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ABSTRACT. The dynamical stability of planar networks of non-uniform Tim-
oshenko beams system is considered. Suppose that the displacement and ro-
tational angle is continuous at the common vertex of this network and the
bending moment and shear force satisfies Kirchhoff’s laws, respectively. Time-
delay terms exist in control inputs at exterior vertices. The feedback control
laws are designed to stabilize this kind of networks system. Then it is proved
that the corresponding closed loop system is well-posed. Under certain condi-
tions, the asymptotic stability of this system is shown. By a complete spectral
analysis, the spectrum-determined-growth condition is proved to be satisfied
for this system. Finally, the exponential stability of this system is discussed
for a special case and some simulations are given to support these results.

1. Introduction. The dynamical behavior of flexible networks and their control
problems (see [9], [10], [11] and [23]), are studied widely in engineering and applied
mathematics. For such systems, due to high-precision requirements, we always
need to take the time-delay effects into account, since time-delay is a universal
phenomenon existing in almost every engineering practices (see [31], [38] and [39]).
Normally, the presence of delays makes systems less stable (see [12], [13] and [33]).
Especially for hyperbolic systems, a small delay always can make the energy of the
controlled systems increase exponentially, which makes the control problem of them
become very tough.

In engineering, time delays in control systems are roughly divided into three
types: the internal delays, input delays and output delays. What we shall consider in
this paper is a kind of planar networks of hyperbolic system with control input delays
at the exterior vertices of networks. We shall discuss the stability of tree-shaped
networks of non-uniform Timoshenko beams system, since non-uniform Timoshenko
beam is the most realistic one of the 1-D distributed parameter models.

At present, there are many results about the dynamical behavior of flexible
structure networks, for instance, Ammari et al. in [3], [4] and [5] discussed the
stabilization problem of tree-shaped and star-shaped of elastic strings respectively,
and asserted that the networks are asymptotically stable under certain conditions.
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Similar method was used to consider the energy decay of elastic Euler-Bernoulli
beams with star-shaped and tree-shaped network configuration (see [2]). Mercier in
[28] gave a spectral analysis of a serially connected Euler-Bernoulli beams problems
and proved the existence of the spectral gap for such systems. Mercier et al. in
[29] studied the spectrum of a network of Euler-Bernoulli beams connected by n
vibrating point masses and discussed the controllability of this kind of network in
[30]. Wang et al. in [44] obtained the Riesz basis and exponential stability of the
flexible structure of a symmetric tree-shaped beam network, based on the asymp-
totic spectral distribution of the system. Han et al. in [17] studied the spectral
distribution of a star-shaped networks of strings and obtained the asymptotic sta-
bility of the system. In [18], they discussed the dynamical behavior of tree-shaped
networks of non-uniform strings with non-collocated feedbacks by Riesz basis ap-
proach. Zuazua et al. in [42] discussed the dynamical behavior of the wave equation
on 1-d networks and gave a general method to study the stabilization problem of
such systems. Moreover, by asymptotic spectral analysis, Xu et al. in [45] and [48]
considered the stability of multi-connected wave systems. They in [19], [20], [21]
and [46] studied the Riesz basis property of networks of Timoshenko beams and
obtained that these systems satisfy spectrum-determined-growth condition, that is
the growth order of the system is determined via its the spectral bound.

There also have been a few nice results on control problem of flexible systems with
time delays. For example, Liang et al. in [24] and [25] introduced the Smith predictor
and its variant to the boundary control of wave equation and FEuler-Bernoulli beam
equation with a delayed boundary measurement, and demonstrated the effectiveness
of the proposed method by simulation. Morgul in [32] designed a class of dynamical
controllers to robustly stabilize the wave equations against small time delays in
the feedback loop. Guo et al. in [16] designed the observers and predictors to
solve the stabilization problem of one-dimensional Schrédinger equation system.
Han et al. in [22] discussed the exponential stability of Timoshenko beam with
delay terms in boundary feedbacks. Xu et al. in [47] and [50] considered the Riesz
basis properties, exact controllability and stability of string systems with time-delay
boundary feedback controls. Nicaise et al. in [34] studied the stabilization of the
wave equation with boundary or internal distributed delay and in [35] they applied
the similar feedback controller to 1-D networks of wave systems and obtained the
stability of the closed loop system under certain conditions.

However, there is few result about the dynamical behavior of networks of non-
uniform hyperbolic system with time-delay feedbacks. We observe that for such net-
works, the operator determined by the closed loop systems are always non-normal
and very complex. It is difficult to obtain some properties of the systems, such
as distribution of spectrum, spectrum-determined-growth condition. Furthermore,
time-delay problems for hyperbolic systems are always very tough due to its spec-
tral property, even for single beam or string. Hence, such problems become very
difficult to discuss. The aim of this paper is to study the dynamical behavior of a
kind of planar networks of hyperbolic system—tree-shaped networks of non-uniform
Timoshenko beams system with time-delay terms in the boundary control inputs
(see Figure 1).

At the beginning, let us describe these tree-shaped networks of non-uniform
Timoshenko beams on a planar graph. Let G = (V, E) be a planar graph of tree
shape with vertices V' = {ag,a1,a2,as, -+ ,a,} and edges E = {v1,72, "+ sV},
where ag is its common vertex. Suppose that an elastic structure is defined on the
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FIGURE 1. planar network

graph G, whose equilibrium position coincides with G. The function w(s,t) and
(s, t) denotes the displacement and rotational angle depart from its equilibrium
position in position s € G at time ¢, respectively. The notation ws(s,t), ¢s(s,t) and
wy(s,t), pi(s,t) denotes the partial differential with respect to s and ¢, respectively.
We parameterize the edge 7; with start point ag, end point a; and arc length ¢;,
such that,

wj(ac,t) =w(s,t)|y,, € (0,¢;), s € ;.

<Pj(17at) = (p(sat”’}’jv S (Ovéj)a ERS E

For simplicity, we suppose that the length of each beam in the network is 1. Thus,
the motion of the elastic structure on each ; is governed as follows

pi(@) 260 — [ (@) (2250 — o (@,8))] = 0, ¢ >0, w € (0,1),
Iy, () 5 — 2Bl (2) 2280 — iy (@) (22580 — ¢ (2,4) = 0, £ > 0, 2 € (0, 1),
(1)
where j = 1,2,--- ,n, and p;(x), I, (x), EI;(x), kj(x) represents the density (i.e. the
mass per unit length), moment of mass inertia, rigidity coefficient, shear modulus
of elastic beam, respectively. More precise physical meaning of these quantities can
be found in Timoshenko’s book [41]. In this paper, we always assume

pj(x)vlpj (x)vEI(‘T)v kj (‘T) € Cl[ov 1] and pj(‘r)7IPj (CL‘),EIJ‘(.’L'),/C]' (‘T) > 0.

At the common vertex ag, the beams satisfy the continuity conditions of displace-
ments and angles, i.e.,

1,2 )
<p(a07t):<pj(07t)aj:1727"'7n7 t>0.
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Besides this, w’ (z,t), ¢’ (x,t), 7 =1,2,--- ,n at the common vertex aqg satisfy the
Kirchhoff’s law, i.e.,
- ow’ . - %Y
ki(0)(— —¢?)(0,t) =0 EI;(0)—(0,t) = 0. 3
S0, ~ P00 =0 B0 0. ®

In order to stabilize this kind of network, the controllers are designed at exte-
rior vertices of the network to control the shear forces and bending moments of
these beams, that is, at a;, j = 1,2, ,n, w/(z,t), ' (z,t) satisfy the following
conditions:

{ kj(l)(af;i —(pj)(l,t) +wj(17t) =uj, j=12,---,n (4)

EIJ(]‘)%(L” + (pj(lut) = vy, j = 1727 N
where u;,v; are control inputs, respectively. In fact, if these control inputs in (4)

have damping or memory, which deduces time delays, then the actual effect of the
control inputs are

0 0
[ wtrodests). [ wiersidei(s) =120 m,
that is, w? (x,t), 07 (x,t), 7 =1,2,--- ,n satisfy
w? . . 0 .
kj(l)(aa; - SOJ)(:[?t) + w](17t) = fij u](t + S)dQJ(S), J= 1727 e, N,
7 i 0 .

EIJ(I)%(I’ t) + <PJ(15 t) = ffq-j vj(t + S)dQJ(S), J = 15 27 R

where 7; is the maximal memory time and g;(s) is a bounded variation function.

In particular, if we choose g; = p;sign(s) + (1 — p;)sign(s + 7), where u; € [0, 1]
are constants, then dp;(s) are of point impulses at s = 0, —7;. Hence,

fBTj uj(t + s)doj(s) = pjui(t) + (1 — py)ui(t — 75),
fij vj(t + s)doj(s) = pjv;(t) + (1 — pj)v;(t — 75).

Thus, conditions (4) become the following conditions:
(

{ i (1) (9 — 7)) (1, 8) + w (L, t) = pyu(t) + (1 — pj)us(t —75), 5 =1,2,--- .,
EL (1) (1,t) + 7 (1,8) = pjv(t) + (1 — pj)vs(t —75), j = 1,2, ,n.

()
Observing the velocities 22> (1 t), 2 (1 t), j=1,2,---,n, we adopt the following
collocated velocity feedback control 1aws
U‘J(t): O‘Jagjtj(lut)v Oéj>0,j:1,2,"',n (6)
vi(t) = —B;22(1,t), B;>0,j=12,-,n
where o, f; are feedback gains, 86—“5(1,t —Tj) = fJQ(t - T5), 86—55(1,t —Tj) =

fj1 (t—m), t €(0,75), f]Q7 fjl are given functions. Thus, we have
a][,u] 811)7 (L) + (1 - ﬂ])aw] (L,t=7)], t >0,

t) =
~Bilns %5 (1, )+(1—MJ) (Lt —7))], >0,

{k;»(l)(%i;j—wx £) +wi (1,
EL(1) 225 (1,8) + ¢ (1,1) =

(7)
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In addition, we assume that the initial condition of system is given by

{ w(s,0) = wo(s), w(s,0) =w1(s), sé€G, (8)
©(s,0) = @o(s), wi(s,0) =@1(s), seqG.

Thus, under the feedback control laws (6), system (1)—(5) together with (7)-(8)
becomes a closed loop system described by

pj(@)wiy(z,t) — [k;(z)(wl(2,t) — ¢’ (2,1))], =0, t >0, z € (0,1),

Lo, (x)ety (2, t) — [EL (x) @) (2, 1)]a
—kj(z)(wi(x,t) — ¢ (2, ) =0, t >0, z € (0,1),

w(ao,t)_:wj_(() t), (ao, t) = ¢7(0,t), t >0,

ki (1)(w) = 7)(1,8) + w! (1,8) = —a[ujw] (1,1)
+(1 = py)wl (1, t = 75)], £ >0,

B, (0g1(010) + 99(1,1) =~ gt (1,0 o)
+(1— )l (1t —75)], £ >0,

i%@w—wumm S EL(0)23(0,4) = 0, ¢ > 0,

Jj=1 J=1

wi(1,t—75) = f{t—75), @l(L,t—1)=fj({t—1),te0m),
w(s,0) = wo(s), wi(s,0) =wi(s), s€G,

@(550) = @0(5)5 @t(s 0) 901(5)7 seG

j=12--- . n.

Here and hereafter we shall use abbreviations w; = %—lt“ and w, = g—i’.

Note that when p; = 1, j = 1,2,--- ,n, this closed loop system becomes a
proportional velocity feedback controlled system, which can achieve exponential
stability under certain conditions (see [44], [48] for tree-shaped network of Euler-
Bernoulli beams and strings). In this paper, we shall prove that when p; # 1, in
which case the system has time-delay terms, this system also can be exponentially
stable under certain conditions.

The structure of the paper is as follows. In Section 2, we formulate our problem
(9) in a Hilbert state space setting and then obtain the well-posedness of this sys-
tem. We show that the closed loop system is asymptotically stable under certain
conditions. In Section 3, we give a complete asymptotic analysis for the spectrum
of the system operator and prove that the operator has compact resolvent whose
spectrum is located in a strip parallel to the imaginary axis. In Section 4, we prove
the completeness and Riesz basis property of the eigenvectors and generalized eigen-
vectors of the system operator. Hence the spectrum-determined-growth condition
holds. In Section 5, for a special simple case, we discuss the exponential stability
of this kind of planar networks of Timoshenko beams system and finally give some
simulations to support these results.

2. Well-posedness. In this section we shall study the well-posedness and asymp-
totic stability of the closed loop system (9). For this aim, we shall formulate this
system in a Hilbert state space setting. Firstly, let us introduce auxiliary functions

_ Ow’
p(x,t) = 6—“2(1,15—73:17), rel0,1], j=1,2,---,n,
, 9ol

dxt) = S(t—ma), zel0,1], j=1,2,--,n,

ot
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which implies
- ‘ 5pj 5qj - ‘ 5qj
85 (S7t) - T] 8t (S7t)7 85 (S7t) - T] 8t (S7t)7

and ‘ ‘
p]({E,O) = fJQ(_ITj)v q](x,()) = fjl(_ITj)a S (07 1)a

where f and f] are given in (9). Thus, system (9) becomes

pi(@)wy(w,t) — [k (@) (Wl (2,1) — @ (2,1))]a =0, £ >0, z € (0,1),

L, ()@l (2, t) — [EL(2) @l (2, 1)
k() (wi(x,t) — o (2,) =

p(z,t) = —T_jpi(fr t), qm( t) = —7iq/(x,t), t >0, v € (0, 1),

’LU(ao,t) = wJ(O t) w(GOa ) <P ( ) t> O

p7(0,t) :wg(l 1), ¢7(0,t) = ¢l (1,1), t >0,

k(1) (w] — ¢?)(1,1) = —w”(1 t) —ag[ung(O t)

+(1 — u])pj(l t)], t >0, ‘ ‘ (10)

Ds(1, t) =—¢I(1,t) - Bilnsa? (0,8) + (1 = )’ (1, 1), £ >0,

0,t>0, ze(0,1),

o
> ki (0)(w] — ¢7)(0,1) = 0, 37 EI;(0)¢7(0,¢) =0, t > 0,
pJ(IE,O) = f]( ITJ)) qJ(IaO) = fjl(_‘TTJ)v US (Oa 1)7
w(s,0) = wo(s), wi(s,0) =wi(s), s€G,
<P(570) = _0(5)7 @t(sao) = @1(5)a s €QG,
7=12,---,n
Set
W(z,t) = (w(z,t),w?(z,t), - ,w"(z,1))T,
(I)(‘Tvt) = (901(‘T7t)a 2(‘T7 )a " ‘Tvt))Ta
P(Iat) = (pl(x,t),pQ(x,t), o ,pn(:E’t))T’
Q({E,t) = (q1($,t),q2(17,t [ 7qn(x,t))T7
Fo(x) = (f?(_ij)vfg(_ij)v T 3(_$Tj))T7
Fl(x) = (fll(_ij)v 21(_ij)7 T 7f7%(_$7—j))T'
We define n X n matrices to be

p = diag(pr (2), pa(2), -+ pul@)), k1= diag(ky (@), ba(2), -+ , (),
I, :=diag (I,,(x), I, (), -+ , 1, (z)), EI :=diag(ElL,El,--- ,El,),
T:=diag(m, 7o, - ,Tn), pi=diag(uy, go, -, ),
B = diag(f51, B2, -+ ,0n), «a:=diaglai,as, -, an,).
Then equation (10) can be rewritten as the following equation in C":

P Wi, 1) — [E@) (W (1) — B, )] =0, £>0, 2 € (0,1),

I(2)®u(x,t) — [EI(z)Dy(x, )]s
—k(x)(Wy(z,t) — ®(z,t)) =0, t>0, ze€(0,1),

Py(z,t) = —1P(2,t), Qu(x,t) =—-7Qi(x,t), t>0, xz€(0,1),

C(n—l)on(Ou t) =0, C(n,l)Xn‘I)(O, t)y=0, t>0,

P(0,t) = Wi(1,¢), Q(0,t) = D4(1,¢), t>0,

B()(W — ®)(1,1) = W (1) - a[uP(0.t) + (1 - wP(L,1), t>0, U

EI(1)®,(1,t) = —@(1,t) — BpQ(0,1) + (1 — )Q(L,1)], ¢ >0,
Iank(O)(W )( 1) =0, lenEI( )@ (0, ): ; t>0,
P(z,0) = F(x), Q( ,0)=F'(z), ze€lo, 1]

W(s,0) = Wo( ), Wi(s,0) = Wi(s), s€G,

D(s,0) = Dy(s), fI)t(s,O) ®i(s), s€Qq,
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where
-1 1 0 0 0
0o -1 1 0 0
0 -1 1 0
0 0 —1 (n—1)xn
and
Il)(’n,: (1;17 71)1><n- (]‘3)

Now, let us formulate system (11) in an appropriate Hilbert state space setting.
Let H*(0,1)(k = 1,2) be the usual Sobolev space and L?(0, 1) be the usual Hilbert
space.

Set

Vi ={u=(u))_, € I}_ H*(0,1) | u(0) = v/ (0) = u(ao),Vi,j = 1,2,3,-- ,n}.
Let the state space be H = V3 x I L?(0,1) x VA x I, L?(0,1) x 17, L?(0, 1) x
7, L?(0,1) equipped with an inner product, for
. . . . . . T
(Wi, Ziy @i, Wi, Py Q1) = (!, (D)5, (9], (B0, (0D}, (@) ) € H,
i=1,2, via
((W17217‘I>17‘1’17P17Q1)T7(W27ZQ7‘I>27\I’27P27Q2)T)H

Z / )0 ol0) = @) 0] @) = @)z + Y [ ps(a)ef (@) @)
w3 [ @@L @i+ 3 [ 1 @@

+3 [ r@r@ds+ Y [ g+ 3w 0y + Y (00
We define an operator A in ‘H by
w 7
Z p~H @) [k(@) (W (2) — (2))],
Al 2= v (14)
v 171 () ([EI(2) @0 (2)]a + k(2)(Wa(z) — @(2))) |
P o
Q _T_lQm

with domain

WeVE ZeVi deVE TeVi,
2(1) = P(0), ¥(1) = Q(0),
k(O - 9)0) =0
_ Ty E(0)8(0) =
PA = W22 0B ER 1) ¥, = )0 < W) a0 t5)
FI(1)2.(1) = (1) - S4Q(0)
HI-meM),

Then, we rewrite (9) as an evolutionary equation in H

WO — AU(H), >0,
U(O) Uo,

(16)
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where U(t) = (W(-,t), Wi (-, 1), ®(-, 1), (-, 1), P(, 1), Q(-, 1))T and
U(0) = (Wo, W1, &g, @, FO, FHT € 1

is given. We have the following result.

Lemma 2.1. Let A and H be defined as before. Then 0 € p(A) and A~ is compact
on H.

Proof. Clearly, D(A) is dense in H. Let us show that A~! exists. Let (W, Z, ®, ¥, P,
Q)T € D(A) which satisfies

AW, Z,@,%, P,Q)" =
Then by (14)—(15), we have

and wi (z), ¢’/ (x), 1 =1,2,--- ,n satisfy

kj(x)[wi (x) = ¢ (2)], = 0, (17)
[EL ()% ()]0 + k(@) (w], — ¢7)(2) = 0, (18)
> ki(0)(wl = 7)(0) =0, Y EL(0)¢}(0) =0, (19)
j=1 i=1

ki(1)(w] —¢)(1) = —w’(1), EL;(1)¢s(1) = —¢’(1) (20)
w’(0) = w'(0), ¢7(0) = ¢%(0), i,j=1,2,---,n. (21)

Multiply (17), (18) by w’(x) and ¢ (z) respectively. Then integrating the obtained
identities from 0 to 1 yields

1
0 = /0 [k () (wl, — ) (2)]ow () dz

= ki(@)(w] — ") (2wl (2)]p — /O kj () (wy, — @ wz (z)d

= W (Wwi(l) - /O k(o) wd — ) ) (@) (22)
and
0 - /OlaEIJ() L@ @) + ks (@) (1wl — o) (@) (@) da
— B @)@ @) - / By (w) e @) @de + [ (@)l = o) @) e

/EI )¢l (2) gk (2)dz + / k(@) (w) — @) @) @)de.  (23)

Then summing (22) and (23) leads to

(1) [ ()P / s (wd — ) (@) (wh — g9 (@) / El ghd = 0. (24)
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So we have

Z[ [’ (D = 1’ (1 )I2—/O ki (@) (w] — ¢7) (@) (wh — ¢7)(x)dz

-/ Efj(x)%(x)@?é(x)dx]

- —Z|wj<1>|2—2|¢j<1>|2—2/0 (@)l — o) (o) da
—Z/ EIL;( z)[*dx

= 0.

Thus, w’(z) = ¢/(z) =0, j = 1,2,--- ,n since k;(z), El;j(x) > 0. Therefore,
(W, Z,®,9, P,Q) =0, which implies that A is injective.
Next, let us prove that A is surjective. In fact, for any fixed

(F15F25F37F47F55F6) EHv

where F; = (f}, f?, e ,fi")T, we consider the solvability of
A(quq)a\ljaP?Q)T = (F17F27F37F47F57F6)7

that is
=, (25)
p; (@) ks (@) (w] - ) ()] = f1, (26)
W =fi, 27)
I (@) ([BL (2)@h ()] + by () (w] — 7)(2)) = f, (28)
—r 'l = f, (29)
—mted = 2, (30)

with conditions

Zi(l) =p(0), ¥/(1) =4 (0),

5 ks O)(wt — #1)(0) =0,

5> B (0)#4(0) = 0, (31)
ki (D)(w] — ¢7)(1) = —w’ (1) — i F0)+ (1= ) f (1),
ELi(1)¢d(1) = =7 (1) = Byl f1(0) + (1 = ) F (1)):

Integrating (29) and (30) from 0 to 1 respectively, we have

x

P(2) — P (0) = / Cfis)ds, @x) - ¢ (0) = / 7372 (s)ds,

which yields
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Now, let us find a solution to (26) and (28) which satisfying (31). Multiplying (26)
and (28) by the conjugates of test functions g;(z), gj(x) € VA, respectively and
then integrating them from 0 to 1, we obtain

Hence, we have

Z / p@R@s@+3 [ 1, @ R@HwE
S / ks (2) (w — @) (@)]egy @)z

¥ Z [ (@@, + k) ko) - & 0)F
- Z by (@) — &) @) g @b — Z / k(@) — ) (@) g5 (@)
+ Z EIi(z) 0k (2)g; ()6 — EI (2)75.2 (@)da
dz

+Z/ &) (@)5 (@)
_ —Z/ @ @i - 3 /EI )k (2)5+ (@) da

+Zk |0+ZEI o (2)g; (@)
n 1

- —Z/ V= 5)ta = 3 [ B @eefw)ia

0

> ki (0)(w] — ¢J)(0)} 91(0)

+iE1j(1)¢ (1)g;(1) iEIj(O)%c(o)} 71(0)

- Z [ B ol — e - §_j [ b1yl 0 e
+]Z:[—w]<1> = (i f10) + (1 = ) L (1))]g (1)
+zn:[—<pj(1) — B(1; FA(0) + (1 = ) B ()]G (D). (34)
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Then we define the following bilinear function B(-,-):

B(X,Y) = Z/O ki (@) (wi(2) — ¢’ (2))gj.0(x) — g5 (x)da

+3 [ e

+2_w' (g (D) + 3¢’ (15 (1),

Jj=1

where
X = (Wv (I)) = ((wj)?:lv ((pj)?:l) Y = (Gvé) = ((gj)?:lv (‘aj)?:l) € Vé‘ X Vé‘
Thus, B(+,-) is a bounded bilinear function, since

|B(X, V)|

M [Chs@hwl - @S [ EL @l @) S e 4D 16 )2
j=170 j=170 i=1 j=1

IN

n 1 n 1 n n
(Z/ kj(z)\(gj,z*g?)(m)lzdmﬂLZ/ Elj(m)lﬁ(m)|2d1+2|gj(1)|2+Z\§j(1)\2)1/2
j=170 j=170 j=1 j=1
= MHXIIVI%X‘/;J : HYIIV}JWI%,

where M is a positive constant.
Moreover, B(-,-) satisfies that

|B(X, X))

g / by () (wh — o) (&) (wh — ) (@) d

+ Z;/O EI; ()}, (x) gt () dz + ; [’ (1) + Z} e (D

2
= Xy rs-

Choosing G, G € (I, C§°(0,1))N VA C VA, by Lax-Milgram’s theorem, we obtain
that there is a unique solution X = (W, ®) = ((w/)/_, (¢?)1_,) € Vi x V}} to the
equation (34), where ((w?)7_,, (¢7)}_,) satisfies

{ pi @k (wh - @)@ =, N 35)
1, @) (BT (@) (2)]e + b (o) (wh = @7) (@) = FF,

which implies that W (z), ®(x) € (117, H?(0,1)) N V4, that is X € VZ x V2. By
selecting special test functions g;(z) and g;(z), together with (35), we get that
W (z), ®(z) satisfy the following conditions

> ki(0)(wl —¢)(0) =0,
j=1

> L) 0) = 0,

k(1) (wl, — 7) (1) = —w? (1) = alp; f(0) + (1 = 1) f{ (1)),
ELi(1)@h(1) = —¢7 (1) = Byl f3(0) + (1 — ) f (1))
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Summarizing the above calculation, we have obtained the unique vector
(W.Z,2,¥,P,Q) € D(A)

such that A(W, Z,®, U, P,Q) = (F\, F», F3, Fy, F5, Fg). Therefore, A is surjective

in H. Hence 0 € p(A) by the Inverse operator theorem. Furthermore, according

to the Sobolev embedding theorem (see [1]), we obtain that A~! is compact on H.

The proof is complete. O
As a direct consequence of Lemma 2.1, we have the following result.

Corollary 1. Let A and H be defined as before. Then the spectrum of A consists
of isolated eigenvalues of finite multiplicity only, i.e., o(A) = op(A).

Suppose that

1
Under this condition, we shall show that A is dissipative in H. For this aim, we
choose positive real constants n;, ¢j, j =1,2,---,n such that

Tj(l - Mj)aj <n; < Tj(?)p,j — 1)0@»7 j=1,2,---.,m,

Tj(l - Mj)ﬁj < Cj < Tj(?’ﬂj — 1)ﬁj, ji=12,-- n.
These constants 7;,(;, 7 = 1,2,---,n exist owing to condition (36). Then we
introduce a new inner product in H: for

(I/Viv Zi7 (I)iv qjiv Pi7 QZ)T: ((wg);b:h (sz);'l:h (@Z)?:lv (7‘/}5)?:17 (Pg)?:u (Qf)?:l)T eHvi = 17 27

(37)

(W1, Z1, ®1, 91, P, Q1) (Wa, Za, @2, W2, Po, Q2)" )1

= Z/O k; (x)(w{x - @{)(x)(w%:c — ¢} (z)dx + Z/o p](x)z{(x)%dx
+3 [ E@ @@+ Y [ 1 @l
+2 /0 wp (2)pd(@)de + 37 /O Gl @)ad@dz + " w (D)

+> @ (eI (1),
j=1
It is easy to verify that (-,-); is equivalent to the usual inner product (-, ) of H.
Then we have the following result.

Lemma 2.2. Let A and H be defined as before, condition (36) be fulfilled. Then
A is a dissipative operator in H.

Proof. For any real

U = (' (@)=, (= (@)j=1, (¢” (@)f=1, (& (@)1, (P (@))=1, (¢ (2))j=1)" € D(A),

we have

~ ~ n 1 . . . . n 1 . .
AT, T) = 3 / By (2)(2h — ) wld — e + 3 / EI ()i gl de
j=170 j=170

+3 [ ni@les @@, - )



DYNAMICAL BEHAVIOR OF NETWORKS WITH TIME DELAY 309

+Z / oy @)1 @) (B (@) + 1 (2 () (w0 — )] d
+3° [t iras S [ ol e + 3 2w
Y0

n ) n TSN,
- ij(wi J|o+ZEIg<Pz1/)J|0 > 5@l

Jj=1

n 71
g . .
—Z (@)l +ZZ (1)+ZW(1)¢3(1)
j=1
Substituting the conditions of (10) into the above equation leads to

(AT, 0 = - Zam (00)* = > (1= )’ ()P’ (0)

=3 B @O ~ 3 B0 - a0

> B ) - 607 - B ()~ ( 0))
= Y am %)(p](ﬂ))z—Z(Bjuj—%)(q]( D=3 L ()
> Zag O (1)~ B (1) O)¢ (1)

Using Cauchy-Schwarz’s 1nequal1ty, we have

oy (1= O (1) < I G 0))2 4 (7 (1))7],

50— )P O (1) < BI04 ()2,

2
Therefore, it follows that
(AU,U),
< —Z[ajuj—"—f—% 23 s - g - By
j=1
1 — [5) G (1 — p5)
Z T ; o BUZ 1)y 1y (38)

From (3 ), we obtain that
np o —my) oo m_al—py)

Gl T T T = o 2

o G Bl =) G B—p)
Biit 5 5 >0, 27, 5 >0.

Hence (AU,U); < 0 which implies A is dissipative in .
We have the following result.
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Theorem 2.3. Let A and H be defined as before, condition (36) be fulfilled. Then
A generates a Cy semigroup of contractions on H. Hence, system (16) is well-posed.

Proof. From Lemma 2.2, we obtain A is a dissipative operator in H. Furthermore,
we have proved in Lemma 2.1 that A~! is compact, which implies that there always
exists at least one \g € p(A), Ag > 0. Hence A — \oI is surjective for this A\g. Then
according to Lumer-Phillips theorem (see [36]), we obtain that A generates a Cy
semigroup of contractions on H. O
Now, we proceed to discuss the asymptotic stability of the system (16). For any
Aeo(A),let U= (W,Z @V, P,Q) be its corresponding eigenvector. Then

(M — AU =0, (39)
which leads to
Z(x) = \W(z), ¥(z) = AP(x), j=1,2,---,n
and W, ®, P, Q) satisfies

p( JNW () — [k(z)(W'(2) = ®(2))]" =0, z € (0,1),
Ip(2) A\ (x) — ([EI(JC}‘P z)l" = k()W (z) — @(z)) = 0, = € (0, 1),

P’( ) = —TAP(2), Q' (z) = —TAQ(2),
Qn Dxn ( ) 0, C'(nfl)an)(o) =0, (40)
P(0) = AW(1), Q(0) = A®(1),

A ),
kW' —@)(1) = =W (1) — a[uP(0) + (1 — p)P(1)],
EI(1)2'(1) = =2(1) = BuQ(0) + (1 — p)Q(1)],
Liscnk(0) (W' — ®)(0) = 0, 15, EI(0)®'(0) = 0.

We have the following theorem.

Theorem 2.4. Let H and A be defined as before. Then when p; > %, J =
1,2,--- ,n, the closed loop system (16) is asymptotically stable.

Proof. In order to get the asymptotic stability of the closed loop system given by
(9), it only needs to check that there is no eigenvalue on imaginary axis by Lyubich
and Phéng’s theorem (see [26]). We have gotten that 0 ¢ o(A) and o(A) = 0,(A)
by Lemma 2.1 and Corollary 1. So we shall confirm that for any £ € R, £ # 0,
A = i€ is not the eigenvalue of A.

IfA=1i £ €R, £#0 is an eigenvalue of A and

U= ((wj )] 1 (Zf’w )] 1 (@j)?zla (Zf(/)j)?zlv (pj)_?zla (qujl:l)T
is its corresponding eigenvector, then we have
=RAU,U)1 = RA(U,U);,

which together with (38) implies that
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Thus, w/ (x) and ¢ (x) satisfy the following equations

p(2)N2w! (x) — [kj(z)(w] (x) — ¢’ ()]s =0, x € (0,1),

L, (2)N2 ¢ () — [ELi(2)¢] (2)]o — kj (@) (wl(z) — ¢ (2)) = 0, x € (0,1),
w(ag) = wi(0),  plao) = ¢9(0),

P (0) = M’ (1), ¢7(0) = Ap?
k1w - )1 = 0. (1
3k 0)(ud — )0 =0, 35 EL0)(0) =0,
P (0)=p(1) =¢(0) = ¢ (1) =0,

j=1,2,---,n, z€(0,1)

which leads to

Thus, according to the general theory of ordinary differential equations, we get

<

Hence U = 0, which is a contradiction that U is an eigenvector of A. Therefore,
the system (16) is asymptotically stable due to Lyubich and Phéng’s theorem. O

Remark 1. If there are some p;, ¢ € {1,2,--- ,n} such that p; < %, then there
always exist some A € o(A) such that £\ > 0, even for single beam (see [22]), which
implies that this kinds of networks systems are unstable.

3. Asymptotic analysis of spectrum of the system operator. In this section,
we shall discuss the asymptotic distribution of the spectrum of the closed loop
system (16). We have obtained from Corollary 1 that the spectrum of A consists
only of isolated eigenvalues of finite multiplicity. Thus, it is sufficient to discuss the
distribution of the eigenvalue of A.

Let us consider the ordinary differential equations (40) to obtain the distribution
of 0(A). In order to calculate the eigenvalues of A, we shall first get the fundamental
matrix to the differential equations (40). Here we mainly employ the asymptotic
technique in [27]. By (40), we obtain

{ N p(z)W () = K (z)(W'(2) — @(x)) — k(z)(W"(z) — @' (2 ))=07 (42)
NI, (x)®(xz) — EI'(x)®' (z) — EI(2)®" (z) — k(z)(W'(2) — (x)) = 0.

From (42), it follows that

W (z) = k= (2)[Np(x)W () — K (2) (W' — D)(2)] + &' (=), (43)
" (z) = EI7 (2)[N\21,(2)®(z) — EI'(2)®'(z) — k(z)(W' — ®)(x)].
Set )
lez(W,fb)T,Yg::%,Y::[}}%] (44)
Then we rewrite (43) as follows
Cfli/; ()\Al + Ag+ A\ A ) (45)
where
0 0 1 0
0 0 0 1
@)=k () 0 0 0|
0 L(x)(ED)™'(x) 0 0
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0 0 0 0
0 0 0 0
Al =10 0 K@k (@) 1
0 0 —k(z)(E)™Yz) —EI'(z)(E (z)
and
0 0 00
0 0 00
Aal@) =1 p@El@) 0 0
0 k(z)(E)™Y(z) 0 0

Y(x) = To(x)Z(x) (46)
where
1 0 1 0
0 1 0 1
B /5 o B R/ ey ) 0 1
0 Tp(x)El () 0 —V/1p(2)EL ()
Substituting (46) into (45) yields
P~ B @D + Aofx) + A A (@)~ TH@T (@) To(2) 2(2)
= MAu(e) =T (@) (2) + Ty (@) Ao(@)To(2)+ A T5  (@)A-i(2)To}Z (), (48)
where
Vp(@)k—H(x) 0 0 0
i (z) = 0 I,(z)EI~'(x) 0 0
A 0 0 —/p@)k 1 (z) 0
0 0 0 —/Ip(x)EI[~1(x)
Set N
E(z,A) := exp()\/ Ai(s)ds) (49)
0

and the formal asymptotic series
Z(x,A) =Y AFS_y(2)E(x, ),
k=0

where S_i(z), k = 0,1,2,--- will be determined later. Substituting Z(z, \) into
(48) yields

%@ = AL @B A) + SN k(@) B (w,\)
v k=0 k=0
= () - T ' T+ Ty AoTo + AT A To) D AR S_ k(@) E(x, A).
k=0

In order to identify S_i(z), k = 0,1,2,---, following the asymptotic technique of
Theorem 2.8.2 in [27], let each coefficient with the same power of A on each hand
of above equation be equal, that is,

A So(z)A(z) = Ki(x)so(:i), (50)
1 S(,)(JZ) + Sfl(:c)Al(m) = Al(:c)Sfl(x) + [—ToilTé =+ ToileTo] So($)7 (51)
A 8 (x) + S_a(@)A () = A (2)S_a(x) + [Ty Ty + Ty " AoTo]S—1(x)
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+Ty " A_1ToSo (), (52)
ATE S (@) 5 e(@) Aa(z) = Aa(@)S— oy 1)(@) + T T+ Ty " AcTo)S—i(z)
-|—T071A71T05'7k+1($). (53)
Then by (50)-(51), we obtain Sy = diag(SZ(z), S2(z), S5(x), Sg(x)), where
Sia) = S3(a) = el C(Ve@hT @) 12v/pk= @) = = (x) 2k(a)) " )ds
1 i

x)[\/pm o)

(\/1,, YEI- 1(m)) (20/T, (@) Bl (z)) "' —EI' (2)[2EI (z)] ~")ds

0
N (\/fp(ﬂf)[EI(x)]1[\/Ip(0)[EI(0)]1]1>_§ (B (x)[EI(0)]71)
_ (\/I VEI (2 \/I (0)EI(0)]~ )

Then we can calculate S_g, k =1,2,3--- by (53) similarly. Therefore, by Theorem
2.8.2 in [27], together with the above calculations, we have the following result.

[
/N
<
=

K
8
S~—"
I
n
o
\/

[N

1
2

Lemma 3.1. Under the transformation Y (x) = ToZ(x), when conditions

det(y/T,(x) B (2) — \/p(@)k (@) # 0 (54)
\/%75\/%, ”g}jj_#\/l{z, 1#£j, 4,j=1,2,---,n (55)

are fulfilled, the expression of asymptotic fundamental matriz to (48) is given as
follows

and

Z)\ kS, z, ), (56)

where E(x,\) is defined as (49), SO is given as before and S_j, g=1,2,3,.. are uni-
formly bounded and can be calculated similarly.

Remark 2. It is guaranteed by Theorem 2.8.2 in [27] that E (z, \) can be expanded
by the formal asymptotic series (56). Here we only calculate Sy. That is because
by calculating the spectrum below, we find that it is sufficient to use Sy to estimate
the asymptotic distribution of the spectrum of the system operator. In addition,
conditions (54) and (55) are required in calculating P_j, k=1,2,---.

Thus, by inverse transformation, the fundamental matrix to (42) is ToE(z, A).
Now, let us consider the spectrum of A and get the asymptotic distribution of them.
For this aim, we translate the eigenvalue problem into boundary eigenvalue problem
with asymptotic linearized parameters. According to (40), a direct calculation yields

P(z) = P0)e ™ = AW (1)e™™*, Q(z) = Q(0)e ™ = Ad(1)e™ ™7,
and

P(1) = P0)e ™ =AW (1)e ™, Q1) = Q(0)e” ™ = Ad(1)e” ™.
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Inserting the above into the boundary conditions of (40), we have

{ k(1) (We — ®)(1) = —W (1) — apAW (1) — a1 — ) AW (1)e™ ">, 57)

BI(1)®, (1) = —0(1) — FAd(1) — B(1 — )Ad(1)e .
Let Y be defined as (44). We can rewrite boundary conditions of (40) as follows
31Y(0) + BQY(l) =0,

where
C'(nfl)xn 0 0 0
0 C’(nfl)xn 0 0
B L 0 le”k(o) 11><7Lk(0))\ 0
b 0 0 0 Lixn EI(0)X '
0 0 0 0
0 0 0 0 anx4n
0 0 0 0
By - 0 0 0 0
2T I+ aphta(l —p)re ™ —k(1) E(1)A 0
0 T+ BpA+B(L—pre™™ 0 EI(DA ], -
Set

H()\) = BlTQ(O) + BQTo(l)E(l, )\)

where Ty(z) and E(1, )) is given by (47), (56), respectively.
Thus, according to [46], we have

Lemma 3.2. Let A and H be defined as before. Then A € a(A) if and only if A
satisfies

A(N) :=det H(\) = 0. (58)
Since all coefficients in A()) are real constants, we have the following result.

Corollary 2. Let A and H be defined as before. Then the spectrum of A distributes
in conjugate pairs on the complex plane, i.e., c(A) = o(A).

From Lemma 3.2, we only need to identify the zeros of A(A). Firstly, let us get
the asymptotic expression of A()). Set

[A], := A+ O\,

Then we can rewrite E(1,\) as follows

1] Mo Ve las (0] 1€>\f011/IpEI*1dm (0] e Mo VekTlda 0] le—kfol VIpEI lda
B a) = so(1) | Ol VAT e o VIE e oo Ig Vi o, Mo ToEr e
,A) = So [Ohe)\fol\/,,k—ldm (0] le)\fol«/IpEIfldm [1]167”& ok —lda [O]Ie—kfol\/prIfldm
0] lexff} Vo ldz (0] lexfol \IpEI ~lda (0] 167,\/(} Vo ldz 1] 16—/\f01 VIpEl~lda
Hence, it follows that
C(nfl)xn 0 C(nfl)xn 0
0 C(nfl)xn 0 C(nfl)xn
BTy (0) = | DxnvVeOROA T4 k(0) NN OEON I1 0 k(0)
0 I n/1,(0)EI(0)\ 0 —I1xn+/I,(0)EI(0)X
0 0 0

0 0 0 0
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and
BQTO(l)
0 0
0 0
T4+ apr+a(l — p)re™ ™ +/p(1)k(1)A —k(1)
0 I+ B8A+B(A—p)he™ " +/T,(1)EI(1)A
0 0
0 0
I+apr+a(l—pre ™ —/p(Dk(1)A —k(1) .
0 I+ B8uA+B(1—ppe™ ™ = /T,(DEI(DA |, 4

Therefore, when A — +00,

lim AN
e A(2n+2) gi= E MG oiks T Ty B de
n n ] k. 7%
> ViR g V1o @) [T (esns + D) < %)
- LB
jl:[l Bipi + 1/ Lo; (1) EL; (1)) ( m) . (59)
Set T := {jlu; #1, 7 =1,2,--- ,n}. Similarly, when R\ — —o0,
lim A
RA——o00 \Gni2) —jélk[fol( ij;1+ ijEijl)dz]ijET2ATj
1)k; (1 -4
Z\/PJ Z\/ p; (0)EL;( H{ayl_ﬂj < %)
JE
L, (VEL(1) °

From (59) and (60) together with the dissipativity of A, we have the following
result about the distribution of spectrum of A.

Theorem 3.3. Let A and H be defined as before. Then the spectrum of A is located
on the left hand side of complex plane and in a strip parallel to imaginary axis, i.e.,
there exists a sufficiently large positive constant h such that

o(A) = {A e CJAN) =0} € {AeC|—h < RA< 0.

By the definition of sine-type function (see [46]), we obtain that A~ ("2 A()\)
is an entire function of sine type. Then by Levin’s theorem (see [6]), we have the
following corollary.

Corollary 3. Let A be defined as before. Then o(A) is a finite union of separable
sets.

Moreover, when |RA| < h and || is large enough, a direct calculation yields

ACHEIAN) = A2 det (B Ty(0) 4+ BoTo(1)E(1,N))
A1(NA2(N) + O,
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where
C(nfl)xn
Aq ()\) = det T1xn p(O)k(O)
lapta(l—p)e™ ™ +/p(Dk(D)]S§ (1) fo Vok=Hdz
C(nfl)xn
—Iinr/p(0)R(0) (61)
1 —
fap+a(l— e — /pDRD)SG(1)e 8 VorTas |
and
C(nfl)xn
AQ ()\) = det IlX’!L —I/J(O)EI(O)
[ButB(1—p)e ™ ++/T,()EI(1)]S3(1)eM o VIeE Tz
C(nfl)xn
—Iixn\/1,(0)EI(0) (62)
[Bu+8(1=p)e ™ =T, EIA)]S5 (1) Mo VIePT e |
Clearly, when |RA| < h and |A\| = 400, A(\) has asymptotic zeros
A1(A) =0, Ax(X)=0. (63)

Thus we have

Theorem 3.4. Let A and H be defined as before. Then the asymptotic values of
the spectrum of A can be determined by the zeros of A1(\) and Aag(N).

4. Spectrum-determined-growth condition. In this section, we shall discuss
the completeness and Riesz basis property of (generalized) eigenvectors of A so as
to obtain the spectrum-determined-growth condition for this system (16), which is
a very special property for the infinite-dimensional systems. Then the stability of
the system (16) can be determined based on the distribution of the spectrum of A.
Firstly, let us establish the completeness of the (generalized) eigenvectors of A.
To do this, we define an auxiliary operator Ag in H as follows.
[ A
p~H(@) [[k(2) (W (z) — ©(2))]]
v
I (@) [[El(2) g (2)]e + k(2)(Wa(2) — @(2))]
-7 1P,
_Tile

QueeNS

where
WeVE ZeVh deVE UeVi,

Z(1) = P(0) = P(1), ¥(1) = Q(0) = Q(1),
I1xnk(0) (W — @)(0) =0,

Lxn EI(0)®,(0) =0
k(1)(We — @)(1) = =W (1),
EI(1)®,(1) = —2(1),

D(Ag) ={ (W, Z,®,0,P,Q) € H

It is easy to check that the following result holds.

Lemma 4.1. Ag is a skew-adjoint operator in H and hence

IR, Ao)| < @ VA € p(Ap)\{0}.
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Then we have the following result.

Theorem 4.2. Suppose that the conditions (36), (54) and (55) are fulfilled. Then
the system of the (generalized) eigenvectors of A is of completeness in H.

Proof. We mainly use the technique of the proof in [20] to show the completeness
of the system of the (generalized) eigenvectors of A in H.
Define

Span(A) == {)_yr,yx € EQw, AH, A € o(A)},
k

where F(\g, A) is the Riesz projector corresponding to Ag. Then the completeness
of the (generalized) eigenvectors of A is Span(A) = H.

Assume U = (@,3,§,h,7,§) € H and ULSpan(A). Denote by R*(),A) the
conjugate operator of the resolvent operator of A. R*()\ A)U is an entire function
on C valued in H since UJ_Span(A) Thus for any F= (Fl,FQ, Fg, F47 F5, Fﬁ) eH,

G\ = (F,R*(\, A)U)y, VYreC (66)
is an entire function which satisfies §mlini G(\) = 0, since A generates a Cy
— 400

semigroup of contractions. In particular, for A € p(A), it holds that G(\) =

We consider the resolvent problem
M- A, =F, (M-A)Ya=F, Xep(A)Nnpld)nR_,  (67)

where Yy = (Wlazlaq)la\l}laplqu) D(A), Y = (W2,Z2L62,E’2,ﬁ2,@2) €
D(Ap). Set Yg,( ) = Y — Y, = (Wg,Zg,(I)g,\I/3,P3,Q3) Thus Y3 satisfies the fol-

lowing equations:

p(x)N*Ws(z) — [k(x)(WBz(x) Ds(x Nz =0, z € (0,1),

Lp(2)N*®s5(x) — [EI (2 )@gx(x)] k(z )(WSx( ) — ®3(z)) =0, z € (0,1),
Ps.(z) = —T%\VPS( )Qm( z) = —TAQs(),

Z3 = AWs3, W3 = APz,

Gl l)XnW3( 0) =0, C'(nq)m%a(o) =0,

Py(0) = AWs(1), Gs(0) = Ads(1), ) @
k(1 )(W3,—<I>3)( )+ Ws(1)+o[uPs(0)+(1— 12) Py(1 )] =—afuP2(0)+(1—p) P(1)],
EI(1)<I>31( )+<1>3( )+B[nQs(0)+(1—-p)Qs(1 )] =—B[uQ2(0)+(1—p)Q2(1)],
I xn k(0 )(WSac ‘133)(0) =0, 11X7LEI(0)‘I>3,x( ) =0,
22(1) = ﬁQ(O) = ﬁ2(1)7 ‘T’Q(l) = @2(0) = Qz(l)'

Similar to [20], we shall prove U = 0 via three steps below, which implies

Span(A) = H. N
Step 1). For A € p(A) N p(Ag) NR_, there exists a constant My > 0, such that

1Zs(V)]| < Mi[| Z2(W)Il,  [1Ws(1)]] < M [[W(1)])

D[l < MR, 1Q3(1)] < Mi[|Q2(1)]I.
A) N p(Ag) NR_, || Y3(N\)| satisfies

I1P5(
Step 2). For A € p(
N3 (W)I? < Ma([[IY2]| + [1F])?, (69)

where M, is a positive constant.



318 ZHONG-JIE HAN AND GEN-QI XU
Step 3). For A € p(A) N p(Ag) NR_,

L - o
IR, A)F| = (1] < 24/ Mo A2 | F ]|+ A THIF

In fact, from Lemma 4.1, we have

V2] = |(A = Ao) T FIl < (A = Ao) MIIFll < = [IF]l, YA € p(Ao)\{0}.

|3?)\|
Then for A € p(A) N p(Ag) NR_,

Al
Therefore, when A € p(A) N p(Ag) NR_, )\lim |R(\, A)F|| = ||Y2 + V3| = 0, which
——00

implies

jd T _1
IROVAF| = ||y1|<||y2||+|y;,||<||p|[ A ]

lim |G(\)|=0. (70)

A——o00

When condition (36) is fulfilled, we have shown in last section that A is dissipative
in 7 and 0 € p(.A), which implies |G()\)] is bounded on the domain R\ > d, d > 0.
By Phragmén-Lindelsf theorem (see [51]), together with (70), we have that |G())|
is bounded on the sector with boundary rays RA = d, SN > 0 and R < ci, SN =0,
since G(\) is an entire function of finite exponential type. Similarly, we obtain |G())|
is bounded on the sector with boundary rays RA = ci, SN < 0and R < ci, S\ = 0.
Therefore, |G(\)| is uniformly bounded on C. Hence,

IG(\)| <M, VYAeC.
Furthermore, the Liouville’s theorem deduces that G(A) is constant, since G\
is an entire function. Then hm G(\) = 0 yields G(\) = 0. Note that G(\) =
AU

(F, R*(\, A)U)3 holds for any F € H. It must be R*(A, = 0, which means

U = 0. Therefore, Span(A) = H. O
To study the Riesz basis generation of the (generalized) eigenvectors of A, we

give some definitions about Riesz basis, Riesz basis with parentheses and Riesz basis

of subspaces (see [8], [14], [15] and [37]).

Definition 4.3. The subspace {W}}72 , is called a Riesz basis of subspaces for space

H, if for every f € H, there is a unique fy € Wy, k =1,2,--- such that f = > f
k=1

o0
and there exists positive constants C' and D such that for any f € H,f = > fi,

CY Al < 1D fall®> < DY lIfull> (71)
k=1 k=1 k=1

A sequence {y;}32, is called a Riesz basis with parentheses for H, if there is a
method in parentheses; for instance, there is a sequence of integers n; =1 < ny <
- < ng < --- such that

Span{ynkvynkJrla"' aynk+1*1}:Wka k:1,2--- . (72)

form a Riesz basis of subspaces.
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If the sequence {y;}52; satisfies condition

CY P <1 wwll> < DY llywll®. (73)
k=1 k=1 k=1

then {y;}52, is called a Riesz basis for H.

In order to deduce the Riesz basis property of the (generalized) eigenvectors of
A, we need the following result, which comes from [46] and is an extension of the
result in [49].

Theorem 4.4. Let A be the generator of a Cy semigroup T(t) on a separable Hilbert
space H. Suppose that the following conditions are satisfied:

1) The spectrum of A has a decomposition o(A) = o1(A) Uoa(A), where oa(A)
consists of the isolated eigenvalues of A of finite multiplicity (repeated many times
according to its algebraic multiplicity).

2) There exists a real number o € R such that sup{RA\ A € 01(A)} < a <
inf{RA, A € 02(A)}.

3) The set 02(A) is a finite unification of separable sets.

Then the following statements are true:

i) There exist two T(t)-invariant closed subspaces Hi, Ho and HiNHa = {0} such
that U(A’,Hl) =01(A) and U(A‘H2) = 09(A); and there exists a finite combination
E(Qg, A) of some {E(A\g, A)}32 :

E(Q, A= >  EX\A
AEQNo2(A)
such that {E(Q, A)Ha ren forms a Riesz basis of subspaces for Ha. Furthermore,
H="H DHy (algebraic direct sum).
i) If sup [|[E(Ak, A)|| < oo, then D(A) C H1 @ Ha CH  (algebraic direct sum).

iii) H has a decomposition of the topological direct sum, H = Hy & Ha, if and
only if
n
sup

E(Q,.A)

< 00.

According to Corollary 1, 3 and Theorem 3.3, 4.2, 4.4, we have the following
theorem.

Theorem 4.5. Let H and A be defined as before. If the conditions (36), (54) and
(55) are fulfilled, then there is a sequence of (generalized) eigenvectors of A that
forms a Riesz basis with parentheses for H.

Proof. Set o1(A) = 0, 02(A) = 0(A). From Corollary 1, 3 and Theorem 3.3, we
obtain that all hypotheses in Theorem 4.4 are fulfilled. So it leads to the results of
Theorem 4.4. Therefore, there is a sequence of (generalized) eigenvectors of 4 that
forms a Riesz basis with parentheses for Hy. According to Theorem 4.2 we have
that the system of the (generalized) eigenvectors is complete in H, i.e., Ho = H.
Hence this sequence is also a Riesz basis with parentheses for . O

By the Riesz basis property together with the uniform boundedness of the mul-
tiplicities of the eigenvalues of A, we have the following result.
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Corollary 4. Let H and A be defined as before. If the conditions (36), (54) and (55)

are fulfilled, then the system associated with A satisfies the spectrum-determined-

growth condition, i.e., w(A) = S(A), where w(A) = tlim 21n|le?t|| is the growth
—00

order of et and S(A) = sup{RA|\ € 0(A)} is the spectral bound of A.

5. Exponential stability. In this section, we shall consider a simple case for this
kind of networks. Assume that all these n Timoshenko beams in networks are the
same, ie., pj(z) = p(x), kj(z) = k(z), I, (x) = Ip(:zr)A, Eli(x) = El(x), j =
1,2,---,n. Suppose that u; =@, 7, =7, a;j =@, =0, j=1,2,--- ,n in (10).
We shall consider the exponential stability of networks for this simple case.

Obviously, all the results in sections above also hold for this simple case. Thus,
this case satisfies the spectrum-determined-growth condition. We have obtained
from Theorem 2.4 that this kind of system is asymptotically stable when p; >
%, j=1,2,--- n. In order to discuss the exponential stability of the system, we
have the following lemma.

Lemma 5.1. Let H and A be defined as before and conditions (36), (54) and (55)
be fulfilled. Then the system is exponentially stable if and only if

)}gifR [A(N)| > 0.

Proof. The necessity is obvious. Under conditions (36), (54) and (55), we know

from Corollary 4 that the system satisfies the spectrum-determined-growth condi-

tion. |A(N)] # 0 for all A € iR implies that there is no eigenvalue on the imaginary

axis, which deduces the asymptotic stability of the system (see Theorem 2.4). Since

)\lélf]‘R|A(/\)| > 0 asserts that the imaginary axis is not an asymptote of o(A), to-
.

gether with the spectrum-determined-growth condition, the system is exponentially
stable. o
When 1 = 1, we can obtain the following asymptotic expression of the spectrum

of A.

Lemma 5.2. Let A and H be defined as before and conditions (54) and (55) be
fulfilled. When i = 1, the asymptotic expression of the spectrum of A is given as
AL = 1 -k

follows.
2ni Ly a>/p)k(
2 Vph—ldx | a+/B(DE®1) w06, &> /AR,
My = (74)

2 1 a—vVpk(1) . 1 = P
Lo T T4 0T OO +@n+Dmi+0(5), 0<a</p(l)k(1)
and
A= 1 |[EVWFD N L onri+ 0(L), B> /LOEQ),
' 2 VI, B Yae | B/ (DEI(D)
A2.n =
M, = e I |2V on )i+ O(L), 0< B < /LB,
’ 2 fd I, B Yax B+\/Tp(VEL(1)
(75)
Furthermore,
1). when @ —\/p(1)k(1) > 0, the multiplicity of N ,, is 1 and the multiplicity
)\%)n isn—1,

when a — ﬁ(l)%(l) < 0, the multiplicity of A} ,, is n— 1 and the multiplicity of
A2 s

1,n
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2). when B - (I)EI( ) >0, the multiplicity of Xy ,, is 1 and the multiplicity
of A, isn—1,
when B — ( )EI( ) <0, the multiplicity of A}, is n — 1 and the multiplicity
of /\27n 1s 1.
Proof. According to (61) and (62), we obtain
Ar(N)
A(0)R(0 -
= P( ) ( ) [aﬁ+a(1—ﬂ) —7—)\+ p( )7@'\(1)]55(1)6)\]‘01 \/ﬁ};—fldz
n—1
1
@7+ a(l — me ™ — \/ADE(L)]SE (1)e o VAT Hde
n
‘ (67 +a( - pe ™ +1/a01 >E<1>1sé<1>e*f5m*dz
[Oé/,t-’-Oé 1— 77'A / ]SO 7Aj0 k 1dm (76)
and
Ax(N)
= = -1
= 1,(0)EI(0 o~ o~ ~ =~ = o —
OO 36 4 80— pe + LB 0)S3 ()M VTR o
n—1
-1
67+ 601 — e = LB )]s e 8 VEA
n
’ B+ B(1 - pe ™ + L BI)s3(1)eN i VB
—-n
—~ ~ - = —== 7
B+ 31— pe ™ — GBS e 8 VEE e | (T
When 1 = 1, a direct calculation leads to
A1) = VAO)R(O)
1 1 n—1
[@ + /P)RD)SE (1) o VAR g — | [5(1) k(1)) S3(1)e~> o VoE~ Tde
(@7 + VARWISH)N S VIR G )R] 55 (1)e o VAT s '
A2 = VI (0)FI(0)
n—1

-1

-1
B+ I;(l)f‘](l)]Sg(l)e’\/g\/IApﬁfldz [a—+\/I,(V)EI(1 )SE(1e—> Jo VI B tae

(B+\/ T (WEL)]s2(1er B VIEds 5 [1 ()1 >]so<1>e NV TE e

In order to get the asymptotic expression of the spectrum of A, it suffices to
calculate the zeros of A;(A), ¢ = 1,2. By Rouché theorem (see [7]), we obtain (74)
and (75) by a direct calculation. O

Based on Lemma 5.1 and 5.2, we get the following result about the exponential
stability of the closed loop system (10).
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Theorem 5.3. Let A and H be defined as before and conditions (54) and (55) be
fulfilled. If 1 > %, then the closed loop system (10) is exponentially stable.

Proof. From Theorem 2.4, under the conditions /i > £, system (10) is asymptotically
stable. According to Lemma 5.1, in order to obtain the exponential stability of the
system, it is sufficient to check

)}gifR [A(N)| > 0.
For this aim, set £ € R. We only need to show that
A;(i) » 0, €&—o00,j=1,2,

where Aj(\),7 = 1,2 are given by (76) and (77).
A direct calculation yields that Aq(i€) = 0 is equivalent to

ajisin §f0 —ldx) + a(l — 11) cos TE sin §f0 Zﬁc\*ldaz) =0,
(78)
a(l — )smTf sin 5[0 ~1dz) + /p(1)k(1) cos §f0 “ldz) =0
or
Q/fi coS §f0 d:v) + a(l — i) cos T§ cos §f0 pk—ldz) =0 (79)

a(1 — ) sin € cos §f0 —ldz) — 1/ p(1)k(1) sin( §f01 pk—1dz) = 0.

Similarly, As(i€) = 0 is equivalent to

Bﬁsin 5[01 \/I El da:) —|—[3(1 - )cos7'§s1n §f0 \/I:,ﬁildx) =0,
B(1 — 7i) sin 7€ sin( §f0 VILE dw) +/1,(1)EI(1) cos( §f01 \/f;E\Iildx) =0

(80)

Bii cos 5[01 \/I EI d:v) —i—B(l - )COSTfCOS §f0 \/IApE\I_ldx) =

B(1 — i) sin 7€ cos( §f0 VILE da:) — /L, (1)EI(1) sin( §f01 V LEI 1d3:) =0.
(1)
Now, we shall discuss the exponential stability of the system in the following two
cases.
When i1 = 1, according to Lemma 5.2 together with Corollary 4, we get that
system (10) is exponenmally stable.
When 1 < i < 1, from the first equation in (78), we get a7+ a(1 — )cos TE=0

or sin(¢ fol pk—ldz) = 0. Since it is easy to check that sin {fo —ldx) # 0,
we can get

cosTE = 1—/1/\'

Putting it into the second equation in (78) leads to

2sin 5/ pk—ldz) — \/ﬁ(l)g(l)cos(f/ol pk—ldz) = 0.

+a(1 - 7) 1—(1
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Thus it is easy to get cos({ fo ~dz) # 0. Therefore,
L \/T \/7
tan({/ pk—ldx) = :I: .
0 all — B
1 u

is an imaginary number. Since tan( fo ﬁiﬂ\*ldx) eR

When 1 <7< 1, PR
=11

for V¢ € R, so equations (78) not hold. Similarly, equations (79) also not hold which
leads to Ay(i€) - 0 for any £ € R, £ — oo when £ < i < 1. By similar method,
we can get Ay (i€) - 0 for any £ € R, € — oo if £ <ZZ<1

Therefore, A(i€) - 0 for any £ € R, £ = oo when I > =. By Lemma 5.1, system
(10) is exponentially stable. The proof is complete. ]

6. Simulations. We give some simple numerical simulations for this kinds of net-
works. Assume that the network composes of three Timoshenko beams which are
the same, and the parameters 1n the closed loop system are _positive constants. Set

p(x) =5, I( ) =38, k( ) =5, EI( )=2,7=0.1, a =3, B = 3. Then we get the
following system:

bwiy (z,t) — 5(wi, (v, t) — @i(z,1)) =0, t >0, z € (0,1),

81y (. 1) — 2%(17 t) = 5(wl(z,t) — ¢ (2,t)) =0, t > 0, z € (0,1),
w(aq,t)—_w](() ), ¢(ag,t) = p(0,t), t >0, _

5wl — ?)(1,8) +wI (1,t) = =3[pw] (1,1) + (1 — p)w](1,t — 0.1)], t > 0,

Efj(l)sﬁj(l )+ ¢’ (1,1) —3[ 0l (1,1) + (1 = )l (1, = 0.1)], t > 0,
S 5(wl — 3)(0, 1) = 0, 22 01 (0,6) =0, t >0,

=1

wg(lvt J) fo(t_Tj)v (pt(lv _Tj):fjl(t_Tj)v tE(O,Tj),
w(s,0) = wo(s), wt(s,()) =wi(s), se€QG,

90(870) = 950(5)7 th(S,O) = 951(8)7 seq,

j=1,2,---,n.

(82)
In order to discuss the stability of this kind of system, let us discuss the spectral
distributions of the corresponding system operator by the following cases.
Case 1. pu > 0.5.

According to the fundamental solutions for Timoshenko beams (see [43]), using
Matlab Scientific Calculation, we can get many simulations about the spectral dis-
tribution of A by changing p. We find that when p > 0.5, the spectrum are always
located in the left hand of complex plane and away from the imaginary axis. Here
we show two figures of the simulations when p > 0.5. Fig.2 denotes the spectral
distribution of the system operator A when p = 0.7 and g = 0.9, where “ * 7
denotes the spectrum of A.

From Fig.2, we find that when p > 0.5, all of the eigenvalues are always located
in the left hand of complex plane and away from the imaginary axis, which possibly
implies the exponential stability of the system due to the spectrum-determined-
growth condition. Furthermore, if choosing bigger x > 0.5, the maximum of the
real part of the eigenvalues maxyc,(4){®A} becomes smaller. Moreover, in Fig.2,
we can see that all eigenvalues of A satisfy that R\ < —0.1 and R\ < —0.3 when
w=0.7 and p = 0.9, respectively. Since the system satisfies spectrum-determined-
growth condition, it possibly indicates that the system is exponentially stable when
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FIGURE 2. Distribution of spectrum (Left: 4 =0.7; Right: 4 =0.9)

p=0.7 and p = 0.9. Furthermore, the exponential decay rate is less than —0.1 and
—0.3, respectively.
Case 2. pu=0.5.

Choosing 1 = 0.5, we get the following Fig. 3 about the spectral distribution of
the eigenvalues of the system operator.
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FIGURE 3. Distribution of spectrum (u = 0.5)

From this figure, we find that when p — 0.5, the distance between the maximum
of the real part of the eigenvalues and the imaginary axis becomes very small. We see
that the imaginary axis may be the asymptote of the eigenvalues of A when p = 0.5.
Therefore, the system (82) is possibly asymptotically stable but not exponentially
stable when p = 0.5.

Case 3. p<0.5.

When g < 0.5, we find that there always exists at least one eigenvalue of the
system operator such that the real part of it is positive (see Fig.4), which implies
that the system is unstable under this condition. Moreover, when 0.5 — y > 0
becomes very small, the maximum of the real part of the eigenvalues is small but
still positive (see the right figure in Fig.4 for p = 0.49). Thus, this kind of network
system is still unstable.
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FIGURE 4. Distribution of spectrum (Left: ;= 0.3; Right: pu = 0.49)

L» is a critical for the

stability of the system (10). Under this condition, the system (10) is always at most
asymptotically stable.
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