the tools which we develop
in Section 3.2.2, it is possible to study the above problem in the case when V' is not
convex, but when its graph is contained between two quadratic functions at infinity
(see condition (93) below). In such a case, we are not able to prove convergence for
system (6), but for system (10) that has a different normalization. We prove that
the solution converges to that of (11). This will be formalized in Proposition 7. We
postpone this study until Subsection 3.4 below.

3. Next-to-nearest-neighbour interaction. We consider in this section the case
of a next-to-nearest-neighbour interaction, that is, equations (8) and (9).
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3.1. Linear convex case. For now, we assume that (8) and (9) are linear, and
that both potentials V; and V, are (quadratic and) convex, that is,

Vi(z) = %1(33— 1?2, Valz) = %2(9:_2)2, with ¢; > 0, ¢z > 0.

Hence, (8) becomes

d2X;
gz A (Xig1 —2Xi + Xio1) +ca(Xipo — 22X + Xi2),
40
x,(0) = X0, Xig) = vy v
k3 - ) dt — Vi
and (9) reads
0? 02
a—j;(a:,T) — (1 + 402)a—;§(x,7) =0,
0 41
6.0 = @), 22(a,0)= ¢ (x), .

$(0,7)=0, ¢(1,7)=0.

This case is extremely simple and we easily have:

Proposition 3. Assume ¢; >0 and co > 0. Let N € N, let (¢°, ¢') € [H4(O, 1)]2
be such that ¢°(0) = 0 and ¢'(1) = 1. Define, for all 1 <i < N,

1 1
X?:NébO(N)a Vz‘O:¢1 <N)
Let X;(t) be the unique solution to (40), with the convention X; = i for i €

{-1,0,N + 1,N + 2}, and let p € L= (R+,H1(O,1)) be the unique solution of
).

(41). Then, we have the convergences
1 1
VT >0, 1215\[ ‘NXi(NT) —¢ <N,T> Nio(),
and
dX; 09 (i
v T Nt)— — | = .
7€ (0,7), 121<pN‘ g NT) =5 (N’T> o0

Proof. The proof is performed exactly as that of Proposition 1. The only difference
is that the centered finite difference

Yig1 —2Y; + Y,
is replaced by
c1 (Yigr —2Yi +Yiq) +c2 (Yigo = 2Y; + Vi),

where Y; = X;, or Y; = N¢(i/N). The terms in ¢; and ¢z are manipulated separately
and because both ¢; and cs are positive, the proof easily carries over to this case. [

3.2. Linear non-convex case. We investigate in this section the case of a har-
monic interaction, that is, (40) and (41), but we drop the assumption (¢; > 0 and
¢o > 0). In order for our limit problem (41) to be well posed, we need to assume

c1 +4eg > 0. (42)

Hence, ¢; or ¢o may be non-positive, provided they satisfy the constraint (42).
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Momentarily returning to our formal model with discrete derivatives (19) allows
to immediately understand the interesting situation. Consider the equation
0%,
o2
which is obviously the formal analogue to (40). Elementary manipulations yields
the energy estimate

d 0]

=,

dt ot
When both ¢; and ¢y are nonnegative, we immediately observe (and this is of course
in agreement with our proof in the previous section 3.1), that this imposes that ®.

vanishes in the limit. Let us now argue somewhat differently and use the elementary
identity

— 1 D?*®, —4cy D3.®. =0, (43)

2
+ o1 | DB + 4y ||D2€<I>E||2> = 0.

4D?® =4D3.® — £ DLO.

We may rewrite our equation (43) in the form

0?®
W; — (1 4+ 4c2)D2®, + c2*D2®,. = 0, (44)
and obtain the energy estimate
d 0 2 2
o (Hat@g + (c1 +4eo) |D-e||” — e26? || D20 || ) =0. (45)

We readily observe that if ¢; 4+ 4co > 0 and c; < 0 we again “formally” obtain
convergence. This can be easily formalized rigorously. The only interesting case is
thus when ¢; +4c¢s > 0 and co > 0. This is the purpose of the rest of this section to
investigate this case. The strategy of proof consists in cutting the Fourier expansion
of the solution at some frequency k., in order to eliminate the negative part of the
spectrum of the operator —(c¢1 + 4¢2)D. + CQEDg. It is immediately seen on this

operator that, formally, the value of k. should be of order 1/%% (see (60) and
(63) below). Of course, this cut-off asymptotically disappears as € — 0.

Remark 5. For interactions at a longer distance, such as NNNN interactions etc,
similar conclusions may be obtained.

3.2.1. A proof using spectral decomposition. Before stating our result, we recall the
definition of Fourier coefficients of a function defined on (0, 1):

Definition 3.1. Let ¢ € L'(0,1). Then we define its Fourier coefficient of order
ke N* =N\ {0}, by

q@(k):/o ¢(x) sin (krz) dx.

‘We now state.

Proposition 4. Assume that (42) holds, and that ¢ is the solution to (41), with
#°, ¢t € C*(0,1). Assume that the functions ¢° and ¢' satisfy

300, >0, st VEEN, [§(k)|+ |l < et (16)
For any N € N, define

VO<i<N, X%=Ng° (;) VP =o' (;) (47)
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and let X; be the unique solution to (40). Then, we have the convergences

1 )
V1 >0, 12‘?]\/ ’NXi(NT) — ¢ (N,’T> el 0, (48)
and ix 96 [ i
i (3
v N1)— — | = — 0. 4
T0 12151\/‘ dt (N7) or <N7T> N—>o<>0 (49)

Remark 6. The assumption (46) implies that the functions ¢° and ¢ are analytic
<’ ek—,i, which shows

that the Taylor series of ¢¥ at any point has a positive convergence radius.

[10]. Indeed, a simple computation then proves that ’d;zﬁo (x)

Proof. We are first going to prove the convergence locally in time, that is, we claim
that there exists T* > 0 such that

1 1
T, sup |—Xi(N7)—¢( — —
VT €10, T, 1;15\[ ‘ N W(NT)— ¢ (N,T) N%OQO, (50)
and dX 9 (i
; i
T, s iNT) - 22 (=, 7)] — 0. 1
el T s 1T N 5, (N’T) N (51)

As in the preceding proofs, we use the difference
1 i
3(r) = X =0 (7).
with the convention that 61]}’“ = 6N, = 0. Then, we have, for 1 <i < N — 1,

d2s;
proa NZ%cy (§i41 + 6im1 — 20;) + N2co (8i19 + §i—a — 25;)

i+1 i—1 i 2¢ (i
N2 i+2 i—2 i 2¢ (i

Hence, using a Taylor expansion here again, we have

d?s; 1
d7'2 = N201 (51'4_1 + 5i—1 — 251) + N262 (52'4_2 + 52’—2 - 261) + meV(T), (52)
where

(i+1)/N N 7‘334
DN(r) = @ (N//N %aﬁﬁ(x,f)dsg

(i—1)/N (NSC - 1)3 64¢
N wer—4y v @

+ n 5 9 (z,7)dx
/N (Nz —i)® 949
N we=4y Y@

+eo ( /i/N 5 o (z,7)dx
(i—2)/N (NJZ _ ’L)S a4¢

N - .
+ o 5 9 (z,7)dx

In particular,
D[ < ClIgll oo, ry.c00,1)) - (53)
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for some constant C independent on N and ¢. Equation (52) may be rewritten in
vector form as

d?6 1
o5 = —c1N2AS§ — caN?(4A — A*)6 + coN?KY + mDN,
1
= —(c1+4c2)N?A5 + N2cp A%5 + mDN, (54)
where A € RINHDX(N+1) ig the discretization of the Laplacian by finite differences:
9 1 .
0 0 1 0 0
-1 2 -1 0 O 0
A= 0 0 , and K = T
s 0 0
o -~ 0 -1 2

Here, we have used the fact that K§ = 0 due to boundary conditions. We are now
going to take advantage of the fact that we know explicitly the eigenvalues and

eigenvectors of A, namely,
km
\p = 4sin? [ ——— 55
Lo (2(N+2)>’ %)

(u); = sin (1\;?2) , (56)

foralll1 <k < N+1land1 <i < N+1. Hence, the matrix —(c;+4co) N2A+N2cp A2
appearing in the right-hand side of (54) has N eigenvalues N2y, with py, given by

pr = (c1 4 4e2) Mg — co)i, (57)
with the corresponding eigenvectors given by (56). Note that (42) holds, so that:

e if co <0, then all yy, are positive, hence, applying the same strategy as in the
proof of Proposition 1, one easily gets

d (|1’
dr |||dr

where (-, -) denotes the canonical scalar product of RY | and ||-|| the correspond-
ing norm. Hence, using the same arguments as in the proof of Proposition 1,
one easily concludes.

o If ¢ > 0 and ¢; > 0, then pup = c1 A\ + 2 (4 — A\i) > c1Ax > 0, hence the
above strategy applies.

e If ¢ > 0 and ¢; < 0, then some py, are negative and the above strategy does
not apply. We therefore concentrate on this case for the rest of the proof.

ds;
+ (€1 + 4ea) (A8,8) — ca (A%6,0) N2 Z deT

Note that the first two observations are consistent with our formal considerations
before the beginning of the present Subsection 3.2.1.

Setting
ap = (67 uk) 3 ﬁk = (DN7uk) 3 (58)
we have
d ak + NQH’]COUC - NZB]W
d
an(0) = 2% (0) = 0.

dr
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This set of equations may be explicitly solved: if ug > 0, then

1 1 :
ap(T) = _N\/,LTk cos (N\/;TkT)/o mﬂk(s) sin (N/pks) ds
+ N\l/;Tk sin (N\//TkT)/O %ﬁk(s) cos (N/jgs) ds,

whereas if pp < 0, then

1 ! .
ak(r)zfmcosh (N\/MT) [ (s)sin (N\/|uk.|s) ds

1 1
+ ———sinh (N T / — Bk(s) cosh [ N s) ds.
oy b (Vi) [ 573 8us) cosh (N )

Here, we use the convention that, if uy = 0, then we replace sinh(N\/|px|$) /N /| 1k
by its limit s as pugp — 0. Hence, we have the following estimates:

1 T .
ﬁ/ Bk (s)|ds if gy >0,
|ak(7')| S 1 4 7_0 9 T
costi (N felr) [ 18u(6)lds it e <0
N2 0
Note that g < 0 is equivalent to Ay > (¢1 + 4¢2)/ce, which, according to (55), may

happen only if
2 4
k-z;,/@(zvﬂ) = Co(N +1). (60)
2

We have, using (59),

(59)

N

6 = 3 o)
k=1
> (e [ rioas)

pe>0

+ Z (1;; cosh? (N |,Uk|7') /OT |Bk(s)|ds>2 (61)

e <0

IN

Then, we point out that Lemma A.2 allows to apply Lemma A.1 to ¢. Hence,
3C >0, Vs>0, |Br(s)|<CVNE*e (62)
We collect (53), (58) and (62), and insert them in (61), getting
72 (1+172)2 —
s> < > ﬁCNH¢5||200[(0,T),C4(0,1)] + > CTksem k=208

HE>0 <0

2 (1+72)? .
= CFHQS”%O[(O,T),C‘*(O,I)] 00— D KESNTCN
e <0
2
T i
< Oz ldlEoom,crouy + C(1+ 722N =002,

where the constant C' does not depend on N nor on ¢. Hence, if

_0C _ 0 [edn

T < = ,
4 2 C2

(63)
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this concludes the proof of (50). Then, returning to (59), we see that it implies in
fact

2 .
Cﬁ”(b”%l)[(oj))cz;(o’l)] if pg > 0,
C(l + ,7_2)26(47'7900)]\] lf m S 0.

Hence, using the same strategy of energy estimate as in the proof of Proposition 1,

one easily proves that

i @ _ i DN @

dr |||oT N2 "or )’
Integrating this equation with respect to 7 and using the above estimates, together
with

Vkst. 0<k<N, |ag <

2
+ N? ((01 + 462)A(5 — 62A2(5, (5)

N
(c1 4+ 4cg) AS — cp A%S = Z || pepu,
k=1
shows (51).

We point out that the time T* depends only on ¢1, ce and €, which is the decay
rate of the Fourier coefficients of ¢. Now, in view of Lemma A.2, these quantities
are left unchanged by the dynamics. Therefore, we can repeat the above argument,
proving (48) and (49). O

Remark 7. The above proof heavily relies on the fact that we have an explicit
expression of the eigenvectors of the matrix A. Therefore, such a strategy does not
apply to the case where ¢; and ¢y depend on the space variable.

We conclude this section with a remark about the fast decay of the Fourier
coeflicients. It is necessary in the following sense: it is possible to build initial data
for which the convergence of Proposition 4 fails. This is proved in the following
lemma:

Lemma 3.2. Assume that ¢y = —2 and cg = 1, so that ¢q + 4co > 0. There exist
¢? € C*(0,1) and ¢' € C*(0,1) such that, if (Xi),<,< is the solution to (40), with
(le)lgigN and (Vio)lgigN defined by (47), then the convergences (48) and (49)
do not hold.
The proof of this lemma is postponed to Appendix C. Let us however give here
the main ideas of this proof. The values chosen for ¢; and c¢s imply that
N 1

Vk > — < —=
_2a B = 27

where py is defined by (57). Hence, if one defines, as an initial data,

1 .
#°(z) = Z g sin(krx), and ¢' =0,
k>1
then XY defined by (47) is equal to
1
0_
X" = Z Evkn

k>1

i . [tkw
V. = SIN | ——
k N )

where vy, is defined by
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and is an eigenvector of the operator associated with the eigenvalue py. Hence, the
solution X to (40) is explicitly given by:

1 .
e cos(y/ k) if pg, > 0,
X = E ap(T)vg, where ag(7)=

1
k>1 e cosh(v/—pp7) if pg < 0.

If the sequence (vg)ken was an orthonormal basis, the norm of X would easily shown
to be equal to
2 2
1 1 1 cosh? (N7/+/2
= m E |Oék|2 > ﬁ W COSh(\/ —,Ukt)2 > C%

1
—X(N7)
H N E>1 k>N/2

This contradicts the convergence of X to ¢ for all time ¢ > 0, in the sense of Propo-
sition 1. The above argument has a flaw because (vg)gen is not an orthonormal
basis of R, and this is why the proof is much more involved (see Appendix C).

3.2.2. A proof using weak convergence. In the present section, we study the case
of (40) and (41), aiming at proving a result similar to Proposition 4. However,
here, we are not going to use any hypothesis of the form (46), nor (and this is
much more important methodologically) any explicit spectral decomposition of the
discrete operator.

In the following, we identify any vector X € RY with the piecewise constant

. . i—1 a4l
function on each interval [ ~> N |» namely

i—% i+3
fx(l‘)ZXi, Vr € |: NQ’]VQ:| .

Therefore, we identify any LP norm and convergence of X with the corresponding
norm and convergence of fx. For instance,

1 N 1/p
X1 2r0,1) = lfxNzr0,1) = <N > |Xi|p> ; (64)
=0

and for the L? scalar product,

1 N

In addition, we say that X weakly converges in LP to f if fx weakly converges to
fin LP:
X — finl? << fx — finlL”. (65)
N—o00 N

— 00
It is clear from these definitions that if X is bounded in LP, then, up to extracting
a subsequence, it converges weakly in LP, if 1 < p < oo.
We define the discrete gradient Vy by

VX eRY, (VnX), =N (Xip1 — X,), (66)

where we implicitly assume that if ¢ <0 or ¢ > N + 1, then X; = 0. This will be
the case for all the vectors we use in the sequel.
We are now in position to state the main result of this section:
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Proposition 5. Assume that (42) holds, and that ¢ is the solution to (41), with
¢°, ¢! € H'Y(0,1). Consider the initial conditions N¢° (+) and ¢* (&) for (40).
There exists a filtered initial condition (made precise in (72)-(73) and (74)-(75)
below) X2, V0 such that

0 0 i
NX>‘¢(NN+

and, denoting by X; the unique solution to (40) with initial condition X?,V?,

sup
1<i<N

ve- o ()] o (67)

N—00

1 )
] —X.(NT) — _
VT >0, 1;?§I)N‘N i(NT) ¢<N,T>‘Njo>00, (68)
and
dX; ¢ (i
A\ > 0, sup ‘ dt (NT) — E <N,T> N:zo 0. (69)

1<i<N

Before we get to the detailed proof of Proposition 5, let us give the bottom line
argument. For this purpose, we again use our formal model and discrete differen-
tiation like in (43) or, equivalently and more appropriately for the argument that
follows, (44), which we reproduce here for convenience:

0%,
ot?

We have already mentioned the corresponding formal energy estimate (45):

2
4 (]2
dt ot

The only interesting case, we recall, is the case when ¢; +4co > 0 and ¢3 > 0. In
that case, the above energy estimate does not immediately allow to conclude, since
the right-most term is non-positive. The idea is then to further differentiate k times
(44) and obtain a similar energy estimate

i (Je e

for each differentiation order k. In order to “eliminate” the non-positive contribution
of the last term, we now Weight and combine all these estimates so as to obtain

+oo
d 8
52k Dk
i 2=\ 5
for some parameter 6. This parameter is next adjusted, in function of €, so as to

cancel the series of the two right-most terms by making it a telescopic series. We
therefore conclude that some norm of the form

—+oo

> % ||pk+e.

k=1

— (1 +4co)D2®, + c2e?DE®,. = 0.

+ (e1 + dez) [ D@ - o HDE‘I)EW) -0

2

I+ e ot - e ) -

+ (c1 +4c2) HD§+1<1>8|\2 — cpe? ]|D§+Q¢EH2> =0.

remains bounded over time. Up to an extraction, we may assume ®. is weakly
convergent, and it remains to deduce that the convergence is strong. This will be
a consequence of the preservation of the energy by the equation, together with the
fact that strong convergence holds at initial time.
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The precise value of § which allows us to carry out the above strategy is given
in (84) below. This may be seen as an equivalent to the cut-off in Fourier series at

the frequency N\/C1+4C2 = \/C1+4C2 < mentioned in Section 3.2.1.

We may now begin formalizing the above outlined argument.

Proof. First step: choice of the initial condition. In order to choose the initial
conditions X° and V°, we first decompose ¢° and ¢! in Fourier series, writing

ZquO sin(mpx), (70)
p>1
Z 2(;51 ) sin(mpz), (71)
p>1

where for any ¢ € L1(0,1), ¥ is given by Definition 3.1.

Then, we define the initial data for the discrete system as the truncation of the
Fourier series (70) and (71), that is, we fix a > 0 independent of N, which will be
made precise later on, and set

X = (5) )
where .
(@)= > 26%(p)sin(mpa), (73)
1<p<Na
and .
ik (). (74)
where -
dn(z)= > 20! (p)sin(mpr). (75)
1<p<Na
We note that -
¢ (z) — o} (x) = Y 20°(p) sin(mpz). (76)
p>Na

Since ¢V is in H{(0,1), when symmetrized around the origin and repeated periodi-

cally with period 2, it is in Hj_(R). Hence, its Fourier coefficients satisfy

— 2
> Il ‘¢0(p)‘ < o0.
p=>0
Thus, applying Cauchy-Schwarz inequality to (76), we find
1/2 1/2

~ — 2 C
P T oz] | S erlPe]] <=

p>Na p>Na

Similarly, one easily shows
~ C
Yz) — i (x ‘ < ,

which proves that (67) holds. In addition, still with the same type of argument, we
have

9¢°  9¢°

or ox

C
~ VNa

(77)
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Second step: weak convergence.

We define

Using (66), equation (40) reads

d*Y; 2 2

ol Ny (Yigr —2Yi +Yioq) + Noea (Yigo — 2Y; + Yia).
Defining A as the matrix of the discrete Laplacian with homogeneous boundary
conditions, we point out that this also reads

d2Y 2 (6] 2 2 2
T = (e +4e) N?AY — 5 (N?4)°Y - ,N*KY, (78)
where
2 -1 0 0
1 0 0
-1 2 -1 : 0 0 0
A=1l¢o . . . o, and K= -
S 0 0 0
o -~ 0 -1 2
Since that Yy = Yy = 0, the last term of (78) vanishes:
d*Y C2

_ 2 2 1\2
Next, we note that, since this equation is linear with constant coefficients, we can

apply the operator N2 A, finding
d2

k20, - [(VAFY] = ~(cr+4eo) N2 A [(N?A)Y ] —s—%(N?A)? [(N?A)kY].
(79)
We next define the following norm for Y:
o 1/2
VY e RV Na(Y) = Z (5> H(NQA)(HD/zY’ 2 (80)
’ N L2 ’

k>0
where § > 0 is some fixed constant which will be chosen later on (see (83) and (84)
below). The scalar product of (79) with 4¥ gives
1d 2
2dr

k2 dY
dr

(N24)

= —(c1 +4cy) ((NQA)’““Y, ‘fly>
-

Co 2 k42 dY

— | (VA Y, —
+N2 (( ) 7d7’>

C1 +4CQ
2

+

d 2
el N2A (k‘+1)/2yH
dr H( )

c2 d ‘ 2 48 (k+2)/2 H2
— — ||[(N“A Yl .
2N2dr ‘ ( )
Hence, setting

2
= o,
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we have

2
C2

dy
H(NQA)IC/QdT + (c1 +4dea) V41 (t) — ﬁ%w(t)

= H(NQA)’C/ZVOH2 + (e1 +4¢2) 741 (0) — %%+2(0)- (81)

Then, we use the definition (72) and (74) of X° and V°, which allow to write

< X [P

1<p<Na

and ,
|avzayevel <c ST b (o)

1<p<Na

for some constant C independent of N. Summing this with respect to k, we thus
have (recall that Ny is defined by (80))

—~ 2
N80 < ¢ e ([P0 + [ )
1<p<Na
e Y P +iw (52
1—a?6?
1<p<Na
if
ad < 1. (83)
We next sum (81) over k and insert (82) into the result:
5\ 2
Ny(X)? = Z (N) VE+1
k>0
C2 1 ) 2k 1
< - | = 0y2 - 042
= e+ 4 ,;) N? (N) vz NV (XT)T+ (1 +402)N2NN(V )
1 Co 1) 2k C
< _ =
— 02¢) 44y Z <N> Tht1 F 1 —a262
k>1
1 Co 2 C
< P NN(X)2 4 ——
- 2 Cl+4CQNN( ) + 1 — a242
Hence, assuming that
C2
] 4
Vet ie (84)
we find that
Ny(X) < C,

for some constant C' independent of N.
We then point out that Ny (X) > HAl/2Y||L2 = ||VNY||L2. Using a discrete
Poincaré inequality [3, 8], we also have

ZYQ < = Z N%(Yiy1 — Y)? < ONn(Y)?,

z() =0
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where C' does not depend on N. Applying Lemma B.1, we thus have strong con-
vergence in L2, up to extracting a subsequence:

Y — nin L?, (85)
for some 1 € L?(0,1), where the L? norm is defined by (64). Moreover, since VY
is also bounded in L?, it converges weakly in L2, up to extracting a subsequence:

VNY — (in L2, (86)

in the sense of (65). Finally, using (85) and (86), one easily proves that ( =
0.m. Using again these convergences, and the fact that X satisfies (40) a simple
computation proves that n = ¢, the solution to (41). Hence:

Y — ¢in L?, and VyNY — 0,¢ in L?. (87)
The uniqueness of ¢ implies that this convergence holds for the whole sequence, and
not only for a subsequence.
Third step: convergence of the energy.
We use the energy conservation for (40), namely, (81) with k& = 0:
dY 2 1/2 2 02 2 2
[+ e a5 v

2
= V01 + (1 + dea) [NAY2Y 0| = 2 VAV (89)
Similarly, the solution ¢ of (41) satisfies
1 8¢) 2 6¢ 2 1 8¢0 2 8¢0 2
/ K&) secvaen () |ar= [1|(57) +avae (55) fan
(89)

Since, according to (67) and (77), the right-hand side of (88) converges to the
right-hand side of (89), we thus have

o0, |20 4 e+ e HNAl/QYHQ -2 |n2ay |
= Y dr 1 2 N2

N:io/ol [(gf)z +(er + dea) (giﬂ dz. (90)

We need to prove that the last term of the left-hand side of (90) converges to zero.
In order to do so, we return to (81), and sum over k > 1. Repeating the same
argument as above, one easily proves that

5\ 2k 1 o 5\ 2k
S(x) w0 < marmoly)

<
k>1 k>1
21N (15502 o |G
+C Y Z(N> (‘(bo(p)( +‘¢1(p)‘)
1<p<Na k>1
1 Co 1) 2k
= 6201—|—402kz>1<N) T+

s bl ([P0 + [Fw]).
p>1
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from which we deduce, with the same hypotheses as above, that
52 5\ C
F’Yz < Z <N> Vet1 < N2
E>1

for some constant C' depending only on a, &, ¢° and ¢'. Inserting this inequality
into (90), we thus have, V7 > 0

d 2 2 1 0 2 o 2
[ I s ey | [(af_’) +e+ 1) (52) ]d:c. (o1)

Fourth step: strong convergence.
The weak convergences of NA/2Y and 2¥ imply that

day

2 1 (9¢ 2
w2 () e

-
hmlanNAl/QYH / (gf)2da§.

This, together with (01) implies the convergences

2 1 2
%) = [ () o el e [ (5) e

Since |[NAY2Y| = ||[VNY|, this in turn implies strong convergence of VY. In
order to prove (68), we now write (recall Yo = 0):

lim inf
N—o0

and that

i 1 & N 94
Y; — — = |= N Y1 —-Y;) — —d
¢<N>' NJZO ( Jj+1 ) A 8:1: €z
-1 (j4+1)/N )
S / ‘ J+1 Y) a(b d.T
j=0 J/N
) 1/2 LGN 1/2
=1 < / It ( 9\?
< — N (Y1 —Y) —
2w \ &) or
o¢
< _ 7
- HVNY ox Nj)oo 0
Finally, it is easy to reproduce the above proof for % instead of Y, thereby proving
(69). O

Remark 8. The above proof readily applies to any finite range interaction. Indeed,
if one allows for interaction to p neighbours, then the corresponding term in the
equation may be rewritten as a polynomial of the discrete Laplacian, with the
corresponding power of N in factor of each term. Hence, an adapted norm of the
same type as Ny may be employed to obtain weak convergence, and next strong
convergence using convergence of the energy.

Remark 9. In the proof of Proposition 5, we have applied a filter to the initial data
(see equations (72) and (74)). As pointed out at the end of Section 3.2.1, without
this filtering strategy, the result does not hold.
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Remark 10. The proof of Proposition 5 is easily adapted to the case of coefficients
c1 and ¢y depending on 4, as far as they are bounded and satisfy ¢} + 4ch > « for
a > 0 independent of . In such a case, one needs to also use a filtering strategy for
the coefficients c;, as it was performed above for the initial data.

For the remainder of this article, we turn to nonlinear problems. As mentioned
in the introduction, the only case where we are able to prove convergence without
an additional linearization is the case when all potentials are convex. It is studied in
our next subsection. In Subsection 3.4, we will have to consider a different regime.

3.3. Nonlinear convex case. Using the same strategy as in Section 2.2, we are
able to prove the following result:

Proposition 6. Assume that Vi,Va € C* and that V", Vy’ > a > 0 for some
constant . Let ¢ € C°([0,T),C*([0,1])) be a solution to (9). Let N € N, and
define, for all 1 <i < N,

0 _ 0 i 0 _ 41 i
oo (2), v (4).

Let X;(t) be the unique solution to (8), with the convention Xo = 0, Xn41 = 0.
Then, we have the convergences

1 i
VT € (Oa T)v 12;15]\[ ‘NXz(NT) - ¢ <N77_> N:Zo 07
and 5
dX; o (i
v 0, T NT)— — | — 0.
me0.1), g:.lgN! i N "5 (N) fond
Proof. This is an easy adaptation of the proof of Proposition 2.2. O

3.4. Nonlinear non-convex case. We consider throughout this section the New-
ton equations normalized in a a different regime, namely (10) and (12) with v €
(0,1). To begin with and for pedagogic purposes, we first return to the NN case,
where we perform the detailed proof of convergence. The convergence of the NNN
case is then proven by a simple adaptation, outlined in our final paragraph. For
both cases, our proof follows the lines of the proof by weak convergence we employed
above in the linear setting. The additional feature of a different normalization is
useful for dealing with the nonlinearity. As above, let us briefly explain, using the
discrete differentiation (19), our normalization procedure. Formally, we consider

82(1)5 - Y
52 ¢ D.VV(e"D.®.) =0, (92)
When v € (0, 1), we observe that, still formally, ®. converges to the solution ® to
0%®
— — VV(0).D*® =0.
or2 vvo)

This linearization procedure is formalized below in our proof. When v = 1, (92)
2

0°®
reads —25 —D.VV(D.®.) = 0. It is beyond our reach, without assuming convexity
and thus simply using weak convergence arguments, to determine the limit of a term
like D.VV(D.®.) unless VV is linear, in which case the above equation in turn
reduces to (20). This explains why, in the present state of our understanding, we
need to resort to the specific normalization using v € (0, 1).
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3.4.1. Back to the nearest-neighbour case. We first consider the NN case, and prove
the following proposition, announced at the end of Subsection 2.2.

Proposition 7. Assume that v € (0,1), and that V € C* is such that V(1) =
V(1) =0, V® is bounded and

3oy >0, 3ag >0, suchthat Yz eR, o(z—1)°?<V(z) < az(z— (93

1)%. (93)
Let ¢ € CY ([O,T),Hl([O, 1})) be a solution to (11), with ¢* € H*(0,1),¢' €
H'(0,1), with s > 7/6. Consider the initial conditions N¢° (%) and qbl (%) for

(10). Let
— N (jv) Ve =gt (fv) , (94)

and let X;(t) be the unique solution to (10), with the convention Xo =0, Xy11 = 0.
Then, we have

1 )
VT e (0,T), sup |—=X;(N7)— —, 7| — 0,
0.1) 1§igp1v’N (N7) = ¢ (N ) N—oo
and
dX; 99
T 3 N .
vr € (0,7), 1;1%31\[‘ o (NT) — o7 ( T) NQOO

Proof fo Proposition 7. First step: choice of the initial condition. Contrary to
Proposition 5, the energy of the discrete system is convex, so no filtering is needed.
Hence, the initial condition is simply given by (94).

Second step: weak convergence.

Here, the strategy is somewhat different: we write the conservation of the energy
for the discrete system, that is, setting Y;(7) = % X;(NT),

)
]|v°|| +ND Zv( vNW)l), (95)

where we recall that the norm in (95) is defined by (64). Therefore, using the
bounds (93) for V, we infer that

<0, |[VNYl. <G, (96)

for some constant C' > 0 independent of N. Here again, we use a discrete Poincaré
inequality [3, 8] to prove that Y is bounded in L?, so that (87) holds, that is,

Y — ¢in L?, and VyY — % in L2, (97)
X
where ¢ € H'((0,1) x (0,7T)). We are now going to prove that ¢ is the solution
o (11). For this purpose, we set G(7) = VNY(N7). Hence, we have, for any
0 € D(0,1),
N i+1/2

(fj;};e) NNy [v/( f\;) 4 (1+ Cj\;lﬂ /‘; 0(x)dz.  (98)

=0
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Using a Taylor expansion, we have

o G Gl
/ " (3) i
‘V (1 Nv) V' ()55 | < IVl g
Inserting this into (98), we thus have
Y S iy
‘(Wﬁ) - NZV//(l) (Gi —Gi-1) [71/2 0(z)dz| < N[V || oo
=0 —~

i+1/2

G} + G} N
x Z e I

G 2
< VO 0] 1E N2

ol 09

We compute the second term of the left-hand side:

N i+13]/2
Z V") (G — Gi—1) /_71/2 0(z)dx
i=0 T

1+]3/2 i+1/2
_ 7 .
— Z V( </+11V/2 O(x)dx [71/2 9(x)dx>,

N i+1/2
D VWG =Gim) [ O)da
1=0 - N
_ // (u) — 0 (L)
= ’ZV *N
Gl
40 (II All; )
N r(
- fZV”(l)GiGJE[N) +0< ! > (100)
=0

where we have used Cauchy-Schwarz inequality and the bound (96), together with
a Taylor expansion of . Finally, the convergence (97) implies

! NV“lG@’ d V"1 3(;5 d 101
y e (%) Vo [ oo (101)

Collecting (99), (100), (101), we thus have

<d2Y 9) v [ 20 w)as — 0.

dT2 ’ 0 ax N —o0

This implies that ¢ defined by (97) is a solution to (11).
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Third step: convergence of the energy. This step is actually simpler than the corre-
sponding one in the proof of Proposition 5. Indeed, (95) and the following energy
conservation:

/01 (gf)Qdm—i-V”(l)/ol (g‘i)dez/ol (¢1)2d9«”+V"(1)/01 (%ﬁ))zdaﬁ’

allow to prove convergence of the energy provided that it holds at ¢ = 0, that is,

0 1 1 0 2
02 27 VyY 124 "1 ai d
[VO” + 2N (V(1+ e )’1)N3/0 (¢")" dz+V"(1) o)
(102)
The convergence of the first term is clear, so we concentrate on the second one. We

thus write, using here again a Taylor expansion of V' around 1,

v (1 O < v v T Ly T

o (HV(”HL& I(Vﬁj)ilv

;V”(1)(VNY;O)2 ) (wa”m ’(VNYO)i‘?)) ’

N2'y NB'y

hence
al (VNYO) ; 1 2l 0
Z < ‘Y > 7‘/// N ; NY

1 3
+0 <|v(3>||Lw T Z y(vNyo)A ) (103)

=0

In addition, using the Holder inequality, we have

RIS 3/ <”1)¢?v<§)>

=0

3

N
S5 3 . e
i=0 ~
N 3
v 4
- pard o | dx
Inserting this inequality into (103), we thus have
N (VNYO) 1 N
" O
Z < e V N; VnY?)
e
+O | [V L (104)

N7
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Standard Sobolev imbeddings (see for instance [1]) imply that, since s > 7/6,

o

<1l
3

by definition of ¢%;. Hence, the remainder of (104) vanishes as N — oo. The same
argument as in the proof of Proposition 5 shows

vy [ (29

This proves (102), hence the convergence of the energy, namely:

N
1,1
3V Wy

=0

1|dy 2y (VNY),
2Hdt(N +N ;V(HM )
1 ' /06> 1, L 70¢\?
for any 7 > 0.

Fourth step: strong convergence. In order to prove strong convergence, we need to
prove convergence of each term of the energy. For this purpose, we cannot use the
same argument as in the proof of Proposition 5, since V is not convex. Hence, we
need to apply a special treatment to the term involving V. For this purpose, we
split the indices into two sets, depending on the size of (VnY);:

AL = {1 <i<N, [(VyY),]> N'Y/Q},
and

Ay = {1 <i< N, |[(VaY),]< NW}.
Note that, since VY is bounded in L2, we have

#AL <CON'7. (106)
We then write the potential energy as
2N2“’iv (1+(v§:)i> = 2N YV <1+(V;\VJ)Z‘>
=0 €Ay

+2N YV <1 + WNY)”)

Y
ic AT, N
N

2N Y V<1+(V;szf)i)_

i€Ay

Y

We then use a Taylor expansion of V' around 0, writing

3
2 (VNY)i\ _ v 2 @] [(YNY),l
NV (1 + V(1) (YY) + 0 HV HLOO el B
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Summing this equality with respect to ¢, and inserting it into the above inequality,
gives

2N2vzv( V. ) > V(1) 3 (YY)

€Ay

_C’HV(3)HLN Niﬂ 3 (VaY)2
ic Ay

Since ||VnY L2 is bounded, the last term vanishes in the limit N — oco. Thus,

1 (VnY) 1
. . 2y — N i > i . oy 2
lim inf |2N%7 Zv (1 + ) > liminf | V(1) > (VaY)7| (107)
i=0 €Ay
In addition, defining
o _ JUNY), ifie Ay,
’ 0 if i € A},
we have, for any 6 € D(0,1), we have
i+1/2
~ N
(G - VNY,e) S Z (VNY), / - 0(x)dz,
zG.A+
whence
1/2
](é - vNy,e)\ < |VNY 2 </+ 0(x)2dx> : (108)
BN
where Bf; = U {Z _];/27 ! _:\}/2] . Equation (106) implies that |BY| — 0, hence

i€ A}
the right-hand side of (108) vanishes as N — oo. Thus,
~ o

Using this property and (107), we have

lim nf [2N27 ZV ( V), )

We note that, in view of the convergence of dY/dr, we also have

1 2
0
(3
0 87—
These lower bounds and (105) imply that each term converges. Thus,

dY(N)—> 99 in L?
dr

N— o0 aT
In order to prove strong convergence of VY, we point out that the above argument
implies that in (107) and (109), we can replace liminf by lim and inequalities by

2

ay

T

lim inf
N—oo




32 XAVIER BLANC, CLAUDE LE BRIS AND PIERRE-LOUIS LIONS

equalities:

[ 5o (1 52)

~ Jim %V”(l) S (Wav2|, (110)

N—00
1€AN

:v"<1)/0 (gf) (111)

. VNY)
2’7 _
ngréo 2N E Vv < ) =0.

zE.AJr

N
. 1 (VNY),
2y ANYNTE
A}lm l2N ;:0 V (1 + N )

Thus,

Hence, the lower bound in (93) implies

. 1 2
A |5 2 (WY =0
i€ A}

Hence, still using (110) and (111), we infer

IVnYl —> H

so that we have strong convergence of VY. The end of the proof is similar to that
of Proposition 5. O

3.4.2. Next-to-nearest-neighbour nonlinear non-convex case. The above proof can
be adapted to prove convergence in the NNN nonlinear case.

Proposition 8. Let v € (0,1), and assume that Vy,Va € C* are such that Vi(1) =
V2(2) =0, Vl(g) and VQ(B) are bounded, that

Ja; >0, V(z,y) €R? Vi(l+z)+Vi(l+y)+2Va2+z+y) > o (22 +9°),
(112)
and

Jas >0, 3B>0, suchthat Vr € R, Vi(x)< B+ as(x—i)? (113)

withi=1,2. Let ¢ € C° ([0,T), H'([0,1])) be a solution to (13), with ¢* € H*(0,1)
and ¢ € HY(0,1), where s > 7/6. Consider the initial conditions

(@) weol)

and let X;(t) be the unique solution to (12), with the convention Xo =0, Xni11 =
N + 1. Then,

V1 e (0,7), sup ‘;/,Xi(NT) —¢ <JZ\./,,T>

1<i<N

— 0,
N—oo

and

su su NT T 0.
0<TI<)T L<i<pN' dt (N7) - or N—00
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Proof. The proof is adapted from that of Proposition 7. We follow the same steps,
pointing out the necessary changes.

First step: choice of the initial condition. Here again, no filtering is needed. So we
simply choose (114) as an initial condition. See Remark 11 below for a comment
on this fact.

Second step: weak convergence. As in the proof of Proposition 7, we write the
conservation of the energy, namely (here again, Y (7) = (1/N)X(N71))

1]dy 9y L Yiq1 —Yi)
QHdT +N Z‘/l( N

N+1
Y,_
+N2’Y ZV'Q <2+ z+]1\7 4 1)>

(V% = YY)
||V°|| EE Zvl <1+ R}W

N+1 YO YO
NQ’Y Z ‘/’2 <2+ ( 141 171) (115)

N7

We use (112), and find (recall that ¥; =0if i <Oori> N +1):

N+1
Zvl <1+ 'L]#\»/v]ﬂ{ Y ) NQ,Y Z ‘/2( 1,+1 Kl))

N7
N+1
N(Yi =Y\ |, 1 N (¥; - Yi)
=S (1 TR g (1 T
N (Yig1 — Yi1)
+V2(2+M
05N+1
NG Y Y = Y) + (Vi = Yia) = aa ZN2 41— Ya)?

Il
o

(3
Inserting this inequality into (115), we prove that VY is bounded in L?, and we
thus have weak convergence:

Y — ¢in L?, and VyY — % in L?,

where ¢ € H'((0,1) x (0,7T)). The proof that ¢ is a solution to (13) is essentially
similar to that for Proposition 7. The only difference is the presence of the term
involving Va. This term is dealt with exactly as that involving V7, using (113).
Third step: convergence of the energy. Here again, we first write the energy conser-
vation both for the discrete system and for the continuous one, reducing the problem
to the convergence of the energy for the sequence of initial data. The strategy of
the proof of Proposition 7 used to deal with the terms in V7 is easily adapted to the
terms involving V5.
Fourth step: strong convergence. This last step is also a simple adaptation of the
one in the proof of Proposition 7. O
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Remark 11. It is interesting to make specific the condition (112) to the case of
quadratic potentials Vi(z) = S (z — 1)? and Va(z) = Z(x — 2)% In that case,
condition (112) reads
Y(z,y) € R?  (c1 4 2¢2)(2? + y?) + degzy > 0,
and this amounts to
c1+ 2co >0, 01(61 + 402) > 0.

It is easily seen that an equivalent condition is
cp >0, ¢ +4cy >0.

Evidently, this condition is more general than the “full convexity” (¢; > 0, c2 > 0).
However, it rules out the case we considered as interesting in Section 3.2, that is, the
case ¢; < 0 with ¢; + 4co > 0, where negative eigenvalues exist for the underlying
discrete differential operator. This observation formally explains why no dedicated
filtering of the initial condition is necessary for Proposition 8. It remains that in the
non-quadratic case, condition (112) is far more general than convexity and covers
a large set of relevant cases.

Appendix A. A few results on Fourier series. We collect here the results on
Fourier coefficients which we have used in the proof of Proposition 3. We recall that
the definition of Fourier coefficients is given in Definition 3.1.

Lemma A.1. Letp > 1, and let ¢ € CP(0,1) be such that ¢(0) = ¢(1) = 0. Assume
that there exists C' > 0 and 6 > 0 such that

Yk € N, ‘$(k)‘ < Ce 0%, (116)
Then, defining, for all N € N and all k < N,

k 1 . (jkm
uj = ﬁ sin (N) ,
and, for Q € R[X],
(G+1)/N
D =N / Q(Nz — )6 (x)da,

i/N

we have
| (u*, D) | < C'VNkPe %, (117)

for some constant C' independent of N and k.

Proof. We first define a function ¢ € C*(—1,1) by
o) if z € (0,1),
Vo) = {¢(x) if x € (—1,0).

We next extend this function by periodicity, so as to obtain a function, still denoted
by 1, which is 2-periodic, and of class C''. Hence, this function is equal to the sum
of its Fourier series:

OEEDS (m / 11 w<y>eimwy) —23" G(m) sin(mmz).

mEL m>1
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Since ¢ = ¢ on (0,1), we have

(G+1)/N R ‘ ‘
D=V Y [ QN = dm) [(—imm) e~ (i) €] do

m>173/N

(u*,D) = Y ukD;
j=1
! al km
= —1Im Z/ Q(y) (imm)Pp(m)e™™~ Zezm”%sm (jN>d
m2>1 0 J=1
We compute
N . N
immd . Jkm 1 iplmtoi 1 i M=k
St (GF) = 3o Ly e
j=1 j=1 j=1
N
= 7(5m _6m7 5
57 (Om-+h k)

where ¢ is the Kronecker symbol (§,, =1 if n =0, §,, = 0 otherwise). Since both m
and k are non-negative,

(. D)] = W / Quym [i (ke athyete )| dy]
VN [ @iastent B0

Applying (116), we find (117). O

IN

Lemma A.2. Assume that ¢° and ¢' satisfy the hypotheses of Proposition /4, and
assume that ¢ is the unique solution to (41) (with ¢1 + 4co > 0). Then, for any
T >0, x— ¢(1,2) satisfies (116).

Proof. Because of the boundary condition in (41), ¢ clearly satisfies ¢(7,0) =
#(7,1) = 0. Computing the Fourier coefficient of order k of this equation, we find

that
2

-~ —~

& 3 k) = —n2K23(r. ),

dr?
hence . .
¢(7,k) = ¢°(k) cos(w|k|) + ¢* (k) sin(r|k|T).
Applying (46), we conclude the proof. O

Appendix B. Discrete convergence properties.

Lemma B.1. Let (Y;)o<i<n be a vector of RN and assume that

N—-1
Yol + N ) (Vi - Y3)* <C,

=0
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where C does not depend on N. Then, there exists g € L?(0,1) such that, up to the
extraction of a subsequence,

Y — g in L?,
N—o00
in the sense

/jvu vy

Proof. Let hy be a continuous, piecewise affine function such that h’y is equal to
Yi+1 — Y; on each interval [ L ’H] that is

Nl

mH 2

i—

Y:) d:v—i—/l L(g(:Jc)—YJ\;)2dfr — 0.

_ N—o0
2N

1
Vo € {0, N] , hn(z) =Y + (Y1 — Yy) Nz, (118)

e [L ] o (£) 4 v (5= £).

where (119) is valid for any 1 < ¢ < N — 1. Then, hy is such that 'y is bounded
in L? and hx(0) is bounded. This implies that the sequence (hy)yen is compact
in L2. Hence it converges, up to the extraction of a subsequence, to some g € H'.
In order to complete the proof, we need to prove that ||Y — hy||,» oL 0, that
is,

1 N_1 i*t3
/ (hn(z) = Yo)’ dz + > /Fl (hn(z) —Y;) dx
0 i=1 N2

1
+ /1 (hw(@) = Yn) e — 0. (120)

_ 1 — 00
2N

For this purpose, we first point out that (118) and (119) imply that
. )
Y0 <i<N, hN<N):Y;.

Next, we compute each term of (120) separately:

1 1
N 1 (Y1 —Yp)?
= N? Yy - Yo)?2?de = — ~—
/0 (hn(z) — ) dx /0 (Y1 = Yp)*x*dx 51 N ,

/1 (hv(a) = Yoo = N2 [ (¥ = Yoo = 1 (Y = Yy-)?
1— L 0

L 24 N
For 1 <i<N,
i3 i 2
N 2 N 9 1
Joy @ -y = [T v (- 1) de
i— 3 i-3 N
N N
z-;]% 9
+ [ (Y1 Y5 N2< > da
%
1YY 1) Jri(YzH Y;)
24 N 24 N

Summing up all these equalities, we find (120), which concludes the proof. O
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Appendix C. Proof of Lemma 3.2. We give here the proof of Lemma 3.2, which
we recall here:

Lemma C.1. Assume that ¢; = —1 and ¢y = %, so that ¢y + 4co =1 > 0. There

exist 3° € C4(0,1) and ¢* € C*(0,1) such that, if (Xi)1<i<n 18 the solution to

(40), with (XZQ)1<Z'<N and (Vio)1<i<N defined by (47), then the convergences (48)
and (49) do not hold. o
Proof. Let us define
1 .
#°(z) = Z g sin(krx), and ¢' =0, (121)
k>1

which are clearly of class C*. Then, the solution ¢ to (41) is equal to

oz, 7) = Z % sin(knx) cos(knT)

k<1

Moreover, according to (47),

and V9 = 0. We thus have

X —2X) + X7,

I
| =
wn
VRS

P
=1
+
=5
N—
|
[N}
7/ N

<
=3
N———

and similarly
XPo—2X) + XD )=~ Z % sin? (?\j) sin <Z§€\;T> .
Hence,
o1 (X0 —2X0 4 X0 ) +ea (X0, — 260 4 X0,)

1
= X7 +2X) - X7, + 3 (XD —2X7 + X7 5)
. 2 . 92 k’ﬂ' .. 2 kﬂ- . Zkﬂ-
= k§>1 76 {2sm <2N) sin (N)} sin <N>

Z 4 cos km sin? km . ik

=— — — |sin“ | — |sin [ — | .

kS N 2N N
E>1

As a consequence, the solution X; to (40) is equal to

Xi(t)=>_ % cosh [2 — cos (%) sin (Z;) t] sin (’f\f) . (122)

k>1
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In (122), we use the convention that, if —cos (%F) < 0, then y/—cos (%) =

iy/|cos (kx) |, and that cosh(ia) = cos(e) for any o € R. It should be noted that we

have assumed that cos (}”) never vanishes, which is indeed that case if N is odd.
We thus assume from now on that

N ¢ 27.

Next, we compute the L? norm of X (t):

X = 5 >0 X0y

1=1k>1
2 & 11 ikm ik’
Jrﬁz Z 6 170 sin (N) si < N )
i=1 k>1k/>k+1
k
X cosh l2 — Cos Fﬂ- sin 2N ]
k' %4
x cosh l2 — cos Z\;T sin 2;)] (123)

We note that

N <zk7r> (ik’w) N(—1) if k' =k+ Np, peZ,
ZSIH — | Sl | —— = .
2 N N 0

otherwise.

Inserting this property into (123), we thus have

IX@®)7: = Z ﬁcoshQ [ “—cos sin (;m) t}
k>1
+ZZ cosh — cos (lm sm
k>1p>1 kG k + N N
km p7r
. _(—1)cos | —— — 4+ —
x cosh [2\/ (1) cos<N> ( 5N 2)7&]
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The above expression simplifies depending on p being odd or even: grouping the
terms p = 2¢q and p = 2¢ + 1, we find

1
1X ()3 = k>1 m cosh? |2 [ — cos (%) sin (
km
E cosh [24/— cos sin
k;6 (k + N [ ( N > ]
k>1

X cosh lQ cos ( > cos <§7T t]

+D > alk,g), (124)

k>1¢>0

where

1 1 9 kn\ . [ km
alk,q) = ﬁmcosh [2 —cos(N)sm(2>t]
1 il cos (FT Y i (BT
kﬁ(kj—i—QNq—&—N)ﬁCOS cos ~ sin 5N
km LU
cos N cos 5N
1 9 km\ . [ km
= k6cosh [ —COS(N)SID<2N>t]
h |2 kn Ll
] 1 cos cos(N)cos(ZN)
6 6
(k+2Ng) (k+2Ng+N) cosh [2 —cos(k")sin(k”)t}

N 2N

x cosh |2

Next, we study the sign of cos (%’r) as a function of k:

(kﬂ') . positive if (2T7%)N<k< (2r+%) N, reZ,
cos | — | is
negative if (27"—1—%)N<k< (27‘—|—%) N, reZ.
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km
COS N

1 1
(k+2Nq)6  (k+2Ngq+ N)S

cos l2

x cosh [2

Therefore, we have

1
alk,q) = k—cos2 [2

1 1
>_ -
~ kS (E+2Ng+ N)S

f(2r—f)N<k<(2r+%)N, r € Z, and

N gin (F7 Y
cos N sin SN

1 1 005[2 |cos(
(k+2Nq)6 (k+2Ng+ N)¢

1
alk,q) = W cosh? |2 [

&

Jeos (56)1]

cosh [2 |cos (5x) | sin (22 t}
> i cosh? |2,/ |cos k—ﬂ- sin k—ﬂ- t 1 — 1
kS N 2N (k+2Ngq)¢ (k+2Ng+ N)8

(126)

if (2r + %) N <k< (2r + %) N, r € Z. We insert these estimates into (124), and,
retaining only the terms N/2 < k < 3N/2 for (126) (recall that N is odd), we find

X3 > ,}>1 ﬁ cosh? |2 [ — cos <Ij\7fr> sin <§]7\Tf> t]
E 1 cosh — cos k—ﬂ sin k—ﬂ t
= k:6 (k + N)S N 2N
km km
1h 2 1 _ S
X COS [ COb<N>COb<2 )t]

3N —1
2 1 . 2 kﬂ'
+ E 712 cosh® |24/ |cos N

b2
- Z; cosh |2
(k+2Ng+ N)S

k>1 ¢>0

()
o (5l ()

The first sum is non-negative, so we bound it by 0, and the second one is dealt with
using estimate (125). Finally, we retain only the term k£ = N in the third sum. We
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thus have:

IX@)2: > (;V)mcoshQ [2y/Teosmsin (5) 1]

1 1 1
—E — |+ E ——————— | cosh(2¢)
6 6 6
k21k (k+N) = (k+2Ng+ N)

c 2v/2t 2t
> We — Ce*t,

where C does not depend on N. Hence, we have

Vr>0, [|X(N7)||z — +oo,
N—oc0

which contradicts the convergence (48). A similar argument proves that (49) cannot
hold either. O

Remark 12. The above proof gives only a particular example of an initial data for
which converge does not hold. The power 6 in (121) may be replaced by any power
ensuring convergence of the Fourier series. Moreover, it is also possible to adapt
the proof, at the price of technical difficulties, to functions of the form

¢ (z) = Z % sin(kmx),

k>1

where p > 2 and «ay is a bounded sequence such that a; > o« > 0. Hence, non
convergence occurs for a large set of initial data.
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